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ÓÄÊ 519.6 Î ÅÄÈÍÑÒÂÅÍÍÎÑÒÈ �ÅØÅÍÈßÂÀ�ÈÀÖÈÎÍÍÎ�Î ÍÅ�ÀÂÅÍÑÒÂÀ ÒÅÎ�ÈÈÑÎÂÌÅÑÒÍÎ�Î ÄÂÈÆÅÍÈß ÏÎÂÅ�ÕÍÎÑÒÍÛÕÈ ÏÎÄÇÅÌÍÛÕ ÂÎÄ Ï�È ÍÅÎÄÍÎ�ÎÄÍÎÌÎ��ÀÍÈ×ÅÍÈÈ È ÍÅÎÄÍÎ�ÎÄÍÛÕÊ�ÀÅÂÛÕ ÓÑËÎÂÈßÕË.Ë. �ëàçûðèíà, Ì.Ô. ÏàâëîâàÀííîòàöèÿ�àññìàòðèâàåìàÿ çàäà÷à îòíîñèòñÿ ê êëàññó çàäà÷ ñ äâîéíûì âûðîæäåíèåì. Õàðàê-òåðíîé îñîáåííîñòüþ ÿâëÿåòñÿ íàëè÷èå íåëîêàëüíîãî êðàåâîãî óñëîâèÿ íà ðàçðåçå îáëà-ñòè. Äîêàçûâàåòñÿ òåîðåìà åäèíñòâåííîñòè ïåðâîé êðàåâîé çàäà÷è äëÿ âàðèàöèîííîãîíåðàâåíñòâà ïðè íåîäíîðîäíîì îãðàíè÷åíèå íà ðåøåíèå.1. Ïîñòàíîâêà çàäà÷è.Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü R2, Π � ðàçðåç, äåëÿùèé Ω íà äâå ñâÿçíûåïîäîáëàñòè, Γ � ãðàíèöà Ω, QT = Ω × (0, T ], ΠT = Π × (0, T ], ΓΠ = Π ∩ Γ. Îáî-çíà÷èì ÷åðåç V, V (0, T ), W (0, T ) áàíàõîâû ïðîñòðàíñòâà �óíêöèé, ïîëó÷åííûåçàìûêàíèåì C∞(Ω) è C∞(0, T ; C∞(Ω)) â ñëåäóþùèõ íîðìàõ

‖u‖V = ‖u‖W 1
p1

(Ω) + ‖u‖W 1
p2

(Π),

‖u‖V (0,T ) = ‖u‖Lp1
(0,T ;W 1

p1
(Ω)) + ‖u‖Lp2

(0,T ;W 1
p2

(Π)),

‖u‖W (0,T ) = ‖u‖V (0,T ) + ‖u‖L∞(0,T ;Lα1
(Ω)) + ‖u‖L∞(0,T ;Lα2

(Π)).Ñîîòâåòñòâåííî, ◦

V (
◦

V (0, T ),
◦

W (0, T )) � çàìûêàíèå �èíèòíûõ �óíêöèé â Ω (QT )â ñîîòâåòñòâóþùåé íîðìå.�àññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè �óíêöèþ u èç ìíîæåñòâà
K =

{
v − uD ∈

◦

W (0, T )

∣∣∣∣ v(x, t) ≥ g(x) ï.â. â QT è íà ΠT

}òàêóþ, ÷òî
T∫

0

〈J(u), · · · 〉∗ dt ∈ (
◦

V (0, T ))∗, (1)
u(x, 0) = u0(x) ï.â. â Ω è íà Π, (2)è äëÿ ëþáîé �óíêöèè v ∈ K ñïðàâåäëèâî íåðàâåíñòâî

T∫

0

{
〈J(u), v − u〉∗ + 〈Lu, v − u〉 + 〈LΠu, v − u〉Π

}
dt ≥

≥

T∫

0

{
〈f1, v − u〉 + 〈f2, v − u〉Π

}
dt. (3)



74 Ë.Ë. �ËÀÇÛ�ÈÍÀ, Ì.Ô. ÏÀÂËÎÂÀÇäåñü J(z(t)) � �óíêöèîíàë, çíà÷åíèå êîòîðîãî ïðè t ∈ [0, T ] íà ýëåìåíòàõ v ∈
◦

Vîïðåäåëÿåòñÿ ïî ïðàâèëó
〈J(z(t)), v〉∗ =

d

dt

(∫

Ω

ϕ1(z(t))v(x) dx +

∫

Π

ϕ2(z(t))v(s) ds

)
,

〈F, v〉∗ � çíà÷åíèå �óíêöèîíàëà F ∈ (
◦

V )∗ íà ýëåìåíòå v ∈
◦

V , 〈f, v〉 ( 〈f, v〉Π ) �çíà÷åíèå �óíêöèîíàëà f ∈ Lp′

1
(0, T ; W−1

p′

1

(Ω)) ( f ∈ Lp′

2
(0, T ; W−1

p′

2

(Π)) ) íà ýëå-ìåíòå v èç ◦

W (0, T ), uD � çàäàííàÿ �óíêöèÿ èç W (0, T )1. Ïðîñòðàíñòâåííûåîïåðàòîðû
L : W 1

p1
(Ω) −→ W−1

p′

1

(Ω), LΠ : W 1
p2

(Π) −→ W−1
p′

2

(Π)îïðåäåëÿþòñÿ ðàâåíñòâàìè
Lu = −

2∑

i=1

∂

∂xi

(
ai(x, u) ki(x,∇u)

)
, LΠu = −

∂

∂s

(
aΠ(x, u)kΠ

(
∂u

∂s

))
,

∂

∂s
� ïðîèçâîäíàÿ ïî íàïðàâëåíèþ s.Òàêîãî òèïà çàäà÷è âîçíèêàþò ïðè ìîäåëèðîâàíèè ïðîöåññà �èëüòðàöèè ïîä-çåìíûõ âîä ñ ó÷åòîì óðîâíÿ âîäû â îòêðûòîì ðóñëå (ñì. íàïðèìåð, [1℄). Â ýòîìñëó÷àå Ω � îáëàñòü, â êîòîðîé ïðîèñõîäèò ïðîöåññ �èëüòðàöèè ïîäçåìíûõ âîä, Πñîîòâåòñòâóåò ðóñëó ðåêè (êàíàëà), u îïðåäåëÿåò âûñîòó ñâîáîäíîé ïîâåðõíîñòèæèäêîñòè.Â ðàáîòå [2℄ äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (1)�(3) ïðè ëþáûõ

f1 ∈ Lp′(QT ), f2 ∈ Lp′(ΠT ), p = min(p1, p2), g ∈ V ∩ Lα1
(Ω), (4)

u0 − uD(0) ∈
◦

V ∩Lα1
(Ω), u0(x) ≥ g(x) ï.â. â Ω è íà Π, (5)åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

• �óíêöèè ϕi � ñòðîãî âîçðàñòàþùèå, ϕi(0) = 0, óäîâëåòâîðÿþùèå ïðè ëþáîì
ξ ∈ R1 íåðàâåíñòâàì

b0i|ξ|
αi − b1i ≤ Φi(ξ) =

ξ∫

0

ϕ′

i(τ)τ dτ ≤ b2i |ξ|
αi + b3i,

b0i > 0, b1i ≥ 0, b2i > 0, b3i ≥ 0, αi > 1,

|ϕi(ξ)| ≤ b4i|ξ|
αi−1 + b5i, b4i > 0, b5i ≥ 0,

• �óíêöèè ai, ki, aΠ, kΠ òàêîâû, ÷òî ïðîñòðàíñòâåííûå îïåðàòîðû L, LΠÿâëÿþòñÿ íåïðåðûâíûìè, îãðàíè÷åííûìè, êîýðöèòèâíûìè, è ïðè ëþáûõ x ∈ Ω,
ξ0, ξ1 ∈ R1, ξ, ξ1, ξ2 ∈ R2 âûïîëíåíû ñîîòíîøåíèÿ

0 < β01 ≤ ai(x, ξ0) ≤ β11, 0 < β02 ≤ aΠ(x, ξ0) ≤ β12, (6)
1Ââåäåíèå �óíêöèè uD îáåñïå÷èâàåò âûïîëíåíèå êðàåâîãî óñëîâèÿ âèäà u(x, t) =

= uD(x, t) ï.â. íà Γ× (0, T ] è íà ΓΠ × (0, T ].
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2∑

i=1

ai(x, ξ0)(ki(x, ξ1) − ki(x, ξ2))(ξ1
i − ξ2

i ) ≥ 0, (7)
(kΠ(ξ0) − kΠ(ξ1))(ξ0 − ξ1) ≥ 0,

|ki(x, ξ)| ≤ β21 + β31

2∑

i=1

|ξi|
p1−1, β21 ≥ 0, β31 > 0, (8)

|kΠ(ξ0)| ≤ β22 + β32|ξ0|
p2−1, β22 ≥ 0, β32 > 0.Â äàííîé ðàáîòå äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(3). Ïðèýòîì èñïîëüçóåòñÿ ìåòîäèêà, ðàçðàáîòàííàÿ íåìåöêèì ìàòåìàòèêîì Ô.Îòòî( ñì. [3, 4℄). 2. Âñïîìîãàòåëüíûå ðåçóëüòàòûÂ ýòîì ïóíêòå ïðèâåäåí ðÿä âñïîìîãàòåëüíûõ ðåçóëüòàòîâ, íåîáõîäèìûõ â äàëü-íåéøåì. Äîêàçàòåëüñòâà ïåðâûõ ÷åòûðåõ ëåìì èìåþòñÿ â [5℄.Ëåììà 1. Ïóñòü �óíêöèè ϕi óäîâëåòâîðÿþò ïåðå÷èñëåííûì âûøå óñëîâèÿì,�óíêöèÿ η è �óíêöèîíàëû Φi

η îïðåäåëåíû ðàâåíñòâàìè





0, z ≤ 0,

z2/2, 0 < z ≤ 1,

z − 1/2, z > 1,

Φi
η(u, v) =

u∫

v

η′(ξ − v) ϕi
′(ξ) dξ ∀u, v ∈ R1, i = 1, 2.Òîãäà ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:

Φi
η(u, v) − Φi

η(ũ, v) ≥ η′(ũ − v)(ϕi(u) − ϕi(ũ)),

Φi
η(u, v) − Φi

η(ũ, v) ≤ η′(u − v)(ϕi(u) − ϕi(ũ)).Ëåììà 2. Ïóñòü ηδ(z) = δη(δ−1z), ηδ(z) = δη(−δ−1z).Òîãäà ïðè δ → 0 èìåþò ìåñòî ñëåäóþùèå ïðåäåëüíûå ñîîòíîøåíèÿ:
Φi

ηδ
(u, v) → (ϕi(u) − ϕi(v))+,

Φi
ηδ

(u, v) → (ϕi(u) − ϕi(v))+, i = 1, 2,ãäå w+ = (|w| + w)/2.Ëåììà 3. Ïóñòü u � ðåøåíèå çàäà÷è (1)�(3), v � ãëàäêàÿ íåîòðèöàòåëüíàÿ�óíêöèÿ. Òîãäà ïðè ε → 0 ñïðàâåäëèâî ïðåäåëüíîå ñîîòíîøåíèå
2∑

i=1

t′∫

0

∫

Ωi

(ϕi(u(εt)) − ϕ(u0))
+

v dx dt −→ 0 ∀t′ ∈ [0, T ].Çäåñü Ω1 = Ω, Ω2 = Π.



76 Ë.Ë. �ËÀÇÛ�ÈÍÀ, Ì.Ô. ÏÀÂËÎÂÀËåììà 4. Ïóñòü äëÿ �óíêöèè u ∈ W (0, T ) âûïîëíåíî óñëîâèå (1), êðîìå òîãî,
u(x, 0) ∈ V ∩ Lα1

(Ω), v � ïðîèçâîëüíàÿ �óíêöèÿ èç V ∩ Lα1
(Ω).Òîãäà äëÿ ëþáîé íåîòðèöàòåëüíîé �óíêöèè γ(x, t) ∈ C∞

0 (−∞, T ; C∞

0 (Ω)) èìå-åò ìåñòî ðàâåíñòâî
T∫

0

〈 J(u) , η′(u − v) γ 〉∗ dt =

2∑

i=1

T∫

0

∫

Ωi

(
Φi

η(u0, v) − Φi
η(u, v)

) ∂ γ

∂ t
dx dt.Ëåììà 5. Ïóñòü u � ðåøåíèå çàäà÷è (1)�(3), �óíêöèÿ γ óäîâëåòâîðÿåò óñëî-âèÿì ëåììû 4.Òîãäà äëÿ ëþáîé �óíêöèè v ∈ V ∩Lα1

(Ω), v ≥ g ï. â. â Ω è íà Π, ñïðàâåäëèâîíåðàâåíñòâî
2∑

i=1

T∫

0

∫

Ωi

(
Φi

η(u0, v) − Φi
η(u, v)

) ∂ γ

∂ t
dx dt +

+

T∫

0

∫

Ω

2∑

i=1

ai(x, u)ki(x,∇u)
∂

∂xi
(η′(u − v)γ) dx dt +

+

T∫

0

∫

Π

aΠ(x, u)kΠ(
∂u

∂s
)

∂

∂s
(η′(u − v)γ) ds dt ≤

≤

T∫

0

〈f1, η
′(u − v)γ〉 dt +

T∫

0

〈f2, η
′(u − v)γ〉Π dt. (9)Äîêàçàòåëüñòâî. Ïîëîæèì z = u − εγη′(u − v), ãäå ε < 1 � ïðîèçâîëüíàÿïîñòîÿííàÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ

εγ(x, t) ≤ 1 ∀(x, t) ∈ QT . (10)Äîêàæåì, ÷òî z ∈ K. Ïðèíàäëåæíîñòü z − uD ïðîñòðàíñòâó ◦

W (0, T ) î÷åâèäíà.Óáåäèìñÿ â òîì, ÷òî
z(x, t) ≥ g(x) (11)ïî÷òè âñþäó â QT è íà ΠT . Ó÷èòûâàÿ, ÷òî η′(0) = 0, îöåíèì �óíêöèþ z ñëåäóþ-ùåì îáðàçîì

z ≥ u + εγη′′(θ(v − u))(v − u), θ ∈ (0, 1). (12)Åñëè â òî÷êå (x, t) v−u ≥ 0, òî èç (12) ñëåäóåò, ÷òî z ≥ u ≥ g. Â ïðîòèâíîì ñëó÷àåèç íåðàâåíñòâà (10) è óñëîâèÿ ëåììû ïîëó÷èì
z ≥ u + (v − u) ≥ v ≥ g.Òàêèì îáðàçîì, íåðàâåíñòâî (11) èìååò ìåñòî äëÿ ïî÷òè âñåõ (x, t) èç QT è ΠT ,òî åñòü z ∈ K.Âûáèðàÿ z â êà÷åñòâå ïðîáíîé �óíêöèè â íåðàâåíñòâå (3), áóäåì èìåòü

−

T∫

0

〈 J(u) , εγη′(u − v) 〉∗ dt −

T∫

0

∫

Ω

2∑

i=1

ai(x, u)ki(x,∇u)
∂

∂xi
(εγη′(u − v)) dx dt−
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−

T∫

0

∫

Π

aΠ(x, u)kΠ(
∂u

∂s
)

∂

∂s
(εγη′(u − v)) ds dt ≥

≥ −

T∫

0

〈f1, εγη′(u − v)〉 dt −

T∫

0

〈f2, εγη′(u − v)〉Π dt.Èç ïîñëåäíåãî íåðàâåíñòâà ïîñëå äåëåíèÿ åãî íà −ε è ëåììû 4 ñëåäóåò íåðàâåíñòâî(9). Ëåììà äîêàçàíà. 3. Òåîðåìà åäèíñòâåííîñòèÒåîðåìà 1. Ïóñòü �óíêöèè ϕi, ai, ki, aΠ, kΠ óäîâëåòâîðÿþò ïåðå÷èñëåííûìâ ï. 1 óñëîâèÿì, êðîìå òîãî, äëÿ ëþáûõ ξ1, ξ2 ∈ R1 èìåþò ìåñòî íåðàâåíñòâà
|ai(x, ξ1) − ai(x, ξ2)| ≤ c1|ξ1 − ξ2|, (13)
|aΠ(x, ξ1) − aΠ(x, ξ2)| ≤ c2|ξ1 − ξ2|. (14)Òîãäà ïðè ëþáûõ fi, u0, g òàêèõ, ÷òî âûïîëíåíû (5), (5), ðåøåíèå çàäà÷è (1)�(3)åäèíñòâåííî.Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî u1, u2 � äâà ðåøåíèÿ çàäà÷è (1)�(3). Â ñèëó ëåììû 5 äëÿ êàæäîãî èç íèõ ñïðàâåäëèâî íåðàâåíñòâî (9). Ïóñòü

γ̃(x, t1, t2) � ïðîèçâîëüíàÿ íåîòðèöàòåëüíàÿ �óíêöèÿ èç C∞

0 ((−∞, T ]2; C∞

0 (Ω)). Çà-ïèøåì (9) äëÿ u1(x, t1), ïîëàãàÿ γ(x, t1) = γ̃(x, t1, t2), η(ξ) = ηδ(ξ), v = u2(x, t2).Ïîëó÷åííîå íåðàâåíñòâî ïðîèíòåãðèðóåì ïî ïàðàìåòðó t2. Çàòåì çàïèøåì (9) äëÿ
u2(x, t2), âûáèðàÿ γ(x, t2) = γ̃(x, t1, t2), η(ξ) = ηδ(ξ), v = u1(x, t1), è ïðîèíòå-ãðèðóåì ïî ïåðåìåííîé t1. Ñêëàäûâàÿ ïîëó÷åííûå íåðàâåíñòâà è ó÷èòûâàÿ, ÷òî
ηδ

′(ξ) = −ηδ
′(−ξ), áóäåì èìåòü

2∑

i=1

T∫

0

T∫

0

∫

Ωi

(
Φi

ηδ
(u0, u2(t2)) − Φi

ηδ
(u1(t1), u2(t2))

)
∂γ̃

∂t1
dx dt1dt2+

+

2∑

i=1

T∫

0

T∫

0

∫

Ωi

(
Φi

ηδ
(u0, u1(t1)) − Φi

ηδ
(u2(t2), u1(t1))

)
∂γ̃

∂t2
dx dt1 dt2+

+

T∫

0

T∫

0

∫

Ω

2∑

i=1

(
aki(u1(t1)) − aki(u2(t2))

)
∂

∂xi

(
ηδ

′(u1(t1) − u2(t2))γ̃

)
dx dt1 dt2+

+

T∫

0

T∫

0

∫

Π

(
akΠ(u1(t1)) − akΠ(u2(t2))

)
∂

∂s

(
ηδ

′(u1(t1) − u2(t2))γ̃

)
ds dt1dt2 ≤

≤

T∫

0

T∫

0

〈f1(t1) − f1(t2), ηδ
′(u1(t1) − u2(t2))γ̃〉 dt1 dt2+

+

T∫

0

T∫

0

〈f2(t1) − f2(t2), η̄
′

δ(u1(t1) − u2(t2))γ̃〉Π dt1 dt2. (15)
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aki(z(t)) = ai(x, z(t))ki(x,∇z(t)), akΠ(z(t)) = aΠ(s, z(t))kΠ

(
∂z(t)

∂s

)
.Äàëåå ðàññìîòðèì ñëàãàåìîå, ñîäåðæàùåå ïðîñòðàíñòâåííûé îïåðàòîð. Èìååì

I =

T∫

0

T∫

0

∫

Ω

2∑

i=1

(
aki(u1(t1)) − aki(u2(t2))

)
∂

∂xi

(
ηδ

′(u1(t1) − u2(t2)γ̃

)
dx dt1 dt2 =

=

T∫

0

T∫

0

∫

Ω

2∑

i=1

ai(x, u1(t1))

(
ki(x,∇u1(t1))−

− ki(x,∇u2(t2))

)
∂

∂xi
(u1(t1) − u2(t2))ηδ

′′(u1(t1) − u2(t2))γ̃ dx dt1 dt2+

+

T∫

0

T∫

0

∫

Ω

2∑

i=1

(
ai(x, u1(t1)) − ai(x, u2(t2))

)
ki(x,∇u2(t2))

∂

∂xi

(
u1(t1)−

− u2(t2)

)
ηδ

′′(u1(t1) − u2(t2))γ̃ dx dt1 dt2+

+

T∫

0

T∫

0

∫

Ω

2∑

i=1

(
aki(u1(t1)) − aki(u2(t2))

)
ηδ

′(u1(t1) − u2(t2))
∂γ̃

∂xi
dx dt1 dt2 =

= I1 + I2 + I3.Èç óñëîâèÿ (7) íà �óíêöèè ki, íåîòðèöàòåëüíîñòè ηδ
′′ è γ̃ ñëåäóåò, ÷òî I1 ≥ 0.Ñëåäîâàòåëüíî,

I ≥ I2 + I3. (16)Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî
Ĩ =

T∫

0

T∫

0

∫

Π

(akΠ(u1(t1)) − akΠ(u2(t2)))×

×
∂

∂s
(ηδ

′(u1(t1) − u2(t2))γ̃) ds dt1dt2 ≥ Ĩ2 + Ĩ3, (17)ãäå
Ĩ2 =

T∫

0

T∫

0

∫

Ω

(aΠ(s, u1(t1)) − aΠ(s, u2(t2))) kΠ

(
∂u(t2)

∂s

)
×

×
∂

∂s
(u1(t1) − u2(t2)) ηδ

′′(u1(t1) − u2(t2))γ̃ ds dt1 dt2,

Ĩ3 =

T∫

0

T∫

0

∫

Ω

(akΠ(u1(t1)) − akΠ(u2(t2))) ηδ
′(u1(t1) − u2(t2))

∂γ̃

∂s
ds dt1 dt2.
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2∑

i=1

T∫

0

T∫

0

∫

Ωi

(
Φi

ηδ
(u0, u2(t2)) − Φi

ηδ
(u1(t1), u2(t2))

)
∂γ̃

∂t1
dx dt1 dt2+

+

2∑

i=1

T∫

0

T∫

0

∫

Ωi

(
Φi

ηδ
(u0, u1(t1)) − Φi

ηδ
(u2(t2), u1(t1))

)
∂γ̃

∂t2
dx dt1 dt2+

+ I2 + I3 + Ĩ2 + Ĩ3 ≤

T∫

0

T∫

0

〈f1(t1) − f1(t2), ηδ
′(u1(t1) − u2(t2))γ̃〉 dt1dt2+

+

T∫

0

T∫

0

〈f2(t1) − f2(t2), η̄
′

δ(u1(t1) − u2(t2))γ̃〉Π dt1 dt2. (18)Â ïîëó÷åííîì íåðàâåíñòâå ñîâåðøèì ïðåäåëüíûé ïåðåõîä ïðè δ → 0. Ïðè îá-îñíîâàíèè ïðåäåëüíîãî ïåðåõîäà â ñëàãàåìûõ, ñîäåðæàùèõ �óíêöèîíàëû Φi
ηδ

èëè
Φi

ηδ
âîñïîëüçóåìñÿ ëåììîé 2 è òåîðåìîé Ëåáåãà î ïðåäåëüíîì ïåðåõîäå ïîä çíàêîìèíòåãðàëà. Â ðåçóëüòàòå ïîëó÷èì

T∫

0

T∫

0

∫

Ωi

Φi
ηδ

(u0, u2(t2))
∂γ̃

∂t1
dx dt1 dt2 →

T∫

0

T∫

0

∫

Ωi

(ϕi(u0) − ϕi(u2(t2)))
+ ∂γ̃

∂t1
dx dt1 dt2,

T∫

0

T∫

0

∫

Ωi

Φi
ηδ

(u0, u2(t2))
∂γ̃

∂t1
dx dt1 dt2 →

T∫

0

T∫

0

∫

Ωi

(ϕi(u0) − ϕi(u2(t2)))
+ ∂γ̃

∂t1
dx dt1 dt2,ãäå i = 1, 2.Èñïîëüçóÿ óñëîâèå (13) è íåðàâåíñòâî (8), îöåíèì I2 ñëåäóþùèì îáðàçîì:

| I2 | ≤ c1β

T∫

0

T∫

0

∫

Ω

2∑

i=1

| u1(t1) − u2(t2) | ηδ
′′(u1(t1) − u2(t2))×

×

(
1 +

2∑

i=1

∣∣∣∣
∂u2(t2)

∂xi

∣∣∣∣
p1−1) ∣∣∣∣

∂

∂xi
(u1(t1) − u2(t2))γ̃

∣∣∣∣ dx dt1dt2, (19)ãäå β = max{β21, β31}. Íåòðóäíî âèäåòü, ÷òî
|z| ηδ

′′(z) =
|z|

δ
η′′

(z

δ

)
≤ 1 ∀z ∈ R1.Ïîýòîìó ïîäûíòåãðàëüíàÿ �óíêöèÿ â ïðàâîé ÷àñòè íåðàâåíñòâà (19) îãðàíè÷åíàèíòåãðèðóåìîé �óíêöèåé. Êðîìå òîãî, ïðè δ → 0

z

δ
η′′

(z

δ

)
→ 0 ï. â. â R1.Òîãäà ïî òåîðåìå Ëåáåãà î ïðåäåëüíîì ïåðåõîäå ïîä çíàêîì èíòåãðàëà

lim
δ→0

I2 = 0.
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η′

δ(ξ) → H(ξ) =

{
1, ξ > 0,

0, ξ ≤ 0,áóäåì èìåòü
lim
δ→0

I3 =

T∫

0

T∫

0

∫

Ω

2∑

i=1

(aki(u1(t1)) − aki(u2(t2))) H(u1(t1) − u2(t2))
∂γ̃

∂xi
dx dt1 dt2.Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî lim

δ→0
Ĩ2 = 0, à

lim
δ→0

Ĩ3 =

T∫

0

T∫

0

∫

Π

(akΠ(u1(t1)) − akΠ(u2(t2)))H(u1(t1) − u2(t2))
∂γ̃

∂s
ds dt1 dt2.Òàêèì îáðàçîì, èç (18) ïðè δ → 0 ïîëó÷èì

−

2∑

i=1

T∫

0

∫

Ωi

(ϕi(u0) − ϕi(u2(t2)))
+

γ̃(x, 0, t2) dx dt2−

−

2∑

i=1

T∫

0

∫

Ωi

(ϕi(u0) − ϕi(u1(t1)))
+ γ̃(x, t1, 0) dx dt1−

−

2∑

i=1

T∫

0

T∫

0

∫

Ωi

(ϕi(u1(t1)) − ϕi(u2(t2)))
+

(
∂γ̃

∂t1
+

∂γ̃

∂t2

)
dx dt1 dt2+

+

T∫

0

T∫

0

∫

Ω

2∑

i=1

(
aki(u1(t1)) − aki(u2(t2))

)
H(u1(t1) − u2(t2))

∂γ̃

∂xi
dx dt1 dt2+

+

T∫

0

T∫

0

∫

Π

(
akΠ(u1(t1)) − akΠ(u2(t2))

)
H(u1(t1) − u2(t2))

∂γ̃

∂s
ds dt1 dt2 ≤

≤

2∑

i=1

T∫

0

T∫

0

∫

Ωi

(fi(t1) − fi(t2))H(u1(t1) − u2(t2)) γ̃ dx dt1 dt2. (20)Äàëåå, ïóñòü γ(x, t) ∈ C∞

0 (−∞, T/2; C∞

0 (Ω)), q ∈ C∞

0 (R1) � íåîòðèöàòåëüíûå�óíêöèè. Êðîìå òîãî, q � ÷åòíàÿ �óíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ
∞∫

−∞

q(ξ)dξ = 1. (21)Â íåðàâåíñòâå (20) âûáåðåì
γ̃(x, t1, t2) =

1

ε
q

(
t1 − t2

ε

)
γ

(
x,

t1 + t2
2

)
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t = t1, τ =

t1 − t2
ε

.Ó÷èòûâàÿ, ÷òî
∂γ̃

∂t1
+

∂γ̃

∂t2
=

1

ε
q

(
t1 − t2

ε

)
∂γ(x, ξ)

∂ξ

∣∣∣∣
ξ=(t1+t2)/2

,íåðàâåíñòâî (20) çàïèøåì â âèäå
5∑

i=1

Yi ≤

2∑

i=1

T/ε∫

−T/ε

min(T,T+ετ)∫

max(0,ετ)

∫

Ωi

(fi(t) − fi(t − ετ))×

× H(u1(t) − u2(t − ετ)) q(τ) γ(x, t − ετ/2) dx dt dτ, (22)ãäå
Y1 = −

2∑

i=1

T/ε∫

0

∫

Ωi

(ϕi(u0) − ϕi(u2(ετ)))
+

q(τ) γ(x, ετ/2) dx dτ,

Y2 = −

2∑

i=1

T/ε∫

0

∫

Ωi

(ϕi(u0) − ϕi(u1(ετ)))
+

q(τ) γ(x, ετ/2) dx dτ,

Y3 = −
2∑

i=1

T/ε∫

−T/ε

min(T,T+ετ)∫

max(0,ετ)

∫

Ωi

(ϕi(u1(t))−

−ϕi(u2(t − ετ)))
+

q(τ)
∂γ

∂t
(x, t − ετ/2) dx dt dτ,

Y4 =

T/ε∫

−T/ε

min(T,T+ετ)∫

max(0,ετ)

∫

Ω

2∑

i=1

(
aki(u1(t)) − aki(u2(t − ετ))

)
H(u1(t)−

− u2(t − ετ)) q(τ)
∂γ

∂xi
(x, t − ετ/2) dx dt dτ,

Y5 =

T/ε∫

−T/ε

min(T,T+ετ)∫

max(0,ετ)

∫

Π

(
akΠ(u1(t)) − akΠ(u2(t − ετ))

)
H(u1(t)−

− u2(t − ετ)) q(τ)
∂γ

∂xi
(x, t − ετ/2) ds dt dτ.Â íåðàâåíñòâå (22) ïåðåéäåì ê ïðåäåëó ïðè ε → 0. Äîêàæåì, ÷òî

Y1 → 0 ïðè ε → 0.
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Y1 = −

2∑

i=1

M∫

0

q(τ)

∫

Ωi

(ϕi(u0) − ϕi(u2(ετ)))
+

γ(x, ετ/2) dx dτ−

−

2∑

i=1

T/ε∫

M

q(τ)

∫

Ωi

(ϕi(u0) − ϕi(u2(ετ)))
+

γ(x, ετ/2) dx dτ ≡ −Y1,1 − Y1,2.Ïîêàæåì, ÷òî êàæäîå Y1,i ìîæåò áûòü ñäåëàíî ñêîëü óãîäíî ìàëûì çà ñ÷åò âûáîðà
M è ε. Ó÷èòûâàÿ, ÷òî (ϕi(u0) − ϕi(u2(ετ)))+ ∈ L∞(0, T/ε; Lαi

(Ωi)), à �óíêöèÿ
γ(x, ετ/2) îãðàíè÷åíà, äëÿ Y1,2 ïîëó÷èì îöåíêó

Y1,2 ≤ c

T/ε∫

M

q(τ) dτ. (23)Óñëîâèå (21) ïîçâîëÿåò âûáðàòü M òàê, ÷òîáû ïðàâàÿ ÷àñòü (23) áûëà íå áîëüøåíàïåðåä çàäàííîé ìàëîé âåëè÷èíû ρ. Çàïèñàâ Y1,1 â âèäå
Y1,1 =

2∑

i=1

M∫

0

q(τ)

∫

Ωi

(ϕi(u0) − ϕi(u2(ετ)))+ (γ(x, ετ/2) − γ(x, 0)) dx dτ+

+

2∑

i=1

M∫

0

q(τ)

∫

Ωi

(ϕi(u0) − ϕi(u2(ετ)))
+

γ(x, 0) dx dτè ó÷èòûâàÿ íåïðåðûâíîñòü �óíêöèé γ, q è ëåììó 3, íåòðóäíî äîêàçàòü ñóùåñòâî-âàíèå òàêîãî ε0, ÷òî
Y1,1 ≤ ρ ∀ε ≤ ε0.Èç âûøåñêàçàííîãî ñëåäóåò, ÷òî Y1 → 0 ïðè ε → 0. Àíàëîãè÷íûé ðåçóëüòàò èìååòìåñòî è äëÿ Y2.Äîêàæåì, äàëåå, ÷òî ïðè ε → 0

Y3 +

2∑

i=1

T∫

0

∫

Ωi

(ϕi(u1) − ϕi(u2))
+ ∂γ

∂t
(x, t) dx dt → 0. (24)Ó÷èòûâàÿ, ÷òî

2∑

i=1

T∫

0

∫

Ωi

(ϕi(u1) − ϕi(u2))
+ ∂γ

∂t
(x, t) dx dt =

=

2∑

i=1

∞∫

−∞

q(τ)

T∫

0

∫

Ωi

(ϕi(u1) − ϕi(u2))
+ ∂γ

∂t
(x, t) dx dt dτ,ïðåäñòàâèì ëåâóþ ÷àñòü ïðåäåëüíîãî ñîîòíîøåíèÿ (24) â âèäå ñóììû ñëåäóþùèõñëàãàåìûõ

A1 =

2∑

i=1

−M∫

−∞

q(τ)

T∫

0

∫

Ωi

(ϕi(u1(t)) − ϕi(u2(t)))
+ ∂γ

∂t
(x, t) dx dt d τ,
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A2 =

2∑

i=1

∞∫

M

q(τ)

T∫

0

∫

Ωi

(ϕi(u1(t)) − ϕi(u2(t)))
+ ∂γ

∂t
(x, t) dx dt dτ,

A3 = −

2∑

i=1

−M∫

−T/ε

q(τ)

min(T,T+ετ)∫

max(0,ετ)

∫

Ωi

(ϕi(u1(t)) − ϕi(u2(t − ετ)))
+ ∂γ

∂t
(x, t−ετ/2) dx dt dτ,

A4 = −

2∑

i=1

T/ε∫

M

q(τ)

min(T,T+ετ)∫

max(0,ετ)

∫

Ωi

(ϕi(u1(t)) − ϕi(u2(t − ετ)))
+ ∂γ

∂t
(x, t−ετ/2) dx dt dτ,

A5 = −

2∑

i=1

M∫

−M

q(τ)

max(0,ετ)∫

0

∫

Ωi

(ϕi(u1(t)) − ϕi(u2(t − ετ)))
+ ∂γ

∂t
(x, t − ετ/2) dx dt dτ,

A6 = −

2∑

i=1

M∫

−M

q(τ)

T∫

min(T,T+ετ)

∫

Ωi

(ϕi(u1(t)) − ϕi(u2(t − ετ)))
+

dx dt dτ,

A7 = −

2∑

i=1

M∫

−M

q(τ)

T∫

0

∫

Ωi

{
(ϕi(u1(t)) − ϕi(u2(t − ετ)))+

∂γ

∂t
(x, t − ετ/2) −

−(ϕi(u1(t)) − ϕi(u2(t)))
+ ∂γ

∂t
(x, t)

}
dx dt dτ.Íåòðóäíî ïîêàçàòü ïî àíàëîãèè ñ ïðåäûäóùèì ñëó÷àåì, ÷òî |Ai|, i = 1, 2, 3, 4ìîãóò áûòü ñäåëàíû ñêîëü óãîäíî ìàëûìè çà ñ÷åò âûáîðà M. ×òî êàñàåòñÿ |A5|,

|A6| , òî èõ çíà÷åíèÿ ìàëû ïðè ìàëîì ε â ñèëó ìàëîñòè ìåðû ìíîæåñòâà, ïî êîòî-ðîìó ïðîâîäèòñÿ èíòåãðèðîâàíèå. �àñïèøåì A7 ñëåäóþùèì îáðàçîì:
A7 =

2∑

i=1

M∫

−M

q(τ)

T∫

0

∫

Ωi

(ϕi(u1(t)) − ϕi(u2(t − ετ)))+
(

∂γ

∂t
(x, t − ετ/2)−

−
∂γ

∂t
(x, t)

)
dx dt dτ +

2∑

i=1

M∫

−M

q(τ)

T∫

0

∫

Ωi

(
(ϕi(u1(t)) − ϕi(u2(t − ετ)))+−

− (ϕi(u1(t)) − ϕi(u2(t)))
+

)
∂γ

∂t
(x, t) dx dt dτ.Ïåðâûé èíòåãðàë ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà ñòðåìèòñÿ ê íóëþ, ïîñêîëü-êó �óíêöèÿ γ � ãëàäêàÿ, à �óíêöèè ϕi(u1) è ϕi(u2) ïðèíàäëåæàò ïðîñòðàíñòâàì

L∞(0, T ; Lαi
(Ωi)). Âòîðîé èíòåãðàë òàêæå ñòðåìèòñÿ ê íóëþ â ñèëó íåïðåðûâíî-ñòè â öåëîì èíòåãðèðóåìûõ ïî Ëåáåãó �óíêöèé. Òàêèì îáðàçîì, ñîîòíîøåíèå (24)äîêàçàíî.Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ïðè ε → 0

Y4 →

T∫

0

∫

Ω

2∑

i=1

(
aki(u1(t)) − aki(u2(t))

)
H(u1(t) − u2(t))

∂γ

∂xi
(x, t) dx dt,
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Y5 →

T∫

0

∫

Π

(
akΠ(u1(t)) − akΠ(u2(t))

)
H(u1(t) − u2(t))

∂γ

∂s
(x, t) ds dt,à ñëàãàåìûå, ñîäåðæàùèå �óíêöèè fi, ñòðåìÿòñÿ ê íóëþ. Â ðåçóëüòàòå ïðè ε → 0èç (22) ïîëó÷èì

−

2∑

i=1

T∫

0

∫

Ωi

(ϕi(u1(t)) − ϕi(u2(t)))
+ ∂γ

∂t
(x, t) dx dt+

+

T∫

0

∫

Ω

2∑

i=1

(
aki(u1(t)) − aki(u2(t))

)
H(u1(t) − u2(t))

∂γ

∂xi
(x, t) dx dt+

+

T∫

0

∫

Π

(
akΠ(u1(t)) − akΠ(u2(t))

)
H(u1(t) − u2(t))

∂γ

∂s
(x, t) ds dt ≤ 0. (25)Äîêàæåì, ÷òî íåðàâåíñòâî (25) èìååò ìåñòî äëÿ ëþáîé �óíêöèè γ(x, t) èç ïðî-ñòðàíñòâà C∞

0 (−∞, T/2; C∞(Ω)). Ñ ýòîé öåëüþ ââåäåì ãëàäêóþ íåîòðèöàòåëüíóþ�óíêöèþ χ(ξ) òàêóþ, ÷òî χ(0) = 0 è χ(ξ) = 1 ïðè ξ ≥ 1. Îáîçíà÷èì ÷åðåç Ωρïðèãðàíè÷íóþ ïîëîñó îáëàñòè Ω øèðèíû ρ. Â êàæäîé òî÷êå x ∈ Ωρ îïðåäåëèìâåêòîð r(x) òàêîé, ÷òî |r(x)| = dist (x, Γ), à x − r(x) ∈ Γ. Îïðåäåëèì �óíêöèþ
χρ(x1, x2) = χ

(
|r|

ρ

)
.Î÷åâèäíî, ÷òî

γ(x, t) = χργ(x, t) + (1 − χρ)γ(x, t).Äëÿ êðàòêîñòè çàïèñè â äàëüíåéøåì îáîçíà÷èì ÷åðåç B(γ) ëåâóþ ÷àñòü íåðàâåí-ñòâà (25). Ïîñêîëüêó χργ ∈ C∞

0 (−∞, T/2; C∞

0 (Ω)), òî ñîãëàñíî (25) èìååò ìåñòîíåðàâåíñòâî
B(χργ) ≤ 0. (26)Äîêàæåì äàëåå, ÷òî

lim sup
ρ→0

B((1 − χρ)γ) ≤ 0. (27)Èìååì
B((1 − χρ)γ) = I1 + I2 + I3 + I4 + I5, (28)ãäå

I1 = −
2∑

i=1

T∫

0

∫

Ωi

(ϕi(u1(t)) − ϕi(u2(t)))
+ ∂γ

∂t
(1 − χρ) dx dt,

I2 =

T∫

0

∫

Ω

2∑

i=1

(
aki(u1(t)) − aki(u2(t))

)
H(u1(t) − u2(t))

∂γ

∂xi
(1 − χρ) dx dt,

I3 =

T∫

0

∫

Π

(
akΠ(u1(t)) − akΠ(u2(t))

)
H(u1(t) − u2(t))

∂γ

∂s
(1 − χρ) ds dt,
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I4 =

T∫

0

∫

Ω

2∑

i=1

(
aki(u1(t)) − aki(u2(t))

)
H(u1(t) − u2(t)) γ

∂

∂xi
(1 − χρ) dx dt,

I5 =

T∫

0

∫

Π

(
akΠ(u1(t)) − akΠ(u2(t))

)
H(u1(t) − u2(t)) γ

∂

∂s
(1 − χρ) ds dt.Èñïîëüçóÿ òåîðåìó Ëåáåãà î ïðåäåëüíîì ïåðåõîäå ïîä çíàêîì èíòåãðàëà è îïðå-äåëåíèå �óíêöèè χρ, íåòðóäíî ïîêàçàòü, ÷òî

lim
ρ→0

Ii = 0, i = 1, 2, 3. (29)Äîêàæåì äàëåå, ÷òî
lim sup

ρ→0
I4 ≤ 0. (30)Èìååì

I4 = −
1

ρ

T∫

0

∫

Ωρ

2∑

i=1

(ai(x, u1(t)) − ai(x, u2(t)))×

× ki(x,∇u1(t))H(u1(t) − u2(t)) γ χ′

(
|r|

ρ

)
∂|r|

∂xi
dx dt−

−
1

ρ

T∫

0

∫

Ωρ

2∑

i=1

ai(x, u2(t)) (ki(x,∇u1(t)) − ki(x,∇u2(t)))×

× H(u1(t) − u2(t)) γ χ′

(
|r|

ρ

)
∂|r|

∂xi
dx dt ≡ I4,1 + I4,2.Âîñïîëüçîâàâøèñü (13) è íåðàâåíñòâîì (8), íåòðóäíî ïîêàçàòü, ÷òî

I4,1 ≤
c

ρ

( T∫

0

∫

Ωρ

|u1 − u2|
p1 dx dt

)1/p1

.Ïðåäñòàâèì Ωρ â âèäå îáúåäèíåíèÿ êîíå÷íîãî ÷èñëà ïîäìíîæåñòâ Ωk
ρ, â êàæäîìèç êîòîðûõ ìîæíî çàäàòü ëîêàëüíóþ äåêàðòîâó ñèñòåìó êîîðäèíàò ñ îñÿìè σk, ξk,óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:1) |(σk, x)R2 | ≤ λρ ∀x ∈ Ωρ, λ > 0 � êîíñòàíòà, îïðåäåëÿåìàÿ îáëàñòüþ Ω ;2) äëÿ ëþáîé òî÷êè x ∈ Ωρ íàéäåòñÿ òî÷êà x∗ ∈ Γ ∩ Ωρ òàêàÿ, ÷òî (ξk, x) =

(ξk, x∗).Òîãäà, ïðîäîëæàÿ �óíêöèþ (u1 − u2) íóëåì âíå Ω, áóäåì èìåòü
|(u1 − u2)(x)| = |(u1 − u2)(x) − (u1 − u2)(x

∗)| =

=

∣∣∣∣

α(x)∫

0

∂(u1 − u2)(x − ν σk)

∂ν
dν

∣∣∣∣ ≤
2λρ∫

0

∣∣∣∣
∂(u1 − u2)(x − ν σk)

∂ν

∣∣∣∣ dν, (31)ãäå α(x) = −(ξk, x) + (ξk, x∗).



86 Ë.Ë. �ËÀÇÛ�ÈÍÀ, Ì.Ô. ÏÀÂËÎÂÀÈñïîëüçóÿ íåðàâåíñòâà �åëüäåðà è (31), íåòðóäíî ïîëó÷èòü îöåíêó
I4,1 ≤

c(λ)ρ1+1/p′

1

ρ

( T∫

0

∫

Ω

2∑

i=1

∣∣∣∣
∂(u1 − u2)

∂xi

∣∣∣∣
p1

dx dt

)1/p1

, p′1 =
p1

p1 − 1
.Èç ïîñëåäíåãî íåðàâåíñòâà è âêëþ÷åíèÿ (u1 − u2) ∈

◦

W (0, T ) ñëåäóåò, ÷òî
lim
ρ→0

I4,1 = 0. (32)�àññìîòðèì I4,2. Ïðåäñòàâèì Ωρ = Ω1
ρ ∪ Ω2

ρ ∪ Ω3
ρ, ãäå

Ω1
ρ =

{
x ∈ Ωρ : u1(x) − u2(x) ≤ 0

}
,

Ω2
ρ =

{
x ∈ Ωρ : u1(x) − u2(x) > 0,

∂(u1 − u2)

∂|r|
≥ 0

}
,

Ω3
ρ =

{
x ∈ Ωρ : u1(x) − u2(x) > 0,

∂(u1 − u2)

∂|r|
< 0

}
.Èçìåðèìîñòü ìíîæåñòâ Ωk

ρ ñëåäóåò èç âêëþ÷åíèÿ u1−u2 ∈
◦

W (0, T ). Â äàëüíåéøåìäëÿ êðàòêîñòè èçëîæåíèÿ îáîçíà÷èì
F (x, t) =

2∑

i=1

ai(x, u2(t))
(
ki(x,∇u1(t)) − ki(x,∇u2(t))

)
γ(x, t)χ′

(
|r|

ρ

)
∂|r|

∂xi
.Çàìåòèì, ÷òî H(u1(x, t) − u2(x, t)) = 0 äëÿ ëþáîãî x ∈ Ω1

ρ, ïîýòîìó
−

1

ρ

T∫

0

∫

Ω1
ρ

F (x, t)H(u1 − u2) dx dt = 0 ∀ρ. (33)Ïîñêîëüêó
2∑

i=1

ai(x, u2(t))
(
ki(x,∇u1(t)) − ki(x,∇u2(t))

)∂(u1(t) − u2(t))

∂xi
=

=
∂(u1(t) − u2(t))

∂|r(x)|

2∑

i=1

ai(x, u2(t))
(
ki(x,∇u1(t)) − ki(x,∇u2(t))

)∂|r(x)|

∂xi
,òî èç óñëîâèÿ (7) ñëåäóåò, ÷òî â òî÷êàõ Ω2

ρ

2∑

i=1

ai(x, u2(t))
(
ki(x,∇u1(t)) − ki(x,∇u2(t))

)∂|r(x)|

∂xi
≥ 0.Ó÷èòûâàÿ, ÷òî H(u1(x, t) − u2(x, t)) = 1 äëÿ ëþáîãî x ∈ Ω2

ρ, áóäåì èìåòü
−

1

ρ

T∫

0

∫

Ω2
ρ

F (x, t) dx dt ≤ 0, ∀ρ. (34)
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lim
ρ→0

1

ρ

T∫

0

∫

Ω3
ρ

F (x, t) dx dt = 0. (35)Ïóñòü Γ3
ρ =

(
Γ ∩ ∂Ω3

ρ

)
. Åñëè Γ3

ρ = ∅, òî ñïðàâåäëèâîñòü (35) î÷åâèäíà. Ïðåä-ïîëîæèì ïîýòîìó, ÷òî Γ3
ρ íå ïóñòî. Äîêàæåì, ÷òî mes (Γ3

ρ) = 0. Ïðåäïîëîæèìîáðàòíîå. Ïóñòü mes (Γ3
ρ) 6= 0. Òàê êàê Γ3

ρ ⊂ Γ è mes (Γ3
ρ) 6= 0, òî íàéäåòñÿ õîòÿáû îäíà òî÷êà x⋆ ∈ Γ3

ρ è ε > 0 òàêèå, ÷òî
Uε(x

⋆) ∩ Ωρ ⊂ Ω3
ρ,ãäå Uε(x

⋆) � îêðåñòíîñòü òî÷êè x⋆ ðàäèóñà ε. Ïóñòü x′ ∈ Uε(x
⋆) ∩ Ωρ òàêîâà, ÷òî

x′ − r(x′) = x⋆. �àññìîòðèì ïîâåäåíèå �óíêöèè
w(x, t) = u1(x, t) − u2(x, t)íà ìíîæåñòâå {x′ − ζr(x′), 0 ≤ ζ ≤ 1}. Îáîçíà÷èì xα = x⋆ + α r(x′). Èìååì

w(xα, t) = w(xα, t) − w(x⋆, t) =

α∫

0

∂w(xξ , t)

∂ξ
dξ =

=

α∫

0

∂w(xξ, t)

∂|r(xξ)|

∂|r(xξ)|

∂ξ
dξ =

α∫

0

∂w(xξ, t)

∂|r(xξ)|
|r(x′)| dξ, (36)òàê êàê äëÿ ëþáîãî ξ ∈ [0, 1] , î÷åâèäíî, èìååò ìåñòî ðàâåíñòâî

|r(x⋆ + ξr(x′))| = ξ|r(x′)|.Ïîñêîëüêó (x⋆ + ξr(x′)) ∈ Ω3
ρ äëÿ âñåõ ξ ∈ (0, 1], òî ïðàâàÿ ÷àñòü (36) îòðèöà-òåëüíà â òî âðåìÿ, êàê ëåâàÿ áîëüøå íóëÿ. Ïîëó÷åííîå ïðîòèâîðå÷èå îçíà÷àåò, ÷òîmes(Γ3

ρ) = 0.Îáîçíà÷èì
S(τ) =

{
x ∈ Ω3

ρ : dist(x, Γ) = τ
}

.ßñíî, ÷òî mesS(τ) → mesΓ3
ρ ïðè τ → 0. Èìååì

1

ρ

T∫

0

∫

Ω3
ρ

|F (x, t)| dx dt =
1

ρ

T∫

0

ρ∫

0

dτ

∫

S(τ)

|F (x, t)| dξ dt =

=

T∫

0

1∫

0

dτ ′

∫

S(ρτ ′)

|F (x, t)| dξ dt. (37)Ïðàâàÿ ÷àñòü â (37) ñòðåìèòñÿ ê íóëþ, ïîñêîëüêó mes(S(ρτ)) → 0 ïðè ρ → 0.Òàêèì îáðàçîì, (35) èìååò ìåñòî, èç (32)�(35) ñëåäóåò ñïðàâåäëèâîñòü (30). Àíà-ëîãè÷íî äîêàçûâàåòñÿ, ÷òî
lim sup

ρ→0
I5 ≤ 0.



88 Ë.Ë. �ËÀÇÛ�ÈÍÀ, Ì.Ô. ÏÀÂËÎÂÀÈç (29), (30) è ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò (27). Íåðàâåíñòâà (26), (27) îáåñ-ïå÷èâàþò ñïðàâåäëèâîñòü íåðàâåíñòâà (25) äëÿ ëþáîé íåîòðèöàòåëüíîé �óíêöèè
γ(x, t) èç C∞

0 (−∞, T/2; C∞(Ω)). Âûáèðàÿ â (25) γ(x, t) = γ(t), ïîëó÷èì
−

2∑

i=1

T∫

0

∫

Ωi

(ϕi(u1) − ϕi(u2))
+ dγ(t)

dt
dx dt ≤ 0. (38)ßñíî, ÷òî (38) áóäåò èìåòü ìåñòî è äëÿ ëþáîé íåîòðèöàòåëüíîé �óíêöèè

γ(t) ∈ W 1
∞

(0, T/2), γ(T/2) = 0. Âûáåðåì â (38)
γ(t) =

{
t∗ − t, 0 ≤ t < t∗,

0, t ≥ t∗,ãäå t∗ ∈ [0, T/2]. Â ðåçóëüòàòå áóäåì èìåòü
t∗∫

0

∫

Ω

(ϕ1(u1) − ϕ1(u2))
+ dx dt +

t∗∫

0

∫

Π

(ϕ2(u1) − ϕ2(u2))
+ ds dt ≤ 0.Èç ïîñëåäíåãî íåðàâåíñòâà â ñèëó ìîíîòîííîñòè ϕi è ïðîèçâîëüíîñòè t∗ ñëåäóåò,÷òî u1 ≤ u2 ïî÷òè âñþäó â QT/2. Ïîñêîëüêó �óíêöèè u1, u2 âî âñåõ ðàññóæäåíèÿõìîæíî ïîìåíÿòü ìåñòàìè, òî èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò åäèíñòâåííîñòüðåøåíèÿ çàäà÷è (1)�(3) íà [0, T/2] .×òîáû ïîëó÷èòü åäèíñòâåííîñòü ðåøåíèÿ íà [0, T ], íóæíî çàäà÷ó (1)�(3) ðàñ-ñìîòðåòü íà [0, 2T ], ïîëàãàÿ fi(t) = 0 ïðè t > T. Òåîðåìà äîêàçàíà.SummaryL.L. Glazyrina, M.F. Pavlova. On uniqueness of the solution of a variational inequalityof the 
oupled movement of the underground and surfa
e waters theory with nonhomogeneousbounds and nonhomogeneous boundary 
onditions.The 
onsidered problem is a double degenerate problem. The spe
ial feature of theinvestigated problem is also the nonlo
al boundary 
ondition on the inner slit of the domain.The uniqueness theorem for the �rst boundary value problem for variational inequality withnonhomogeneous bound on the solution is proved.Ëèòåðàòóðà1. Àíòîíöåâ Ñ.Í., Ìåéåðìàíîâ À.Ì. Ìàòåìàòè÷åñêèå ìîäåëè ñîâìåñòíîãî äâèæåíèÿïîâåðõíîñòíûõ è ïîäçåìíûõ âîä. � Íîâîñèáèðñê, 1979. � 80 ñ.2. �ëàçûðèíà Ë.Ë., Ïàâëîâà Ì.Ô. Î ðàçðåøèìîñòè îäíîãî íåëèíåéíîãî ýâîëþöèîííîãîíåðàâåíñòâà òåîðèè ñîâìåñòíîãî äâèæåíèÿ ïîâåðõíîñòíûõ è ïîäçåìíûõ âîä // Èçâ.âóçîâ. Ìàòåìàòèêà. � 1997. � � 4 � Ñ. 20�31.3. Otto F. L-Contra
tion and Uniqueness for Quasilinear Ellipti
-Paraboli
 Equation //Reprinted for Journal of J. Di�erent. Equat. � New York-London: A
ademi
 Press, 1996. �V. 131, No 1. � P. 20�38.4. Otto F. L-Ñontra
tion and Uniqueness for unstationarisaturated-unsaturated porousmedia �ow. // Adv. Math. S
i. Appl. � 1997. � V. 7, No 2. � P. 537�553.5. �ëàçûðèíà Ë.Ë., Ïàâëîâà Ì.Ô. Òåîðåìà î åäèíñòâåííîñòè ðåøåíèÿ îäíîé çàäà÷è òåî-ðèè ñîâìåñòíîãî äâèæåíèÿ ðóñëîâûõ è ïîäçåìíûõ âîä // Èçâ. âóçîâ. Ìàòåìàòèêà. �2000. � � 11. � Ñ. 12�25.
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