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NECESSARY AND SUFFICIENT CONDITIONS
OF SLOW CONVERGENCE OF METHODS
OF SOLVING LINEAR ILL-POSED PROBLEMS

M.Yu. Kokurin and N.A. Yusupova

1. In a Hilbert space H we investigate the linear operator equation
Au=f, we€H, (1)

where A € L(H,H), A* = A >0, |A|| < M. As concerns the right-hand side in (1), we assume that
f € R(A), where R(A) ={v € H :v = Au, u € H}, and the closure R(A) does not coincide with
R(A). Thus, problem (1) is ill-posed (see [1], p.16). It is well-known that for a stable with respect
to errors solution of similar problems one must apply special methods of regularization (see, e.g.,
[1]-[3]). At the same time, many qualitative properties of the behavior of these methods can be
clearly seen even in their application to problems which do not contain errors in data. Therefore in
this article our main attention is devoted to the study of behavior of the methods of regularization
of equation (1) for problems with exact data.

In what follows we consider a class of methods of finding a solution u, of equation (1), which is
the closest to a chosen initial approximation ¢ € H (see [2], p. 28)

Uy = (I —AO(A, ) +0(A, ) f, € (0,a). (2)

Here « is the regularization parameter; 6(\, ) is a piecewise continuous function of A € [0, M]. As
is known (ibid., p. 42), for approximations {u,} produced in accordance with (2) the relation takes
place liH(l) |lta — us|| = 0, where the element u, € U, is defined by the condition

a—

[u = €]l = min{|lu — £ - u € U.},

U, being the set of solutions of equation (1). Since without additional assumptions upon the
solution u, the rate of convergence of u, to w, can be arbitrarily slow, one can obtain estimates
of the rate of convergence which are qualified with respect to « only under a certain restriction of
the class of solutions considered u, in comparison with the whole space H. Additional conditions
upon the solution are frequently formulated as a requirement of sourcewise representability of the
initial discrepancy

u, —& € R(A?), p>0. (3)

The following known propositions show that, under fulfillment of a series of non-rigid conditions
upon a family of generating functions 6(\, «), representation (3), which is sufficient for fulfillment
of power estimates of the convergence rate of approximations (2), is very close to the necessary
one. In the proof of the sufficiency of this proposition the following condition is used.
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