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Introduction
In the book by Olver ([1], P. 330) a theorem is given: the symmetry group of a functional of the form

f (x, uα )dx
(0.1)
F [u] =
Ω

is also the symmetry group of the related Euler–Lagrange equation.
It is known [2] that there exist boundary-value problems not admitting variational formulations in the
class of functionals of the form (0.1), but at the same time we can reduce them to variational form using
so-called non-Euler classes of functionals.
Note that symmetry is widely used in qualitative analysis of ﬁnite-dimensional systems [3, 4].
Development of such ideas for inﬁnite-dimensional systems is an actual and interesting problem.
The aim of the paper is to prove that the symmetry group of an arbitrary Gâteaux diﬀerentiable
functional is the symmetry group for the corresponding Euler–Lagrange equations and also to establish
that in the general case non-linear generators of symmetry groups produce a Lie algebra with respect to
the operation of commutator of two generators.
We will follow the notation and terminology given in [5–7].
1. FUNCTIONAL SYMMETRIES AND RELATED ALGEBRAIC STRUCTURES
Consider the operator equation
N (u) = 0,

u ∈ D(N ),

(1.1)

where N : D(N ) ⊂ U → V is a Gâteaux diﬀerentiable operator, U and V are linear normed vector
spaces over the ﬁeld of real numbers R, D(N ) is the domain of deﬁnition of the operator N . We will
require that D(N ) is a convex set, D(N ) = U , and U ⊆ V .
Assume that the operator N of problem (1.1) is potential on D(N ) with respect to a ﬁxed continuous
bilinear form
·, · : V × U → R.
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(1.2)

