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O HEKOTOPBIX BAMKHVYTBIX KJIACCAX
CAMOABOUCTBEHHBIX YACTNYHBIX
MHOT'OBHAYHbBIX ®YHKIINU

B.B. Aaexcees

AnHoTanus

IIycte S — xJacc moHOCTBIO Ompesie/eHHbIX (MYHKIUNA 0T JI060r0 94ucja mepeMeHHbIX,
OTPE/Ie/IEHHBIX U MPUHUMAIOINX 3HaueHns B MHOXkectBe Fj = {0,1,...,k — 1} u camonsoii-
CTBEHHBIX OTHOCUTEIHLHO 3aJaHHOH MOICTAHOBKY Ha Fj , 1 ycTh S™ — MHOXKECTBO BCEX YaCTUY-
HO OIpeeNeHHblxX k-3Haunbix GyHKul, moonpemenumbix 10 dbyuaknuii u3z S. B paGore ausa
cyvasi, KOrJaa MoACTAaHOBKA PACa IaeTCs B MTPOU3BEICHNE TINKJI0B OJIMHAKOBOMN JTUHBI, OTIHCA-
HBI BCE 3aMKHYTHIE (OTHOCHTEIHHO CYMEepHO3UINN) KJIACCHI, COMepKamme S W COIepKAIIUeCcs
B S*.

KuroueBnle cioBa: k-3nadnast GyHKINS, 9aCTUIHO ONpe/iesieHHas DOYHKINsA, 3aMKHY THIT
KJIACC, CaMOBONUCTBeHHAsA (DYHKIIUS.

B crarnbe paccmarpuBaiorcs (pyHKIEH OT JIOO0T0 9UCIa TePeMeHHbBIX, 3aTaHHbIe Ha,
muoxkecrse By = {0,1,...,k — 1} u npunumaroniue 3Ha4eHust B 9TOM K€ MHOMKECTBE
(rakue ynknuu HazpBaioT k-3Haunbivu dyaxmusavn). [Iycts P, — MHOXKECTBO BCEX
BCIOJLy OTIPEIETCHHBIX k-3HAYHBIX (DyHKIWIT OT JH000TO YMCIIA TIEPEMEHHBIX C OTIepaIneii
Cynepro3nnny, a P} — MHOYKeCTBO BCeX Kk-3HAYHBIX YACTUIHO ONpeIeIeHHBIX DYHKITNIT
c omeparyeii cymepnosunuu (IMeercs B Buy, 4ro P, C Pf). B crarbe paccMmarpusa-
IOTCsl HEKOTOPBIE KJIAcChl B P, 3aMKHyTble OTHOCHTENBHO CYNEePIO3UINH, U CTPOUTCS
dbparmenT perneTkn 3aMKHYTHIX KJIaCCOB B P, CBA3AHHBIX C IMOHATHEM CAMOIBOHCTBEH-
HOCTH.

Beenmem ocmosmele momsaTma. Yepes Ej Mbl 0603HaYaeM MHOMKECTBO BCEX HabO-
poB @ = (aq,...,qp) pmubbl n ¢ suementamu u3 Ej. Tor dakr, yro dynxius
f(z1,...,2,) u3 P} He ompenenena Ha mHabope & = (ai,...,Qn), MBI Oygem 3a-
nuceiBath B Buge f(&) = x. Ecau mna dbymkmuun f(z1,...,2,) w3 P} cymecrsyer
bynkmms g(x1,...,2T,—1) w3 P} rmaxas, uyro ams moboro mabopa & = (ai,...,0n)
BBITIOJIHSIETCS paBeHCTBO f(aq,...,ap) = glaq,...,an—1) (ecam omHa YacTh paBHA
%, TO M Jpyras PaBHA *), TO IE€PEMEeHHas I, Ha3biBaeTcs (DUKTUBHON IIE€PEMEHHOIl
dbynukuun  f(z1,...,2,), u ropopar, yro byuriusas ¢(x1,...,T,—1) MMOJYyYAETCH U3
f(z1,...,x,) usbaruem QUKTUBHON nepeMeHHoOll ,, a yakuusa f(x1,...,x,) 00-
aygaercst u3 g(Z1,...,Tp—1) A00aBIeHNeM (QUKTHBHON MEpeMeHHON T, . AHAIOrMYIHO
omnpeensiercss GUKTUBHOCTD JIIOOOH TIepeMeHHOi.

Buauenne dopmynst f(g1(T), ..., gm(T)) HA HEKOTOPOM HABOPE OMpPeIeNsieTcst 0ObIU-
HBIM 00Pa30M C JIONMOJHUTENbLHBIM yCIOBAEM: €CJIM 3HAYeHUe XOTs Obl OMHON (hyHKIIN
¢g; Ha 3TOM HaOOpe paBHO *, TO 3HAYEHHE BCeil (POPMYIBI TaKKE PABHO *.

B pmambmeiimeM MbI 6ygeM paccMaTpmBaTh TOJBKO KaACChl (DYHKINNH, COmepsKalme
ToxIecTBeHHy0 dyHKImo f(x) = x (Tak Ha3bIBaeMble KJIOHBI). B 3ToM ciydae mon
omepanueil Cynepro3nuuu MOYKHO MOHUMATH MHOTOKPATHOE MPUMEHEHUE CJIEIYHOITAX
onepanmii: TPOM3BOJIBHOE MTEPENMEHOBAHUE TTEPEMEHHBIX, BKJIOYasi OTOXKJIECTBJICHHE;
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nobaBIeHNe U U3bATHE (DUKTUBHBIX TMEPEMEHHBIX y JI000i mmerornieiics byHKINN;
[OJICTAHOBKY HECKOJBKUX MUMEOIUXCs (DYHKIUH OT OJHUX U TEX JKe MePEMEHHBIX BMe-
CTO BCEX MEePeMEeHHBbIX 000 uMmeromeiics Gyakmun. [IpodbremMbl BHIPA3HMOCTH OHUAX
dbyHKIM Yepe3 ApyTHe TeCHO CBA3AHBI C MOHATHEM 3aMKHYTOTO KJIACCa.

Omnpenenenne. Knacc Gpynknumit HA3bIBAETCA 3aMKEHYMbILM, €CTTA TIPHA TPUMEHEHUN
omeparuu Cymneprno3unuu K JIObIM (DYHKIIUSIM U3 TOMO KJIACCA MOJTYYAIOTCS CHOBA
dbyHKIIM U3 3TOTO ¥)Ke Kjacca.

Bce 3amkmyThie Kmacesl B Py onmcamst [loctom — ux caernoe unciio. 3BectHo, 9T0O
3aMKHYTBIX KJacCOB B P KonTunyywm 1ja seex k > 3, a B I — KOHTUHYYM [I9 BCEX
k > 2. Oxnako HeKOTOpbIe (hparMeHThl PENeTKH 3AMKHYTHIX KJIACCOB y/IAeTCsT OTHCATh.
B uactaocTH, B Pj OmHCAaHBI BCE TPEAINOJHbIE KJIACCH (3aMKHYTBIE KJIACCHI, KOTOPbIE
COZEP2KATCS TOMIBKO B OMHOM APYTOM 3aMKHYTOM Kiacce — Py ). B P} Bce mpeanomnsre
Kyaccel g k = 2 onmcansr P.B. ®@peitsangowm [1], ang k = 3 — B.A. Pomossiv [2], nias
npoussoabHOro k — Jlo Yxykaeu [3]. Ilpeamonubix knaccos B P KOHEYHOe HCIO IPH
Kaxkaom k.

OueBngaHO, 9TO KaXK/IbII BAMKHYTHIH KJIACC BCIO/TY OTPEICTIEHHBIX k-3HATHBIX (DYHK-
Iuit AB/IAETCA 3aMKHYTBIM KaaccoMm B P . IsBectno, uto Knace Py, Beex Beiomy ompe/ie-
JIEHHBIX k-3HAYHBIX (DYHKIUN COAEPIKUTCA TOJBKO B IBYX JIPYIUX 3AMKHYTHIX KIACCAX
u3 P}, a IMEeHHO: OH COZEPXKHUTCS B 3aMKHYTOM Kmacce Py U {x}, rme {*} — mHOKe-
CTBO BCEX HUTJE He ONpeeJeHHBIX (DYHKIUI OT JII000TO YHCIa epeMeHHbIX, KOTOPHI,
B CBOIO OYepeib, COIEPKNUTCSA TOIBKO B 3aMKHYTOM Kjacce Py .

Omnpegnenenne. Ilycrs f(z1,...,2,) € P}. Obaacmoro onpedeaennocmu GyHK-
mun f(x1,...,%,) Oyaem Ha3bBaTL MHOXKECTBO HabopoB D(f) = {a|f(a) # *}. Ilycts
f(z1,...,xn) € Pf u g(x1,...,2,) € Py. Bynem rosoputs, uro g saBisercs doonpede-
Aenuem PYHKIUA f, €CIM OHU COBIAAAIOT HA O0ACTH OMpPeaeSeHHOCTH (PYHKIUU f .

B paGore [4] 6b111 paccMOTpeHBI HEKOTOPbIe (hparMeHThI PEIeTKH 3aMKHY ThIX KJlac-
coB B P, a UMEHHO 3aMKHYTbIE KJACCHI, COJIEPKAIINE KAKOW-TH00 U3 5 IPe/oTHbIX
KJIACCOB aireOphbl JIOTUKU. YCTAHOBJIEHO, 9TO [ KAXKIOTO W3 TPENOJHBIX KIACCOB
asreGphl JJOTUKH, KPOMe KIacca JTUHEHHBIX (DYHKIHIA, CYIEeCTBYeT POBHO 9 3aMKHYTHIX
KJIACCOB M3 Py, comeprkalmx TaHHBIN Kaace (BKIIOYAs ero camMoro), a Mexkay KIacCoM
HOJIHOCTBIO OIIPEJIESICHHBIX OyJIeBbIX JUHEHHBIX byHKNuil u ki1accoM dynkmuit u3 FP3,
JIOOMPEIETUMBIX IO JIMHEWHBIX, UMEETCS KOHTHHYYM 3aMKHYTBIX KJIACCOB. Pacrimpe-
HUE TUX HMCCIAeJOBAHUN C MPEANOJHBIX KJIACCOB B P HA MPOM3BOJIbHBIE 3aMKHYTHIE
KJaccel B Po, W Ha TpeamosHble KIacchl B P, mpeactaBieHo B pame pabOT aBTOPOB:
B. Strauch, D. Lau, L. Haddad, I. Rosenberg. N3ioxkenne 3tux pe3yabTaTOB MOXKHO
wafitn B Mmororpadmun D. Lau [5].

B macrosmieit pabote paccmarpnBaeTca anrebpa P w B Heil m3ydaerca ¢pparMenT
F(S,S*) perierku 3aMKHYTBIX KJIaCCOB MEXK/IY KJIACCOM S BCEX MOJHOCTBIO OIIPE/IeJIeH-
HBIX k-3HAYHBIX QYHKIWI, CAMOIBORCTBEHHBIX OTHOCUTETHEHO HEKOTOPOI MO/ ICTAHOBKH,
n Knaccom S* Beex dbyHkmit n3 Py, qoonpenennmex 10 Gynknui u3 S.

Onpenenenne. Ilycts ¢ — mpouwsBosibHAs MOJCTAHOBKA HA MHOXKecTBe FEj =

= {0,1,...,k — 1}. ®yukumsa f(x1,...,2,) u3 Pr Ha3bIBaeTCd CAMOIBOTUCMEEH-
HOTU OTHOCHUTENIHLHO TofACTaHOBKHU o, ecan f(o(x1),...,0(xn)) = o(f(z1,...,20)).
B nasmbueiimem, ecoim & = (xq,...,%,), TO uepe3 o(Z) Oyaem o003HAYATH HAGOD

(o(x1),...,0(xn)).

I[Iycts S — MHOXKECTBO BCEX MOJHOCTHIO OMPEIEJeHHBIX k-3HAYHBIX (DYHKITH,
CaMOBOMCTBEHHBIX OTHOCUTEIHLHO TOJACTAHOBKU 0, 1 S™ — MHOXKECTBO BCexX (DyHKITHi
u3 P;, noonpenemmmerx g0 dbyskmumit u3 S. WssectHo, 910 S — 3aMKHYyTBIH Kaacc.
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Hwzke mbl mosHOCTHIO omumiem dparment F(S,S*), cocrosimmit n3 Beex 3aMKHYTHIX
KJaccoB B P} sexkamux Mexk 1y kiaccamu S u S*, IPU HEKOTOPBIX OrPDAHUYCHUAX HA
[OJICTAHOBKY O .

B pa6ore [6] 3ToT bparMenT G MOTHOCTHIO onvcan (6e3 T0Ka3aTeNbCTR) JJist CIIy-
vas mopcTaHoBKH 2 + 1 (mod k). B uwacTHOCTH, OKAa3bIBAETCS, UTO YHCIO KJIACCOB B
aToM dparMenTe KoHedHo Tpu g0b6oM k. B macrosmeit pabore paccMaTpuBaiOTCS
Oosiee 0OIHE TOACTAHOBKH, & WMEHHO I00bIE TOACTAHOBKH, PACHAJAMONINECT Ha ITHK-
Jibl ofMHaKoBOil mumabl m. OxasbiBaercs, uro dbparment F(S,S*) npu srom onsarb
0CTaeTCsl KOHEYHBIM, & €r0 CTPYKTYPa 3aBUCHUT TOJBKO OT JJIMHDI IUKJIOB, Ha KOTOPBIE
pacrnasaeTcsi MOICTAHOBKA, W He 3aBHCHT OT YHCJa IMUKJIOB (B pabore [7] paccmoTpen
caydaii mpocToro m ¥ J0Ka3aHa KOHEYHOCTH 3TOr0 (hparMeHTa; 37eCh JJIs TPOU3BOJIb-
HOTO HATYPAJILHOTO 1M JAETCS SIBHOE OMUCAHUE BCEX 3aMKHYTHIX KJIACCOB U3 (hparMeHTa
F(S,S5%)).

JloxkazkeMm cHadana Ba OOMNX yTBEPIKICHAA O 3aMKHYTBIX Khaccax B Py .

Jlemma 1. Ilyemv» G C Py, G - 3amxnymud xaacc u G* — mHoocecmeo 6cex

dynryuti us P, doonpedeaumvix do pynxyut uz G. Toeda G* — samxnymoili xKaacc 6
*
Py

HokazarenbcrBo. 1) Iyers f(xq,...,2,) € G*. Torna ngst f cymecrByer mo-
onpenenenne f'(z1,...,x,) € G. Ilycrs byukunn g(y1,...,yn) 1 ' (Y1, .., Yn) TOIY-
yeHel u3 [ ® [/ OIZHEM M TeM Ke MeperMeHOBAHHeM HepeMeHHBIX. Torma ¢ apmgerca
nmoonpenenennem dbynknun g, u ¢’ € G B cuny 3amkayTOocTH Knacca G. Orciona g €
€ G*, o ectb G* 3aMKHYTO OTHOCHTETHHO NMEPEUMEHOBAHKSA MEPEMEHHBIX.

2) Mycrs f(x1,...,2,) € G* u x, — duxkrnpHas nepemennas dyuxipn f. Ilycrs
dbyuxmms g(xq,...,2,—1) nonyUaeTCHs U3 f UIBATHEM Iy, . IIOCKOIBKY X, — DUKTHB-
Hag nepemennas dbyuxiuu f, To cyuecrsyer ee pooupenenenue f'(x1,...,x,) € G,
B KOTOPOM nepementas &, — duxkrusnasg. [lycrs dynkuua ¢'(z1,...,2,—1) noaydaer-
ca uz f'(x1,...,2T,) usbaruem x,. Torma ¢ aBiserca noonpeznenenuem GyHKIMU g,
u g’ € G B cuy 3amkuyroctu kiaacca G. Orciona g € G* |, 10 ecth G* 3aMKHYTO OTHO-
CUTELHO M3bATHs (DUKTUBHON TMEpeMeHHOi. AHATOTHYHO JTOKA3BIBACTCS 3aMKHYTOCTh
G* oTHOCHUTENHLHO H00aBJeHNs (DUKTHUBHBIX TEPEMEHHBIX.

3) Ilycte h(Z) = f(91(Z),...,9m(Z)), rme Bce g; € G* u f(y1,...,Ym) € G*. Torna
B G cymecrsyior byakmun f'(y1,...,ym) € G, g;(7) € G,j = 1,...,m, apnatomuecs
noonpenenenneM byurimit f(y1,...,Ym), ¢;(%),j = 1,...,m. IIpu srom dyuxmnms
n(Z) = f'(g1(Z),...,q.,(T)) asasiercs moonpenenennem byHKuuu h ¥ jgexkut B G B
cuny 3amkuyroctu G. Chmemoarennsuo, h € G*. Ilonyuaem, uro knacc G* 3aMKHYT
OTHOCUTENBHO CYNEPIO3UIINN.

Jlemma nokaszana. O

Jlemma 2. ITycemv G C Py, G — samxnymuiti xaace u G codeporcum Pymryuro
o(x) = . Iyemv G* — kaace scex Pynryut us P, doonpedesumviz do pynryut us G,
G C B C G* u B - samrnymud xaacc. Tozda ecau f(x1,...,2,) € B, h(x1,...,2y,) €
€ G*, D(h) = D(f), mo h € B (3decv D(h) u D(f) — obaacmu onpedesenrocmu
dynxyui h u f).

HokazarenbcrBo. Ilo ycanoruio B G comepskurces byukuns p(xy,z3) = 7.
Tak kak h(x1,...,x,) € G*, to cymecrByer byuxuusa h'(xi,...,z,) € G, as-
agiomasics goonpezaenenuem Gyukuuu h. Pacemorpum dbyuskuuio A (z1,...,z,) =

=ph (x1,...,2n), f(x1,...,2,)). Tak kax p € B, b’ € B, f € B uw B — 3aMKHYTHIit
knace, to h” € B. Tlpu stom D(h”) = D(f) = D(h) u Ha 3T0it 061aCTH OMpPEIETeHHO-
cru h” cormamaer ¢ h’, asnaunt, u ¢ h. Crenoparensuo, b’/ (z1,...,x,) = h(z1,...,2n)
u h € B. Jlemma joka3aHa. O
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Taxkum obpaszom, eciiu G — 3aMKHYTBIN KjtacC B Py, TO 11 Onmucanus jir00Oro 3a-
MKHYyTOro kiacca B mexay G u GF mocrarodnHo ykasaTb BCe BO3MOXKHBIE 00OJsiacTu
ompeaeneHHocTn y GpyHkmuit u3 B.

[Iycts k = m - ¢ u 3adukcupoBana HEKOTOPAasi MOJICTAHOBKA 0 HA MHOXKeCTBe Ej =
= {0,1,...,k — 1}, xoropasi pacmagaercsi B MPOU3BEJEHNE ¢ HE3aBUCHMBIX INKJIOB
amuael m. O49eBHIHO, 9TO 07 — TOXKIECTBEHHAA TIOJCTAHOBKA U 0 He ABJISETC TOK-
nectBerHoi moactanoBkoit mpu 0 < ¢ < m. Ilycts S — MHOXKECTBO BCeX MOJHOCTHIO
OIpe/IeJIEHHBIX k-3HAYHBIX (DYHKIIHI, CAMO/IBONCTBEHHBIX OTHOCHTEHHO MOJACTAHOBKU
o, n S* — MHOXKecTBO Beex bynKnmi m3 P, moompenenumbix g0 ¢ynknnit uz S. 13-
BECTHO, YTO S — 3aMKHYTHIN KJIACC U, DOJIee TOTO, €C/IU M — MPOCTOE YUCTIO, TO KJIACC
S saBasieTcs mpeAnonaHeM B Py [8].

Hwuzke MBI mostHOCTRIO onuiiem dbparment F'(S,.S*), cocrosimmii n3 Bcex 3aMKHYTHIX
K7TaccoB B P}, mexxamux MexX Iy Kaaccamu S n S™, A714 MOJCTaHOBOK YKa3aHHOTO BBITIIE
THIa.

Onpenenenne. Ilycts M — mpou3BOIbLHOE HEMYCTOE CEMEHCTBO MOIMHOMKECTB U3
muoxkectBa Ep, = {0,1,...,m — 1} (B M wmoxer BXOAUTH N IyCTOE TOJMHOXKECTBO).
CemeiicrBo M GyjeM Ha3bIBATH YUKAUYECKU UHEBAPUAHMHbLM (OTHOCUTEIBHO 3aduKcu-
POBAHHOI BBIIIE MOJCTAHOBKY 0 , PACTIAIAIONIEHCSA B IPO3BEICHNUE ¢ [UKJIOB JIJTUHBL 11 ),
ecsm ISt JII000T0 TOAMHOXKECTBA {41,142, ...,is} € M n moboro j umeem {iy + j, iz +
+Jyeeyis + 7} €M (cinoxenue no MOLYIIO M).

Omnpegenenne. Ilycts f(z1,...,2,) € S*. Torga uepes My obo3matum cemeii-
CTBO TIOJMHOXKeCTB u3 MHOXKectBa E,, = {0,1,...,m — 1}, ynoemerBopsioiiee IByM
YCTIOBHUSIM:

1) ana moboro mabopa & = (ai,...,qp) MHOKecTBO {ili € E,,, f(o'(a)) =
= f(o%(a1),...,0%(ay,)) = *} mpunagmesxxut M;y;

2) nns mo6oro monmuoxkectsa A u3 My cymectByer Habop & = (aq, . .., () TaKOiL,
ato MHOKECTBO {i|i € By, f(0'(a1),...,0%(ay)) = x} = A.

Ecmu B m. 2) mbl BMecTo Habopa & = (ai,...,q,) BO3bMeM Habop o’ () =
= (09(a1),...,0%(a,)), To BMecTo moamHOKecTBa A = {i1,iz,...,is} TOMYy9IUM MO-
muoxkectBo A — {j} = {i1 — j,ia — j,...,is — j} (Bbrumranue no momymo m). Ciaeso-

BaTeIbHO, My — INKINICCKN HHBAPUAHTHO.

Omnpegenenne. Ilycts M — mpon3BosibHOE HEMTYCTOE CEMEHCTBO MOAMHOMKECTB M3

muoxkectBa Ep, = {0,1,...,m — 1} (B M wmoxer BXOAUTH N IyCTOE TOJMHOXKECTBO).
Torna uepes U(M) o6o3uauum MHOKecTBO Beex dyukuuit f(z1,...,x,) u3 S* rakux,
aro My C M.

Tak kak My IMK/IMYECKM MHBAPUAHTHO, TO MMEET CMbIC] PACCMATPUBATD TOJIb-
KO IUKJIMYeCKH MHBapuaHTHble cemeiicrBa M. OueBuano, uro eciu M; C My, To
U(My) CU(Ms).

[Iycts F(S,S*) — MHOXKeCTBO BCeX 3aMKHYTBIX Ki1accoB Mexkay S u S*. OcHoBHOil
pe3yabTaT HACTOSAMIEH CTaTbU — CAEAYIOIIas TEOPEMA.

Teopema. IIpu awbom k das awbol nodcmarnosku o Ha Ey, pacnadarowetica
npoussedenue He3asUCUMbBLET YUKA06 00UHAK060T daumnb, M (U 0€3 HENoOGUNCHBIT Mo-
wex), Ppaemenm F(S,S*) codepoicum Koneunoe wucao 3aMEHYMBLE KAACCO8 U 6CE IMU
KAGCCHL B3GUMHO 00HO3HANHO (€ MOUHOCTBIO 00 NOPATKA CAGRAEMDBIT) NPEICTNABAAIOMCA
6 eude U(M;)UU (M2)U---UU(Ms), 2de My, Ms, ..., M, — cemeticmea nodmmoscecms
u3 Ep, , Yy0o6aemeopaouue Ycro6uam:

1) kaocdoe M; GUKAUNECKU UHBAPUAHIMHO U BMECTE ¢ A00bLMU J8YMA NOOMHONICE-
cmeamu codepacum u ux 00seIuHeHUE;
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2) nu odno M; me codeporcumca 6 dpyeom M; ;
3) poeno daa 0dnozo i evnoanaemea O € M ;
4) Vi,j 3t VA,B: (Ae M;, Be M; = AUB € M,).

Jloka3aTenbCTBO TEOPEMBI MBI PA300bEM Ha PSI JIEMM.

Jlemma 3. Ecau wabop cemeticms nodmmoosicecms My, M, ..., My ydossemeops-
em Yycaosuto 4), mo daa ao0ux i1, iz, ..., 1, cywecmeyem t makoe, ¥mo 0 A0OLL
nodmmuosicecme Ay, Az, ..., Ay us B, 6vnoanAemcA UMNAUKAUUA:

Ay € My, Ao € Myy,..., Ap e My, = Ay UAU---UA, € My.

HokazareabcTBo. IlpoBenem mmaykmnmio mo p. I[Ipm p = 1 yrBepxkmenne ode-
sunno. Ilpu p = 2 yTBep:K/eHue COBHAIAET C YCIOBUEM 4) W BBINOJHSIETCSA MO YCJIO-
BUIO JieMMbI. [lycTh yTBEpIKIEHWE BBITIOIHSIETCS TIPU P = ¢, JOKAXKEM, 9TO TOT/a OHO

BBITIOJIHAECTCA U NP p = ¢ + 1. PaccMoTpuM mpou3BoIbHBIC UHIEKCHI 11,12, ..., lq41 -
ITo mpenmonoKeHUI0 UHIYKIUU CYIECTBYET t] TaKOe, YTO JJisi JIIOOBIX MOJIMHOXKECTB
Ay, Ay, ..., Ay u3 E,, BbIIOIHAETCH UMILIMKAIINA:

Aq GMZ'I,AQ GMi2,...,Aq GMiq :>A1UA2U"'UAq GMtl- (].)

ITo ycnosuto 4) mus napot t1,q + 1 cymectByer unIeKkc to TAKOil, Y4TO BBINOJIHIETCS
AMILJIUKAITAA:

AGMtl,BGMl :>AUB€M1§2 (2)

q+1

Uz (1) u (2) momywaem, uro mis maoo0bix moaMuOKecTB A1, Ao, ..., Agy1 w3 Ep,
BBITTOJTHACTCSA UMIIJINKAIINA:

AlGMil,...,AqGMZ‘ Aq+1€Mi :>A1U"'UAqUAq+1€Mt2.

q’ q+1

CiietoBaTebHO, yTBEPKICHUE JIEMMbI BBITIOTHAETCA U OPU p = ¢ + 1, U jeMMa j1oKa-
3aHa. O

Jlemma 4. ITycmv nabop cemeticme nodmnoocecme My, Mo, ..., My us E,, ydo-
saemsopaem yeaosuam 1) u 4). Toeda xaace U(My)UU(Ma)U---UU(M) samrnym
OMHOCUMENDHO CYNEPTIO3UUUU.

HoxkaszarenbcrBo. Ilycrs bynkuns f(xy,...,z,) € U(Mq)UU(Msz)U- - -UU (Ms).
Torma cymecrsyer j takoe, uto f(z1,...,2z,) € U(M;), to ectse My C M;. Ecnn
dyHKINA ¢ momydaercd u3 [ TepenMeHOBAaHHEeM MEePEeMEHHBIX 0€3 OTOXKIECTBJICHUSI,
To, oueBnaHo, My = M. Ecan g nonywaerca m3 f mepenMeHOBaHWEM IMepeMEHHBIX
¢ oroxkaecrsienuem, to My, C My. B mobom ciysae M, C M; n g € U(M;).
Iycrs g(x1,...,2,—1) TIONyUaeTcs u3 f u3baTHeM GUKTHBHON MEpeMeHHoN 2, . [Tycth
a = (ay,...,qp) — TPON3BOIBLHBIA HAGOD W g = (a1,...,an—1). Torma g(oi(ﬁ)) =
— f(6'(@)) u {ili € By, f(0'(a)) = ¥} = {ili € Em,g(c"(B)) = #}. Caesosareasno,
My = My u g € U(M;). Ananorunano noxassiBaercs, 4to U(M;) 3aMKHYTO OTHOCH-
TEIBHO J00ABIEeHU (DUKTUBHBIX TIEPEMEHHBIX.

IIycts Teneps h(z) = f(g1(Z),...,9,(T)), tae Bce g; € U(M)) UU(Ma) U --- U
UM) n f(y1,...,yp) € UM)UU(Ma)U---UU(Ms). DT0 03HAUALT, UTO [JIsI BCEX
cymectsyer M, taxoe,wro My, C M;, , n nua f cymectsyer M; Takoe, uto My C M;.
ITo memme 3 cymecreyer M; Takoe, 9TO BBIIOJHAETCS UMILTHKATIHSA:

AlGMil, ...,APGMiP,Ap+1€Ml:>A1U"'UApUAp+1GMt. (3)

Hokaxkem, uro torma h(Z) € U(M;). Paccvorpum mpou3BosbHBI HaGop & =
= (ai,...,ay). Tak xax Bce g; € S* (no ompenenenmio muoxkects U(M)), to ans



O HEKOTOPHBIX 3AMKHVYTHIX KJTACCAX 21

KaxkJ0# (QYyHKINM g; CYIIeCTBYeT IOOMpesesenie g}, snexamee B kiacce S. Ilycrn
g;(@) = B; mpu Beex j. Torma gj(o*(@)) = o*(3;) npu Beex j u i. Ilosromy

{ili € Ep, h(o"(@)) =} = |J{ili € Em,g;(0"@)) = 5} J{ili € Em, (0" (B)) = =}

j=1

N3 nmnamkanmm (3) ciemyer, 9To 9T0 MHOXKECTBO cofiepKuTcs B cemeficree M. TTomy-
gaeMm, yro Mj, C My, orkyzna, no oupenenenuto, h € U(M;). Takum obpazom, Kiaacc
UM)UU(Mz)U---UU(Ms) 3aMKHYT OTHOCHTEIBHO cyneprno3uimu. Jlemma J1oKkaza-
HA. O

Veunnenunem meMMbl 2 aisg G = S aBAAIOTCA CIEIYIONIAE TEMMBI.

Jlemma 5. Ecau B - samxnymuwd xaacc, S C B C S* u f(x1,...,2,) € B, mo
U(My)C B.

HoxkasareabcrBo. Ilycts  h(yi,...,ys) € U(My). Bee k° mabopos u3
E; woxno pasbute Ha k°/m HenepecekamoIuxcs TPy 1o m HAOOPOB BHIA
{5570(31)70'2(31), .. .,am_l(ﬁl)}, sadukcnposas k*/m HabopoB Bl IMocrponm dhynk-
i g1(Y1, -y Ys)ye o In (Y1, - - ,yﬁ) 1o crejyromemy npapuiy. Paccmorpum ozun u3
dbuxcuposannbx Bhime Habopos 3. Iycts ans wero {i|i € E,,h(c'(B)) = *} =
= A. Tax kak h(y1,...,ys) € U(My), To A € My, u, c1em10BaTeIbHO, CYIIECTBYET
nabop @ = (a1,...,q,) € EY rakoit, aro {i|li € E,,, f(c'(a)) = x} = A. Honoxnm
9r(0%(3)) = o' (cry) 1ipm Beex i 1 r. AHAZIOHYHO OIPEJENNM BCE gy Ul BCEX HAGOPOB
Bl- Torma Bce g, € S. Ilpu sTom

F91(@ (B, -+ gn(d" (A1) = (o' (an),. .., 0" (an)) = % <= h(o"(B)) = *,

To ecrb obsnacru onpexpenennoctu Gbysruyi  f(g1(Yy1, -3 Ys)y oy In(Y1, ..o, Ys)) U
h(y1,...,ys) copuanaior. Tak kak Bce g. € S C B, f € B u B — 3aMKuyTblil Kjacc,
0 f(g1(Y1,-- 3 Ys)s---s9n(Y1,-..,ys)) € B. Torna no nemme 2 u h € B. Jlemma jgoka-
3aHa. |

Onpenenenne. Yepes Mf Oymem 0003HAYATH CEMEHCTBO BCEX TOAMHOMKECTB W3
E,,, Kaxk/i0e 13 KOTOPBIX ABJIAETCHA 00bEIHMHEHHEM HECKOTIbKUX TOAMHOXKeCTB n3 My
(sampikanme My oTHOcuTenbHO obbemuuenns). Tak kak My C My, to U(My) C
C U(My).

Jlemma 6. Ecau B — samknymuwi kaace, S C B C S* u flx1,...,z,) € B, mo
U(Mf) C B.

HoxkazatenbcrBo. Ilycts h(yi,...,ys) € U(My). Ilycrs nabopbt B, saduxcupo-
BaHBI KaK B npeapuiymeit memue. Io yerosuio mis kaxkaoro B nveem: {i|h(a®(3;))

=%} = A UAy---UA, tae Bce A; € My. Boibpas MakcumanbHOe ¢ 10 BeeM (3,
OymeM CcUuTaTh, 9TO t Mt BCEX [3; OJMHAKOBO — JJISt 3TOTO JOCTATOYHO MPOIYOIHpPO-
BaTh HEKOTOPKIE Aj.

Omnpenennm dyuxuun g;(yi,...,Ys), j = 1,2,...,t. Paccmorpum oquu u3 duxcu-

poBaHHBIX BhImeE HaOOpos (3. Ilomoxum {z|g](al(51)) =x*}=A; 1 g;(y1,...,ys) =
Y1 Ha OCTATbHBIX HabOpax oi(@). Tak mocTymuMm s KaKI0TrO Bl- Torna kax-
mas bymkmus g; € U(My) u, caemosarembno, g; € B mo memme 5. ®yHkums
p(r1,...,xn) = x1 € S m, caenoarenbro, p € B. Tak kak B — 3aMKHYTHIi
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knace, 10 p(g1(y1,-- -y Ys)s- -5 9t(Y1,-..,Ys)) € B m ams mo6oro Bl nmeem {ili €

€ Ep,p(g1(a®(B)),...,g:(c(B))) = x} = Ay U Ay--- U Ay, TO ecTh 06aCTH OMpe-

nenenroctn GYHRIUE p(g1 (Y1, 3 Ys)s-- s Gt (Y1, -+, Ys)) W h(y1,...,Ys) COBHANAIOT.
Torna mo gemme 2 u h € B. Jlemma noka3ana. |

Jlemma 7. Ecau B — samknymord xaacc, S C B C S*, mo B= U(Mf).
feB

HoxkazatenbcrBo. Tax kak f € U(My), ro B C |J U(My). Obparnoe BK/ode-
feB
HME BBITEKAaeT U3 JeMMbI 6. O

Jlemma 8. ITycmv M - cemeticmeo nodmmoorcecms us E, u nyemv M yukauve-
cku uneapuanmno. Tozda cywecmeyem gynryus f € U(M) maxas, wmo My = M.

HoxaszarennscrBo. Ilycts M coctont n3 monmuoxkecTs Ay, ..., A,. Beibepewm mro-
6oe n Tak, 4robbl k™ /m > p, u onpenenum pyukuuio f(x1,...,T,) caeayoomum obpa-
3om. IlycTs Bee k™ mabopos u3 E}} pacmamatorcs Ha k™ /m HellepeceKaroIUXCs TPYIII
1o m Habopos {ag, o (qy),0%(ag),...,0™ Hay)}, ¢ =1,2,...,k"/m. dna xaxaoro
aq,q = 1,2,...,p monoxum {r|f(c"(dy)) = *} = A,. Ha Bcex ocraBmmxcs Habopax
nonoxkuM  f(z1,...,2,) = x1. Torma f € S* u My = M (MBI yWIH DUKIXIECKYIO
naBapuanTaocth M ). Ilpu smom no onpenenennto f € U(M). O

Jlemma 9. Ecau B — samxnymud kaace, S C B C S*, mo cywecmeyem koneurnoe
wucao cemeticme nodmmosicecme My, ..., My uz E,, , ydosaemsoparowuz yciosuam 1),
2), 4) meopemoi, oz komopwxr B = U(M;)U---UU(Ms).

HoxkasatenbcrBo. Tax kak Bce My B jlemMme 7 — cemeficTBa MOJMHOMKECTB MHO-
xecrBa E,, = {0,1,...,m — 1} u m dukcupoBano, 1o cpeau HHUX €CTb JIUIIb
KOHEYHOE YHCJIO Pa3IMIHBIX cemeficTs mopmuoxects My, ..., M. Ilpn stom B =
= U(Mj)U---UU(M,). U3 onpenenernnst U(M) ouesnmno, aro ecmu M; C Mj, To
U(M;) CU(M;). Hycre My, ..., Ms — te cemeiicTba noamuoxects cpeau My, ..., M,
KOTOPBIE HE COJEPIKATCA B APYTHX CEMEHCTBAX MOAMHOXKECTB M3 3TOrO chucka. Torma
B=U(M;)U---UU(Ms,). IIpu stom cemeiicrea nogmuoxecrs My, ..., My yroBiaerBo-
pstioT yeosuio 2) Teopemsl. Tak kak ayst kKaxzaoro M, cymecrsyer dyuknus f € B C
C §*, nna xoropoit M; = Mf, 10 Kazkgoe M yIOBIETBOPSIET YCIOBUIO 1) TEOPEMBI,
MocKoIbKy My TWKJIWYecKH MHBApUAHTHO, a M aBiasgercs 3ambikannem My OTHOCH-
TETBHO 00beIMHEHNsT TTIOAMHOKECTE. OCTAI0Ch MMOKA3aTh, UTO CEMEHCTBA TOJIMHOXKECTB
My, ..., My ynoBieTBOpsIOT ycJ0BUIO 4) TEOpPEMBbI.

Paccmorpum npoussosbuble M; u M;. Tak xak M; u M; MUKITIeCKU WHBAPUAHT-
HBI, TO 1o Jemme 8 cymectsyior bynakmun f(z1,...,x,) € UM;) n g(y1,...,y) €
€ U(M,) rakme, uro My = M; uw My, = M;. Ilpu stom f € B u g €
€ B. Mycrs p(z1,22) = 1. Paccmorpum dbyskuuio Ay, ..., Tn,Y1,-.-,41) =
= p(f(z1,...,2n),9(v1,...,u1)). Tak kak p € S C B u B — 3aMKHyTbIi KJAcc, TO
heB=UM)U---UU(M,). CregoBarenbro, Haiinercs ¢t takoe, uro h € U(M),
to ectb My C M. Ilycts A € M;, B € M;. Torna cymecTByioT HaOOpBI O =
= (al,.:,an) €eE!n (= (51,...,ﬁ5)~€ E,i TaKme, UTo {7“|f(0’“~(52)) =x}=Amn
{rlg(c"(8)) = =} = B. Torna {r|h(c"(a,B)) = x} = {r|h(c"(@),0"(B)) =} = AU B.
Orciona AU B € My, C My, u yciosue 4) Teopembl BbIIOIHIAETCH. JIeMMa HOTHOCTHIO
JoKa3aHa. O

HoxkazaresbcTBo Teopembl. a) Ilycrb BoinosHsiorcs yciaosus 1)—4) Teopembi.
Torma no nemme 4 knace U(My) U --- U U(M,) 3amkuyt. Ilo onpenenenuio, U(M) C
C S8* anst moboro M. Tlosromy U(Mp) U ---UU(Ms) C S*. Hna moboit byHKImN
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f(x1,...,2,) € S umeem My = {(}. Hosromy ecin ) € M, 10 S C U(M). Torga u3
yenosus 3) Beitekaet, 9ro S C U(My)U---UU(Ms), o ects U(My)U---UU(Ms) —
3aMKHYTBIH KJace, npunajexaruii pparmenty F(S,5*).

6) [Iyctb B — TmpOU3BOJIbHBIA 3aMKHYTHIH KJacc, OpuHajiexkaruii dgpparmenty
F(S,S*). Torna no nemme 9 B MoxkHO nipencTaBuTh B Buge B = U(Mp)U---UU(Mj),
rae My, M, ..., My ynosnersopsiior yeaosusm 1), 2), 4) reopembl. TTokazkem, 9To To-
raa poinosingercd u ycaosue 3). Tak kak B npunajgexur dbparmenry F(S,S*), To
S C B. Iycrs f — mobas dynkuust uz S. Torma My = {0}. Tak xax f € B, 10
cymecrsyer ¢ Takoe, uro f € U(M;), ro ectrb My C M; u ) € M;. Jomycrum, 410
CYIIECTBYIOT JBa cemeiicTa moxmuoxkects M; u M; rakue, uto ) € M; u O € M;.
Torma misa uux cymecrsyer My, ynosiaersopsioiee ycaosuio 4). Ipu srom st 1006Ix
A€ M;, B e M, somonusiercs: AU) = A € My u )UB = B € M,. Orciona M; C M,
M; C M,. Toraa i =t = j mo ycnosuio 2). CrenoBaTenbHO, yCI0BUE 3) BBIIOIHIETCS,
TO €CTh BbIIOJHAIOTC BCe ycaoBug 1)—4).

B) JloKaykeM eJIMHCTBEHHOCTH MpEJCTaB/IeHus. IlycTh OJMH U TOT K€ 3aMKHYTBHIH
kaacc B muveer apa npexacrasaenns B = U(M;)U---UU(My) = U(M{)U---UU(M]),
rae Kaxkaelil u3 Habopos cemeiicTs moxmuoxects My, Mo, ..., My uw M{, M, ... M/
yaossiersopser ycjaopusgm 1)—4) reopembl. Tak kak M7 — NIMKJIMYECKU MHBAPUAHTHO 1O
ycsoBuio 1), 1o no semme 8 nosydaem, 4ro cyinecrsyer pyukuus [ € U(M;) Ttakas, 94ro
My = M. Ilpu stom [ € B, u, ciegosatenbho, cymectsyer j taxoe, uto f € U(Mj}).
910 osmauaer, uto My C M}, to ects My C M}. Amagormano momywaem, 9To cyrie-
cTByer ¢ Takoe, uto Mj C M, orkyma My C M, . Torma no yemosmio 2) mveem ¢ = 1
M, C MJ’ C My, To ecThb M]’ = M. Takum obpasoM, mjg Jr060ro ceMeiicTBa moaMHO-
JKECTB M3 OJIHOrO HAabOpa HANJETCsS COBIAMAIONIEE ¢ HUM CEeMEHCTBO MOIMHOYXKECTB M3

BTOPOTO HAaOOpa n HA0OOPOT, TO eCTh HADOPHI ceMeicTB moaMuoxkects My, Mo, ..., My
uw M{, M, ..., M] coBnazaiT (C TOYHOCTBIO J0 MOPSIKA MOJIMHOKECTR).
Teopema MOJIHOCTHIO JTOKA3aHA. O

Pa6ora Beinosnnena npu dbunancosoii nouep:kke PODU (upoexror Ne 09-01-00701
u 07-01-00154).

Summary

V.B. Alekseev. On Some Closed Classes of Self-dual Partial Many-valued Functions.

Let S be a class of fully defined functions of any number of variables that are defined and
take values in the set E, = {0,1,...,k— 1} and are self-dual under given permutation on Ej.
Let S* be the set of all partially defined k-valued functions that can be extended to functions
from S. In this paper all closed classes (under superposition) that contain S and are contained
in S are described for the case when permutation is the product of non-intersecting cycles of
the same length.

Key words: k-valued function, partially defined function, closed class, self-dual function.
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