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| DnemMeHThI IMHEWHOM anreophl.
Jlexyus 1.

Onpeneaurenu.

OmnpenenureneM (IeTepMUHAHTOM) 2'° TIOPSIIKA Ha3bIBACTCS BHIPAKEHHE

_lab |
D= ap, |~ a,b, —a,b,.

OmnpenenureneM (IeTepMHUHAHTOM) 3'° TOPSIIKA Ha3bIBACTCS BHIPAKEHHE
abc,

D= a,b,c,|=ab,c, +a,bc, +a,b,c, —ab,c, —a,b,c, —ab,c,.
a3b3c3

MuHOPOM 3JIEMEHTaA ONpEAETUTENs 3 MOPsIKa Ha3bIBA€TCS ONpPENeIUTeNDb 2"
MOPSAJIKA, MOJYYAOUIMUCS U3 JAHHOTO OIPEACIUTENS B PE3YyJIbTATe BBIYCPKUBAHUSA
CTPOKH U CTOJIOIa, COACPKAIIUX TAHHBINA SJIEMEHT.

B nanpHelimeM s KpaTKOCTU OyJieM TOBOPHUTH, YTO SJEMEHT OMpPEAeTUuTeNs
3aHUMAET YETHOE MECTO, €CIIM CYMMa HOMEPOB €r0 CTPOKHU U €ro CTOJIONA €CTh YUCIIO
YETHOE, U HEYETHOE MECTO, €CIIM 3TAa CyMMa €CTh HEYETHOE YHUCIIO.

AnreOpanyeckuM JOMOJHEHUEM (MUHOPOM CO 3HAKOM) 3JIEMEHTA ONPEASTUTENS
3" mopsiaKka Ha3BIBACTCS MUHOP 3TOTO DJIEMEHTA, B3STHIM CO 3HAKOM +, €CITH DIIEMEHT
3aHUMAET YETHOE MECTO, U CO 3HAKOM —, €CIIA €r0 MECTO HEYETHOE.

B nanpHelieM anredpanyeckue AOMOTHEHUS 3JIEMEHTOB OIpeAenuTens ¢ OyK-
BEHHBIMU 3JIEMEHTAMH YCJIOBUMCSI 0003HA4YaTh COOTBETCTBYIOIIUMU OOJIBIIMMU OYK-
BAMU.

Teopema pasznoxeHus.

Omnpenenurens 3™ mopsaKa paBeH CyMME MAPHBIX IPOM3BEICHHM 2JIEMEHTOB Ka-
KOro-n0o psijia Ha UX alnredpanyecKue TOMOJTHEHUS.

OCHOBHBIE CBOMCTBA OIPEICIIUTENEH.

1. OnpenenuTenab HE MEHSET CBOETO 3HAUYCHHS MPH 3aMEHE BCEX €ro CTPOK
COOTBETCTBYIOIIMMH CTOJIOIIAMHU.
2. [Ipu nmepecTaHoOBKE JBYX NapajjieIbHBIX PSAOB ONPEICIUTENs ero abco-

JIOTHAS BEJIMYMHA COXPaHSICT MPEeKHEe 3HAYCHHUE, a 3HAK MEHSAETCS Ha OOpaTHBIH.
CnencrBue 1. Onpenenuresb, y KOTOPOTro JBa MapajelbHbBIX Psa OJJMHAKOBBI,
PaBEH HYIIIO.
CnenctBue 2. CymMma MHapHBIX MHPOM3BEICHUN 3JIEMEHTOB KaKOIro-in0o psiaa
ONpE/ICNIUTEINSI HA alreOpandeckue JOMOJHEHUSI COOTBETCTBYIOIIMX 3JIEMEHTOB Ia-
pAJIENTBHOTO PsAJia paBHA HYJIIO.



3. OOt MHOXHUTEIb 3JIEMEHTOB KAKOT0-JIMOO Psiia ONPEAEITUTENSI MOKHO
BBIHOCHUTB 32 3HAK OIPEIEIUTEN.

CnencrBue 1. Ecnu Bce aneMeHThI KaKoro-iudo psja OnpeneauTelis paBHbl HY-
JII0, TO OIIPEAEIIUTEIb PABEH HYIIIO.

CnencrBue 2. Ecnu sneMeHTHl Kakoro-iuOo psiia ONpeAenuTeNsl MpornopLuo-
HaJbHBl COOTBETCTBYIOIIUM 3JIEMEHTAM NapaJIEIbHOTO Psfa, TO ONPENEIUTENb pa-
BEH HYJIIO.

4. Ecnu anemeHThl Kakoro-iubo psiia ONnpeaeauTes NpeacTaBiIsioT coOon
CYMMBI 2" cllaraeMbiX, TO ONPEICIUTENIb MOKET OBITh PA3JIOKEH Ha CYMMY JBYX CO-
OTBETCTBYIOILIUX OIPEAEIUTENECH.

CrnencrBue. BenuunHa onpenenurelns He U3MEHUTCS, €CIU K 3JIEMEHTAM KaKOro-
an00 ero psjaa npuOaBUThH YKCIA, MPOMOPLUOHATIBHBIE COOTBETCTBYIOIIMM 3JIEMEH-
TaM MapajuiesIbHOTO Psifia C OAHUM U TeM ke KO3(PPUIMEHTOM MPONOPLHHUOHATIEHOCTH
(9TO TaKk Ha3pIBAEMbIE AIEMEHTAPHBIE TPEOOPa30BaHUS ONPEAEIIUTENS).

DneMeHTapHble TpeoOpa3oBaHus JAlOT YJOOHBIN CIIOCOO BBIYMCIIEHHUS OINpeEse-
murened. C uxX MOMOLIBI0O MOKHO BCE DJIEMEHTBI HEKOTOPOIO Psifa, KpoMe OJHOTO,
CHENaTh HYJIIMH, HE M3MEHSS IIPU 3TOM BEJIMYMHBI onpenenutens. Pasmaras 3atem
ONPENEIIUTEID 10 3JIEMEHTAM ATOTO Psifa, MPUBEAEM JTAHHBIN ONPEIEIUTENb K OAHO-
MY ONPEACIUTEN0 MIIAIIIEr0 MOPSIKA.

Perenvie cucremsl 2 IMHEHHBIX YpaBHEHUH ¢ 2" HEU3BECTHBIMH.

CranapTHBIN BUJI TAKOW CUCTEMBI:

[aix +hiv=e
a,x+ by =

a,b
BBenem onpenenurens cucreMbl D= lbl , @ TaK)Ke JIOTOJHHUTEIBHBIC OIPEICIIH-
aZ 2
c,b C
Tenu D, =| " * ,Dy:all .
CZbZ aZCZ

Ecau D+#0, To cuctemMa uMeeT eAMHCTBEHHOE pelleHne, onpenaensemMoe hopMmy-

namu Kpamepa:
Dx _ Dy

b’ D

Ecau D=0, HO mo kpaitHel Mepe OJIUH U3 JOMOJHHUTEIbHBIX ONpENeuTeNIe He
PaBEH HYJII0, TO CUCTEMa HECOBMECTHA, T.€. HE UMEET HU OJHOTO PEILICHUS.

Ecmn D=D,=Dy=0, T0o cucrema HeolpeneneHHa, T.. UMEET OECKOHEUHOE MHO-
YKECTBO pEIICHU. B 3TOM cilydae 0JIHO U3 YPAaBHEHUM €CTh CJIEICTBUE IPYroro U CH-

CTCMa IIPUBOJIUTCA K OTHOMY YPABHCHHIO, HAIIPUMCED,

X =



a,x+by=c, U UMeeT OECKOHEYHOE MHOKECTBO PEIICHUN:

Cl bl
x=---1y rnae Yy — Npou3BOJIbHOE YUCJIO.
&

Jekyus 2.
Pemenne cucreMbl 3" JIHHEHHBIX YPaBHEeHHIT ¢ 3" HeH3BECTHBIMM.

CrangapTHBIN BUJI TAKOW CUCTEMBI:

ayx+ byyv+ez=dy
arx+ bav+ ez = d
ayx+ byv+c3z=d;

alblcl
Beenem omnpenenurenb CUCTEMBI D =|a,b,c,|, @ TAKXKE JTONOJIHUTEIBHBIE OINpPEE-
a3b303
JIUTCIIN:
dlblcl a1dlcl albldl
D, =|d,b,c,|, D, =a,d,c,|,D, =|a,b,d,|.
d3b3c3 a3d3c3 a3b3d3

Ecmn D#0, To cucteMa uMeeT eAMHCTBEHHOE peIlIeHue, onpenenseMoe hopmy-
namu Kpamepa:
Doy Du, D
D D D
Eciaun D=0, To cuctema uiam HECOBMECTHA WJIM HEOMNPEAEIICHHA U B 3TOM Cydae
CIEeAyeT MPUMEHNUTH MeTo [ aycca.

MeToa nmocJjie10BaTeJIbHOI0 MCKJIYEHNSI HEM3BECTHBIX Faycca.

aix +byy+ciz=d; (— ﬂ) (— ﬂ)

aq aq
a,x+ byt ecz=d, ¢
azx +byy + c3z = dj <

ax+ biv+eciz=d, )
b'z}=+ r::zz = r:ilz (——3)

b'3y+ €32 = dla <



ax+byvieoz=d,
byy+cz=d;

€32 = dj

1) Ecin a=0,b) #0,c; 20, TO PEIIEHUE CUCTEMBI €IUHCTBEHHO:Z HAXOIUTCS
U3 TPETHETO YPaBHEHHUS, 3aTEM Y — U3 BTOPOTrO, & X — U3 TPETHETO.

2) Ecm a #0,b, #0,c; =0,

a) emie U d=0, TO pelIeHuH O0ECKOHEYHOE MHOYKECTBO, OMpEAeNIIeMOe U3 Tep-
BBIX JIBYX YPaBHEHHMII: Y BBIpAXKAETCS Yyepe3 Z U3 BTOPOTO ypaBHEHUS, a 3aTEM X — Ue-
pe3 Z U3 NepBoro, Z — MPOU3BOJIBLHOE YHCIIO.

0) emie u dj =0, TO CUCTEMa HECOBMECTHA, PEILICHUI HET.

3) a #0,b,=c,=h]=c,=0,

a) emie v d, =d} =0, TO pelIeHN OECKOHEUHOE MHOXKECTBO, OTIPEILIISIEMOe

U3 MEPBOTO YPABHEHUS: X = &b y-%2 rhe Y ¥ Z — IPOU3BOJIbHBIE YUCIIA.
a a a4
0) emie 1 XoTa Obl OHO U3 yucen d, win d; #0, To cucTeMa HeCOBMECTHA, pe-

IIIEHUH HET.

MaTpuubl 4 1edCTBUSI HAJl HUMU.
Marpuiier Ha3bIBaeTCs CUCTEMA M-N YUCEII, PACTIOIOKEHHBIX B IIPAMOYTOJIbHON
Ta0IuIe U3 M CTPOK U N CTOJIOIOB.

O06o03HaueHue:!
R PR
A= 8p18p, "+ 8y >
= =(a, )., TAC a,- DJIEMEHT MaTPHIIbI, CTOSIIMIA Ha MEPECCUCHUH
amla'mZ ” 'amn

CTPOKH C HOMEpOM | H crosidia ¢ Homepom K.

Marpuna, y KOTOpoi BCEro 0JHa CTPOKa, HA3bIBACTCSI CTPOYHOW; MATPULA, ¥ KO-
TOPOM BCEro OJMH CTOJIOCI, - CTONOIEeBOM. MaTpuiia, y KOTOPOil BCE IJIEMEHTHI PaB-
HBI HYJIIO, Ha3bIBaeTCs HyJaeBoi. KBamparHoit marpuieir N mopsiaka Ha3bIBaeTCS
MaTpulia, UMEIoIasi N CTPOK U N CTOIOIIOB.

OnpenenureneM KBagpaTHOW MaTPHUILIbl HA3bIBAETCS TaKOW OMpPEACIUTENb, ¥ KO-
TOPOTO JIEMEHTHI TE K€, UYTO U Y MATPHIIbl, U CTOAT HA TEX K€ MecTax. [Ipamoyrosnb-
Hasi HEKBa/IpaTHas MaTpuUIla ONPEAECTUTEIISI HE UMEET.

['MaBHOW JUArOHANBIO KBAJIPATHOM MAaTPULBl HA3bIBACTCS €€ JIUArOHANb, CO-
CTaBJICHHAS U3 3JIEMEHTOB d11,d27,. - -,dnn-

JlnaroHaIbHOM MAaTpUIEd HA3bIBACTCA KBaJpaTHas MAaTpHIA, Y KOTOPOW BCE
AJIEMEHTHI, HE HAXOISIIMECS HA TJIABHOW AUArOHalld, PaBHbI HYJIIO:



diag(as,az,....am)= | 2220
00...a,,
10...0
E=| 7 |=diag(1l...]) - eqMHUYHAs MaTPHULIA.
00..1

Marpunsl A 1 B oauHakoBOro pasmepa HasbIBalOTCA paBHbIMH A=B, eciu
aik=Dik.

Cymmon matpui A u B oamHakoBoro pasmepa HazbiBaeTcs marpuna C, eciu
Cik= aik + bix ( =1,2,...m; k=1,2,....n ). O603nauenne C=A+B.

AHaJOTHYHO omnpeensercs pa3Hoctb Matpul;, D=A-B, ecimu dic=ai-Dik.

[IpousBenenuem mMaTpuibl A Ha 4YUCIO A Ha3blBaeTcs marpuia B, xoropas
NOJIy4aeTcsl U3 A yMHOXEHHEM Ha 1 BCEX €€ 3JIEMEHTOB.

[IpousBenenuem AB 1nByx kBajpaTHbIX Matpull A U B oaHOro nmopsiaka Ha3bl-
BACTCA TPEThsl KBaApaTHas Marpuua P Toro xe mopsiaka, 3J€MEHTbl KOTOPOM BbI-
YUCTISIOTCS 110 hopMyIIe:

Pi=aibyctaibactaishst. .. +ainbnk. (V)

Boob6mie rosopsi, AB£BA, T.e. yMHOXeHHE MaTpull HE TOAYUHSIETCS KOMMYTa-
TUBHOMY 3akoHy. (/[Be Marpuiibl, ajist kotopbix AB=BA, Ha3bIBalOTCsI KOMMYTHUPY-
romnMH). [Ipr yMHOXKEHUN MaTpULl NOPSAJOK MHOKUTEJEH SBIIAETCS CYIIECTBEHHBIM,
MIOATOMY IMPUMEHSIOTCS TEPMUHBI “YMHOXEHHE CIpaBa” U “‘YyMHOYKEHHE CJIEBA’ .

Onpenenenne npousBeaeHuss AB M0XXHO paclpoOCTpaHUTh U Ha HEKBAAPATHBIC
MaTpUIbl, Y KOTOPBIX YUCIO CTOJIOLIOB MaTPUIbl MHOKHMOIO A PaBHO YMCIy CTPOK
MaTpuisl MHOkUTENS B. IIpu coOmoieHnu 3Toro ycioBusi MaTpuia A MOXET UMETh
mo0oe yuciao (M) cTpok, a Marpuia B - moboe uucio (N) crondios. Matpuiia AB
OyJeT UMeTh M CTPOK | N CTOJIOIOB, €€ 3JICMEHThI BBIYHCIISIOTCS 110 hopmyie (V).

Matpuneii, 00paTHOM K KBaapaTHOW MaTpHIle A, Ha3bIBA€TCA MaTpUIla Al yI0-
BreTBOpsiomas pasencTBaM A A=AA=E.

8,8, - ay,
= _| 821878,

HyCTB OoNpPCACIINTCIIb KBAAPATHON MATPHUIIbI A= OTJIMYCH OT HYJIA,
anlan2 e 'ann

T.. D#0. Marpuna, qjs kotopoit D#0, Ha3zbpIBaeTCsl HEBBIPOKICHHOM.
OO6paTtHas MaTpuIa A naxomurcs mo dbopmyie:



A11A21"'An1
A-lzi A12A22"'An2

AlnAZn“'Ann

PaccMOTpEHHYIO BBIIIE CHCTEMY 3" JTMHEHHBIX YPaBHEHHA ¢ TPEMsI HEU3BECTHBI-
MU MOYKHO pellaTb MaTpU4YHbIM METONOM. /[ 3TOro ee Hajao HNpeAacTaBUTh B BUIE

a'1blc'l X dl
MaTpu4HOTO ypaBHeHUs:: AX=B, rme A=|ab,c, | X=|y|B=|d, |
ash,c, z d,

-1
YMHOkKHUB 00€ 4aCTU MAaTPUYHOIO YpaBHEHHUA CJeBa HA A™, IOJyYUM HUCKOMYIO
-1
Matpuiy X=A"B.
BBeneM nousitue panra MmaTpuubl. st 3TOro paccCMOTpPUM MATPHILY

by 0y, -y,
_ by1by, -0y,
B= . BriuepkHem M3 HeEe HECKOJIBKO CTPOK M CTOJOIOB TakK, YTOOBI
bmlme o bmn

KOJIMYECTBO OCTABIIMXCS CTPOK PABHSIIOCH KOJIMYECTBY OCTABIIMXCSI CTOJIOIIOB; Clie-
JIOBATEJIbHO, MOJYYEHA HEKOTOpPas KBAaJApaTHAs MATPUILA; ONPEICIIUTENb €€ Ha3bIBa-
eTcsi MUHOpOM Matpullbl B. Panrom marpuilpl B Ha3bIBa€TCSI HAUBBICIIUNA U3 TOPSJI-
KOB MUHOPOB, OTJIMYHBIX OT HYJIS.

Il AnamuTrdyeckas reoMeTpus Ha MIIOCKOCTH

Jlexyus 3.

BeeneHnne npsAMOyroiapHOM AEKApTOBOM cuUCTEMbl KoopauHar. [locne BBeneHus
MPSIMOYTOJIbHOM CUCTEMBI KOOPJIMHAT KaXJI0h TOYKE M IJIOCKOCTH MOCTaBIIEHA B CO-
OTBETCTBHE YyNOpPsAOYCHHAs mapa uuceda (X,Y) — koopauHat 3Tou Touku. C apyroit
CTOPOHBI, €CJIU JlaHa YIOopsa0YeHHas mapa yucen (X,Y), TO MOKHO IMOCTPOUTh €JIMH-
CTBEHHYIO TOUKY, JUIsl KOTOpOH X W Y OyayT NPSIMOYTOJIbHBIMU KOOPJAMHATAMH.
Wtak, npu moMomu npsiMOyroJibHOM CUCTEMbI KOOPJIMHAT YCTAHABIIMBACTCS B3aUMHO
OJHO3HAYHOE COOTBETCTBUE MEXKAY MHOXKECTBOM TOYEK IJIOCKOCTH U MHOXKECTBOM
YIIOPSAIOYCHHBIX MAP JCUCTBUTEIBHBIX YUCEI. JTO COOTBETCTBUE JAE€T BO3MOKHOCTh
BMECTO TOYEK PACCMATPUBATHh YHOPSAOUYECHHBIC YHCIA. TeM caMbIM T€OMETPUUYECKUE
3a/1a4u CBOJATCS K aJlreOpanyecKuM.

PaccMoTpum Teneps HEKOTOPBIE MPOCTEUIINE 3a0a4d aHAIUTUYECKOM TeOMET-
pHH HA TIJIOCKOCTH.



Paccrosinmue MEKIAYy ABYMSI TOUYKaMHU.

Teopema. s moObix aByx Touek  Mjy(Xy,y1) ® uk

M3(X2,Y2) TUTOCKOCTH PACCTOSIHUE MEKIY HHUMH BBIpaXkacT- 5, M,
CA (1)()131\/[},']1()1\;I MM, = \/(Xz —%)*+ (Y, —y,)*.

HoxazarensctBo: OmnyctuMm U3 Touek M; u M, nep- o LM »
neHauKysIpsl Ha ocu OX u Oy u 0603HaunM uepes N Tou-
Ky UX IepeceyeHusl.

3

ol A 2
PaccrosiHue M:N=A;A,=[X,-X4|, a paccrosHHE ' =

NM,=B1B,=|y,-y1|. [Ipumensiss k mpsimoyroiasHoMy TpeyroiabHuky MiNM, Teopemy

[Tugaropa, moIyduM MM, =/(x, —x)? + (¥, - ¥,)’.

Jenenune orpe3ska B JaHHOM OTHOLICHUMU.
[IycTh Ha MJIOCKOCTH J1aH MPOU3BOJBHBIN 0Tpe3ok MM, g

-

U nyctb M — mro0ast Touka 3TOro oTpes3ka, OTiIn4Has oT Mo. Wy
!
MM l
Yucno 4, onpenensieMoe paBeHCTBOM A=—-—, Ha3bIBACTCs . ;
M, ‘A'\\\\\' = :
OTHOIIIEHUEM, B KOTOPOM Touka M nenut otpe3zok MM, (1>0 i | }
[ |
IpU BHYTPEHHEM JiefieHnHd, A <0 mpu BHEIIHEM JIEJICHUN). v — 4 ;');7
1 2

Pemmmts 3Ty 3a71a4y OMOraeT clieiyrolias Teopema.
Teopema. Ecnu Touka M(X,y) nenut otpe3ok MM, B OTHOIIEHUH A, TO KOOPIU-

HAThI ATOM TOYKH OIpeaenstoTcs GopMyaamu:
xy +Ax, y1 + 4y,
=i YT O
JlokazarenbcTBO: JloKaxkeM TeopeMy UIsl Cilydasi BHyTPEHHETO AeneHus. OnycTum
nepneHanKyIspsl U3 Touek My, M, M, Ha ock OX 1 0003HaYUM TOUYKH UX Iepeceye-
HUd ¢ ocbio Ox cooTBeTcTBEHHO yepe3 Py, P, P,. Ha ocHOBaHuM TeopeMbl 311eMeHTap-
HOM T€OMETPHUU O IPONOPLUHOHAIBHOCTU OTPE3KOB IPSIMBIX, 3aKJIFOYEHHBIX MEXKIY
PP MM

- =4, HO P{P=X-X{, PP,=X5-X. [ToaTOM
PP, ~ MM, 1 1 2=X2 y

napaJuICJIbHBIMUA IMPAMbIMHU, UMCCM

X—X,
X, — X

xq +Ax,
x=——"

1+ 4

=1, OTKyJa

AHAJIOTUYHO
¥y + 4y,

V=
; 1+4



CnenctBue. Ecnim M — cepenuna otpeska MiM,, To A=1 ®u mnojiydyaem
(o XatX o Vit

2 2
dopmybl (V) OCTalOTCS CIPABEIMBBIMU | JUISI BHEIITHETO JICJICHUS.

ILlomaas TpeyroJibHUKA.
TeopeMa. I[JIH JIFOOBIX TOYEK A(Xl,yl), B(Xz,yz), C(Xg,yg),
HE JIeKAIUX Ha OJHOW MPSIMOM, IJIOMAJb S TpPEYroJbHHUKA
ABC Bripaxaetcs popMyIIoiu:
lell
S= iE X,Y,1
X3Ysl.
HoxkazarensctBo: Ilmomans AABC MoxHO HaliTH Tak:

Sasc=SapectSecer-Sasrp=* % [(X3-X1) (Y3+Y1)+(X2-X3)(Y2+Y3)-(Xo-

1 lell
X1)(Y1ty2)]=+ S Y1l
X3Ysl.

Jlexyus 4.

IIpsaMast JIMHUA HA IVIOCKOCTH.

YpaBHEHUEM JIMHUY HA IJIOCKOCTHU HA3bIBACTCS TAKOE YPABHEHUE C IBYMS IEpe-
MeHHBIMU ~ D(X,Y)=0, KOTOPOMY YJIOBIETBOPSIOT KOOPJIUHATHI X,y JHOOOW TOYKH
JAHHOM JIMHUU U HE YJIOBJIETBOPSAIOT KOOPAUHATHI HA OJHOW TOYKH, HE JIEXKAILEU Ha
ATOU JIMHUM.

YpaBHeHue npsiMoii ¢ yrii0BbIM K03 duuueHrom.
Ha3oBeM yrinom HakiioHa npsiMmoi k ocu Ox TOT yTod,

L
Ha KOTOPBIM HY>KHO MOBEPHYTh OChb OX MPOTHUB YacOBOM 1 {w)
CTPEJIKH, YTOOBI OHA COBIAJa C JJAHHOM MpsIMOM (MJIM OKa-
3aj1ach MapauieibHOM eii). TaHreHc yria HakjIoHa MPsSMOM () N
K ocl Ox Ha3bIBAETCS YIIIOBBIM KO3(PPUIIMEHTOM MPSMOIA. - "’0 : -

PaccMoTpuM nipsiMyro JIMHHIO |, HE mapaiebHy0 ocH
opauHat. [lonoxeHnne ee Ha MIOCKOCTH OyAET BIIOJIHE OMPEACTICHO, €CIU 334aTh YTOJ
HaKJIOHA TPSMOM K OCH a0CIHcC (¢ ¥ BEIWYMHY OTPE3Ka, OTCEKaeMOTO €0 Ha OCH
opaunar, b. ITycte M(X,y) — npousBosibHas Touka mpsmoi |. M3 mpsmMoyroiasHOTO
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tpeyroapuuka BMN nmeem: tg(pzyT_b, otkyga Y=kx+b (Vv), rme k=tgep. Ypasue-
Hue (V) Ha3bpIBACTCS YPaBHEHUEM MPSIMOU C YTIOBBIM KO3(PHUITUESHTOM.

[TocmoTpuM Temneph, Kakoe ypaBHEHUE OyeT UMETh MpsAMasi, apaieibHasi OCH
Oy.Ilycts @ — abcurcca TOUKH TepeceueHus: 3Toi npsMoit ¢ ocblo OX. OueBUAHO,
ar00ast Touka MpsIMOM UMeEeT aOCIMCCy, PaBHYIO @; €CIIM K€ TOYKa HE JISKUT Ha Mpsi-
Mo, To abcuucca ee OyneT oTiinyHa oT a. CrieJoBaTeNbHO, Ta MpsiMasi UMEET ypaB-
HEHHUE X=a.

OO01ee ypaBHeHHe IPAMOI.

Teopema. Bcskoe HEBBIPOXKIECHHOE ypaBHeHUE nepBoil cteneHu Ax+By+C=0
(A*+B*£0) npeacraBisieT co00il ypaBHEHHE HEKOTOPOIX IPSMO#i IMHAM HA ITOCKOCTH
OXxy. D10 ypaBHEHHE Ha3bIBACTCA OOIIMM YPABHEHHEM IPSIMOIA.

HoxazarenbctBo: 1) [lycth cHauana B#0. Torna ypaBHEHHUE MOYKHO MPEICTABUTH

A C o
B BUIE y=—_X- [lonyununu ypaBHEHUE MPSMON C YTIOBBIM KOd(hUIIEHTOM
A o C _ —
k=-— u opauHatoii b=-—. 2) Ilycts Teneppr B=0, Torna A#0. Umeem Ax+C=0 u
B B
C o o
X:—K.HOCHGILHGG ypaBHEHHWE MPEACTaBIAET cOO0H ypaBHEHHE MPSAMOH, apayljieib-
o o C
Hoit ocu OY u oTcekarornieit Ha ocu OX OTpe3oK a= "
HccnenoBanue 001ero ypaBHeHus NpsiMoii.
[TocMoTpHM, KaKoe MOJI0KEHHUE 3aHMUMAET TpsiMasi, orpeesieMasl oO0IuM ypaB-

HEHWEM, 10 OTHOIICHUIO K KOOPJIWHATHBIM OCSIM, KOT/Ia OJIMH WM JBa KO3 (UIIHCH-
Ta ero o0panarTcs B HYJIb.

1) C=0, Ax+By=0 — npsimas, npoxosiiias yepe3 Hayaio KOOpAUHAT.
2) A=0, By+C=0 - mpsmas, mapamtensHas ocu OX.
3) B=0, Ax+C=0 - npsimas, napamnenabHas ocu OY.
4) C=0,B=0,Ax=0 -ocp Oy. 7\
5) C=0, A=0, By=0 - ocp Ox.
N

YpaBHeHue NIPSIMOi B 0TpPe3Kax.
PaccmoTpum mpsiMyro, HEpeceKarolyro 00e KOoop.iu- e
HAaTHBIE OCH U HE MPOXOSIIYI0 Yepe3 Hayalo KOOpAuHAT. 7 z
[TonmoxeHne mpsAMON MOKHO OIPEICIINTD, YKa3aB BEJTUYNHBI '
a u b orpe3koB, oTcexkaeMbIx mpsMoi cooTBeTCTBeHHO Ha ocsax OX m Oy. Haiinmem
ypaBHeHUe 310 npsimoii. Ee ypaBuenue AX+By+C=0, rae au oguH u3 kodduiinen-
TOB He paBeH Hyit0. Octaercs BeIpa3uTh kodpummertsl A, B u C yepes mapameTpsl
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aub. T. x. Toukn M u N nexar Ha ganHoOU npsmoii, To Aa+C=0, oTkyna Az—g 5
a

Bb+C=0, orkyna B =—%. [ToncraBisist A u B B ob1iee ypaBHEHHE TIPSAMOM, TTOTYYUM

YpaBHEHUE NPSMOM B OTpPE3Kax:

5+X:l.

a b

Yroa Mexay IByMsl IPAMBIMH. Y CJIOBHS MAPaJLUIeIbHOCTH U TEePIeHINKY-
JSIPHOCTH JIBYX NPSIMBIX. ()

PaccmorpuM aBe mpsimbie: Y=Ki;X+by; y=kox+b,; rme

ki=tgp1, Ko=tgp,; ecTeCTBEHHO, MbI MPEAIOI0KHIIN, YTO HH

OJIHa W3 HUX He mapasuienbHa ocu Oy. O6o3HauuM yepe3 6

yToJ1 HaKJIOHa BTOPOU mpsAMou K nepBoil. Torma 0 = @, — o1 ¢

_ _ 9o, -tgp, kK
tad =t _ — 2 L _ ™
g g((ﬂz (ﬂl) 1+tge,tgp,  1+Kk,k,

B

P

. Ecnn oHa U3 npsaMbIxX 0

napasuienbHa ocu Oy, To yroa 0 HaxoAguTCs HEMOCPEACTBEHHO 10 hopMyie 6 = @, —

P1.
VYcioBus NMapajuieIbHOCTA Y NEPHEHAUKYISIPHOCTA JBYX IIPSAMBIX COOTBET-

ctBeHHO K; = Ky, ky = —ki.

1

Ecnm nipsimbie 3amansl oOnuMu ypaBHeHusMu: Ajx+B,y+C1=0, Ax+B,y+C,=0,

Ale — Az Bl
TO tgH =——\ yCJ’IOBI/IH HapaJIJIeJII:HOCTI/I n HepHGHI[I/IKYJIHpHOCTI/I ABYX HpﬂMHX

AA, +BB,

COOTBETCTBEHHO ﬁ:% . AtA,+BB,=0.
2

YpaBHEeHUE NPSIMOM, MPOXOIAIICH YEpe3 JAaHHYK TOYKY B JTAHHOM HalpaBiie-
Hud. [Iy4ok npsiMbIx.

[Tycte mambl Touka A(Xy,y1) M yrioBoi kodddunumeHnt K, ompemensrontuit
HaIMpaBJICHUE NMPSIMOU JIMHUU, NIPOXOIAILIEH yepe3 TOUKy A. YpaBHEHUE 3TON MPAMOMN
Oynem uckath B Bujae Y=Kx+b. T.x. Touka A JCKHUT Ha JaHHOH HPSIMOM, TO KOOPAU-
HaThI €€ JOJDKHBI YJIOBJICTBOPATH ypaBHEHUIO: Y =Kx;+b. Otrcioga Haxomum b wu
noJjicTaBisieM B ypaBHeHue. [lomyyaem uckomoe ypaBHEHHE:

y — y1= K(X — X1) (V) . YpaBHEeHUE NpSIMOH, MPOXOAIICH Yepe3 NaHHYH TOYKY
Ai(X1,y1) napainensHo ocu Oy, Oyer UMeTh BUA, X=X;.

Ecmu B ypaBHeHuu (V) mox K Oy/ieM MOHMMATh BEIMYUHY, IIPUHUMAFOIIYIO BCE-
BO3MOJKHBIE YMCJIOBbIE 3HAYEHUS, TO ATO YpaBHEHHE OYJET ONMpeaesaTh MHOXKECTBO

OPSIMBIX, TPOXOJSIIUX Yepe3 TOUKY A(X1,y1), T.€. YYOK MPSIMBIX C IEHTPOM B TOUKE
A.

12



WMHorma 1meHTp mydka MpsSMBIX HE 3a7acTCsl HEIOCPEACTBEHHO, a OMPEACISICTCS
napoi MpsAMBIX, MPUHAMISKAMUX Mydky, Aix+B;y+C;=0, Ax+B,y+C,=0. Torna
ypaBHEHHUE ITyYKa PAMBIX UMEET BUI:

Ax+B1y+Ci+ 1 ( Ax+By+C,) = 0.

YpaBHeHue npsiMoii, mpoxosiiiei yepe3 aBe JaHHbIE
TOYKH.

[lycts manbl Toukn A(X1,y1) U B(X2,y2). YpaBHEeHUE Nyuka MPAMBIX JIMHUM,
IPOXOIAIINX Yepe3 TOUKY A(Xy,y1) umeer Bua: Y — Y1=K (X — X;). UTOOBI BBIACIUTH
U3 3TOTO IMy4yKa NPSIMYIO JIMHUIO, TMPOXOSIIyI0 uepe3 Touky B(x,)»), morpedyem,
4TOOBI KOOPIMHATHI 3TOH TOUKH YJOBJICTBOPSUIM YPaBHEHUIO ImydKa: Y, — Y1 = K (Xo —
X1). OTCrO1a HY)KHO OIPEICIUTh 3HaUYCeHHUE MapaMerpa K M BHECTH 3TO 3HAYCHUE B
ypaBHEHUE IyyKa. T.0. IOJy4YUM YpaBHEHHUE IPSIMOU, MPOXOISAIIEH Yepe3 TOUKHU
A(xy,y1) 1 B(X2,y2):

Y-V X=X

Yo=Y - XZ_Xl.

Ecnu nannelie Toukn A u B nexar Ha npsmoit, mapamienbHon ocu OX (Y2-y1=0)
win ocu OY (X2-X;=0), To ypaBHEHHE NPSIMON OYJIET COOTBETCTBEHHO Y=Y1 MJIH X=X;.

Jlexyus 5.

HopmasbHoe ypaBHeHUe NPSIMOM JIMHUH.
[TycTh Ha MIOCKOCTHU JaHa Kakas-HUOYIb mpsiMas unaus. [IpoBenem depes Hava-
70 koopauHaT npsamyro OP mepneHauKkyIsipHO K JaHHOM; BHIOEpPEM HAa HEW TMOJIO0KHU-

TEJIbHOE HAIPaBJIECHUE OT HaYaJla KOOPAUHAT K JaHHOU MpSIMOil. ¢

[TomoxkeHne AAHHOW NPSMOW OTHOCUTEIIBHO OCEHM KOOPIWHAT

MOXHO OXapaKTepHU30BaTh, YKa3aB €€ PACCTOSIHUE [ OT Hayaia ™ .

KOOPJIHUHAT M yron o Mexay ockto OX m mpsimoit OP. Cocra- s M

BUM ypaBHeHHUE AaHHOW npsimoi. ITycts M(X,y) — mpoun3BoJIb- Az Naﬁ <

Has Touyka mpsmoit. M3 ueprexxa Bugno: OS + SP = OP. U3
npsmoyroibHOro Tpeyroiabanka OSR umeem: OS = ORcosa =Xcosa. C apyroii cTo-
ponsl, SP = NM onpenensiem u3 npsamoyroibHoro tpeyroibiuka MNR: SP = NM =
RMsina = ysina. Buocs 3nauenuss OS, SP u OP=p B nepBoe paBeHCTBO, IEPENUIIIEM
ero Tak: Xcoso + ysino—p =0 (V). D10 ypaBHEHHE Ha3bIBACTCSI HOPMAJIBHBIM ypaB-
HEHUEM NPSIMOU.

IIpuBenenue o01Iero ypaBHeHusi NPSIMOM K HOPMAJIbLHOMY BH]LY.
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[Tycte mano o6Gimiee ypaBHeHue npsimoit: AX+By+C=0. UtoObl mpuBeCTH €ro K

HOPMAJIbHOMY BHJy, HaJ0 YMHOXHUTb €ro HAa HOPMHUPYIOIIMA MHOXHUTEIb

1 " o
M =————. B artoii popmyiie Hy)kHO OpaTh 3HAK, IPOTUBOIOIOKHBIHN 3HAKY C.

o

PaccTrosiHUe OT JaHHOW TOYKH /10 JAHHOW MPAMOM.
OTKJIOHEHHEM JTaHHOW TOYKU OT JAHHOW MPSMOM Ha3bIBa-

eTcs uncio O, paBHOE JUIMHE MePIEHINKYIISAPa, ONYIIeHHOTo H3 N Q

ATOW TOYKHU Ha MPSIMYIO, B3ATOM CO 3HAKOM IUIKOC, €CIIM TOYKA U % o
Hatiaﬂo KOOPAMHAT JIEKAT 1O Pa3HbIe CTOPOHBI OT JAaHHOU Mpsi- , <
MOW, U CO 3HAKOM MHHYC, €CJIH OHU JIEKAT 110 OJHY CTOPOHY OT A NG
MIPSMOHN. 0 NN

Teopema: Ecmu Touka M HMeerT KOOpAMHATHI (X ,y ), a
npsMas 3ajjaHa HOPMalbHBIM ypaBHeHHeM (V), TO OTKIOHEHHe Toukd M OT 3Toif
npsMoit qaeTcs hopMyoit: d=x cosa + y sino—p .

JlokasaTenbctBo. CrpoektpyeM Touky M Ha Hopmaib N. Mimeem: d = PQ =
OQ — OP, Ho OQ =OT+TQ=0T+SM*= X coso. + Yy sina , OP = p, nosromy d =
X coso. + y*sinoc -Pp.

O4eBUHO, PACCTOSTHUE OT TOYKU JO MPAMOW €CTh a0COJIIOTHAs BEIMYHMHA OT-
KJIOHEHUS.

IIpeoOpa3oBaHue NPAMOYTroJbHBIX KOOPAUHAT.
IHapaJjie1bHBbIN IEPEHOC 0ceil KOOPAMHAT.
PaccmoTpum nmpocTermmii ciy4dai, Koraa Ocu ““HOBOM CH-
CTEMbI KOOpAUHAT O'x'y’ mapajiieIbHbl COOTBETCTBYIO-
UM OCSIM “‘CTapOil CUCTEMBI KOOPAUHAT OXy U UMEIOT
OJIMHAKOBbIE HAIIpaBJieHUs ¢ HUMHU. [lycTh Hayamo HOBOU
CHCTEMBI KOOpJMHAT TOYKa O’ MMEET KOOpAMHATHI (3,0) B
CTapou cucteMe KoopauHat. Touka M MJIOCKOCTH CO 7
“cTappiMu KoopAauHaTaMu’’ (X,Y) OyJe€T UMETh HEKOTOPhIE
“HOBBIE KOOpAMHATEL X',y'. M3 yepTexka HEMOCPEICTBEHHO MOJTYYaEM:

{xl=x—a 1)

'LT =:|.‘:|'—b

O6patHo, u3 (1) HaxoaUM:

x=x'—a;
¥ 2
1:r=_'|':r—b (:I

IToBoOpoOT OCeli KOOpAUHAT.
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bynem cuutarh TEnepp CUCTEMY KOOpAMHAT  O'XYy’
“cTrapoil” M OBEpHEM €€ Ha yroa o. B aToMm ciyyae “Ho-
BOW cucTeMoi koopauHaT’ Oyaer O'x"y”.HemocpeacTBeHHO
U3 YepTEeKa MOXKHO MOJTYUUTh:

{x =x"cosa—y"sina

©)

v =x"sina+ v"cosa

YToOBI BBIPa3UTh HOBBIE KOOPJAMHATHI X',y” Yepe3 cTapbie X',y', IOCTATOYHO pa3-

pemuTh cuctemy (3) oTHocuTenbHO X" U y”. [Tomyuum

x"=x'cosa+ y'sina
{ L [ ) I (4]
VY = —X 5lIna +}’ COS5

OO01mmii ciryqyan.

[lycTh nanbl 1BE NMPSIMOYTOIBHBIE CUCTEMbI KOOPJIMHAT C pa3HbIMU HauallaMU U pa3-
HBIMU HaIlpaBJICHUSAMU Ocer: Oxy U O'x"y". HOBO€ Hauan0 KOOpAMHAT €CTh TOYKA
7'(a,b) noce O'x" oOpa3yeT c 0cbl0 Ox yroi o. UToOblI BbIpa3uTh CTapble KOOPAU-

HATHI X U y 4YEPE3 HOBbIE X" U y”, JOCTATOYHO COCIUHUTH hopMyibl (2) u (3):
{x= a+x"cosa—yv'sina 5
y=b+x"sina+ y"cosa ()

Ananiornuno, u3 gopmyi (1) u (4) nonyuaem:
{x"= (x—a)cosa+ (y—b)sina (6)
§

M =—(x—a)sina+(y—b)cosa

N3 ¢popmyn (5) u (6) BeITeKaeT, yTo (HOpMYJIbl IEPEX0a OT OAHOU MPSIMOYTOJIb-
HOI CHUCTEMBbI KOOPAMHAT K JPYroM ABISIIOTCSA JIMHEUHBIMU (PYHKLUMUSIMU KaK HOBBIX,
TaK U CTapbIX KOOPAUHAT.

IHHoasipHble KOOPAUMHATHI.

Jlns onpeneneHusl MOJIOXKEHUST TOYKHA Ha IUIOCKOCTH, KpOME —
PacCMOTPEHHOU BBIIIE JEKAPTOBOM MPSMOYTOJIBHOW CHUCTEMBI KO-

OpJMHAT, JOBOJIBHO YaCTO MPHMEHSETCS MONSPHAs CHCTEeMa KOop- |

IAHAT. JTa CUCTEMa KOOPAWHAT NMPUMEHSAETCSA, B YACTHOCTH, IPHU

UCCIIEIOBAHUM BpAIlIATENIbHBIX ABMXKEHUU. [lycTh Ha miockocTu ga- 9 P
HbI HeKoTopas Touka O (Ha30BEM €€ MOJI0COM) U MPOXOJslas ue-

pe3 Hee ock OP (Ha30BeM ee MOJISIPHOM OChI0), a TaKXKEe yKa3aHa €IMHHUIIa MacITaoa.
Ha3zoBem nossapHbIM paanycoM TOYKM M miockocTtu ee paccrosiuue I = OM ot no-
J0ca ¥ MOJSIPHBIM YIJIOM TOYKH M yroia ¢ MeXIy HMOJSIPHOM OChIO U OTPE3KOM
OM. VYcnoBumcst yron ¢ Oparhb B rpaHuniax 0<g¢<2z. [lonspHbIil paanyc u nomusip-
HBI yrojl TOYKM OyJieM Ha3blBaTh €€ MOJIAPHBIMM KOOpPJAMHATAaMH W 3alUCHIBAThH
M(r,¢p). M0XHO YCTaHOBUTH CBSI3b MEX]Iy MPSMOYTOJBHBIMH U TOJSPHBIMU KOOPIH-
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HaTaMy OJIHOM U TOM k€ TOYKH. [Ipennosiokum, 4TO HOJKOC MOJISIPHON CUCTEMBI COB-
MaJlacT ¢ HA4yajJoM MPSMOYTOJbHOM CHUCTEMBI KOOPJAMHAT, a MOJISIPHAsl OCh SIBJISIETCS
MOJIOKUTENIbHOM TTo1yockto Ox. Torna numeem:

x=rcosg,y=rsing. C Ipyroil CTOPOHBL: r=Jx*+y2 tgp=". 3aMerumM, 4TO npu

X
ONPENEIICHUH NOJSIPHOTO yIila @ MO tgY HYKHO YYUTHIBATH 3HAKA KOOPJIMUHAT X U ).

Jlexyus 6.

JIMHUM BTOPOTrO MOPSAAKA.

MHOX€eCTBO BCEX TOUEK IIIOCKOCTH, IEKAPTOBBI IPSMOYTOJIBHBIE KOOPAUHATHI
KOTOPBIX YJOBJIETBOPSIOT alreOpandeckoMy YpaBHEHHIO CTEIIEHU N , Ha3bIBAETCA
anreOpandecKoi TuHuel (KpuBoii) N mopsaka. Mbl ¢ BAMHU BBISICHUIIM PaHbIIIE, YTO
JIMHUU TIEPBOTO MOPSAKA SIBIAOTCS MpAMbIMUA. [lepenieM Kk n3y4yeHnto JINHUKA BTOPO-
ro MopsKa.

OKpYy:XHOCTb.
[Tonyuum ypaBHEHHE OKpY)KHOCTH paauyca R ¢ mentpom B Touke C(a,b). [Tycts
M — mpou3BoJibHASI TOYKA JAHHOW OKPYKHOCTH, X,Y — €€ MPSIMOYTOJIbHbIE KOOpIUHA-
Thl. [TOCKOJIbKY OKPY>XKHOCTh — MHOKECTBO TOYEK IIOCKOCTH, PAaBHOYAAJIEHHBIX OT
nanHo# Touku (1eHTpa), To CM=R. Ho cormacHo dbopmyne paccTosHus MEXIY JIBY-

Ms TOYKaMHU Ha MIJIIOCKOCTH CM = \/ (x—a)®+(y-b)* . I3 AByX mOCIEAHUX PABEHCTB MO-

aydaeM: (x—a)’+(y—b)*=R?. DTO ypaBHEHME JaHHON OKPY>KHOCTH. ECM MOJ0XUTH
2, 2_p2

a=b=0, To moayunm KaHOHMYECKOE YpaBHCHHE OKPYKHOCTH: X +y =R”",

DJLJIUIIC.
DJITUTICOM Ha3bIBAETCS MHOXKECTBO TOYEK, CyMMa pac- 9
(v B
CTOSTHUM KOTOPBIX JI0 ABYX JIaHHBIX TOYEK, HAa3bIBa€MbIX (hO- Pranty
KyCcaMH, €CTh BeJIMYMHA TOCTOsIHHAs. UTOOBI COCTaBUTh / "2 /,,
A: A

yYpaBHECHHUE JJUINAICA, TIPUMEM 3a OCh aOCHHCC TPSAMYIO, CO- 5/0 f,
CAUHSIONIYIO ABE JlaHHbIe TOukKUu F; U F, , BEIOpaB Ha Hel \/
MOJIOXKUTEILHOE HampaBiieHue oT F, k Fy; Hayajao KoopAauHaT 4 :
O Bo3bMeEM B cepenuue oTpe3ka F,F;. O0o3Hauas yepe3 x u y KOOPAMHATHI TIPOU3-
BOJBLHOM TOYKM M 3IIIuIica, BeIpa3uM JIHHBI oTpe3koB FM u F,M mo dhopmyne

paccTosgHUsl Mexay IByMs Toukamu. llo onpenenenuto smnurnca cymma F M+F,M
€CTh BeJIMYMHA TMOocTosHHag. (O0o3HauuB ee uepes 2a, OyneM UMETh:

J(x=0)2 +y? +/(x+c)? +y? =2a. OCBOOOAMBIINCH OT PAJUKAJIOB, MONYYAM KaHOHHYE-
2 2

X 2_,2 2
CKOC YpaBHCHHE JJUIHIICA: —2+y—=1, (V) raoe mosoxkeno b=a’-c”.
a

b2

16



C
OTHOIIEHNE —=¢ Ha3bIBACTCA OKCOCHTPUCUTCTOM JJUIMIICA.
a

Tak xak ypaBHeHHE (V) COAEPKUT TOJIBKO KBaJpaThbl TEKYIIUX KOOPAUHAT, TO
OCH KOOPJIMHAT SIBJIAIOTCS OCAMH CUMMETPHH Asutnarica. OCb CUMMETPUU 3JUIMIICA, HA
KOTOpOH pacnojaratorcsa (hoKychl, Ha3biBaeTcs (okaibHOU ocbro. Touka mepeceye-
HUS OCEM CUMMETPHUH HA3bIBACTCS LEHTPOM JJUIUIICA. TOUYKH NEPECEYEHNs DIUINTICA C
OCSIMH CHMMETPHH Ha3bIBarOTCA ero BepmuHamu: Ai(a,0), Ax(-a,0), B1(0,b), B,(0,-b).
OTpe3ku, COSTUHSIONIAE TIPOTHBOIOJIOKHBIC BEPITUHBI, a TAKXKE WX JUIMHBL 2a U 2D,
Ha3bIBAIOTCS OOJIBIION U Maoi ocsiMu dyutunca. Jmuaet a u b HazeBaroTCs OONBIION
U MaJIOM MoJyocsMu 3juunca. [[ns uccinenoBanus (OpMBbl JUIAICA JOCTATOYHO pac-

CMOTpPETh €ro popMy IpH x>0,y>0, TaK KaK 3JUIMIIC CUMMETPUYEH OTHOCUTEIBHO

2

o X
ocell koopauHar. 13 ypaBHeHus (V) ciegyer — <1, T.e. x<a C yBenndeHueM x ot 0

a

70 a opauHara Yy ymensinaercs ot b mo 0. Takum oOpasom, summric umeeT Gopmy,
yKa3aHHYIO Ha yepTexe. JupekrprucaMu 3iuInIica Ha3bIBalOTCs JIBE MPsIMbIE, MIEPIEH-
JTUKYJSpHbIE K OOJBIIOW OCH JIIIUIICA U PACIONOXKEHHBIE CUMMETPUYHO OTHOCH-

a o
TCIbHO LCHTpPA Ha paCcCTOSAHHUN —  OT HCTO. B BI)I6paHHOI/I CUCTEMC KOOPpAHMHAT OH-
&

a a
PCKTPHUCHL JJUIMIICA OIPCACIIAIOTCA YPAaBHCHHUAMHU. X=-——,X=—. T.x. JJI DJIIIAIICa

& &

a
0<e<l, TO —=>a; 3TO 03HAYAET, UTO JUPEKTPHUCHI JUIUIICA HE UMEIOT C HUM OOIIUX
g

To4YeK. CBOMCTBO NUPEKTPHUC IJUIUIICA BBIPAKAETCS CIECAYIOIIEN TEOPEMOI.
Teopema. OTHOIIIEHWE PACCTOSIHUS ' MPOM3BOJIBHON TOYKH dJuHICa 10 (okyca
K paccTossHui0 0 3TOW TOYKM J0 COOTBETCTBYIOIIEH JUPEKTPHCHI €CTh MOCTOSIHHAS

r
BCJ/IMYMHA, paBHAA SKCHCHTPUCUTCTY SJUIMIICA, T.C. a =¢&.

JlokazarenbcTBO: PaccMmotpum, HanpuMmep, JIEBbIN (DOKYC U JIEBYIO TUPEKTPUCY:

r=\(x+¢)2 +y? = /x> +2cx+c2 + y? =

b’x*>  [x*(a’®-b’ x*c? cX cX
\/x2+20x+cz+b2— — = ( 5 )+2cx+a2: ——+2cx+a’ =, [(=+a)® =+(—+a).
a a a a a

3Hak Halo BBIOMPATH TAK, YTOOBI IpaBad yacTk Obuta >0. T.k. a>C n |x<a, TO

CX
HEOOXOIUMO B3SITh 3HAK +, T.€. F =a+— =a+&x.
a

a a r a+
Hanee, d=x—(——)=x+—. —=
& &

=é. TeopeMa JOKa3aHa.

X+—
&

MexaHnudeckoe nmoctpoeHue ssumnca. 3Has Gokycel F; u F; u myuay 28 60716-
IIOK OCH, JIETKO MEXaHWYECKH MOCTPOUTH dJutnric. HyXHO B34Th HUTHh NJIUHOW 24,
YKpENHTh JiBa €€ KOoHIla B Toukax F; u F, u, npunas eit popmy nomanoit F,MF; ,
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onucarh TOYKoW M aiunc, ciens 3a TeM, YTOObl HUTh BCE BPEMsI OCTaBaJlach HATS-
HYTOM.

Jlexyus 7.

I'mnepo6oua.
['unep06os10¥i Ha3BIBACTCSI MHOKECTBO TOYEK, a0COIIOT-
HOE 3HAYECHHUE PA3HOCTU PACCTOSHHI OT KOTOPBIX 10 JBYX o
JAHHBIX TOYEK, Ha3bIBaeMbIX (DOKyCaMH, €CTh BEIMYMHA 110- 8,
CTOSIHHAS. | |
O003HaUMM 3Ty MOCTOSHHYIO uepe3 2@, pacCTOsHUE b M ONAN: P %
Mexay ¢okycaMu 2c¢ M BbIOEPEM OCHM KOOPJAMHAT TaK XK€, T
Kak ¥ B ciydae sumnca. I[lycte M(X,y) - npou3BojIbHas 3

Toyka runepoonsl. Ilo  onpenenenuwro  runepOonsl:  |F,M -FM|=2a  um

Jx+¢)? +y? —\J(x=c)? +y* =+2a. OCBOOOJMBIINCH OT PAJAUKAIOB, MOTYUYHM KaHOHHYE-
2 2

CKOC YpaBHEHHUE TUIIEPOOIIbI: %—;’— =1 (V), rme b*=c*-a’,

OTHo1IeHNE 2: & Ha3BIBACTCS DKCIEHTPUCUTETOM THUIIEpOoIIBI (€ > 1).

Tak kak ypaBHeHHE (V) COAEPKHUT TOJIBKO KBaJpaThl TEKYLIUX KOOPJIUHAT, TO
OCH KOOPJIMHAT SIBIISIOTCS OCSMU CUMMETPHUU rurep0oosibl. Ock CHMMETPUH, Ha KOTO-
poii pacmomararoTcs (pOKyChl, Has3piBaeTCsa (PoKambHOW OChiO. Touka IepeceueHHs
OCEil CUMMETPUM HA3bIBAETCS LIEHTPOM Turep0osbl. TOUKU nepeceueHus: rurnepOoIbl
C OCSMH KOOPJMHAT HA3bIBAIOTCS BepimnHamu runepooisl: Aj(a,0), As(-a,0). C ochkio
Oy rumep6ora He mepecekaercs, T.K. mpu X=0 monyuaem Y°=-b® 0TKyga BHIHO 4TO
IUIs Y TEUCTBUTENBHBIX 3HAYeHUU HET. [10aTOMYy OCh cUMMETpHUH, ITepeceKaroas r'u-
nepOoJTy, HA3bIBACTCS JIEUCTBUTEIBHON OChIO CUMMETpHUH ((POKaTbHOW OChIO), OCh
CUMMETPHH, KOTOpasi HE MepeceKaeT TUrepOoIibl, HA3bIBAETCS MHUMON OCHIO CHM-
metpun. OTpe3ok AjA,, COSAUHSIONINN BEPIIMHBI THIIEPOOJIBI, a TAKXKE €ro JJIMHA
2a Ha3bIBAIOTCS JCHCTBUTEIBLHON OCHIO TuriepOosbl. Eciin Ha MHUMON OCH CUMMET-
puu TUNIEPOOJIBI OTI0XKUTE B 00€ cTopoHbI OT ee 1neHTpa O orpesku OB; u OB, nnu-
Hoto b, To oTpe3ok BiB;, a Taxke ero mmnHa 2b Ha3BIBAIOTCS MHUMOKM OCBIO THIIEp-
00xbl. BenmmunHbl @ ¥ D HA3BIBAIOTCA COOTBETCTBEHHO JEHMCTBUTEIHLHOM M MHHUMOU
noyiyocsiMu TunepOobl. [ mcciaemoBanus (GpopMbl THIEPOONBI JOCTATOYHO pac-

CMOTpETh €€ popMy Tipu x>0,y >0, T.K. TUTIEpOOTIa CHMMETPHUYIHA OTHOCUTEITLHO OCEH
2
X

koopauHat. M3 ypaBHeHus (V) crnenyeT — >1, 3Ha4UT a<x<oo. Korga X yBenu4uBa-
a

€TCsl OT a J10 ©, To Y Toxke yBenuuuBaeTcsa ot 0 go . KpuBas umeer ¢popmy, nzodpa-
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KEHHYI0 Ha uepreke. OHa pacrosiaraeTcsi BHE IOJIOCHI, OTPAaHUYEHHOW MPSIMBIMU
X=+a, U COCTOUT U3 JBYX OT/EJbHBIX BETBEH.

AcuMmnToTsl runepOoiibl. PaccMoTpuM ABe MpsiMbIE JIMHUU, TECHO CBSI3aHHBIE C
runepOo0s0il — Tak Ha3bIBa€Mble ACUMITOTHI rurepoodibl. Ilpeanonaras X u y momio-
AKUTEIbHBIMH, Pa3peliuM ypaBHeHUE (V) rumepOoJibl OTHOCUTEIBHO OpPAMHATHL Y-

b . b
y=—+vx*-a’. ComocrtaBUM 3TO ypaBHEHHE C ypaBHEHHEM MPSIMOU JUHUU Y =—X
a a

Ha3bIBas COOTBETCTBYIOIMMH JBe TOUkd N(X,Y) u M(X,y), pacnoioxeHHbIE COOTBET-
CTBCHHO Ha 3TOW MPsMOW M Ha TurepOoJie ¥ UMCIOIINE OJIHY M Ty K€ aOCIHUCCy X.
OueBunno, Y > Y. [TokaxkeM, 4TO NMPU HEOTPAHHUYCHHOM B03paCTaHI/II/I X PacCTOSIHHE

MN, yOsiBasi, crpemutcsa K Hymnto. B camom aene, MN=Y- y——x——\/x —a’, OTKyJa
MN—— X—x*-a ——.
( ) X+\/X —a

HUYEHHOM Bo3pactaHuu X paccrosaue MN, yObiBasi, ctpemutcst k Hymo. OTcrona
CJIeyeT, YTO Korja Touka M, ABUTasch Mo rumnepOosie B MepBOM KBaJIpaHTe, yaas-

N3 mocnenneit GpopmMynbl BUAHO, YTO MPHU HEOTPa-

. b
€TCA B 00, TO €€ paCcCTOSAHUE N0 MPSIMOHM Y =—X YMCHBIIACTCSA U CTPEMHUTCA K HYJIIO.
a

To xe 00cTOATENHCTBO OYJET UMETh MECTO MPHU JBMKEHUH TOUKM M 1o runepOose
B TPEThEM KBAJIPAHTE (BCIEACTBHE CUMMETPUU OTHOCUTENIBHO Havyana koopauHat O).
B cuiny cumMmerpun runep06oisl OTHOCUTENBHO ocu OY MBI MOTYYUM BTOPYIO MHpsi-

b o b o
MYI y=-—X, CHMMETPUYHO PACIOJOKEHHYIO C MPSIMON y=—X, K KOTOPOU TaKXKe
a a

OyJeT HEOrpaHMYEHHO MPUOIMKAThCA TOYKa M  mIpH ABMXKEHUHU 1O rurepoosie u
yAaJIeHUd B OECKOHEUYHOCTh (BO BTOPOM M YETBEPTOM KBaJIpaHTax). JTHU JIBE MPsIMbIE
JMHUU HOCAT Ha3BaHHUE ACUMNOTOT rumepOosibl. OYeBUIHO, aCUMIITOTHI TUIIEPOOJIbI
pacnoJiararoTcsi Mo JUaroHaJIIM NMPAMOYTOJbHUKA, OJJHA CTOPOHA KOTOPOro mMapal-
nenpHa ocu OX W paBHa 2a, npyras — napanienbna ocu Oy u paBHa 2b, a neHTp Jie-
KUT B Havyase koopAauHaT. [Ipu BeluepurBaHUK TUNEPOOIBI 110 €€ YPaBHEHUIO PEKO-
MEH/yeTCs IPEeIBAPUTEIILHO MOCTPOUTD €€ ACUMIITOTHI.

JupexTpucel runepOossl. JupekrprucamMu runepOoibl Ha3bIBAIOTCS BE MPSIMbIE,

MEePICHIUKYJISIPHBIE K JICHCTBUTEIHHON OCH TUMEPOOSIbI U PACIIONOKEHHBIE CHMMET-
a
PUYHO OTHOCHTEIHHO IIEHTPA Ha PAaCCTOSIHUM — OT Hero. Ecnu rumep6ona 3amana Ka-
&
HOHHMYCCKMM ypaBHeHHEM (V), TO B JIaHHOW CHCTEME KOOPJIWHAT €€ TUPECKTPHCHI
a

a
ONPENCINSIIOTCS YPAaBHEHUSIMU: X =-—,Xx=—. lloCKOJbKYy s runepbonsl € > 1, TO
& &

a o
—<a; 9TO O03HAYacT, YTO AUPCKTPHUCHI PPIHGp6OJIBI HC UMCHKOT C HCH O6IJ_II/IX TOYCK.
g

CBOICTBO JUPEKTPUC TUNEPOOIIBI BEIPAXKAETCS CIETYIONIEH TEOPEMO.
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Teopema. OTHOILIIEHHE PACCTOSHUS I TPOU3BOIBLHON TOUKHM THUIEPOOIIBI 10 (POKY-
ca K paccTosiHUIO 0 3TOH TOYKM JI0 COOTBETCTBYIOIICH JTUPEKTPUCHI €CTh MOCTOSHHAS

;
BEJIMYMHA, paBHAs 3KCIEHTPUCUTETY rUNepO0Ibl, T.€. =&
Jloka3zarenbCTBO aHAJIOTMYHO JO0KA3aTelbCTBY COOTBETCTBYIOIIEH TEOPEMBI IS

DIUINIICA.
Conpsoxennbple  TunepOonbl. PaccmMoTpum Tenepnb

ypaBHEHHE BHJIA: —:—z+g—:=1 *) y
[Tpu momoIy mepecTaHoBKH OykB X ©y ,au b \ B,
OHO CBOJUTCA K ypaBHeHuto (V). OTcroga sCHO, 4TO b 3
ypaBHeHue (*) ompenenseT TUnepOoy, PacroyIOKeH- ;e
HYIO TaK, Kak MOKa3aHO Ha 4YepTexe. YpaBHeHue (*) -
TaK)Ke€ Ha3bIBAeTCS KAHOHWYECKHM ypaBHEHHEM THUIIEp- / \

0oJibl. /IBe rumep0osibl, KOTOPhIE OMPEACISIIOTCS ypaB-
HeHusiMu (V) U (*) B 0HOM U TOM e cUCTeME KOOPJMHAT U IIPU OJHUX U TEX e 3Ha-
YeHHUSIX a U D, Ha3BIBAIOTCS CONPSHKCHHBIMU JAPYT C APYTOM.

PaBHOCTOpOHHS runepOoa. ['unepOoia ¢ paBHBIMU oyocsiMu (a=b) Ha3bIBa-
eTCsl PaBHOCTOPOHHEH (paBHOGOUHOI). Ee KaHOHHYECKOE YPAaBHEHHE MMEET BHI X -
y*=a’. OueBHIHO, YTO OCHOBHO} MPSMOYTONBHUK PABHOCTOPOHHEH THIEPOOIIBI €CTh
KBaJpaT, MOATOMY aCUMIITOTHI pABHOCTOPOHHEH TUIIEPOOIBI MEPIICHIUKYIISIPHBI PYT
K IPYTy | JIeTISAT MOT0JIaM YTJIbI MEXKIY €€ OCSIMU CHMMETPHHU.

IIapa0oJa.

[TapaGona ecTb MHOXXECTBO TOYEK, PABHOOTCTOSIIIMX OT
JAHHOW TOYKH, Ha3biBaeMOl (OKycOM, W JaHHOW MPSIMOiA,
Ha3bIBAEMOW JUPEKTPUCON (MpEeaIoaaraeTcs, 4YTo JaHHAsl TOY- 4
Ka HE JISKUT Ha IPSMON).

Y1oObl COCTaBUTH ypaBHEHHE MapaloJibl, TPUMEM 3a OCh
Ox TpsMyr0, MPOXOAITYI0 uepe3 GoKkyc F meprneHauKyIsipHO
TUpEeKTpuce, U OyJeM CuUMTaTh €€ HAMPABICHHOW OT JAMPEK-
TPUCHI K POKYCY; 3a HaUaJo0 KOOpAUHAT Bo3bMeM cepeauny O
OTpe3Ka OT TOYKHU F 10 TaHHOW MpAMOU, IIIMHY KOTOpOro obo3HauuM uepes p. Benu-

T

=)
-«
~

YUHY ) Ha3bIBAIOT apaMeTpoM mapadossl. Koopaunate! dokyca F OyayT (2,0). O6o0-

3HAYUM 4Yepe3 X U y KOOPJIUHATHI MPOU3BOJIbHOM Touku M mapaboiibl. Toraa koopau-
HaTbl TOYKU K — OCHOBaHMS MEPHEHIUKYISAPA, OMYIIEHHOTO u3 M Ha AUPEKTPUCY,

OoynyT (—g, y). Tak kak no onpenenenuto FM=MK, To, npumensisi popmyity paccro-

SIHUSI MEXIy ABYMSI TOUKaMHU, MOJyYUM ypaBHEHHUE MapadoJibl B BEIOPAHHOW CHCTEME
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KOOpAMHAT: \/ (x—g)2 +y? = \/ (x+ 2) OcBOOOMBIIMCH OT PAUKAIOB, ITOTYYUM KaHO-

HIYECKOE ypaBHEHHE Mapaboisr: Y>=2pX.

Uccnenyem dbopmy napaboibl. 3aMETHUM, YTO X HE MOXKET NMPUHUMATH OTpHUIla-
TEJIbHBIX 3HAYEHUH, T.€. BCE TOUKHM Mapaboiibl jexar capasa oT ocu Oy. Kaxaomy
3HAYEHUIO X COOTBETCTBYIOT JBa 3HAYCHHS ), PaBHBIC 1O aOCOJIOTHOMN BEIMYWHE,
HO TIPOTHBOIIOJIO’KHBIE 10 3HAKY, T.€. KpUBas CHMMETPUYHO PACIIOIOXKEHA OTHOCH-
TeiabHO oc Ox. C yBennueHueM x aOCOJIOTHAsI BEJIMYMHA OPJIMHATHI ) YBEIWYUBA-
eTcsl, IPUYeM, KOIJla X HEOTPAHUYEHHO PACTET, TO |y| TOXKE HEOTPAHUYEHHO PaCTeT.

KpuBas umeet B, 1aHHBIN Ha yepTexe. [lapabosia umeeT 0JIHy OCh CHMMETPHH; OCh
CUMMETpUHU Tapaboibl HA3BIBAIOT €€ OChio. Touka mepecedeHus: mapadboabl ¢ OChIO
CUMMETPHUU HA3bIBAETCS €€ BEPIIMHOM. Y paBHEHUE TUPEKTPUCHI Mapadoiibl B TaHHOU

CUCTEMC KOOPAUHAT X = —g.

Kaxoe u3 ypaBHeHuil Y =-2pX, X°=2py, X’=-2py ompeeiser napabony.
Jlexyus 8.

YupouieHue ypaBHeHUs BTOPOl CTEICHHU,
He CoJiepiKallero YieHa ¢ MIpou3BeJAeHUeM KOOPAUHAT.

ITycTh 1aHo ypaBHEHUE:

AX*+Cy*+2Dx+2Ey+F=0 (V), st kotoporo A*+C*£0.

Paccmorpum Tpu ciyyasi.

1) A u C oxHoro 3Haka, T.e. A-C>0. YpaBHenue (V) B 3TOM cliyyae Ha3bIBa-
€TCAd YPaBHCHHEM JIJUIMNTUYECKOrO THUIA. BhIAensss moiHblE KBaapaThl, MOJYy4YaeM

D® E?

D., E.,
Ax+—)"+C(y+=) ' =—+—-F.
() Oy + 0 =t

[lepexons Kk HOBBIM KOOpAMHATAM MO GopMyrnam: X :x+%,y1 = y+g u 0003Ha-

2 2
qast 7+?_F 1, momyunm: Ax;*+Cy;°=I (*). B 3aBucumoctu ot |, 310 ypaBHeHue

Vi

MOYKHO ITPUBECTH K OAHOMY U3 YPABHECHUU: —+%_1 (351HIIC), ;2 o =-1 (JIuHUU
a a
2 y 2
HE omnpenesier), —5 +-<1- =0 (Touka).
2) A u C pa3HbIX 3HaKoB, T.e. A-C<0. YpaBHeHue (V) B 3TOM clyyae Ha3bl-

BaeTCs ypaBHEHUEM THNEPOOIMUECKOTO TUMA. Y paBHEHUE (*) MPUBOIUTCA K OJTHOMY
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2

2 2 2
U3 CIEAYIOIUX ypaBHEHUIL: );% - %2 =1 (runepbona), - );% + ﬁ% =1 (rumepboia),
X 2 y 2
a—12 - b% =0 (mapa nepeceKarommuXxcs IPIMbIX).

3) A=0, C£0 (umu C=0, A#0). YpaBHeHue (V) B 3TOM cCllyyae Ha3bIBaeTCA

ypaBHeHHEM mapabosmueckoro Ttuma. Ecim eme a) D#0, 1o Oynem umerh

- E

C(y+g)2=—2D(x+ 2DC ). llepexomass K HOBBIM KoopAuHaTaMm 10 ¢dopMysam

2
F_E
C

Vi =Y+ o =Xt 1 0003HaYas —% = p, moxyunM: y,°=2px, (mapabona). Eciu

eme b) D=0, To C(y+E)2—E—2—F uia  y, =1, Toe vy —y+EI—E—2—E YpaBHeHHe
’ c’ cC b ! c'" c* c’

=1 CBOJIUTCS K OJHOMY M3 ypaBHEHHH y,°=b? (Mapa mapajiebHBIX HPSIMBIX),

i =
y,” =—b? (JINHUH HE ompeaensieT), y,> =0 (mapa COBMABIINX MPSIMBIX).

[Tpumep. TlocTpouTh JNMHHUIO, ONPEACISIEMYIO ypaBHE-
HUEM:

9y? —16x* +18y +32x—-151=0. 9(y+1)*-16(x—1)* =144,
x, =x-1y,=y+1 (1). ITocae 3Tol 3aMEeHBI ypaBHEHHE NMPUHU-
crBuTenbHON ocbto Opy; m mapamerpamu a=3, b=4. Llentp
rurnep6osibl O; HaxoauTcs B Touke X;=0,y;=0. C momoiibro /
dopmyn (1) maxogum crapsie koopauHatel O;p: X=1, y=-1. /
CTpOHM CTapyIo M HOBYIO CHCTEMBI KOOPIMHAT U THIIEPOOTy 4
OTHOCUTEIBHO cUCTEMBbI O1X1y;, TEM CaMbIM MOCTPOCHA JIMHUS, 3aJJaHHAs] UCXOIHBIM
ypaBHEHHUEM, B CTApOW CUCTEME KOOPIMHAT.

YupoieHue 001ero ypaBHeHusi BTOPOil CTeNeHM.

AX*+2Bxy+Cy*+2Dx+2Ey+F=0 (1) (B#0).
[lepetinem Kk HOBBIM KOOpJIMHATaM x',y’, CUUTAs, 4TO MEepexo oT Oxy K Ox’y' OCy-
IIECTBIISICTCS ITyTEM IMMOBOPOTA OCEH KOOPJMHAT HAa HEKOTOPBIM YToJI O

x=x'cosa—y' sina )
yv=x'sina+y' cosa

Ve

N

MaeT BUI: =1. OTO ypaBHEHHE TUIIEPOOIIBI C JEH-

—— =t
| a4 |
|

e
|
|

[MoxcraBmss (2) B (1), momyuaem Ax?+2B Xy +C,y* +2D,x +2E,y' + F =0, (3) re
B, = (C— A)cosasina + B(cos” a —sin® ).

VYron nmoBopoTa BeIOEpEM Tak, UTOOBI B ypaBHEHHUH (3) oOpaTuiicsi B HyJIb KO3 (-
durment By, T.e. (C - A)cosasina +B(cos® a—sin® ) =0.
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A-C

OTcro/1a MoJIy4YuM COOTHOUIEHUE JJISI HAXOXKACHUS O ctg 20 = TR
B dhopmynsl mpeoOpazoBanus (2) BXOIAT SINOL U COSOl, YTOOBI HAUTH UX, HEOOXO-
JUMO  BOCTIOJB30BAaThCS  HM3BECTHBIMH  TPUTOHOMETPHUYECKHUMH  (hopMyamu:

S 20 — cty 2 Sing =+ 1-cos2a N [1+cos 2ax
+1+ctg?2a - 2 - 2

[Tocne Takoro BeIOOpa yriia IOBOPOTA O, ypaBHEHHE (3) IPUHUMACT BH/I:
AX?+Cy"? +2DX +2E,y' +F =0.
A TIpHMBeEHHE TAKOTO YpPaBHCHHMS K KAHOHHYECKOMY BHJY MbI pacCMaTpPHBAIIH
BBIIIIC.
[Mpumep. Onpenaenuts BHA, MapaMETPbl W PACIOJIOXKCHHE JIMHUHW, 3aJaHHOM
YPaBHEHUEM: 5x* —6xy +5y° +16x—16Yy =0.
ctg2a = % = 5—;65 =0. BzaB «a=45, dopmynsl (2) 3anumemM B BHUJE:
@(X'— y), yzg(X'+ y).(*)
[ToacTaBUB 3TH BBIPOKEHHUS B JAaHHOC YpaBHCHHE U Ipe-
00pa3oBaB €ro, MoJyuuM: Xx'2+4(y'—~/2)?=8. IlepeiigeM K HoO-

X =

BBIM KOOpAMHATAM 1o opMmynaM X' =x,y" =y —~/2. (**). B pe-
"2 "2
X8 +y7:1.(***). DTO ypaBHEHHE OIIpe-

3YJIbTAaTC IIOJYYHM:

JENSeT JJUIMIC ¢ MONYOCIMH a=2+/2,b=+2. Llentp smmrca
HAXOJIUTCA B TOUKE, JJIsl KOTOPol x”=0,y"=0. C momMotisio hopmyn mpeoOpa3oBaHus
(**) u (*) maxomum: X =0,y =+/2,x=-1y=1. WraK, HEeHTp dIUIMIICA U HAYAJIO HOBOMU
CUCTEMBI O'X"y” HaxoAsATCs B Touke O'(-11). CTpoum 3JUIUIIC, ONpeesieMblid ypaBHE-
HUeM (***), oTHOCHMTENBHO cHUCTeMBl O'X"y’, TEM CaMbIM JUHUS MOCTPOEHA OTHOCHU-

TEJIIBHO CTapOﬁ CUCTEMBI Oxy.
1l BextopHas anredpa v aHaIUTHYECKas T€OMETPHSI

B IMPOCTPAHCTRE.

Jlexyus 9

BGJ’II/I‘-II/IHBI, C KOTOPBIMHU IIPUXOJUTCA BCTPCHATHCA B MCXAHUKC, (1)I/I3I/IKC u apy-
TuXx HPUKIAJHbIX JUCHUIIIINHAX, OBIBAIOT ABOSKOI'O poJa. Takne BEIMYMHBI KaK TEM-
neparypa, Bpem:a, Mmacca, 00BEM U T.J. BIIOJIHC XapPaKTCPU3YIOTCA OAHUM YHCIIOBBIM
3HaueHueM. Takue ke BEJIMUMHBI KaK cujia, CKOpOCTb, YCKOPCHHUC U T.I. CTAHOBATCA
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OTpeACIEHHBIMU TOJBKO TOTJIA, KOT/Ia M3BECTHO, KAKOBHI UX YHCIIOBBIC 3HAYCHUS U
HaIpaBJICHUS B MPOCTPAHCTBE. BeTUYMHBI NIEPBOTO pojia HA3BIBAKOTCS CKaJISPHBIMHU,
WIH KOpode, CKalisipaMHu. Bemu4uHBl BTOPOTO poJia HA3BIBAIOTCS BEKTOPHBIMU. [ist
TE€OMETPHUECKOT0 H300paKeHHUsI BEKTOPHOW BEIIMYUHBI CIY)KUT BEKTOp. BekTopom
HA3bIBAETCS OTPE30K, UMEIOIIHMKA ONpEACIICHHYIO JUTMHY U OIpeIelICHHOE HarpaBJie-
HUE. BEKTOPHI SIBISIFOTCS TPEIMETOM TaK Ha3bIBAEMOT'O0 BEKTOPHOT'O MCUUCIICHHUS, T10-
T00HO TOMY, KaK 4Mclia SBIISIIOTCS MpeaMeToM apudMeTrku. B nanpHeimemM mMbl 0y-
JIEM HCIIOJIh30BaTh BEKTOPHI KaK OJIMH M3 YIAOOHBIX MHCTPYMEHTOB aHATMTHYECKON
I'€OMETPHH B IIPOCTPAHCTRBE.

JIBa BEKTOpa CUMTAIOTCSI PABHBIMH, €CJIH BHITIOJIHEHBI CIEAYIOIINUE TPU YCIOBHS:
1) AMMHBI BEKTOPOB PaBHBI, 2) BEKTOPHI MapajlieibHbl, 3) BEKTOPHl HANpPaBICHBI B
OIHY cTOpoHYy. Ha ueprexe HampaBiieHHE BEKTOpa OTMEYaeTcs CTpeskou. M3 ompe-
JICJICHUs PaBEHCTBA BEKTOPOB CJEAYET, YTO MPH MapalieIbHOM MEPEHOCE BEKTOpa
MOJTy4aeTcsi BEKTOP, paBHBIN ucxoaHOMY. [103TOMY BEKTOPBI MOYKHO MPUBOAMTH K
OJIHOMY Hayally ¥ Ha3bIBAIOTCS OHU CBOOOTHBIMH.
Ciaoxenne BeKTOpPOB./3BeCTHbIE M3 MEXaHUKH 3aKOHBI 2

CJIO)KEHMSI BEKTOPHBIX BEJIMYMH CIIy’KAaT OCHOBAaHHEM Clie-
OYIOLIETO ONPENEIICHUS CIOKEHUS BEKTOpoB. Cymmon

— — o o o 8
JIBYX BEKTOpOB OA u OB Ha3bIBaeTCsA TAaKOW TPETUN BEK- 2

TOp OC, BBIXOISINUI M3 MX OOIIEro Hayaia, KOTOPbIH CIIy;KUT JUaroHalIbio mapajuie-
Jorpamma, CTOpOHaMU KOTOPOTO SIBJISIFOTCS CllaraéMble BEKTOPHI (MPaBUIIO Mapaiie-
jJorpamma). MOKHO CKJIaJbIBaTh BEKTOPHI 1O MPaBUITy TPEYTOJbHUKA: B KOHIIC Mep-
BOI'O CJIara€Moro CTPOMM BTOpoOe€ ciaraeMoe. BekTop, 3aMbIKaroluuil 3Ty JOMaHylo,
ecTb cymMMma. Hauano ero coBmajaer ¢ HayajgoM IEpPBOrO CIaraémMoro, a KOHel — C
KOHIIOM BTOpOTO. CloKE€HHE BEKTOPOB YIOBJIETBOPSIET OCHOBHBIM 3aKOHAM, KOTO-
PBIM TIOTYMHSACTCS CIIOKCHUE YHCElL.

BelunTanue BeKTOPOB. Pa3sHOCTBIO IBYX BEKTOPOB OA U ¢ 4
OB Ha3bIBAETCH TAKOM TpeTHil BEKTOp OC, 4ro cymMma OB u
OC paBHa OA MOXKHO MOJB30BATHCS CIELYIONIUM MPABHIOM:
9TOOBI U3 OJHOTO BEKTOPa BBIUECTH APYTOW, HY’)KHO OTHECTH HX g
K 00IeMy Hadajdy M IMPOBECTH BEKTOP M3 KOHEYHOW TOYKH BEKTOpA-BHIYMTACMOTO B
KOHEUYHYIO TOYKY BEKTOPa-yMEHbBIIIAEMOTO.

YMHoOKeHHe BeKTopa Ha 4ucia0. [Ipn yMHOKEHUH BEKTOpaA Ha YUCJIO €ro JJTH-
Ha YMHOXAeTCs Ha MOJYJIb YKCIIa, a HampaBlieHue JIMOO COXpaHsieTcs (€clu YUCio
MOJIOKUTEIBHOE), TMO0 MEHSETCS] Ha MPOTUBOIOJIONKHOE (€CIM YHUCIO0 OTPULATENb-
HOE).
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CranpaptHas popma BeKkTOopa. Eciii HEHYJIEBOM BEKTOP & pPa3JeiuTh HA €T0
JUIMHY [a], TO MBI IIOJlyYUM €IMHHUYHBIA BEKTOP &, TaK Ha3bIBAEMBIM OPT, TOTO XK€
a
A

KonsmHeapHbie BekTOpbI. /IBa BeKTOpa @ U b Ha3bIBAIOTCS KOJUIMHEAPHBI-
MH, €CJIM OHU MMAPAJUIECIIBHBI WX PACIIOJIOKEHBI HA OJHOM U TOU K€ IPSAMOM.

Teopema. /IBa HEHyIEBBIX BEKTOpPA @ M b KOJUIMHEApHBI TOT/Ia U TOJIBLKO TOT/A,

KOTJIa OHU TPOTIOPIIMOHANIBHEL, T.€. b =ka (V).

HarpasjeHus: €=-—. OTcrona uMeeM CTaHIapTHYIO GOpMY BEKTOpa a =|ale .

HoxazarensctBo: 1) IlycTh BEKTOPBl @ W b KOJUIMHEApHBI U e,e’ - UX OPTHL

T wl

Nmeem a=[afe u b=|ple’ OueBnmno, &'=+e. IlosTomy b=+ble=+—aje=ka, rme

b _
k:iu. 2) Ecnu BBINOJHEHO PaBEHCTBO (V), TO KOJUIMHEAPHOCTh BEKTOPOB a U b

o

HCIIOCPCACTBCHHO CJICAYCT U3 CMbICJIa YMHOKCHHA BCKTOPOB Ha CKAJIAP.

KomniianapHsie BeKTOpPbI. Tpu BekTopa a,b,C Ha3bIBAIOTCS KOMILJIaHAPHBIMH,

€CJIM TOCJIe MPUBEJACHUS MX K OOIIEeMy Hayajay OHHU
JIe)KaT B OJJHOU IJIOCKOCTH.
Teopema. Tpu HeHyneBBIX BeKTOpa a,b,C KOM-

IJIAHAPHBI TOTAA U TOJBKO TOTJA, KOTAA OAWH U3 HUX
SBJISICTCS JIMHEHHONW KOMOWHAIuWeHd Jpyrux, T.€.,
Harpumep, ¢ =ka+Ib (*).

HokazarenbctBo: 1) Ilycte BekTOophl a,b,c

KOMIUIAHAPHBI, PACIIOJI0KEHBI B
miockoctu P u umeror oburyro touky npunoxkenus O. [Ipeanonoxxum cHauana, 4To

9TH BCKTOPLI HC BCC MOIIaPHO KOJUIMHCAPHBI, HAIIPUMEP, BEKTOPLI a U b HEKOJUIMHE-

apHbl. Torma, Ipou3BOAs PaszIoKEHUE BEKTOpa ¢ B CYMMY BEKTOPOB ¢, U ¢,, KOJ-

JMHEAPHBIX COOTBETCTBEHHO BEKTOpaM a W b, OyaemM mMeTh C=C, +C, =ka+Ib. Eciu

BEKTOpHI a,b,C IMOMapHO KOJUIMHEApPHBI, TO MOYKHO Halmcath C=ka=ka+0b, U T.O.
CHOBa BBIMTOJIHEHO ycioBue (*). 2) OOpaTHO, eciau JjIsi BEKTOPOB a,b,C BBIIOJIHCHO
yciaoBue (*), To Ha OCHOBAHHMU CMbICIA COOTBETCTBYIOIIMX BEKTOPHBIX OMEpaluit

BCKTOP ¢ PaACIOJIOXKECH B INIOCKOCTH, co;lepncameﬁ BCKTOPHBI a U 5, T.C. 9TU BCKTOPLI
KOMILJIaHAPHBI.

Jlexyus 10.
IIpoexuus BEKTOPa HA OCh.
[Tpoeknuert Toukn A Ha ock | HaswpIBaeTCs oc-
HOBaHHE A' NEPIEHIAUKYIApa AA', OIYIIEHHOIO M3
TOYKH A Ha 3Ty OCb.
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ITong xoMmoHeHTOM (COCTEIBJ'I?IIOH_IGI\/’I) BCKTOpa a OTHOCHUTCIIbBHO OCHU | monmma-

eTcs BEKTOp a’'= A'B’, Ha4ajo KOTOPOro A’ eCTh MPOCKIUS Ha och | Hauama A Bek-

TOpa &, a KOHeIl KOTOporo B’ ecTh mpoekius Ha ock | kxoHia B 3toro Bekropa.

[Tox npoekiueii BekTopa a Ha oCch | moHHMMaercs ckamsp a, =i‘A'B' , PaBHBII

JUIMHE (MOJIYJIIO) €ro KOMIIOHEHTBI a’ OTHOCHTEJIBHO OcH |, B3ATOM CO 3HAKOM ILTIOC,
CCIIM HampaBJICHUE KOMIIOHCHTHI COBIIAIaeT C HAPaBJICHUEM OCH |, ¥ CO 3HAKOM MHU-
HYC, €CIIM HalpaBjICHUE KOMIIOHCHTHI TPOTUBOIOJIOKHO HampasjicHuto ocu |. Eciu
€ - CIMHUYHBIN BeKTOp ocH |, TO a'=age.

Teopema 1. IIpoekmus BekTopa a Ha ock | paBHA NMPOHM3BEACHUIO IIHHBI [

BEKTOpa Ha KOCHMHYC yIJla (¢ MEXIy HampaBJIE€HHEM BEKTOpa W HAIPaBIICHHEM OCH,
T.€. a =|alcose.

_ A

a |

JlokazarenbcTBO: Tak kak BEeKTOp a=0A CBO- %
- B Y |

OOJIHBINM, TO MOYKHO TPEAINOJIOXKHUTh, YTO HAYAJIO €ro FZ 7 7

g
O nexwur Ha ocu |. 1) Ecim yroa ¢ ocTpwlid, TO a)
HAaNpaBJIeHHE &' COBMAJAET ¢ HampapjeHueMm ocu . 49 i -
— _ o 1
Tornma: a :+‘OA =lacos¢|. 2) Ecnu yron ¢ Tymoi, To l n-g
. @ Z
HarnpaBJicHHE a' MPOTHUBOIOJIOKHO HAMPABICHUIO OCH P i

|. Torma: a =—‘O_A’ = Ja|cos(x — p) =|a|cos .

CnenctBue 1. IIpoekuus BekTopa Ha OCh: 1) MOJIOKUTENIbHA, €CIH BEKTOp 00pa-
3yeT C OChIO OCTpPHBIH yroJii, 2) oTpuliaTesibHa, €CJIM ATOT Yyrojl - Tymoi, 3) paBHA HY-
JIX0, €CJIU ATOT YIroJI - MPSIMOM.

CnenctBue 2. [Ipoekuuu paBHbBIX BEKTOPOB Ha
OJIHY U TY € OCh PaBHBI MEXK]Ty COOOM.

Teopema 2. IIpoexkuuss CymMMBI HECKOJIBKUX
BEKTOPOB Ha JaHHYIO OCh paBHa CyMME HUX MPOECK-
LA Ha 3Ty OCb.

JlokazaTenbCcTBO: [Tycrs, HanpuMmep,
s=a+b+c. Obo3nauas npoekuuu Touek O, A, B, C Ha och | uepe3 O',A,B.C, u

+}A’B' —}B'C'

YUHTBIBAS HATIPABIIEHUS KOMITOHEHT, IMEEM s, =+0'C’|=+O'A =a, +b +¢,.

CneactBue. IIpoekiys 3aMKHYTONH BEKTOPHOM JIMHUM Ha JIFOOYIO OCh paBHA HY-
JIO.

Teopema 3. [Ipoekiust mpou3BeeHUST BEKTOpa Ha CKAJSIp HA JIaHHYIO OCh paBHA
IPOU3BEJICHUIO MPOEKIIMU BEKTOpa Ha JAHHYIO OCh Ha 3TOT CKAJISP,T.€. np, (ka) = knp,a.

Ota popmyia ciaeayeTr U3 TeopeMbl 1 U CMbICIIa YMHOXEHHUSI BEKTOpA Ha CKaJIsIp.
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CrnencrBue. Ilpoeknusi TUHEIHOW KOMOMHAIIMK BEKTOPOB paBHA TaKOW ke JIHU-
HEHHON KOMOWHAIIMK MMPOEKIINIA TUX BEKTOPOB, T.€. np, (k,a+k,b) =k npa+k,npb.

IIpsiMoOyroJibHbIE JeKAPTOBBI KOOPANHATHI B POCTPAHCTBeE.

Yepes HekoTOpyro TOUKy O IMpOCTpaHCTBAa MPOBEAEM ;

TPU B3aWMHO NepHeHAuKyisipHsle ocu Ox, Oy, OZ — ocu 4 Mi3,2)
7 %

KOOPJIMHAT, OTHOCUTEJIBHO KOTOPBIX MBI OyAeM ompeze-

/

|

2|y LAV ey
JATH TIOJIOKEHUE TOYEK mpocTtpaHcTBa. Ocu KOOpAMHAT iipal
OOBIYHO PaCIoararoT Tak, KaK 3TO yKa3aHO Ha 4yepTexe. B " =y E 4
OTOM clly4ae €cjid Mbl OyjileM CMOTpeTh M3 Kakod-nubo .~ H'lzy.0)

TOYKH TOJOXKHUTENbHON mojiyocu (OZ Ha TOJIOKUTEIbHYIO
nostyock Oy, To ock Ox OyaeT HampaBieHa BipaBo. [loaToMmy 3Ta cucteMa KOOpAUHAT
Ha3bIBaeTCA MpaBoi cuctemoil. [ nmpaBoi cucteMbl MOBOPOT OT ocu Ox K ocu Oy
Ha MPsSMOW yrosl OyAeT Ka3aThCsA MPOUCXOMSIIUM TPOTHUB YaCOBOW CTPENIKH, €CIH
CMOTPETh Ha MIOCKOCTh X(Oy U3 KaKOW-TMOO TOYKH TOJOXKHUTENIbHOU moiyocu OZ.
Ocp Ox Ha3bIiBaeTCs oChlo adciuce, Oy — ockio opauHat, OZ — ochlo anmukar. Tou-
Ka TEepPEeCEUCHHs] KOOPIMHATHBIX OCEH HA3bIBAETCS HA4YaIOM KoopauHar. Hakonen,
BbIOEpEM eauHUIly MaciiTada. Tpu B3auMHO TEpHEeHIAUKYISpHBIE Tuiockoctu Oyz,
Oxz, Oxy, NpOXOJISIIME YePEe3 COOTBETCTBYIOIINE OCH, HA3bIBAIOTCS KOOPAUHATHBIMHU
IJIOCKOCTSIMU; OHH JIEJISIT BCE MPOCTPAHCTBO HA BOCEMb OKTAHTOB.

Paguyc-BekTop./ [ kaxxa0ou Toukn M npocTpaHCTBa CyLIECTBYET €€ paauyc-
BEKTOp F=0M, Ha4ajao KOTOPOI'O €CTh Hauajao KoopauHatr O U KOHEI[ KOTOPOro €CTh
nmagHas Touka M.

[lon nexkapToBBHIMH NPAMOYTIOJbHBIMHM KOOPAUHATAMHU X,Y,Z TOUKK M NOHU-
MarOTCs MIPOEKLHH €€ paJInyca-BeKTopa I Ha COOTBETCTBYIOIIME OCU KOOPJMHAT, T.€.
x=r,y=r,z=r,. Touka M ¢ xoopauHaTamu X,y,Zz o0Oo3Hauaercsa M(X,y,z), npuuem

nepBasi KOOpANHATa Ha3bIBAeTCS aOCIIMCCOM, BTOpasi - OPJWHATON, a TPEThi - all-
mukaTo Touku M. [l HaxoXJaeHusl 3TUX KOOPJWHAT yepe3 TOuKy M mpoBeneM
Tpu 1wiockoctu MA, MB, MC, nepneHIUKyJIspHBIE COOTBETCTBEHHO OCAM
Ox,0y,0z. Toraa Ha 3TUX OCsX nojydarcs oTpe3sku OA=x, OB=y, OC=Z, YUCICHHO
paBHbBIE KOOpAMHAaTaM TOYKU M. Panuyc-BeKTOp © SBIISIETCS JUArOHAIBIO Tapaliie-
nenunena Il ¢ usmepenusamu |x,|y||zl, oOpasoBanHoro miaockoctssimu MA, MB, MC u

KOOPJIMHATHBIMU IUIOCKOCTAMH. IloaTomy [F|=4x*+y®+z*. Ecnu 0003HauUnuTH 4epes

a,f,y (MeHstomuecs ot 0 10 ) yribl, 0Opa30BaHHBIE PAANYCOM-BEKTOPOM I C KOOp-
JAWHATHBIMU OCSIMH, TO OyIeM UMeThb X =|F|cosa,y =|F|cos B,z =|F|cosy. Kocunychl cosa,
cOsP, cosy Ha3bIBAalOTCs HANpPAaBJIAIOIIMMH KOCHHYCaMHU paanyca-BekTopa r. M3 mo-
caeqHuX (GopMyn Ansd MOAYIs pPaaMyca-BEKTOpa M Mg KOOPAMHAT I0Iy4aeM
cos” a +00s” f+cos® y =1.
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JJinHa 1 HanpaBJIeHHe BeKTopa.
[Tycts B npoctpancTBe OXyz 3aaaH BekTop a. [Ipoekiuum 3Toro BeKTopa Ha OCH

KOOPAMHAT a,,a,,a, HA3bIBAIOTCS KOOPAMHATAMU BEKTOpA @ ={a,,a,.a,}. TaK KaK BeK-
TOp a CBOOOAHBIA, TO €ro MOXHO pPaccMaTpMBaTh KaK paguyC-BEKTOD TOYKH
M(a,,a,,a,). OTCloa mojiy4yaeM JJIMHY BeKTopa [aj=,/a,’+a,°+a,’. Hampasnsromue

KOCHHYCBI BEKTOpA a OIPEICIAIOTCS u3 ypaBHEHUH:
a, =[acosa,a, =[acos B,a, =[a|cosy, mpHuYIeM cos® o +cos® B+cos’ y =1.

JeiicTBUSI HA/l BEKTOPAMM, 3aJaHHBIMU B KOOPIAUHATHOM dopme.
IlycTb BeKTOp a=1a,,a,,a,| 3aJaH CBOMMH IPOCK-

z

T g
UMMM Ha ocu KoopauHat. [Tloctpoum napasnnenenunes, ‘y N
A N
JIMaroHajabl0 KOTOPOTO SIBIISETCS BEKTOp a, a pedpamu ,;A 3
CJIy’>KaT KOMIIOHEHTHI €r0  a,,d,,a8, OTHOCUTEIBHO COOT- /) - >
7 g

BETCTBYIOILIIUX KOOPAMHATHBIX ocel. MmeeM pasnoxe-
HUC: a=a,+a,+a, EciM BBECTH CIUHUYHBIC BEKTOPHI
(opThI) 1,]j,k, HampaBIEHHBIC MO OCSAM KOOPJWHAT, TO HAa OCHOBAHHH CBSI3U MEXIY
KOMIIOHEHTaMH BEKTOpAa U €ro HNpoeKUUsAMH OyAeM HMeTb: & =a,i,d,=a,j,a,=a,k.
[ToxcraBisiss 3TH BBIpOKEHUS B MPEABIAYIIEE PABEHCTBO, MOJTy4acM KOOPIUHATHYIO
Gopmy BekTopa: a=a,i+a,j+ak.

Eciu b = {bx,by,bZ }, TO, OUEBHIIHO, TAKXKE UMEEM b = b,i +b, j+b,k.

[Tpr yMHOXKEHHUH BEKTOpa Ha CKaJIsIp KOOPAUHATHI BEKTOpA YMHOKAIOTCS Ha 3TOT
CKalAp: Aa=Aa+4a,]+4a,k.

[Tpu crnoxeHuy (WM BBIYUTAHUH) BEKTOPOB HX OJHOMMEHHBIC KOOPJIMHATHI
CKJIa[bIBAIOTCS (MM BBIYUTAIOTCS): a+b =(a, +b )i +(a,+b,)j+(a, +b,)k.

Paccrosinue Me:xkay ABYyMS TOUKAMM NPOCTPAHCTBA.
g HaXO0XKJCHUS PACCTOSAHUS MEXIY TOUYKaMu M, (x,,y;,z,) U M,(X,,Y,,Z,) BBE-

JIeM B PacCMOTpPEHHE BEKTOp a=M,M, u OyJeM HCKaTh
ero amuHy. Toukun M; m M, MOXHO 3a1aThb UX pajnycC-
BEKTOpaMu T, ={x,y,,z,} ¥ T, ={X,,Y,,2,} W3 BeKTOpHOIrO

TpeyronbHuka AOM;M, Oyaem umeth: a=r,-1,. [Ipoek-

TUPYS 3TO BEKTOPHOE PABEHCTBO Ha OCH KOOPIHUHAT, IO-
JTYYUM: a,=X,—X,8, =Y, —Y,,a, =2, 7. Torna oyniem UMETh:

MM, :|§| :\/(Xz _X1)2 +(y, - Y1)2 +(z, _21)2-
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Jenenune orpe3ka B JaHHOM OTHOLICHUMU.

ITycTh JIaHBI JIBE ITPOU3BOJILHBIC TOYKH

M, (x,Y,,2,),M,(X,,Y,,2,) ¥ TpeOyeTcs Ha MpsIMOH, MPOXO-

JAIIEN Yyepe3 9TU TOUYKU, HAUTU TOUKY M (X,Y,z), AEJALIYIO

OTPE30K M,;M, B 3aJJaHHOM OTHOILICHUU A = % N3 uep-
2

TeXa BUJIUM, UTO MM =7-7,MM, =7, 7. [loaTomy OyneM umerb A=—-21, OTKyIa

F,—F

rn+A

~ T,
NOJIy4aeM pElIeHUE 3a/1aud B BEKTOPHOM BHUJE T :T;. [IpoexTupyst 3T0 BEKTOp-

HOE PaBEHCTBO HA OCHU KOOPJMHAT, HalJIeM pelleHre 3a7a4i B KOOPAUHATHOHN hopme
X HAX, Y+ AY, S Z, + 1z,

1+ 4 1+4 1+ 4

CraJisipHOe Pou3BeIeHHe BEKTOPOB.
CKaJIIpHBIM IPOU3BEIEHUEM JBYX BEKTOPOB Ha3bIBAETCS YKMCIIO, PABHOE IIPOM3-
BE/ICHHUIO JUTMH STHX BEKTOPOB Ha KOCHHYC yriia Mexay Humu: (ab)=|alb|cose (1), rae

moj ¢  TMOJAPasyMeBaeTcss Yroi Mexay BekTopamu. Tak kak |bjcosp=npb 1
alcosp=np;a, To (ab)=[alnp,b =[p|mp;a (2)

OCHOBHBIE CBOMCTBA CKAJISPHOTO IPOU3BEICHHS.

1) (ab)=(ba) 2) (a+b.c)=(ac)+(bc) 3) (aa)=a>=[a’. 4) (1a,b)=(a,4b)=A(ab)

5) (1a+ub,c)=A(ac)+ ulbc)

N3 onpenenenus (1) nonyyaem COS(pz%. W3 sToit popmMyIbl ciaemyer, 4To
a

(a_)= 0 SBJISIETCS YCIOBUEM IEPIIEHAUKYIISIPHOCTH IBYX BEKTOPOB.

CkajisipHoe npou3Be/eHUe BEKTOPOB B KOOPAMHATHOM dopme.
Ilycts a=a,i+a,j+a,k, b=hbi+b j+bk. IlepeMHOXas 3TU BEKTOPbl U YUUTbI-
pas cootnomenus (ij)=(ji)=(jk)=(kj)=(ki)=(k)=0,  (ii)=(jj)=(kk)=1, 6ynem umern
a,b, +ab, +a,b,

\/axz +a,”+a,’ \/bxz +b,® +b,”

(ab)=ab, + a,b,+a,b,. Orcrona cosg=

[lycTh BekTOpbl @ W b KOJUIMHEApHbl (HapajuielibHbl), TOT/Ia Y HAcC ObLIO

- S a, 4, a
a=kb; 5TO SKBUBAJEHTHO a, =kb,a, =kb,,a,=kb, Ham —>*=—=—2. DJT0 yCJIOBHE Ia-
b, b, b

X y z

pPaIENbHOCTH JBYX BEKTOPOB B KOOpAWHATHOM (opme. Jlisi mepneHANKYISPHBIX
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BEKTOPOB Cos(p=0, MO3TOMY YCJIOBUE MEPNEHAUKYIIPHOCTU JIBYX BEKTOPOB B KOOP-
JAMHATHOM (hOpMeE TONIydaeTcs Takoe: ab, +a,b, +a,b, =0.

Jlexyus 11.

BekTopHOE Npou3BeleHne BEKTOPOB.
BeKTOpHBIM POU3BEICHUEM ABYX BEKTOPOB @ U b Ha3bl-
BAETCS HOBBII BEKTOP €, ONPENEIAEMBI CAEAYIOIUMU TPEMS
ycnosusamu: 1) |e|=[a|b|sing, e ¢ — yrom Mexay BeKTOpamu a u
b; 2) BEKTOp ¢ IEPIEHAUKYIIAPEH K ILIOCKOCTH 3TUX BEKTOPOB; 3)
BEKTOpBl a,b,C IOKHEI 00Pa30BEIBATH IPABYIO TPOMKY BEKTO-

poB. O6o03HadyeHUe [ab]=Cc.

OcCHOBHBIE CBOMICTBA BEKTOPHOI'0 NIPOM3BEACHMS.
1) [ab]=-[ba], 2) [aa]=0, 3) [4a,b]=[a,Ab]=A[ab],
4) [(a+b),c]=[ac]+[bc].

BexkTopHOE npousBeeHre BEKTOPOB B KOOPAUHATHON (opMe.
Ilycts: a=a,i+a,j+ak, b=hi+b, j+bk.
[TepeMHOXast BEKTOPHO 3TH BEKTOPHI M YUUTHIBAast COOTHOIICHHS [ii]=[]j]=[kk]=0,
[ij]=-{ ]_i_] = if []_IZ] =—[kj]=i, [ki]=-ik]= ], momyqaem:

B i j ok
[ﬁb] = |Cly ﬂ'_]_' d:],
b, b, b,

CMemaHHOe MPOU3BeieHHE BEKTOPOB.
[Tox cMmelaHHbIM (M1 BEKTOPHO-CKAJIIPHBIM) TPOU3BEICHUEM BEKTOPOB a,b,C
IIOHUMaeTcs Yynucio (abc)=([ab],c).
JIIsl IpHITOKEHUST CMEIIAHHOI'O MPOM3BEACHUS BeChbMa

o & s
BaXHBIM SBJIACTCA VYSICHUTh ceOe €ero reoMeTpudyeckuit < ST 1
e
7/
cmbich. [loctpoum napamnenenunes I1, pedbpamu koToporo , A S f/ /I
MCXOIAIUMHU M3 00med BepumHbl O, SBIAIOTCS BEKTOPBI  ,J|[¢ 7 ——-—,4—-/—;*
~ _ N !
a,b,c. Torna [[ab] =[s| mpencTapsgeT cobOI MIOMAIL MApa- L~
Vi a

—

JenorpaMMa, HOCTPOEHHOTO Ha BEKTOpax a | b, T.e. IJo-

1aib OCHOBAaHMS Napaienenuneaa. Beicora atoro napamienenuneaa H , oueBunHo,
paBHa H =+np,C=1|cosp, TA€ 3HAK + COOTBETCTBYET OCTPOMY YIIy @, a 3HAK - -
TyIoMy yriy ¢. B mepBom ciydyae BEKTOpbl a,b,C 00pa3yioT MpaBylo TPOWKY, a BO
BTOPOM — JIEBYIO TpoiKy. Ha ocHOBaHuUM ompenereHusi CKaJIpHOrO MPOU3BEICHUS
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uMeeM: ([ab],c)=(5C)=[s|np,C =4s5|H =1V, rae V — o0beM napajienenumnesna, nocTpoeH-
HOTO Ha BekTopax a,b,c. Orctoma (abc)=4V, T.e. CMEIIaHHOE MPOU3BEICHUE TPEX
BEKTOPOB PaBHO 00BEMY TapajuiesienuIiesia, TOCTPOCHHOTO Ha dTUX BEKTOpax, B3f-
TOMY CO 3HAKOM IUTIOC, €CJI 3TH BEKTOPHI 00pa3yloT MpaBylO TPOWKY, U CO 3HAKOM

MUHYC, €CJIM OHU 00pa3yIoT JIEBYIO TPOUKY.

OcHOBHbBIE CBOWCTBA CMEIMIAHHOTO NIPOU3BEACHHUSI.

1) CMelaHHOE TTPOU3BEACHHE HE MCHSCTCS MPHU IIUKINYECKON IIEPECTaHOB-
K€ €ro COMHOXUTEIIEH, T.€. (abc) = (bca) =(cab).

2) [Tpu mepecTaHOBKE ABYX COCEIHUX MHOXHTEICH CMEIIaHHOE IMPOM3BE/IC-
HHE MEHSET CBOM 3HAK Ha 0OpaTHBIN, HATIpUMEp, (abc)=—(bac).

C MOMOIIBIO CMEIIAHHOIO MPOM3BEACHHUS I0JIyd4aeM YCIOBHE KOMILIAHAPHOCTH
TpeX BEKTOPOB: (abc)=0. Mcronb3ys BEIpaXKEeHHs B KOOPAMHATAX )i BEKTOPHOIO M
CKaJIIPHOTO MPOU3BEACHUH, IMOJyYHM BBIPAKCHHE B KOOPAMHATAX JII CMEIIAHHOTO

a,a,a,
npousBeaeHus (abc)=|b,bb, |
c,C,C,

Jlexyus 12.

IIs1ockoCcTH B IPOCTPAHCTBE.
HopmasibHOe ypaBHeHHE IUIOCKOCTH.
[lonoxeHne MIOCKOCTM B MPOCTPAHCTBE OyaeT

BIIOJIHE OIIPEACJICHO, €CJIK 3aJaluM €€ paCcCTOITHUE P OT /
T /

Hayarna O W €IUHHUYHBIA BEKTOp N,, NEPHEHIUKYIISIP- ,/M
HBIM TJIOCKOCTH M HaNpPaBJICHHBIM OT Hayana (O K IUIOC- = L
kocTh. O4YEeBUIHO, I JT000M TOUKU M (F), JeKalieh Ha " 2
IJIOCKOCTH, UMeeM np, OM =p (V). DTo ycloBHe UMeeT 0

MECTO JIMIIb JJI1 TOYEK IUIOCKOCTH; OHO HApyIIaeTcs, €ciii Touka M JEeXUT BHE
IJIOCKOCTH. U3 onpeenaeHus CKaJIIPHOTO IPOU3BEICHUS UMEEM:
(FM,)=|F|cosp=np, OM W, 3HA4UT, ypaBHeHUE (V) MOXKET OBITH 3alHCaHO B BHUJE:

(fM,)- p=0. DTO HOpPMAJTLHOE YpaBHEHHE TUIOCKOCTH B BEeKTOpHOU (dopme. [Tomyunm

HOpPMAaJIbHOE YpaBHEHHE IJIOCKOCTH B KOOPAMHATHOM (opMe, MOMECTUB HAa4alo KO-
OpJMHAT B Havajae BeKTOpoB O. 3aMETHM, YTO N, ={cose,cos B,cosy}, T «,fB,y - YIJbI,

oOpasyeMble BEKTOPOM N, C OCAMH KOOpAMHAT, F={xy,z} [lomyumm:

XCOSa + Yy CoS f+2C0sy — p=0. DTO ypaBHEHHUE NIEPBOM CTEIIEHU OTHOCUTENIBHO X,Y,Z, T.C.
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BCSKasI IIJIOCKOCTh MOYKET OBITH npcacTaBJICHA YPABHCHUEM HGpBOfI CTCIICHU OTHOCH-
TCIbHO TCKYIIIUX KOOPpAMUHAT.

O011ee ypaBHeHM e IJIOCKOCTH.

Teopema. Bcskoe ypaBHEHHE IIEPBOM CTEIIEHU MEXAY TPEMS MEPEMEHHBIMHU
OTpeesieT TIOCKOCTD.

Bo3bMeM ypaBHEHHE IEPBOM CTENMEHH 00IIero Buaa: Ax+By+Cz+D=0. (*). by-
neM paccmarpuBarh A, B, C kak npoekuuu Ha ocu koopauHat Ox, Oy, OZ HEKOTOPO-
TO MOCTOSIHHOTO BEKTOpa M, a X, ), Z KakK MPOEKIUU pajnyca-BeKTopa r TOYKHU M.
Torna ypaBHeHue (*) MoXKeT OBITh MEPENUCAaHO B BEKTOPHOU hopme CIeayIoIuM 00-
pasom: (rn)+D=0.(**). [TokaxkeM, 4TO 3TO YpPaBHCHHE MOXKET OBITh NMPHUBEACHO K

HOpMaidbHOMY BHUAY. PaccMorpum Tpu ciyuas. 1) Ilycte D < 0. Toraa pasnenum
D

H:0. O0603HaYUB OTPUIIATEIHHOE YUCIIO m
n n

yepe3 -p, rae P NOJIOKUTENbHO, OyeM UMETh HopMallbHOE ypaBHeHue. 2) Ecinu D >

ypaBHeHue (**) Ha [n] Iomyunm: (im,)+

0, To pasnenuM ypasHeHue (**) Ha (~|A|) TakKe MONY4MM HOPMAILHOE ypaBHEHHE. 3)
Ecim D = 0, To ypaBHenue (**) MOKHO pasnenuth Kak Ha || Tak uHa (-[n]) B

o0oux ciydasx MOJydruM HOpMasbHbIe ypaBHeHUsA. T.0. ypaBHeHue (**) Bcerma mo-
XKET OBITh MPUBEACHO K HOpMaIbHOMY BHAY. HO HOpManibHOE ypaBHEHHUE OMPEACIIsIeT
miockocTh. CiaenoBaTenbHo, ypaBHeHue (**), a sHauut u (*), onpenemnsier mIoCKOCTh.
T.o. Teopema nokazana. YpaBHeHue (*) Ha3pIBae€TCsA OOIIUM YPaBHEHHUEM IIIIOCKOCTH.
YcimoBuMCs BCAKHAM BEKTOP, OTIIMYHBIM OT HYJIEBOTO, IEPIEHAUKYIJISIPHBIN K IUIOCKO-
CTH, Ha3bIBaTh HOPMAJIbHBIM BEKTOPOM ILUIOCKOCTH. Torma n={AB,C} OymeT ogHUM
U3 HOPMaJIbHBIX BEKTOPOB IJIOCKOCTH.

UtoO0bI mpuBecTH 00IIee ypaBHEHNUE TUIOCKOCTH K HOPMaJIbHOMY BHIY, HAJIO €ro
pa3ienauTh Ha UIMHY BEKTOpa n={AB,C,} B3sIB €€ CO 3HAaKOM ~+ HIIH - , CMOTpS IO

TOMY, 6YI[GT m D OTpHULIATCIbHBIM HWJIM II0JOKHUTCIIBHBIM, T.C. 06H16€ YPAaBHCHHUC
1

VA% +B%*+C?
MHOKHTEIIS CJICAYET B3ATh IPOTHUBOIIOJIOXKHBIM 3HaKy cBoOogHoro wiena D. U3
CpPaBHCHMS TOJTYUYCHHOTO YPaBHEHHS C OOIIMM YpaBHEHHUEM JIETKO MOJYyJalOTCs Clie-

HaJ0 YMHOXWUTb Ha HOpMI/Ip}IIOI_HI/Iﬁ MHOXUTECIb M =+ npuiecM 3HAK

TYIOIINE bhopMyIIbI: cosa =+ A , cos B =+ B ,
VA% +B%*+C? VA +B*+C?
cosy =+ ¢ =F D

P .
VA% +B%*+C? VA% +B%*+C?

HcciienoBanue o011ero ypaBHeHus1 mJIOCKOCTH.
[TocMOTpYM, Kakue 4acTHBIE TMOJI0KEHUS OTHOCUTEIIBHO OCEM KOOPAMHAT 3aHU-
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MaeT IJIOCKOCTh, 3aJlaHHasi OOLIMM YpPaBHEHHMEM, €CIIM HEKOTOpble KOA(DPUIIUEHTHI
oOpalllaroTCcs B HYJIb.

Eciiu D=0, 1o ypaBHeHuto (*) ynosierBopsitoT koopauHatel Touku O(0,0,0),
T.€. INIOCKOCTb MPOXOUT Yepe3 Haualo KOOpIUHAT.

Eciu C=0, To ypaBuenue (*) Oyner Ax+By+D=0. PaccmaTpuBas 310 ypaBHEHUE
Ha TIOCKOCTH Oxy, Mbl OyJieM UMETh MpAMYIO JUHUIO. PaccmaTpuBas ke 3TO ypas-
HEHHUE B MPOCTPAHCTBE, MBI Oy/IeM UMETh MHOXKECTBO TE€X TOYEK, KOTOPHIE MPOCKTH-
pYIOTCS Ha INIOCKOCTh (Oxy B TOYKM YKa3aHHOM NpsMOM. T.0. B 3TOM Cilydae ypas-
HEHHUE OMpEeJIENsIeT I0CKOCTh, mapamienbHyto ocu Oz. AHajnoru4Ho, ecnu B=0, TO
ypaBHEHHE Ax+Cz+D=0 ompeenseT MIOCKOCTh, MapauienbHyo ocu Oy, U, HaKO-
Hel, ecnu A=(, To ypaBHEHUE By+Cz+D=0 ONpeaenseT IIOCKOCTh, MapaieIbHY0
ocu Ox. BooO11ie, ecnu B ypaBHEHHH IJIOCKOCTH OTCYTCTBYET KOOpAUHATA Z, y UJIH X,
TO TUIOCKOCTH MapajuiesibHa cooTBeTcTBeHHO ocu Oz, Oy unu OX.

[Iycte D=C=0. YpaBHenue Ax+By=(0 omnpenensieT MIOCKOCTb, MPOXOISAILYIO
yepe3 Havyallo KOOpJAMHAT napamienbHo ocu Oz, T.e. 3T0 OyAeT MIOCKOCTh, MTPOXOIsi-
mias yepe3 ocb Oz. Ananmornuno, ypaBuenue AX+Cz=0 onpeznensieT miocKocTh, Mpo-
xonduyto yepe3 ock Oy, a ypapHenue By+Cz=0 onpenensier miockocTb, MpOXos-
1ryto uepes ocb Ox.

Eciu A=B=0, 1o ypaBHenune Cz+D=0 omnpenaeysieT miocKoCTh, NapaiCIbHYIO
ocu Ox uocu Oy, T.e. INIOCKOCTh, NapaJUIeIbHYI0 KOOPANHATHON TIIOCKOCTH OX).
Taxxxe ypaBHenusi By+D=0 u AXx+D=0 onpenenstoT miockocTu, napasienabHble CO-
OTBETCTBEHHO KOOPAMHATHBIM II0cKOCTsIM OXZ 1 Oyz.

Eciu B=C=D=0, to ypaBuenue Ax=0 unu x=0 onpenensieT miocKOCTb KOOPAU-
HaT Oyz. Taxxe ypaBHenus By=0 u Cz=0 onpenensitor COOTBETCTBEHHO KOOPAUHAT-
HbIe Tiockoctu OXz u OXy.

YpaBHeHHe II0CKOCTH B 0TPe3Kax.

PaccMoTpuM MIIOCKOCTh, MEPECEKAIONYI0 BCE TPU KOOPAUHATHBIE OCH U HE MPO-
XOJISIIYIO Yepe3 Hauyallo KOOPJIUHAT. Y PAaBHEHUE 3TOM MJIOCKOCTH MOXHO 3alucaTh B
BUJIE Ax+By+Cz+D=0 (*), rne Hu oauH u3 Kod(PuimeHToB HEe paBeH Hym0. O60-
3HA4YMM uepe3 a, b, C BenMMYHMHBI OTPE3KOB, OTCEKAEMBIX IUIOCKOCTHIO HA OCSX KOOP-
nuHat. Tak kak Touka P(a,(,0) nexuT Ha TUIOCKOCTH, TO €€ KOOPAUHATHI YI0BJIETBO-

psaoT ypaBHenuto (*): Aa+D=0 wmm A--L Ananormamo KOOPJIMHATHI TOYKHU
a

Q(0,b,0) nomxus! ynosieTBopATh ypaBHeHHIO (*): Bb+D=0 nmn B:—%. Haxomner,

koopauHaThl Touku R(0,0,C) ymoBneTBopsitoT ypaBHeHuto (*): Cc+D=0 wmm C =—%.
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[ToncraBnss Haitnenusie A, B, C B (*), mocie HECIOXK-
HBIX TTPE0Opa30BaHM MMOJYYUM YPaBHEHUE TNIOCKOCTH
y

X Z
OTpe3Kax: —+=—+—=1.
a b c

Jlexyus 13.

YpaBHeHHE IUIOCKOCTH, MPOXOASIIIEl Yepe3 JAHHYI0 TOUKY NepPIeHInKY-
JIAPHO TAHHOMY BEKTOpY.
3agaHa Touka M,(x,,Y;,z). Bo3bMeM m1000i Bek-
Top N={AB,C}#0 U HaiiIeM ypaBHEHHE TUIOCKOCTH P,
IIPOXOAALIEH Yepe3 TOUKY M) neprneHauKyJIsIpHO
BEKTOpY n. Bexktop M,M =F-F, Kak JIe)Kallul B
IJIOCKOCTH P, OyJieT nepneHIuKyJIsipeH BEKTOPY
n. [loaTOMyY HX CKanspHOE NPOU3BEACHUE PABHO HYJIIO:
(7,7 —,)=0. DTO ycIOBHE TOTO, YTO TOYKA M JICKUT B
mwiockoctu P . Ilociennee ypaBHEHHE €CTh HCKOMOE
ypaBHEHHUE B BEKTOpHOU (popme. B koopanHaTHOM PopMe 3TO ypaBHEHHE MTPUHUMAET
BUJI: A(X—X)+B(y-y,)+C(z-2)=0. Usmensia 4, Bu C, mbl OyJieM nojry4yaTh pas-
JMYHbIE TJIOCKOCTH, MPOXOASIINE YEPE3 TOUKY M.

YpaBHeHME IOCKOCTH, IPOXOASIIICH Yepe3 TPH JaHHbIE TOYKH.
O0603Hauast uxX paanyChl-BEKTOPHI Uepe3 T, 1,,;, a TEKYLIUI paguyc-BeKTOp yepes
F, MBI JIETKO MTOJIyYUM UCKOMOE ypaBHEHUE B BEKTOpHOU (hopme. B camom pene, Bek-
TOPBI T —T,,F, —F,,F, —T, IOJ>KHBI OBITh KOMIUTAHAPHBI, CJIEI0BATENILHO, CMEIIIAaHHOE
MPOU3BECHUE ITHX BEKTOPOB JOJHKHO OBITh paBHO HyIO: ([F—F,F, —F]F—F)=0. DTO 1
€CTh YPAaBHEHUE IIIOCKOCTH, IMPOXOISIIEN Yepe3 TPU AaHHBIE TOYKH B BEKTOPHOU
dopwme. Ilepexonst kK KOOpIMHATAM, MTOTYUYUM:

X—xy Y—¥, Z—Z
Xa—Xy V,—¥, Z27I4(=10
Xy —Xy Vyg—¥, Z3— Iy

Yroa Mexay AByMs IVIOCKOCTAMHU. Y CJIOBHSI NAPAJICILHOCTH U NePIeH M-
KYJSPHOCTH JABYX IIVIOCKOCTEH.

[lycte ypaBHEHHMS HaHHBIX IIJIOCKOCTEM OyayT: Ax+By+Cz+D, =0 U
A,x+B,y+C,z+D,=0. YIJIOM MEXAy ABYMs IIOCKOCTSAMU OyJIeM Ha3bIBaTh JHO0OM U3
JIBYX CMEXHBIX JIBYTPAHHBIX YIJIOB, 0Opa30BaHHBIX 3TUMU IIOCKOCTAMU. OuH U3
3THX YIJIOB PaBeH yIay ¢ MeEXIy Bekropamu n,={A,B,C,} u n,={A,B,C,}, mep-
NEHIUKYJSIPHBIMU K JTAHHBIM IUIOCKOCTSAM. [Ipy M3ydeHUM CKaIsIpHOrO MPOM3BEAE-
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HUS JIByX BEKTOPOB B KOOPJIUHATHOUM (hopMe, Mbl UMEH CIAEAYIONTYI0 (GOopMyITy IJIs
A&.AZ + BlBZ +C1C2
JAZ+BZ+C2 A7 +B,2+C)

T
Ecnu nnockoct nepneHIuKyJIsIpHbL, TO @ = o T.€. C0SQ = 0. [TorTOMy ycroBue

ONpENEICHUS yIia (. CoSg=

NEPIECHIUKYISIPHOCTH ABYX IUIOCKOCTEN OyAeT Takoe: AA, +BB, +C,C, =0.

YcnoBueM mapajuieIbHOCTU JIBYX IUIOCKOCTEH OyJeT CIy>KUTh yCIIOBHE Hapa-

JIEIBHOCTU BEKTOPOB N, U M, ﬁ=E:&.
A2 BZ CZ
Paccrosinue OoT TOYKH 10 IJIOCKOCTH.

VYciaoBuMcs Ha3bIBAaTh OTKJIOHEHHEM JAaHHOW TOYKH z\ oM
OT JaHHOM IUIOCKOCTH 4uciio 0, paBHOE [IJIMHE IIEpPIICH-
JTUKYJIApa, OMYIIEHHOTO W3 3TOM TOYKM Ha TJIOCKOCTb,
B3ATOM CO 3HAKOM +, €CJIM TOYKA W HA4YaJIO KOOPJAUHAT
JIeXKAT MO pa3Hbl€ CTOPOHBI OT JAHHOM IIOCKOCTH, U CO
3HAKOM -, €CJIM OHHU JIEKAT MO OJHY CTOPOHY OT IJIOCKO- 0 Y

ctu. Ilycts TpeOyeTcss HaTH PacCTOSHUE OT JaHHOU /z/

TOYKH M™(F") 10 TiockocTu (fn,)—p=0. T.e. HAUTK JIUMHY NEpPHEeHAUKYyIsipa MK,
OTYIIEHHOTO M3 TOYKH M’ Ha IIIOCKOCTh. BekTop KM™ mMapalieneH BEKTOpY f,, Io-
3TOoMy KM =dn,. YiclioBoil MHOXuUTeNb O, B3STHIN 110 aOCONIOTHOI BEINUHHE, TACT
HAM HCKOMOE PaccTosHHUE; 3HaK ke O Oymer +, ecnmi KM™ M 7, MMEIOT OJMHAKO-

BOE HaIllpaBJieHHE (T.€. €CIM TOYKH M ¥ O JexaT MO0 pa3Hble CTOPOHBI MIIIOCKOCTH) U
-, €CJI 3TH BEKTOPbI UMEIOT MPOTUBOIOI0KHBIE HAITPABIICHHUS (T.€. €CJIU TOUKA M~ U
O 1nexar 1o oJIHy CTOPOHY IJIOCKOCTH). Takum oOpa3om, d SBIAETCS OTKIOHCHHUEM

Todkd M~ oT mnockocty. Janee, OK+KM =OM™ =OK=0M"—KM~, Wi f, =" —dn,.
Tak kak, ¢ Apyroul CTOpoHbl, Touka K JEXHUT Ha MIOCKOCTH (fM,)—p=0, TO paguyc-
BEKTOp T, OTOM TOYKM JOJKEH YJOBJICTBOPSITH YPAaBHEHHUIO IIJIOCKOCTH, T.€.
(F"—dn,,M,)—p=0, oTKyga d=(F'n,)-p. B koopauHarax: d=x cosa+y cosB+2z cosy—p,
T.€. YTOOBI HAWTH OTKJIOHEHUE TOYKH OT TUIOCKOCTH, HY>KHO B JIEBYIO YaCTh HOPMaJib-
HOTO YpPaBHEHHMS INIOCKOCTH TIOJICTABUTh BMECTO TEKYIIUX KOOPAWMHAT KOOPIWHATHI

JIaHHOI>'I TOYKH. I[J'IH BBIYUCJICHUS PACCTOAHUA OTTOYKHU JO IINIOCKOCTH CICAYCT B3ATH
a6COJ'IIOTHy10 BCIIMYUHY IMOJTYUYCHHOT'O OTKIIOHCHHU.

IIpsimasi TUHMSA B MPOCTPAHCTBE.
IMapameTpuyeckue 1 KAHOHMYECKHE YPABHCHU S MIPSAMOIL.
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[Ipssmasg B MPOCTPAHCTBE OJHO3HAYHO OIPEAEISIETCS
TOYKOU M, (X,,Y,,2,) ¥ HampaBjieHUEM (T.€. HEKOTOPHIM BEK-

TopoMm). IIycTh T, ={X,,Y,,2,} - paaryCc-BEKTOp TaK Ha3bIBAEMOIA

OIOPHOM TOUKH My 1 §={m,n, p} - HEHYJIEBOW BEKTOP MPSIMOH,
KOTOPBIH OyJeM Ha3bIBaTh HAMPABJISIONIMM BEKTOPOM IIpsi-

MOH (mmHa ero npoussonbHa). O6o3Hauas yepes F={xyzf &

paanyc-BeKTOp MPOU3BOIBHOM TOUYKM M mNpAMOW (TEKyIIHM paanyc-BEKTOp), U3

BEKTOPHOIO TpeyrojbHuka OMoM umeem: F=r,+M,M (V). Tak kak BeKTopsl MM H
§ KOJUIMHEApHBI, TO M M =15, rje t - HEKOTOPBIN CKaIAp (—oo <t <+w). IToxcraBiss
3TO BhIpakeHHe B (V), MOJYYUM BEKTOPHOE ypaBHEHHUE NPSIMOM JIMHUU B MPOCTPaH-
crBe: T=r,+t5, (t - mapamerp). [IpoekTupyst 3T0 PaBEHCTBO Ha KOOPJAMHATHBIC OCH,
OylleM HMETh MapaMeTPUYECKUE YpaBHEHUsI MPSIMON JIMHUM B IPOCTPAHCTBE:
X=X, +Mmt,y=Yy,+nt,z=2z,+ pt. ECIIM U3 3TUX ypaBHEHUU UCKIIOUUTH napamerp t, To mo-
JIy4UM TaK Ha3bIBA€MbIE KAHOHUYECKHUE YPABHEHUS MPSMOU JUHHUMU B MPOCTPAHCTBE:

X=X — Y—Yo
m n

z-17 .
==_"0 (*). DOt ypaBHCHHS MMCIOT CMBICI HPOIOPIIMMA, T.C. KAKHE-TO
p

(ne Oosee, ABYX) W3 uMcea M,N,P MoOryT ObITh HysMu. Cuctema (*) COIEpKUT JBa
X=X, 71—, Y- -1
0 _27% Y=Y _27% yygeyg
m p n p
M,N,p Ha3bIBAIOTCS HANMpaBJSIIOMUMEU Koddduimenramu npsmoit auaun. O6o3Hayast
gepe3 o, B, Y yriasl, 00pa3oBaHHBIC MPSMON C KOOPAWHATHBIMHU OCSIMH M YYHUTHIBAS,

YPaBHEHUSI, HAIPUMED, PU  p =0 MOKHO HANMUCATH

4TO  COS¢r,COS3,c0Sy  SBJIAIOTCS HANPABISAIONIMMU KOCHHYCaMHM BEKTOpa §, Oylem
UMETh:  m=|§[cosa,n=[5|cos B, p=[s|cosy, rae [s|=ym*+n*+p?. Otrcroma mnomyyaem:

m n .
COSazﬁ,cosﬂ:H,cos;/=£ (cos® @ +cos® f+cos’ y =1). YpaBHEHUSI MPSIMOU (*) MOXKHO
S S

8
X=Xy Y=Y Z—-1,
3arimcaTthb B CTaHI[apTHOM BUJIC: = =

coSa  COsf  CoSy

VYpaBHEeHHs TPAMOH, NPOXOASAIIEH Yepe3 [BE HECOBIAJAIONINE TOUYKH
Ml(Xl’yl’Zl) H MZ(XZ’yZ’ZZ)'

3a HanpaBJIAOIINNA BEKTOP MPSIMON MPUMEM S =1{X, —X,,Y, —¥,,2, —Z,}#0, TOr/1a Ha
—% — Y=Y _2-%4

X; =X Yo=Y Z, =1

ocHoBaHUM (*) umeeM:

Jlexyus 14.
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OO01mmue ypaBHeHUs NPSIMOI.

[Ipsmyro L B mpocTpaHCTBE MOXKHO 33JaTh TaK K€, KaK JIMHHUIO MEPECEUCHUS
JIBYX TUIOCKOCTeH P M P': Ax+By+C,zz+D, =0, Ax+B,y+C,z+D,=0 (V). OTu ypaBHe-
HUS, pacCMaTpUBAE€MbIE COBMECTHO, HA3bIBAIOTCS OOIIMMHU YpaBHEHUSIMU MPSMOM.
[Ipeanonaraercsi, 4YTO IJIOCKOCTH HE NapajUieibHbl M HE ciauBaroTcsa. OT o0mmx
YPaBHEHUU IPSAMOM MOXKHO MIEPEUTU K KAHOHWYECKUM ypaBHEHUAM. [l oToi nenu
MBI JIOJKHBI 3HAaTh, KAKyIO-HUOYIb TOUKY NMPSAMOW M Harpasisitomuil Bektop. Koop-
JMHATBI TOUYKH JIETKO HaWJIeM U3 JAaHHOW CUCTEMbl YpaBHEHUH, BbIOUpask OJHY U3 KO-
OpJMHAT MPOU3BOJIBHO M PEIIasi IOCJIE 3TOTO CUCTEMY JBYX YPaBHEHUN OTHOCHUTENb-
HO OCTaBILIMXCS JIBYX KOOpAMHAT. [[1s1 OThICKAHMS HANPaBJISIOIIEr0 BEKTOPA MPSIMOiA
3aMETHM, YTO 3TOT BEKTOP, HAIIPABJICHHBIHN 1O JIMHUM MEPECECUEHUS TAHHBIX MIOCKO-
CTe€H, JAOJKEH OBbITh MEPHEHIUKYISIPHBIM K OOOMM HOpPMAalbHBIM BEKTOpaM 3THX
wiockocred n, ={A,B,,C,} U n,={A,B,,C,}. OOpaTHO, BCAKUI BEKTOp, MEPICHIUKY-
JSpHBIA K 0, U 0,, HapajuieJeH 00euM IUIOCKOCTSIM, a CJIEIOBATENbHO, U JAHHON
npsimoii. Ho BekTopHOE mpousBezicHue [nn,] Takxke o0iagaetT 3TUM CBOWCTBOM. [lo-

3TOMY 3a HAIPAaBJISIOIINN BEKTOP MPSIMOM MOKHO MIPUHATH § =[N, ]

YpaBHeHUE MyYKA IJIOCKOCTEH.

[lycte umeem oO6mme ypaBHeHusi mpsimoi (V). CocTaBUM ypaBHEHHUE IMEPBOM
cTeneHu: AXx+By+C,z+D, +A(Ax+B,y+C,z+D,)=0, KOTOpO€ Npu J0OOM 3HAYCHUU A
ONpENEsAeT MIOCKOCTh. Eciii TOUKa JIEKUT HA JAHHOW IMPSAMOU JMHHH, TO €€ KOOp-
JTUHATHI OJHOBPEMEHHO yAOBIECTBOPSIOT 000UM ypaBHEHUSM 3TOUM MPSMOU H, CIEI0-
BATEJBHO, MTOJYYEHHOE YPABHEHUE ONMPENEISAET MIIOCKOCTH, IPOXOISIINE YEPE3 TaH-
HYIO IIPSMYIO, IO3TOMY OHO Ha3bIBACTCSl YPABHEHUEM ITyUYKa MIIOCKOCTEN.

Yroa MEKAY ABYMA NPAMBIMHA JTUHUSIMMA.

Yriaom MCIKAY IIPAMBIMHA B ITPOCTPAHCTBC 6y,ueM Ha3bIBaTh JIFOOOH 13 YIJ0B, 00-
Pa30BaHHBIX JABYM: IIPSAMBIMHA, IIPOBCACHHBIMHU YCPC3 IIPOU3BOJIBHYIO TOYKY IIapaji-
JICJIbHO JaHHBIM. HpI/I 9TOM 6YI[GM 6paTI) YIoJ B I'paHulaX OT 0 mo m. HyCTI) yYpaB-
X=X — Y=Y — -1 u X=X, — Y=Y, — Z_Zz_ Ouye-

m, n, Py m, n, P2

BHUJIHO, 3@ YTOJI (0 MEXIY HUMU MOXHO MPUHATH YIOJI (¢ MEXAY UX HAIPABJISIOIIU-

HCHHUA IBYX IPAMBIX JIMHUU €CThb:

MH BEKTOpaMHu §,={m,n,p,} U S,={m,,n,, p,} HIN yroi, AOMOJHSIOUIMI ero 10 T.
mlm2 + nan + pl p2
2 2 2 2 2 2
\/ml +n1 +p1 \/mZ +n2 +p2

VY clioBuA mapajuieIbHOCTH U NMIEPIIEHAUKYIISIPHOCTH IBYX MPSMBIX.

CoS @ =

mm, +nn, + p,p, =0 - YCIOBUE MEPHEHIUKYISIPHOCTH JIBYX MPSAMBIX (T.K. CKaJISAp-
HOE TIPOU3BEJCHUE WX HAIPABIAIONIUX BEKTOPOB JIOJDKHO PABHATHCSA HYJIIO).
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m n
L= P yenoBHe mapamiebHOCTH ABYX IPSMBIX (T.K. MX HAIPABISIOLIAE BEK-
m2 n2 pZ

TOPBI IOJKHBI OBITh KOJUTMHEAPHBI).

YroJ Mmexay npsiMou 4 IMJIOCKOCTBIO.
[Iycte  ypaBHEHHS  TPSIMOM  UMEKOT  BU:

5
X=X, Y-V, 2-1 7
0 Y=Y _27% a  ypaBHEHHE  IUIOCKOCTH ”1%’-’/

m n p ~
Ax+By+Cz+D=0. YIJIOM ( MEXIy OpsMON U IUIOCKO-

) /
CTBhIO OyZieM Ha3bIBATh JIIOOOM U3 IBYX CMEKHBIX YTJIOB, /

00pa30BaHHBIX MPSMOU M €€ MPOCKIIUEH Ha IIO0CKOCTD. /
Jlns ompeneneHHOCTH, OyJIeM CUMTaTh, YTO (@ - MCHb-

o ns .
WKW U3 3TUX YIJIOB, TOrja (/)S%. cos(%—(p):%. Ho cos(%—go):smgo, €ClIn goS%.

|Am+ Bn +Cp|

sing = .
\/A2+BZ+C2\/m2+n2+p2

YcioBus NapauieIbHOCTH U MEPIEHINKYJISPHOCTH NMPAMOii ¥ IMJIOCKOCTH.
Am+Bn+Cp=0 - YCIIOBHC MapauIeIbHOCTH (CKaIsipHOE Mpou3BeacHue (ns)=0,
A B C

T.K. NL1S). —=—== - yCIIOBUE NEPICHIUKYIAPHOCTH (T.K. T U § TapaJJICIbHbI).
m n p

Ilepeceuenue NMpsIMOM € MJIOCKOCTHIO.

X=X - -1
0 - Y= Yo _27% y ypapHeHHE ILIOCKOCTH:
m n p

JlaHbl ypaBHEHUS NPSAMOM JIMHUMU:

Ax+By+Cz+D=0. KoopauHaTbl TOYKHM IEPECEUECHUSA NPAMOU JIMHUU C IUIOCKOCTBIO
JOJKHBI OJHOBPEMEHHO YJIOBJIETBOPATH BCEM TPEM 3TUM YPAaBHEHUSM, a MOITOMY
IUIS UX OIPENENIEHUs] HYy>KHO COBMECTHO PEIIUTh 3TU YPABHEHUS, CUUTAsA X, ), Z 3a
HEU3BECTHBIE.

Ho nydimre nmoctynuth cieayrommm obpa3zom. [IpupaBHUBas Kaxaoe U3 Tpex
PaBHBIX OTHOLLIEHUN YPAaBHEHUH MPSIMON BCIIOMOTAaTEIbHOMY HEU3BECTHOMY {, mouy-
YaeM YETBhIPE YPABHEHUS NEPBOU CTENEHU C YETBIPbMS HEU3BECTHBIMU X, Y, Z, 1 :
X=X . Y=Y z-1

t, =t, 0 =t, AX+By+Cz+D=0. 13 nepBbIX TpEX ypaBHECHUI HAXOIUM:
m n p

X=X, +mt,y=Yy,+nt,z=z,+ pt. (V). [logcTaBiss 3Tu 3HaA4YCHHS X, Y, Z B YETBEPTOEC ypaB-
Ax, +By,+Cz,+D
Am+Bn+Cp

HEHHE, TOJy4YaeM t=-— . Buocst HaiinenHoe 3HaueHue t B opmyib

(V), IMOJIYYHM KOOPAMHATHI WCKOMOM TOYKHU ICpeCCUCHUA HpﬂMOI\/’I JJUHUHN C ITINIIOCKO-
CTBIO.
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Ecnu Am+Bn+Cp=0, TO t UMeeT OnpeneeHHOE KOHEYHOE 3HAYCHUE; CIIeI0Ba-
TEJIbHO, B 3TOM CJIy4ae NpsiMasi IepeceKacT IIIOCKOCTb B OJTHOM TOYKE.
B cnyyae Am+Bn+Cp=0, Ax,+By,+Cz,+D=0 IpsMas IapajuiejabHa IJIOCKOCTH

(B cuiily MEpBOr0 PaBEHCTBA), a TOUKA (X,,Y,,Z,), YEPE3 KOTOPYIO MpsAMasi MPOXOJIUT,

JICKUT BHE IJIOCKOCTH (B CHIIy BTOPOTO COOTHOIIECHUS), CIEAOBATEIbHO, MpsMasi HE
AMEET HU OJHOU OOIIEN TOUKH C IJIOCKOCTBIO.
Ecim Am+Bn+Cp=0, Ax,+By,+Cz,+D=0, TO mnpsiMas MnapajiejibHa ITaHHOMN

MJIOCKOCTHU (B CUJIY MIEPBOTO PABEHCTBA) U MIPOXOJUT YEPE3 TOUKY (X,,Y,Z,), JICKAILYIO

B 9TOU MJIOCKOCTH (B CHJIy BTOPOI'O PABEHCTBA); CIEAOBATEILHO, MIPsMas BCS JICKUT B
IJIOCKOCTH.
Jlexyus 135.

IloBepXHOCTH B IPOCTPAHCTBE.
[ToBepXHOCTHIO B MPOCTPAHCTBE HA3BIBACTCS MHOYKECTBO TOYCK, KOOPJIMHATHI
KOTOPBIX YIOBJICTBOPSIFOT YPaBHEHHUIO F(x,y,z)=0.(V).

JIuHMS B TPOCTPAHCTBE KAaK NEPECEYEHUE IBYX IMOBEPXHOCTEN ONPENEIAETCS ABYMSI

ypaBHEHUSMH
[Fi'{xj v,z) =10
Fy(x,y,z)=0

[ToBepXHOCTH PaA3AENSAIOTCA MO UX YPABHEHHSM B IMPSAMOYTOJBHOM JIE€KAPTOBOMN
CUCTEME KOOpPJMHAT Ha alredpandeckue u TpaHCIEHACHTHBIC. Y paBHEHNE areopau-
YEeCKOW TOBEPXHOCTH TOCJC MPeoOpa3oBaHUil MOXKET ObITh MpHBEICHO K BUAy (V),
rJi€ JIEBasi YaCTh €CTh LEJbIiI MHOTOWIEH OTHOCUTENBHO X,Y,Z. CTeneHb 3TOro MHOTO-
YJIeHa OTHOCUTEIBHO X,Y,Z JaeT MOpsAOK anredpanmdeckoil moBepxHocTu. [lopsaok
MOBEPXHOCTH HE 3aBUCUT OT BHIOOpA KOOPAMHATHBIX OCEH. ANreOpandecKuMu Mo-
BEPXHOCTSAMHM IE€PBOTO MOPSJAKA SBISIOTCS MJIOCKOCTH, C KOTOPHIMU MbI YK€ 3HAKO-
Mbl. Bce HeanreOpandeckrie MOBEPXHOCTH SIBISIOTCS TPAHCUEHIEHTHBIMU TTOBEPXHO-
ctsiMu. [[03HaKOMUMCS ¢ HEKOTOPBIMU YaCTO BCTPEUAIOIIUMHUCS TOBEPXHOCTSIMH.

uauHapuYecKre MOBEPXHOCTH.

[{uIMHIPUYECKOW TOBEPXHOCTBHIO HA3BIBACTCSA IMOBEPXHOCTh, OIMCHIBAcMast
npsiMoii (0Opasyrolieii), ocTarolencs: mapajyieIbHOW HEKOTOPOM JaHHOW MPsSIMOM U
NepeCceKaroIIeH TaHHYIO JIMHUIO (HAIPaBJISIONIYIO).

[Tycte Hampapmsomas MUJIMHAPUYECKONH MOBEPXHOCTH OIPEACISETCS ypaBHe-
ausamu: F1(X,y,2)=0, F,(X,y,2)=0. ITonoxum, yTo M,N,p - HanpapJsioime Ko3h UIIH-
CHTHl 00Pa3yIIINUX MUIUHAPUYECKON MOBEpXHOCTH. KaHOHWYEeCKue ypaBHEHHUS 00-
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. X=X Y-y Z-z
pazyronmx OyayT: = = , TOe (x,y,z) €CTb TOYKa, MNpHUHAIJICKaAIAs
m n p

HaIpaBJAOLIEH, a X,Y,Z - TeKylue KOOpAUHAThl 00pa3yromux. VCKitounB x,y,z U3
HAIMCAHHBIX BBIIIE YETHIPEX YPABHEHUM, MOJYYUM HCKOMOE YpaBHEHUE LIMJIMHAPU-
YECKOU MTOBEPXHOCTH.

Hano 3Hath, 4TO ypaBHEHHE IWIMHAPUYECKOW MOBEPXHOCTH, 00pa3yroIIne Ko-
TOPOU MapajvieIbHbl KOOPAUHATHON OCH, HE COAEPKUT TEKYIIEH KOOPAUHATHI, OJTHO-
UMEHHOM C 3TOM KOOPJAMHATHON OChIO, 1 OOPATHO.

Konnuyeckue noBepxXHOCTH.

KoHnueckol mOBEPXHOCTBIO HA3BIBAETCSI MOBEPXHOCTh, OINKCHIBAEMas MPSMOU
(oOpazyronieit), MpoxoasIieii uepe3 JaHHYI0 TOYKY (BEpIIMHY KOHYyca) U Mepeceka-
IOLEH JaHHYIO JMHUIO (HampaBiAOIIyl0 KoHyca). IlycTe Hampapisiomas KoHyca
onpexaensercsa ypaBaenusmu Fi(x,y,2)=0 u F,(X,y,2)=0, a BepirHa KoHyca UMeeT
KOOPJMHATHI X,Yo0,Z0. KaHOHMUYECKHE ypaBHEHHUSI 00pa3yIOIIUX KOHYCa KaK MPSMBbIX,
X =X, :Y—yo :Z—zo' He-
X=X Y=Yo <Z-1
KJIIOYUB X,Y,Z W3 YETHIPEX HANIMCAHHBIX BBIIIEC YPAaBHEHUH, MOJyYUM HCKOMOE ypaB-
HEHNE KOHUYECKOU MOBEPXHOCTH.

Hano 3HaTh, 4TO ypaBHEHME KOHUYECKOM ITOBEPXHOCTH C BEPILIMHOM KOHYyCa B

IPOXOJIANINX Yepe3 TouKy (X,Y,Z) HanpaBIsoIIeH, OyayT:

TOouKe (Xo,Y0,Zo) OJHOPOJHO OTHOCHUTEIBHO PAa3HOCTEH X —X,,Y —Y,,Z~-2,, 0OpaTHO,
BCSIKOE OJTHOPOJTHOE OTHOCHTEIBHO X —X,,Y —V,,Z -2, YPaBHCHUE TPEICTABIIIET KO-
HYC, BEpIITHA KOTOPOTO JISKHUT B TOUKE (Xo,Y0,Z0)-

IHoBepxHOCTH BpalleHMs .
[ToBEpXHOCTBIO BpalleHUs HA3BIBAETCS MOBEPXHOCTH, OIH-
CbIBacMasl IUIOCKOM JIMHUEW TpU €€ BpPAIIEHUU OTHOCHUTEIHHO
HEKOTOPOU JAHHOW MPSIMOU.
[Tonoxum, yTo B miockocty (OyZ HaMm JaHa JuHusa L,

uMmeromas ypaBHeHue: F(Y,Z)=0 (*). Haiinem ypaBHEHHE TIO-

BEPXHOCTH, IMOJYYEHHOM OT BpalleHUs ATOM JUHUU BOKpYr ocu QOy. N3 yeptexa
BUJIHO, UTO Y =Yy,Z =+Jx*+2°, 7A€ X,Y,Z - TEKylIrue KOOPJAUHATHI pacCMaTpUBaEMOi
noBepxHoctu Bpamenus. [loacrasuss Y,Z B (*), moiydnmM MCKOMOE ypaBHEHHE T10-
BEPXHOCTH BpalleHust F(y,+vx*+z°)=0.

IloBepXHOCTH BTOPOIr0 MOPSAIKA.
[ToBepXHOCTHIO BTOPOTO TMOpsIIKa Ha3bIBaeTCSA II0-
BEPXHOCTh, OmpesensieMas aareOpandeckuM ypaBHCHHEM




BTOPOM CTEIMEHU OTHOCUTEIBLHO TEKYIIUX KOOpAUHAT X,Y,Z. [Ipu cOOTBETCTBYIOLIEM
BBIOOPE IIPSAMOYTOJBHOM CUCTEMBI KOOPJIMHAT B MPOCTPAHCTBE YPaBHEHHUE TTOBEPXHO-
CTH BTOPOTO IMOPSKAa MOXHO MPUBECTH K OJHOMY M3 CIECAYIOIIMX IBEHAIATH BHU-

JIOB.
2 2 2
X z
— + y—2 + — = 1 (1)
a b” c
(TpEeXOCHBIN AJUTUTICOU])
N3yyuM nmoBepxHOCTH (1) Tak Ha3pIBa€MbIM METOJIOM cedeHuil. Halinem riaBHbIe
CCUCHHUS:
X2 y2
—+2-=12=0 - smmc (*),
a“ b
y2 22
o +=—=1x=0 - ammmmnc (**),
b ¢
X2 Z2
o+ =1y=0 - amaurc (***).
a® ¢

HHOCKOCTB, mapajuicjibHasd IINIOCKOCTH Z:O, INECPCCCKACT IMOBCPXHOCTDL IIO JJI-

2 2 2
X
mancy ~+Y_=1-"_ 7=h C MEHBIIMMH MONYOCAMH, YeM y duTHIca (*).
b
[InockocTh, mapaienbHas miockoctu X=0, mepecexkaer MOBEPXHOCTh MO 3J-
y: z° h? * %
THICY 7+ =1-—,x=h C MEHBIIUMH IIOIyOCAMH, YeM Y dmIca (**).
c a
[1nockocTh, mapamnensHas miockoctd Y=0, mepecexkaer MOBEPXHOCTh MO 3JI-
2 2 2
h

mney ©o+2 =1-" y=h (F**)
Y 7tz =l-7Y=h CMCHBIUINMI MOTYOCAMH, €M Y DILIHIICA :

Ecnmu a=b=c, To ypaBuenue (1) ompexaenser chepy. Ecmu
a=b=zc WM a=c=b, UM b=c=a, TO ypaBHeHue (1) onpenenser

QJUIAIICOMU T BPpAalllCHU:I.

X2 2 ZZ
_2+g_2__2:1 (2)

QD
[}

(OTHOTIOJIOCTHBIN TUTIEPOOIIONT).
[IpumMensiss MeTO CEYEHUH, MOTy4aeM HUCKOMYIO MOBEPXHOCTD.
Ecimn a=Db, To ypaBHenwue (2) ompezenseT OJHOMOJOCTHBIN TUTIEp-

00JI01] BpaIlleHHUS.

X2 2 22
—z+g—z——z=—1 3)

QD
()

(IBYTOJIOCTHBIN TUTIEPOOIIONT).
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C momoIpo METO/Ia CEYeHUM CTPOMM 3Ty MOBEPXHOCTh. Eciu
a=b, to ypaBHenue (3) ompeneisieT ABYMOJIOCTHBINA THIEPOOIOH
BpaIlCHUS.

X 2

2 2
YA
_2+E)/_2__2 0 (4)

QD
()

(KOHYC BTOpPOTO MOPSIZIKA).
MeTonoM CEYEHUN HCCIENYEeM ATY ITOBEPXHOCTb U CTPOUM €€.
Ecnu a=Db, To ypaBuenue (4) onpeaenser KPyroBoi KOHYC.

X Y2 (5)

(AMIMOTUYECKUM TapaboIons).

[IpumeHsieM METOJ CEYEHUM, CTPOUM IOBEpPX-
HocTh. Eciin @a=b, To ypaBuenue (5) onpezaenseT napa-
00JI01] BpaIllCHHUS.

X Y _27 (6)

2 2
2 2
a

o

(runepOonauyeckuit mapabdoIon).

3I[€CI> N JaJIbIIC BHOBb IIPHUMCHACM MCTO[ CEUYCHUM U CTpOUM
COOTBCTCTBYIOIIKUE ITOBECPXHOCTH.

X2 2
7+§:1(n

o]

(ammunrryeckuid nuauaAp). Eciu a=b, To ypaBuenue (7) omnpe-
JEISIET KPYrOBOM ITUITHHP.

Xy
=1 @)

o]

(runepOOoTMYECKUN TUITUHIIP).
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x2=2py (9)

(mapabosMuecKud HWIHHAD).

Xy
—— 0 (10)

QD

(mapa nepecekaromuxcs MI0CKOCTEN )

X2 E 2
—2 = 1 (1 1) o L’
a ‘ .
(O Y
(mapa napajuieNIbHbIX MJIOCKOCTEM ) X
A7
x*=0 (12)
0 v
(mapa coBMaJarOIIMX MIOCKOCTEN) #
Jlexyus 16.

DopmyJibl IPe00Pa30BAHUA MPSIMOYI0JIbHON CUCTEMbI KOOPANHAT
B IPAMOYTOJILHYIO CHCTEMY.
[Ipu napamienbHOM NEPEHOCE KOOPANHATHBIX OCEH:
x=x'+a, y=y+b, z=2"+c, (1)
X'=x-a, y=y-b, z'=z-c, (2)

rae X,Y,Z — KOOpJAUHATHI TOYKH B CTAPOM CUCTEME KOOpAMHAT Oxyz, X',y',z' - KO-
OpIMHATHI TOM K€ TOYKU B HOBOM CHCTEME KOOpAMHAT OXYy7', a,b,c - KOOPJIUHATHI
HOBOT'O Hayayia O' B CTapOM CUCTEME KOOPJIMHAT.

[Ipu MOBOPOTE KOOPAMHATHBIX OCEM:

x =x"cosa, + V" cosa,+ z"cosas
dy = x" cosfi, +¥"cosff, +z"cosf, (3)

z =x"cosy, +¥"cosy, + z"cosy,

x"=x'cosa;+ y'cosf, +z'cosy,

yv" =x'cosay +y'cosf, +z'cosy, (4)

z"=x'cosaz +y' cosf, + z'cosy,
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T€ a,,a,,a, - yTIbl, 00pa3yemMble OChbI0 O’x’ COOTBETCTBEHHO C HOBBIMH OCSIMU
O'x",0Y",02";  B..f.Psr 71,72 7s - YTIIbI, 00pa3yeMble COOTBETCTBEHHO OChIO Q' H

OChI0 Oz’ C HOBBIMHU OCSIMH.
HuanHapuYecKue KOOPAUHATHI. o Sy
HunuHapuyeCKUMU KOOpJIMHATAMHA TOYKU M Ha3bIBaKOT-

-
-

Csl YMCIIA I,p,z, TAE I, - NOJAPHBIE KOOPAUHATHI TOUKA N

!
I
1
\
X

CBA3b MEXy NPSAMOYTOJbHBIMU U LIWIMHIPUYECKUMU KOOP-
TUHATaMU.

t

N\
3
!

/

—
s
/
7
{
=
\
N
Oy S e I

g5
#

1
!
(mpoekiyu Touku M Ha IUIOCKOCTh Oxy), z=np,,OM. |
i
|'
|

y=rsing —o0 = z= oo

r:”“?’ (nzr:::+m, DE(;H‘JE?I,)
£ =E

Cdepuueckne KOOpANHATHI.

Cdeprueckumu KoopAMHATAMU TOYKA M  HaA3BIBAIOTCS
yucna p,0,¢, TIE p - PaccCTOsIHUE TOUYkH M 10 Havana Ko-
OpIUHAT, # - yroj, o0pasyeMblii OM C ocbl0 Oz (LIMpoOTa),
@ - yTOJ, HAa KOTOPBIA HYKHO TTOBEPHYTh OCb Ox MPOTHUB Ya-

COBOM CTpENKH (€CIU CMOTPETHh CO CTOPOHBI MOJOKUTEILHOTO
HaIpaBJICHUS OCH Oz ), 9ToObI oHa coBmaina ¢ ayaom ON (monrota).
CBs13b MEXTy IPSIMOYTOJIBHBIMH U C(DepUUSCKIMHU KOOPIHMHATAMM:

x=psinfcosg 0Z p<+w, 0Z ¢ <2m,
v=psinfsing 0=6=
z=pcost sb=n

IV MarematuuyecKkuil aHaIus.
Jlexyus 17

JAuddepenuunanbHoe ucyucjaeHne PyHKIUU OAHON NepeMEeHHO.
OCHOBHBIE IOHATHSI TEOPUH MHOKECTB.

Teopus mHoxkecTB Bo3HuKIA B 70-x rogax XIX cronerusi. OCHOBONOI0KHUKOM
ee sBisieTcs HeMeukui yuenbiit ['eopr Kantop (1845-1918). Ilonsitue “mHOXeECTBO”
Mbl 4acTO YMoTpeOsisieM B OOBIAEHHOM peun. MBI TOBOpUM: “MHOMKECTBO JIOJEH,
MPOKUBAIOIIUX B ropoaax’’, “ MHOKECTBO JIEPEBLEB ATOrO Jieca” U T.1I. B Maremaruke
TaK)Ke YMOTPeOJIAeTCs 3TO MOHATHE, HAIPUMEP, PACCMATPUBAIOTCS “MHOMXECTBO Y-
cen’”’, “MHOXeCTBO (YHKIUN’, “MHOKECTBO BEKTOPOB”, “MHOKECTBO TOUYEK Ha ILJIOC-
KOCTH H T.H. TeopHsi MHOKECTB 3aHUMAETCS U3YUYEHHUEM MHOYKECTB, a OMPEIACICHUS

MHOXXECTBaA HCT, TaK KaK 3TO OYCHb 06Luee ITOHATHUC, ABJJIAOIICCCA OJHHUM N3 OCHOB-
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HBIX, IEPBUYHBIX MOHATUN MaTeMaTUKU (OOIIMMU, IEPBUYHBIMU MOHATUSIMU B MaTe-
MaTHKe SIBIISIOTCS TaK)Ke, HAPUMEp, MOHATUS TOUKH, ynciia). ECTh TOJNBKO onucaHue
MHOECTBA: MHOXECTBO — 3TO COBOKYIHOCTh HEKOTOPBIX OOBEKTOB, 00BEINHEHHBIX
B OJTHO LIeJI0€ 10 KakoMy-To npu3Haky. Cam ['eopr Kantop nucan: “MH0XKECTBO €CTh
MHOT'0€, MBICTHUMOE HaMH Kak enuHoe”. Hanpumep, 4={BecHa, JIeTO, OCEHb, 3UMa} —
MHOECTBO BPEMEH rojla. B={cnoxeHue, BBIYUTaHUE, YMHOKEHHUE, JIEICHUE} — MHO-
kecTBo apudmernyeckux nercteuil. C={x: x>2} — MHOXecTBO umucen > 2. OOBEKTHI,
U3 KOTOPBIX COCTOUT MHOKECTBO, Ha3bIBAIOTCS JIEMEHTAMU MHOXECTBAa. MHOXecTBa
oniBaroT KoHeuHbIe (4 U B) u 6eckoneunbie (C). MHOXecTBa 3a1at0Tcs MO0 mepe-
YUCJICHUEM DJIEMEHTOB (B CJIy4ae KOHEUYHBIX MHOXECTB), JIUOO C MOMOIIbIO 3aKOHA
(mpaBuia), C TOMOIIBI0 KOTOPOTO MOKHO OTHECTH OOBEKT K MHOKECTRBY.

Ecnu x ecth 00beKT MHOXKECTBA X, TO MUIIYT Xe X (UUTAETCS: X MPUHAJICKUT
X). Ecnu y He saBaseTcs 2IEeMEHTOM MHOXXECTBAa X, TO MUIIYT y ¢ X (YUTAETCA: y HE
npuHamiexkut X). Hapumep, ocens € A, cereoxa ¢ A. 'Y TOOHO BBECTH TOHSITUE MTyCTOTO
MHOKECTBa @, T.€. MHOXKECTBA, HE COJIEPKAIIEr0 HU OJIHOTO DJIEMEHTA.

MuoxkectBa X 1 X; CUHTAIOTCS paBHBIMUA X=X3, €CIIA OHU COCTOSIT U3 OJJHUX U
TeX e dJIeMeHTOB. MHokecTBa X M X; Ha3BIBAlOTCS YKBUBAJICHTHBIMU X~X;, ecilu
MEXIy MX 3JIEeMEHTAaMH MOKHO YCTAHOBUTH B3aMMHO OJHO3HAYHOE COOTBETCTBUE
(711 KOHEYHBIX MHOKECTB 3TO PAaBHOCWJIBHO PABEHCTBY YHCIIa 3JIEMEHTOB B DKBUBA-
JICHTHBIX MHOXECTBaX).

MHo»xecTBO Y, COCTOSIIIIEE U3 YACTH IJIEMEHTOB MHOKECTBA X
WU COBIIAJIAIOIIEE C HUM, HA3bIBAETCA MOJMHOKECTBOM MHOXKE-
crBa X; mumyt Y < X (V) (uuraercs: Y BriaroueHo B X). Hanpumep,
{1,2}={1,2,3}. VYcnoBWiuCh CUMTaTh, YTO IyCTOE MHOXKECTBO
€CTh TIOJIMHOKECTBO JII0O00TO MHOXkeCTBa. Ecim MHOecTBa n300-
paxaTh “JOru4ecKuMu (purypamu’”, TO COOTHOIIEHUIO (V) COOT-
BETCTBYET TAKOW PUCYHOK.

Ecnu moa cuMBOIOM V TIOHUMATh ““7i1s 1F0OOTO”, TO COOTHOIIEHHUE (V) SKBUBA-

JICHTHO CJICAYIOMIEMY: VyeY = ye X,TI€ = 3aMEHSET “ClenyeT .
Ecmm YcX u XcY, To, 0O4EeBUAHO, X =Y.

Onepanuu HaJl MHOKEeCTBAMM.

OO0beauHeHneM (CyMMOM) TBYX MHOXECTB X U Y Ha3bl-
Baercs MHOKecTBO XUY (U-3HaK 00beIUHEHNS), COCTOSIIEE
U3 BCEX DJICMEHTOB, IPUHAICIKAITUX XOTS ObI OJHOMY U3
mHokectB X win Y . Hampumep, {1,2,3}U{2,3,4}={1,2,3,4}.

[lepeceuenunem (mpousBeeHUEM) ABYX MHOXKECTB X 1 Y
Ha3biBaeTcs MHOXeCTBO XMNY (N-3HaK MepecedeHus ), COCTO-
1€ U3 BCEX DJIEMEHTOB, MPUHAICKAIMNX KaK OJTHOMY, TaK
U IpyroMy MHOXecTBaM (0011ast yacTh MHOXecTB). Hampu-




mep, {1,2,3}M{2,3,4}={2,3}. [locnenuum AByM ONpPEAECICHUIM COOTBETCTBYET Clie-
TyIOIWNA pUCYHOK. Eciin MHOXKecTBa XM V' He UMEIOT 0OIIMX 3JIEMEHTOB, TO MX
nepecevyeHre mycro.

PasHocThio MHOXecTB X 1 Y HaszpiBaeTcss MHOXeCTBO X\Y, cojepikaiiee Bce dJie-

MEHTBI MHOXXECTBa JX, He BXozsmme B MHoxectBo Y. Hampumep, {1,2,3} \
{2,3,4}={1}.

Eciu Y < X, 1o MHOkecTBO Y =X \Y HasbiBaercs JIOIIOJTHEHUEM MHOXecTBa Y
10 MHOXecTBa X.

Jlexyus 18.
DyHKIUA.

[Iycts X 1 Y — maHHbIe YHCIOBBIE MHOXKECTBa. EClid B CHJTy HEKOTOPOTO COOT-
BETCTBUA f, COMOCTABIISIFOIIETO JIEMEHTaM MHOXECTBa X 3JIEMEHThI MHOXKeCTBa Y
vxeX 3 yeY (€IUHCTBEHHBIN), TO Y Ha3bIBACTCS OJHO3HAYHOU (DYHKIHUEH OT X ,
OIPENICIIEHHON Ha MHOXKECTBE X .

OToT (hakT KOpoTKO 0O03Havyaercs Tak: Yy =f (X) (xe X).

MHoxecTBo X Ha3bIBarOT 00JacThio onpeneneHus pyHkiuu f (X).

OTtMmeTuM cienyromre o0JacTu onpeaeieHus: (PyHKIUU, KOTOPhIe 4acTo OyIyT
BCTpEYaThCS B JabHEHIIIEM.

HHTepBamoM Ha3bIBaeTCs MHOYKECTBO BCEX YHCE X, 3aKITFOYEHHBIX MEXTY JTaH-
HeIMU yrciamu a u b (a<b), npu sTom camu 3TH uKcna He MpUHAATIEKAT paccMaTPU-
BacMOMY MHOXKECTBY YHCeJI; ero 0003Ha4aroT Tak: (a,b) min a<x<b.

OTpe3KkoM Ha3BIBAETCSI MHOXKECTBO BCEX YHCEN X , 3AKIIOYEHHBIX MEXIY JABYMS
JaHHBIMU YuclIaMu @ U b, mpudem 00a yncna a u b npunaaexar paccMaTpruBacMoMy
MHOJKECTBY; €ro 0003Ha4aroT Tak: [a,h] miu a<x<b. IHOr/a oTpe30ok Ha3bIBAIOT 3a-
MKHYTBIM HHTEPBAJIOM.

a<x<b mwmm [a,b] u a<x<b wm (a,b] — MoOMY3aMKHYTBIC HHTEPBAIBI.

MHOXECTBO YHCEI, TPEICTABIIAIONICe COOOM WIIM WHTEPBaJ, WU OTPE30K, WIIH
M0JTy3aMKHYTBI HHTEpBa, Oy/1IeM Ha3bIBaTh IPOMEXKYTKOM U 0003Ha4aTh <a,bh>.

a<X<+owo WIN (a,+x), a<x<+oco WIA [a,+0), —o<X<C WIHA (-x,C), —o<X<C HWIN
(—o0,¢], —o<X<+00 HUIHU (—o0,+x) - OECKOHEUHbIE MHTEPBAIBI M1 OECKOHEYHBIE MOJTY3a-
MKHYTBIE HHTEPBAJIBI.

JlaHHBIC BBIIIE ONpPEACIICHUS] MOXKHO C(HOPMYIIMPOBATH, MCIOJB3YSI BMECTO TIO-
HATHS “9UCIO0”° MOHATHE “TOYKA’.

B ¢opmyne y = f (X) X Ha3wpIBalOT apryMEHTOM HJIM HE3aBHCUMON IEPEMEHHOM,
a Yy - (QyHKIUEH WIK 3aBUCUMOUN MEPEMEHHOU. 3aBUCUMOCTh NMEPEMEHHBIX X U Y
Ha3bIBaeTCs (PYHKIIMOHATHLHOUW 3aBHCHMOCThI0. CHMBOJ f Ha3bIBaeTCS XapaKTEPHCTH-
Kol (DYHKIIMU M YKa3bIBaeT, YTO HAJ 3HAUY€HWEM X HYXHO MPOW3BECTH KaKHUE-TO
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orepaiuu, 4ToObl MoyuuTh 3Hadenue Y . s dyukmnuu f (X) f(2) - 3Hauenue, xo-
TOpOE OHa MpuHUMaceT npu X = a. KopueMm (uwiu Hyaem ) ¢pyakiuu Y = f (X) Ha3bIBa-
eTCsI 3HAUCHHE apr'yMeHTa X=a, Ipu KoTopoM (pyHkiwus paBHa Hymo: f(a) = 0.

Jliis 0603HaYeHHS (DYHKIIMOHATIBHONW 3aBUCUMOCTH BMECTO OYKBBHI f MOJKHO yII0-
TpeOIATh TI00YI0 Apyryo OykBy (¢, h, F, ¢ u T.1.), Ipu4yeM MOHATHO, YTO pa3InYHbIC
(GYHKIIMN TOKHBI 0003HAYaThCS B OJTHOM M TOM K€ BOIMPOCE PA3TMYHBIMU OyKBaAMH.
Bmecro 3amucu Yy =f(X), U= ¢ (X) u 1.0. uHOrAa Uyt Yy =Y (X),

U=u(X) 1 T.0., T.c. OYKBBI Y, U ¥ T.1. 0003HAYAIOT U 3aBUCUMYIO MICPEMCHHYIO,
CHMBOJI COBOKYITHOCTH OTICpaIfif Haf X .

Ecin ¢pynknus y = f (X) TakoBa, 94TO OOJIBIIIEMY 3HAYCHHUIO apryMeHTa X COOT-
BETCTBYET Ooubiiee 3HaueHue GyHKIMHU, To GyHkms Yy = f (X) HazpBaeTcs Bo3pac-
TaIOMICH; eCJI e OOJIbIIIEMy 3HAYCHHIO apTyMEHTa X COOTBETCTBYET MCHBIIIEE 3Ha-
yeHue GyHkimu, To GyHKius Yy = f (X) Ha3pIBaeTCs yOBIBAIOMICH.

Hus ysxnuii f (X) u ¢ (X), 33a7aHHBIX HA OJTHOM U TOM K€ MHOXecTBe X, ompe-
JCINSIOTCS CyMMa, Pa3HOCTbh, MPOU3BEICHUE, YaCTHOE. DTO HOBBIC (PYHKIIMHU, 3HAYE-
HUS KOTOPBIX BBIPAKAOTCS COOTBETCTBEHHO (hPOPMYJIAMHU:

FO)+e (), T() -9 (x), f(X)e (), %, XeX,

IJie B CJIy4ae 4acTHOTO MpEIoiaraercs, uto ¢(x) =0, Ha X.

Gyukuuro f (X) Ha3bpIBAIOT YCTHOW HIIM HEYETHOM, €CJAM OHAa OIpelaeicHa Ha
MHOECTBE, CHMMETPUYHOM OTHOCHTEIIbHO HYJIEBOW TOYKHM M 00JIaJjaeT Ha HEM
cBorictBoM T (-x) = f (X) wiu cBotictBom f (-x) = - f (X). I'paduik ueTHOU (YHKIIHH,
OYEBHJIHO, CHMMETPUYECH OTHOCUTENbHO ocu OY, a rpaduk HeUeTHON (PYHKIIUU CHUM-
METPUYECH OTHOCUTEIHHO Hadana koopaunar O .

Cnoco0b1 3a1aHust PyHKIMH.

1) Tabmuunerii. [Ipu 3TOM BRIMUCHIBAIOTCS B OMPEAEICHHOM TOPSIKE 3HA-
YEeHUs ApTYMEHTA X1, Xy, ..., Xn H© COOTBETCTBYIOIIME 3HaUYEHUsI QYHKUUU Y1,Y2, ..., Yn.

2) I'padpuueckuii. [Ipu 3TOM COOTBETCTBUE MEKIY apryMEHTOM X U (yHK-
uel Y yCTaHaBJIMBAIOTCS C MOMOIIBIO Ipaduka.

3) Ananutnyeckuil. Ecnu QyHkuus 3agana npu nomoiu GopMmyJbl, TO To-
BOPST, YTO OHA 3aJlaHa aHAIUTUYECKU. B HEKOTOPBIX ciydasx GyHKIMS MOXKET 3a/a-
BaTbCsl HECKOJILKUMH (pOpMyJIamMu.

OcHOBHBIE 3JIeMEHTAPHbIE (PYHKIMH.
1) CrenenHas QyHKIMS: y=Xx*, TJA€ 0 - JTEUCTBUTEIBHOE YUCIIO.

2) [lokazarenbHast QyHKIUS: y=a*, TA€ a - MOJOXUTEIbHOE YHUCIO, HE
paBHOE EAMHUIIE.
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3) Jlorapudpmuueckas GyHkuus: y=log, x, TJile OCHOBaHUE Jorapudmon a -

MOJIOKUTEIILHOE YUCIIO, HE PAaBHOE €TUHUIIE.

4) Tpuronomerpuueckue GyHKIMU: Y=SIN X, Yy=COS X, Yy=tg X, Yy=cCtg X,
Yy=SEcX, Y=COSEC X.

5) OOpaTHbIC TPUTOHOMETPUYECCKUE (YHKIIMU: Yy=arcsin X, Yy=arccos X,
y=arctg X, y=arcctg X, y=arcsec X, y=arcCosec X.

Caoxnas pynkums. Ecnu Yy sBuserca QyHKIuein or U, a U B CBOIO OYepe.lb
3aBHCHT OT MEPEMEHHON X, To Y Takxke 3aBucut ot X. [Iycts y=F(U) m u=e(X).
[Tonyyaem QyHknuoo Yy ot X! y=F[p(x)] . OT0 cinoxHasg GyHKUHS WIH (QYHKIUS OT
byHKINH.

DiieMeHTaApHO# (yHKIMeH Ha3bIBaeTCs (QYHKIIMS, KOTOpas MOXKET ObITh 3a7aHa
oxHou ¢yHkimen Buaa Yy=f(X), rae crnpasa crosiinee BhIPAKEHUE COCTABICHO U3 OC-
HOBHBIX DJIEMCHTAPHBIX (PYHKIIMHA W TMOCTOSHHBIX IMPH MOMOIIM KOHEYHOT'O YHCIIa
OTepaliii CIOKCHMS, BBIYMTAHUS, YMHOXXCHHS, NCICHUS WU B3ATHA (DYHKIIUH OT
GyHKIHH.

Adaredpanyeckoii ¢pynknmeii HaspiBaeTcs mobas dynkius Y=f(X), xoTopasd
YIOBJIETBOPSIET ypaBHEHUIO BUA: P, (X)y" +P(X)y"" +..+P,(x)=0, rae P,(x),P,(X),...,P,(X)
- HEKOTOpbI€ MHOTOWIEHBHI OT X.

OyHKIMA, HE SABIAIONIASACS aareOpandecKkoi, Ha3bIBaeTCsl TPAHCLEHIeHTHOM.

AOCOJIIOTHASA BEJUYHUHA N CTBUTEIbHOI0 YHCJIA.
AOCOIIOTHON BETUYMHOMN (MJIU MOJYJIEM) IEUCTBUTENILHOTO Yucia X (0003HavyaeTcs
[X|) Ha3BpIBaeTCS HEOTPULIATEIBLHOE NCHCTBUTEIBHOE YHCIIO0, YIOBICTBOPSIOIIEE YCIIO-

BUAM:
x| :[ x,x=0
—x,x=10

W3 onpenenenus caeayer X < |X|.

CaoiicTBa a0COJIIOTHBIX BeJIMYMH.

1) AOCOJIIOTHAs BEJIMYMHA ajireOpanuecKkord CyMMbl HECKOJIBKUX JICHCTBH-
TEJBHBIX YMCEI MEHBILIC WM PaBHA CYMMbI aOCOIIOTHBIX BEJIMYHH ClaracMbIX.

JlokaskeM, 4TO JUIsl alreOpandecKoil CyMMBI ABYX JEHCTBUTEIBHBIX YHCEN CIpa-
BEJUIMBO CJIEIYIOIICE HEpaBeHCTBO: | X+Y | <|X |+ |V

IMyctb x +y>0,T1orma |x +ty|=x+y<|x|+]y]|.

[ycre X +y <0, rorma [x+y[=-(x+y)=-x+(-y)<[x[+]y]

Jloka3aTenbCTBO JIETKO PaCIpOCTPAHSIETCS Ha JIF000E YUCIIO ClIaraeMbIX.

2) AOconoTHasi BEJIMUMHA PA3HOCTU OOJIbIE WJIM paBHA Pa3HOCTH abco-
JFOTHBIX BEJIMYMH YMEHBIIIAEMOT'O ¥ BBIUUTAEMOTO: | X—Y | >|X|-]Y|
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HokazatenbctBo. | X | =|y+ (Xx—-y)|<|y|+]|Xx-y]|, orkyma cuexayer,
4TO
[ X=y[=[x[-]yl
3) AOcooTHas BeJIMYMHA TTPOU3BEACHUS paBHA MPOU3BEIACHUIO a0CONIOT-
HBIX BEJIMYHUH cOMHOXuTeneh: | Xyz|=|x||y|lz].
4) AOCOIOTHAS BEJTMYMHA YaCTHOTO PaBHA YACTHOMY a0COJIFOTHBIX BEIMYHH
X| — | x|

JIEJIMMOT'O U NCJIUTEIIS: I
y y

5) X" =] x|"
[locnegnue Tpu CBOWMCTBA HEMOCPEJICTBEHHO CIEAYIOT U3 OIpeJeieHus adco-
JIFOTHOM BEJIUYHHBI.

Jlexyus 19.

IIpenes mocjien0BaTEILHOCTH.

YucnoBol MOCIEAOBATENbHOCTIO (WM TIOCIIEI0OBATEIbHOCTRIO) HA3bIBAETCS
byukmus X, =@ (n) (n=1, 2, 3, ...), onpeaeneHHas Ha MHOXECTBE HATYPaJIbHbIX YH-
Cell.

Kaxgoe 3nauenue X, (N = 1, 2, 3,...) Ha3pIBacTCs JIIEMEHTOM ITOCIIE0BATEILHO-
CTH, a YUCJIO N - ero HoMepoM. YHCIOBYIO MOCIEI0BATEILHOCTh 0003HAYAIOT

{Xn } = X1, X2, X3, ... .

TMpumepst. 1) {n}=1,2,3, ... 2){%}:1,1 L

5 y § 9 see
Uucno a HaszpIBaeTCs MpEeIoM MOCIEA0BAaTEILHOCTU { X, }, €Cli Ve >03IN(e)
Ttakoe, 9To 3 N >N =[x —alke.

O06o3HavaeTcs mpejesa Nociaeq0BaTeIbHOCTH limx, =a WX X, —a MpPU h—>oo.

n—oo

[TocnenoBaTenbHOCTh, UMEIOIIAs MPEIEI, HA3bIBACTCSI CXOASICUCS; MOCIIeI0BATEIb-
HOCTb, Y KOTOPOM HET TPEAEa, - PacXOoAsAIIEeucs.

BbisicHUM reoMeTpUYECKUI CMBICI IOHATHS Mpeaesa MOoCIeI0BaTEIbHOCTH.

HepaBeHCTBO |x,—al<e PaBHOCUIBHO JBOMHOMY HEPABEHCTBY a-&<X,<a+e,
13 KOTOPOTO CIEAYET, UTO X, (a—¢,a+&). Ho BCAKMI MHTEpBAT BUAA (X—&, X+¢&),
rae &>0, Ha3bIBACTCS € — OKPECTHOCTHIO (MJIM MIPOCTO OKPECTHOCTHIO) TOUKH (YU C-
Ja) X Ha yucioBod mpsimoid. [TosToMy ompeneneHue mpenaenia MmociaeoBaTeIbHOCTH
VUMEET CIEAYIOUIUNA T€OMETPUYECKUN CMBICIL: YUCJIO & SBIISIETCS MPEIEIOM MOCIEN0-
BaTEIBLHOCTH {Xp}, €CIM Ve >03N(¢) Takoe, 4To U3 n>N =X, e(a—¢&,a+¢), HHaUE, €C-
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a1 B JIIOOOM €ro OKPECTHOCTH COJAEPX ATCS MOYTH BCE UJIEHBI {X,}, T.€. BHE ATOH
OKPECTHOCTH HAXOUTCS JIUIIb KOHECYHOE YMCIIO WICHOB {X,}.

1 —
[Tpumep. I[TocnenoBarenbHOCTh { = CXOAUTCS U UMeeT npeaen a=0. B camom
n

1 1
Jene, 3ajaguM € M COCTaBHUM HEPAaBCHCTBO |X,|=—<¢. Ono BEPHO IJI1 BCEX n>—
n £

1
iy juis Bcex n>N, e N ecth kakoe-nmbo HaTypalibHOE uncio N >=. Takum 00-
&

pa3oM, Ve >03N(e) Takoe, 4TO U3 n>N =| X, <&

W3 ompeaeneHus mpejesia mocieI0BaTelIbHOCTH CISAYET, YTO MPeJei MOCTOSH-
HOM paBeH ATOW MOCTOSIHHOM limC =C, MOCKOJIbKY B JaHHOM ciyudae X,=C, a=C,

nmso0
| X, —al=0<eve>0.

3 onpcacICHU:A Ipeacia nmocjICA0BaATCIIbHOCTH CICAYCT TAKKC, UTO IIOCICaA0OBA-
TCJIBHOCTb MOXKET NMCTb TOJILKO OJWH IIPCACII. I[eﬁCTBI/ITeﬂBHO, CCJIM JOIIYCTUTDB, YTO
TaKHUX TPEJIENIoB JBa: a u b, mpudyem a<b, To Kaxablif U3 HHTEPBAJIOB (A-¢,a+¢) U

(b-g,b+e), rme ¢ =b;3a, JOJI’KEH OBLI OBl coiepKaTh BCE TOUYKH {Xn}, 32 UCKIIIOYCHU-

€M UX KOHEYHOTO YHCJIa, HO 3TO HEBO3MOYXKHO, IIOTOMY YTO YKa3aHHBIC HHTEPBaJIbI HE
UMEIOT OOIIMX TOYEK (HE MEPECEKAIOTCS ).

OrpaHuyeHHbIE M HEOTPAHNUYEHHbIE NMOCIEA0BATEIbHOCTH.
[TocnenoBatenbHOCTh {X,} HA3BIBACTCSI OTPAHMYCHHOU CBEpXY ( CHHU3Y ), €Clu
CYILIECTBYET Takoe 4uciao A, 4To X, <A (COOTBETCTBEHHO X, > A) JJIsi BCEX HOMEPOB

n. ITocnenoBaTebHOCTh  {Xn}, OTPAHUYCHHAS CBEPXY M CHH3Y, HA3bIBACTCS MPOCTO
orpanudeHHOW. OYeBHUIIHO, YTO MOCJIEAOBATEIBHOCTh {X,} OrpaHWYEHa TOTJA H
TOJILKO TOT/Ia, KOTJIa CYIIECTBYET Takoe yucio C>0, yto |x,|<C [J BCEX HOMEPOB

n.
[TocnenoBaTenbHOCTh {Xn} Ha3bIBACTCS HEOTPAHWYEHHOM, eciau VC >03x, e{x.}

Takou, 4to |X,|>C.

[Tpumepsr. 1) {%} orpaHmueHa. 2) {-n°} orpaHHYeHa CBEPXy U HEOTPAHHUYCHHA

n .
cHuzy. 3) {ncos 7} HE SIBJIIETCS OTPAHUYCHHOW HU CBEPXY, HU CHU3Y.

Teopema. Eciau nmocinenoBaTenbHOCTh UMEET MIPENET, TO OHA OTPAHUYECHA.
HoxazarenbctBo. [IycTh {Xn} cxomutcs v limx, =a. DTO 3HAUUT, UTO Ve >03N(e)
n—o0

Ttakoe, uto U3 N>N =|x,-alke. bynem cumrath, uTo £<1. OOO3HAUUM uepes d
HamOoJbIIee w3 umcen 1, | xp-a |, | Xe-a |, ... , | Xy-@ |, Torma |x,—al<d, T.e.

a-d<x,<a+d s Bcex N. DTO M 03HAYAET, UTO {X,} OTrpaHUYEHA.
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Yucno a Ha3bIBAE€TCsl BEPXHEU I'PaHbIO MOCIIEI0OBATENILHOCTH {Xn}, ecnu 1) x, <a
npH BceX N; 2) Ve >03AN(g) Takoe, 4TO Xp>a- & . BEpXHIOI IpaHb MMOCIIEI0BATEIBHOCTH
{x,} Oynem obo3Hauath SUP{X,} (SUP — cokpallleHre JTATHHCKOTO CjoBa Supremum -
HAWBBICIIHIA). AHAJIOTHYHO ONPEACISACTCS HIDKHSS TPaHb MOCICIOBATSIILHOCTH { Xy}

(coctaBbTe ompenaencuue camu!) u odosnayaercs INf{x,} (inf — cokpaienue narun-
ckoro cioBa INfimum - HauHM3IIH).

MOHOTOHHBIE MOCJIEA0BATEIBLHOCTH.
[locnenoBarenbHOCTh {X,} HA3bIBAETCSI MOHOTOHHO BO3pacTarolie (MOHOTOHHO
yOBIBaIOIIECH), €clu X, <X, (COOTBETCTBEHHO X, >X,,,) NpU BceXx N. MOHOTOHHO BO3-

pacTamlme ¥ MOHOTOHHO YOBIBAIOIIME MOCIEAOBATEILHOCTH HA3bIBAIOTCS MPOCTO
MOHOTOHHBIMH.

Teopema. Bcesikast orpaHudeHHass cBepxy (CHHM3Y) MOHOTOHHO BO3pacTaroIas
(MOHOTOHHO YyOBIBarOIIasi) TMOCIEAOBATEIBHOCTh {X,} HMEET TpeAes, MpUIeM
lim x, =sup{x,} (COOTBETCTBEHHO limx, =inf{x,}).

JHlokazarenbctBo. IlycTh mociaenoBaTenbHOCTh {X,} MOHOTOHHO BO3pacTaeT U
OrpaHUYeHAa CBepXy. B cuily 3THX ycloBHIi OHa UMEET BEpXHIO rpanb SUp{X,}=a.
Jokaxem, uto a=limx,. 3abukcupyem npousBojibHoe €>0. 1o onpeneneHuto Bepx-

nN—
HEeW rpaHu, X,<a Ui BceX N | cymecTByeT Takoi Homep N, uto X,>a-¢ , Torma B
CIUIy MOHOTOHHOCTHM TIOCJIEIOBAaT€ILHOCTH mpu Bcex N>N oJiy4aem
a-e<Xx, <X, <a<a+e¢ CnenoBarenbHO, a-&<X,<a+eg, T.e. |x,—alke mugs nN>N, a

3TO W O3HAYAET, 4TO limx, =a. AHAJOTMYHO JIOKA3bIBAECTCS CYIIECTBOBAHUE IIpeena

nN—o0

JUIs OTPAHUYEHHOM CHU3Y MOHOTOHHO YOBIBAIOIICH MOCJIEI0BATEILHOCTH.

Jlexyus 20.

IIpenesa mocaexoBaresbHOCTH {(1+ 1)”} npM n—oo.
n

PaccmoTpuM mocnenoBarensHOCTh X, =(1+1)", n=1, 2,3, ...

I[OKa)KeM, 4TO 9Ta IIOCJICAOBATC/IIbHOCTL IIPH N —oo HMECT IIPCACII, 4 JJIA 9TOI'O
HaJI0 II0OKa3aTb, YTO OHA MOHOTOHHO BO3PAaCTacT U OI'paHUYCHA CBCPXY.

[IpumenuB ¢popmyny 6mnoma HeroToHa, Haitnem

X, _qapl n-H1 n(n-H-2)1  n(-H(n-2)..[n-(n-H] 1
n 28 n? 3! n® n! n"

[IpeacTaBuM 3TO BeIpaKeHUE B cleayromiei hopme:

1 1. 1 1 2 1 1 2 n-1 *
Xn :1+1+5(1—H)+§(1—H)(1—H)++ ﬁ(l_ﬁ)(l_ﬁ)(l_T) ( )

COBGleIGHHO AHAJIOTUYHO 3aIlUIIEM DJIEMEHT Xp+1-
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x+1=1+1+%(1—i) —(1——)( L W G v I -
I n+1

n+1 n+1 (n+1)! n+1 n+1

HemnocpencTBeHHbIM CpaBHEHHEM YOexKAaeMcCs, UTO Xn<Xn+1, T.€. {X,} BO3pac-
TaroLIasl.

JUia nokazarenbCTBAa OTPAHMYEHHOCTH ATOM MOCIEI0BATENBHOCTH CBEPXY 3aMe-
THUM, YTO KaXJ0€ BBIPAKEHUE B KPYTIJIbIX CKOOKax B COOTHOUIEHUU (*) MeHbIe 1, 1mo-
3TOMY U3 (*) MOKHO MOIYYUTH:

1 1 1
X, <1+1+5+§+...+—|. A oTcroza cieayer, 4To
13 n!

1
2n—1 '
YreHsl HpaBOﬁ 9aCTHU 3TOro HEPABCHCTBA, HAYMHAsL CO BTOPOI'O, SABJIAIOTCA IICP-

xn<1+1+1+i2+...+

o 1
BBIMH N 4JICHAMH T'€OMETPHUYCCKOM IIPOrpeCCUHU CO 3HAMCHATCICM qzz H IICPBbBIM

YyjaeHoM a=I, moaTomy

l_[;j 1 n-1
X <1+ =142 (—j <3
1 2
1-=
2

1o
Urak, {x,}={(C+>)"} BO3pacTaer U OrpaHUYECHA CBEPXY, CICAOBATEIBHO HMEET
n

npeaes. OTOT Mpeae Ha3bIBAKOT YUCIIOM e. I|m(1+—)

N—o0

€ — UppaIMoHAIbHOE YUCIIO; €~2,72.

ApudMeTHYECKHE ONEePANMH HAI YUCJTOBBIMH 0CJIe10BATEIbLHOCTAMH.
[TycTh 3amanbl ABE MMOCIEAOBATCIBHOCTH {Xn}, {Yn}. CyMMOI#i, pa3HOCTEIO, IIPO-
U3BEICHUEM M YACTHBIM ATHX IOCICAOBATEILHOCTEH HA3BIBAIOT COOTBETCTBEHHO I10-

X .
cienoBaTteabHOCTH {XntYn}, {Xn-Yn}, {XnVn}, {~}. B mocnenneli nocienoBaTeIbHOCTH
y

n

y, #0vn. [Ipous3BeneHreM Mocae0BaTeIbHOCTH {X,} Ha YUCJIO ¢ Ha3bIBACTCs II0-

CIICIOBATEIILHOCTD {CXn}.

beckoHeuHO MaJible M 0€CKOHEYHO 00JIbIINE MOCJIe0BATEIbHOCTH.
beckoHeYHO ManoM MOCIEIOBATENIbHOCTBIO HA3bIBAETCS IOCIEA0BATEIBHOCTD
{a,}, Tipenesn KOTOPOil paBeH HYJIO, T.€. lima, =0; uiau 6oJiee MoaAPOOHO: MOCIeI0Ba-

n—oo

TEeIIbHOCTh {o,} Ha3bIBaeTCs OECKOHEUHO MAaJIoM, €ClIu Ve >03N(g) TakKoe, 4To M3

1 o
n>N =|«, |<&. Hampumep, {—} ABJISIETCS] OECKOHEYHO MAaJIOH.
n
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Teopema 1. CymMma 1 pa3HOCTh ABYX O0€CKOHEYHO MaJIbIX TOCIIEA0BATEILHOCTEH
SIBIISIIOTCS. OECKOHEYHO MaJIbIMU MTOCIIE0BATEILHOCTSIMH.
JHoka3zatenbctBo. I[ycTh {an} 1 {f,} - OECKOHECYHO MaJjible MMOCIEeI0BATEIBHOCTH.

3adukcu >0 N 7 i £
pyem €=U, Torga MOXXHO yKa3aTb HOMEp TaKoM, 4TO |a, |<E U |p, |<E

E &
npu Bcex N>N, mnostomy |e, +8, Kea,|+|5, l<§+§:g' DTO O03Ha4aeTr, 4TO

lim(a, £ 3,)=0, T.€. {antfn} 1 {0n-fn} - OECKOHEUHO MaJIbIC TIOCIICIOBATCILHOCTH.
n—oo

CrnencrBue. Anrebpandeckasi CyMMa KOHEYHOTO yrcia OECKOHEYHO MalIbIX I10-
CJICJIOBATEIILHOCTEH €CTh OECKOHEYHO MaJiast IOCJIeIOBATEIIBHOCTb.

Teopema 2. IIpousBeneHne OCCKOHEYHO MaJIOW IOCIEAOBATEIBHOCTH Ha Orpa-
HUYEHHYIO TIOCJIEI0BATEILHOCTh €CTh OECKOHEYHO MaJiasi MOCIEA0BATEIbHOCTD.

JokazarenbctBo. IlycTh {an} - OeckoHEUHO Majias MOCIeI0BATeILHOCTD, {Xn}
- OrpaHHMYCHHAs IOCJICAOBATEIBHOCTD, T.¢. 3Ib>0 TaKoe, uTo |X,|<b mpum Bcex n.

&
3amaB €>0, ykaxxem N Takoe, 4yTo |e, |<B npu Bcex N>N, Ttorna npu tex xe N

£
| Xo H ey 1% < b=2.

DTO M 03HAYACT, YTO {0nXn} - OECKOHEUYHO Majias MOCICAOBATEIbHOCTD.

CrnencrBue. [IpousBenenrne 0€CKOHEYHO MaJIbIX MOCIEI0BATEIHHOCTEH SIBISIETCS
OECKOHEYHO MaJIOH MOCIIEI0BATEIIBHOCTHIO.

[locnenoBarenbHOCTD {X,} Ha3bIBAETCSI OECKOHEYHO OONBIION, eciiu  VE > 03N (E)

Takoe, uto u3 N>N =j|x, |>E, B 3TOM cilyyae NUIIyT limx, =o. beckoHeuHo OombIIas

n—o0o

IMOCJICAOBATCIbHOCTG HC UMCCT IIPpCACiia, IIPUMCHCHHUC 3HAKA ||m B 5TOM CJ1y4dac sB-

JSIeTCsl yCIOBHBIM. [IpuMepsl O€CKOHEYHO OOJBIIMX IMOCIEAOBATEIbLHOCTEH: {N},
2

{n°}.

B 3akiaroueHHe OTMETHM, YTO €CIIU {0nh} - OECKOHEYHO Masiasi MOCie0BaTeIb-

1
HOCTb U 0,70 HH TIpu KakoM N, TO {x }={—} - OeCKOHEUHO OOJIBbIIAs OCJIEA0BATENb-
(04

n

HOCTb.
CaolicTBa MpeaesoB CXOIAIIMXCS MOCTAEA0BATEIbHOCTEI.

Teopema 1. 111 TOTO, 9TOOBI YHCIIO @ ABJISIIOCH MPEICIIOM IOCISI0BATEIIBHOCTH
{Xn}, HEOOXOAMMO M JOCTATOYHO, YTOOBI X,=a+a,,n=123,.., (V), rae {a,} - Oecko-
HEYHO Majiasi NOCIeI0BATEIbHOCTb.

JHokazarenbctBo. HeoOxogumocts. Ilycth limx, =a, T.e. Ve>03N(g) Takoe, 4TO

u3 N>N =|x, —al<e. O003HAUMM X,-a=op, N=1, 2, 3,... (X,=a+ap), TOrOa |on|<e mpu

Bcex N>N; cimemoBaTteiabHO, Xp=a+an, TAe lima, =0.

N—o0
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Hoctatounocts. IlycTh BbIMONHEHO paBeHCTBO (V), rae lime, =0, TOTrIa
n—oo

Ve>03N(g) Takoe, uTo U3 N>N =)|q, |<e. 1locKONBKY Xp-8=an, TO TIpU JIFOOOM &>()

u >N |x;-al<e, T.e. limx, =a.

nN—o0

Teopema 2. Ecim {X,}, {yn} - cxomsimuecs mociie1oBaTeIbHOCTH, TO UX CyMMa,
pa3HOCTb, MIPOM3BE/ICHUE U YaCcTHOE TaKXKe CXOASTCH, pu4emM
. . . . . . . X lim X,
lim(x, £y,)=limx, +limy,, lim(x,y,)=limx, limy,, lim = |="=2=—_B mnocieaHeM paBECH-
n—>c0 n—oo n—o n—>o0 n—w  N—ow n—el lim y
n n—o n
cTBE Yn#0 vn.
Hoka3zatenbctBo. Ecnm limx, =a, limy, =b, T0 X,=a+a,, Yo=b+p,, n=1, 2, 3,...,
n—o0

n—owo

rae limea, =0, limg, =0.

n—oo

[TockonbKy x,+y,=(@+b)+(a,£3,), lim(a,+A3,)=0, TO 1m0 TeopeMme | momydyaem
n—oo
lim(x,ty,)=atb=limx, +limy,. IlepBas ¢dopmymna Teopembl [0Ka3aHa. Tak Kak
n—o0 n—o0 nN—

Xy, =(a+a, )b+ )=ab+@B +ba, +a B,), THe ab — mocrosHHas, {as, +ba, +a B} -

OCCKOHEUHO Majas, TO IO Teopeme | moirydaem rI]iLrgc)xnyn:ab:Iimxn limy,. Btopas

nN—o0 n—oo

dbopMmysia TeopeMbl TakKe JlokazaHa. TpeThio Gopmylly TEOpEMbI IIPUMEM 0€3 JT0Ka-
3aTeIbCTRA.
Jlexyus 21.

Ipenea pyHkuuu.

Omnpenenenue 1. (Ha s3bike mocnenoBaTebHOCTERN ).

[Tycts Gpyukmus y=f(X) ompezaeneHa B HEKOTOPOH OKPECTHOCTH TOYKH @, 3a UC-
KJIFOYCHHUEM MOXKET ObITh caMoit Touku a. Yucimo b HaswiBaeTcs mpeaesioMm pyHKIHH
y=f(X) nmpu X—a, ecimu VvV CXOASIIEHCA K @ IMOCIEIOBATEIBHOCTH X, X,,..., X, ,... 3HA-
YEHUUN apTyMEHTa X, 3JIEMEHTBI X, KOTOPOW OTJIWYHBI OT & (X, #a), COOTBETCTBY-
IOIIas TOCJIEIOBATENBHOCTD f (X)), f(X,),.., f (X, ),... SHAUCHUN (PYHKIIUM CXOIUTCS K b.

st o0o3HaueHus mnpenena (YHKIMM HMCIOJIB3YETCs Cleayrollas CHUMBOJIMKA!
lim f(x)=b. ®ynkuus f(X) MoxkeT UMETh TOJBKO OJUH Hpeaea Ipu X—a. ITO BbITE-
X—a

KaeT U3 Toro, 4ro {f(x,)} MOXKET UMETb TOJILKO OJAMH IIpEaCII.

Onpenenenne 2. (Ha s3bike " -5").

[Tycte pyukims y=f(X) ompezaeneHa B HEKOTOPOH OKPECTHOCTH TOYKH @, 3a HC-
KJIIOYCHUEM MOJKET OBITh camMoil ToukHu a. Yuciao b HaswiBaeTcs mpeaenoM (yHKIUU
y=f(X) mpu X—a, eciiu Ve >035(¢) >0 TaKoe, YTO U3 |x—-alks = |f(x)-ble.

O06a »Tu onpeneneHus npenaena GyHKIUA SKBUBaNeHTHBI. [lokaxkem, Hanpumep,
4TO M3 ompeacieHus 2 cieayer onpenaenenue 1. Ilycte  x,%,,...,X,,..(X, #a) - TpoOU3-
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BOJIBHASI CXOISIIAs’CA K @ IIOCIENOBAaTEIbHOCTh 3HAUECHUN aprymenTa. [lo ompene-
JICHUIO IIpeJieiia MOCIeA0BAaTCAbHOCTH Vo >03N(6) Takoe, YTo U3 n>N =X, —al<J, a,

CJI€0BATEJILHO, COIJIAaCHO OIpenesieHuto 2 | f(x,)—bl<e. DTUM M J0Ka3aHa CXOJH-
MOCTb MOCHEAOBATEABLHOCTU f(X,), f(Xy),..., f (X,),... 3HAUEHUN (PYHKIUU K b. T.o. BEI-

IIOJIHEHO YCIIOBHE, KOTOPOE COJIEP>KUTCA B ONPENENIECHUN |, U, CIeaoBaTeIbHO, MBI
JIOKA3aJI1, YTO U3 ONPEACIECHUS 2 CIEAYET ONpeaeacHuce .

OaHOCTOpOHHME Mpeaeabl.
Yucno b HaszwiBaercs npaBeiM (JieBbIM) mpenerioM ¢yHkiuu f(X) mpu x—a,
€CJIM JIsl JTF000M CXOJAIIECHUCS K 8 TMOCIEAOBATEIBHOCTH X, X,,..., X, ,... 3HAUCHUM ap-

n

TYMEHTa X, DJIEMEHThI KOTOPOM OoJblie (MEHbIIIE) &, COOTBETCTBYIOIIAS MOCIEA0BA-
TENBHOCTh  f(X,), f (X,),..., f(X,),... 3HAUCHMI QYHKIMH CXOIUTCA K D.

Jlnst mpaBoro npenesna ynorpeossercs 0003HaueHUe lim f(x)=b umm f(a+0)=b.

Jlns ieBoro npejiena UCroib3yeTcss 0003HaUYCHHE Iim0 f(x)=b nmu f(a—0)=h.

xoa-

Ecnu nipaBeiit u nesbiid penensl ¢Gyaknun f(X) mpu X—a paBHBI, TO Cyiie-
CTBYET Ipenen 3TOH (PyHKIUU MPU X—a, paBHBIA YKa3aHHBIM OJTHOCTOPOHHUM IIpe-
JeIIam.

ChopmynupyeM ompeaesneHus: npeaena QyHKIUM MpU X—0 U X—+00 WU
X——00.

Yucno b HaszeBaetcs npenenom ¢pyakmuu f(X) mpu X—oo, ecmu vV 0eCKOHEYHO
OO0JIBIIION TIOCIIEIOBATEILHOCTH 3HAYCHUH apryMEHTa COOTBETCTBYIOMIAS MTOCIICIOBA-
TENLHOCTh 3HAYCHHUW (DYHKIIUU CXOTUTCS K D.

Yucno b naszwiBaercs npenenom Gynkuuu f(X) mpu X——+oo (X——o0), ecnmu v
OECKOHEYHO OOJIBIION MOCIEeIOBATEILHOCTH 3HAYCHHUI apryMEHTa, dJIEMEHTHI KOTO-
pOli, HA4YMHAs C HEKOTOPOTO HOMEPA, IMOJIOKHUTEIbHBI (OTPHIIATENBHBI), COOTBET-
CTBYIOII[As TIOCJIEIOBATEIHHOCTh 3HAYCHUH (DYHKIIMH CXOAUTCSA K D.

OcHoBHas TeopeMa 0 npeaeaax QyHKIHM.
[TycTh 3amaHHBIC HA OJHOM M TOM ¢ MHOecTBe ¢ynknuu f(X) m g(X) umeror

nmpu X—a npeaensl b u C. Torma dymxmmu f(X)+g(x), f(x)-g(x), f(x)g(x) u %

UMEIOT TIpU X—a Mpejeibl (4acCTHOE MPHU YCIOBUU C#(), paBHBIE COOTBETCTBEHHO

b+c, b-c, bc, %

JokazatenbcTBO. IIyCTh X, %,,.\ X,y (Xn7@) - TPOM3BOJIBHAS CXOJAIIASCT K @
TIOCIIe0BATEeILHOCTD 3HaUeHM aprymenTa ¢pyHkiui f(X) m g(x). CoorBercTBYyIOMINE
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ocyieA0BaTeNbHOCTH  f(X), f(X,),e, F(X.)0. M 9(X),9(X,)s, 9(X,),... 3HAYEHHH ATHUX

GbyHKIMH UMeroT nipeneiasl b m €. Ho Torma, B cuity TeopeMsl 2 0 mpeaeiax cXoms-
muxcs nocienoBarenbHocTer, mocienoBaTenbHocTH  {f(X,)+g(Xn)}, {f(xn)-9(Xn)},

{f(x,)g(xn)} u {%} UMEIOT MPEJIeIIbl, COOTBETCTBEHHO paBHbIC D+C, b-C, bc u % B
g(Xx,
CHIIy  IPOU3BOJBHOCTH {x,} oT0 o3Hawaer, urTo IiM[f(X)+g(x)]=b+c,

im[f (x) -g()]=b~c, IIm[f(x)g(x)]=bc, lim—°=~-.

Teopema 1. Ecinu pyukuus f(X)=C mocTossHHa B HEKOTOPOH OKPECTHOCTH TOY-
K1 a, To limf(x)=C.
X—a

Hoxka3zatensctBo. Ecim f(X)=C, To [f(X)-C|=0<e B paccmarpuBaeMoil OKpecT-
HOCTHU TOYKHU a , CJIeA0BATEIBHO, lim f(x)=C.
X—a

BBenem nonsitue orpanndenHoi ¢pyHkmuu. Ilycts dynkius y=f(X) ompenene-
Ha B HEKOTOPOW OKPECTHOCTH TOukHM a. DyHkius Y=f(X) Ha3pIBacTCsS OrpaHHYCH-
HOM mpu x—>a, eciau aisi Hekotoporo uucia M>0 3ISM)>0 Takoe, 4yTO H3
Ix—al<d =] f(x)[<M.

Teopema 2. ®yukius y=f(X), umeromnias npegen b npu x—a, orpaHuycHa
IpH X —a.

JlokazarenbcTBO. JlaHo: IXiLr;f(x)=b, CIICIOBATEIILHO, Ve >035(g) >0, TaKOE, 4TO

u3 |x-alko=|f(x)-blke. BpeiOupas &=, mocimeaHee HEPABEHCTBO 3aIUIIECM
| f(x)—bl<1. Orcroma [f(X)|=|(f(x)-b)+b|<|f(x)-b]+|b|]<l+|b|]=M, T.c. [f(X)|[<M mnpu
|x-a|<d. Cnenosarenbho, pynkuus y=f(X) orpanumdena mpu x—a.

beckoHeyHO Masible PYHKIUM.
OYHKIMSA o =a(X) Ha3bIBAETCI OECKOHEYHO MaJloM MpU X —a, ecid lima(x)=0,

X—a

T.€. €CIIU Ve >036(¢) >0 TaKOE, UTO U3 |X—al< o = a(X) < &.

Ecmu ¢ynkmus  y=f(X) wumeer paBublii b mpemen mpu x—a, TO (QYHKIHS
a(x)=f(x)—b sABIIETCS OCCKOHEUYHO MaJION MPH X —a B CHIIY ONPEACIICHHS Mpejaeiia
dbyukuu. Mcmomp3ys 3To, MBI MOJy4aeM CIICIUAIbHOE IPEACTaBICHUE IS (yHK-
I[U1, UMEIOIICH paBHBIN D mipenen npu x —»a: f(x)=b+a(x), rae Ixigga(x) =0.

Teopembl 0 cBOIICTBAX 0€CKOHEYHO MAJIBIX (DYHKIIUI.
Teopema 1. Cymma U pa3HOCTb JBYX OECKOHEUHO MAJIBIX MPU X —>a (QyHKIUH
ecTh (PYHKIIUSI OECKOHEUHO Majias MPH X —> a.
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HoxkazarenbctBo. IIycTh a(x) U B(x) - OECKOHEUHO MaJible MPU X —>a (YHKIHUH.
Torga Ve>035(s)>0 Takoe, 4TO U3 |x—al<d=|a(X) |<§ | B(X |<§, IIO3TOMY
|a(X) £ B(X) || a(X) | +] B(X) |<s. DTO O3HAYAET, UTO Ixim‘(a(x)iﬂ(x))=0, T.. (a(X)+p(x)) U

(a(X)— B(X)) - OECKOHEYHO MaJible MPU X —a (YHKIUU.

CrnencrBue. Anrebpanueckas cyMMa KOHEYHOTO YHciia OECKOHEUYHO MaJIbIX MPU
x—a (QYHKIHUN ecTh OECKOHEYHO Majiasi Ipu X —a (PYHKIHA.

Teopema 2. IlpousBeneHnue OECKOHEUHO Majou MpuU x —a (YHKIMUA Ha Orpa-
HUYEHHYIO IPU X —a (PYHKIUIO €CTh PYHKIMA OECKOHEUHO Maiasi Ipu X — a.

JokazarenbcTBo. [lycTh o =a(x) - OECKOHEUHO Mayas mpu X —a (PyHKUHUA, a
z=2(x) - OrpaHUYEHHAs pU x—>a (QYHKUMS, T.€. Juisl HeKoTtoporo C>( 3 OKpecT-
HOCTB C IIEHTPOM B TOYKE &, B KOTOpOoH |z(x)|<C. Tak Kak a(x) - OECKOHEUHO Maiasi
npu x—a QYHKIHS, TO Ve>0 MOXHO YKa3aThb OKPECTHOCTh C LIEHTPOM B TOUKE &,

) & ) o
B KOTOPOH | a(X)|< < B HauMmeHblel U3 3TUX OKPECTHOCTEH OyAET BBINOJHEHO HEpa-

BEHCTBO: |a(X)z(X)|H a(X)|-|z(X)|<&, a 9TO U 03HAYAET, YTO a(X)-z(X) - OCCKOHEYHO Ma-
Jasi Ipu X —a QyHKIu.

CnenctBue 1. [IpousBenenue nByX OECKOHEUHO MallbIX MpPU X—a (PyHKOuUH
€CTh OECKOHEYHO MaJlasi IpU X —a (PYHKIHA.

CnenctBue 2. [IpousBeneHne O€CKOHEYHO Majlol IpU X —a (PYHKIKU HA OCTO-
SHHYIO €CTh OECKOHEYHO Majlasi pu X —a (QyHKILHSL.

CpaBHeHue 0€CKOHEYHO MAJIBIX QYHKIIUI.

[lycTh a(x) U B(x) - IBE 3aJlaHHbIC HA OJHOM U TOM K€ MHOXECTBE (DYHKIIHH,

SBIISIOIIMECS OECKOHEUHO MaJIbIMU MpU X —a. VIX MOYKHO CpaBHUBATb.

1) Ecimn le% =0, TO QYHKIMS a(X) Ha3bIBaeTCSl OECKOHEUHO Majoi bosee
BBICOKOT'O ITOpsIAKA MAJIOCTH, YEM [(X).

2) Ecmm Iﬂ;%: K#0, To QyHKOUU a(x) U B(X) Ha3BIBAIOTCA OCCKOHEYHO
MaJIBIMU OJTHOT'O ITOPSAAKA MAJIOCTH.

3) Ecnu iﬂ%ﬂ, TO QYHKIIUH «a(xX) U A(X) HA3BIBAIOTCS YKBUBAIICHTHBIMHU

OCCKOHEYHO MAaJIbIMHU.
beckoHeuHo OosibIne GyHKIIMUA.
OyHkiMs y=f(x) Ha3bIBaeTCs OECKOHEUYHO OOJBIIOW TPU X -—>a, €ClH

VE >0356(¢) >0 Takoe, YTo U3 |x—al<o = f(xX)|> E.
beckoHneuHo GoubInas GyHKIMS Mpeiesia He UMEET, HO HHOT/Ia YCIIOBHO TOBOPSIT,
YTO €€ Mpeaes paBeH 0€CKOHEYHOCTHU: lim f(x)=o. Eciu f(x) > NpH x —a, TPUHHU-
X—a
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Masi TOJIbKO IIOJIOKMTEJIBbHBIC HJIM TOJIbKO OTPHUIATEC/IbHBIC 3HAYCHHS, TO COOTBET-
CTBCHHO IMUIIYT: lim f (X) =+, lim f(X)=—oco.
X—a X—a

CpaBHeHue 0eCKOHEYHO 00JIbIINX (PYHKIMH.
ITycTp lim A(x) =00, limB(x)=oc.

1) Eciu Iim%:oo, TO OcckoHeuHO Oounbmas GyHkus A(X) umeer Oolree
x—a B(x
BBICOKHI MOPSAOK pocTa, YeM OeCKOHEYHO Ooibias GpyHkius B(X).
2) Ecnu Iim% =K =0, To A(X) u B(X) uMeIOT 0IMHAKOBBII OPSIOK POCTA.
x—a B(X
Jlexyus 22.

Teopema o npeaesne QyHKUNH, 3aKIIOYCHHON MexKAYy IByMS QYHKUUAMHU,
HMEKIIUMH 001Ul mpe/eJl.

Teopema. Ilycth Tpu PyHKIHMH u=u(x),y = y(X),v=V(X) ONpPEACICHb B HEKOTOPOM
MPOMEXYTKE, COAEepKalleM TOUKy a. Eciii Vxe 3TOMY MPOMEXKYTKY BBIMOJHSIOTCS
HEpaBeHCTBA u(x) < y(x) <v(x) (*) u pyHkImu U(X) 1 V(X) UIMEIOT OJJMHAKOBBIC TPE/ICITbI
npu X—a, To GyHKIms Y=Y(X) UMeeT TOT ke Ipee Npu X—a.

HokazarensctBo. IlycTh limu(x)=b, limv(x)=b. N3 wHepaBencts (*) =

u(x)-b<y(x)-b<v(x)-b. TTo onpenenennro npeaena PyHKIuM Ve >03 TaKUe OKPECT-

HOCTM TOYKH &, B KOTOPBIX OyAYT COOTBETCTBEHHO BBIMOJHATHCS HEPABEHCTBA!
—g<U-b<eg, —-e<v-b<e Ml BceX Xe MEHBUIEH W3 3TUX OKPECTHOCTEH OyAyT BBI-

MIOJTHEHBI 00a AT HEPABEHCTBA, a TOATOMY M HEPABEHCTBA —c<y-b<eg, |y—blke ITO
Y O3HA4aeT, 4To lim y(x) =b. JTa TeopeMa Ha3bIBAECTCA €IIE TEOPEMOM O IBYX MUJIHUIIU-
X—a

OHEpax.

TeopeMa 0 coxpaHeHHH 3HAKA QYHKIIHUM.

Teopema. ITycts dhynkums Yy=f(X) onpeneneHa B HEKOTPOM MPOMEKYTKE, COAEP-
*KaineM Touky a. Ecmu nmpu X—a ¢ynkmus y=f(X) uMeer mojaoKuTenbHBINA (OTpH-
HATCNIbHBIN) TMpeaes, TO Haiaercs J — OKPECTHOCTh TOYKM & Takas, 4YTO
vxe(a-35,a+35) QYHKIUS TOJOKUTEIbHA (OTPUIIATEIHHA).

HoxkazarenbctBo. Ilycth lim f(x)=b. DTO 03Ha4aeT: Ve>035(g)>0 Takoe, YTO U3
|x—alks =] f(X)-bl<e, i b—e< f(x)<b+e. Ecim b>0, t0, B3sB gzg, U3 HECPAaBCHCTBA

b-g< f(x) MOIYyYUM f(x)>b—g=b—g:%>0,T.e. f(xX)>0 mpu |x-al<s. Ecim b<0, o,
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B3SIB g:—g, U3 HEpaBeHCTBA f(X)<b+e MONyIUM f(x)<b—%=g<0, T.c. f(X)<O0 mpu

| x—al<o.

Teopema o HepaBeHCTBe, 00€ YACTH KOTOPOT0 HMEIOT Mpe/eJibl.
Teopema.
Ecin pynakmum U(X),V(X) ompeneiacHbl B HEKOTOPOH O — OKPECTHOCTH TOYKH @,
Vx e (a—J,a+d),x#a, BBITOJHICTCS HepaBeHCTBO U(X)<V(X) ¥ QyHKIHMH HMEIOT Ipe-

Jenbl Ipu X—a, To limu(x) <limv(x).
X—a X—a
Hoxka3zatenbctBo. [lycth  limu(x)=b, limv(x)=c. TpeOyeTcs mokasarb, uro b<C.
X—a X—a

[Ipeanonoxxum npoTuBHOE, T.¢. D>C. B cuiy ycinoBust 1 OCHOBHOM TeopeMbl (yHK-
must V(X)-Uu(x) umeet mpenea lim[v(x)—u(x)]=c—b, ¢-b<0, u6o b>C (mo mpeamnoaoxe-

HUI0). Ha OCHOBaHUU TEOpEeMbI O COXpaHECHUH 3HaKa YHKIIMU HAUAETCd O — OKPECT-
HOCTh TOYKH @, JUIS BCEX TOYEK KOTOpOoH (X#a) v(x)—u(x)<0 wmmm V(X)<u(X), uro

MIPOTUBOPEYUT yCI0BUIO. CIEq0BATENBHO, b<c, 1.e. limu(x) <limv(x).
X—a X—a

IlepBbIi 3aMeyaTeIbHBIN NIPeae.

Teopema. [Ipenen gpynkiuu % npu X—0 cymecTByeT u

. sinx
paBeH 1: lim——==1.
x=0 X [A4
sin X
JlokazarenbcTBO. DYHKIMS —— HE ONpPEAECICHa B TOYKE 7
X
X=0, T.x. 4MCAUTEIb U 3HAMEHATENb JPOOU 0OpaIlatOTCsl B HYIIb. o

Haiinem npenen stoit dynkiuu npu X—0. PaccMOTpUM OKpYK- a4
HOCTb paauyca 1; 0003HauUM paguaHHyl0 Mepy leHTpaibHoro yria MOB uepes X;

OyIeM cuuTaTh, 4TO 0< X< % W3 pucyHKa HENOCPEICTBEHHO CIIEYET, YTO ILIOIIA b
AMOA<mmmomanun  cekropa MOA<mmomagun ACOA (D). ITmomans

2y
AMOA= %OA- MB = %sin x. Ilmomaar cexropa MOA= % AM = % x. Ilmomanb

ACOA:%OA-AC :%tgx. [Toncrasisist B (1) u cokparas Ha % MOJTYYUM:  Sin X < X < tgx.

. X 1 sin x sin X
Pa3zngemuMm Bce wiieHbl Ha SINX. 1<—<——, WIA 1>—->C0SX, WIH COSX< ——<1.

sinx cosx X X
(2). HepaBenctBa (2) B CHJIy YETHOCTH BXOJSIIMX B HUX (DYHKIIUN BEPHBI HE TOJb-

T
KO JIJISl TIOJIOKUTENIBHBIX, HO M OTPUIIATEIBHBIX X TaKuX, 4To 0<|Xx|< > OtmernMm,

YTO JUIsl BCEX X BBIMOJIHIETCS HEPABEHCTBO [sinx|<x|. (3). B camom nene, sinx=0
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T
npu x=0; ecnu 0<| x|<5, TO HEpaBEHCTBO (3) cleayeT U3 HepaBeHCTBa (2); eciu

|x|2%, TO |sinx|sl<%£|x|, T.€. |sinx|<|x|. Tak kak 1-cosx = 2sin’ §_2|sm—||sm |<|x|

To (1-cosx)—0 mpu X—0. OOpamasch Kk HepaBeHCTBaM (2), 3aKit04aeM, 4TO

bynkusa  f(x) = SNX saknrouena MEXy ABYMsI (DYHKIIUSIMH, UMEIOIITUMHU OJIUH U TOT
X

K€ TPEAEI, paBHbIA 1; T.0. HA OCHOBAaHHM TEOPEMBI O JBYX MWJIMIMOHEPAX MOJTy4da-

sin x
eM lim——=1.
Xx—0 X
. togx
CnencrBue. lim X 1,
x—=0 X

Bropoii 3aMeuaTeabHbIN peaedl.

Teopema. Ilpenen ¢ynxiuu (1+%)X IpU X—>oo CYHECTBYCT U PaBCH €

I|m(1+—)

X—>00

1
Jloka3zarensCcTBO. bBBUIO YCTaHOBJIEHO, UTO (1+>)"—>e TIIPU nh—oo, €CAd N
n

IMPUHUMACT LCJILIC ITOJOKUTCIIbHBIC 3HAYCHMA. HYCTB TCIICPb X —> oo, IIPUHHUMAA KaK

IpoOHBIC, TaK U OTPHUIIATEILHBIC 3HAUCHUSI.

1) [Iyctb x— -+ Kaxoe ero 3HaueHue 3aKJIF0YEHO MEXKIY ABYMS IOJIO-
KUTEIbHBIMU LEJbIMU YucIaMu n<x<n+1. [Ipu 3TOM OyAyT BHITIOIHATHCS] HEPABECH-
CTBa E21>i, 14is141 >l+i, (1+1)n+1 > (1+1)X > (1+i)”.

n x n+1 n X n+1 n X n+1
Ecin x— 4w, TO O4EBUAHO, U n—+oo. Haligem npeneﬂm IEPEMEHHBIX, Me>1<):[y

1 -
KOTOPBIMM 3aKJIIO4YeHa MepeMeHHasa  (1+-)": I|m (1+ )n Y= lim (1+—)n lim (1+—) e,
X N—+o0 N—+o0
1 e
1 (1+ 1)n 1
lim (1+—) = lim n+1 =g, CJCIOBATCIbHO, HA OCHOBAHUM TCOPEMBI O IBYX MH-
n—+oo n—-+oo
n+1 14 T
n+1

JmnuoHepax, lim (1+ 1)* =
X—>+00 X

2) I[Iyctb x—>-o. BBeaem HOByIO HepeMeHHon t=—(x +1). Ilpu t—>+w Oymer

X ——oo, MoO’keM HaIucaTthb I|m(1+ ) _I|m(1— )*tl i ( )*tl i (tj[rl)”lz

1 o
Teopema JIoka3aHa. Eciaum monoxute ==a, TO IMOJIYyYHMM BTOPOH 3aMCHATCIIb-
X

1
HBIU Opeaelr BO BTopod hopMe lim(l+a)e =e.
0
a—>!
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Jlorapu@mbl ¢ OCHOBaHMEM € Ha3bIBAIOTCS HATypalbHBIMU JIOrapupmMamu.
Bmecto log, x mumyTt Inx.

Jlexyus 23.

HenpepbiBHOCTH PyHKIMH.

Onpenenenne 1. Oynkuus f(X) Ha3pIBaeTCs HEMPEPHIBHOM B TOUKE Xo, ecin: 1)
OHa OIpejielicHa MPU 3HAYCHUU X=Xu; W B HEKOTOPOH OKPECTHOCTH C IICHTPOM B Xo,
2) mpeaen 3Tol PyHKIMU MPU X—Xg CYLIECTBYET W 3) 3TOT Hpejell paBEH 4acTHO-
My 3HaueHuo f(Xo).

Ycnoue HenpepblBHOCTH QyHKIMK f(X) B TOuke Xo CHMBOJIMYECKH MOXKET
OBITH BBIPAXKCHO TaK: lim £ (x) = f(xp)-

—Xy

Tak xkak x,=limx, TO 3TOMYy pPaBEHCTBY MOXHO MpUAaTh CIEAYIOIIYIO (hopmy:

X—>Xg

lim f(x) = f(lim x). CremgoBaTeNbHO, JUIsI HEMPEephIBHON (GyHKImMH cumBoa “lim” mpe-
X—Xo X—>Xg

JICILHOTO TIepexoja U cuMBoa “f” XapakTepucTUKH (PYHKIHMH MOXKHO MEHSTh Me-
CTaMu.

Omnpenencaue 2. ®dynkuusa f(X) HaspiBaeTCs HENMPEpPHIBHOW crpaBa (ciieBa) B
TOYKE X, €chu: 1) oHa ompenaesieHa MpPU 3HAYECHUU X=Xo U B HEKOTOPOU OKPECTHO-
CTH C LICHTPOM B Xg, 2) MpaBblid (JIEBBIH) Mpeaea 3Tol GYHKIMHA IPU X—Xg CYIIe-
CTBYET M 3) 3TOT MpeJes paBeH YacTHOMY 3HaueHu0 f(Xo).

CumBomyeckue 0003HauYEHUsI HEMPEPHIBHOCTH CIIpaBa (CJIeBa):

lim F0)=10) wm f(x+0)="f(x)

X—>Xo+

(lim f(x)=F(x) mm  f(x,-0)=F(x).

Ecnmu ¢yHkums HenpepsiBHA B TOYKE Xo U CIIpaBa, U ClIeBa, TO OHA HEMPEPHIBHA
B 3TOU TOYKE.

®ynknus f(X) wenmpeppiBHA Ha wHTepBasie (a,b), ecnu: 1) oHa ompenerneHa B
KaKJI0M TOYKE 3TOr0 MHTEpBaja, 2) HEMpephIBHA B KaXJIOW TOYKE dTOTO MHTEpPBAJIA.
®dyukuus f(X) HempepsiBHa Ha oTpe3ke [a,b], ecnu: 1) ona ompenencHa B Kaka0i
TOouke oTpe3ka [a,b], 2) HenpepbiBHA B KaXJ10i TOUKe MHTepBaia (a,b) u 3) Henpe-
pBhIBHA Ha KOHIIaX HHTEPBaja COOTBETCTBEHHO CIIpaBa M CIieBa.

Pa3HocTHas ¢gopma yci10BHSI HeNIPePbIBHOCTH.

[Tycts pynkims y=Ff(X) onpeaenena Ha HeKOTOpoM UHTepBae (a,b). Pukcupyem
m000€ 3HaYeHHE Xo U3 yKazaHHOTro uHTepBaia. COOTBETCTBYIOIIEE 3HAUYCHHE (PYHK-
n Oyaet Yo=f(Xo) (1). 3amamum apryMeHTy B TOUYKE Xo MPOU3BOJILHOE TPUPAIIICHUE
AX Takoe, 4TO 3HaueHHE Xo+AX TakKe MPUHAICKUT HHTepBany (a,b). dyukius y
IpU 3TOM TaKXe MOJIY4YHT HeKoTopoe mpumamieHue Ay. HoBoe, HapallieHHOE 3HaYe-

61



nHue pyukmum oyner Yo+rAy=f(Xo+AX). (2) Beruuras (1) u3 (2), monaydum ciaemyro-
nyro GopMmyny miis npupaiieHuss QyHKuuu: Ay = f(x, +Ax)— f(x,). Tenepb ycioBue

HEMpPEPBIBHOCTH  (QYyHKIHH lim f(x) = f(x,) MOXHO  II€penucarb  TakK
lim[f (%, +Ax) = (%) =0 mmm  lim Ay =0. (3) YcnoBue (3) u Ha3bIBaeTCAd Pa3HOCTHOU

dbopmoii ycinoBus HenmpepbIBHOCTH (yHKIMHU. C MOMOIIBI0 3TOr0 YCIOBUS yOeauMcs
B HEMPEPHIBHOCTH HEKOTOPBIX OCHOBHBIX AJIEMEHTAPHBIX (DYHKITHIA.

1) y=x2

AY = (X, + AX) = X,~ = 2X,AX + AX?, lim Ay = lim (2x,Ax + AX?) =0

2) y=sinx
. . AX . AX .
| Ay |= sin(x, + AX) —sin X, |=2|cos(xo+?)|-|sm?|<| AX|, IO3TOMY AIlmoAy=0.

AHaNOrMYHBIM 00pa30M paccMaTpuBas KaxAyH OCHOBHYIO 3JEMEHTapHYIO
(GyHKIHIO, MOXHO JOKa3aTh, YTO BCAKAash OCHOBHAs AJeMEHTapHas (yHKUHUS Hempe-
PBIBHA B K&)KJI0OM TOYKE, B KOTOPOM OHA ONPEAEIICHA.

OcHoBHas TeopeMa 1 1J151 HenmpepbIBHBIX (PYHKIIH.
[Tyctb Gynkmuu f(X) u g(X) HenpepbIBHBI B TOUKE Xo. Toraa ¢pynkuuu f(X)+g(x),

f(x)-g(x), f(x)-g(x), f(x) HETIPEPBIBHBI B TOUKE Xo (4acTHOE TpH ycinoBuu J(Xo)£0).

I[0Ka3aceJILCTBo. T.K. HenpepbIBHBIC B ToUke Xo ¢yHkiuu f(X) u g(X) umeror
npu X—0 npenenst f(Xy) 1 g(Xo), TO B CHIIy OCHOBHOM TEOpPEMBI O mpenene GpyHKInuu
npenensl pynakiuii  f(X)+g(x), f(x)-9(x), f(x)-g(X) u % CYIIIECTBYIOT U PaBHBI COOT-

X
f (%)
9(X)
paBHBI YAaCTHBIM 3HAYCHUSM MEPEUNCICHHBIX (DYHKIIUI B ToUke Xo. Teopema moxasa-
Ha.

Ho »tm BenmnumHbI Kak pa3 u

BeTcTBEHHO  f(X0)+0(Xo), f(X0)-g(X0), f(Xo)-(Xo),

OcHoBHas TeopeMa 2 NJIf1 HeNPePbIBHBIX (PYHKIMH.
HenpepsiBHast (GyHKIUS OT HENpPEepbIBHOM (DYHKIIMU €CTh (DYHKIIUS TaKKe He-
pepbIBHAS, HHAUY€ TOBOPS, CIOKHAs (PYHKLHUSI, COCTOSIIAsI U3 HEMPEPHIBHBIX (DYyHK-
LU, HETIPEPHIBHA.
Jloka3aTenbCTBO. lim £ (@(x) = f (lim (p(x)) = f (@(x,)). T.e. CJOXHasi (QyHKIUS
: o

f(p(X)) HenpepbIBHA B TOUYKE Xo.

M3 OCHOBHBIX T€OpEM O HEMPEPBIBHBIX (YHKIIUAX M HEMPEPHIBHOCTH OCHOBHBIX
3JIEMEHTAPHBIX (YHKIIUH BBITCKAET CIICTYIOIIEEe CBOWCTBO JIEMEHTAPHBIX (DYHKITUN —
OHH HEMPEPBIBHBI B KAXKJIOH TOYKE, B KOTOPOW OHU OIPEICIICHBI.
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Touku paspbiBa QyHKUUM.

Ecnu B kako#i-To ToOuke X=Xo A ¢pyHkiuu Y=Ff(X) He BBIMOJHAETCS 1O KpaiHe
Mepe OIHO M3 YCJIOBHMM HEMPEPBIBHOCTH, TO MPH X=Xg ¢yHKImsa Y=f(X) pa3psiBHA.
Touka X=Xg B 3TOM CJIy4ae Ha3bIBACTCS TOYKOU pa3phiBa (hYHKITHH.

PaccMOTpHM BO3MOJKHBIC THITBI TOUEK Pa3pbiBa (PYHKIIHU.

1) Ycrpanumeiil pa3pbiB. Touka Xy Ha3bIBa€TCs TOYKOU YCTPAHUMOTO pa3-
peiBa byukiuu Y=Ff(X), ecau npenena GyHKINUN MPU X—Xg CYIIECTBYET, HO B TOUKE X
byukiusa  f(X) wim He ompenenena, win ee yactHoe 3HaueHue f(Xp) B Touke Xo He
pPaBHO TIPE/IEIy.

sinx . .
Hampumep, ¢pyHkuus f(x)=-—- HMEET B HYJEBOl TOUKE YCTPAHUMBIA pa3pbIB,
X

MIOCKOJIbKY TIpeies 3Toi GyHKIwK npu X— () CyIIecTByeT U paBeH 1, HO B Touke X=0
sTa (DYHKIMS HE OTpeJIeIICHA.

Ecnu ¢pynknus f(X) uMeeT B TOUKe Xo pa3pbiB YKAa3aHHOTO THIIA, TO 3TOT Pa3phiB
MOJKHO YCTPaHHTb, HEC U3MEHSS MPU 3TOM 3HAYCHHH (DYHKIUU B TOYKAX, OTIUYHBIX
OT Xo. JIJIsl TOTO JOCTaTOYHO JNOOMPENEIHUTh WIN NEPEONpeIe/UTh 3HaueHne (QyHK-
IIMM B TOYKE Xo PABHBIM €€ MpEeACIbHOMY 3HAYCHUIO B 3TOW TOYKe. Tak B paccMoT-
peHHOM mpuMepe HykHO 1mos1okuTh f(0)=1 u ¢yHKIMSA OyaeT HeNPEPhIBHON B TOYKE
x=0.

2) PaspeiB 1 poma. Touka X, Ha3bpIBacTCS TOYKOM paspbiBa 1'° poja, eciu B
aToi Touke (yHkius f(X) HMMeeT KOHEUHBIC, HO HE paBHBIC IPYT JAPYTry MPaBbId U
nesbiit ipenennbl: f(Xo+0)#f(X0-0). Benuunna 0=f(Xo+0)-f(Xo-0) Ha3piBacTCs ckaukoM
¢ysakmuu f(X) B TOUKE Xo.

3) PaspeiB 2'° poma. Touka Xo Ha3bIBACTCSA TOYKOM paspeiBa 2'° poja, eciiu
npu X—Xo pysakius f(X) He uMeeT o KpaiftHel Mepe OJJHOTO W3 OJTHOCTOPOHHHX Ipe-
JICJIOB WJIM €CJTH XOTs ObI OIUH U3 OJTHOCTOPOHHUX MPEIEIOB OSCKOHEUCH.

ITpumep. f(x)=sin % x=0 — Touka pe3psiBa 2"’ poa.

®ynknus Y=f(X) Ha3pIBaeTCS KyCOYHO HEMPEPBIBHOW HA oTpe3ke [a,b], ecu ona
HENpephIBHA BO BCEX BHYTPEHHUX TOYKax [a,b], 3a uckimoueHueM, ObITh MOXKET, KO-
HEYHOT'0 YHCIIa TOYCK, B KOTOPBIX UMEET pa3phiB 1'° poma, KpOME TOT0, MMEET OHO-
CTOPOHHHE TIPEICIIbl B TOUKax a u b.

CBoiicTBa QyHKIHI, HENPEPHIBHBIX HA OTPe3Ke.

Teopema 1. Eciu dynkums y=f(X) HenpepbiBHA Ha He-
KOTOpOM OTpe3ke [a,b], To Ha oTpeske [a,b] HaiigeTcs 1o
KpaiiHeld Mepe OJHa TOYKa X=X; Takas, YTO 3HAuCHUEC
(GYHKIMH B 3TOH TOYKE OYyJET YJIOBJIETBOPATH COOTHOIIIE-
auio f(xy)>f(X), rme X — mroOas apyras To4ka OTpe3Ka, M

5
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HaWaeTCs O KpalHed Mepe OJHa TOYKa X, Takas, YTO 3HaYeHHE (QYHKIUH B DTOM
TOUYKe OyJeT yIOBICTBOPATh cooTHOIIeHHIO f(Xp)<f(X).

3nauycnue Gynkuuu f(X;)=M - HanGomnbiiee 3HaueHue Gpynkuuu Y=Ff(X) Ha oTpes-
ke [a,b], 3Hauenue ¢yukiuu f(X)=m - HauMeHbIIee 3HaYCHUE (PYHKIIMH HAa OTPE3KE
[a,b]. CMBICT TEOpEeM HaTISTHO WILTFOCTPUPYETCS HA PUCYHKAX.

Teopema 2. ITycts pynkius y=f(X) HenpepsiBHa Ha oTpe3ke [@,b] u Ha KOHIAX
3TOT0 OTpe3Ka MPUHUMAET 3HAYEHHUS Pa3HBIX 3HAKOB, TOTAAa MEKIY TOYKAaMH a u b

HAUJETCS 10 KpalHEW Mepe OJIHA TOYKa X=C, B KOTOpOU &} ML8 /(6]
dbynkus odparraercs B Hysb: f(€)=0, a<c<b.

['eoMeTpuyeckuil CMBICI 3TOM T€OpeMbl - Tpaduk Ta- 7
KOW HeNpepbIBHON QyHKIMH Tepecekaet och OX Mo KpalHel —;——3 2 -
MEpE B OJIHOM TOUKE. 2

Mla, f(a)]

Teopema 3. Ilycts dynkums y=f(X) ompenenena u me-
npepbiBHa Ha oTpe3ke [a,h]. Ecim Ha KoHIax 3Toro orpeska -~
¢yHkuus npuHuMaetr HepaBHble 3HaueHus f(a)=A, f(b)=B,
TO, KAKOBO ObI HM OBLIO YMCIIO [, 3aKJTIOYEHHOE MEXTY YUC- X &=Flc)
namu A u B, HalineTcs Takas Touka X=C, 3aKJIOYCHHAS MEXIY _ Aa ! e

aub, garo f(c)=u.

CnenctBue. Ecnmu ¢ynkius y=f(X) HenpepslBHa Ha HEKOTOPOM HHTEPBAJC H
NpUHUMAET HAanOOoJIbIlIee M HAaMMEHbIIIee 3HaUYEHUS, TO Ha 3TOM HMHTEpBaJe OHA MpPU-
HUMaeT MO KpallHeW Mepe OJWH pa3 Jr00e 3HAUCHHE, 3aKIIOUYCHHOE MEXKIY €€
HAWMEHBIIIUM U HauOOJIBIITUM 3HAYCHUSIMH.

Jlexyus 24.

Haxo:kaeHue npeaesioB Buaa lim[p(x)]”" =C.
1) Ecnu cymiecTBy0T KOHEUHBIE TIpeaiesibl limgp(x) = A, limy(x) =B, TO C=A".
2) Ecmu limp(x)=A=#1 #u limy(x)=+o, TO C=0, ecm 0<A<I; C(C=+o0o, eciu

A>1,
Ecmn limp(x)=A#1 u limy(x)=—w, TO C=+00, eccm 0<A<1; C=0, ecnm

A>1.

1

(p(x)-Dy (x)
3) cnu limp(x) =1 limy(x)=w, TO C=lme(x)"® =lml+(e(x)-D]*0*  wm
x—a X—a X—>a X—>a

. v MDY ()
OKOHYATEIBHO limgp(x)""" =ex= .
X—a
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Caencrus u3 2"° 3aMeqaTeILHOIO Mpeea.

lim log, (1+x) _ 1
X0 X Ina

(1), ecau a=e, To Iirrngl (19

X

lim > “1_ina (2), ecom a=e, 10 lim = 1. @)
X—> X X— X

Iim(lL)za_l:a (3).

x—0

IIpousBoaHas.
3amaya 0 KacaTeJbHOM.

KacaTenpbHOM K TaHHOW HENPEpPHIBHOW KPUBOM B JIaHHOW ee Touke M, Ha3bIBa-
€TCs MPEJIEIbHOE MOJIOKEHHUE CEKYILEH, Mpoxoasuen yepe3 Touky My, korga Bropas
TOYKa MEepPEeCceYeHUs: HEOrPAaHMUYCHHO MPUOIMKaeTCs M0 KpuBoil K mepBo. Ecim ce-
KyIllasg HE UMEET MPEJIETbHOr0 MOJIOKEHHS, TO TOBOPAT, YTO KACATEIBHON K JTAaHHOU
JUHUM B Touke My HE CyIIeCTBYET.

[lokaxxeM Tenepb, KaKk HAXOJHWTCS ypAaBEHEHHUE KAacaTEIbHOM M0 3aJlaHHOMY
YPaBHEHUIO JINHUHU.

3amava. 3Has ypaBHCHHE HenpepbiBHOW auHMH Y=f(X), HalTH ypaBHEHHE Kaca-
TEJIbHOM B aHHOM ee Touke Mo(Xo,Yo), Tpeamoiaras, 4YTo KacarejabHas CyIIeCTBYET.

Hapsiny ¢ Toukoii Mo(Xo,Yo) BO3bMEM Ha HaIICH JIMHUHA

npyryio Touky M (Xo+AX,Yo+A4Y). ITpoBeas cexyuryro MoM ; ﬂ’(\,/, v d
u npsmeie MgN u M'N  mapannenbHble KOOpAMHATHBIM Ly
ocaM, monyunMm mpsmoyrombrbii AMgNM, u3 koToporo - v A’; oy
o .o, Ay 7/ Y
HAXOJUM yTJIOBOU KOI(PPUIIMEHT CeKyIen: k =tgp=—" (1). ) A"/‘Z N
et o -

Iycth Tereps M —My; Torna, oueBugno, AX—0 U cekymas
MoM  cTpeMHTCs K CBOEMY HpeeIbHOMY MOI0KEHHIO — KacaTenbHoit MoT B Touke
Mo. IIpu AX—0 Oyzaem uMeTh: ¢—0 W B CHJIy HEMPEPHIBHOCTU TAHT€HCA MOJYyYUM
tgp—tgoa, OTCIOAa, Iepexos K npeaeny npu AX—0 B paBeHctBe (1), Halimem yrio-

BOH kKod(dunmeHT K=rga kacatenbHol MgT: k = lim A [Ipenen, crosmumii B mpaBou

Ax—0 AX

Y4acTH Ha3bIBaeTCsl NMpou3BoaHON pyHkuuu Y=f(X) B Touke X, W coOkpaieHHO 000-

A .
3HAYAETCsl CICAYIOIIUM 00pa3oM: AIlmoA—yzy’:f’(xo). T.0. TEOMETPUUECKUN CMBICI
x—0 AX
IPOU3BOIHON COCTOHWT B TOM, YTO YTJIOBOM KO3(PUIIMEHT KacaTedbHOU K Tpaduky
GbyHKIIMH paBeH 3HAYEHUIO €€ MMPON3BOIHON B TOUKE KaCaHMSI.

YpaBHEHHUE KacATEIBbHOM: y— f(X,)= f'(X,)(X—X,).

VYpaBHeHue HOpMaIH: y— f(x,)=- (X—X,).

B
(%)
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3aga4a o CKOPOCTH ABUKEHUSI TOUYKH.

K moHsATHIO IPOU3BOIHOM TMPUBOIUT TAKXKE 3a7a4a O BRIYUCIICHUH CKOPOCTH He-
paBHOMEpHOTO JBWXeHHS. [Ipenmnonoxum, uro Touka M IBMKETCS IO HEKOTOPOU
IPsIMOM, KOTOpYIO mpuMeM 3a ocb OX. KaxknoMmy 3HaueHuto BpeMeHu I COOTBETCTBY-
et onpeaeneHHoe paccrosiaue OM=X. CnemoBareabHO, MOXHO CKa3aTh, YTO a0OCITUC-
ca X IBUXKYIICHCS TOUKH ecTh (hyHKIUs BpeMenu t: X=f(t). OTo ypaBHeHue Ha3bIBaCT-
Csl ypaBHEHUEM JIBM)KCHHSI; OHO BBIPAXKACT 3aKOH JIBFDKCHHUS TOYKH.

3anmava. 3Has 3aKOH JIBH)KCHUS, HAUTU CKOPOCTH ABMKYIIEHCS TOYKH IS JIFOOO-
0 MOMEHTa BPEMCHH.

[TycTh B HEKOTOPBIK MOMEHT BpEeMEHH 1y IBMOKYIIAsICS TOUKA 3aHUMAET IOJI0XKe-
Hue My, npuuem OMy=Xo. B momenT t+At Ttouka 3alimer mosnoxenue M', rae
OM'=xo+AX. Otcroga Xo+Ax=f(to+At). CiaenosarenpHo, nepemeniecHue Touku My 3a
Bpemst At Oymer Ax=f(t;+At)- f(ty). Ecau Touka M B TeueHHe mpoMeKyTKa BPEMEHH
[to, to+At] nBurazace B 0OJJHOM HaIpaBJICHUH, TO AX YHCICHHO MPEACTABISICT COOOU
Ax  f(t,+At)— f(t)
At At
CPEIIHIOI0 CKOPOCTh M3MEHEHHS aOCIHCChI X 3a MPOMEKYTOK BpeMeHu Atl, 0OBIYHO
HA3bIBAEMYIO CpPEAHEH CKOPOCTHIO JABM)KCHHS TOUYKH. llpemen cpemHeld CKOpOCTH
JBUKCHUS TIPH CTPEMJICHUH K HYJIIO TPOMEKYTKA BpeMeHU Al Ha3bIBAETCS CKOPCTHIO
JBUKCHUS B JIAaHHBI MOMEHT BpeMeHH . O003Hauas 3Ty CKOpOCTh Yepes3 V, TOy-

IyTh, MPONUAEHHBIA TOUKOU 3a BpeMs At. OTHoIEeHue BBIPAXKAET

. AX , o o
qAM: V= I|mO EZf (t,)- T.0. ¢usnueckuii CMBICT TPOU3BOJHON COCTOUT B TOM, UTO
At—

CKOPOCTh MPSIMOJIMHEHHOTO JIBUYKCHHUS paBHA MMPOU3BOAHOM OT IyTH 10 BPEMCHH.
Jliis o003HaueHUs npou3BoaHOM nanHou ¢ynkuuu Y=Ff(X) kpome Yy'=f'(X) (06o0-

dy d
3HaueHue Jlarpanka) ynoTrpeOsstOTCs TakKe CHMBOJIBI d—:d—f(x) (o0o3HaueHUE
X X

Jle#iOnnma) u y=f(x) (0bo3nauenre HproToHa).

JIpyrue npuMeHeHUsi IPOU3BOJIHOM.
beicTpoTra nporekaHusi (U3NYECKUX, XUMUYECKHUX, OMOJOTMYECKUX M JPYTHUX
IIPOLIECCOB TAKKE BHIPAXKAETCS MPHU MOMOIIH MPOU3BOIHOM.
[Tpumep. O603HaUUM yepe3 X KOJUYECTBO BEIECTBA, BCTYNMUBILIETO B XWMHYE-
CKYI0 peakiuio K MOMeHTy BpeMeHHu t. OueBHaHO, 4TO X ecTh dyHkiusa t:  x=f(t).
Ecnu t nmonyuyaer npupamienue At, To X nonyyaer npupamenue AX. Torma oTHOEHHE

AX o o
E HpCACTABIIACT coOoit CPCAHKOKO CKOPOCTh XUMHUYCCKOU pCaKIUU 3d ITPOMCIKYTOK

. AX o
BpemeHu At, a npenen I|m0 A f'(t) BeIpa’kKaeT CKOPOCTh XMMHUYCCKOU pEaKIuU B JaH-
At—

HBIM MOMEHT t.
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OaHOCTOpPOHHUE IPOU3BOJHBIC.

A
Ecau otHOmICHUHE A—y npu AX—( umeeT mpeaen cupana (ciaeBa), TO OH Ha3bIBa-
X

eTCsl IPOU3BOIHOM clpaBa (cieBa). Takue mpezaenbl Ha3bIBAIOTCS OJHOCTOPOHHUMHU

npou3BoAHBIMU. O003HaUeHUS: f!(X) :Aliryo% - IIpou3BOJAHAs crpaBa, f'(x) :Aliryo%
X—>0+ X X—>0— X

- IPOU3BOJIHA CJIEBA.

Oynknus f(X), onpenenenHas B HEKOTOPOW OKPECTHOCTH TOYKH  Xo, UMEET TIPO-
U3BOAHYIO f'(X,) TOrJa M TOJbKO TOrja, KOraa OJHOCTOPOHHHE NPOU3BOAHBIC CYIIIC-
CTBYIOT M paBHBI MEXKy COOOM, mpuueM f'(x,) = f/(x,) = f.(x,).

OyHKIMS, UMEIONIAsA MPOU3BOAHYIO B KaXKI0M TOUKe JaHHOro mHTepBana (a,b),
HaspiBaeTcs auddepenurpyeMoii B uurepBaine (a,b). OyHKIuSA, UMEIOMas MPOU3-
BOJHYIO B KaXX[I0H BHYTPEHHEH TOYKE JaHHOTO OTpe3ka [a,b] u mMeronas ogHOCTO-
POHHHME POU3BOHBIC HAa KOHIIaX [@,b], HaseiBaeTcs muddepeHurpyeMoii Ha OTpe3Ke

[a,b].

3aBHCHMOCTb MeKI1y HeNPePbIBHOCTHIO U TU(depeHIPYyeMOCThI0 PYHK-
111178
Teopema. Ecnu dysknus nuddepeHnrpyemMa B HEKOTOPOW TOUKE, TO B ITOM
Touke (yHKIUS HenpepbiBHA. OOpaTHOE YTBEPXKICHHE HEBEPHO: HEMpPEpPbIBHAS
(GyHKLHSI MOKET HE UMETh MPOU3BOIHOM.
HoxkazarensctBo. [lycts pynkuus y=f(X) nuddepenmupyema B Touke X, T.€. Cy-

LIECTBYET KOHEYHBIW MpeEAe Iimo%: y’. Hamumem TOXIeCcTBO Ay:%Ax (AXZ£0).
AX—> X X
Orciona lim Ay = AIimo% -lim Ax=y"-0=0. CrreoBaTesBHo, ¢ynkius y=f(X) HempepbIB-
— X—> X —

Ha B TOYKE X.

CnencrBue. Ecnu (yHKIMS pa3pblBHA B HEKOTOPOW TOYKE, TO OHA HE HUMEET
MIPOU3BOJHON B 3TOU TOYKE.

[Tpumep Toro, uro ¢ynkius Y=f(X), HempepbIBHAS B TOUKE Xg, MOYKET HE UMETh
MIPOU3BOJHON B 3TOU TOYKE.

y=\X\. Dta ¢pynkuus npu X=0 He uMeeT MPOU3BOJHON (IpaBas MPOU3BOIHAS
paBHa 1, a n1eBast paBHa -1) XOTS U HEIPEPHIBHA.

[IpousBogHas HEeMpPEepbHIBHOW (YyHKIIMU caMa HE 00s3aTeNIbHO SIBJISETCS HEIpe-
pbiBHOMU. Ecnu QyHKIIMSI MMEET HEeNPEPhIBHYIO MPOU3BOIHYIO HA HEKOTOPOM IIpPOMeE-
KYTKE, TO (PYHKIIMSI HA3bIBAETCA TJIaJKOM Ha 3TOM npoMexyTke. DyHKIuUs, nmpous-
BOJIHAsI KOTOPOW JOMYCKAaET JIMIIb KOHEYHOE YHUCJIO TOYEK pa3pbiBa, U MPU TOM MEP-
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BOT'O POJia, HA JAHHOM MPOMEXYTKE, HA3bIBA€TCS KyCOYHO TJaJKOM Ha 3TOM MpOMe-
KYTKE.

Jlexyus 25.

TadJuuua npou3BOJIHBbIX.

[IpousBoaHas OT GYHKIIMU Yy =Xx“, TJI€ 0L — JCHCTBUTEIHLHOE YUCIIO.
y+Ay = (X+ AX)“

Ay = (X+ A — X = x“[(l+%)“ 1]

X[+ Xy« _11 @+ 2y« _q
X . X

ﬂ = B3 G —
AX AX AX
X
@+ Xy 1
y = lim Y = xet X = ax“*
Ax—0 AX AXx—0 AX

CraenmoBarenbHo, (x*) =ax“* (1)

[IpousBoaHast OT GyHKIIUU Yy =Ssin X

Ay =sin(X + AX) —sin x = 2sin % -cos(x +%)

sin AX
Ay 9 AX
— =—%-.Ccos(X+—
AX  AX ( 2 )
2
. AX
sin— Ax
y'=lim 2 . lim cos(X +—) = CoS X
Ax—0 X Ax—0 2
2

Hrak, (sinx)’ =cosx (2)

[Ipon3BogHast OT GYHKIIMH Y = COS X.

BhIBECTH caMHUM CIEAYIONIYI0 (GOpMYyILy:
(cosx)'=—sinx  (3)

OcHoBHbIC TpaBuJIa AU PepeHINPOBAHUA PYHKIM.
[Ipon3BoaHasA MOCTOSIHHOM.
BreiBectu camum gopmyiry C'=0 (4)

[IpousBoaHass CyMMBI.
y=u+v-w, T1Ie U,\V,W — HekoTopbie nuddepeHiupyembie PyHKIIUU OT X.
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y+Ay = (U+Au) + (V+Av) — (W+ Aw)
Ay = AU + Av — Aw
Ay Au Av  Aw

AX AX AX  AX
y=u+v-w (5)

[IpousBoaHas NPOU3BEACHUS.
y=uv, rae U,V —HeKkoTopsle nuddepeHupyembie GyHKIUU OT X.
y +Ay = (U+ Au)(V + Av)
Ay = UAV + VAU + Au - Av
Ay AV AU AU AV,

=u
AX AX AX  AX AX

y'=w'+w’' (6)

CnenctBue. (Uvw)' = Uu'VW+UV'W+ U

IIpon3BoHAs 4aCTHOTO.
y= Y rme uv-— muddepenurpyembie PyHKIMHU OT X, VZ(.
Vv

_U+Au U VAU-UAv

Ay = ——=
V+AV v (V+AV)V
Au AV
Ay AX AX E
=22 2% Ecmu AX—0, tou Av—0, TK. V — nuddepeHmupyemas, a,
AX (V+Av)v Aupdepentpy
CJIeIOBATEIbHO, U HEMPEphIBHAS (DYHKITHSI.
,wu'—uv’
y=—7m— (7)
v
[TpousBogHas OT GYHKIMH Y = tgx.
sin x
y=1tgx=—-
COS X
, CosX-(sinx)" —sinx-(cosx)’ , 1
y = > . = 7 (8)
COs“ X COs“ X

[Ipon3BogHast OT GYHKIIUU Yy = CigX.

1
[TokazaTp camum, 9t0  y'=————.  (9)
sin? x

IIpousBoaHas CJ0KHOM PYHKIIUH.
y = flp(x)]
OTy CH0XHYI0 (DYHKIUIO MOXXHO MPEJICTABUTh B BUJE IIEMIOYKHU MPOCTHIX (YHK-
mait: y=f(z2) u z=¢(X).
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Teopema. Ecmu y=f(z) u z=¢(X) — nuddepenuupyembie QyHKIMH OT CBOUX
ApryMeHTOB, TO Y, =Y, -Z,.

HokazarensctBo. [amum X mpupamenue AX; Torga Z u Y moiaydaT COOTBET-
crBytome npupaiieans Az wu Ay, Tak Kak HOpoOM3BOAHAs Y. CYIICCTBYET, TO

ETO% =y.. Otcropaa % =Yy, +a, TpudeM lima=0. CnenoBatrenbHO, Ay = (Y., +a)Az

PaznenuB 006e yacTu 3TOro paBeHcTBa HA AX M mepeias k npeaeny npu AX—0 (mipu
aToM AZ— (), IOJTy4uM:

y,=v,-z, (10)

[IpouzBoaHas JorapupMudecko PyHKIIUU.
y=log, X
AX
Ay =log, (x+Ax)—log, x=1log, (1+—)
X

ﬂ:iloga(l+g)=lloga(l+g)&
AX  XAX X X X

' Ilmﬂzllogae: 1

M0 AX X xlna

Urak, (Iogax)’:%na (11)

[Tomaras a=e, mosydum (Inx)’:i (12)

[IpouzBogHas pyHKIUMU y=In|x|.
3anuieM 3Ty (YHKLHIO C TOMOIIBIO TBYX PABEHCTB:
y=Inx mpu x>0
y=In(—x) mpm X<O.

Otcrona nojryyaem y':l mpu X>0 u y’:i(—x)':1 mpu X<O0.
X —X X

< |~

(13)

CnenoBatenbHo, (In|x|) =

[Ipou3BoHas MOKa3aTENbHON PYHKIIUUA y=a".
Iny=xIna. B3sB Npou3BOAHYIO OT JIEBOW U MpPaBOW yacTeil mo X, OyJeM UMeThb

L:Ina, oTcrojla y'=ylha=a*Ilna
y

OxoHuaTenbHO, (a*)'=a*lna (14)
[Tonmaras a=e, monyunm (e*)' =e* (15)
[IpousBoaHas CTEEHHO-TIOKA3aTEIbHON PYHKIIUKM Yy =u(x)"™.
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’ !

. u . u’
Iny=vinu, Y vinusvd ;o Yy =u'(VIinu+v—)
y u u

T.e. W)=uVvinu+vuu (16)
Jlexuus 26.

HesiBHast pyHKIIMA U ee IPOU3BOJHAS.

dyHKIMS Ha3bIBACTCS SIBHOM, €CIM OHA 3agaHa Gopmyioi Buga y=f(X). DyHk-
U Y OT apryMEeHTa X Ha3bIBacTCs HESBHOM, eCiM OHA 3ajiaHa ypaBHeHueM F(X,y)=0
(*), He pa3pelIeHHBIM OTHOCUTEIBLHO 3aBUCUMOM nepeMeHHou. MHorna paspernieHnue
ypaBHEHHUs (*) OTHOCUTENBHO Y 3aTpyaHeHO. UTOObI HallTH MPOU3BOJHYIO OT HESIB-
HOM (yHKIMH, HY>KHO NpoauddepeHuupoBaTh Mo X 00e yactu ypaBHeHus (*), pac-
cMaTpuBas Y Kak QpyHKuio X. M3 mojiy4eHHOro ypaBHEHUsI HAXOJUTCS UCKOMasl Mpo-
U3BOJIHASL.

[Ipumep. x*+y?—a’=0

2x+2yy' =0, y’:—ﬁ.
y

OO6paTHast pyHKIUS U €€ IPOU3BOIHASI.

[Tycts Yy ectb siBHas (yHkius ot aprymenra X. Y=f(x) (v). MoxHo, o1HaKo,
CUMTATh Y apryMeHTOM, a X ¢yHKuIMei. B Takom ciyuyae ypaBHeHue (V) Oyner omnpe-
JesATh X Kak HesIBHYIO (PyHKIMIO OT Y. OTa QyHKIMS X Ha3bIBAE€TCS 0OpAaTHOM 10
OTHOIIEHUIO K JaHHOW QyHKIIUU Y.

[Tycts y=f(X) ecTb muddepennunyemas GyHKIHsS OT apryMeHTa X B HEKOTOPOM
uHTepBaie (a,b), a X=¢(y) — oOpaTHas k Heil ¢pyHkums. Hamiei 3amadei sBisercs:

, o AY _ o .. AX
3Hasl TIPOW3BOJIHYIO yX:AIimOE ¢yskun y=f(X), nHalitm npoumsBomHYIO X, =lim —

Ay—0 Ay
obpartHoii el pyHkuu X=¢(Yy), npeamnonaras, 4o oOpatHas QYHKIHS CYIIECTBYET
HEIpepbhIBHA B COOTBETCTBYIOIIEM HHTEpBae (He pa3pemas ypasuenus Y=f(x)).
Teopema. [{nsa nuddepennupyemoit GyHKIIMNA ¢ TPOM3BOIHON, HE PAaBHOW HYJIIO,
MIPOM3BOIHAS 00paTHOM ()YHKIIMH paBHA OOpATHOM BEIWYHMHE MPOU3BOJTHOM JTaHHOM

byHKIHH.

AX A
J[okazarenscTBO. Hammmem TOXIecTBo: M_1. Y [lepexonss k mpeneny mnpu

Ay AX
Ay—(0 w y4uThIBas, 4TO MpHU 3TOM Takke AX—( (B CHIIy HEIPEPHIBHOCTU OOPATHOM
(GYHKITUHN), TTOTYYHM:
Ay

lim 2 —1:1im &Y. Orcrona X _1 (17)
A0 Ay Ax—0 AX y)’(
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OOpaTHble TPUrOHOMeTpUYecKUe PYHKIMU U UX MPOU3-
BO/IHbIE.

OyHKIMK, OOpaTHBIE TPUTOHOMETPUUECKUM (PYHKIIUAM,
HA3bIBAIOTCS 0OPATHBIMH TPUTOHOMETPUICCKUMU (YHKITUSIMHU.

dyHkus y=arcsinx.

PaccmorpuM (QyHKIHIO X=SINY © MOCTPOUM ¢¢ rpaduk,
HarmpaBuB ock Oy BepTUKaIBLHO BBEpX. JTa PYHKIMS Onpesee-
Ha B OCCKOHEUHOM MHTEpBaJIe —owo<y<+w, (OOparHas ed PyHK-

N @

y=aresinz

st Y=ArcsinX ectb MHOTO3Ha4YHast PpyHKIus. Eciou ke Y Opath

T T o
B MIpcaciax —ES ySE, TO IIOJIYUYUM TaK HA3bIBACMOC T'JIABHOC 3HAYCHHUC 5TOU 00-

paTHON TPUTOHOMETPHUCCKOM (GyHKIMHU: Y=arcSinx. 3Tta (QYHKIHS OJHO3HAYHO
orpeneicHa Ha oTpe3ke -1<x<1. ['padukoM ee CIy)KUT 4acTh CHHYCOHJBI (M30pa-
’KaeTCs KUPHOU JIMHUCH ).

Haiinem npowmsBomnyro ¢yHKImu y=arcsinx. O0paTtHas e (GyHKIusS X=Siny,

T T
IpUYEM X, =cosy =0, €CI —5 <Y< Hcnonp3yem mpaBuio aud@epeHirnpoBaHms

o 1 1 T T
oOpaTHOI HKIUU: === T.x. cosy>0 mpu -Z<y<Z, TO
p ynk Y, < " oy y p 5 <Y<5
Cosy =+/1-sin’y =+1-x* >0, —1<x<1. ClemoBaTenbHO, (arcsinx) = ! _ (18).

@yHKIMS Yy=arcCosx.

PaccMoTpuM QyHKIHIO X=COSYy | MOCTpPOUM €€ rpaduk,
HarmaBuB ock QY BBepx. OTa GyHKIUS ompejesieHa B 0ecKo-
HEYHOM HHTEpBaje -—o<y<+w  OOparHas el (yHKuus
y=Arccosx ectb MHOTO3HauHas ¢yHKums. Ecnu xe Yy Opath B
npenenax 0<y<z, TO INOJy4YHM TaK Ha3bIBAEMOE IJJaBHOE 3Ha-

YeHue HJTOW OOpaTHOW TPUTOHOMETPUYECKOM  (DYHKIIUU:
y=arccosx. Jta (pyHKUHUs OJHO3HAYHO OIpe/esieHa Ha OTpPEe3Ke
—-1<x<1. I'padukoM ee CIy>KUT 4acThb KOCHUHYCOHUJbI (1300pa-
KaeTCsl KUPHOU JIMHHUECH).

Haiinem nmpousBoanyro GyHKmm Y=arccosx. OOpatHas el (hyHKIUsS X=COSY,
npu4eM x; =-siny=0, ecinm 0<y<r.

v, :i,z—_i. T.x. siny>0 mpu O<y<z, TO siny=+/1-cos’y=v1-x*>0
X, siny
7ol
(-1<x<1). CIleOBATENbHO, (arccosx) =——— (19). SR as
1-x =

OyHKUUs y=arctgx. :__“/__ ___________
A
a - 2

e e




PaccmoTpuMm dyHkumio X=tgy u moctpoum ee rpaduk, HanpaBuB och QY
BBEpX. OTa (PYHKIUA OINpeAesieHa MPU BCEX 3HAYEHUSAX Y, KpoMe 3HaYeHUU

y =(2k +1)% (k=0,+L%2,... OOparHas eit pynkius Y=AIrCIgX ecTh MHOrO3Ha4yHas

T T
¢ynkuus. Ecnu xe Y Oparth B mpenenax ~5 <y<7, TO NOIYYHM TaK HasbIBaCMOE

IJIaBHOE 3HAYEHHUE 3TOM 00paTHOM TpUroHOMeTpudeckou (yHKiuu: Yy=arctgx. Jrta
GyHKIMS OTHO3HAYHO OMpE/eiieHa Ha UHTEPBAJIE —oo< X<+, ['pahMKOM €€ CIIY>KUT
4acTh TAHT€HCOUJIbI (M300paXKaeTCs KUPHOU JIMHUEH ).

Haiinem npousBonnyto ¢pynkuuu y=arctgx. ObpartHas eit pynkuus X=tgy, npu-
' , 1
9EM X = =1+tg’y.CnemoBareabHO, (arctgx) =1

. ~ (20)

cos™ y + 4, L

Oy y=arcctgx.
PaccmoTpum dyHKIMI0 X=Ctgy u noctpoum ee rpaduk,
HanpaBuB ocb Oy BBepx. OTa (QyHKUHUS OIpeaeieHa IpH

BCEX 3HAUECHUAX Y, KpoMe 3HaueHU y=kr (k=0+1+2,..).

OOparnas et Qynkuus Y=ArcCtgx ecTb MHOTO3HAYHas
dbynkuus. Ecnu ke Yy Opath B mpeaenax 0<y<sz, TO MOJY-
YUM TaK Ha3bIBAEMOE TIJIABHOE 3HAYEHHE 3TOM OOpaTHOM TPUTOHOMETPUUYECKOU
bynkuuu: y=arcctgX. Ota (QyHKIUS OJIHO3HAYHO OIpeJesieHa Ha HWHTEpBaje
—o<x<+oo. ['paKkOM €€ CIyKUT 4YacTh KOTAHT€HCOWbl (M300pa)kaeTcs MKUPHOU
JIUHUEH).

Haiinem mpomsBoanyro ¢yukmuu Yy=arcctgX. Obparnas et pyHkius X=ctgy,

OpUYEM X = —ﬁ =—(1+ctg?y).

Hrak, (arcctgx)’ = _1+1x2 (21).

Jlekyus 27.

IMapamerpuyeckoe 3axanue QyHKUMH.

Hanbl aBa ypaBuenus: X=¢(t), y=y(t), (")

rae t npuHUMaeT 3HadyeHusl, cojiepkaiiuecs Ha otpe3ke [ T1,T, |. Kaxxnomy 3Ha-
YeHUIO | COOTBETCTBYIOT 3HaueHUs X U Y (PYHKIHH ¢ U Y MPEANOIararoTcs OJIHO-
3HaYHbIMH). Ecnii paccMaTpuBaTh 3HaUCHHS X MY KaK KOOPJMHATHI TOYKH HA KOOP-
TUHATHOM TuTocKocTH OXYy, TO KaXJIOMy 3HAa4YeHHUIO t OyJeT COOTBETCTBOBAThH OIpeE-
nejieHHast Touka miockocTu. Korga t msmensiercst ot T1 1o T, 3Ta TOYKa Ha IUIOCKO-
CTH OIMCHIBACT HEKOTOPYIO KPHBYIO. YpaBHEHHUS (") Ha3bIBAIOTCS MapaMEeTPUISCKU-
MU ypaBHEHHUSMH 3TOW KPWBOH, { Ha3bIBaeTCs MmapaMeTpoM, a CIoco0 3aJlaHus KpH-
BOH ypaBHEHUsSMH (") Ha3bIBacTCs TapamMeTpudeckuM. [IpeamosoxuMm nanee, 4To
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byskiusa X=¢(t) umeer odpatuyo t=@(X). Toraa, oueBUAHO, Y sABIICTCS YHKIIUCH
ot X: Y=y[@(X)]. T.o., ypaBHenus (") ompenensior Y kak (yHKIHIO OT X, K TOBOPAIT,
yro QyHKIHS Y OT X 3amaercs mapamerpuycecku. Beipakenue Y=f(X) nemocpen-
CTBCHHOH 3aBUCUMOCTH Y OT X MOXET IMOJIYYUTHCS MTyTeM MCKIIIOUCHHS TTapameTpa
t u3 ypaBHeHuit ().

[TapameTpuyeckoe 3aaHre KPUBBIX IMUPOKO MPUMEHsETCS B MexaHuKe. Eciu B
wiockoct OXy NBHIXKETCS HEKOTOpas MaTepUalIbHAS TOYKA U HAM M3BECTHBI 3aKOHBI
JIBUKCHHUS MPOCKIMK 3TOHW TOYKHM Ha ocu KoopauHaT. X=¢(t),y=y (), rne t ectb
BpPEMs, TO 3T yPaBHEHUS SBJISIFOTCS MMApaMETPUUYCCKUMU YPAaBHEHUSMHU TPACKTOPUHU
JBUKYILIENCS TOYKHU.

YpaBHeHMs HEKOTOPBIX KPUBBIX B IapaMeTpuveckoi popme.

hy
OKpy>XHOCTb.
_ 19 Mezy)
X=Rcost,y=Rsint, 0<t<2r. - R,
2 2 2 [
UckimrounB t, monyuum x*+y’ =R’ e
DJLUIIC.
Y
Dnuic ¢ monyocsMu a ¥ b MOXKHO paccMaTpUBaTh Kak
PAaBHOMEpPHO CXKaTyl0 BIOJb BEPTUKAIBHOTO JUaMeTpa . NEED)
b M
OKPY>KHOCTh pajauyca a, rae KodQPHUIMEeHT CxaTus k:g. . "”A'W
0 z
[Tycte M(X,y) — Touka smmmnca u N(X,Y) — cooTBeTCTBYIOIIAS
TOYKA OKPY)XKHOCTH, TIE X = X,y:EY. 3a mapametp t mpumem
a

#NOx. Torma Oynem UMeTh: x= X =acost, y =9Y =Easint =Dbsint.
a a

T.o., mapameTpuyecKkre ypaBHEHHs 3JUIMIICA €CTh: X=acost, y=Dbsint,
X2 2

Hckmroyus i, momyyum: =+ Y1
a

b2

[Hukmonna.

2nta z

74



[{ukinonaoil Ha3bIBaeTCA KpHUBas, OMUChIBaeMas TOYKOM OKPY>KHOCTH, KaTsIleu-
csi €3 CKOJIbKEHUS MO MpsiMOi TMHUU. BriBenem mapameTpudeckue ypaBHEHUS 1HUK-
JIOUJIBI, IPUHSB NMPAMYIO 32 ock OX, mpeanoaras, 4To paguyc KaTaiencs OKpyKHO-
CTH paBE€H @ W B HayaJbHOM IOJIOKEHUU JIBIDKYIIasica Touka M coBmagaeT ¢ Hava-
JIOM KOOpAMHAT. 3a napaMerp t mpumeM yros moBopoTa (B paauaHax) MOJABHKHOTO
pamuyca MC OKpy>XHOCTH OTHOCUTEIHHO BepTHKabHOrO paanyca KC, roe K — Tou-
Ka KacaHusl OKpPY>KHOCTU ¢ ocbto OX. T.K. KaueHHE OKPY>KHOCTH MPOUCXOIUT Oe3

CKOJIBKCHUS, TO, OUCBUIHO, UMEEM. OK = I\/IUK =at. OTCro/1a HAa OCHOBaHHHU PUCYHKA
JJ11 KOOPAMHAT TeKyIIed TOUkn M IUKIIOUIbI TTOTy4aeM:
x=0P=0K-PK=0K-MQ=at-asint=a(t-sint),
y=PM=KC-QC=a-acost=a(1-cost).
T.0. mapaMeTpuyeCcKre YpaBHECHUS IMKIIOUIbI €CTh:
x=a(t-sint), y=a(l-cost).
[Ipu u3amenenuu t or 0 go 2m TOYKa M omumier OJIHY apKy LUKJIOUJIBL.

IpousBoanas ¢pyHKIMHU, 32JAHHON MaAPAMETPUYECKH.

[lycTh pyHKIMS Y OT X 3ajaHa NapaMEeTPUUYECKUMH YPaBHEHUSIMU:

x=p(t), y=p(t) @ <t<T).

[Ipeanoaoxum, 4To 3TH (GYHKIIMA UMEIOT MPOU3BOIHBIC M 4TO QYHKIUS X=¢(t)
uMmeer obpatHyro t=@(X), koTopas Takke MMEeT MPOM3BOJAHYI0. Toraa onpeneacH-
HYIO TIapaMeTPUICCKUMH ypaBHEHUSIMH QyHKIHIO Y=f(X) MOXKHO paccMaTpuUBaTh Kak
cnokHyto ¢yHkmuioo  y=w(t), t=&d(X), e t — IPOMEKYTOUYHBIH apPryMEHT.

"\
y)(_yt X 2
Xt

Wtax, y;:z—f (22)

t
®opmyasl (1) —(22), momydyeHnsie B Jekuusax (25) — (27), Hamo BeIUCaTh B BU-
1€ OTJIeNIbHOM TaOIUIIbI MPOU3BOAHBIX U BEIYYUTh UX HAU3YCTh.

ITousiTe 0 NPOU3BOAHBIX BHICHIMX MOPAIKOB.

[IpowsBognas f'(x) oT ¢yHKIMH f(x) Ha3BIBACTCS MPOM3BOIHON TEPBOTO IIO-
pAllKa ¥ MPEACTaBIseT COO0M HEKOTOPYIO HOBYIO (PYHKIIMIO. MOXKET CIIy4YUThCS, UTO
sTa (YHKIMA camMa UMeeT MPOU3BOAHYH0. Torjia mpou3BoaHas OT MPOU3BOIHOM Mep-
BOT'O MOPSJIKA HA3BIBAETCS MMPOU3BOIHON BTOPOTO MOPSIKA UM BTOPOU ITPOU3BOJHOU
n o0o3Hayaercs Tak: f’(x). [lpon3BoiHas OT MPOU3BOAHON BTOPOTO MOPSJAKA, €CIU
OHa CYILIECTBYET, HAa3bIBACTCSA MPOU3BOJHOM TPETHETO MOPSAKA WU TPETHEU MPOU3-
BOJIHOM U 0003HavaeTcs Tak: f”(x) u T.4. g 0603HaYeHUs JalbHEHIIINX MTPOX3BO/I-
HBIX YIIOTPEOISIOTCS PUMCKUE ITUPPHI.
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[Ipou3BOHBIE BRICIIUX MOPSAKOB 0003HAUAIOTCS TAKXKE U C IIOMOIIIBIO apaOCKUX
1idp, HO B ATOM cllydae MOPsAOK MPOU3BOTHON OEpeTCcss B CKOOKHU JJISI TOTO, YTOOBI
€ro Helb3s ObUIO MPUHSATH 3a MOKAa3aTelNb CTEIEHHU.

[Tpumep. y=x".

y'=5x*  y"=20x%, y"=60x*, y“=120x, y® =120, y®=y?=_ =0.

[IpousBoaHas N-ro mopsigka obozHavaercs y™ wumm @ (x).

dusnyecKoe 3HAaUYeHUE MPOU3BOIHOM BTOPOIr0 MOPS/IKA.

MBI BUAETH, YTO C MOMOIIBIO MPOU3BOJHOW IMEPBOr0 MOPSAJIKAa MOXXKHO HAWTH
CKOPOCTb JBMkKeHUs. [Tokaxkem, 4To Jj1s1 TOro, YTOOBI BRIYUCIUTh YCKOPEHHE JBIIKE-
HUS, HAJI0 BOCTIOJIb30BAaThCS MPOU3BOIHOM BTOPOTO MOPSIKA.

[TycTh 3akon nBmwxenus Toukd M 1o ocu OX BeIpakaeTcs ypaBHEHHEM X = f (t).

ITycts B MOMeHT BpeMenu t Touka M umeeT ckopocth V, a B MOMEHT t+At — ckopocTh
v+Av. T.o. 3a npoMexyTok BpeMeHH At CKOPOCTh TOYKM M3MEHWIACH HA BEJIMYUHY

AV o
AV. OTHOILIEHUE A_t Ha3bIBACTCS CPECAHHUM YCKOPECHHUEM MNPSIMOJMHEHMHOIO JBHKCHHSA

3a mpoMexXyToK BpeMmeHu At. Ilpenen storo otHomeHnus npu At—0, T.e. ﬂmo%:v'(t)

Ha3bIBaeTcs yckopeHueM Touku M B nanubiid MOMEHT t. O003Hauas yckopeHue Oyk-
BOH |, MO’keM Hamucath j=V'(t). Ho v=f'(t). [ToaTomy V'(t)= f"(t).

Urak, nmeem j= f’(t), T.€. BEIWUYMHA YCKOPEHUS MPAMOJIUHEUHOTO JBUKCHUS
TOYKHM PaBHA BTOPOM NMPOU3BOJIHOM OT IIyTH MO BPEMEHH.
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