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NAFASS: Discrete spectroscopy of random signals
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a b s t r a c t

In this paper we suggest a new discrete spectroscopy for analysis of random signals and
fluctuations. This discrete spectroscopy is based on successful solution of the modified
Prony’s problem for the strongly-correlated random sequences. As opposed to the general
Prony’s problem where the set of frequencies is supposed to be unknown in the new
approach suggested the distribution of the unknown frequencies can be found for the
strongly-correlated random sequences. Preliminary information about the frequency dis-
tribution facilitates the calculations and attaches an additional stability in the presence
of a noise. This spectroscopy uses only the informative-significant frequency band that
helps to fit the given signal with high accuracy. It means that any random signal measured
in t-domain can be ‘‘read’’ in terms of its amplitude-frequency response (AFR) without
model assumptions related to the behavior of this signal in the frequency region. The
method overcomes some essential drawbacks of the conventional Prony’s method and
can be determined as the non-orthogonal amplitude frequency analysis of the smoothed
sequences (NAFASS). In this paper we outline the basic principles of the NAFASS procedure
and show its high potential possibilities based on analysis of some actual NIR data. The AFR
obtained serves as a specific fingerprint and contains all necessary information which is
sufficient for calibration and classification of the informative-significant band frequencies
that the complex or nanoscopic system studied might have.

� 2011 Elsevier Ltd. All rights reserved.

1. Formulation of the problem

In spite of the essential progress of the Fourier and
wavelet analysis [1–14] the treatment and subsequent fit
of an arbitrary random sequence containing a set of un-
known multi-frequency periodical functions is far from
its satisfaction. For any researcher it is necessary to fit a
segment of the given random sampling (or signal) by a fi-
nite number of frequencies with amplitudes that contain

significant information about the periodical processes in-
volved in its behavior. For example, in Fig. 1 we show a
typical example of such kind containing a sufficient large
number of the measured points (N > 1500). For this part
of the random sequence it would be very important to find
the desired fitting function, including only the informative-
significant band of frequencies and amplitudes that can fit
this segment with high accuracy. The first attempt of such
kind was undertaken by Prony in 1795. During long period
this method was essentially modified [15–30] but in now-
adays many researchers admit that this method is not
numerically stable for large number of measured points
and to presence of a random component defined usually
as ‘‘a noise’’. In order to overcome these drawbacks and in-
crease the possibilities of the fitting of any random se-
quences one can try to achieve preliminary information
about the frequency distribution xk (k = 0,1, . . . ,K � 1) over
the numbers of modes k. If this information can be found
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then the roots (that are associated with unknown frequen-
cies) are easily found and all numerical procedure is facil-
itated essentially.

In this paper we are going to prove that the desired
frequency distributions can be found for the strongly-
correlated random signals S(t). In other words, we are
going to prove that for the strongly-correlated systems
the fitting function

SðtÞ ffi FðtÞ ¼ A0 þ
XK�1

k¼0

½Ack cosðxktÞ þ Ask sinðxktÞ� ð1Þ

(where xk (k = 0,1, . . . ,K � 1) defines the set of frequencies,
Ack and Ask are the corresponding amplitudes) can be the
first and probably unique candidate in solution of the fit-
ting problem posed above. The unknown distributions of
frequencies xk for the strongly-correlated systems should
satisfy to the following relationships

xk ¼ xmin þ
k

K � 1
ðXmax �xminÞ; k ¼ 0;1; . . . ;K � 1

ð2Þ

xk ¼ xmin
Xmax

xmin

� � k
K�1

; k ¼ 0;1; . . . ;K � 1 ð3Þ

In relationships (2) and (3) the limits of the frequency band
[xmin,Xmax] and the number of limiting mode K are found
from the original approach described below. We want to
stress here that the fitting function (1) contains the set of
periodical functions that are not orthogonal to each other.
It is well-known that the fitting of the finite segment of
random sequence in the form of a linear combination of
periodical functions with different frequencies in the given
temporal interval with acceptable accuracy represents a
serious problem of the modern Fourier analysis. This prob-
lem also is the key point in solution of the Prony’s problem.
Directly this procedure can be realized in the frame of the
Prony’s method and initially it contains 3K + 1 fitting
parameters and the limits of the fitting frequencies
xmin 6xk 6Xmax a priory are not known. Unfortunately,
the Prony’s method is not numerically stable and in spite
of the essential efforts of many researches it does not

receive a wide diffusion. The basic limitation is related to
calculation of the eigen-values of the Grassman matrix
[25–30]. The Prony’s method is applicable when the fol-
lowing priory suppositions are fulfilled:

(a) The sequence S(t) should contain obligatory at least
one harmonic component;

(b) The constant component A0 in (1) is absent;
(c) For stability purposes the number of components K

in (1) satisfies approximately to condition N/K ffi 3.
It means that the number of the measured points
cannot be large and compression of the initial
sequence is low.

This preliminary analysis of the drawbacks of the
Prony’s method allows us to formulate the modified prob-
lem that we are going to solve.

The NAFASS method should include the following
attractive features:

1. It can be applicable for decomposition of any random-
ness with number of data points N entering into the
given sequence not exceeding 1500. This limitation is
not essential. But inside of this limit (N < 1500) the
number of frequencies providing the fit of the given
sequence with high accuracy satisfies to compression
condition N/K 6 20–30.

2. It should determine the minimal number of harmonic
components K figuring in (1) In order to satisfy this con-
dition the procedure of the optimal linear smoothing
(POLS) can be applied. This procedure has been
described in papers [31–33].

3. The fit of the given sequence S(t) with the help of the
function S(t) ffi F(t) should provide the high accuracy.
At least, the minimal value of the relative error should
not exceed the units of percentages (Relerr < 5–9%).

4. In order to decrease the number of the unknown fre-
quencies and facilitate the nonlinear fit their depen-
dence from the mode k should be specified. At least
the dependencies (2) and (3) can be found for the
strongly-correlated variables. The justification of these
expressions is given below.

5. The fit of the given sequence with the help of expres-
sion (1) should give a possibility to continue the fitting
function F(t) out of the given interval [0,T]. In other
words, it should describe a random process in the inter-
vals [�D,0] and [T,T + D] (D > 0).

6. As the final result of this decomposition it should give
the dependencies Ack(xk) and Ask(xk) (k = 0,1, . . . ,
K � 1) representing the AFR for further analysis and
comparison of one random segment with another one.

As it has been mentioned above in order to make a
problem more soluble it is necessary to reduce the number
of unknown frequencies xk justifying their dependence
over the index k. As it will be shown below one can justify
the dependencies (2) and (3) and find the limiting frequen-
cies [xmin,Xmax] for both cases. We formulate also the lin-
ear principle for the strongly-correlated variables (LPSCV)
which can classify the strongly-correlated dependencies
and select them from others, where the dependence xk
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Fig. 1. The NIR spectrum of Au electrode and its fit (shown by white bold
line) realized with the help of the NAFASS approach.
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from k cannot be found and remains unknown. So, the suc-
cessful solution of this problem gives a chance to suggest a
new approach for analysis of a wide set of various random
sequences. We define this approach as the Non-orthogonal
Amplitude-Frequency Analysis of the Smoothed Samplings
(NAFASS) for the strongly-correlated variables, which en-
ables to select an informative-significant band of frequen-
cies xmin 6xk 6Xmax and amplitudes Ack, Ask

(k = 0,1, . . . ,K � 1) figuring in (1). The fitting function (1)
found in the frame of the NAFASS approach for the seg-
ment in Fig. 1 is shown by a solid line.

2. Consequences of the strongly-correlated variables
principle

In paper [34] one of the authors (RRN) formulated the
Linear Principle for the Strongly-Correlated Variables
(LPSCV) and found a possible hypothesis that can fit the
unknown sequence of the ranged amplitudes with accept-
able accuracy. We remind here the LPSCV: [34]

1. We form from two given random segments the
sequences of the ranged amplitudes SRA (y(p)) satisfying
conditions: yðpÞ1 > yðpÞ2 � � � > yðpÞN (p = 1,2).

2. If two SRA being plotted with respect to each other form
a curve close to a straight line then we define these
variables as the strongly-correlated

SRAðyð2ÞÞ ffi a � SRAðyð1ÞÞ þ b ð4Þ

Because of importance of this definition for the further
analysis we should formulate the basic statements and
necessary mathematical expressions. Let us suppose that
an event (under event, for example, one can implicate a
current measurement) is described by a segment of ran-
dom sequence. If a present event is created presumably
by the previous events taking place in the nearest past then
one can write the following expression

Fðt þ sTÞ ¼
Xs�1

n¼0

anFðt þ nTÞ ð5Þ

The meaning of this expression is the following. The event
that takes place in the segment of time sT, (0 < t 6 T) is
formed presumably by the events that took place in the
nearest past. The maximal value of the parameter n = s
determines the depth of the correlation between the last
event F(t + (s � 1)T) counted off from the initial function
F(t). The value of T, as before, is associated with a period
of time corresponding to one cycle of possible periodical
repetition of the event considered. In complete analogy
with Eq. (5) one can consider the self-similar events. They
satisfy to the following functional equation

FðtnsÞ ¼
Xs�1

n¼0

anFðtnnÞ or

Fðln t þ s ln nÞ ¼
Xs�1

n¼0

anFðln t þ n ln nÞ
ð6Þ

As one notice from comparison of these expressions rela-
tionship (6) is mathematically equivalent to (5) because

of transformation (ln(t) ? t, ln(n) ? T). In paper [34] we
found the solution of functional Eq. (5)

FðtÞ ¼
Xs

n¼1

EnðtÞ expðkntÞ; ð7aÞ

where En(t) represents a set of periodical functions with
period T, i.e. En(t ± mT) = En(t) with integer number m from
the interval [1,s]. For Eq. (6) the solution using the substi-
tution (t ? ln(t)) can be easily presented as

Fðln tÞ ¼
Xk

n¼1

Enðln tÞ expðkn ln tÞ ð7bÞ

The substitution of solution (7a) into (5) leads to the fol-
lowing algebraic equation for the unknown values kn. They
are found as the roots of the characteristic polynomial

xs �
Xs�1

n¼0

anxn ¼ 0; km ¼
lnðxmÞ

T
; m ¼ 1;2; . . . ; s ð8Þ

So, the solution of the general Eq. (7a) can include period-
ical functions that are contained in the complex-conju-
gated roots obtained from solution of Eq. (8). The
periodical functions En(t) entering into (7a) are not known
but, as it has been done in papers [35,36], it can be ex-
pressed in the one-mode approximation (OMA). It means
that this function approximately can be written as

EnðtÞ ffi an þ bn cos 2phmi t
T
�un

� �

� an þ bn cos 2pm
t
hTi �un

� �
ð9Þ

where m defines a number of the leading oscillation mode,
the values an, bn and un define some fitting constants. For
further understanding we consider the simplest case (s = 1)

Fðt þ TkÞ ¼ bkFðtÞ þ ck ð10Þ

The solution of this equation is found in [34] and can be ex-
pressed as

FðtÞ ¼ EkðtÞ exp
ln bk

Tk
t

� �
þ ck

1� bk
; bk – 1;

FðtÞ ¼ EkðtÞ þ bk
t

Tk
; bk ¼ 1;

Ekðxkt � 2pnÞ ¼ EðxktÞ:

ð11Þ

Here we took into account that periodical function can be
presented in the form of linear combination of well-known
periodical functions (9). We present this function in the
from

EðxktÞ ¼ ak þ Ack cos
2pk
hTi t

� �
þ Ask sin

2pk
hTi t

� �
;

xk ¼
2pk
hTi ¼ kx0 ð12Þ

From (12) it follows that the unknown frequency xk is pro-
portional to the kth mode, which determines its maximal
contribution to E(xkt). In expression (12) hTi determines
the mean value of unknown period. Analyzing expression
(12) one can conclude that a set of frequencies for the
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strongly-correlated variables satisfy to relationship (2).
Having in mind the solution of the functional equation
for self-similar variables [34], we have the following
expressions

FðtnkÞ ¼ bkFðtÞ þ ck ð13aÞ

FðtÞ ¼ Ekðln tÞ exp
ln bk

ln nk
lnðtÞ

� �
þ ck

1� bk
; bk – 1

FðtÞ ¼ Ekðln tÞ þ bk
ln t

ln nk
; bk ¼ 1

EkðlnðtxkÞ � 2pnÞ ¼ EðlnðtxkÞÞ

ð13bÞ

Applying the same arguments that lead to relationship (2)
and taking into account the replacement (t M ln(t)) one
can easily derive the relationship

ln
xk

xmin

� �
¼ k

K � 1
ln

Xmax

xmin

� �
; k ¼ 0;1; . . . ;K � 1; ð14Þ

that is equivalent to relationship (3). So, for the strongly-
correlated variables we found two possible distributions
(2) and (3) for a set of unknown frequencies that can char-
acterize the behavior of the strongly-correlated random
segment.

The next important problem is to find the limiting val-
ues xmin, Xmax. For the finding of these unknown values we
suggest the following procedure. Let us suppose that the
given segment S(t) determined in the measured points (tj,
j = 1,2, . . . ,N) can be approximately fitted by the function
y0(t) containing only one frequency x0. This function satis-
fies to the differential equation

d2y0ðtÞ
dt2 þx2

0y0ðtÞ � ðD
2 þx2

0ÞyðtÞ ¼ c0 ð15Þ

This differential equation with solution

y0ðtÞ ¼ a0 þ ac0 cosðx0tÞ þ as0 sinðx0tÞ; a0 ¼ c0=x2
0

ð16Þ

is transformed easily (with the help of double integration)
to the basic linear relationship (BLR)

YðtÞ ¼ C1X1ðtÞ þ C2X2ðtÞ þ C3X3ðtÞ ð17Þ

where

YðtÞ ¼ y0ðtÞ � h. . .i

X1ðtÞ ¼
Z t

t1

ðt � uÞy0ðuÞdu� h. . .i

C1 ¼ �x2
0;

X2ðtÞ ¼ t2 � h. . .i; X3ðtÞ ¼ t � h. . .i

ð18Þ

The constants C2, C3 figuring in (17) are not essential for
further calculations and can be omitted. Applying the fit
of the initial function S(t) by the hypothesis (16) one can
find the frequency x0 that is close to the minimal value
xmin. Let us suppose that the fitting function contains a lin-
ear combination of periodical functions with two frequen-
cies x0 and x1

y ¼ y0 þ y1; €y0 þx2
0y0 ¼ 0; €y1 þx2

1y1 ¼ 0 ð19Þ

If the frequency x0 is supposed to be known then the BLR
for the function y(t) is expressed as

YðtÞ ¼
X4

k¼1

CkXkðtÞ ð20Þ

where the functions figuring in (20) are determined as

YðtÞ ¼ yðtÞ � h. . .i

X1ðtÞ ¼
Z t

t1

ðt � uÞyðuÞdu� h. . .i; C1 ¼ �x2
1

X2ðtÞ ¼ t � h. . .i

X3ðtÞ ¼ cosðx0tÞ � h. . .i; C3 ¼
x2

1 �x2
0

x2
0

Ac3

X4ðtÞ ¼ sinðx0tÞ � h. . .i; C4 ¼
x2

1 �x2
0

x2
0

As3

ð21Þ

Application of expressions (21) to the segment S(t) shows
that the first calculated frequency always less in compari-
son with the second one x0 < x1. The results close to these
calculations we obtain also in the case when we apply
these formulae to the remnant function which is defined
as the difference Rm(t) = S(t) � y(t). These preliminary re-
sults can be easily explained if we notice that integration
of expression (1) containing a set of frequencies always
suppress the terms containing the largest ones. So, the
usage of the eigen-coordinates (ECs) method [37–40] for
calculation of unknown frequencies (which initially are
not known) can give a possibility to find the low-frequency
value x0 close to the desired minimal value x0 �xmin.
Similar results we should obtain from the differential
equation of the fourth order containing two unknown
frequencies

D2 þx2
1

� �
D2 þx2

0

� �
yðtÞ ¼ c0 D � d

dt
ð22Þ

For calculation of the maximal value Xmax we present the
current frequencies in the form

xkðbÞ ¼ xmin þ
k

K � 1
ðx1b�xminÞ; k ¼ 0;1; . . . ;K � 1

xkðbÞ ¼ xmin
x1b
xmin

� � k
K�1

ð23Þ

Here x1 > x0 defines a seed (inoculating) frequency which
is calculated from expressions (21) or (22). Considering b
as the unknown fitting parameter one can apply function
(1) for the fitting of the given segment S(t). The verification
on model files show that the relative error defined by
expression

RelErrðK; bÞ ¼ stdevðSðtÞ � Fðt;K; bÞÞ
meanjSðtÞj

� �
� 100% ð24Þ

and considered as the function of two variables b and K al-
ways has a local minima. From numerous minimal values
that function (24) might have we should choose the deep-
est one that is located in the vicinity of the minimal fre-
quency xmin. The existence of this minimal point of
function (24) is related to the saturation phenomenon when
increasing of number of periodical functions with high
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frequencies leads to decreasing the values of the corre-
sponding amplitudes Ack, Ask. So, their contribution to the
fitting of the given S(t) becomes negligible. The behavior
of the relative error (24) with respect to the parameter b
at the given value of K is shown in Fig. 2. The minimal value
of the first local minima bopt counted off from the xmin

determines the desired value of the Xmax = x1bopt. In such
a way for the strongly-correlated variables satisfying to
the LPSCV we realize the decomposition of the given ran-
dom segment S(t) on a set of the non-orthogonal periodical
functions with informative-significant band of frequencies
figuring in (1). In Fig. 3 we show the desired set of ampli-
tudes Ack, Ask and the range of significant frequencies xk

that provide the desired fit (shown on Fig. 1 by solid line)
with the help of 35 frequencies and relative error less than
2%.

In practical applications of distributions (2) and (3)
there is a problem to find number of exponents and differ-
entiate a possible exponential solution from the power-law
solution that follows as a solution of functional Eq. (6).

For solution of this problem one can apply the ECs
method mentioned above. The applications of the ECs
method for solution of some nontrivial problems were de-
scribed in papers [38,40]. Here one can remind some pecu-
liarities of the ECs method that makes it really attractive in
different practical applications:

1. In the ECs method the problem of non-linear fitting of
the exponential and power-law functions is reduced
to the linear least square method (LLSM) that was prop-
erly investigated in many mathematical books related
to the statistical problems. See, for example the book
[41].

2. It does not require the guess of the fitting parameters
and the final fit corresponds to the global minima in
the space of the fitting parameters.

3. The number of exponents (or power-law functions) can
be found from the recognition procedure and minimiza-
tion of the value of the standard deviation that is calcu-
lated for the difference between the segment of the
random sequence and its fitting function.

The approach outlined above leads to one important
conclusion. Any random function that can describe a
behavior of one parameter with respect to the current
variable (in most cases this parameter coincides with
time) has at least two fitting functions. One function con-
taining a minimal set of the fitting parameters follows
from the specific model considered, another fitting func-
tion can follow from the LPSCV and in accordance with
this principle it is described by a linear combination of
exponential or power-law functions. For the cumulative
curves (that is obtained by direct integration) the num-
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ber of the fitting parameters is about 10. As for the fit-
ting function F(t) presented by expression (1) in order
to provide the satisfactory fit (RelErr (K,b) < 5–9%) the re-
quired number of the significant frequencies is about 30–
50 for the segments having 1000–2000 measured points.
But in the case of absence of adequate model this fit (de-
fined above as the NAFASS approach) is necessary for
description of different complex systems (random series
related to economical data, biomedical data, geophysical
data and etc.) where suggestion of an adequate model
presents a serious problem. This NAFASS approach is
rather general and can be applicable for calculation the
desired amplitude-frequency responses (AFR). The value
of the smoothing window should be close to the optimal
one and it is calculated with the accordance the proce-
dure of the optimal smoothing (POLS) that is described
in detail in the previous papers [31–33]. Function (1)
in comparison with other fitting functions containing a
sufficient number of the fitting parameters can be easily
interpreted because the AFR functions Ack(xk), Ask(xk)
have a clear meaning and can serve as very sensitive
and specific ‘‘finger-prints’’ differentiating one quasi-peri-
odical sequence from another one.

3. NAFASS and new discrete spectroscopy

As it is known from the linear response theory [42] the
average value of some physical value hA(t)i is expressed by
the relationship

hAðtÞi ¼ hAi0 þ v0ðxÞ cosðxtÞ þ v00ðxÞ sinðxtÞ ð25Þ

where the real and imaginary components of the complex
susceptibility at the fixed frequency

vðixÞ ¼ v0ðxÞ � iv00ðxÞ ð26Þ

are related to the pair correlation function

KðtÞ ¼ ih½AðtÞ;B�i0 ¼ iQ�1Spðe�bH½AðtÞ;B�Þ ð27Þ

by the usual Fourier-transformation

KðtÞ ¼
Z 1

�1
vðixÞeixtdx

¼
Z 1

0
v0ðxÞ cosðxtÞ þ v00ðxÞ sinðxtÞ½ �dx ð28Þ

Here we took into account that v(ix) = v0(x) � iv00(x),
v0(x) = v0(�x), v00(x) = �v00(�x). From expression (28) it
follows one important conclusion. Instead of having the to-
tal set of frequencies one can try to select the finite set of
informative-significant frequencies located in the un-
known frequency band and replace (28) by the finite seg-
ment of the Fourier-series

KðtÞ ffi A0 þ
XK�1

k¼0

Ack cosðxktÞ þ Ask sinðxktÞ ð29Þ

where the number of modes (K) and the limits of the fre-
quency band (xmin, Xmax) can be found from the NAFASS
approach outlined above. Let us suppose that the physical
value A(t) corresponds to a random process measured

experimentally (for example, it can be current J(t), voltage
V(t) or charge Q(t) fluctuations). For some stationary ergo-
dic process the pair autocorrelation function can be calcu-
lated as

KAAðtÞ ¼ lim
T!1

1
T

Z T

0
Aðt0ÞAðt0 þ tÞdt60ffiN>>1 1

N �m

� �XN�m

j¼1

AjAjþm

ð30Þ

for all m = 0,1, . . . ,N � 1. So, in accordance with ergodic
hypothesis one can assert that the correlation function cal-
culated in accordance with the rules of the conventional
statistical mechanics (the left side of (31)) should coincide
for large samplings (N	 1) with autocorrelation function
calculated with the rules of mathematical statistics (right
side of (31))

KðtÞ ¼ ih DAðtÞ;DA½ �i0

ffi lim
N!1

1
N �m

� �XN�m

j¼0

DAjDAjþm; m ¼ 0;1; . . . ;
N
2

ð31Þ

In particular, when A(t) = J(t), (J(t) is a random thermal cur-
rent value) and taking into account the Nyquist relation-
ship [42]

ReðraaðxÞÞ ¼
tanhðx=2hÞ

x
KaaðxÞ ð32Þ

one can obtain its discrete analog

KaaðtÞ ffi K0 þ
XK�1

k¼0

K 0aaðxkÞ cosðxktÞ þ K 00aaðxkÞ sinðxktÞ
� �

¼
XK�1

k¼0

xk

tanhðxk=2hÞ r0kðxkÞ cos xktð Þ
�

þ r00kðxkÞ sin xktð Þ
�

ð33Þ

that can be useful for the purposes of discrete spectros-
copy. Expressions (32) and (33) open new possibilities
of the discrete spectroscopy that is based on the replace-
ment of the total Fourier spectrum by its finite frequency
band containing only informative-significant components.
We want to stress here again that these possibilities ap-
pear from the successful solution of the general Prony’s
problem, when the distributions of the frequency modes
(2) and (3) for the strongly-correlated systems are known.
This observation helps to solve the ill-posed Prony’s prob-
lem [15–21] and describe any random signal in the form
of expression (1) with high accuracy. So, the description
of any random signal is reduced to analysis of its AFR that
represents itself a specific ‘‘piano’’, where any discrete
frequency of the AFR ‘‘sounds’’ with its peculiarities of
the complex system analyzed. As it is well-known that
for pure ergodic noise the pair auto-correlation function
(ACF) defined by Eq. (31) is monotonic and satisfies to
condition

K0 > K1 > � � � > KN=2 ð34Þ

In real calculations this condition is violated and for short
samplings the behavior of the ACF can have oscillating
character or even accept the negative values. In order to
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satisfy to condition (34) we should choose only decaying
parts of random signals figuring in (31). So, dealing in
reality with relatively short samplings (N ffi (1500–2000)
measured points) one can select only decaying parts and
rectifying the increasing parts of the random signals
which violate condition (34). This correction related to
the fact that for very long samplings the contribution of
‘‘wrong’’ parts is becoming negligible but for the short
samplings these wrong parts of random signals should
be corrected. The noise which is obtained by such a
way (by the procedure of selection of decaying parts
and correction of increasing parts) from the given sam-
pling we define as a pseudo-ergodic noise (PEN). We
tested this procedure for available heat noise. For long
samplings (N � ffi 106–2 106) the contribution of ‘‘wrong’’
parts are really small but with decreasing of N ffi (1500–
2000) the number of wrong parts presenting in the
random signal are increasing. So, the PEN helps to read
the remnant noise in terms of possible fitting parameters
belonging to the ACF. The details of this possibility are
given in the next section.

4. Example based on real data

In paper [32] we demonstrated how to read NIR data in
the frame of new data treatment approach. Here we want
to demonstrate the general steps that should be applied to
any ‘‘noisy’’ spectra that are registered by modern equip-
ment on nanoscopic level. All treatment procedure can be
divided on three basic parts.

1. The usage of the POLS for the initial digitized spectro-
scopic signal. This procedure helps to divide the initial
signal on the optimal trend and the remnant ‘‘noise’’.
Schematically it can be expressed in the form

POLSðninðxjÞÞ ¼ trðxjÞ þ RmðxjÞ; j ¼ 1;2; . . . ;N;

ð35Þ

where tr(xj) is the smoothed spectrum (optimal trend)
and Rm(xj) defines the remnant function (usually it is
considered as a ‘‘useless noise’’ that is not used for fur-
ther analysis).

2. After this separation one can apply the NAFASS to the
function tr(xj) This approach is expressed schematically
as

NAFASS½trðxjÞ� ¼ ½AcðxkÞ;AsðxkÞ�; k ¼ 0;1; . . . ;K � 1

ð36Þ

This procedure helps to compress the initial spectrum
N/K ffi 20 
 40and read it in terms of the corresponding
AFR.

3. In order not to lose any information from the initial
noisy spectroscopic signal nin(xj) one can express the
detrended function Rm(xj) in terms of the b-distribution
function (see details in paper [43]) or in terms of the fit-
ting parameters ACF, describing the pair correlation of
the PEN (see the previous section for details). This pro-
cedure helps to receive (in the frame of controllable
error) additional fitting parameters associated with
the remnant function.

Let us apply these three general treatment steps for
analysis of NIR spectra of Mercaptophenyl Diazonium
Nanofilms (MDN) adsorbed on golden (Au) electrodes. All
experimental part has been described in paper [32]. Here
we select only three MDN measured spectra in order to
show how to apply these basic treatment steps for ‘‘read-
ing’’ of ‘‘noisy’’ spectra in general case. We show only min-
imal number of figures in order not to jam the content of
the paper by excess details.

Step 1. In Figs. 4a, 4b, and 4c we show the application of
the POLS for calculation of the smoothed spectra.
In order to find the value of the optimal smoothing
window (0.08 < w < 0.1) the POLS is applied for the
integrated curves. The undoubted merits of such
modification are discussed in paper [44].

Step 2. The second step is application of the NAFASS
approach for calculation the desired AFR. In Figs.
5a and 5b we demonstrate the quality of the fitting
procedure obtained for the smoothed NIR spectra.
The calculated AFRs for these NIR spectra related
to the behavior of the MDN absorbed of the surface
of Au electrode are shown correspondingly on Figs.
6a and 6b. Even a simple analysis realized with the
help of the NAFASS approach helps to notice some
interesting features in behavior of the calculated
AFRs. Two spectra have monotonic behavior with
respect to amplitudes (Ac(Xk), As(Xk) (k = 0,
1, . . . ,K � 1), K = 40) but with amplitudes that
exceeds the values of initial spectra in 105 times.
The AFR calculated for the third spectra reminds
the random behavior. The explanation of these
peculiarities related to the ‘‘physics’’ of this phe-
nomenon merits more detailed research. Some
basic parameters of these AFRs are collected in
Table 1.

Step 3. The last step is related to analysis of the PEN and
a possible fitting of the ACF defined by (31). The
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Fig. 4a. This figure shows the application of the POLS to integrated curve
that represents the first NIR spectrum describing the absorption of MDN
on Au electrode. Integrated curve is less deviated and facilitates in
funding the value of the optimal smoothing window (w = 0.081). The
optimal trend obtained by differentiation of this integrated trend
(depicted by the white bold line) is shown below on Fig. 4b.
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calculated auto-correlations functions are shown
on Fig. 7a. They have monotonic behavior and
usually occupy only 50% from the total set of
the measured points (N = 1762). This peculiarity
is related to the fact that zero points separating
decreasing and increasing parts of the remnant

function are equaled approximately to half points
(N/2) from the total number N. This tendency is
conserved for a sampling having an arbitrary
length. The next problem is to find the optimal
fitting function that enables to describe the
monotonic behavior of the calculated ACFs. For
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Fig. 4b. The smoothed spectrum (optimal trend) obtained by differentiation of the integrated trend is shown by white bold line. The remnant function
(obtained by subtraction of the smoothed spectrum from initial noisy spectrum (black stars)) is shown on the small frame above. This remnant function will
be analyzed in terms of the fitting parameters belonging to the calculated ACF.
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Fig. 4c. The same procedure is realized for two other MDN spectra. The results are shown here. The calculated NIR spectra for the MDN (2,3) are shown by
white (on the main figure) and black (on the small figure above) solid lines correspondingly.
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solution of this problem we checked three possi-
ble hypotheses

KðtÞ ¼
XS�1

s¼0

as � expð�ks � tÞ; ðaÞ

KðtÞ ¼ 1

1þ
PS�1

s¼0 as � expðms � lnðtÞÞ
; ðbÞ

KðtÞ ¼ 1

1þ
PS�1

s¼0 as � expðms � tÞ
; ðcÞ

ð37Þ

The criteria of selection of the possible hypothesis are the
following:

1. Identification with the help of the ECs method (corre-
spondence to a set of straight lines [37,38])

2. The minimal number of components (S) that can enter
into the summation sign.

3. The minimal value of the relative error at minimal value
of the fixed S.
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Fig. 5a. Here we show the results of the fitting procedure to Eq. (1) obtained for MDN (1). The values of the relative error and the Pearson correlation
coefficients are collected in Table 1. In the small frame below we demonstrate the remnant function. If it is necessary it can be fitted also with subsequent
analysis of its AFR.
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Fig. 5b. In the same manner we applied the NAFASS for the fitting of other two spectra MDN (2,3). The values of the relative error and the Pearson
correlation coefficients are collected in Table 1.
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We should omit some details in recognition procedure
(identified also with separation procedure, described in
papers [38–40]). The most probable hypothesis that satis-
fies to these criteria is the hypothesis (c). Some details of
separation procedure are shown on Fig. 7a. The final fit is
shown on Fig. 7b. The fitting parameters are collected in
Table (2).

5. How ‘‘to read’’ a random signal describing some
complex system? The basic principles of fluctuation
metrology

In this paper we suggest a new type of spectroscopy
that can find a wide application in analysis of quantum,
heat and other fluctuations associated with any ‘‘event’’
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Fig. 6a. The desired AFR obtained for the first NIR spectra belonging to the MDN (1). The calculated AFR has a monotonic behavior. The most unexpected
result is related to the values of amplitudes belonging to this decomposition. They exceed the values of initial NIR spectra in 105 times. This interesting
behavior merits a special analysis.
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Fig. 6b. The calculated AFRs for the MDN (2,3). The order of magnitudes is conserved but behavior is different. For the third spectrum (depicted in the small
frame above) the behavior is becoming random. So, the preliminary analysis of the corresponding AFRs helps to notice some peculiarities that can be
obtained only within the NAFASS approach.

Table 1
The quantitative parameters characterizing AFR. Range of the value A is defined as Range A = [max (A) �min(A)]/mean (A).

Number of the ACF xmin Xmax A0 Range Ac, 1 Range As RelErr (%)

1 1.10225 56.6192 1.39369E6 60.4595 8.86198 3.69022
2 2.05426 50.8119 �2.37777E6 �13.9959 6.82224 1.63977
3 1.25919 29.5829 �3.38691E7 �4.39331 2.92948 5.9222
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that one can meet on submolecular and nanoscale levels. In
order to convince the skeptically tuned reader in a high
potential level of the NAFASS approach as the key element
in analysis of a random signal describing some complex

system let us repeat the basic elements that allow to read
and compare random signals recorded from some complex
biological object. The brief description of the biological
data that will be analyzed below contains the following
information:

1. The neurophysiologic experiments were realized on the
slices of the spinal marrows of the young rats having 9–
20 days age.

2. The thickness of each slice was 300 lm. Micropipette
by means of electric circuit at the given negative
voltage (�65 mV) connected the sensor neuron with
container of a cell and only the spontaneous microcur-
rents coming through the cell membranes are recorded.

3. In order to support the living activity of the brain cells
the temperature (20–23 �C) and the high level of oxy-
gen are conserved during the whole period of the cur-
rent registration (2–4 h).

Omitting other details that are important for the spe-
cialists of neurophysiology (these details can be important
for the publication in the specialized journal) let us con-
sider these microcurrents as a random sequence that can
be read in terms of the NAFASS approach outlined above.

Three basic treatment steps (S1–S3) that were de-
scribed in the previous section one can use for the ‘‘read-
ing’’ of any random sequence (here we want to stress
again without any model assumptions imposed on the ran-
dom sequence considered) and its possible classification
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Fig. 7a. Here we show the fit for the inverse correlation functions
associated to hypothesis (c) that is realized with the help of linear
combination containing four exponents. This additional fit shows that the
exponential separation procedure is correct. Besides it helps to calculate
correctly the minimal value of the amplitude that enters into the linear
combination of exponential functions.
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Fig. 7b. Here we show three ACFs calculated from the remnant noise and
satisfying to the pseudo-ergodic hypothesis. The fitting functions satis-
fying to hypothesis (c) from Eq. (37) are shown by white bold lines. The
fitting parameters related to this hypothesis are collected in Table 2.

Table 2
The fitting parameters describing the ACF (Eq. (37c)) KðtÞ ¼ K0

1þ
P4

s¼1
As �expðks tÞ

.

Number of the ACF K0 A1, k1 A2, k2 A3, k3 A4, k4 RelErr (%) PCC

1 6.6071 �4.0886E�4 �1.037 5.9525E�5 9.1185E�17 0.03927
2.2243 �0.219 4.8524 17.355 0.99982

2 8.9014 �1.2042E�4 �34.331 0.05187 3.7336E�9 0.06055
3.3886 �6.8275 2.4913 10.458 0.99959

3 5.1401 �1.2574E�4 �143.1 0.15371 9.5772E�8 0.02695
3.5938 �8.858 2.0449 9.1177 0.99992
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Fig. 8a. Here we show the integrated initial sequence (see Fig. 8b) and
the smoothed trend (grey solid line) obtained in the frame of the POLS.
The value of the optimal smoothing window is equaled to 0.03. Wopt

provides the minimal value of the relative error.
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for purposes of the fluctuation metrology (FM). This term
was introduced in paper [45] by Prof. Timashev but the
solution presented in [45] is unsatisfactory. Many stages
contain uncontrollable errors, artificial suppositions and,
from our opinion, this scheme cannot be used as a univer-
sal tool for metrological purposes. More simple and error-
controllable approach presented in this paper can be used

as a precise tool for the future FM. This approach contain-
ing only three simple steps is very general and it can be ap-
plied for consideration of a wide class of different
fluctuations and the smoothed trends (signals) located in-
side the random sequence analyzed. In order to attract
attention of a wide audience of the specialists studying a
complexity and add some convincing arguments for the
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Fig. 8b. The initial signal (shown by connected black balls) and the calculated optimal trend (solid blue line). The ‘‘Sgn’’ and ‘‘Sm_sgn’’ data files describe
microcurrents registered from membrane cell and multiplied in 103 times for clarity. The initial remnant function Rem(y) is obtained in accordance with
expression (35) and shown below in the small frame. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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skeptical readers reading this paper we demonstrate three
basic steps on the reading of microcurrents that were de-
scribed above. Not having much place for the detailed anal-
ysis of these microcurrents we forced to show only few
figures that demonstrate the power of new spectroscopy
based on the NAFASS.

Step 1. The extraction of the optimal trend based on the
POLS.
The Figs. 8a and 8b demonstrate the optimal
smoothing procedure applied to the integrated
curve. The differentiation of the optimal trend
(shown for the integrated curve by solid line)

gives the optimal trend (the value of the optimal
smoothing window wopt = 0.03). Differentiation
of the optimal trend calculated for the integrated
curve gives the optimal trend for the initial
sequence. It is shown on Fig. 8b by blue solid line.
As one can notice from these figures we chose the
segment with large value of the spontaneous
microcurrent (signal) that is considered as a neu-
rophysiologic reaction of membrane.

Step2. The key point of the fluctuation metrology is
based on the NAFASS approach that enables to
‘‘read’’ any smoothed trend and express it in
terms of the corresponding AFR. We want to

-10 0 10 20 30 40 50 60 70 80 90 100 110 120 130

-200000

-100000

0

100000

200000

300000

C
s,

S
s

Omega

 Cs
 Ss

Fig. 9b. Here we show the AFR (1) that corresponds to the description of the optimal trend. It is interesting to note that the values of the calculated
amplitudes exceed the fitting values in 105 times and have monotonic behavior. This specific behavior needs further research. The limits of the significant
range of frequencies are: 2.7288 6X 6 122.806.

3210
-1.0

-0.5

0.0

0.5
 Rem_Sgn
 Fit_Rem_sgn

R
em

_S
gn

, F
it_

R
em

_S
gn

Time (sec)

Fig. 9c. Here we show the fit of the remnant function ‘‘Rem_Sgn’’ shown above on Fig. 9a. This function has own AFR (2) (see Fig. 9d) and it is totally
different from the AFR (1) shown on Fig. 9b.
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stress here that the informative-significant fre-
quency band found in the frame of the NAFASS
cannot coincide with conventional Fourier spec-
trum because it uses the limited band minimizing
the frequency ‘‘distance’’ (Xmax �xmin). For this
specific case on Fig. 9a we show the fit of the opti-
mal trend (depicted previously on Fig. 8b) and its
AFR (1) (Fig. 9b). Besides this possibility in the
frame of the NAFASS one can fit the remnant
function defined by Eq. (35) and find also its
AFR (2). It opens quite new possibilities in inter-
pretation and calibration of these discrete and
limited spectra associated with of the optimal
trend and the remnant function. The fit of the

remnant function is shown on Fig. 9c and the cor-
responding AFR (2) on 9d. As it can be seen from
the brief analysis of Fig. 9d the AFR (2) of the rem-
nant function describes the high-frequency spec-
trum that was not contained in the AFR (1)
describing the optimal trend (compare with 9b).

Step.3. In order not to miss any information that are con-
tained in the random sequence the detrended
‘‘noise’’ (defined here as the initial remnant func-
tion Rem(y)) can be read also and expressed in
terms of the b-distribution [43]. The fit of the
detrended noise is shown by Fig. 10a and (b).

The basic quantitative parameters describing these bio-
logical data are collected in Table 3.

So, after realization of these three simple but important
steps we obtain new quantitative ‘‘alphabet’’ (AFR (1), AFR
(2) and 4 parameters belonging to b-distribution). They are
necessary for comparison of the sequence analyzed with
others. Definitely, any parameters of a model noise can
be read also in terms of this ‘‘universal’’ quantitative lan-
guage. For translation of the specific qualitative properties
of the model noise considered (as its ‘‘color’’ (white and
etc.), affiliation to a certain class of distributions (Gauss,
Student, Fisher and etc.), self-similarity (fractal) properties
and etc.) it is necessary to create in the nearest future a
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Fig. 9d. Here we show the non-monotonic behavior of the AFR (2)
obtained in the frame of the NAFASS approach for the ‘‘Rem_Sgn’’ data file
depicted on the previous Fig. 9c. As one can notice from a brief analysis
the significant frequency band is increased approximately in three times
in order to provide the satisfactory fit (RelErr = 10.1125%) of this remnant
function. The limits of the significant range of frequencies for the AFR (2)
are: 7.167 6X1 6 339.858.
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Fig. 10a. The fit of the initial remnant function Rem(y) (shown inside the small frame) to the b-distribution function. Details of the transformation are
presented in paper [43]. The fitting parameters are collected in Table 3. Comparing this figure with Fig. 7b one can say that the detrended noise can be read
in terms of the fitting parameters belonging to the ACF or b-distribution, correspondingly.

Table 3
The fitting parameters describing the b-distribution
B(t) = B0(t � t0)a(tN � t)b + D.

Number
of the b-
distr

B0 a b D Bmaxtmax RelErr
(%)

1 0.6219 0.71098 0.66269 0.00573 0.62675 0.91295
1.46832
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specific vocabulary as it has been accepted for communica-
tions and understanding between carriers of different
languages.

We hope also that these fitting parameters forming a
‘‘universal’’ language for reading and classification of dif-
ferent fluctuations can be used in the nearest future as
the basic metrological parameters for the modeless descrip-
tion of different random sequences belonging to different
sources of their generation (medical, technical, geological,
chemical astrophysical and etc.).
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