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YNCJIEHHBI AHAJIN3 BETBJIEHUN
PEIIIEHI S 3ATAYU XEJIE-ITIOY
O CTAIIMOHAPHO JIBUXKVYIIIEMCH I[TV3bIPE

M.M. Airumos

AnaHOTa U

st cTanmoHapHON 3312491 O MPOABYKEHNN mMy3bips B g0TKe Xese-IIloy omro n3 mposiBite-
HUIl HEPEryJIAPHOCTH MPEeJIesia UCUe3AI0MIE MAIbIX KAM/JIPHBIX CUJI COCTOUT B BBIPOXKICHUU
permreHns — 15t UAeaIN3MPOBAHHON 331291 BMECTO OYKMIAEMOT0 €IMHCTBEHHOTO PEIIeHUsT TI0-
smydaaerca nenoe cemeiicto. C momompio wmcaenroro anammsa C. Tamsup (S. Tanveer) mokasaut,
qTO yYeT KaNW/JIAPHBIX CUJI YCTPAHAET BBIPOXKJEHHOCTDH PENIeHMs, HO HE Jajl TOMY FCHOTO
obbscuennsi. Kpome toro, mommmo riasuoit Bersu pemenns C. TamBup mosmywwmsi m apyrue.
C mespio BBISIBICHHST BCEX BETBEIl PEIIeHus 3aJa9 O MPOJIBUKEHUH ITy3bIps B HACTOSIIEH pa-
6ore copmynmmpoana MoguduIpoBanHad 3ama4a mo anagornu ¢ noaxomom 2K.-M. Bangen-
Bpexa (J.-M. Vanden-Broeck) k 3amade 0 TpOIBUKEHUHW Ta/bIa. [IpOBEIeH e€e YMC/TeHHbII
aHaJsIM3, KOTOPHII ITOKA3aJI, 9TO B IIOCTAHOBKE C 33IaHHON IIJION[AIHIO MTy3bIPsT PEIIeHre 33/1an
€IMHCTBEHHO U COBIajaeT ¢ riaaBHON BerBbio, nosydernnoit C. Tanmsupom. Hukakux apyrux
BeTBEil pemeHunst He BBISABIIEHO. Takoe HecorsiacoBanme c pedysabraramn C. TamBmpa MOXKHO
00BSICHUTH TEM 00CTOSITEILCTBOM, ITO €r0 METOAMKA JIOIYCKAET PENIeHNs C HeOTHOTUCTHOCTHIO
dusmgeckoit mnockoctu. lano takxke odbacHerne GHaKTy yCTPAHEHWS BHIPOXK/ICHUS DeNIeHNs:
y 06s1acT! TeYeHUsT MMEeTCs BE XapaKTePHBIE TOUYKN — OECKOHEYHOCTH CJIEBA U CIIPaBa, B KO-
TOPBHIX 00JIACTh MMeeT 3aJaHHble pa3Mepbl. O6e 3TH BETNUINHBI OMPEIesiOTC OJHOKPATHBIM
MHTErPUPOBAHUEM OCHOBHOTO I'PAHUYHOTO ypaBHeHus. [l0CKOIbKY pellenns Hen1ea n3upoBaH-
HOI 33729 He MOTYT OBITH CHMMETDHUYHBI OTHOCHUTEIHHO BEPTUKAJIBLHON OCH, YIOBJIETBOPUTH
0ba yCJIOBHS C TOMOIIBIO OHON KOHCTAHTHI HHTErDUPOBAHNS HEBO3MOXKHO. Bo3HMKaeT ycoBue
Pa3penuMoCTH.

KuroueBnbie ciaoBa: 3amaga Xese-Illoy co cBobomnoil rpanurieil, mOBepXHOCTHOE HATIKe-
HUe, CTAIlMOHAPHOE IBUKEHUE TIy3bIpsl, NTePAITMOHHBIN METOST.

BBenenue

Teuenne Bs3koit kuakocTu B goTke Xesme-1Iloy npu mamuamn BTopoit cBA3HOI (a3
(3KMIKOCTH JPYTOil BAZKOCTH) SIBJIAETCS MPOCTON JTa60PATOPHON MOEIbI0 MHOTHX TIPH-
POJIHBIX U TEXHOJIOTMYECKUX MPOIECCOB, OTIMIAOIINXCS B3ANMOILHCTBIEM MEXKY CO-
6oii HeckobKUX a3 ¢ IBOTIOIMOHUPYIONIEeil rpanuiei mexkay aumu [1]. C ucnonb3osa-
HUEM TPOIEyPhl OCPETHEHUS XaPAKTEPUCTUK MIPOIECCa 0 3a30Py JIOTKA MaTeMaThde-
cKasg MOJETb TAKOro ABYX(A3HOTO TeUeHnsl CBOANTCA K ITockoi 3amade Xeme-ITloy co
cBOOOTHOM rpanumedi [2]. PasinuaoT HecTannoHapHYIO W CTAIMOHAPHYIO 3ajaqn. [lis
cranuoHapHbIX 3a71a4 Xese-11loy BooOIme u 3a1a4u O my3bIpe, TPOIBUTAIOIIEMCS B JIOTKE
THUIA KAHAJIA, B YACTHOCTH, HAUOOJBIINN WHTEPEC BBI3BIBAIOT PA3IUYHBIE TPOSBIICHUS
HEPEryJIgPHOCTU TPejesia MCIe3a0Ne MAJIbIX KANUISAPHBIX CHJI, OJHO U3 KOTOPBIX —
Boipoxienue pentenus [3]. Eciu obo3nadurs yepe3 S OTHOCUTENBHYIO ILJIOMIALbL I1y-
3bIps (B mrane), gepe3 U OTHOCUTEIbHYIO CKOPOCThH €ro MPOJBUKEHNUS, 9€Pe3 € OTHO-
CUTEIHHYIO BEJTUINHY KAMUJISPHBIX CUJI, TO I KAXK 10 33 1aHHON apbl BeIudud S u
€ > 0, KaKk MOKa3bIBAET IKCIEPUMEHT, HAOIIOIAETCS My3bIPh OMPeIeIeHHON KOHpUrypa-
MU U OlIpe/ieJieHHOil ckopocTu npojsuxkenus U(e,S), B Tom uucie u B ciydae € < 1.
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B 1o x)e Bpemsa B uieanusupoBannoM ciaydae (¢ = 0) mas 1000 3aJaHHOM TIOMa M
my3bipsg S BMECTO €IWHCTBEHHOTO PEINeHUs AHAIN3 JAeT I[EI0€ CeMeHCTBO TOYHBIX
aHaJMTUYeCKuX perienuil ¢ napamerpom cemeiicrea U > 1 [4]. Yucsienubiit ananus,
npoBesieHHblil B paborax [5, 6], mokasas, 4ro yuer KanmuispHocTH € > (0 ycrTpaHser
BBIPOXK IEHHOCTD PEIeHNsl, TIOCKOIbKY MPUBOINUT K OTOOPY OTPEIeIEHHO CKOPOCTH MPO-
newskennst my3sbips U(e, S). OnHako ¢ MareMaTnaecKoi TOUKH 3PEHHst SICHOTO 00hsiCHe-
HUs 5TOMY (DAKTy 0 CHX MOP HET — BE/Ib 10 CyTH HUKAKUX HOBBIX YCJIOBUI B MOCTAHOBKY
331249 He JT00ABJISETCs, MPOCTO OHO U3 TPAHUYHBIX YCIOBUI CTAHOBUTCS HEJTUHEHHBIM
3a CYeT BKJIIOYEHHUs] B HEIO KPUBU3HBI HEM3BECTHOW IPAHUIIBL.

Arrop [5] naer Takoe oObsicHEHWE: IPH 3aIaHHBIX TTapamerpax € > 0, S, U nrepa-
[N PACXOIATCS; eCIu ke (POPMAJbHO BKIIOUNTEH mapamerp U B YHCI0 HEM3BECTHBIX,
TO MOYKHO JIOOWTHCS WX CXOAMMOCTH. AHanm3 mcrosb3yemoro B pabore [5] mreparn-
OHHOTO MeTofa JaeT Oojee comepKarenbayo uHdopmamnuio. Meros BKIOIaeT B ceds
UCIOTB30BAHUE JTUCKPETHOTO npeobpaszoBanus Oypbe, NpudeM HECKOIbKO HETPATUITH-
OHHBIM 00PA30M — KOJHUYECTBO KOIDDUIMEHTOB Cq, C1, ..., CN_1 PA3JIOKeHUsT (PYHK-
nuu B psag @ypbe HA eauHUIly MeHbIine ducaa N + 1 Todex, B KOTOPbIX (DYHKIWSA BbI-
qncasercs. PakTUdeckn Takoe WCIoJIb30Banne mpeodbpa3oBanns Pypbe SKBUBAJIEHTHO
TPAJAMIMOHHOMY KCIIOJIb30BAHUIO JUCKPETHOro npeobpazosanus Pypwe [7] upu naso-
JKeHUH JInHeHHOro orHocurenbHo dynknuu ycnopus cy = 0. Takoro poma ycioBue
3 PEKTUBHO UCTIOMB3YETCS s MOJABJIEHUsI POCTA CTAPIIell TADMOHUKU B UTEPAIMOH-
HBIX METOJIAX PEIeHus 3a71a4 co cBoOoHOM rpanuteii [8]. B To ke BpeMsi ero MOXKHO
TPaKTOBATh, KAK JOMOJHUTENLHOE yeaoBue st onpeaenenns U . [lockoIbKY YucIenHoe
perienue 66110 3 BHEKTUBHO MOJIyYeHo B [5], Takas crparerus cebsg BIIOIHE ONPABAAJIA.
Buecre ¢ Tem 00BACHUTH € €€ TTOMOIIBI0 (PAKT YCTPAHEHUsT BBIPOXKICHHOCTH PEICHUST
HEBO3MOXKHO. [TOMHMO 3TOTO perenne 0Ka3aaoch HEeUHCTBEHHBIM, a CAMa METOJIMKA
nojiydenus Apyroii Bersu perienus 3amaun (Oymzem HasbiBaTh ee BerBbio C. Tamsupa)
M37107KeHa BECbMa C’KAaTO W He BIOJHE sICHO. B ciexyiomeit pabore [6] 6e3 Kakux-mmuto
TOAPOOHOCTEH COOOIAETCS, YTO OBIIA HAMIeHA, eIle OJHA BETBL PEIICHNUsT, aHAJIOTHIHAS
sersu 7K.-M. Baunuen-Bpeka [9] B 3azadye Xene-Illoy o crauuonapuoii kondurypamuu
HAJIbIIA.

B coorBercTBUM C BBIMECKA3AHHBIM II€Ib HACTOAIMIEH pabOThI — MOCTPOUTH OTJIMY-
HBII OT MCTIOJIL3yeMOoro B [5, 6] MeTO| pertienns 3a/1a4n O CTallMOHAPHOI KOHMHUryparnm
my3bIpsi, npojaBuraiomierocs B jgorke Xene-Illoy, ¢ yueroMm KanmuaspHBIX CHJI, KOTO-
PBIii T03BOII ObI, BO-TIEPBBIX, OObACHATH KAYECTBEHHOE OTIHINE HEUIeATU3UPOBAHHOM
MaTeMaTHIecKOH MOCTAHOBKHU OT WEATH3UPOBAHHON; BO-BTOPBIX, MPOSCHATH BOIPOC C
HEeeIMHCTBEHHOCTHIO perenus. OCHOBHAs Ues MPeJIIaraeMoro ajbTePHATUBHOIO METO-
Jla COCTOUT B TEPEX0Jie K HEKOTOPOil MOmu(UIMPOBAHHON 3a1a49€e C JIOTMOJTHUTETHHBIM
CcBOOOTHBIM TTapamMeTpoM, anasoruano noaxony 2K.-M. Bannen-Bpeka k 3agaqe o cramm-
onapHoM nasneie [9]. B pabotre [9] B kKadecTBe IOMOTHATENTHHOIO CBOOOIHONO TApAMETPa
BBICTYTIATA BEJIMYMHA yIJia HAKJIOHA KACATEJbHON K MOBEPXHOCTH TAJbIA B €ro BEp-
mune. B paccMarpuBaeMoM ciiydae B Ka4eCTBE TAKOTO MapaMerpa MpejiaraeTcs B3sTh
A — OTHOIIIEHVE TMUPUHBI KaHAJIA HA OECKOHETHOCTH CIIPABa K IMUPUHE KaHAJIa Ha OECKO-
HEYHOCTH cjieBa. Ilocyie moCTpoeHns: YMCIEHHOTO pPeIienyst MOAnUIIMPOBAHHON 334N
B IITUPOKOM JIMATIA30HE OMPEIEISIONINX MapaMeTpOB, BCE BETBU PEIIEHUs] WHTEPECYI0-
el HaC 3aJ[a9¥ O My3bIpe B JIOTKE THUIA MPOCTOrO KAHAJA TOJYYar0TCs HATOKEHUEM
orpanmdeHus A = 1.

1. IlocranoBKa mMoaudpUIITMPOBAHHONI 3ada4u
U CBeJieHHE ee K 'PAHUYHOMY ypPaBHEHHIO

Ha puc. 1, a mpeacrasiena B mjaHe KapTWHA HEKOTOPOTO ODOOIIEHHOTO TEYEHUsT
Xemne-ITloy mpm Haau<anm BTOPO# CBA3HOI (pa3bl — CHMMETPUIHOTO OTHOCUTETHHO IEH-
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A y=12 D
Q V., =V
V=1 ‘ A2 —
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D
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Puc. 1. Bug dusuyeckoit miocKocTu z u BCIIOMOTaTeIbHON 10CKOCTH

TPaJIbHON OCH KaHAJIA IY3bIPS BO3/yXa (BBU/LY CHMMETPUU N300ParkeHa TOJbKO BePXH A
nosioBuHa Tedenus). Jlononnurenpublii napamerp A > 0 xapakTepusyer OTHOCHUTEJIb-
HYIO MAPUHY KaHAJIa HA OECKOHEYHOCTHU CIIPABa.

Oupenensioiiye mapaMerpbl MPOLecca U3BeCTHbI [4]: 3TO TOJINUHA [IEJeBOro 3a-
30pa b u mupuHa KaHaja Ha OECKOHETHOCTH CJIeBa L ; BA3KOCTD JKUJIKOCTH [ U CKOPOCTh
ee JIBUYKEeHWsT HA DECKOHEYHOCTH CjieBa Vi ; KOI(MUIMEHT MOBEPXHOCTHOTO HATAYKEHUS
Ha mexkda3znoil rpanune I'; wiomanp nyseipa Sy (B cayuae A < 1 nox S, nonuma-
ercs yaBoeHHas mwiomaas gpuryper BCC’ | n3obparkennoii na puc. 1; B cmygae A > 1
HEOOXOMMO BBINOJHATH AHAJIOTHYHOE JOCTpamBanne Touku B’ — npoeknuum Toukm B
Ha nipomnoskenne ocn DC'). Heobxoamumo HaiiTn Kordwurypanuio I’ my3sipst 1 CKOpOCTh
ero npoapukenns U, .

Peanm3oBath 0000meHHbIi ciryuait A # 1 B JaDOpaTOPHBIX YCIOBUSX MPAKTHAYE-
CKU HEBO3MOKHO, ITOCKOJIbKY, HAIpUMep, B M300pakeHHOM Ha puc. 1 ciayuae A < 1
creaky C'D nano Oyzer apurarh co CKOPOCTbIO Iy3bips (B ciaydae A > 1 Hano Oyuer
nBuraTh cTeHKy AB). Bmecre ¢ TeM Takoii mporecc BMOJHE MPEICTABUM U €My MOYKHO
COTMOCTABUTh KOPPEKTHYIO MATEMATHYIECKYIO MMOCTAHOBKY. [10C/IIHIO BHITUITIEM CPa3y
B 06€3pa3MepHOM BHJE, UCIOJIb3Ys B KAYeCTBE XapaKTEPHBIX MapaMeTpoB paccrosaue L
u ckopoctb V. Bespasmephbie neKapToBbl KOOPAMHATHI (Z,y) CBA3AHBL C [y3bIPDEM U
[IPEJICTABIAIOT CO00I OTHOCUTENBHYIO CHCTEMY OTCYETAa B HMPOTHUBOIOJOXKHOCTH abco-
JIIOTHOM CHCTEeMe OTCYeTa, CBA3aHHON ¢ HeNOABUKHON CTEHKO KaHaJa, Hanpumep AD.
Kak usBecrno, mjis teuennii Xene-Illoy Bciomy B obsactu teuenus ), BBIMOTHSIOTCS
ypaBHeHus [2, 4]

V=V, Ap=0, (1)

rae o(x,y) — Ge3pasMepHbIil MOTEHIMAI TedeHns. BeiencTie amoro 1menecoobpasto
BBEJIEHNE KOMIIJIEKCHOMN (DU3NYIECKOI TITIOCKOCTH 2z = X1y ¥ KOMIIJIEKCHOTO TTOTEHITHAIA
reuennst W(z) = p(x,y) +ip(x,y), roe ¢¥(z,y) — dynkuns roka [10].

Ananoruuno dbopmynuposke cramuonaphoii 3amgaun Xese-Illoy [4, 5] o npoasuzke-
HUU Iy3bIps B MPOCTOM KaHase, s tedenns Xene-11loy, npeacraBientoro Ha puc. 1,
K ypasuenusaM (1) HeoOX0IMMO J00ABUTH TPAHUIHDIE YCIOBUSA

a—cpzl; €T — 00 : %:V;
oz P Ox (2)
ADUABUCD : a—z’:o; I: ¢g=—-cK, =Uy,

r — —00 !

rae K — xkpuBusna rpanuns! [, € — KanuASpHBI MapaMeTp CJIeIYIONero BuIa

N
122 \uVi )’

HeobGxoaumo naittn kouburypaimio I'  ckopocth npoasuxkenus nysbips U = U, /V, |
B 3aBHCHMOCTH OT BEUYWHBI € W 33JAHHON MIOIMAIA My3bIpsa S.
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[Mokazkem, 9TO mapaMerp U — BEJIUYAHA CKOPOCTH TEYEHWS HA OECKOHEYHOCTH
crpaBa — He CBOOOJIEH, a HAXOAUTCsS U3 OATAHCOBBIX COOTHOIIEHMH. JI/sT 9TOro moMmumMo
CKOPOCTH abCOJIOTHOTO JIBUXKEHUsT KUJKOCTA V BBEJIEM U CKOPOCTH OTHOCHTEIHLHOIO
JIBUKEHUS KUJIKOCTH V (JIBUKEHUsI OTHOCUTEIHHO HAOIIONATENSA, CBI3aHHOTO C Iy 3bl-
pem). T CKOPOCTHU CBA3AHBI OYEBUIHBIMU COOTHOIMIECHUAMU

U =0y — U, Ty =0,. (3)

B cunty Hec:kuMaeMoCTy JKUIKOCTH JIJIi OTHOCUTEIHLHOTO €€ JIBUMKEHUS CyMMapHBIe
PaCXO/Ibl CJIEBA U CIIPABA HA GECKOHEYHOCTH JOJKHbBI ObITh 0 uHakoBbl: 1—U = (v—U)A.
Torna

v=A"1+(1-2"HU.

B caygae A =1 (mpocroii KaHas) MOJIydaeTcs eCTeCTBEHHOE COOTHOMenne v = 1.

Ucnonws3yst TpaIuIlnOHHBIN [T 33729 CO CBOOOIHON IpAHUIIEH TTpUEM MapaMeTpu-
sannm [11], 6yzem nckarh permenne Kpaepoii 3amaun (1), (2) B Buge KoHGOPMHOTO 0TOG-
paxenus z((), nonaras, 4ro BO BCIOMOIaTebHON miiockoctu ¢ obnacru ), orsedaer
006J1acTh KAHOHUYECKOrO Bujia. B kavecrse nocseueii, anajorudno [5], Boibepem Bepx-
HIOIO TIOJIOBUHY eIuHW4IHOrO Kpyra (cum. puc. 1, 6). Kondopmuoe orobparxkenne z(()
HOPMUPYETCS 3a/IaHUEM COOTBETCTBUS ABYX TPAHUYHBIX ToUeK B u (', a Takxke Tpebo-
BAHUEM CUMMETPUYHOTO PACIIOJIOKEHHUS TPAHUIHBIX TOUeK A u [, KOTOPBIM OTBEYAET

(=au (=—«a. Bemmuuna o € (0,1) gaBisercda Heoupe eeHHbIM BCIOMOTATEIbHBIM
apamMerpom.
Ananoruano [5] nasa Gynknun z({) MOMKHO BBIIHCATH COOTHOIIEHHE
2¢)=U"{W(Q) -W(Q)|, (4)

BeITeKatoriee n3 Gopmyast (3). 3nech W (() — moreHrmam aGCOMOTHOTO ABUKEHHUS KW T~
kocTH, W () — moTeHIa; OTHOCHTEIBHOTO IBMKeHNs KuaKkocTh. [ToTeHnnan abeomor-
HOTO JIBUYKEHWS YKUIKOCTU HUIMETCS B BUJIE CYMMBI

W(¢) = Wo(¢) + Uw (0), (5)

riae Wo(¢) — morenImas aGCoMOTHOTO IBUKEHNsT JKUIKOCTH W/IeaIM3NPOBAHHON 3a1a4H;
w (¢) — peryaspublii B obaacta ()¢ H00ABOK.

Kommekcubie norentmanst Wo(¢), W({) Tedenus *KuakocTu B KaHAJE, [EOMETPUS
KOTOPOTO TIPEACTABIEHA Ha PUC. 1, MOTYT OBITH MOCTPOEHBI AHATUTHYECKU B 3aMKHYTOM
BUJE, KaK 0DOOIIEHNE COOTBETCTBYIOMAX TOTEHINATIOB T€YCHUS KUIKOCTH B MPOCTOM

kaHaJe [5]

1 e 1+UAN=1), (+a!
WO(C)_glncfafl—i— 2 In C+a’

(6)

= 1-U ((—a)(¢—a)
M = S M ey

[Moncranoskoit popmyn (5), (6) B coorHOmenue (4) TOMTYyYUM aJUTHBHOE IIPECTaB-

Y

Jienue i uckomoii dbyuxiuu z(C)

2(0) = 20(¢) + w(0), (7)

rae zo(¢) — dbyHKuuA, oTBEvAIONAs PENIEHN0 NIeaTN3NPOBAHHON 3a1a49W C TEMH ¥Ke
3HAUeHuAMHU mapameTpos A, U, a:

1 U 1 —1

20(Q) = 5o (¢ —a) — =—— (¢ ~a™!) -

U1 —24 )
R I Y

— iln(g+a)+ 5 C+a™). (8

2T
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Ora (yHKIHS COTEPKUT BCE OCOGEHHOCTH PEMeHUsT HEWICATU3NPOBAHHONW 34049 B
obsactu ()¢, & C y4eToM ee CUMMETPUYHOIO MPOIOJIZKEHHs Yepe3 JAeHCTBUTEIBHYIO OCh
Beroy B enqunuanoM kpyre |¢| < 1. Perynspubiii B 3rom Kpyre 106aBok w (¢) wuinercs
B BUJE psAma

[ee]
w((j):co—i—chQk, Ime, =0 (9)
k=1
¢ neiicrBuresnbubiMu KO3 duuuenramu ¢, k =0,...,00, nockoubky w (¢) na CDAB

JIOJZKHA YJ0BIeTBOPATH yejoBuaM Im w (¢) = 0. Amasoruuno [5], ayis onpejesenus
w (¢) u3 mepBOro rpaHUYHOrO ycjaoBU# Ha cBOOOAHON rpanuie I' B nocranoske (2)
MOYKHO BBIBECTH TPAHUTHOE ypPaBHEHUE

C(=¢": Rew(()=—-eU'K(0), (10)

rae K (o) — kpusnsna nckomoit rpanuisl I'. B repmunax dyuxmmn z(() oHa nMeer BHI

_1Re{gd%1n (<%)} (1)

Ormernm, uro Im w({) BoccranaBamBaercs mo 3HaueHwsM Re w (() Ha eamHny-
HoMm Kpyre ( = €' ¢ moMOINIbI0 MHTErpaabHOTO oneparopa 'minGepra [12]. TTosTomy
kpususna K (o) 1o cyru spigercd HeauHelHbIM uHTerpo-auddepenimanibHbIM onepa-
ropom K or Re w (¢). CoorBercrsenno, rpannunoe ypasuenue (10), (11) moxer 6biTh
3aMmMcaHo B OMepaTopHOil hopme

_|dz

(=¢€7: K(o)= &

¢(=¢“: Rew(()=—-eU 'K[Rew()], (12)

Takum obpa3oM, Kpaesas 3ajada co cBoboauoil rpanureii (1), (2) csenach K rpa-
HUYHOMY HHTErpo-auddepennuaabaomy ypasuenuio (10), (11) ornocurensuo dbyHkmun
w (¢) Buma (9). Heobxomnmo 106aBuTh TONBKO OrpaHndenus Ha GyHkuio z (¢): B cuiy
LPenoJIoxKenus 0 KondopMHocTu orobpaxkenus ¢ — 2z npousBoanas dz/d( He moJK-
Ha WMEeTh TOYeK CHHTYJISIPHOCTH B eIWHHYHOM Kpyre || < 1, 3a MCKIOYeHMEM TOUeK
Awn D: ( =+a, B koropbix dz/d( Tak xKe, Kak dzo/d( , JONKHA UMETh TIPOCTHIE MO~
moca ¢ MmomenTom (27)~ 1. Vcnosnn3osanue peryaspHoii ctpykTyps (9) dbynkmn w (¢)
rapaHTuUpyeT OTCyTCTBUE HOBbIX ocobennocreil y dbyukiuu dz/d( B equHUYHOM Kpyre
[¢| <1 no cpaBuenuto ¢ dzp/d(¢ , onHako ne rapanTupyer orcyrcrsus Hyseii. [Tosromy
K 3aja4e (7)-(11) HeobxoauMo J00ABUTH OrPAHIYCHIE

dz
¢l <1: &

OrmeruM, 4TO pelleHus, He YAOBJIETBOpsoNnue orpanuydenuto (13), 6yayr negusuy-
HBLMU, IOCKOJIbKY XapaKTePU3yTCs HEOAHOIUCTHOCTBIO [JI0CKocTH 2 [13].

£0. (13)

2. Oprasaumsanuga urepanuii

B pa6ore [5] mus opranuzanny nrepanuii nCrmoab30BaIach HEMOCPEJICTBEHHO Olepa-
ropuas dopma (12) rpanuanoro ypasuenus (10), (11). B pesyabrare 3a1a9a cBoaUIACH
K unciaenromy nuddepenrmporarnio GbyHKINM w () ¥ TPUMEHEHHI0 WHTErpajbHOTO
oneparopa ['uabbepra mia Boccranopsenus Im w(() no 3uavenusm Re w (¢) na enu-
nnaroM Kpyre ¢ = €9, OnHako B ciaydae € < 1 IpHM aCMMOTOTHYECKOM AHAJIU3E JIH-
HEAPU3UPOBAHHOIO BapuanTa rpanunduoro ypasuenuns (10), (11) ucnonb3osascsa Apyroit
MOAXOM, B PE3yJbTATe KOTOPOTO 3aJada CBOAWIACH K OTMPEIEJCHNI0 N3 JNHEAPHU3UPO-
BAHHOTO yPaBHEHWs BTOPOil mpon3BoaHoi dbyHKINM w () M ee YNCIEHHOMY WHTErpH-
poBaHuio [ noJydenus camoil gynkuuu w (¢). Vmenno Takoil noaxo/ npejiaraercs
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NPUMEHUTH U K UCXOAHOMY uHTerpo-auddepenimansnomy ypasaenuio (10), (11), npes-
BapHUTEIHLHO MPEOOPA3OBAB €0 MOAXOJAIIIM 00PA30OM.

Awnasioruuno npungaToli B Teopum crpyii [10] npakrtuke MOXKHO cpady obecneduTb
6e3ycI0BHOE BhITOIHEHNE orpanuyenus (13), eciu B KauecTBe OCHOBHO# (hOPMBI TIPeI-
CTABJIEHWSI PEIIeHNs UCMoNb30BaTh dyHKINIO R(()

N
def dz dZO k
=1 — ] =1 — | = 14
RO i (¢5) ~m(c52) > dict (14
KOTOPYIO OymeM ucKaTh B BUE psiga ¢ Koahdurumenramu di, k = 1,...,N. Coor-

BercrBenno, npeicrasienue (7)—(9) dbyuxiuu z(() Oyner HpOU3BOAHBIM OT OCHOBHOI

dbopmbl B TOM cMBICTE, UTO TpOoN3BOHAst dw/d( BoccTaHaBanBaercs n3 (14) myrem B3s-

st 9KcrmoHeHThl o1 R((), a Bux dynkunn w({) — MOCaeIyonMM HHTErPUPOBAHAEM.
VYpasuenwe (10), (11) mpeoGpasyem K Buiy

s mel @R U [ e el (ot
(=¢e": Re{ dC}_ - d<+d< Re w (¢) Re{(:dcln< dc)}. (15)

C y9eroMm CKazaHHOTO BBINIE MPaBas YacTh 3TOTO YPABHEHMS TPEICTABIACT COOOM
HEKOTOpHIiT mHTerpambHbiii onepatop A or Re {(dR/d(}. CoorrercrBenHo, ypaBHeHne
(15) moxker GbITH 3allMCAHO B OepaTopHOil hopme

o et} )]

Nwenno sty dopmy ypasuerus (15) GyaeMm NCIONB30BATE /IS OPTAHU3AINE HTEPa-
mmit. @urypupyommas B JeBoii dactn ypapHenus npoussonnas ((dR/d(), perynsipHas
BClogy B equnauyHoM kpyre |[¢| < 1, jomyckaer ciejyioliee NapaMeTpudeckoe Ipe/i-
CTaBjleHne

N
dR
(— = § apC®, Imag =0. (16)
g
k=1
[Tapamerpnl mpeacTaBmeHnss — IMOKA HEW3BECTHBIE Ko3dddunmentor ap, k =
=1,...,N,— OyayT JAeliCTBUTENbHBI B CUIY TOTO, 9TO BbIpayKeHUE, CTOAIIEE B MPABOi

gacru (15), melicTBUTENHHO MpU JAeHCTBUTENbHBIX (, npudeM ag = 0 B CHJIy peryJsp-
wocrn dbyukmmn R(() B okpectHocTH ToukM ¢ = 0.
HenocpezcreennbiM uaTerpupoBanuem npejicrasienus (16) mosydum

N
R(C):d0+zdk<ka dk:ak/ka k:]-a"'aNa (17)
k=1

rjie do — HeompeeneHHas BeIeCTBeHHAs KOHCTaHTa nHTerpupoanusd. O0o3HAYNM Ye-
pe3 d4 BEIWYWHBI CYyMMBI psfa ¢ kodddunuentamu dj B TOUkax ( = taq:

N
de E N di (+a)". (18)
k=1

B cBoto ouepenn, npezacrapienne (17) dbyukuun R(() mopoxkgaer HOBOe MpeJcTan-
senvie 1uist Beipakennst (dz/d(Q)

dz _ &0 e
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KOTOPOE OTJIMYAETCs MYJbTUILIMKATUBHBIM BblIejeHueM ocobennocreii. [lomaras, aro
cupaseiuBbl 00a npejcrapienus Boipaxkenus ((dz/d() — amauruBHOe, cieiyioniee
u3 (7), n myaprunnkarusroe (19), Haiinem npezacrasnenue Boipaxkenus ((dw/d()

dw _ d2o [ pe)
=% [e 1} . (20)

JIQFKO BUIETH, YTO OHO IMPOTHUBOPEYUT perHﬂpHOMy TpeacTaBJICHUIO
dw >
E k
s = bk‘g ’ bk = ka,
dg
k=1

BBITEKAIONMEMy u3 Bbipaxkenus (9). eiicrurenbro, 3a cuer muOKuTens ((dzg/dC)
y mpeacrasienns (20), BooOIe TOBOPS, €CTh OCOOEHHOCTH B €AMHUYHOM Kpyre |¢| <
< 1 — mpoctbie nosioca B Toukax ( = «. cnonb3ysd numeronyiocs cBobomy B BbIOOPE
KOHCTAHTBI MHTETPUPOBAHNSA d(, MOXKHO O0DECIIEYUTh UCIE3HOBEHNE OCOOEHHOCTH Y TIPa-
Boii yactu (20) B onHO#l TOUKe, a umenno ¢ = «. g 3roro Hano BbIOpATH

do = —d.. (21)

B 10 xe Bpems obecnednTs MCUE3HOBEHHE OCOOEHHOCTH BO BTOPOI TOUYKE, & WMEHHO

( = —a, HEBOBMOIKHO, TTOCKOJILKY, BOODIIE ToBOpst, d — # d . W, COOTBETCTBEHHO, OyIeM
NUMETh

dw AMe®otd-—1) «a
¢~ o (+a

Cnenoraresnbho, y dbyHkunn w (¢), MOIyIeHHON WHTEPHPOBAHWEM COOTHOIIEHHUS
(20), nogsasierca Jorapudmudeckas ocobennoctb In (¢ + «). 3amerum, 4ro corsiac-
HO npezcrapiaenuio (7) dbyskiua w () — amauTuBHAs DPeryigpHasg 4acTb (yHKIUU
2(¢). Ocobennocrs In (¢ 4+ ) yzKe BblaeseHa U BXOAUT B JAPYIYIO aJJIMTUBHYIO YaCTh
dbyuxmmn z(¢), a nvenno B 2o(¢). IIpeacTaBisieTcst eCTECTBEHHBIM OPTAHW30BATH WTE-
PAIMOHHBII MPOIIece, B KOTOPOM BO3HHKarommas ocobentocTh In (¢ + «) dbynkunm w ()
nepenocurcsd B GyHkuuio zo(¢) rak, 4robbl ux cymma — dyukuusa z(() — He u3meHs-
aace. Torna moBas dyukims w"*V(() Oyzer yzxe perynspHa B obmacta ()¢, a HOBas
dynkuuga 2§V (¢) Gyaer comepkarb ocobennocTsb 1n (¢ 4+ @) ¢ MHOKUTEIEM, OTJIUIHBIM
or (—\/27), cm. dbopmyay (8). B pesymbrare mapamerp A Oymer “ecrecTBeHHBIM 00pa-
30M” KOPPEKTHUPOBATHCA. 110 CyTH MMEHHO 3TO MO3BOJWIO OCBODOANTH MApaMeTp A u
cchopmymmpoBaTh MOAMMUINPOBAHAYIO 331a9y. ECan B pe3yIbrare HnTepamnoHHOrO TIpo-
necca A cxoxurest K Hekoropomy A )| 1o B ureparmonnoM npesese GyieT BbIIOIHEHO
U yCJIOBHE

(~—a: (22)

li —d_} =0.
)\_I,I/I\l(oo){d-i_ d_}=0

Dopmyaa nepexoga or dbyuxiuu w (¢) K Gynkuuun w*V (¢) umeer Buj

)\(edoer— _

- D n(c+a)-In(c+a). (23)

W' (() = w (¢) +
Borancnsgs npou3BomaHyio u qoMHOXKaA ee Ha (, HalgeM

dw™® — dw N CA(ed‘)*d* —-1) 1 1
¢ d¢ 2 (+a (+al

(24)

YuaureiBag onenky (22), jgerko ybeauThesi, 9TO OCOOEHHOCTH MPaBOil YacTu BbIpa-
keuusi (24) B Touke ( = —Q CKOMIEHCHPOBaHbL. Bropoe ciaraeMoe B KBaJIpaTHDLIX
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CKOOKax COOTHOMIeHNH (23) BHYTpH enuHUYHOTO Kpyra |(| < 1 siBjsiercst peryiasipHbIM

U J06ABJIEHO TOJILKO U3 cOOOpazKeHuii cuMMEeTpuu 1o oTHoeHuio K gpopmyse (8). o

no3posiger obpaszoBarb HOBYIO pyHKIUIO0 2§V () ToOro xke Buga (8) ¢ HOMOIILIO HPOCTOM

3aMeHBl A — A"V
dew(() — ZO(<)|,\_>)\new , Anew >\€d0+d’, (25)
Tak, uro cymma byrkunii w (¢) u 2zo(¢) ocraercs HEM3MEHHOI:

2(Q) = 20(¢) + w (§) = 27(C) +w"™(¢). (26)

3. q)OpMaJ'II/IBaI.II/ISI NTepanmuoHHOIo IIpoIlrecca

Beenem obosnauenne Go(o, \), Fy(o, \) 15 BEIUUCISIEMBIX B 3aMKHYTOM BHJIE TIPO-

MN3BOJHBIX
def . d dzo)‘
: o, In
L BN ( 2

def . dzo

Go(o,\) = e

a TakIKe CJenyomee 0003HAYEHNE

def dz

= Go(o,\) + Zbke . b = ke (27)

Torma ¢ yuerom npezacrasienus (17) ypasuenue (15) MOXKHO Tepenucarh B UTEpa-
muoHHOM Buje (J + 1 — HOMep TekyIueil urepamun)

N

Za(jH cos(ko) =

N
= g ‘G((L )\(]))‘ l08j+1) + Z c(lg) Cos(ko‘) — ReFO(o-, )\(J)) (28)
k=1

Buag A\ u cp, k = 1,...,N c upenpiaymeii j-it urepauuu, u3z ypasrenus (28)

MeToI0M BbIcTpOro auckpernoro npeobpasosanus Pypoe (nanee BIID) naiinem a(,g'H)

s (§+1)-it urepanuun. Koncranra c(()j+1) , XOTS ¥ BXO/IUT B NIPABYIO YaCTh ypaBHEHHUS,
HEM3BECTHA U MOXKET OBITH ONPEJENIeHa U3 TOrO YCJIOBUs, 9TO cpedHee Ha UHMepsase
o € [0,27) or mpaoii 9acTn ypasHerus (28) ¢ HEOOXOAMMOCTBIO JOJKHO OBITH PABHO
HYJIIO BCJIEJICTBHE TOXKzecTBa ag = 0 (cM. mosichennsi kK dbopmyie (16)). O6o3mauas

CpeJHee TOCPeICTBOM (. . .), Haiijaem

N .
< | G(o, )\(j))‘ S c(]g) cos(ko) 4+ ¢ U ReFy (o, )\(j))>

(7+1) k=1

c = — - . 29

0 (G2} .

[Tocne onpenenenns a(,ZH) cpasy Ke HAXOaATCA U KO3PDUIIeHTDI d(gﬂ) , cM. ¢op-

myiy (18). Hanee, B coorBercrBum ¢ (23) BBeneM 0003HAYECHH d§g+1):
N
i+1 j+1 k
dI =37 dVY (+a) (30)

k=1
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U BbIOEpEM KOHCTAHTY WHTEIPUPOBAHUSA d(0j+1) cornacuo npasumiy (21): d(0j+1) _
— —dSZ*l). YuanreiBas npegacrasienus (20), (24), MOKHO BBIMUCATH 33189y /I OMPE-

(j+1)
Jenenns Koapdunuentos by,

N N
Z b(]g+1)€ikg — Go(O', )\(])) exp d(g—i‘l) + Z d(]g‘i‘l)eika' 1| +
k=1 k=1

(7 io io
52—7]1' |: < - c :|7 (31)

eia + « eicr + Oéfl
rie
ﬁu>::Aw>Fxp(dg+n_kd_u+n)__1}, (32)

Bazaua (31) pemaerca meroaom 6bicTporo npeobpasosanus Pypbe, npuueM JOJZKHO

b(()j+1) = 0. Ilocse onpenenenus ko3 burmenTos bgH) ¢ yue-

(5+1)
k

BBIIIOTHATHCA yCJIOBHE

oM dopmyiibl (27) Haitnem ko3 dunueHTsr ¢
merp AU

, a ¢ yuerom dbopmyibl (25) — napa-

Au+¢>:,vﬁexp(dg+n_%d_u+n>, (33)

Tem cambIM AT UTEpannii 3aBEPIIEH.

3a nagaabHOe MpUOINKEHNE BHIONPATIACEH HYJIEBhIE 3HAUEHNS IJIST BCEX NCKOMBIX KO-
spdpummentos: A0 =1, c(ko) =0, k=1,...,N. Kpaesaa 3anaua (1), (2) pemanacn
1o urepanuoHnoii cxeme (28)—(33) B MONyOOpaTHOl MOCTAHOBKE — 331aBAJIUCH TPU TIa-
pameTpa: OTpeAesionuii TapaMeTp € W BCIoMoraTeIbHbIe napameTpsl a, U. B xome
uTeparuii Onpeaeaauch BCe KOIMDPUIUEHTHI C ) = c(,:o), k=0,...,N, u mupuna ka-
Hama \ = )\(00)(5, a,U) na 6ecKOHEYHOCTH cipaBa. BbIX0/| U3 UTepaluoHHOrO IPOLEecca
OCYIIECTBIIAICS TI0 yCTAHOBJICHNUIO HECKOJIBKUX TEPBBIX KOI(DMUIMEHTOB c), a TaKKe
[0 JOCTHXKEHWIO PABEHCTBA dy = d_, 9TO YKBUBAJEHTHO YCTAHOBJICHUIO BEJTUUUHBI \.
TTocte BBIXOA JOTOTHNTEIHHO KOHTPOJIMPOBAIINCH HEeBsI3KN ypapHennii (15) n (20). Pe-
IIeHHe CYUTAJIOCh YJIOBICTBOPUTEILHBIM, eciu HeBa3ku He mnpespiuann 1076, Ilpu N
or 219 10 2'* mrepammonnwiii MmeTon (28)—(33) maeT yIOBAETBOPHTETLHBIE PE3YTbTATHI
pemtenus 3agaun qid o < 0.998 u ¢ > 0.005 (miag «, yJaJeHHBIX OT IIPEIeJIbHOIO
3HauenHns 1, ckazkeM « & 0.5, meroz 3 dekTrBeH n PN MEHBINX €).

OTmeTnM, 9TO JJI CPABHEHWS BBIYACIAINCH TAKYKE W HEBSI3KW HEMOCPEICTBEHHO
ypasuenus (10) ¢ yuerom Boipakenus (11), rue npoussojubie byHKIMNA BHIYUCIATUCH
C TOMOIIIBIO KOHEYHBIX PA3HOCTE HA TOW K€ PAaBHOMEPHOI CeTKe, 4TO MCIOJIb30BaJIaCh
st BIT®. Oka3anock, 9To /11 3HAYeHW TapaMerpa (v, TaJeKuX OT KPUTHIECKOrO 3HA-
YEeHWS, 9TH HEBA3KU HA OJWMH-JBA MOPAIKa 0OJbINe HeBA30K ypasHenuii (15) u (20), HO
BCe-TakW 10CTaTOIHO MaJbl. C IpubanyKEeHneM mapaMeTpa o K KpUTHIeCKOMY 3Hade-
HUIO — eIMHUIE — HeBsI3KK ypasuenus (10) pacTyT ropasio 6bICTpee HEBI30K ypaBHEeHU
(15) u (20), u nmeercsa menblii wHTEpBa 3HadeHnit o € [0.9, 0.999], rae mepBbe yxKe
CyIMEeCTBeHHO npeBbmaioT seanunny 1070, a Bropble Menbiie 310l BeMYHHbBL

Kondmurypanmio KoaTypa my3bipsa I' MOKHO HAATH ¢ TOMOIIBIO TAPAMETPUIECKOTO
ypasHerns (o), y(o), KOTOPOe MOJIydaeTcst pa3eseHneM Ha BEIeCTBEHHYI0 i MHUMYIO
YaCTh BBIPAYKEHUS

, 1 , 1—20 1 : A :
z(e'7) = Py In(e'” — ) + s In(e’ —a™t) — Dy In(e'” 4+ ) +
WL—24N . N
+ T+ 1n(e“7 + Oé_l) + I; cke’k“.

Bnas KOHMUTYPAINIO TY3bIPst, MOYKHO BBIYUCIUTL U €T0 TJIOMAIb B IJIaHe S.
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Bospparasick K mepBoHaYaNbHOI 3a1a9€ 0 TeYeHnn B IpocToM Kanase (A = 1), mo-
KaykeM, KaK MOJIyIUTh BCE ee BeTBHU perieHus. 3ahukcupyem (pu3ndeckuii mapaMmerp €.
B mmpokom uanazone 3HaAYEHUN BCIIOMOTATEIBHBIX TApaMeTpoB «, U MpOBOIMM pac-
gerbl 10 Meromnke (28)—(33) ¢ menwio Buruncienus Ae,a,U) n S(e,a,U). B mpo-
crpaHcTBe iepeMeHHbIX S, U, \ 1uist GUKCHpOBaHHOTO € cTponM moBepxXHOcTh (S, U).
Ceuenne ee MIOCKOCTHIO A = 1 JacT KPUBYIO B TJIOCKOCTH TiepeMeHHbX S, U, KOTO-
pasi i1t (GUKCHPOBAHHOTO € MPEJICTABUT BCE BO3MOYXKHBIE BETBU PEIIeHs, OTBEYAIOIIHE
MPOCTOMY KaHATY.

i nostydyenus JOnosHUTENbHBIX ToYeK nosepxuoctu (S, U), HOMUMO OLUCAHHOMN
BhITe MeTomnku (28)—(33), MOXKHO MCIOTIB30BATH €I1e OIHY, BCIIOMOTaTeIbHYI0 METO-
nuky. O6patumcs k dopuyne (8) s zo(¢). Bemuwannnt A u 2U ! xogaT B KauecTse
craraeMbIx B MHOKHTesb mpn In(¢ + a~1). BeuIo c1e;ano IpeInoIoKenne, 9To m3mMe-
merne \, cormacuo dopmyne (25) paproe A\ = A (e?0td- — 1), MokHO 3aMeHHTDL Ha
u3menenne U Tak, 9TOOBI BBIMOMHAIOCH paBeHcTBO AN = A(2U 1), Jlna storo Haao
B3STh

_
24 UAN

u ganee mpocToii 3amenoit U — UMY nomyunts HOBy dyHKuno zi(() toro xe
Buza (8)

AU U

new new 2U
20 (O = ZO(<)|U—>U“9W ) U = 24+ UM (edo+d, _ 1)'

Mg nosygenus dbopmysibl nepexoza ot dbyskimu w (¢) K Gyukmuu w™W () MoxKHO
HCIO/IB30BATh TO Ke caMoe mosoxkenne (26) o memsmenHoctr cyMmbl w (() + 20(C):

new _ )‘(ed0+d7 - 1) C B a_l
w (C)_W(C)+ At 1n<+0671,
dw™  dw  A(e?oTd- —1) 1 1

i ~ac 2 L‘—a—lua—l '

B coorBercrBuu ¢ 3tuM B nTepannonHoil Metoauke (28)-(33) Hago 3aMeHUTDH 3a/a-

gy (31) ansa onpeenenus koabbUIUEHTOB b(ij) Ha CJIEIYIONTYTO

N N
Z b(ijFl)e'ikU — GO(O‘ | )\(J)) exp d(0j+1) + Z d(]erl)eika 1] +
k=1

k=1

ﬂ(j) elo elo
— | = - = 34
+ 21 |eif —a~l  elo a7l (34)

u BMecTo nepecuera A 1o dpopwmysne (33) nepecuntsisarh U mo dbopmysie
) o2t (9)
G+ - =¥

v 24 UWGRG)T (35)

YucsieHHbIe KCIEPUMEHTH oKaszann sddertnsrocTh MeTomnku (28)—(30), (32),
(34), (35) mrepanmnonHoro permennsi kpaesoit 3amaun (1), (2). Ona mo3BossieT MPOBO-
JUTH pacderbl npu (DUKCUPOBAHHBIX £, (& W A C ONDPEJNEJEHUEM COOTBETCTBYIOIINX
U= U (g,a,\) u S(e,a,)\). Tagas meronuka ymoGHA IIs MOTyYeHHsS TOUECK JTH-
Huit yposHs nosepxuocTn A(S, U), a TakKe JIJIs1 PeIieHusi MepBOHAYaIbHON 381891 JIJIst
npocroro KaHana. OHAKO /10 BHISICHEHWs] XapaKTepa BETBJIEHUS DEIIeHus MOocieTHel
5Ta METOJMKA SIBJISIETCsT BCe-TaKM BCIIOMOraTesibHOi, a Meroanka (28)—(33) — ocHOBHOIA.
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Tabn. 1

« er U € A
0.5 | 0.10 | 1.9162 | 0.0013219 | 1.00000
0.81 | 0.10 | 1.8396 | 0.0036137 | 1.00025
0.99 | 0.10 | 1.7907 | 0.0055457 | 1.00001
0.20 | 0.20 | 1.9768 | 0.0004100 | 1.00118
0.50 | 0.20 | 1.8734 | 0.0027042 | 0.99997
0.81 | 0.20 | 1.7448 | 0.0076199 | 1.00005
0.99 | 0.20 | 1.6770 | 0.0118430 | 0.99999
0.50 | 0.30 | 1.8576 | 0.0040908 | 0.99998
0.81 | 0.30 | 1.6744 | 0.0119105 | 1.00002
0.99 | 0.30 | 1.5890 | 0.0187485 | 0.99980
0.50 | 0.50 | 1.8489 | 0.0068498 | 0.99999
0.99 | 0.50 | 1.4206 | 0.0349517 | 0.99998
0.50 | 1.00 | 1.8453 | 0.0137269 | 0.99999
0.81 | 1.00 | 1.6101 | 0.0412873 | 1.00002
0.99 | 1.00 | 1.3106 | 0.0757705 | 1.00000

Tabmn. 2

«@ er U € A
0.5 0.01 1.6155 | 0.0001568 | 0.77512
0.78 | 0.01 1.2046 | 0.0005117 | 0.37686
0.80 | 0.01 1.1530 | 0.0005623 | 0.29990
0.82 | 0.01 1.1270 | 0.0006045 | 0.25878
0.84 | 0.01 1.1109 | 0.0006436 | 0.23533
0.50 | 0.004 | 1.7953 | 0.0000564 | 0.89209
0.50 | 0.100 | 1.7142 | 0.0014776 | 0.88001
0.50 | 0.150 | 1.5684 | 0.0024224 | 0.77383
0.50 | 0.180 | 1.3878 | 0.0032852 | 0.65342
0.50 | 0.200 | 1.3072 | 0.0038754 | 0.61249
0.50 | 0.220 | 1.2615 | 0.0044174 | 0.59599
0.50 | 0.240 | 1.2322 | 0.0049334 | 0.58968

4. Awmanus pe3yJibTaTOB pacdyeToB

B nepsyio odepenb GbLI0 IPOBEIEHO CPABHEHUE C IPUBEAEHHbIMU B pabore [5] pe-
3yabTaTaMu pacderoB. Hmke mpesicraBieHbl 3HAYEHUS TapamMerpa A, IMOJIyYeHHBIE 110
cxeme (28)—(33), ans riasHoil BerBu pemmenus (tabi. 1) u aas sersn Tansupa (1abm. 2).
IIpu 3TOM HEOGXOAMMO MEpPecTuTaTh € 1Mo dopMyne € = era’U 72, HOCKOIBKY B pa-
Gore [5] s KAMMIISPHOTO MapaMerpa er MCMOJAb30BAIACh Apyras HOpMHpoBKa. Kak
BUJIHO, JIJIS1 TJIABHOI BETBHU DEIIeHNs YCIOBHe A & 1 BOCIIPOM3BOINUTCS € XOPOITeH To4-
HOCTBIO. B TO e BpeMsi HM B OJHOM M3 DACYETHBIX BAPUAHTOB J/is BeTBH TaHBHpAa
ycioBue A &~ 1 He BOCIIPOU3BOIUTCH.

YT00BI MOAYYINTH TIOJNHYI0 KAPTHHY BeTBeil MepBOHAYAIbHON 38191 O CTAlHOHAD-
HOM Ty3bIpe B MPOCTOM KaHaje, Korga A = 1, /s HeCKOJBbKMX 3HA4YeHWH & Oblia
MPOBeJIeHa cepusi pacyeToB Kpaesoii 3axaun (1), (2) mo meroauke (28)—(33) B mmpokom
Jranasone 3uHadenuit o, U ¢ ponosnHeHmeM pacderamu mo Meroauke (28)-(30), (32),
(34), (35). Ha puc. 2, a, 6 B aByx pakypcax npexcrasien sug nosepxuoctu A(U, S)
misa € = 0.02. IloBepxHocTh packpaiiieHa B TOHA CEPOrO I[BeTA: 4eM OOJIbIle BeJu-
YMHA A B TeKyIe# TOUKe, TeM cBeTjiee TOH. IIpOpHCOBaHbI TakyKe TPU JIMHUN YPOBHSI:
A = 0.98 (mrrpuxomas queus), A = 1 (cnomuast auens), A = 1.02 (nyHKTHpHAs
muaus). [ToBepXHOCTH XapakTepnu3yeTcs HaInIHeM HeGOIBIIOr0 rpebHs, IPUBOILIIErO
K HEMOHOTOHHO# 3aBucumoctu U(S) 11d Bcex JUHUI yPOBHS (CM. pHC. 2, a).
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Puc. 2. Bun nosepxmoctu A(U,S) nna ¢ = 0.02. Ha moBepxHOCTH OTMEY€HBI TPU JIMHUH
yposaa: A = 0.98 (mrpuxosas qummsa), A\ = 1 (cnpommas muawma), A = 1.02 (nmyakTupHasa
JIUHASA )

Huig npyrux suadenuii € kayecrBennbie orauunsd Buaa nosepxuoctu A(U,S) MoxKHO
LPOJIEMOHCTPUPOBATH HA NPOEKIUAX JIMHUU ypoBHa A = 1 Ha muockocrs U, S (cwm.
puc. 3). C pocrom € rpebeHb OTOABUTAETCA B CTOPOHY GOJIBINUX 3HAYEHUI S U yMeHb-
[IAeTCs 110 BEJINYUHE, B 9acTHOCTH, 1jist € > (0.054 o BoBCe ncue3aer. C yMEHBITEHUEM &
K TPeOHIO 100aBIIsIeTCs BMAINHA, OMHAKO UX pa3mep BechbMa Majl. COOTBETCTBEHHO, KO-
JIMYECTBO YYACTKOB HEMOHOTOHHON 3aBucumoctn U (S) nnumii ypoBHS yBeJINUNBAETCS,
OJIHAKO OHU CTAHOBHATCS NPAKTHYECKH HEPA3JIUYUMBIME (CM. KPUBYIO, OTBEYAIOLIYIO € =

= 0.005, ua puc. 3).
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Puc. 3. Ilpoeknun gumnn yposust A = 1 ma miockocts U, S nnst 3mauenunit € = 0.005, 0.01,
0.02, 0.035, 0.054

Tenepb MOKHO OTBETUTH HA BOMPOC O KOJIMYECTBE BETBEI PEIeHus TepBOHAYAIBHOMN
3a/1a490 O CTAIMOHAPHOM Iy3bIpe B MPOCTOM KaHase, korga A = 1. Ecau permars ary
3amady npu durcuposanubix U u £, 1o B obsactu mManibix €, a umeruo £ < 0.054,
y pellleHus IOMUMO IJIABHON BeTBU (y4acTOK MOHOTOHHOrO yObiBanus U, HPUMbBIKAO-
muit K obsactu Masbix S) OyAyT U ApyTUE BETBU — OTJEIbHbIE YIACTKH MOHOTOHHOIO
yobiBaHus uan pocra U. DTO HECKOJIHLKO HAMIOMUHAET TOBeIeHNe BeTBU BammeH-Bpeka
[9] perrerns 3aa9M O CTAIMOHAPHOM TIAJIBIIE B KaHAJE, KOTOpast TaKyKe Peraercst Mpu
dukcupoBanabix U u €. B omsimane or 3a71a4u 0 CTAIMOHAPHOM MAJIbIlE, 33/1a9y O CTa-
[IHOHAPHOM IIy3bIPEe B IPOCTOM KAaHAJIE MOXKHO TaKKe PEeIarh Npu (PUKCUPOBAHHBIX S
u ¢. Kak moka3aHO BbINIE, B TAKOW MOCTAHOBKE 337a9a BCErIa UMEET €INHCTBEHHOE
perenre. MOXKHO BBICKA3aTh TPEJNIONOXKEHNe, YTO HafiieHHble B paborax [5, 6] BeTBu
PEITeHst, OTINYHBIE OT TJIABHOM, TPEICTABIISIOT CODO0I Te caMblie He(DU3UITHBIE PEIEHN I,
KOTOpbIE HE YJOBJIETBOPSAIOT yCIOBHUIO OJHOJUCTHOCTH (bu3u4uecKoii miockocru (13).

Haxkomerr, BepHeMcsi K BOIPOCY O TOM, KaK € MATEMATHYECKON TOUKU 3pEHHSA OOb-
SICHUTH (DAKT yCTpaHEHUs] BHIPOXKIEHHOCTH PEIeHUs] 3aa90 MPU yIeTe KAMUIIAPHBIX
cun. Cyenys moruke pasi. 2, JIerko yOemauThCsi, 9To Tpu (PUKCUPOBAHHBIX € > 0, a, U
peIrenre 3a/1a9u MOYKHO MOJIYYUTh TOJBKO TOT/IA, KOT/IA BBIMOTHSIETCS IBA YCJIOBUS

(=xa: R()=0. (36)

Ornocurensro Gyukimn R(() ocHOBHOe rpanndHOe ypasHernue (15) spisiercs nud-
depennmanbuabiM ypasuennem 1-ro mopsigka. IIpon3sost mpyu ero MHTErPUPOBAHNH OTTpe-
JIeJIseTCst TOJIHKO OJTHOW KOHCTaHTOi nuTerprpoBanus. COOTBETCTBEHHO, N3 ABYX YCJIO-
Buit (36), BooOIIE rOBOPSs, MOXKHO yJOBJIETBOPUTH TOJBKO OAHO. EIMHCTBEHHO BO3MOXK-
HBI Ciydail OIHOBPEMEHHOTO YIOBJIETBOPEHUs CPa3y ABYX ycjoBuil (36) — 3o Hajudue
y pereHns CHMMeTPUN OTHOCHTEIHHO BePTUKAJIBLHON OCH, TPOXOIAIIEH Tepe3 cepenHy
My3bIpsi, W, COOTBETCTBEHHO, mpejacTaBuMoctn GbyHKunn R(() B BUE pa3IOkKeHWs B
psn (17) Tonbko no werHbiM cremensM (. Ho, B oramume or mpeanm3mpoBaHHOlN 3a-
Jlavd, y PelleHus HeUIea u3uPOBAHHON 3212491 TaKOH cuMMeTpuu ObITh HE MOXKeT [5].
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CreroBareibHO, OHO U3 yCaoBHil (36) CTAHOBUTCS YCJIOBHEM PA3PEITUMOCTH, KOTO-
poe, cobcTBeHHO, u oTOupaeT onpejeiaentoe 3uadenue U(e,S) B Heueaiu3aupoOBaHHOM
cayJae.

PaGora Beimosnena npu dbunancosoii nogep:kke POOU (mpoext Ne 10-01-00629).

Summary

M.M. Alimov. Numerical Analysis of Solution Branchings of the Hele-Shaw Problem for
Steadily Moving Bubble.

It is well known that a free boundary problem for the bubble steady motion in a Hele-Shaw
cell is nonregular in the limit of zero surface tension. Through this nonregularity a degeneracy
of the solution appears: for a given area of the bubble P.G. Saffman and G.I. Taylor found
a family of exact solutions. S. Tanveer showed that the solution degeneracy is removed by taking
into account the effect of surface tension, but he gave no clear mathematical explanation
for such removal. In addition, S. Tanveer found several branches of the bubble solution.
To find all solution branches, we have defined a modified Hele-Shaw problem by analogy
with J.-M. Vanden-Broeck’s approach to the problem of steady fingers. Numerical solution
of this modified problem has been found. A unique solution has been obtained for a given area
of the bubble. This solution coincides with the main branch of S. Tanveer’s solution. No other
solution branches have been found. An explanation for this disagreement is that S. Tanveer’s
solutions may include the nonunivalent physical plane, while we have found only univalent
solutions. In this paper we give a clear explanation for the reasons of the degeneracy removal
when surface tension is introduced. In the physical plane the flow domain has two characteristic
points: at infinity on the left and at infinity on the right, at which the domain width is assigned.
Both these values have to be defined by single integration of the main boundary equation. With
only one integration constant the two conditions cannot be satisfied because the bubble contour
shape has no fore and aft symmetry. Thus a solvability condition appears.

Key words: free boundary Hele-Shaw problem, surface tension, bubble steady motion,
iterative method.
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