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Abstract—We study the semilattice composition of ordered semigroups (a concept opposite to that
of the semilattice decomposition), using the ideal extensions.
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Semilattice decompositions of ordered semigroups have been often considered by the first author
(see, e.g.,[1],[2]). The opposite problem of the semilattice decomposition is the problem of semilattice
composition, and the purpose of this paper is to study that problem, that is the problem of semilattice
composition of ordered semigroups. We approach the problem using the concept of the ideal extension.
If (S,-, <) is an ordered semigroup, Y a semilattice and {S, }aecy a family of pairwise disjoint ordered
subsemigroups of S indexed by Y, then we say that S is a semilattice Y of the ordered semigroups
{Satacy it S = |J Sq and, foreach o, 5 € Y, we have 1) S, - S C Spp and 2) Sg - (Sa]< # 0 implies

agY

8 = . We first give the main theorem of semilattice composition of ordered semigroups. Given a
semilattice Y and a family {S, }acy of disjoint ordered semigroups indexed by Y, we construct an
ordered semigroup S which is a semilattice Y of the ordered semigroups {S,}acy. Conversely, we
prove that each ordered semigroup S which is a semilattice Y of the ordered semigroups {Sa }acy can
be so constructed. Then we prove that each ordered semigroup S which is a semilattice Y of the ordered
semigroups {Sy }acy, is a subdirect product of some { B, }ocy, where B,, is the extension of S, with a
zero possibly adjoined to the extension. For the semilattice composition of semigroups without order we
refer to [5].

1. In this [tem we give the main theorem of semilattice composition of ordered semigroups using the
ideal extensions.

Let (S, -, <) be an ordered semigroup, } # I C S. I is called a left (respectively, right) ideal of S if
1) SI C I (respectively, IS C I)and2)a € I and S 5 b < aimpliesb € I. [ is called an ideal of S if it
is both a left and a right ideal of S[1].

Let (S, -, <) be an ordered semigroup, ) # 7' C S. T'is called a subsemigroup of S'if a, b € T implies
a-be T. Every subsemigroup T of S with the relation “<¢” on T defined by <7:= {(a,b) € T x T |
a < b} is an ordered semigroup (called an ordered subsemigroup of S). Clearly, <p=<N(T x T)).

Thus, if (S, -, <g) and (T, %, <p) are ordered semigroups, 7" is an ordered subsemigroup of S if, by
definition, a,b € T impliesa - b € T and <p=<g N(T x T).

Let (S, -, <g), (T, 0, <r) be ordered semigroups, f : S — T'amapping of S'into T'. f is called isotone
ifx,y €S, x <gyimplies f(x) <p f(y). fis called reverse isotone if x,y € S, f(z) <p f(y) implies
x <gy. (Each reverse isotone mapping is (1—1): Let z,y € S, f(x) = f(y). Since f(z) <7 f(y), we
have = <g y. Since f(y) <7 f(x), we have y <g x. Then x =y.) f is called a homomorphism if it
is isotone and satisfies f(zy) = f(x) o f(y) for all z,y € S. f is called an isomorphism if it is onto,
homomorphism and reverse isotone. S and 7" are called isomorphic, in symbol S ~ T if there exists an
isomorphism between them. S'is embedded in 7"if S is isomorphic to a subset of T"i. e., if there exists a
mapping f : S — T which is homomorphism and reverse isotone [3].

*The text was submitted by the authors in English.
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