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Abstract—Let G be a strongly connected, aperiodic, two-out digraph with adjacency matrix A.
Suppose A = R + B are coloring matrices: that is, matrices that represent the functions induced
by an edge-coloring of G. We introduce a matrix A = (R — B) and investigate its properties. A
number of useful conditions involving A which either are equivalent to or imply a solution to the road
coloring problem are derived.
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1. INTRODUCTION

Adler, Goodwyn, and Weiss [1] asked the following question: Suppose you are given a strongly
connected directed graph. Is there a way to label the edges so that a synchronizing instruction exists?
A precise definition of synchronizing instruction will be provided below. In their paper, Adler and his
colleagues showed that aperiodicity of the graph was necessary for such an instruction to exist. The
road coloring problem conjectures that aperiodicity is a sufficient condition as well.

The relationship between edge-colored directed graphs and finite automata is well known. (For the
details, see [2] or [3]). For this paper, all graphs are assumed to be two-out. Thus, an edge-coloring
will induce two transformations on the set of vertices, which we will denote R and B. The semigroup
S = (R, B), generated by R and B under composition is referred to as a coloring semigroup.

We will work almost exclusively in this paper with the standard matrix representation for finite
transformations. That is, the matrix representing R will have a 1 in the ¢, jth component if R maps
i to j. Since no confusion will result, we will denote these matrices as R and B as well. Similarly, the
matrix semigroup generated by R and B will also be S. A knowledge of elementary semigroup theory is
assumed of the reader, all of which can be found in [4].

Definition 1. Let S = (R, B) be a coloring semigroup of a digraph G = (V, E). Any finite transforma-
tion semigroup S has a minimal ideal or kernel K, which consists of the elements of minimal rank. This
common minimal rank is called the rank of the kernel. A synchronizing instruction for an edge-labeled
digraph is any transformation of rank one.

Now unsolved for more than thirty years, there have been a number of recent papers on various
aspects of the problem. Both Carbone [5] and Jonoska and Suen [6] generalize a classic result of O’Brien
[7]- In[8] many earlier results, in particular some interesting results of Friedman [9], were translated into
the language of semigroup theory and the problem was generalized to periodic graphs. Additional work
on the generalized problem can be found in [10] and [11]. An interesting subcase when the adjacency
matrix has both constant row and column sums was solved by Kari in [12]. In[2], Kari and his colleagues
extended these techniques, and showed the importance of finding a labeling whose coloring semigroup
has a structure known as a right group as its kernel, though they did not use this semigroup terminology
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