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O MATPUIIE ITIEPBBIX MOMEHTOB
PA3JIOYKNMOI CTOXACTUUYECKOM
KC-TPAMMATUKU

JILII. 2Kuavuyosa

AnaHoTanus

PaccmarpuBaercs croxacTH4ecKass KOHTEKCTHO-CBOOOIHAs IPAMMATHKA C IIPOU3BOIHHBIM
9HCJIOM KJIACCOB HETEPMUHAJIBHBIX CUMBOJIOB 03 OrDaHUYIEHMil Ha MMOPSII0K CJICIOBAHUS KJIac-
cos. CoorBercTByiomas eif Marpunia A epBBIX MOMEHTOB SABISeTCH Pa3/oKuMoit. s ciaydas,
KOI1a IEPPOHOB KOPEHb I MATPHUIBI A CTPOrO MEHbBIIE eIMHUIIbI, UCCIEAYI0TCS CBOUCTBA MaT-
punsr A' npu ¢ — oo.

KiroueBble cJioBa: ajaropur™, KOAWPOBAaHME, CyKATHE, KOHTEKCTHO-CBOOOIHBIN SI3BIK,
rpaMMaTHKa, ONTUMHU3AINd, aBTOMAT, BePOATHOCTb.

BBenenue

B pa6orax [1, 2] HaMi paccMATPUBAIINCH BOTIPOCHI, CBA3AHHBIE ¢ KOINPOBAHWEM CO-
OOIMIEHNI, IBIATOMIAXCST CTIOBAME CTOXACTHIECKOTO KOHTEKCTHO-CBOOOIHOTO A3bIKA (CTO-
xacruueckoro KC-s3bIka), upu ycaoBum, 4T0 MATPUIIA IIEPBHIX MOMEHTOB I'PAMMATUKU
HEPa3JI0KHUMA, HENEePUOAMYHA U €€ MAKCUMAJIbHBIA 10 MOIYII0 COOCTBEHHBIH KOPEHb
(MeppoHOB KOPEHDb) CTPOrO MEHbINEe eJIuHuIbl (ToKpuTHdecKkuii caydait). [Ipu nepasio-
JKUMOIT MATPWIE IEPBBIX MOMEHTOB HETEPMUHAIBHBIE CHMBOJIBI TPAMMATHKHA 00pa3yioT
OJIMH KJIacC.

[Tpy u3y4eHnn BOIPOCOB KOJUPOBAHNSA BAXKHYIO POJIb HTPAET CTPOEHHE MaTpuipbl A
HePBBIX MOMEHTOB I ACHMITOTHYECKOe HOBeIeHre 3jieMenToB MaTpunnl Al npu ¢ — oo.
CroiicTBa HepasaokuMmoii Matpuipl AY usywenst B [3]. [I1a JOKpATHYECKOTO CoIydas
B [4] mpoBeseHO MccienoBaHNe TPAMMATHK C JIBYMSI KJIACCAMW HETEPMWHAJBHBIX CHM-
BOJIOB, TIPH 3TOM YCTAHOBJICHO ACHMIITOTHYCCKOE MOBeAeHre MaTpunnr Af.

B macrogmeii pabore cpoiicrsa marpun, A u Al uccieayiorcs 11 CTOXaCTHYECKHX
KC-rpaMMaTuk ¢ mpou3BOIBHBIM YUCIOM KJIACCOB HETEPMHUHAJIBHBIX CHMBOJIOB TPaM-
MATUKHN 0€3 OrpaHUYeHH HA HOPATOK CICJOBAHUA KIACCOB.

1. OcHoBHBIE orpeaesjieHnd

Jutst m370KennsT pe3ysabTaTOB O KOHTEKCTHO-CBOOOJHBIX SI3BIKAX OYIEM MCIIOIB30-
Barb onpenenenns KC-s3pika u croxacrudeckoro KC-aspika u3 [5, 6]. Croxacrudeckoii
KC-rpammarukoii naseiBaerca cucrema G = (Vp, Vy, R, s), tue Vp u Vi — Koneunbie
MHOKECTBA TEPMHUHATIBHBIX U HETEDMHUHAIBHBIX CHMBOJIOB (T€DMHHAJIOB U HETEPMHUHA-

JIOB) COOTBETCTBEHHO; § € Vi — akcumoma, R — mHOXkecTBO Tpasui. Muoxectso R
k

MOYKHO TIPEeJCTABUATL B BHujae R = URi’ rae k — momuocTh andasuta Vy m R; =
i=1
={ri1,...,"in, }. Kazkaoe npasuio r;; u3 R; nMeer BHI

Tij - Ai"ﬂija lea"';nia



O MATPUIE ITEPBBIX MOMEHTOB 81

rae A; € Vi, 8ij € (Vr UVN)* 1 p;; — BepOSTHOCTD NPUMEHEHHUS MPABIIA 7 (BEpo-
ATHOCTB NMPABUIIA 7% ), KOTOPAs yI0BIETBOPAET CIEAYIONIIM yCIOBUAM:

ng
0<pi; <1 m Zpijil, 1=1,2,... k.
j=1

Has cnos a m B w3 (VpUV)* GymeM roBOpHUTh, 9TO 3 HEMOCPEJICTBEHHO BBIBOIMMO
u3 « (u3amucsBaThL @ = ), ecnu o = a1 A, = a10;j0n 118 HEKOTOPBIX (1, (g €
€ (VpUVN)*, u B rpammaruke G umeercs npaBuio A; by Bij-

Ob6o3nauuM 4epe3 =, pedIeKCUBHOE TPAHIUTHBHOE 3aMBIKAHUE OTHOIICHUS = .
KC-sa3pik, mopoxkmaembiii TpamMMarukoit (7, ONpeesercs KaK MHOYXKECTBO CJIOB
Leg={a: s=,a, acV}}

Kaxmomy cioBy a KC-s13b1Ka COOTBETCTBYET TOC/IEI0BATEILHOCTE MPABUI IPAMMa-
TUKHU (BBIBOJ), C IIOMOIIBIO KOTOPOIi (v BBIBOAMUTCS U3 AKCHMOMBI S. BepogaTHOCTD BHIBOJA
OTIpEJIeNISIeTCsl KaK [IPOU3BEJEHNE BEPOATHOCTEH MpaBuil, 00pa3yonux BbBoI. Beposar-
HOCTH CJIOBA (v OMPEEJIsieTCsl KaK CYMMa BEPOSTHOCTEH BCEX PA3IUYHBIX JIEBBIX BBHIBO-
JIOB ¢JIoBa ¢ (IIpU JIEBOM BBIBOJIE OUEPEIHOE MPABUJIO TPUMEHSAETCA K CAMOMY JIEBOMY
HETEPMUHAJY B CJIOBE).

'pammaruka (G Ha3bIBAETCs COTVIACOBAHHOM, ecyin

Jim Y pla) =1

S
a€Ll,|a|<N

(3mech |x| — mawHa csmoBa x). B paGore paccmarpupBatorcst corsmacopanubie KC-
rpammvaruku. Corsacoanuass KC-rpamvarnka G MHIYIUPYET pacrpeeseHue Bepo-
araocreit P Ha MHOXKecTBE c10B nopoxpaemoro KC-a3pika L u onpeensier croXacTu-
gecknit KC-a3pik L = (L, P).

Baknoe 3HadueHune nMeer MOHATHE JepeBa BBIBOJA. JIepeBO CTPOUTCS CJIELyIOIINHM
obpazowm.

Kopenb nepera momeuaercss akcuomoit s. IlycTh mpu BBIBOZIE CJIOBa (v Ha OYEpE-

HOM ITare B TPOIECCE JIEBOTO BLIBOJA MPUMEHSIeTCs TpaBuiao A by biybiy -+ b4, , TOE
b, € VNUVp (I = 1,...,m). Torma u3 camoil JIeBO#l BEPIIMHBI-IHCTA JEPEBA, MO~
MedeHHO# cumBosioM A (mpu 00XO/e JIMCTHEB JIEPEBA CJIeBA HANPABO), POBOIUTCH 1M
ZIyT B BEPIIUHBI CJIEIYIONIErO Apyca, KOTOPhIE TIOMEUAIOTCS CJIeBa HATIPABO CUMBOJIAMHE
iy, biy, ..., b;,, coorBercTBenHO. [locsie mMOCTpOEHWST AYr M BEPINUH JIsl BCEX MPABHII
rpaMMATHKK B BBIBOJE CJIOBA fA3bIKA BCE JIUCThs JEPEBa MOMEUEHBI TePMUHAILHBIMU
CHUMBOJIAME U CAMO CJIOBO MOJIyYaeTCs TP 00X0/Ie JTUCTHEB JIePeBa CJIeBa HAPABO.
dpycsr mepeBa Oymem HyMepoBaTh CAeAYIONNM oOpa3oM. KopeHb gepeBa pacrmoso-
JKeH B HYJIEBOM gpyce. BepiiuHbl JepeBa, CMexKHbIe ¢ KOPHEM, 00pa3yIoT MePBhIi apyc,
u 1. 1. Jlyru, BRIXOJSIINE W3 BEPINUH j-T0 sSipyca, BeAyT K BeprHaMm (j + 1)-ro spyca.

Paccmorpum  MHOTOMEpHBIE Tipon3Boasiiume byHKunu - Fi (81, 82,...,85), 1 =
=1,...,k, rie nepeMeHHasi $; COOTBETCTBYET HETEPMUHAIBHOMY CUMBOILY A;. ®yHK-
nus Fj(s1,82,...,Sk) CTPOUTCH 110 MHOXKECTBY HpaBui R; ¢ 0MHAKOBOII JI€BOM 4acThIO

A; cienyommm 00pas3oM.

Pij
Hns kazxgoro npasuina A; — (;; BbIIUCBIBAETCH ClaraeMoe

l l Ik
qij=Dij * 811 '822 .t Sk 5

rae l, — 9UCI0 BXOXKIEHUI HETePMUHATBLHOTO CUMBOIA A,, B IpaBylo 4acTh OPaBHJIA
(m=1,...,k). Torma

n;
Fi(s1,82,.-,8K) = Y _ dij.
j=1
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IIycTs
i

OFi(s1,...,
gz OG- s0)

J .
asj s1=83=---=8§p=1

Kpagparnas marpuna A nopsaka k, oOpasoBaHHasi 3J1€MEHTAME aé, Ha3bIBAETCS
MaTpUIEH MepBBIX MOMEHTOB Tpammaruku G.

Tak kak marpuna A HEOTPHUIATETHHA, CYIIIECTBYET MAKCUMATBHBIN TI0 MOIYJIIO JAeii-
CTBUTEJILHBIN HEOTPHIATEIHHBINA COOCTBEHHBII KOpeHb (MeppoHOB KopeHb) [7]. O6o3Ha-
YUM 9TOT KOPEHb 4epe3 7.

M3BecTHO HEOOXOAUMOE M JOCTATOYHOE YCJIOBHE COLJIACOBAHHOCTH CTOXACTUYECKOM
KC-rpammaruku [6]: croxacruueckas KC-rpammaruka npu orcyrcrBun Gecrosie3nbix
HETEPMUHAJIOB (TO €CTh HE yYaCTBYIOIIUX B MOPOKICHUH CJIOB A3bIKA) ABJISETCS COTJIa-
COBAHHOI TOT/A U TOJILKO TOT/IA, KOTJA MEPPOHOB KOPEHb MATPHUIIHI TIEPBBIX MOMEHTOB
HE IIPEBOCXOHUT €IUHUIIDL.

B pa6ore paccmarpuBaercs cay4gait, korga 7 < 1.

Bseziem HekoTopbie o603Hadenusd. Byiem ropoputs, 4To HerepMuHas Aj; Hermocpes-
CTBEHHO CJIeayer 3a HerepmuuanoM A; (un obozmadars A, — Aj), ecin B rpaMMaTHKe
cymiecTByer npasuiio Bujga A; Py a1Ajas, toe ai,as € (Vp U Vy)*. Tpamsurusnoe
3aMBIKAHWE OTHOIIEHUS — O0O3HAUUM — .

Iycrs A; € V. Yepes I1(A;) 0603HAYMM MHOXKECTBO HETEDMHHAJIOB TaKWX, YTO
A; —, Aj nna moboro Aj € I1(A;). Yepes I(A;) 0603HaUNM MHOKECTBO HETEPMUHA-
70B Takux, 9t0 A; — A; nma moboro A; € Ir(A;). Uepes Io(A;) obosnadmm mepece-
YeHHe ITUX MHOXKeCTB, T0 ectb Io(A;) = I1(A;) N I2(A;). MHO)KecTBO HETEpMUHAIOB
K ={A;,..., Ay}, nna xotopeix Io(A;;) copmagaor u In(A;;) #0, j=1,...,q, na-
3oBeM kmaccom. Ecmm Ip(A;) = 0, To Gymem camrath, 910 A; 06pasyer 0coObIil Kaace
{Ai}.

'pammaruka G Ha3bIBaeTCs HEPA3I0KUMOIL, ecin BCce HeTepMuHAIBI U3 Vy obpa-
3yfoT ommH Kjacc. B mporuBmoMm ciaydae (G Ha3biBaeTcs passokuMoil. Pazmoxumoit
IrpaMMaTUKe COOTBETCTBYET PA3JIoKuMas MaTpuna [7] nepBbx MOMEHTOB.

s pa3nudHBIX KaaccoB HerepmuaaaoB K1 n Ko Oymem roBoputh, 4To kjace Ko
HEMOCPEICTBEHHO ciienyer 3a Kiaaccom Ky (u obozuadars K1 < Ks), €ciiu CyIecTByoT
Ay € K1 u Ay € K5 takue, uto A; — As. PediekcupHoe TpaH3UTUBHOE 3aMbIKAHUE
OTHOLIEHUsS < 0DO3HAYUM Yepe3 <, U HA30BeM OTHOLIEHUEM CJIeJIOBAHMSI.

Mycrs {K;7,Ks,...,K,,} — MHOXECTBO KJacCOB HETEPMHHAJIOB TIDAMMATHUKH,
m > 2. Be3 orpanudenusi OOIIHOCTH MOXXHO CYUTATH, YTO B IPAMMATHKE HET OCO-
OBIX KJIACCOB.

Bynem nomararh, 910 KJ1acChl HETEPMHUHAJIOB TEPEHYMEPOBAHBI TAKUM 00Pa30M, 4TO
K; < K; Torma u TONBKO TOrZa, Korga ¢ < j (3ro Bcerma MoxkHO caenars). Coorser-
CTBYOIIASI PA3JI0KUMOM PaMMAaTHKE MAaTPUIA [IEPBBbIX MOMEHTOB A mmeer ciiemyrommuii
BUJI;

A A . Atm—1 Aim
0 Ay ... Ay Ao,
A= o (1)
0 0 o Amflmfl Amflm
0 0 0 Amim

OMH KJjlacC HETEPMUHAJIOB B MATPHIE HEPBBIX MOMEHTOB IMPEICTABJIEH MHOMKECTBOM
MOAPSA UAYINAX CTPOK U COOTBETCTBYIOMINM MHOXKECTBOM CTOJIOIOB C TEMH K€ HOMe-
pamu. [is kmacca K; KBajaparHas MOAMATPHUIA, 00PA30BaHHAs COOTBETCTBYIOIIMMHI
CTpOKaMM m cTonbamu, obo3nadaerca depe3 A;; . Ilommarpuma A;; aBaserTca nyneBoi,
ecmn K; A K. Brokn, pacmoioykenHble HUKe TIaBHOW AMaroHayn, — HyJdeBble B CHIY
VIOPSATOIEHHOCTH KJIAaCCOB HETEPMHUHAIOB.
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Ja kazkmoro Kiaacca K; marpunia A;; #HepasnoxknMma. be3 orpanmdennst 0OIIHOCTH
Oy/ileM CYUTATH, YTO OHA CTPOTO MOJOXKUTETbHA W HEMEPUOJUIHA. DTOrO BCErIa MOKHO
J0OUTHCs, IPUMEHsisi METO/ YKPYIHEHWUs [IPABUII IPAMMATUKK, OIUCAHHBIN B [2].

Ob6o3naunm depes3 r; MEPppPOHOB KOpeHb MaTpuibl A, g HepasmoXuMoit MaTpu-
bl TIEPPOHOB KOPEHb SIBIISETCS JAefCTBUTENbHBIM U TpocThiM [7]. OveBnmHo, B cuiy
CTPYKTYDPBI MaTPHUIIbI TIEPBBIX MOMEHTOB, © = max;{r;} n r > 0.

Iycts J = {i1,42,...,%} — MHOMXKECTBO BCeX HOMEPOB {; KJACCOB, IJI KOTOPBIX
Tij =T

Bsenem mexoropsie cormamenuns. PaccmarpuBas BeKTOp, OyIeM CUHTATh, ITO MBI
HUMEEM JIEJI0 C BEKTOPOM-CTOJIOIIOM, €CJIH MTPOTUBHOE HE OTOBOPEHO CHEInaIbHO. B masinb-
Heifem s BekTopa niam marpunsl X Oyaem mncatk X = ¢ (X < ¢), nae ¢ — crausp,
€CJIM BCE KOMIIOHEHTHI BEKTOPA WM MATPUIBl X paBHBI (COOTBETCTBEHHO MEHbBINE WJIN
papubl) c. Yepes X7 oGosHaumM TpaHCIOHHpOBAHHE BeKTOpa mam MaTpuibl X. Ue-
pe3 (v1,v2), TIe v1, V2 — BEKTOPBI-CTOJOIBL, Oyiem 0603Ha4aTh 0O bEAUHEHHDI BEKTOD-

cronben (vi,vl)T.

2. AcumMmnroTuka ajis maTpunbr Al

Badwukcnpyem mapy (I,h), I,h € {1,2,...,m}, n paccCMOTPUM BCEBO3MOXKHBIE TTIOCTIE-
nmoBatenbHOCTH KaaccoB K, < K, < ... < K, , rae iy = [,is = h. Cpenn Bcex Takux
MOC/IEIOBATEILHOCTEH BBIOEPEM Ty, KOTOPast COMEPIKUT HAUOOJBINEE YUCI0 KJIACCOB C
HOMepaMu u3 J. DTO YUCIO 0OO03HATUM Yepe3 S .

JIOTOJTHUTEILHO MEPEyTOPSAI0UNM KJIACCHI 0 HEYOBIBAHUIO BEJIUYUHBI S1;, MPUUYEM
MPU OJIMHAKOBBIX 3HAYCHUAX §1; CHAYAJA TOCTABUM KJIACCHI ¢ HOMEpaMu u3 J.

Pazobpem nmocnenoBaTelbHOCTD KIACCOB HA IPYIIBI KI1accoB My, My, ... M, npu
srom kiacc K; ormeceM K rpymme My npu sy < 1 u x rpymne M; opu si; =5 (I =
=2,...,m). Huga kparkocru nasee OyneM HA3bIBATH IPYIILY KJIACCOB IPOCTO IPYIIION.

Has rpymm M; m M onpenenmm s}, KaK MaXk,e M, K, eM;{Sh} -

MaTpuily mepBbIX MOMEHTOB OyIeM TaKyKe MpPEeJACTaBIIThH B BUIE

Bii Biz ... Biw
A | 0 Bno Bl
0 0 ... Buyw

rae B;; — moaMaTpuIia Ha Mepecedenn CTPOK JJIS KIacCoB U3 rpymmel M; u cToabIon
s Kaaccos n3 M. Odesnano, Kakaas MaTpnma ;; WMeeT MeppoHOB KOPEHb 7.

Pacemorpum mommarpuiy Bj, MaTpuibl nepBbix MoMeHTOB A. 3anmnch Bl(;i) Oymem
IPUMEHATH /I8 0003HAUeHHA COOTBETCTBYIONIEH MOoaMaTpHIel Marpulbl A, M3yuamm
nosemenne MaTpuinsl Al mpm t — oo.

Teopema 1. IIpu t — oo
Bl(}? = Hy, - tsf’lith(]. + O(].)),
2de Hp, — mampuuya, ne 3asucaujas om t.

JokazareabcTBo. JloKa3areabCTBO MPOBEIEM WHIYKITHEH 110 9UCTy TPYIIII.

IIycrs A = (By1). Ipynny Mj paszobrem Ha Tpu moarpynmel. K mepsoit noarpymre
M1 OTHeceM KJIacChl HETEPMUHAJOB ¢ §1; = 0, KO BTOpOil moarpymme Mo — Kjacchbl
¢ HOMEepaMu U3 MHOXKecTBa J, K TpeTbeit moarpymmne Mis — Bce OCTambHBIE KIACCHI.

B coorBercTBuM ¢ 3TNM pazbuenmem 11 MpeACTABUM B BHIE

Cn Ci2 Cis
Biui=| 0 Cxn Cul|,
0 0 (33
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rae C;; — MOAMATPUIIA CO CTPOKAMMW /A KJIaccoB m3 My; 7 cTonOImaMn a1 KIacCoB
n3 Mlj.

Uccnegayem crpoenne noaMarpuil matpuibl By npu ¢ — oo, 3amerum, 4ro noj-
rpynmna My MoOKeT OBITH MycTOi, TOrAa B B11 MPUCYTCTBYIOT TOJILKO MOAMATPHIIHI
Ca2, Ca3 m C33.

H3BecTHO creyrolee mpecTaBIeHne st CTeneHn mpon3BosbHOi Marpuims C' [7]:

S

/ -1
C’t = Z (Alel -+ ()\f) L+ .+ ()\f)(ml ) Zlml) , (2)
=1
rae \; — KOpHW MHHHUMaJbHOro MHOrounexa t(\) marpuust C' (I = 1,...,8), my —
KPATHOCTL KODHS \; /71 MEHEMAILHOTO MHOrouzena, (Af)(™) — n-a mpomssommas mo

A oT Al, MmaTpunel Z;; BnonHe onpenensiorcs 3amanneM Matpunsl C' W HE 3aBUCAT OT
t.
Tak kak KaxkaoMmy Kjaaccy K; u3 My, unu us M3 COOTBETCTBYET IEPPOHOB KOPEHb
. Ct Ct 2 Ct — t Ct — t
ri <r, 1o maa Cyy n Chy u3 cnenyior onenkn C}, = o(r?) u Cis = o(r?).

IIycts My, comepxur j; waacco (I = 1,2,3). Jlobomy knaccy K; w3 Mia co-
OTBETCTBYET HepasaoxkuMas nogMarpuna A;; B npeacrasnenun (1), u kmacest uz My
HONAPHO HECPABHUMBI.

Jna HepasaoKuMOn monokuTenbHON Marpuubl Al mpumenmm mpencrapienue,
yCTaHOBJIEHHOE B [3]:

Al = UiVi ' (1 +0(1)),

rae U; — upasblii cobcrBentbiil BeKTOp (BekTop-croaben), V; — jeBblii cOOCTBEHHbIH
BeKTOp (BEKTOP-CTPOKa), coorsercreyomue v, U; > 0, V; >0 u V;U; = 1.
[Mosromy maTpuiy Ci, MOXKHO NPEJCTABUTH B CJIEIYIOIEM BUJIE:

Uji+1Vji+1 0 ... 0 0
e 0 (1 4o(1).  (3)
0 0 T 0 Ujl +J2 ‘/}1+j2

O6o03nauum gepe3 D marpuily

Uji+1Vji4+1 0 ... 0 0
0 Uj1+2‘/j1+2 . 0 0
0 0 0 UpntiaVien

J2
OueBugHO, yro [ MOXKHO HPEICTABUTHL B BHJE Z Ui(2)Vi(2), rue Ui@) =
i=j1+1
= (0,...,0,U;,0,...,0), Vi(2) = (0,...,0,V;,0,...,0) u U; u V; pacroyoxenbl Ha
MecTax, COOTBETCTBYIOMUX Kaaccy K.
HenocpeicTBennoit mpoBepKoOit ycTaHABINBAETCS, UTO

t=1 _ t—[loglogt] _ t—1 _ _
O =30y’ = Y ¢0nCL T+ > C,C1aCo37
=0

7=0 j=t—loglogt|+1
t—|loglogt] t—1
j t—j—1 j t—j—1
O6o3HaInM E C],C12C5,7 " 4epes ¥1 m E C],C12C5,7 7" 4e-
7=0 j=t—|loglogt|+1

pe3 Y.
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Onennm cHauaga Y. Jlas aroro npumennm npescrasiaenne (2) ans Ct. Orvernw,
yro s Cp; Bce cOBCTBEHHBbIE KOPHM CTPOTO MeHbINe 7, a 37eMeHThl MaTpuipl Chy
OrpaHmYeHbl HEKOTOPO# KOHCTAHTOM, He 3aBucamei ot t. [Tosromy

t—1
Yy <e - (T/)tftloglogthrl Z Clgct J=1 ~ <
j=t—loglogt|+1

co - ()i Hoslostl+L [ 1oglogt] = O (loglogt - (log ) - (r")") = o (r")

JIIsl HEKOTOPBIX KOHCTAHT €1, Cp M C3, H 17, YAOBIETEOPAOIIEr0 HEPABEHCTEY r <.
YuureiBag npejcrasienue (3) s 022 , TIOJTY 9¥IM:

t—|loglogt] C j
S =11+ 0(1)) Z (%) C12D.

=0

Herpynro npoBepuTh, 4T0

i(cﬂ) (rE—Cn)™Y,

=0

[TOCKOJIbKY MEPPOHOB KOpeHb Marpuiibl (1] CTPOTrO MEHbINe 7', U, CJIEJOBATEIHHO, 00-
parHasg marpuna qis (rE — Cpp) cymecrByer. ITosromy

21 = ’I"t(T‘E — 011)_10121) . (1 + 0(1))

Haiinem mpaBbiit cOOCTBEHHBIN BEKTOP MATPHUILI B11 /1st mepponoBa kopus r. Kom-
[MOHEHTHI BEKTOPA mpeicTaBuM B Buge U = (U(l), U®, U(3)), rne UMY coorsercrayer
My, U — Mg, u UB) — My3. Bekrop U ynoBieTBOpsieT CHCTEMe ypaBHeHH

CriUW 4 C1oUP + C13UB) = rUu M)
CQQU(Q) + ngU(s) = ’I“U(Q),
C33U(3) = TU(S).

Orciona U®) = 0, tak Kak meppoHOB KOpeHb Marpuibl Cs3 CTPOrO MEHBINE T,
U®) gpasiercs mpaBbIM COBCTBEHHBIM BEKTOPOM st Marpuisl Coy w UM = (rE —
— 011)_1012[](2).

Takum obpazowm,

J2
012 = t(rE—CH)_lClg Z UZ(Q)V;( ) (1 -‘1-0 Z l](1 1+O( ))
i=j1+1 i=j1+1
riae Ui(l) COOTBETCTBYET MPAaBOMY COOCTBEHHOMY BEKTODY UZ-(Q) matpuibl Cos.
Paccmorpum marpuiy Cé?. HemnocpencreenHoit mTpoBepKOil yCTAHABINBALTCS, YTO
t—1
1
it _2022023& =1
7=0

IIpencraBum 3Ty cymMmy B BUAE X1 + g, T/

t—1 |loglog t]

Si= Y ChCasCiy’ = > C0uCy7

j=|loglogt]+1 j=0
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Ananornano Tomy, Kak 1o caenano s Cl,, mokasweisaercs omenka Yo = o(r').
Jmsa ¥ cupaBeaimBBI COOTHOIEHUS

t—1 t—|loglogt|—2

Si=D- Y r'OxuCyl(Lto(l) =1 (1+e(1) Y (%)

r
j=lloglogt|+1 Jj=0

Haiinem sreBbiit cOOCTBEHHBII BEKTOP MATPHUIGI By s ieppoHoBa KopHsi . Kowm-
MOHeHTH BekTopa npescrasuM B puge V = (V) V() VG3)), Bekrop V ymosnersopsier
cucTeMe ypaBHEHU

V(l)CH = TV(l),
VG, + VA Chy =1V,
VC13 + V@ Oy + VO Oy = rV®

Orciona V(1) = 0, tak kak meppoHoB Koperb Marpurpl Cp1 crporo Menpme 7, V(%)
AB/IFETCS JIeBBIM COOCTBEHHBIM BEKTOPOM it Matpuipl Cho, u V) = VA Cos(rE —
— (O33)~ L. Tosromy

J2 J2
) =rt N UV Cn(rE — Ci) ™t (L4 o1) =t Y ULV (14 0(1)).

i1+ =i+l
Hakomner, paccMOTpuUM MaTpHITY C{?. Herpynno mposeputh, 4T0

t—1

Cli = 2011013 Clyi ™ 4+ 30 €y CayCly
j=0

Tak kak mepponosbl Kopau marpur; Ci; u Cs3 CIPOro MeHbIe 7, TO CIIPABE/IJINBA

OIIeHKA
t—1

>, CisC5 T = o(r').

7=0
ITosTomy

t—j—1 t
13 = E 012 C23C53 +o(r").
7=0
[Tpumensis MOJYYEHHYIO OIEHKY JIJIst Cfé), MOCJIe HECJIOXKHBIX MPeodpa30BaHUil TOJTy-
9UM, 9TO

J2
) =rt Y UNVEOp(rE — Cs3) ™t (14 0(1)) = Z UIVE (14 0(1)).
i=j1+1 i=j1+1

Takum obpazowm,

J W@ W)
’ iijl“ Uiz i 2 1_j1+ v 2 i 3 t t

Bih=lo Y2, uPv® B U( >V< Vo). (4)
0 0 0

OrMernMm, 9TO CTPOKH MATPUILI Bii, cOOTBeTCTBYIOmMME Kjaaccam K; € Mia, TO

€CThb KJIACcCaM, JJId KOTOPLIX ¢ € J, IpOmoOpIuoHaIbHBI KOMIIOHEHTAM PABOTO COO-
2

CTBEHHOT'O BEKTOPA Ui( ), a cTosib1bl, cooTBeTCTBYOMUE K1accam K; € Mo, npouop-

2
TUOHAJIBHBI KOMIIOHEHTaM JIEBOT'O CcOOCTBEHHOTO BEKTOpa V;( )
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Paccmorpuum cayuait w = 2. B arom ciyuae marpuna Al nmeer sun

t (t)
At = ( Bn B12 )
i .
0 B3,
Crpoenne MarpHIlbL B§2 AHAJIOTUYHO CTPOEHUIO MCCJEJOBAHHON paHee IOJIMaTpPHUIlbl

. t
s B coorercrrytomeit nojkiaaccam Mia u Mys. s B§2) cupageuBa (pop-

MyJIa
t—1

B 723113123’5 =1,
7=0

Jlyist Toro uTOGH! pasmmuaTh cOOCTBEHHBIe BeKTopa Matpun Bi, n B, BBenem Bro-
pOii BepXHUIT MHJIEKC, PABHBIN 1, B cIydae MaTPHUIIbI B{l, 7 PaBHBIN 2, B cIy4dae MaTpu-
upt Bb,. s rpynust Mo orcyreryer noarpynna Map, nosromy Mo = (Mag, Ma3) .
B pesysabrare npeobpazoBanuii, yauTbiBaomux B (4), moayduM, 4To

S, UZ-(H)Vi(Ql) S, U(ll)V(31)
t
352) =lo %, Ui@l)‘/;(m) 3. U(21)V G | . Biyx

0 0 0
(22)+ ,(22) (22)+,(32)
X <Zj Ujo Vit X UJ‘O Vj ) ~trt + o(trt).
IIpencrasum marpuiy Bis B Buze
D11 Dqo
Bio =Dy Do |, (5)
D3y D3a

rze pa3buenue o CTpOKaM CIEIAHO B COOTBETCTBHHM C MOATPYINAMu rpynmbl My, a mo
crobamM — B COOTBETCTBUU € noArpymnmnaMu rpynnsl My, Torpa

. Zm cij U(ll)V(22) Zm U(ll)V(32)
By = Zi,j ”U(21)V(22) Z”CWU(QUV(M) .tTtJrO(trt)’
0 0

rae ¢ = (‘/;(21)D21 + V;(?’l)Dgl) UJ@Q). Kosdbdummenr ¢;; > 0 B caydae, Korga
K, < Kj.

Biioku marpuin B§2) MOZKHO TaK2Ke [IPEJICTABUTD B BU/IE, aHAJIOrUYHOM (4), cMeHuB
MOPSIIOK CyMMUPOBAHUS U TIPOBEIs CyMMUPOBAHUE TIO 4 :

/(11)‘/](22) ; U]'-(H)Vj(32)
B = | S urenven 5 gy |t o),
0 0

ae UMY =3, e UM, 1=1,2,

B cymy CTPOEHHSI COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOMUX moarpynnam Mis u
Moo, cTpoku misa knacca K; € Mis TpomopnuoHaabHbI KOMIIOHEHTAM TTPABOTO COD-
CTBEHHOTO BEKTOpa MATpuILl A;;, a cronbms ana K; € May — KOMITOHEATaM JIEBOTO
COOCTBEHHOTO BEKTOPA MATPUIILT Ajj.

Takmm obpa3om, JoKa3aHa CIPABEITUBOCTH TEOPEMBI IIsd W = 2.
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Bamerum, uro DY) = O(') u DYy = O(r'), a1s nomyuenus STHX ONEHOK J0-
CTATOYHO B KA4eCTBE MATPHIIbI IIEPBLIX MOMEHTOB PACCMOTPETh MaTpUIly 0e3 CTPOK U
CTOJIOIOB, COOTBETCTBYOMIX moarpynmam Mq; u Mis. Ilpu stom Dso mepeiiner B
monmarpuny Cis, a Dsz — B mogmarpuiry Cis.

[TpeAnoaoXKuM, 9TO yTBEPIKICHNE TEOPEMbI ClIpaBeinBo mis w — 1 rpynm. Jloka-
K€M ero Jijis w TIPYIIL.

O6o3naunm yepes Dq moaMarpuily MATpuilbl A, COOTBETCTBYIOIIYIO NIEPBBIM W —
— 1 rpynnam, u yepe3 Dy — HOAMATPHILY, COOTBETCTBYIONLYIO IPYIIaM C HOMEPAMU
2,3,...,w. Torma MaTpuILy TMEpBBIX MOMEHTOB A MOYKHO MpeICTaBUTh B BUIE

Blw

A:(%1 BEl), rne Fqp = ,
ww Bwfl,w

U B BUJeE

B E
A<51 Dz), rae Ey = (B2 ...Biw).

OueBuHO, 9TO

t ¢
a— (D0 BV _ (B EY
0 B, 0 D)’
rie E?), Eét) — nonmarpunsl B A?, coorsercTBylomme nommarpunam Fy n Ey B A.

Jna marpurn, Dy u Do yTBep:KIeHUE TEOPEMBI CIPABEITUBO MO TPEITOJTOKEHUIO WH-

t
nykiuu. [TosTomy mocraTrodno moka3aTh TEOPEMY JJis MOJIMATPUIIBI B;j
HenocpencrBennoit mpoBepKoil ycTaHABINBAETCS, ITO

w—1 t—1

B =" BYB,BLI

=1 j=0

ITo mpenmonoxenuro nHAYKIHN By (J ) =0 (tsil’lrt) . Tak KaK IPymIb! yopsiI09eHbl M0

BO3PACTAHMIO S];, TO ONPEAETAIONINM B CyMMe ABIACTCH ClaraeMoe B&)Ufl. [TosTomy

t—1
BY;); = Z B(ig 1Bw71qui;7wjil (1 +0(1)).
=0

PackpniBas Bﬁg_l, MOCJIe HECJIOYKHBIX MTPeo0Pa30BAHMI TIOTY IUM:

U /(11) V(2w) Z] U /(11) V(sw
Bﬁ}): Z U/<21>V<2w) 5, U’@”V(?’w) e Lt g o (e Lt
0 0
rae
U — sm%l 3 (Viman . Vﬁ”ﬂn) el
u Dj — 6noxu matpuist By,_1,., (I=1,2).

Teopema mokazama. O

€3 JOKa3aTenbCTBa TEOPEMBI BbITEKaeT

CaencrBue 1. Ilpu t — oo

Bl(}? = Hy, - tsrhflrt(]_ —+ 0(1)) ons 1 7é h,
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U"(ll)V'(Qh) U/-(ll)V-(Bh)

Hoy — J ]/(2l) ](2h) ! ]/(2l) ](3h)
lh = Zj Uj VJ Zj Uj VJ
0 0

[TpounTepnpernpyem pe3yabTaThl TEOPEMBI 1, NCIIONB3ys AepeBbs BbiBoga. O6o3Ha-
guM 4epe3 [ MHOXKECTBO JepPeBbeB BLIBOJIA, KOPEHb KOTOPBIX IIOMEYEH aKCHOMOI IpaM-
maTukn Ajp, m wepes M;(t) — maremarnveckoe OXKMIAHWE YNCJIA BEPIIUH Ha sipyce t
IepeBa BbIBOAA W3 [, TOMEYEHHBIX HETEPMUHAIBHBIM CUMBOJIOM Aj.

Caencrsue 2. Ilyemv A; € Kj. Toeda npu t — oo
My(t) ~ ¢ - 9510t

2de ¢; — MEKOMOPAA HEOMPUUAMENLHAA KOHCTAHTA.
PaGora Beimosnena npu dbunancosoii nogep:kke PODU (mpoext Ne 07-01-00739).

Summary
L.P. Zhiltsova. On a Matrix of First Moments for Decomposable Stochastic CF-Grammar.

Stochastic context-free grammar is considered which contains arbitrary number of classes
of non-terminal symbols without restrictions on the succession order of classes. Corresponding
matrix A of first moments is decomposable. For the case when Perron’s root of the matrix A
is strictly less than one, properties of the matrix A’ are investigated under ¢ — oo.

Key words: algorithm, coding, compression, context-free language, grammar,
optimization, automaton, probability.
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