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R-ËÈÍÅÉÍÎ�Î ÑÎÏ�ßÆÅÍÈßÒ.Â. ÍèêîíåíêîâàÀííîòàöèÿÂ ðàáîòå ïîñòðîåíî çàìêíóòîå àíàëèòè÷åñêîå ðåøåíèå çàäà÷è R -ëèíåéíîãî ñîïðÿæå-íèÿ äëÿ áåñêîíå÷íîé ïëîñêîé ãåòåðîãåííîé ñðåäû, ñîñòîÿùåé èç òðåõ ðàçëè÷íûõ îäíîðîä-íûõ êîìïîíåíòîâ, ðàçäåëåííûõ âåòâÿìè äâóõ ñî�îêóñíûõ ãèïåðáîë.Êëþ÷åâûå ñëîâà: ãåòåðîãåííàÿ ñðåäà, çàäà÷à R -ëèíåéíîãî ñîïðÿæåíèÿ, ãîëîìîð�-íûå �óíêöèè. ÂâåäåíèåÈçó÷åíèå ïëîñêèõ è öèëèíäðè÷åñêèõ ãåòåðîãåííûõ ñòðóêòóð, êàê èçâåñòíî [1℄,ñâîäèòñÿ ê ñëåäóþùåé ìàòåìàòè÷åñêîé ìîäåëè: òðåáóåòñÿ ïîñòðîèòü ïëîñêîïàðàë-ëåëüíîå ñòàöèîíàðíîå ïîëå v(x, y) = (vx, vy) = vp(x, y) , (x, y) ∈ Sp , p = 1, N ,ÿâëÿþùååñÿ ïîòåíöèàëüíûì è ñîëåíîèäàëüíûì â êàæäîé èçîòðîïíîé �àçå Sp ðàñ-ñìàòðèâàåìîé êîìïîçèòíîé ñðåäû:divvp(x, y) = 0, rotvp(x, y) = 0. (1)Âñþäó íà ãðàíèöå êîíòàêòà L ðàçíîðîäíûõ �àç Sp è Sq íîðìàëüíûå ñîñòàâëÿþ-ùèå ïðåäåëüíûõ çíà÷åíèé âåêòîðîâ vp , vq ñîâïàäàþò, à êàñàòåëüíûå ïðîïîðöèî-íàëüíû:
[vp(x, y)]n =[vq(x, y)]n, ρp[vp(x, y)]τ =ρq[vq(x, y)]τ , (x, y) ∈ L, (2)ãäå ρp ≥ 0 � êîý��èöèåíò ñîïðîòèâëåíèÿ ìàòåðèàëà �àçû Sp .Â íàñòîÿùåé ñòàòüå áóäåò ïðîäîëæåíî íà÷àòîå â ðàáîòàõ [2�4℄ èçó÷åíèå ñðåäûñ ãèïåðáîëè÷åñêîé ëèíèåé ðàçäåëà ðàçíîðîäíûõ êîìïîíåíòîâ. Â óêàçàííûõ âû-øå ðàáîòàõ áûëà ðàññìîòðåíà äâóõ�àçíàÿ ñðåäà â ñëó÷àå, êîãäà ëèíèåé êîíòàêòàðàçíîðîäíûõ �àç ñëóæàò îäíà èëè îáå âåòâè ãèïåðáîëû. Íàìè áóäåò èçó÷åíà òðåõ-�àçíàÿ ñðåäà â ñëó÷àå, êîãäà åå ðàçíîðîäíûå êîìïîíåíòû ñîïðÿãàþòñÿ âäîëü äâóõâåòâåé, âîîáùå ãîâîðÿ, ðàçëè÷íûõ, íî ñî�îêóñíûõ ãèïåðáîë.1. Ïîñòàíîâêà çàäà÷èÂ äàëüíåéøåì �èçè÷åñêàÿ ïëîñêîñòü (x, y) èíòåðïðåòèðóåòñÿ êàê ïëîñêîñòüêîìïëåêñíîãî ïåðåìåííîãî z = x+ i y , à âåêòîð v � êàê êîìïëåêñíîçíà÷íàÿ �óíê-öèÿ v(z) = vx + i vy êîìïëåêñíîãî àðãóìåíòà z = x + i y .�àññìîòðèì òðåõ�àçíóþ ñðåäó â ïðåäïîëîæåíèè, ÷òî ëèíèÿ ðàçäåëà �àç ñîñòî-èò èç äâóõ âåòâåé ñî�îêóñíûõ ãèïåðáîë, êîòîðûå îïðåäåëåíû óðàâíåíèÿìè
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j = c2, j = 1, 2, (3)
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�èñ. 1. Ñðåäà ñ äâóìÿ ãèïåðáîëè÷åñêèìè âêëþ÷åíèÿìèãäå aj , bj � çàäàííûå âåùåñòâåííûå ïàðàìåòðû, ïðè÷åì äëÿ óäîáñòâà äàëüíåéøèõâûêëàäîê áóäåì ñ÷èòàòü, ÷òî a1 > 0 , b1,2 > 0 , à a2 < 0 .Ïóñòü S1 , S2, S3 - ðàçíîðîäíûå îáëàñòè, óêàçàííûå íà ðèñ. 1. Â ñèëó óñëîâèé(1) êîìïëåêñíî ñîïðÿæåííàÿ ñ v(z) �óíêöèÿ v(z) = vp(z) = vpx(x, y)−i vpy(x, y) ãî-ëîìîð�íà â êàæäîì èç êîìïîíåíòîâ Sp , p = 1, 2, 3 . Â çàìûêàíèè Sp �óíêöèÿ v(z)íåïðåðûâíà âñþäó, çà èñêëþ÷åíèåì ðàçâå ëèøü áåñêîíå÷íî óäàëåííîé òî÷êè, ãäå óíåå äîïóñêàåòñÿ íàëè÷èå îñîáåííîñòè áîëåå ñëàáîé, ÷åì ïîëþñ ïåðâîãî ïîðÿäêà.Çàäà÷à (1), (2) ýêâèâàëåíòíà [1, ñ. 83℄ ñëåäóþùåé çàäà÷å R-ëèíåéíîãî ñîïðÿæå-íèÿ:






v1(t) = A12v2(t) − B12[t
′(s)]−2v2(t), t ∈ L1,

v1(t) = A13v3(t) − B13[t
′(s)]−2v3(t), t ∈ L2,

(4)ãäå
A1q =

ρ1 + ρq

2ρ1
, B1q =

ρ1 − ρq

2ρ1
, q = 2, 3. (5)

t(s) � �óíêöèÿ òî÷êè êîíòóðà L = L1 ∪ L2 îò íàòóðàëüíîãî ïàðàìåòðà s , ïðî-èçâîäíàÿ t′(s) = exp(i α(s)) ñîâïàäàåò ñ åäèíè÷íûì âåêòîðîì êàñàòåëüíîé ê Lâ òî÷êå t = t(s) (α(s) � óãîë, êîòîðûé îáðàçóåò êàñàòåëüíàÿ ê äóãå L â òî÷êå t ñâåùåñòâåííîé îñüþ).�åøåíèå çàäà÷è (4) îòûñêèâàåòñÿ â êëàññå �óíêöèé, äëÿ êîòîðûõ â îêðåñòíîñòèáåñêîíå÷íî óäàëåííîé òî÷êè ñïðàâåäëèâà îöåíêà
|v(z)| = o(|z|) ïðè |z| ≫ 1. (6)2. �åøåíèå çàäà÷è (4)�(6) â ñëó÷àå äâóõ ðàçíîðîäíûõñî�îêóñíûõ ãèïåðáîëè÷åñêèõ âêëþ÷åíèéÏðåæäå âñåãî ñëåäóåò îòìåòèòü, ÷òî ââèäó ñèììåòðè÷íîñòè ëèíèè L = L1 ∪L2îòíîñèòåëüíî äåéñòâèòåëüíîé îñè è âåùåñòâåííîñòè êîý��èöèåíòîâ (5), íàðÿäó�óíêöèåé v(z) , ðåøåíèåì çàäà÷è (4), (6) áóäåò è �óíêöèÿ v(z) . Ñëåäîâàòåëüíî,ñïðàâåäëèâî ïðåäñòàâëåíèå

v(z) = vR(z) + vI(z), (7)ãäå vR(z) = (v(z) + v(z))/2 è vI(z) = (v(z) − v(z))/2 � ðåøåíèÿ ðàññìàòðèâàåìîéçàäà÷è, óäîâëåòâîðÿþùèå ñîîòâåòñòâåííî óñëîâèÿì
vR(z) ≡ vR(z) è vI(z) ≡ −vI(z). (8)
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�èñ. 2. Âåðõíÿÿ ïîëóïëîñêîñòü ïëîñêîñòè z (ñëåâà) è åå îáðàç â ïëîñêîñòè ζ ïðè îòîáðà-æåíèè ñ ïîìîùüþ �óíêöèè (9) (ñïðàâà)Â ñèëó (8) ïðè ïîñòðîåíèè ðåøåíèé vR(z) , vI(z) äîñòàòî÷íî ðàññìîòðåòü ëèøüâåðõíþþ ïîëóïëîñêîñòü C+ = {z : Im z > 0} . Äëÿ âåðõíåé ïîëîâèíû L+ = L∩C+ ,îïðåäåëåííîé ïàðàìåòðè÷åñêèì óðàâíåíèåì:
t = a1 chϕ + i b1 shϕ, L+

1, 0 < ϕ < ∞,

t = a2 chϕ + i b2 shϕ, L+
2, 0 < ϕ < ∞,çàâèñèìîñòü �óíêöèè t′(s) îò t îïðåäåëÿåòñÿ ( [3℄) ïî �îðìóëå:

dt

ds
= (t2 − c2)1/4

(

cosπαj

√

t2 − c2 − i t sin παj

)−1/2

, j = 1, 2,ãäå aj + i bj = c exp(i παj/2), j = 1, 2, a1, b1, b2, c > 0, a2 < 0.�àññìîòðèì �óíêöèþ
ζ(z) =

1

c

(

z +
√

z2 − c2
)

, (9)îáðàòíóþ ê �óíêöèè Æóêîâñêîãî
z(ζ) =

c

2
(ζ + 1/ζ) . (10)Ôóíêöèÿ (9) êîí�îðìíî îòîáðàæàåò (ðèñ. 2) ïîëóïëîñêîñòü C+ íà îáëàñòü

S∗ � âåðõíþþ ïîëóïëîñêîñòü ñ âûáðîøåííûì åäèíè÷íûì ïîëóêðóãîì. Ëó÷è L∗
j =

= {ζ : arg ζ = παj/2, |ζ| > 1}, j = 1, 2 ðàçäåëÿþò S∗ íà îáëàñòè S∗

k , k = 1, 2, 3 ,ïðîîáðàçàìè êîòîðûõ ÿâëÿþòñÿ âåðõíèå ïîëîâèíû, S+
k , îáëàñòåé S1 , S2 è S3 ñî-îòâåòñòâåííî. Äëÿ �óíêöèè [t′(s)]−2 â ïëîñêîñòè ζ ñ ó÷åòîì ðàâåíñòâ

√

t2 − c2 =
c

2
(τ − 1/τ) , t =

c

2
(τ + 1/τ)ñïðàâåäëèâî ïðåäñòàâëåíèå

(

d t

d s

)−2

=
(τ − 1/τ) cosπαj − i (τ + 1/τ) sin παj

τ − 1/τ
=

τ − 1/τ

τ − 1/τ
, τ ∈ L∗

j , j = 1, 2.Íà îñíîâàíèè ïîëó÷åííîãî ñîîòíîøåíèÿ è íà òîì, ÷òî âûðàæåíèå ζ − 1/ζ âåùå-ñòâåííî íà äåéñòâèòåëüíîé îñè è ÷èñòî ìíèìî íà åäèíè÷íîé îêðóæíîñòè, îòíîñè-òåëüíî �óíêöèè
V (ζ) = (ζ − 1/ζ) vR

(

c

2

(

ζ + 1/ζ
)

) (11)
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V1(τ) = A12V2(τ) − B12V2(τ), τ ∈ L∗

1;

V1(τ) = A13V3(τ) − B13V3(τ), τ ∈ L∗

2;

Im V (ξ) = 0, ξ ∈ R \ [−1, 1];

ReV (τ) = 0, |τ | = 1, Im τ > 0.

(12)Èç (6) è îïðåäåëåíèÿ (11) ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (12) íåîáõîäèìî îòûñêèâàòüâ êëàññå �óíêöèé, óäîâëåòâîðÿþùèõ óñëîâèÿì
|V (ζ)| = o(|ζ|2), |ζ| ≫ 1; V (±1) = 0. (13)Ïðîäîëæèì ñ ïîìîùüþ ïðèíöèïà ñèììåòðèè �èìàíà �Øâàðöà �óíêöèþ V (ζ)èç S∗ â ïîëóïëîñêîñòü C+ íà îñíîâàíèè ïîñëåäíåãî óñëîâèÿ (12). Äëÿ ïðîäîëæåí-íîé êóñî÷íî-ãîëîìîð�íîé �óíêöèè ñîõðàíèì ïðåæíåå îáîçíà÷åíèå:

V (ζ) = {V2(ζ), 0 < arg ζ < πα1/2;

V1(ζ), πα1/2 < arg ζ < πα2/2; V3(ζ), πα2/2 < arg ζ < π}.Ââèäó âåùåñòâåííîñòè êîý��èöèåíòîâ ïåðâûõ äâóõ ãðàíè÷íûõ óñëîâèé (12)ïðèäåì ê êðàåâîé çàäà÷å
V1(τ) = A12V2(τ) − B12V2(τ), τ ∈ L′

1 = {ζ : arg ζ = πα1/2},

V1(τ) = A13V3(τ) − B13V3(τ), τ ∈ L′

2 = {ζ : arg ζ = πα2/2},
Im V (ξ) = 0, ξ ∈ R \ {0},

(14)ñ äîïîëíèòåëüíûìè óñëîâèÿìè (13), è êðîìå íèõ äîëæíû åùå âûïîëíÿòüñÿ ñëåäó-þùèå äâà:
|V (ζ)| = o(|ζ|−2), |ζ| ≪ 1; V (1/ζ) ≡ −V (ζ). (15)�àññìîòðèì �èêñèðîâàííóþ â ïîëóïëîñêîñòè C+ òó âåòâü �óíêöèè ω(ζ) =

= ζγ ñ äåéñòâèòåëüíûì ïîêàçàòåëåì γ , êîòîðàÿ âåùåñòâåííà (ïîëîæèòåëüíà) íàïîëîæèòåëüíîé ïîëóîñè. Äëÿ âûáðàííîé âåòâè ñïðàâåäëèâî òîæäåñòâî ω(1/ζ) ≡
1/ω(ζ) , è ïîýòîìó, êàê ëåãêî âèäåòü, �óíêöèÿ

V (ζ) =











V1(ζ) = c11(e
i πϕζγ − e−i πϕζ−γ), πα1/2 ≤ arg ζ ≤ πα2/2,

V2(ζ) = c12(ζ
γ − ζ−γ), 0 ≤ arg ζ ≤ πα1/2,

V3(ζ) = c13(e
−i πγζγ − ei πγζ−γ), πα2/2 ≤ arg ζ ≤ π

(16)óäîâëåòâîðÿåò ïðè ïðîèçâîëüíûõ âåùåñòâåííûõ c11 , c12 , c13 , ϕ ∈ (−1/2, 1/2) è γ ∈
∈ (0, 2) âñåì óñëîâèÿì (13)�(15), çà èñêëþ÷åíèåì ïåðâûõ äâóõ ãðàíè÷íûõ óñëîâèé(14). Ïîäñòàâëÿÿ â ïîñëåäíèå �óíêöèþ (16), ñ ó÷åòîì ñïðàâåäëèâûõ íà L′

j ðàâåíñòâ
ω(τ) = rγei πγαj/2 ïîëó÷èì, ïðèðàâíèâàÿ êîý��èöèåíòû ïðè r±γ , îòíîñèòåëüíîíåîïðåäåëåííûõ êîíñòàíò γ, ϕ , c11, c12 è c13 ñèñòåìó âèäà























c11 cos[π(ϕ + γα1/2)] − (A12 − B12)c12 cos[πγα1/2] = 0,

c11 sin[π(ϕ + γα1/2)] − (A12 + B12)c12 sin[πγα1/2] = 0,

c11 cos[π(ϕ + γα2/2)] − (A13 − B13)c13 cos[πγ(1 − α2/2)] = 0,

c11 sin[π(ϕ + γα2/2)] + (A13 + B13)c13 sin[πγ(1 − α2/2)] = 0,

(17)ãäå 0 < α1, 2 − α2 < 1 .



�ÅØÅÍÈÅ ÎÄÍÎÉ Ò�ÅÕÔÀÇÍÎÉ ÇÀÄÀ×È. . . 131Çàìåòèì, ÷òî äàííóþ ñèñòåìó ìîæíî ðàçáèòü íà äâå îäíîðîäíûå ïîäñèñòåìûëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî c11, c12 è c11, c13 ñîîòâåòñòâåííî. Ýòè ïîä-ñèñòåìû, êàê èçâåñòíî, èìåþò íåòðèâèàëüíûå ðåøåíèÿ ëèøü â ñëó÷àå, êîãäà èõîïðåäåëèòåëè îáðàùàþòñÿ â íóëü. Òàêèì îáðàçîì, ïðèõîäèì ê ñëåäóþùåé ñèñòåìåóðàâíåíèé îòíîñèòåëüíî γ è ϕ :
{

sin[πϕ] − ∆1 sin[π(ϕ + γα1)] = 0,

sin[π(γ + ϕ)] − ∆2 sin[π(ϕ + γ(α2 − 1))] = 0,
(18)ãäå ∆1 = B12/A12 , ∆2 = B13/A13 . Óðàâíåíèÿ ñèñòåìû (18) ìîæíî ïåðåïèñàòü âýêâèâàëåíòíîé �îðìå

{

(1−∆1 cos[πγα1]) sin[πϕ] − ∆1 sin[πγα1] cos[πϕ]=0,

(cos[πγ]−∆2 cos[πγ(α2−1)]) sin[πϕ]+(sin[πγ]−∆2sin[πγ(α2−1)])cos[πϕ]=0.
(19)Ñèñòåìà (19) ÿâëÿåòñÿ òàêæå ëèíåéíî-îäíîðîäíîé îòíîñèòåëüíî sin[πϕ] , cos[πϕ] ,è äëÿ åå íåòðèâèàëüíîé ðàçðåøèìîñòè íåîáõîäèìî âûïîëíåíèå óñëîâèÿ

∆1∆2 sin[πγ(α2−1−α1)]−(∆1 sin[πγ(1−α1)]+∆2 sin[πγ(α2−1)])+sin[πγ] = 0. (20)�åøåíèå óðàâíåíèÿ (20) íåîáõîäèìî îòûñêèâàòü íà èíòåðâàëå (0, 2) , ïðè ýòîì íàäîó÷èòûâàòü, ÷òî ïàðàìåòðû α1 è 2 − α2 ïðèíèìàþò çíà÷åíèÿ â èíòåðâàëå (0, 1) , à
|∆j | < 1 , ïîñêîëüêó A1j > |B1j |, j = 2, 3 .Åñëè γ åñòü ðåøåíèå óðàâíåíèÿ (20), òî âåëè÷èíà ϕ ∈ (−1/2, 1/2) îïðåäåëÿåòñÿèç ñèñòåìû (19) ñëåäóþùèì îáðàçîì:

ϕ = ϕ1(γ) =
1

π
arctan

∆1 sin[πγα1]

1 − ∆1 cos[πγα1]
. (21)Ïîñòðîåíèå �óíêöèè vI(z) , óäîâëåòâîðÿþùåé âòîðîìó óñëîâèþ (8), ïðèâîäèòê ïðåäñòàâëåíèþ

V (ζ) =



















V1(ζ) = i c21(e
i πϕζγ − e−iπϕζ−γ), πα1/2 ≤ arg ζ ≤ πα2/2,

V2(ζ) = i c22(ζ
γ − ζ−γ), 0 ≤ arg ζ ≤ πα1/2,

V3(ζ) = i c23(e
−i πγζγ − ei πγζ−γ), πα2/2 ≤ arg ζ ≤ π,

(22)âìåñòî (16) îòñþäà, â ñâîþ î÷åðåäü, ñëåäóåò, ÷òî


























c21 cos[π(ϕ + γα1/2)] − (A12 + B12)c22 cos[πγα1/2] = 0,

c21 sin[π(ϕ + γα1/2)] − (A12 − B12)c22 sin[πγα1/2] = 0,

c21 cos[π(ϕ + γα2/2)] − (A13 + B13)c23 cos[πγ(1 − α2/2)] = 0,

c21 sin[π(ϕ + γα2/2)] + (A13 − B13)c23 sin[πγ(1 − α2/2)] = 0,

(23)
{

(1 + ∆1 cos[πγα1]) sin[πϕ] + ∆1 sin[πγα1] cos[πϕ]=0,

(cos[πγ]+∆2 cos[πγ(α2−1)]) sin[πϕ]+(sin[πγ]+∆2sin[πγ(α2−1)]) cos[πϕ]=0,
(24)

∆1∆2 sin[πγ(α2 − 1−α1)]+∆1 sin[πγ(1−α1)]+∆2 sin[πγ(α2 − 1)]+ sin[πγ] = 0 (25)Óðàâíåíèÿ (20) è (25) îòëè÷àþòñÿ ëèøü çíàêîì ïåðåä âòîðûì è òðåòüèì ñëàãàå-ìûì. Âåëè÷èíà ϕ ∈ (−1/2, 1/2) îïðåäåëÿåòñÿ â äàííîì ñëó÷àå èç ñîîòíîøåíèÿ
ϕ = ϕ2(γ) = − 1

π
arctan

∆1 sin[πγα1]

1 + ∆1 cos[πγα1]
, (26)



132 Ò.Â. ÍÈÊÎÍÅÍÊÎÂÀãäå 0 < γ < 2 � ðåøåíèå óðàâíåíèÿ (25).Óðàâíåíèÿ (20) è (25) â îáùåì ñëó÷àå äîïóñêàþò ëèøü ÷èñëåííîå ðåøåíèå.Ïðîâåäåííûé ÷èñëåííûé àíàëèç ïîêàçàë, ÷òî ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ ïà-ðàìåòðîâ α1,2 è ∆1,2 êàæäîå èç ýòèõ óðàâíåíèé èìååò íà èíòåðâàëå (0, 2) îò îäíîãîäî äâóõ êîðíåé, òî åñòü â ñîâîêóïíîñòè îáà óðàâíåíèÿ èìåþò íå ìåíåå äâóõ, íî íåáîëåå ÷åòûðåõ êîðíåé.�àññìîòðèì íåêîòîðûå ïðåäåëüíûå ñëó÷àè óðàâíåíèé (20) è (25). Ïóñòü
∆1, ∆2 → 1 , òî åñòü ρ2, ρ3 → 0 èëè ρ1 → ∞ , òîãäà óðàâíåíèÿ (20) è (25)ïðåîáðàçóþòñÿ ñîîòâåòñòâåííî ê âèäó:

sin[πγ(α2 − α1)](cos[πγ(2 + α1 − α2)/2] ∓ cos[πγ(2 − α1 − α2)/2]) = 0,ãäå 0 < γ < 2 , 0 < α1, 2 − α2 < 1 . Çàìåòèì, ÷òî ïðè ∆1, ∆2 → −1 (ρ1 → 0 èëè
ρ2, ρ3 → ∞) ïîñëåäíèå óðàâíåíèÿ ìåíÿþòñÿ ìåñòàìè. Ïåðâîå èç ðàññìàòðèâàåìûõóðàâíåíèé, ñîîòâåòñòâóþùåå óðàâíåíèþ (20), èìååò íà èíòåðåñóþùåì íàñ èíòåð-âàëå ëèøü îäèí êîðåíü γ = 2/(α2 − α1) ïðè 1 < α2 − α1 < 2 . �åøåíèå âòîðîãîóðàâíåíèÿ, ñîîòâåòñòâóþùåãî óðàâíåíèþ (25), â çàâèñèìîñòè îò âåëè÷èí α1 , α2îïðåäåëÿåòñÿ ïî ñëåäóþùèì �îðìóëàì:

γ = 2/(α2 − α1), åñëè 1 < α2 − α1 < 2,

γ = 1/(2 − α2), åñëè 1 < α2 < 3/2,

γ = 1/α1, åñëè 1/2 < α1 < 1,ïðè÷åì òîëüêî äâà èç ïðèâåäåííûõ âûøå óñëîâèé ìîãóò âûïîëíÿòüñÿ îäíîâðå-ìåííî.Â ñëó÷àå ∆1 → ∓1, ∆2 → ±1 (ρ2 → ∞ & ρ3 → 0 èëè ρ2 → 0 & ρ3 → ∞)óðàâíåíèÿ (20), (25) ïðèâîäÿòñÿ ê âèäó:
cos[πγ(α2 − α1)/2](sin[πγ(2 + α1 − α2)/2] ∓ sin[πγ(2 − α1 − α2)/2]) = 0.�åøåíèÿ ïîñëåäíèõ óðàâíåíèé âûïèñûâàþòñÿ ïî �îðìóëàì, àíàëîãè÷íûì ïðèâå-äåííûì âûøå.Ïîêàæåì òåïåðü, ÷òî åñëè 1 − α1 = p1/q1 , α2 − 1 = p2/q2 � ðàöèîíàëüíûå÷èñëà (p1,2/q1,2 > 0 � ïðàâèëüíûå äðîáè), òî óðàâíåíèÿ (20), (25) ïðèâîäÿòñÿ êàëãåáðàè÷åñêèì. Äåéñòâèòåëüíî, ïóñòü l = ÍÎÊ{q1, q2} , òîãäà 1 − α1 = p1/q1 =

= s1/l , α2−1 = p2/q2 = s2/l , α2−1−α1 = (s1+s2−l)/l è îòíîñèòåëüíî x = cos(πγ/l)ïðèõîäèì ê àëãåáðàè÷åñêîìó óðàâíåíèþ ñëåäóþùåãî âèäà:
t∆1∆2

[(tk1−1)/2]
∑

m=0

(−1)m

(

2m+1

tk1

)

xtk1−2m−1(1 − x2)m±

±
[

∆1

[(s1−1)/2]
∑

m=0

(−1)m

(

2m+1

s1

)

xs1−2m−1(1 − x2)m+

+ ∆2

[(s2−1)/2]
∑

m=0

(−1)m

(

2m+1

s2

)

xs2−2m−1(1 − x2)m

]

+

+

[(l−1)/2]
∑

m=0

(−1)m

(

2m+1

l

)

xl−2m−1(1 − x2)m = 0.



�ÅØÅÍÈÅ ÎÄÍÎÉ Ò�ÅÕÔÀÇÍÎÉ ÇÀÄÀ×È. . . 133Çäåñü t = sign(α2 − 1 − α1), k1 = s1 + s2 − l , à êâàäðàòíûå ñêîáêè îçíà÷àþòöåëóþ ÷àñòü ÷èñëà. Ýòî óðàâíåíèå ðàçðåøèìî ïðè l ≤ 5, è â ñëåäóþùèõ íàèáîëååïðîñòûõ ñëó÷àÿõ îíî èìååò âèä:
2x ± (∆1 + ∆2) = 0 (α1 = 2 − α2 = 1/2);

4x2 ± 2(∆1 + ∆2)x + ∆1∆2 − 1 = 0 (α1 = 2 − α2 = 1/3);

4x2 ± (∆1 + ∆2) − ∆1∆2 − 1 = 0 (α1 = 2 − α2 = 2/3);

4x2 ± (∆1 + 2∆2x) − 1 = 0 (1 − α1 = 2 − α2 = 1/3);

4x2 ± (2∆1x + ∆2) − 1 = 0 (1 − α1 = 2 − α2 = 2/3).Ê ðåøåíèþ êóáè÷åñêèõ óðàâíåíèé ñâîäÿòñÿ ñëó÷àè 1− α1 = 2− α2 = 1/4(3/4) ;
α1 = 2 − α2 = 3/4(1/4) ; α1 = 3/4, 2 − α2 = 1/2(1/2, 3/4) ; α1 = 1/2, 2 − α2 =
= 1/4(1/4, 1/2) . Äëÿ äðóãèõ çíà÷åíèé α1, α2 ïîëó÷àþòñÿ óðàâíåíèÿ áîëåå âûñîêèõïîðÿäêîâ.�åøàÿ ñèñòåìó (17) ñ ó÷åòîì ñîîòíîøåíèÿ (18), íàéäåì

c11 = c1, c12 = c1Λ1(γ, ϕ1(γ)), c13 = c1Λ2(γ, ϕ1(γ)), (27)ãäå γ îïðåäåëÿåòñÿ èç óðàâíåíèÿ (20).�åøåíèå ñèñòåìû (23) ìîæåò áûòü çàïèñàíî â âèäå
c21 = c2, c22 = −c2Λ1(γ, ϕ2(γ)), c23 = −c2Λ2(γ, ϕ2(γ)). (28)Çäåñü γ � ðåøåíèå óðàâíåíèÿ (25). Â (27), (28) c1 è c2 � ïðîèçâîëüíûå äåéñòâè-òåëüíûå ïàðàìåòðû,

Λ1(γ, ϕ) =
sin[πϕ]

B12 sin[πγα1]
, Λ2(γ, ϕ) = − sin[π(ϕ + γ)]

B13 sin[πγ(2 − α2)]
. (29)Òàêèì îáðàçîì, ìîæíî ñ�îðìóëèðîâàòü ñëåäóþùèé ðåçóëüòàò.Òåîðåìà 1. Â íåâûðîæäåííûõ è âî âñåõ íåïðåäåëüíûõ ñëó÷àÿõ 0 < |∆j−1| =

= |B1j |/A1j < 1 (j = 2, 3) çàäà÷à (4) äëÿ äâóõ ãèïåðáîëè÷åñêèõ âêëþ÷åíèé (3)ïðè α1/2 = π−1arg (a1 + i b1) ∈ (0, 1/2) , α2/2 = π−1arg (a2 + i b2) ∈ (1/2, 1) èìååòðåøåíèå âèäà
v1(z)=

2
∑

k=1

C1kχ1(z; γ1k; ϕ1(γ1k)) + i

2
∑

k=1

C2kχ1(z; γ2k; ϕ2(γ2k)), z ∈ S1,

v2(z)=
2

∑

k=1

C1kΛ1(γ1k; ϕ1(γ1k))χ2(z; γ1k)− i
2

∑

k=1

C2kΛ1(γ2k; ϕ2(γ2k))χ2(z; γ2k), z ∈ S2,

v3(z)=
2

∑

k=1

C1kΛ2(γ1k; ϕ1(γ1k))χ2(−z; γ1k)−i
2

∑

k=1

C2kΛ2(γ2k; ϕ2(γ2k))χ2(−z; γ2k), z ∈ S3,ãäå γ1k , k = 1, 2 , � êîðíè óðàâíåíèÿ (20) , à γ2k , k = 1, 2 , � êîðíè óðàâíåíèÿ (25) ;îäíîçíà÷íûå âåòâè �óíêöèé
χ1(z; γ; ϕ) =

ei πϕ(z +
√

z2 − c2)γ − e−i πϕ(z −
√

z2 − c2)γ

2
√

z2 − c2
,

χ2(z; γ) =
(z +

√
z2 − c2)γ − (z −

√
z2 − c2)γ

2
√

z2 − c2
, χ2(c; γ) = γcγ−1,



134 Ò.Â. ÍÈÊÎÍÅÍÊÎÂÀ�èêñèðîâàíû â ñîîòâåòñòâóþùèõ îáëàñòÿõ S1 , S2 , à χ2(−z; γ) � â S3 è ïðè-íèìàþò âåùåñòâåííûå çíà÷åíèÿ íà äåéñòâèòåëüíîé îñè; êîíñòàíòû Λ1 , Λ2îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè (29) ; ϕj(γ) , j = 1, 2, � ñîîòíîøåíèÿìè (21) , (26) .Íàêîíåö, C1k , C2k k = 1, 2, � ïðîèçâîëüíûå âåùåñòâåííûå ïàðàìåòðû, ïðè÷åì åñ-ëè óðàâíåíèå (20) (óðàâíåíèå (25) ) èìååò ëèøü îäèí êîðåíü íà èíòåðâàëå (0, 2) ,òî ïàðàìåòð C12 (C22) íàäî ïîëîæèòü ðàâíûì íóëþ.Óòâåðæäåíèÿ òåîðåìû âûòåêàþò èç ïðåäñòàâëåíèé (22), (16), (11), (9) è (8).Çàìå÷àíèå 1. Â ÷àñòíîì ñëó÷àå, êîãäà α1 = 2 − α2 , ρ2 = ρ3 äîëæíû âûïîë-íÿòüñÿ äîïîëíèòåëüíûå óñëîâèÿ ñèììåòðèè îòíîñèòåëüíî ìíèìîé îñè:à) V2(−ζ) = −V3(ζ) , V1(−ζ) = −V1(ζ) , ïðè V (ζ) = (ζ − 1/ζ) vR

(

c

2

(

ζ + 1/ζ
)

) ,á) V2(−ζ) = V3(ζ) , V1(−ζ) = V1(ζ) , ïðè V (ζ) = (ζ − 1/ζ) vI

(

c

2

(

ζ + 1/ζ
)

) .Ýòè óñëîâèÿ è ïðåäñòàâëåíèÿ (16), (22) ïðèâîäÿò ê ðàâåíñòâàì ϕ = (1 − γ)/2 ,
c12 = −c13 , c22 = −c23 è, ñîîòâåòñòâåííî, ê ðåøåíèþ ïîëó÷åííîìó â ðàáîòå [4℄.Çàìå÷àíèå 2. Åñëè ρ1 = ρ3 , òî òðåõ�àçíàÿ ñðåäà âûðîæäàåòñÿ â äâóõ�àçíóþñ ëèíèåé ðàçäåëà, ñîñòîÿùåé òîëüêî èç îäíîé âåòêè ãèïåðáîëû (3). Èç (5) òîãäà ñëå-äóåò, ÷òî ∆2 = 0, è íà îñíîâàíèè (18) è (24) ïðèäåì ê ðåøåíèþ, ðàíåå ïîëó÷åííîìóâ ðàáîòå [3℄.Çàìå÷àíèå 3. Ïîñòðîåííîå âûøå ðåøåíèå çàäà÷è (4) ñïðàâåäëèâî è â òîìñëó÷àå, êîãäà îáå âåòâè ãèïåðáîë (3) íàõîäÿòñÿ â îäíîé ïîëóïëîñêîñòè, òî åñòü
0 < a2 < a1 .Çàìå÷àíèå 4. Ïðèâåäåííîå â òåîðåìå 1 ðåøåíèå ÿâëÿåòñÿ â îáùåì ñëó÷àå ÷å-òûðåõïàðàìåòðè÷åñêèì. Âîçíèêàåò åñòåñòâåííûé âîïðîñ î äîïîëíèòåëüíûõ óñëî-âèÿõ, ïîçâîëÿþùèõ âûäåëèòü åäèíñòâåííîå ðåøåíèå. Ýòîãî ìîæíî äîáèòüñÿ, åñëè,íàïðèìåð, âçÿòü òîëüêî íàèìåíüøèå èç ðåøåíèé óðàâíåíèé (20) è (25) è, êðîìåòîãî, çàäàòü çíà÷åíèå ñêîðîñòè â òî÷êå z = 0 :

v1(0) = V0 = V0x − i V0y. (30)Ïðè ñäåëàííûõ îãðàíè÷åíèÿõ èññëåäóåìàÿ çàäà÷à äëÿ âñåõ âîçìîæíûõ ïàðà-ìåòðîâ áóäåò èìåòü åäèíñòâåííîå ðåøåíèå:
v1(z) = V0xC1χ1(z; γ1; ϕ1(γ1)) − i V0yC2χ1(z; γ2; ϕ2(γ2)),

v2(z) = V0xC1Λ1(γ1; ϕ1(γ1))χ2(z; γ1) + i V0yC2Λ1(γ2; ϕ2(γ2))χ2(z; γ2),

v3(z) = V0xC1Λ2(γ1; ϕ1(γ1))χ2(−z; γ1) + iV0yC2Λ2(γ2; ϕ2(γ2))χ2(−z; γ2),

(31)ãäå γ1 , γ2 � íàèìåíüøèå ðåøåíèÿ óðàâíåíèé (20) , (25) ñîîòâåòñòâåííî, à
Ck = c1−γk/ sin[π(ϕk(γk) − γk/2)], k = 1, 2.Â çàêëþ÷åíèå ðàññìîòðèì ñëåäóþùèé ïðèìåð.Ïðèìåð. Ïóñòü âåòâè ãèïåðáîëû (3) îïðåäåëÿþòñÿ ñëåäóþùèìè ïàðàìåòðàìè:

a1 = 2, 12 , a2 = −3, 8 , c = 5 . Êîý��èöèåíòû ñîïðîòèâëåíèÿ, õàðàêòåðèçóþùèå �à-çû S1 , S2 , S3 ðàâíû ρ1 = 10 , ρ2 = 0.1 , ρ3 = 1, 6 ñîîòâåòñòâåííî . Òîãäà óðàâíåíèå
(20) èìååò íà èíòåðåñóþùåì íàñ èíòåðâàëå (0, 2) åäèíñòâåííîå ðåøåíèå γ1 = 0.4 ,à íàèìåíüøèì êîðíåì óðàâíåíèÿ (25) ÿâëÿåòñÿ γ2 = 1.38 . �åøåíèå ïîñòàâëåííîéçàäà÷è, óäîâëåòâîðÿþùåå óñëîâèþ (30) çàäàåòñÿ �îðìóëàìè (31) .
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�èñ. 3. ρ1 = 0.1, ρ2 = 1.6, ρ3 = 10
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�èñ. 4. ρ1 = 10, ρ2 = 0.1, ρ3 = 1.6
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�èñ. 5. ρ1 = 1, ρ2 = 10, ρ3 = 0.1Íà ðèñ. 3�5 èçîáðàæåíû ýêâèïîòåíöèàëè è ëèíèè òîêà, îïðåäåëÿåìûå ïîëó÷åí-íûì ðåøåíèåì äëÿ òðåõ ðàçëè÷íûõ íàïðàâëåíèé âåêòîðà ñêîðîñòè (30).�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåí-òàëüíûõ èññëåäîâàíèé (ïðîåêò � 09-01-97008-ð_ïîâîëæüå_à ).
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