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Abstract—We introduce a class of eventually almost periodic sequences where some suffix is almost
periodic (i.e., uniformly recurrent). The class of generalized almost periodic sequences includes the
class of eventually almost periodic sequences, and we prove this inclusion to be strict. We also prove
that the class of eventually almost periodic sequences is closed under finite automata mappings and
finite transductions. Moreover, we obtain an effective form of this result. In conclusion we consider
some algorithmic questions related to the almost periodicity.
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1. INTRODUCTION

Almost periodic (in other terminology, uniformly recurrent) sequences were studied in the works
of Morse and Hedlund [4, 5] and of many others (e.g., see [2, 7]). A sequence is almost periodic if
every its factor occurs in it infinitely many times with bounded gaps. This notion first appeared in the
field of symbolic dynamics, but then turned out to be interesting in connection with computer science,
mathematical logic, combinatorics on words. Generalized almost periodic sequences were introduced
by A. L. Semenov in [11] (under the name “almost periodic”) while studying logical theories of unary
functions over N. A sequence is generalized almost periodic if each of its factors either occurs in it
infinitely many times with bounded gaps or occurs only finitely many times. We introduce a new class
of sequences called eventually almost periodic, where some suffix is almost periodic. Then we study
some properties of this class.

This paper is organized as follows.

In Section 2 we give formal definitions of different generalizations of the periodicity notion. The class
of generalized almost periodic sequences includes the class of eventually almost periodic sequences. We
prove this inclusion to be strict (Theorem 2.1).

Section 3 is devoted to automata mappings. Generalized almost periodic sequences were studied in
detail in [7, 12] (under the name “almost periodic”). In particular, the authors prove that the class of
generalized almost periodic sequences is closed under finite automata mappings. The class of images
of almost periodic sequences under finite automata mappings contains the class of eventually almost
periodic sequences. The main result of the paper (Theorem 3.2) establishes the equality of the classes. In
other words, Theorem 3.2 says that finite automata preserve the property of eventual almost periodicity.
Moreover, an effective variant of this theorem is proved (Theorem 3.3). Then we consider a generalization
of finite automata, i.e., finite transducers, and prove the same statement for them.

In Section 4 we deal with some algorithmic questions connected with almost periodicity!). Namely,
we prove that some properties of sequences related to almost periodicity do not have corresponding
effective analogs (in contrast to Theorem 3.2 with effective version in Theorem 3.3). For instance, we
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DNote that we usually use the term “almost periodicity” in two different ways: The first one comes from the formal definition
of an almost periodic sequence, and the second one (that in particularis used here) is for the general property of being close
to periodic that we formalize in three different ways. Some further remarks on terminology are given throughout the paper.
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