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Abstract

We give a definition of Petrov category Petrov-NC-Einst of noncommutative Einstein
spaces NC-FEinst, which is used for construction of noncommutative topological quantum field
theory (NC TQFT). We suggest extensions of these ideas, which may be useful for further
development of NC TQFT, and apply them to higher dimensions.
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Introduction

The subjects of the noncommutative Einstein spaces, double category and TQFT
have been studied in [1-10]. In [3, 11] some noncommutative geometric aspects of twisted
deformations were described, and it was shown that the universal enveloping algebra of
vector fields can be deformed in two different ways:

o U=,

This is a Hopf algebra [11] defined by deforming the structure functions of UZ:
wkv = F (W) Fa(o),
Avu) =u®1+R" @ Ralu),
ex(u) = e(u) =0,
Se(u) = —R"(u)Ra,
where R” (u) is the usual Lie derivative of u along the vector field R .

There is a natural action of Z, on the algebra of functions A, given in terms of the
usual undeformed Lie derivative,

s

Ly(h) = [ (u)(fa(h),

which can be extended to U=, .
The x-Lie algebra of vector fields Z, is generating the Hopf algebra UZ, .

o U=
We have the following structure maps:

uwrv=u-v,
S7(u) = S(u),
e (u) = e(u),

A7 (u) = FA(u)F L.



236 S.S. MOSKALIUK

However, UZ, and UZ” turn out to be isomorphic Hopf algebras.
The star-connection V* is defined to satisfy the following axioms:

Viiwz=Viz+ V2,
VhauV = h*VZUa (1)
Vi(h*v) = LE(R) xv+ R (h)* V

Fa(w)
where u,v and z are vector fields. Next, we define connection coefficients by
V48, =T, % 0,,

using the basis {5“} The action of the covariant derivative on a one-form can be
obtained employing the star-dual pairing of a vector field v with a one-form w,

VZ <U,W >4= £Z<U,’w>* = <vzvaw>* + <E0‘(v)’ v% (u)w>*a

which equivalently can be written as

(v, Viw)s = Lo () (Ra(v), w)x = (Ve (Ra (), ) (2)

For a given metric
g = g * dz" ®, d2”,

the connection that leaves it invariant is called a Levi- Civita connection:
* f—
V5,9 =0.
For general twist F~! = e fa, torsion and curvature tensors are given by [3]
T(u,v)=V,v— V%a(ﬂ)Ra(u) — [u, vl.,

R(u,v,z) = R(u,v)z =V, Viz— V%

Ra(y)V

Fa)? ™ Vw7

It is enough to calculate the tensor on a basis (‘1, because of the tensorial property, i.e.
T(u,v) = u” *T(gl,, 5M) * vk,
In this frame, the star-connection is given by
Viu = LX) %0y, + R (u”) * Ra(2)" * Iy, * Do (3)

We will need to compute the components of the curvature tensor in this base. They can
be expressed in the following way:

Rijp' = (R(D; é;j,é\k), dz"),.
Consequently, we have for the deformed Ricci tensor

%
Rij = Rijk .

Classical Einstein spaces have a Ricci tensor proportional to the metric. In the
noncommutative case, we are looking for spaces satisfying the same property:

Rij = cgij,

where ¢ is some constant.
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1. Noncommutative Einstein spaces

1.1. Weyl—Moyal plane Rj. The metric is the usual Minkowski or Euclidean
one; the twist is Abelian [11]:

F =exp (% 0" 0, ® &,) ,
where 0" = —@"# € R. The covariant derivative is given by
Viu=2""x0,(u")x 0y + 2" % u” x T, x 05 . (4)

In a first step, let us show that the choice I'],, = 0 is a good choice and renders the

affine connection to be a Levi—Civita connection. Thus, the expression for the covariant

derivative (4) becomes
Viu=2z"%0,(u") *0,.

Let us show that the axioms (1) are satisfied:
Vo2 = (w+v)" %x0,(2") %0, = V32 + V32, (5)

Visu? = (h* ut) x 0, (v") % 0y = hx (u¥ x 90" % 0,) = h*x Vv, (6)

Vi (hxv) =u" % 0u(h*xv") %0, = Ly(h) xv+u" x hx (0,0") %0, =
= L5(h)x v+ R (h) * Ra(ul) % (9,0") x 8, =

= L5(h)xv+R"(h) « V%

o) V- (7)

In a next step, we show that the curvature and torsion vanish. The torsion is given by

T(9y,0,) = V50, — V30, — [0, 0] = 0,

©w

since the Christoffel symbols are all zero and the derivatives commute. Similarly, we see
that the curvature tensor also vanishes:

R(D,,05,0,) = ViV, — Vi

Ra(aﬁ)v7 0y — V[au,aﬁ]*z =0.

Ra(0y)7H

At last, we consider the covariant derivative of the metric:

V5.9 = V;*t(gaﬁ dz® @ dwﬁ) =
= 0u(gap) dz°® ®. dz” — Jopl'e d? @y dz’ — gop dz® @, I‘gad:p" =0
since we get from the star-dual pairing (2)

V5dz® = =T}, xdz? = 0.

Among these metrics those that are classically Einstein metrics are also shown to
be noncommutative Einstein metrics.
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1.2. R}. The algebra is generated by the coordinates Z',...,7° satisfying the
relations [11]

/x\lx2_q/$\2/x\1, §1/$\4=q_1A4A1,
't =203, 2t =277 (8)
PP =g, TP =¢ 2oz

The coordinate 7% is central. Conjugation is given by

551* :ES’ 53\2* :fél’ 53\3* :f3,
Hence, the twist (for symmetrical ordering) reads
ih

f:exp(2

(X1 ®x2—Xx2® Xl)) ) 9)

where x1 and ys are the following commuting vector fields:
X1 = I282 - I484, X2 = $181 — $585.

Thus, we have for the inverse R matrix

R™! :Ea@)ﬁa :fa?ﬁ(g)fa?ﬁ =

k—1 — !
5 X XP g

_ Z(_l)m-i-k—l (ﬁ)%k <:1> <I;> nem+lym+h— g

1.3. Twisted sphere. The twisted sphere is defined by the relations (8) and the
additional condition [12]

r?=2@'2° +227%) + (%)%

Using stereographic coordinates y*, i = 1,2, 4,5, the metric is given by
N 472 . .

9= gy <Gl Sy,

where

In order to simplify the notation, we introduce the following definitions. For the vector
fields, let us define

yiai'

t; = yi oy =

note that here no summation over the index ¢ is implied. Hence, we write for the twist
ih
F =exp (—E@ijti ® tj) R
with

Yij = —Pji = —Pij’,
p12 =1, @i = @i =0,
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and i’ = 6 — i. Furthermore, let us introduce P;; and its square,

ih
Pij = exp <5%‘j) . ai; =P
Using these definitions, we can write for the metric

X i j 4r? ; j
g =Y giydy ®. dy’ = s S CyPydyt @ dy. (10)
i i

The Levi- Civita connection can be obtained by demanding vanishing torsion and van-
ishing covariant derivative of the metric. The former condition reads

F:jk = q”F;‘Zk
The latter condition then leads to

. 1
Fijk _ §glk (Qijajgil + aiglj — algji) . (11)

As a result, the universal connection is the same as in the undeformed case:
vV =V. (12)

The converse is also true: assuming (12), we obtain (11) for the connection coefficients.
Similarily, we obtain for the Riemann curvature:

R* =R,
and in terms of components
R* = R}y, "dy’ @ dy’ @. dy* @. O,
Rij = %Q (91i9jk — ik 13 9ik:) -

Now let us consider a possible transformation between 5d theta-deformed plane (see
Subsection 1.1.) and a 5d g-deformed one (see Subsection 1.2.). The theta-deformed
space is chosen in the following way: [z;,z;] = i6;; with the coordinate x3 commuting
with all other coordinates and

Then with the map y; = exp(z;) we obtain the correct commutation relations (8).
But unfortunately this map does not respect the complex structure, and the induced
metric seems not to be the proper metric for the g-deformed plane. But another pos-
sible map is from the g-deformed sphere to a plane, via stereographic projection.
Starting with the ¢-deformed sphere: commutation relations (8) and the constraint
r? = 2(x'2® + 2%2%) + (23)?, one defines a map to the plane in the usual way by
y3 =23, y' = (air)/(r —23), i = 1,2,4,5. The induced metric is then given by (10).
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2. Petrov category

Definition 1. A category is a quadruple (Obj, Mor,id, o) consisting of:

(C1) a class Obj of objects;

(C2) a set Mor(A4, B) of morphisms for each ordered pair (A, B) of objects;

(C3) a morphism idy € Mor(A, A) for each object A: the identity of A;

(C4) a composition law associating to each pair of morphisms f € Mor(A, B) and
g € Mor(B,C): a morphism go f € Mor(4,C);
which is such that:

(M1) ho(go f) = (hog)o f for all f € Mor(A,B), g € Mor(B,C) and
h € Mor(C, D);

(M2) idgof = foida = f for all f € Mor(A, B);

(M3) the sets Mor(A, B) are pairwise disjoint.

Definition 2. The category Petrov-NC-Einst. Objects of the category Petrov-
NC-Einst are noncommutative Einstein spaces NC Einst defined in Subsection 1.1.—
1.3. by the induced metric (10). For morphisms s, t ( NC Einst — NC Einst’) we define
a map to the plane in the usual way by y® = 2, v = (z%r)/(r — 2?), i = 1,2,4,5.
A product of such morphisms of the category Petrov-INC-Einst is again a morphism
of the category Petrov-NC-Einst. So, the category Petrov-NC-Einst is well defined.

The author is especially grateful to the Russian Academy of Sciences which, in the
framework of the collaboration with the National Academy of Sciences of Ukraine,
co-financed this research by the Joint Grant for Basic Research No 2010.

Pesome

C.C. Mocxkanok. Kareropua A.3. ITerpoBa HEKOMMYTATUBHBIX IIPOCTPAHCTB DUHIITEHHA.

B crarbe mocTpoeHbl HEKOMMYTATHBHBIE TPOCTPAHCTBA DUHINTEHHA, KOTOPHIE ABIAIOTCS
obbekramu B ompesenenun kareropum A.3. IMerposa. Konmennma xareropun A.3. Ilerpo-
Ba MO3BOJISET MOJIYYUTH HEKOMMYTATUBHBIE TOTIOJIOTUYECKUE TEOPUU TIOJIs U UX PACIIUDPEHUS
B MHOTOMEDPHBIX TTPOCTPAHCTBAX.

KiroueBble cjioBa: HEKOMMYTATUBHBIE TIPOCTPAHCTBa JifnmTeiina, kareropusa A.3. ITer-
pPOBa, HEKOMMYTATHBHAS TOMOJOTAIECKas KBAHTOBAS TEOPHUS TOJIS.
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