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ÔÎÐÌÅ

Àííîòàöèÿ. Ðàññìîòðåíà ñòðóêòóðà ìíîæåñòâà êóñî÷íî-ìåðîìîðôíûõ ðåøåíèé îäíîðîäíîé
çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ äëÿ ÷åòûðåõìåðíîãî âåêòîðà. Ïîêàçàíî, ÷òî ïðè íàëè÷èè òðåõ
êóñî÷íî-ìåðîìîðôíûõ ðåøåíèé çàäà÷è ìîæåò áûòü ïîñòðîåíà êàíîíè÷åñêàÿ ñèñòåìà ðåøåíèé
çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ è âûäåëåíû êëàññû çàäà÷, ðàçðåøèìûõ â çàìêíóòîé ôîðìå.
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Ïóñòü Γ � ïðîñòîé ãëàäêèé çàìêíóòûé êîíòóð, ðàçáèâàþùèé ïëîñêîñòü êîìïëåêñíîãî
ïåðåìåííîãî íà äâå îáëàñòè D+ è D− (0 ∈ D+, ∞ ∈ D−),

G(t) =


g11(t) g12(t) g13(t) g14(t)
g21(t) g22(t) g23(t) g24(t)
g31(t) g32(t) g33(t) g34(t)
g41(t) g42(t) g43(t) g44(t)

 , ∆(t) = detG(t) 6= 0, t ∈ Γ, (1)

� H-íåïðåðûâíàÿ íà Γ ìàòðèöà-ôóíêöèÿ ÷åòâåðòîãî ïîðÿäêà. Îäíîðîäíàÿ çàäà÷à ëèíåéíî-
ãî ñîïðÿæåíèÿ äëÿ ÷åòûðåõìåðíîãî âåêòîðà (âåêòîðíàÿ çàäà÷à Ðèìàíà�Ãèëüáåðòà) ñîñòîèò
â îòûñêàíèè êóñî÷íî-àíàëèòè÷åñêîé âåêòîð-ôóíêöèè w(z) =

(
w1(z), w2(z), w3(z), w4(z)

)
çà-

äàííîãî ïîðÿäêà íà áåñêîíå÷íîñòè cH-íåïðåðûâíûìè íà Γ ïðåäåëüíûìè çíà÷åíèÿìèw±(t),
ñâÿçàííûìè óñëîâèåì

w+(t) = G(t)w−(t)

èëè â ñêàëÿðíîé ôîðìå óñëîâèÿìè

w1+(t) = g11(t)w
1−(t) + g12(t)w

2−(t) + g13(t)w
3−(t) + g14(t)w

4−(t),

w2+(t) = g21(t)w
1−(t) + g22(t)w

2−(t) + g23(t)w
3−(t) + g24(t)w

4−(t),

w3+(t) = g31(t)w
1−(t) + g32(t)w

2−(t) + g33(t)w
3−(t) + g34(t)w

4−(t),

w4+(t) = g41(t)w
1−(t) + g42(t)w

2−(t) + g43(t)w
3−(t) + g44(t)w

4−(t).

(2)

Êà÷åñòâåííàÿ òåîðèÿ çàäà÷è (2) â êëàññàõ ã¼ëüäåðîâñêèõ ôóíêöèé ëþáîé ðàçìåðíîñòè
èçëîæåíà â [1], à â áîëåå øèðîêèõ êëàññàõ ìàòðèö-ôóíêöèé � â [2]. Îäíàêî èìååòñÿ ñðàâ-
íèòåëüíî íåìíîãî ïðèìåðîâ ìàòðèö-ôóíêöèé, äëÿ êîòîðûõ ðåøåíèå çàäà÷è ìîæåò áûòü
çàïèñàíî â çàìêíóòîé ôîðìå � çàïèñü ðåøåíèÿ çàäà÷è â èíòåãðàëàõ òèïà Êîøè è ðåøåíèÿ
îïðåäåëåííîãî ÷èñëà ëèíåéíûõ àëãåáðàè÷åñêèõ ñèñòåì. Îäíèì èç òàêèõ ïðèìåðîâ ñëóæèò
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ðåøåíèå çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ äëÿ ìåðîìîðôíûõ ìàòðèö-ôóíêöèé â ðàáîòå [3]. Â
ìîíîãðàôèè [2] òàêæå ïðåäëîæåí êîíñòðóêòèâíûé àëãîðèòì ðåøåíèÿ ýòîé çàäà÷è. Â ðàáî-
òå [4] ïðèâåäåí àëãîðèòì ýôôåêòèâíîãî ïîñòðîåíèÿ êàíîíè÷åñêîé ñèñòåìû ðåøåíèé, åñëè
èçâåñòíî n ðåøåíèé çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ òàêèõ, ÷òî îïðåäåëèòåëü, ñîñòàâëåííûé
èç êîìïîíåíò ýòèõ ðåøåíèé, èìååò â ñîîòâåòñòâóþùèõ îáëàñòÿõ êîíå÷íîå ÷èñëî íóëåé. Â
ðàáîòå [5] ïðèâåäåí êîíñòðóêòèâíûé àëãîðèòì ïîñòðîåíèÿ ïðàâîé ôàêòîðèçàöèè Âèíåðà�
Õîïôà íà äåéñòâèòåëüíîé îñè ïî èçâåñòíîìó n − 1 ðåøåíèþ n-ìåðíîé çàäà÷è GΦ+ = Φ−.
Â ñòàòüå àâòîðà [6] óêàçàí ýôôåêòèâíûé ìåòîä ïîñòðîåíèÿ êàíîíè÷åñêîé ñèñòåìû ðåøåíèé
çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ äëÿ n-ìåðíîãî âåêòîðà ïðè íàëè÷èè n − 1 ÷àñòíîãî ðåøå-
íèÿ çàäà÷è è ïðîâåäåíà àíàëîãèÿ ìåæäó òåîðèåé çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ è òåîðèåé
îáûêíîâåííûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Â äàííîé ðàáîòå ïðåäëîæåí ìåòîä
âûäåëåíèÿ êëàññîâ çàäà÷ ëèíåéíîãî ñîïðÿæåíèÿ äëÿ ÷åòûðåõìåðíîãî âåêòîðà, ðàçðåøèìûõ
â çàìêíóòîé ôîðìå.
Ðàñøèðèì êëàññ èñêîìûõ ðåøåíèé çàäà÷è (2), äîïóñêàÿ íàëè÷èå ó íèõ â îáëàñòÿõ D± êî-

íå÷íîãî ÷èñëà ïîëþñîâ. ×åðåçM+ èM− îáîçíà÷èì êëàññû H-íåïðåðûâíûõ íà Γ ôóíêöèé,
ìåðîìîðôíî ïðîäîëæèìûõ â îáëàñòè D+ è D− ñîîòâåòñòâåííî. Êàæäîìó ðåøåíèþ çàäà-
÷è ëèíåéíîãî ñîïðÿæåíèÿ w(z) =

(
w1(z), w2(z), w3(z), w4(z)

)
ïîñòàâèì â ñîîòâåòñòâèå íà-

áîð îïðåäåëåííûõ íà Γ ôóíêöèé (λ1(t), λ2(t), λ3(t), λ4(t)), â êîòîðîì λj(t) = wj+(t)/wj−(t),
j = 1, 4. Ïîëàãàåì, ÷òî êîìïîíåíòà λk ýòîãî íàáîðà ðàâíà òîæäåñòâåííîìó íóëþ, íåîãðà-
íè÷åíà èëè ÿâëÿåòñÿ íåîïðåäåëåííîé, ÷òî ñîîòâåòñòâåííî îáîçíà÷àåòñÿ êàê 0, ∞, 0/0, åñëè
wk+(t) ≡ 0, wk−(t) ≡ 0 èëè wk±(t) ≡ 0; k = 1, 4, t ∈ Γ. Íàáîð, ñîîòâåòñòâóþùèé ðåøåíèþ
çàäà÷è, äëÿ êîòîðîãî wk±(t) 6≡ 0, k = 1, 4, íàçîâåì íåâûðîæäåííûì.

Ïóñòü

wi(z) =
(
w1
i (z), w2

i (z), w3
i (z), w4

i (z)
)
, i = 1, 2, 3, (3)

� ðåøåíèÿ çàäà÷è (2) áåç êîíå÷íûõ ïîëþñîâ, èìåþùèå íà áåñêîíå÷íîñòè ïîðÿäêè ki, i =
1, 2, 3, ñîîòâåòñòâåííî (ïîëîæèòåëüíûé ïîðÿäîê îçíà÷àåò ïîðÿäîê ïîëþñà). Òàêèå ðåøåíèÿ
çàäà÷è ìîãóò áûòü ïîëó÷åíû èç êóñî÷íî-ìåðîìîðôíûõ ðåøåíèé, åñëè ïîñëåäíèå óìíîæèòü
íà ñîîòâåòñòâóþùèå ïîëèíîìû.
Èñêîìóþ êàíîíè÷åñêóþ ñèñòåìó ðåøåíèé çàäà÷è îáîçíà÷èì

vi(z) =
(
v1i (z), v2i (z), v3i (z), v4i (z)

)
, i = 1, 4 (4)

(vi(z) èìååò íà áåñêîíå÷íîñòè ïîðÿäîê (−κi), i = 1, 4). Öåëûå ÷èñëà κi � ÷àñòíûå èíäåêñû
ìàòðèöû-ôóíêöèè (1) áóäåì ñ÷èòàòü óïîðÿäî÷åííûìè ïî óáûâàíèþ κ1 ≥ κ2 ≥ κ3 ≥ κ4

(κ1 + κ2 + κ3 + κ4 = κ = ind detG(t) � ñóììàðíûé èíäåêñ ìàòðèöû-ôóíêöèè (1)).
ÏóñòüX(z)=‖vij(z)‖, i, j = 1, 4, � êàíîíè÷åñêàÿ ìàòðèöà, ñòîëáöû êîòîðîé îáðàçóþò êîì-

ïîíåíòû âåêòîð-ôóíêöèé (4), ∆(z) = detX(z) (G(t) = X+(t)[X−(t)]−1, ∆(t) = ∆+(t)/∆−(t),
t ∈ Γ).
Îáîçíà÷èì ÷åðåç Ωk(z) ìàòðèöó-ôóíêöèþ òðåòüåãî ïîðÿäêà, ïîëó÷àåìóþ èç ïðÿìîóãîëü-

íîé ìàòðèöû-ôóíêöèè Ω(z) = ‖wi
j(z)‖, i = 1, 4, j = 1, 2, 3, ñòîëáöàìè êîòîðîé ñëóæàò êîì-

ïîíåíòû âåêòîð-ôóíêöèé (3), âû÷åðêèâàíèåì ñòðîêè ñ íîìåðîì k = 1, 4.
Èç ðåçóëüòàòîâ ðàáîòû [6] ïðè n = 4 âûòåêàåò

Ïðåäëîæåíèå. Ïóñòü äëÿ ðåøåíèé (3) çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ (1) ïðè íåêîòîðûõ

çíà÷åíèÿõ èíäåêñîâ k è s, k, s = 1, 4, îïðåäåëèòåëü ìàòðèöû-ôóíêöèè Ωk(z) íå îáðàùàåòñÿ
â íóëü â D+ ∪Γ, à îïðåäåëèòåëü ìàòðèöû-ôóíêöèè Ωs(z) íå èìååò íóëåé â Γ∪D− \ {∞}.
Òîãäà êàíîíè÷åñêàÿ ñèñòåìà ðåøåíèé çàäà÷è (2) ìîæåò áûòü ïîñòðîåíà â çàìêíóòîé

ôîðìå.
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Äåéñòâèòåëüíî, ïðåäïîëîæèì, ÷òî ðàçëîæåíèÿ ðåøåíèé (3) ïî ôóíêöèÿì êàíîíè÷åñêîé
ñèñòåìû ðåøåíèé (4) èìåþò âèä

wi(z) =
n∑

j=1

pji (z)vj(z), i = 1, n− 1, (5)

ãäå pji (z), i = 1, 2, 3; j = 1, 4, � íåêîòîðûå ïîëèíîìû.
Îáîçíà÷èì ÷åðåç Ωl(z) ìàòðèöó-ôóíêöèþ ÷åòâåðòîãî ïîðÿäêà, êîòîðàÿ ïîëó÷àåòñÿ ïðè-

ñîåäèíåíèåì ê ìàòðèöå-ôóíêöèè Ω(z) ïåðâîãî ñòîëáöà, ñîñòàâëåííîãî èç êîìïîíåíò âåêòîð-
ôóíêöèè vl(z) =

(
v1l (z), v2l (z), v3l (z), v4l (z)

)
, l = 1, 4. Ïóñòü ∆l(z) = det Ωl(z), à ∆1

k(z) � àëãåá-

ðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ vkl (z) ïåðâîãî ñòîëáöà ìàòðèöû-ôóíêöèè Ωl(z) (∆1
k(z) =

(−1)k+1det Ωk(z)). Òîãäà ∆l(z) =
∑4

k=1 v
k
l (z)∆1

k(z). Ñ äðóãîé ñòîðîíû, ñîãëàñíî ðàçëîæåíè-
ÿì (5)

Ωl(z) =



v1l (z)
4∑

j=1
pj1(z)v

1
j (z)

4∑
j=1

pj2(z)v
1
j (z)

4∑
j=1

pj3(z)v
1
j (z)

v2l (z)
4∑

j=1
pj1(z)v

2
j (z)

4∑
j=1

pj2(z)v
2
j (z)

4∑
j=1

pj3(z)v
2
j (z)

v3l (z)
4∑

j=1
pj1(z)v

3
j (z)

4∑
j=1

pj2(z)v
3
j (z)

4∑
j=1

pj3(z)v
3
j (z)

v4l (z)
4∑

j=1
pj1(z)v

4
j (z)

4∑
j=1

pj2(z)v
4
j (z)

4∑
j=1

pj3(z)v
4
j (z)


=

=


v11(z) v12(z) v13(z) v14(z)
v21(z) v22(z) v23(z) v24(z)
v31(z) v32(z) v33(z) v34(z)
v41(z) v42(z) v43(z) v44(z)



δl1 p11(z) p12(z) p13(z)
δl2 p21(z) p22(z) p23(z)
δl3 p31(z) p32(z) p33(z)
δl4 p41(z) p42(z) p43(z)

 = X(z)Pl(z),

ãäå ÷åðåç Pl(z) îáîçíà÷åíà ïîëèíîìèàëüíàÿ ìàòðèöà â ýòîì ïðåäñòàâëåíèè, à δlk � ñèìâîë
Êðîíåêåðà. Çíà÷èò, ñïðàâåäëèâî ðàâåíñòâî ∆l(z) = ∆(z)pl(z), â êîòîðîì pl(z) � àëãåá-
ðàè÷åñêîå äîïîëíåíèå ýëåìåíòà, ñòîÿùåãî íà ïåðåñå÷åíèè ñòðîêè ñ íîìåðîì l è ïåðâîãî
ñòîëáöà ìàòðèöû Pl(z), ÷òî ïîçâîëÿåò çàïèñàòü ñîîòíîøåíèå, ñâÿçûâàþùåå êîìïîíåíòû
âåêòîð-ôóíêöèè vl(z), l = 1, 4, êàíîíè÷åñêîé ñèñòåìû ðåøåíèé (4) ñ êîìïîíåíòàìè âåêòîð-
ôóíêöèé (3):

pl(z)∆(z) =

4∑
k=1

vkl (z)∆1
k(z), l = 1, 4. (6)

Â ñèëó (6) íà êîíòóðå Γ èìååì

pl(t)∆
+(t) =

4∑
k=1

vk+l (t)∆1+
k (t), (7)

pl(t)∆
−(t) =

4∑
k=1

vk−l (t)∆1−
k (t). (8)

Èç ïîëó÷åííûõ ïðåäñòàâëåíèé, â ÷àñòíîñòè, âûòåêàåò, ÷òî åñëè îäíà èç âåêòîð-ôóíêöèé,
íàïðèìåð v1(z), êàíîíè÷åñêîé ñèñòåìû ðåøåíèé (4) åñòü ëèíåéíàÿ êîìáèíàöèÿ ñ ïîëèíî-
ìèàëüíûìè êîýôôèöèåíòàìè âåêòîð-ôóíêöèé (3), òî ∆1(z) ≡ 0 è p1(z) ≡ 0.
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Äëÿ òîãî ÷òîáû ïîëó÷èòü ïðåäñòàâëåíèå äëÿ ïåðâîé âåêòîð-ôóíêöèè v1(z) êàíîíè÷åñêîé
ñèñòåìû ðåøåíèé (4), äîñòàòî÷íî ðàññìîòðåòü ëèøü ñëó÷àé, êîãäà ðåøåíèÿ (3) óäîâëåòâî-
ðÿþò óñëîâèÿì

∆1+
4 (z) 6= 0, z ∈ D+ ∪ Γ, ∆1−

4 (z) 6= 0, z ∈ Γ ∪D− \ {∞}. (9)

Ê ýòîìó ñëó÷àþ âñåãäà ìîæíî ïðèäòè ïóòåì ïåðåñòàíîâêè êðàåâûõ óñëîâèé (2) è ââåäåíèÿ
íîâûõ îáîçíà÷åíèé äëÿ êîìïîíåíò èñêîìîé âåêòîð-ôóíêöèè w(z), ÷òî ñâîäèòñÿ ê óìíî-
æåíèþ ìàòðèöû-ôóíêöèè (1) ñëåâà è (èëè) ñïðàâà íà ìàòðèöû ïåðåñòàíîâîê ÷åòâåðòîãî
ïîðÿäêà.
Èñêëþ÷àÿ êîìïîíåíòó v4−1 (t) èç ïåðâûõ òðåõ êðàåâûõ óñëîâèé (2), çàïèñàííûõ äëÿ v1(z),

ïðè ïîìîùè ðàâåíñòâà (8) ïðè l = 1 ïðèäåì íà Γ ê çàäà÷å ëèíåéíîãî ñîïðÿæåíèÿ

v1+1 =
g11∆

1−
4 − g14∆

1−
1

∆1−
4

v1−1 +
g12∆

1−
4 − g14∆

1−
2

∆1−
4

v2−1 +
g13∆

1−
4 − g14∆

1−
3

∆1−
4

v3−1 +
g14p1∆

−

∆1−
4

,

v2+1 =
g21∆

1−
4 − g24∆

1−
1

∆1−
4

v1−1 +
g22∆

1−
4 − g24∆

1−
2

∆1−
4

v2−1 +
g23∆

1−
4 − g24∆

1−
3

∆1−
4

v3−1 +
g24p1∆

−

∆1−
4

,

v3+1 =
g31∆

1−
4 − g34∆

1−
1

∆1−
4

v1−1 +
g32∆

1−
4 − g34∆

1−
2

∆1−
4

v2−1 +
g33∆

1−
4 − g34∆

1−
3

∆1−
4

v3−1 +
g34p1∆

−

∆1−
4

.

Îáîçíà÷èì ÷åðåç ωk
ij(z) àëãåáðàè÷åñêîå äîïîëíåíèå ýëåìåíòà ìàòðèöû-ôóíêöèè Ωk(z),

ñòîÿùåãî íà ïåðåñå÷åíèè ñòðîêè ñ íîìåðîì i è ñòîëáöà ñ íîìåðîì j (i, j = 1, 2, 3). Èñ-
ïîëüçóÿ âû÷èñëåíèÿ, ïðîâåäåííûå â ðàáîòå [6] äëÿ ëþáîãî n, â ðàññìàòðèâàåìîì ñëó÷àå îò
ïîëó÷åííîé çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ ïåðåéäåì ê çàäà÷å

v1+1 = −
3∑

j=1

w1+
j ω4−

1j

∆1−
4

v1−1 −
3∑

j=1

w1+
j ω4−

2j

∆1−
4

v2−1 −
3∑

j=1

w1+
j ω4−

3j

∆1−
4

v3−1 +
g14p1∆

−

∆1−
4

,

v2+1 = −
3∑

j=1

w2+
j ω4−

1j

∆1−
4

v1−1 −
3∑

j=1

w2+
j ω4−

2j

∆1−
4

v2−1 −
3∑

j=1

w2+
j ω4−

3j

∆1−
4

v3−1 +
g24p1∆

−

∆1−
4

,

v3+1 = −
3∑

j=1

w3+
j ω4−

1j

∆1−
4

v1−1 −
3∑

j=1

w3+
j ω4−

2j

∆1−
4

v2−1 −
3∑

j=1

w3+
j ω4−

3j

∆1−
4

v3−1 +
g34p1∆

−

∆1−
4

.

Ââåäåì íîâóþ íåèçâåñòíóþ âåêòîð-ôóíêöèþ W(z) =
(
W 1(z),W 2(z),W 3(z)

)
ïðè ïîìîùè

ðàâåíñòâ

W+(z) = V+(z), z ∈ D+, (10)

W−(z) = [Ω4−(z)]−1V−(z), z ∈ D−, (11)

ãäå

V(z) =
(
v11(z), v21(z), v31(z)

)
, (12)
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à êîìïîíåíòû âåêòîð-ôóíêöèè (11) èìåþò âèä

W 1−(z) = −
3∑

j=1

ω4−
j1 (z)vj−1 (z)

∆1−
4 (z)

,

W 2−(z) = −
3∑

j=1

ω4−
j2 (z)vj−1 (z)

∆1−
4 (z)

,

W 3−(z) = −
3∑

j=1

ω4−
j3 (z)vj−1 (z)

∆1−
4 (z)

, z ∈ D−.

(13)

Òîãäà äëÿ ïðåäåëüíûõ çíà÷åíèé íà Γ âåêòîð-ôóíêöèè W(z) ïîëó÷èì çàäà÷ó ëèíåéíîãî
ñîïðÿæåíèÿ

W+(t) = Ω4+(t)W−(t) + f(t), t ∈ Γ, (14)

ñ àíàëèòè÷åñêîé â D+ ìàòðèöåé-ôóíêöèåé

Ω4+(t) =

w1+
1 (t) w1+

2 (t) w1+
3 (t)

w2+
1 (t) w2+

2 (t) w2+
3 (t)

w3+
1 (t) w3+

2 (t) w3+
3 (t)

 ,

îïðåäåëèòåëü êîòîðîé det Ω4+(t) = −∆1+
4 (t) 6= 0, t ∈ Γ, è âåêòîð-ôóíêöèåé

f(t) =

(
g14p1∆

−

∆1−
4

,
g24p1∆

−

∆1−
4

,
g34p1∆

−

∆1−
4

)
.

Òàê êàê âåêòîð-ôóíêöèÿ v1(z) êàíîíè÷åñêîé ñèñòåìû ðåøåíèé (4) äîëæíà èìåòü ñàìûé
íèçêèé èç âîçìîæíûõ ïîðÿäîê íà áåñêîíå÷íîñòè, òî −κ1 ≤ min(k1, k2, k3). Ïîýòîìó ðåøåíèå
çàäà÷è (14) ñîãëàñíî (13) ñëåäóåò èñêàòü â êëàññå ôóíêöèé, îãðàíè÷åííûõ íà áåñêîíå÷íîñòè.
Ïîëàãàÿ íà Γ

W+
1 (t) = [Ω4+(t)]−1W+(t), W−

1 (t) = W−(t), (15)

ïðèäåì â ñèëó (9) ê çàäà÷å �î ñêà÷êå� äëÿ îòûñêàíèÿ êóñî÷íî-àíàëèòè÷åñêîé è îãðàíè÷åííîé
íà áåñêîíå÷íîñòè âåêòîð-ôóíêöèè W1(z) :

W+
1 (t) = W−

1 (t) + g(t), t ∈ Γ, (16)

ñ H-íåïðåðûâíîé âåêòîð-ôóíêöèåé

g(t) = [Ω4+(t)]−1f(t) =

= − p1(t)∆
−(t)

∆1+
4 (t)∆1−

4 (t)

 3∑
j=1

gj4(t)ω
4+
j1 (t),

3∑
j=1

gj4(t)ω
4+
j2 (t),

3∑
j=1

gj4(t)ω
4+
j3 (t)

 . (17)

Òîãäà íà êîíòóðå Γ

W+
1 (t) = P [g(t)]− c, W−

1 (t) = −Q[g(t)] + c,

ãäå P = (I + S)/2, Q = (I − S)/2 (I � åäèíè÷íûé, S � ñèíãóëÿðíûé îïåðàòîðû), à c =
(c1, c2, c3) � ïîñòîÿííûé âåêòîð. Òàêèì îáðàçîì, èç (15), (10), (11) äëÿ ïðåäåëüíûõ çíà÷åíèé
íà Γ ïåðâûõ òðåõ êîìïîíåíò êàíîíè÷åñêîé ñèñòåìû ðåøåíèé (4) ïîëó÷àåì ïðåäñòàâëåíèÿ

V+(t) = Ω4+(t)(P [g(t)]− c), V−(t) = Ω4−(t)(−Q[g(t)] + c). (18)

Ïðåäñòàâëåíèå äëÿ ïîñëåäíåé êîìïîíåíòû v41(z) ñèñòåìû ðåøåíèé (4) ïîëó÷èì èç ñîîò-
íîøåíèé (7), (8) ïðè l = 1.
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Ïîäñòàâëÿÿ íàéäåííîå ïðåäñòàâëåíèå äëÿ v1(z) â êðàåâûå óñëîâèÿ (2), óáåæäàåìñÿ, ÷òî
åãî êîìïîíåíòû ÿâëÿþòñÿ ðåøåíèåì çàäà÷è äëÿ ëþáîãî ïîëèíîìà p1(z). Çíà÷èò, äëÿ îòûñ-
êàíèÿ ïåðâîé âåêòîð-ôóíêöèè êàíîíè÷åñêîé ñèñòåìû ðåøåíèé v1(z) íóæíî ðàñïîðÿäèòüñÿ
íåîïðåäåëåííûìè êîýôôèöèåíòàìè ïîëèíîìà p1(z) è êîìïîíåíòàìè ïîñòîÿííîãî âåêòîðà c
òàê, ÷òîáû âåêòîð-ôóíêöèÿ ñ êîìïîíåíòàìè, îïðåäåëåííûìè èç (17), (18), (7), (8), èìåëà
ñàìûé íèçêèé èç âîçìîæíûõ ïîðÿäîê −κ1 íà áåñêîíå÷íîñòè. Åñëè òàêîé ïîðÿäîê äîñòèãà-
åòñÿ ïðè p1(z) ≡ 0, òî ïåðâàÿ âåêòîð-ôóíêöèÿ êàíîíè÷åñêîé ñèñòåìû ðåøåíèé (4) ñîâïàäåò
ñ îäíèì èç çàäàííûõ ðåøåíèé èëè èõ ëèíåéíîé êîìáèíàöèåé ñ ïîñòîÿííûìè êîýôôèöèåí-
òàìè.
Äëÿ ñòåïåíè s1 ïîëèíîìà p1(z) ìîæåò áûòü ïîëó÷åíà îöåíêà ñâåðõó àíàëîãè÷íî òîìó, êàê

ýòî ñäåëàíî â ðàáîòå [6].
Âåêòîð-ôóíêöèè vj(z), j = 2, 3, 4, êàíîíè÷åñêîé ñèñòåìû ðåøåíèé (4) ñòðîÿòñÿ àíàëîãè÷-

íî èç ñîîòâåòñòâóþùèõ ïðåäñòàâëåíèé (17), (18), (7), (8), â êîòîðûõ êîìïîíåíòû ïîñòîÿí-
íîãî âåêòîðà c ñëåäóåò ñ÷èòàòü ïîëèíîìàìè.

Çàìå÷àíèå. Îãðàíè÷åíèÿ (9) îòíîñÿòñÿ, â îñíîâíîì, ê òåõíè÷åñêîé ñòîðîíå âîïðîñà � ìå-
òîäó ðåøåíèÿ çàäà÷è (14), (10)�(13) è ïîëó÷åíèÿ áîëåå ïðîñòûõ ôîðìóë â ïðåäñòàâëåíèè
(18). Ïðåäëîæåííûé ìåòîä ïîñòðîåíèÿ êàíîíè÷åñêîé ñèñòåìû ðåøåíèé ìîæåò áûòü ðàñïðî-
ñòðàíåí íà ñëó÷àé îáðàùåíèÿ ∆1±

4 (z) â íóëü â ñîîòâåòñòâóþùèõ îáëàñòÿõ ñ èñïîëüçîâàíèåì
ðàáîòû [3], à â êîíå÷íîì ÷èñëå òî÷åê êîíòóðà � ðàáîòû [7].

Ïóñòü w1(z), w2(z) � äâà êóñî÷íî-ìåðîìîðôíûõ ðåøåíèÿ çàäà÷è (2). Âûÿñíèì ñíà÷à-
ëà, êîãäà îíè áóäóò ðåøåíèÿìè ýòîé çàäà÷è ñ îäíèì è òåì æå íåâûðîæäåííûì íàáîðîì
(λ1(t), λ2(t), λ3(t), λ4(t)). Åñëè

λk(t) = wk+
1 (t)/wk−

1 (t) = wk+
2 (t)/wk−

2 (t), k = 1, 4, (19)

òî wk
2(z) = rk(z)wk

1(z), ãäå rk(z), k = 1, 4, � ðàöèîíàëüíûå ôóíêöèè. Ïîäñòàâëÿÿ âûðà-

æåííûå îòñþäà ïðåäåëüíûå çíà÷åíèÿ wk±
2 (t), k = 1, 4, â êðàåâûå óñëîâèÿ (2), çàïèñàííûå

äëÿ w2(z), ïîëó÷èì, ÷òî w1(z) ÿâëÿåòñÿ òàêæå ðåøåíèåì çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ ñ
ìàòðèöåé-ôóíêöèåé

F (t) =


g11(t) g12(t)R1(t) g13(t)R2(t) g14(t)R3(t)

g21(t)
1

R1(t)
g22(t) g23(t)

R2(t)
R1(t)

g24(t)
R3(t)
R1(t)

g31(t)
1

R2(t)
g32(t)

R1(t)
R2(t)

g33(t) g34(t)
R3(t)
R2(t)

g41(t)
1

R3(t)
g42(t)

R1(t)
R3(t)

g43(t)
R2(t)
R3(t)

g44(t)

 ,

ãäå R1(t) = r2(t)/r1(t), R2(t) = r3(t)/r1(t), R3(t) = r4(t)/r1(t). Çíà÷èò, íà êîíòóðå
(F (t)−G(t))w−

1 (t) ≡ 0 èëè
0 g12(t)(R1(t)− 1) g13(t)(R2(t)− 1) g14(t)(R3(t)− 1)

g21(t)
(1−R1(t))

R1(t)
0 g23(t)

(R2(t)−R1(t))
R1(t)

g24(t)
(R3(t)−R1(t))

R1(t)

g31(t)
1−R2(t)
R2(t)

g32(t)
R1(t)−R2(t)

R2(t)
0 g34(t)

R3(t)−R2(t)
R2(t)

g41(t)
1−R3(t)
R3(t)

g42(t)
R1(t)−R3(t)

R3(t)
g43(t)

R2(t)−R3(t)
R3(t)

0

w−
1 (t) ≡ 0.

Ïîýòîìó íà êîíòóðå Γ
det (F (t)−G(t)) ≡ 0.

Ðàññìîòðèì íåêîòîðûå ñëó÷àè, âûòåêàþùèå èç ýòîãî óñëîâèÿ. Ïðåäïîëîæèì, ÷òî äëÿ
èñêîìûõ ðåøåíèé w1(z), w2(z) âûïîëíÿþòñÿ óñëîâèÿ

R1(t) ≡ 1 (r2(t) ≡ r1(t)), R2(t) 6= 1, R3(t) 6= 1, R3(t) 6= R2(t).



ÍÅÊÎÒÎÐÛÅ ÊËÀÑÑÛ ÇÀÄÀ× ËÈÍÅÉÍÎÃÎ ÑÎÏÐßÆÅÍÈß 29

Òîãäà
det (F (t)−G(t)) = (R2(t)− 1)2(R3(t)− 1)2G34

12(t)G
12
34(t),

ãäå ÷åðåçGij
kl(t) îáîçíà÷åí îïðåäåëèòåëü âòîðîãî ïîðÿäêà, ñîñòàâëåííûé èç ýëåìåíòîâ ìàòðè-

öû-ôóíêöèè (1), îñòàâøèõñÿ ïîñëå âû÷åðêèâàíèÿ ñòðîê ñ íîìåðàìè i è j, à òàêæå ñòîëáöîâ
ñ íîìåðàìè k è l. Â ðàññìàòðèâàåìîì ñëó÷àå òîæäåñòâî (F (t)−G(t))w−

1 (t) ≡ 0, t ∈ Γ,
çàïèøåòñÿ â âèäå

g13(t)(R2(t)− 1)w3−
1 (t) + g14(t)(R3(t)− 1)w4−

1 (t) ≡ 0,

g23(t)(R2(t)− 1)w3−
1 (t) + g24(t)(R3(t)− 1)w4−

1 (t) ≡ 0,

g31(t)(1−R2(t))w
1−
1 (t) + g32(t)(1−R2(t))w

2−
1 (t) + g34(t)(R3(t)−R2(t))w

4−
1 (t) ≡ 0,

g41(t)(1−R3(t))w
1−
1 (t) + g42(t)(1−R3(t))w

2−
1 (t) + g43(t)(R2(t)−R3(t))w

3−
1 (t) ≡ 0.

Èç óñëîâèÿ íåâûðîæäåííîñòè íàáîðà (λ1(t), λ2(t), λ3(t), λ4(t)) äëÿ ðåøåíèé w1(z), w2(z)
èç ïåðâûõ äâóõ òîæäåñòâ çàêëþ÷àåì, ÷òî êîýôôèöèåíòû g13(t), g14(t) à òàêæå g23(t), g24(t)
ìîãóò áûòü íóëåâûìè ëèøü îäíîâðåìåííî, è âñþäó íà Γ íå ìîæåò âûïîëíÿòüñÿ íåðàâåíñòâî
G34

12(t) 6= 0. Åñëè æå íà Γ

g13(t) 6≡ 0, g14(t) 6≡ 0, g23(t) 6≡ 0, g24(t) 6≡ 0,

òî îòíîøåíèÿ
g13(t)

g14(t)
,
g23(t)

g24(t)
(20)

äîëæíû áûòü ôóíêöèÿìè êëàññà M−, à îïðåäåëèòåëü

G34
12(t) ≡ 0, t ∈ Γ. (21)

Ïðè g13(t) 6≡ 0, g14(t) 6≡ 0 è g23(t) ≡ 0, g24(t) ≡ 0 èëè g13(t) ≡ 0, g14(t) ≡ 0 è g23(t) 6≡ 0,
g24(t) 6≡ 0 óñëîâèå (21) âûïîëíÿåòñÿ àâòîìàòè÷åñêè, à â (20) òðåáîâàíèå ïðèíàäëåæíîñòè
êëàññó M− äîëæíî âûïîëíÿòüñÿ äëÿ ñîîòâåòñòâóþùåãî îòíîøåíèÿ.
Ïóñòü g13(t) 6≡ 0, g14(t) 6≡ 0. Ïîëàãàÿ

w4−
1 (t) = −g13(t)(R2(t)− 1)

g14(t)(R3(t)− 1)
w3−
1 (t),

ïîñëåäíèå èç äâóõ çàïèñàííûõ òîæäåñòâ ïåðåïèøåì â âèäå

g31(t)w
1−
1 (t) + g32(t)w

2−
1 (t) +

g34(t)g13(t)

g14(t)

R3(t)−R2(t)

R3(t)− 1
w3−
1 (t) ≡ 0,

g41(t)w
1−
1 (t) + g42(t)w

2−
1 (t) + g43(t)

R3(t)−R2(t)

R3(t)− 1
w3−
1 (t) ≡ 0.

(22)

Ïðåäïîëîæèì, ÷òî îïðåäåëèòåëü

G12
34(t) 6= 0, t ∈ Γ. (23)

Ýòî óñëîâèå ïðèâîäèò ê ñîîòíîøåíèÿì

w1−
1 =

(g14g32g43 − g13g34g42)(R3 −R2)

g14G12
34(R3 − 1)

w3−
1 ,

w2−
1 =

(g13g34g41 − g14g31g43)(R3 −R2)

g14G12
34(R3 − 1)

w3−
1 .

(24)

Ïîýòîìó îòíîøåíèÿ

g14g32g43 − g13g34g42
g14G12

34

,
g13g34g41 − g14g31g43

g14G12
34

(25)
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äîëæíû áûòü ôóíêöèÿìè êëàññà M−.
Ñîîòíîøåíèÿ (24) ïîçâîëÿþò ïîñëå îïðåäåëåííûõ âû÷èñëåíèé ïåðåïèñàòü êðàåâûå óñëî-

âèÿ (2):

w1+
1 =

(R3 −R2)(g14g43G
24
34 + g14g13G

12
34 − g13g34G23

34)

(R3 − 1)g14G12
34

w3−
1 ,

w2+
1 =

(R3 −R2)(g14g43G
14
34 + g14g23G

12
34 − g13g34G13

34)

(R3 − 1)g14G12
34

w3−
1 ,

w3+
1 = −G

24
12

g14
w3−
1 ,

w4+
1 = −(R2 − 1)G23

12

(R3 − 1)g14
w3−
1 .

(26)

Òàêèì îáðàçîì, èç (26) âûòåêàåò, ÷òî îòíîøåíèÿ

g14g43G
24
34 + g14g13G

12
34 − g13g34G23

34

G12
34G

24
12

,
g14g43G

14
34 + g14g23G

12
34 − g13g34G13

34

G12
34G

24
12

,
G23

12

G24
12

(27)

äîëæíû áûòü ôóíêöèÿìè êëàññà M+.
Ïóñòü

G24
12(t) 6= 0, g14(t) 6= 0, t ∈ Γ, (28)

è ïðåäñòàâëåíèÿ

G24
12(t) = (G24

12(t))
+(G24

12(t))
−, g14(t) = g+14(t)g

−
14(t), t ∈ Γ, (29)

� ôàêòîðèçàöèè ýòèõ ôóíêöèé. Òîãäà êóñî÷íî-ìåðîìîðôíûå ðåøåíèÿ çàäà÷è (2) w1(z) è
w2(z) ñ îäèíàêîâûì íåâûðîæäåííûì íàáîðîì (19) èìåþò âèä

w1(z) = (w1
1(z), w2

1(z), w3
1(z), w4

1(z)),

w2(z) = (r1(z)w
1
1(z), r1(z)w

2
1(z), r3(z)w

3
1(z), r4(z)w

4
1(z))

(30)

ñ êîìïîíåíòàìè, îïðåäåëÿåìûìè ïî ôîðìóëàì

w1+
1 =

(r4 − r3)(g14g43G24
34 + g14g13G

12
34 − g13g34G23

34)(G
24
12)

+

(r4 − r1)G12
34G

24
12g

+
14

,

w2+
1 =

(r4 − r3)(g14g43G14
34 + g14g23G

12
34 − g13g34G13

34)(G
24
12)

+

(r4 − r1)G12
34G

24
12g

+
14

,

w3+
1 = −s(G24

12)
+

g+14
,

w4+
1 = −(r3 − r1)G23

12(G
24
12)

+

(r4 − r1)G24
12g

+
14

;

(31)
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w1−
1 =

(r4 − r3)(g14g32g43 − g13g34g42)g−14
(r4 − r1)g14G12

34(G
24
12(t))

− ,

w2−
1 =

(r4 − r3)(g13g34g41 − g14g31g43)g−14
(r4 − r1)g14G12

34(G
24
12(t))

− ,

w3−
1 = s

g−14
(G24

12)
− ,

w4−
1 = − (r3 − r1)g13g−14

(r4 − r1)g14(G24
12(t))

−

(32)

(r1, r3, r4, s � ðàöèîíàëüíûå ôóíêöèè).
Åñëè G12

34(t) ≡ 0, íî îäèí èç îïðåäåëèòåëåé∣∣∣∣∣g32 g34
g13
g14

g42 g43

∣∣∣∣∣ èëè

∣∣∣∣∣g31 g34
g13
g14

g41 g43

∣∣∣∣∣
íå îáðàùàåòñÿ â íóëü íà Γ, òî, âûðàæàÿ èç (22) w2−

1 (t) è w3−
1 (t) ÷åðåç w1−

1 (t) â ïåðâîì èëè

w1−
1 (t) è w3−

1 (t) ÷åðåç w2−
1 (t) âî âòîðîì ñëó÷àÿõ, ïðèäåì ê ñêàëÿðíûì çàäà÷àì ëèíåéíîãî

ñîïðÿæåíèÿ, ñâÿçûâàþùèì �ïëþñîâûå� êîìïîíåíòû èñêîìîãî ðåøåíèÿ ñ w1−
1 (t) ñîîòâåò-

ñòâåííî w2−
1 (t). Ðåøåíèå èñõîäíîé çàäà÷è çàïèøåòñÿ ïî ôîðìóëàì, àíàëîãè÷íûì (30)�(32).

Ïðåäïîëîæèì, ÷òî äëÿ ðåøåíèé w1(z), w2(z) âûïîëíÿþòñÿ óñëîâèÿ

R1(t) ≡ R2(t) ≡ 1 (r3(t) ≡ r2(t) ≡ r1(t)), R3(t) 6= 1.

Èç óñëîâèÿ íåâûðîæäåííîñòè íàáîðà (λ1(t), λ2(t), λ3(t), λ4(t)) äëÿ ðåøåíèé w1(z), w2(z) â
ðàññìàòðèâàåìîì ñëó÷àå è óñëîâèÿ detG(t) 6= 0, t ∈ Γ, òîæäåñòâî (F (t)−G(t))w−

1 (t) ≡ 0,
t ∈ Γ, çàïèøåòñÿ â âèäå

g14(t) ≡ g24(t) ≡ g34(t) ≡ 0, g44(t) 6= 0,

g41(t)w
1−
1 (t) + g42(t)w

2−
1 (t) + g43(t)w

3−
1 (t) ≡ 0.

Åñëè íà Γ g41(t) ≡ g42(t) ≡ g43(t) ≡ 0, òî çàäà÷à ýôôåêòèâíîé ôàêòîðèçàöèè ìàòðèöû-
ôóíêöèè (1) ñâîäèòñÿ ê çàäà÷å òàêîé ôàêòîðèçàöèè äëÿ ìàòðèöû-ôóíêöèè òðåòüåãî ïîðÿä-
êà, ðàññìîòðåííîé â ðàáîòå [8]. Ïîýòîìó áóäåì ïðåäïîëàãàòü, ÷òî, íàïðèìåð, êîýôôèöèåíò
g43(t) 6= 0, t ∈ Γ. Òîãäà, âûðàæàÿ èç ïîñëåäíåãî òîæäåñòâà w3−

1 (t), îò êðàåâûõ óñëîâèé (2)
ïðèäåì ê óñëîâèÿì

w1+
1 =

G23
24

g43
w1−
1 +

G23
14

g14
w2−
1 , (33)

w2+
1 =

G13
24

g43
w1−
1 +

G13
14

g14
w2−
1 , (34)

w3+
1 =

G12
24

g43
w1−
1 +

G12
14

g14
w2−
1 , (35)

w4+
1 = g44w

4−
1 . (36)

Åñëè õîòÿ áû îäèí èç îïðåäåëèòåëåé ìàòðèöû-ôóíêöèè çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ
(33),(34) èëè (33), (35), èëè (34), (35) íå îáðàùàåòñÿ â íóëü íà Γ, à ñîîòâåòñòâóþùàÿ ìàòðè-
öà-ôóíêöèÿ ôàêòîðèçóåòñÿ ýôôåêòèâíî, òî ðåøåíèÿ çàäà÷è (2)w1(z) èw2(z) ñ îäèíàêîâûì
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íåâûðîæäåííûì íàáîðîì (19) èìåþò âèä

w+
1 (z) = (w1+

1 (z), w2+
1 (z), w3+

1 (z), g+44(z)),

w−
1 (z) = (w1−

1 (z), w2−
1 (z), w3−

1 (z), 1/g−44(z)),

w2(z) = (r1(z)w
1
1(z), r1(z)w

2
1(z), r1(z)w

3
1(z), r4(z)w

4
1(z)),

ãäå g±44(z) � àíàëèòè÷åñêèå ïðîäîëæåíèÿ ôàêòîðèçàöèîííûõ ìíîæèòåëåé ýëåìåíòà g44(t).
Ñëó÷àé R1(t) ≡ R2(t) ≡ R3(t) ≡ 1 ÿâëÿåòñÿ òðèâèàëüíûì (w2(z) = r(z)w1(z)), ãäå r(z) �

ðàöèîíàëüíàÿ ôóíêöèÿ.
Ñôîðìóëèðóåì ïîëó÷åííûé ðåçóëüòàò â âèäå òåîðåìû.

Òåîðåìà. Äâà ðåøåíèÿ çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ (2) wi(z) =
(
w1
i (z), w2

i (z), w3
i (z), w4

i (z)
)
,

i = 1, 2, áóäóò ðåøåíèÿìè ñ îäíèì è òåìæå íåâûðîæäåííûì íàáîðîì (λ1(t), λ2(t), λ3(t), λ4(t))
(λj(t) = wj+(t)/wj−(t), j = 1, 4), åñëè âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

1) îïðåäåëèòåëü (21) � òîæäåñòâåííûé íóëü íà Γ, îòíîøåíèÿ (25) è îäíî èç îòíîøå-

íèé (20) � ôóíêöèè êëàññà M−, à îòíîøåíèÿ (27) � ôóíêöèè êëàññà M+; åñëè âûïîëíåíû

íåðàâåíñòâà (28), òî ðåøåíèÿ çàïèñûâàþòñÿ ïî ôîðìóëàì (29), (31);
2) ýëåìåíòû g1j(t), j = 1, 2, 3, � òîæäåñòâåííûå íóëè íà Γ, à îäíà èç çàäà÷ ëèíåéíîãî

ñîïðÿæåíèÿ (33), (34) èëè (33), (35), èëè (34), (35) äîïóñêàåò ðåøåíèå â çàìêíóòîé ôîðìå;
3) w2(z) = r(z)w1(z), ãäå r(z) � ðàöèîíàëüíàÿ ôóíêöèÿ.

Äëÿ ðåøåíèÿ çàäà÷è (2) â çàìêíóòîé ôîðìå ñîãëàñíî ñäåëàííîìó ïðåäëîæåíèþ äîñòà-
òî÷íî óêàçàòü òðè ÷àñòíûõ ðåøåíèÿ çàäà÷è, äëÿ êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ (9). Â
êà÷åñòâå òàêèõ ðåøåíèé ìîæíî âçÿòü, íàïðèìåð, ðåøåíèå (31),(32) è ðåøåíèÿ wi(z) =(
w1
1(z), s2iw

2
1(z), s3iw

3
1(z), s4iw

4
1(z)

)
, i = 1, 2, ãäå skj , j = 1, 2, k = 2, 3, 4, � ðàöèîíàëüíûå

ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ

s31 − s21
s41 − s21

=
s32 − s22
s42 − s22

.
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S.N.Kiyasov

Some classes of linear conjugation problems for a four-dimensional vector that are solvable

in closed form

Abstract. We consider the structure of the set of piecewise meromorphic solutions for a homoge-
neous linear conjugation problem for a four-dimensional vector. We show that in the presence of
three piecewise meromorphic solutions to the linear conjugation problem it is possible to construct
a canonical system of solutions to the linear conjugation problem and distinguish some classes of
problems that are solvable in closed form.

Keywords: matrix-function, linear conjugation problem, factorization.
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