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Abstract—We construct an example of a Carnot manifold whose basis vector fields are of class C1

but not of class C2.
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In the paper, we give an example of a Carnot manifold (M,X1,X2,X3) whose basis vector fields are
only of class C1. As a manifold M, we take a neighborhood in R

3.
It is known that a Carnot–Carathéodory space M is a connected Riemannian manifold with a given

subbundle of the tangent bundle TM, called the horizontal subbundle, which generates with the use of
commutation operation the entire tangent bundle TM. Such a description is correct only for sufficiently
smooth vector fields belonging to the horizontal subbundle. In the case when horizontal fields are only of
class C1, another definition takes place [1], which is equivalent to the classical one in the smooth case.
The study of Carnot manifolds with basis vector fields of minimal possible smoothness is motivated
by applications of the theory of Carnot manifolds in neurobiology and robotechnics. For example, it is
known [2–4] that the principle in accordance with which the human brain constructs a part of a closed
black and white image is based on the properties of minimal surfaces in a three-dimensional Carnot
manifold. Manifolds whose basis vector fields are of minimal smoothness were studied in [1, 5–10] (for
the applications of the results of the cited papers, see [11–15]. In particular, the following facts, which
are new in the case of basis vector fields of minimal smoothness, have been established (for smooth
vector fields, these results are classical): A generalized triangle inequality for d∞, the Rashevskii–
Chow theorem [16, 17], the Ball–Box theorem on comparison of the Carnot–Carathéodory metric and
the quasimetric d∞ [1], the Mitchell theorem [18] on the convergence of Carnot–Carathéodory spaces
rescaled with respect to a point u ∈ M to a nilpotent tangent cone, the local Gromov approximation
theorem, and other.

Definition (cf. [1, 19, 20]). Fix a connected N-dimensional Riemannian C∞-manifold M. This
manifold M is called a Carnot–Carathéodory space if, in the tangent bundle TM, there are given a
subbundle HM and a filtration of TM such that HM = H1 ⊆ H2 ⊆ · · · ⊆ HM = TM, where dim Hi =
const for all i = 1, . . . ,M , and, for each point p ∈ M, there exists a neighborhood U ⊂ M with
C1-smooth vector fields X1, . . . ,XN on U such that, at each point v ∈ U :

1) X1(v), . . . ,XN (v) is a basis of TvM;
2) Hi(v) = span {X1(v), . . . ,Xdim Hi

(v)} is a subspace of TvM of dimension dim Hi;
3) [Xi,Xj ](v) =

∑
k:deg Xk≤deg Xi+deg Xj

cijk(v)Xk(v), where the degree deg Xk is defined to be

min{m | Xk ∈ Hm}.
A Carnot–Carathéodory space with the property that
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