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Abstract—The zero-divisor graph Γ(R) of an associative ring R is the graph whose vertices are all
nonzero zero-divisors (one-sided and two-sided) of R, and two distinct vertices x and y are joined
by an edge if and only if either xy = 0 or yx = 0.
In the present paper, we give full description of finite rings with regular zero-divisor graphs. We also
prove some properties of finite rings such that their zero-divisor graphs satisfy the Dirac condition.
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1. INTRODUCTION

In the article we consider only associative rings that are not necessary commutative and not
necessary with unity.

Definition. The zero-divisor graph Γ(R) of an associative ring R is the graph whose vertices are all
nonzero zero-divisors (one-sided and two-sided) of R, and two distinct vertices x and y are joined by an
edge if and only if either xy = 0 or yx = 0 [1].

Recently appeared a number of papers on the rings whose zero-divisor graphs meet certain condi-
tions. For example, there exists a description of finite rings with the planar zero-divisor graphs [2–5],
Eulerian zero-divisor graphs [6], complete bipartite zero-divisor graphs [7].

Here we study finite rings with homogeneous zero-divisor graphs. Moreover, we study properties of
the rings which meet the so-called Dirac condition. We say that a graph meets the Dirac condition
if it meets the conditions of the Dirac theorem which states that each graph with all vertices of degree
no less than n/2 (here n is an order of the graph and n ≥ 3) is the Hamiltonian graph ([10], P. 233).
Note that until now there exists no complete description of the rings with the Hamiltonian zero-divisor
graphs. The paper [8] contains certain results on finite commutative rings with unity whose divisor
graphs are Hamiltonian. Later on in [9] the result of [8] on finite decomposable rings with unity and with
the Hamiltonian zero-divisor graphs was generalized to the noncommutative case. Moreover, paper [9]
presents the complete description of the rings manifolds in which all finite rings possess Hamiltonian
zero-divisor graphs.

Let us introduce the necessary notation and definitions.
If the graph possesses a prime cycle containing any of the graph vertices exactly once, then this cycle

is said to be the Hamiltonian cycle, and the graph is the Hamiltonian graph ([10], P. 232). If all the
graph vertices are of the same degree, then the graph is homogeneous (ibid., P. 19). We assume that
the empty graph is homogeneous. We denote the degree of the graph vertex v by ρ(v).

Let the additive group of the ring R be decomposable into the sum of its additive subgroups Ai, here
i = 1, . . . , n and n ≥ 2, i.e., R = A1 � · · · � An. If all the subgroups Ai are nonzero two-sided ideals
of the ring R, then the ring R is said to be decomposable and we are able to write R = A1 ⊕ · · · ⊕ An.
Naturally, a ring is indecomposable if it is not a decomposable ring.
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