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Abstract—We obtain the Almansi decomposition for the second-order partial diﬀerential operators
with constant coeﬃcients. This decomposition is used for constructing a polynomial solution to the
Dirichlet problem.
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1. INTRODUCTION
The following remarkable assertion stated by E. Almansi [1] is well known: If f (x) is a semiharmonic
function of order m in a star domain Ω centered at the origin of coordinates, then there exist unique functions f1 (x), . . . , fm (x) harmonic in Ω such that f (x) = f0 (x) + |x|2 f1 (x) + · · · + |x|2(m−1) fm−1 (x). In
the paper [2] one proves the existence of inﬁnite Almansi decompositions. M. Nicolescu [3] obtained
the Almansi decomposition for a class of operators of two variables including the heat-conduction
operator. In the paper [4] we obtained Almansi decompositions for diﬀerential operators in the form
∂2
∂2
n
∆λ = λ1 ∂x
2 + · · · + λn ∂x2 , λk ∈ R \ {0}, in a bounded star domain Ω ⊂ R . In this paper we prove
n
1
∞

n
|x|2k
the existence of Almansi-type decompositions f (x) =
A uk (x), x ∈ Ω ⊂ R , in a star domain Ω
k=1

for any solution of the equation Lm (D)f (x) = 0 with ﬁnite m, where L(D) = (A∇, ∇) is a secondorder operator, A is an n × n nondegenerate symmetric matrix, |x|2A = (A−1 x, x), and uk (x) are some
classical solutions to the equation L(D)u(x) = 0 in the domain Ω uniquely deﬁned with the help of a
given function f (x). The obtained decomposition is applied for constructing polynomial solutions to the
Dirichlet problem for the equation L(D)u(x) = P (x).
2. CONSTRUCTION OF A NORMED SYSTEM OF FUNCTIONS
Let us use the method developed in [4] for studying Almansi-type decompositions. This method
is based on the notion of an f -normed system of functions {fk (x) : k ∈ N} with respect to a linear
diﬀerential operator L in a domain Ω. This means that the system of functions {fk (x) : k ∈ N} in the
domain Ω satisﬁes the conditions
(∗)
Lf1 (x) = f (x); Lfk (x) = fk−1 (x), k ≥ 2.
In what follows we use systems of functions with property (∗). One has constructed normed systems of
functions for the Laplace operator in star domains in [5], and for the wave operator and the Dunkl one in
[6].
Let u ∈ C 2 (Ω) be a classical solution to the second-order diﬀerential equation with constant
coeﬃcients
n

L(D)u(x) ≡

aj i
i,j=1
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x ∈ Ω ⊂ Rn ,

(1)

