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Abstract—We study limitwise monotonic sets and pairs of sets. We investigate the properties of
limitwise monotonic reducibility between sets and pairs of sets defined in terms of Σ-reducibility
corresponding to initial segment of sets. In addition, we obtain a description of Σ-reducibility of
families of a special form in terms of lm-reducibility. At the same time we show the relationship of
concepts of lm-reducibility and Σ-reducibility between the pairs of sets.
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INTRODUCTION

This article investigates limitwise monitonic sets and pairs of sets properties and limitwise monotonic
reducibility (which for the sake of brevity will be also denoted by lm-reducibility) between sets and pairs
of sets. Moreover, we consider the relationship between the sets lm-reducibility and Σ-reducibility for
the families of special type.

In [1] the authors introduced the concept of Σ-reducibility for the natural numbers subsets families.
This notion allows us to consider these sets in their own, i.e., without their representations in the set
of natural numbers. Also the study of limitwise monotonic set and a pair of sets in [2] gave rise to the
notion of lm-reducibility on the sets and lm-reducibility between pairs of sets. Here we consider lm-
reducibility between sets in terms of Σ-definability for the relative initial segment families of these sets.

We give the notion of Σ-reducibility for the natural number subset families in the first part of the
article according to [1]. Moreover we prove that the concept of Σ-reducibility is equivalent to that of
lm-reducibility between two sets, provided the latter is given by limitwise monotonic operator. Then we
consider lm-reducibility and Σ-reducibility of the set to pair of sets. Here we also prove the equivalence
of these two notions. Moreover, we give results on lm-reducibility between pairs of sets. The basic
notions on the limitwise monotonic functions and sets study can be found in [2–4]. We also borrow the
notation from [1] and [5].

1. Σ-REDUCIBILITY AND lm-REDUCIBILITY ON SETS

The definitions of limitwise monotonic function, limitwise monotonic operator and lm-reducibility
between two sets belong to [5]. Moreover, certain interesting results on lm-reducibility can be found
in [6]. Here we give a detailed study of Σ-reducibility for the set families.

Definition 1. Consider the family S ⊆ P(N). An S-tuple is the set of type {〈n, k〉} ⊕ (X1 ⊕ · · · ⊕ Xn),
here n, k ∈ N and Xi ∈ S for all i = 1, n. We denote by KS the set of all S-tuples.
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Definition 2. We say that a family S0 ⊆ P(N) is Σ-reducible to a family S1 ⊆ P(N) (and denote it by
S0 �Σ S1) if

S0 ∪ {∅} = {Φ(X ⊕ Y ⊕ E(S1)) | X ∈ KS1}
for some enumeration operator Φ and a set Y ∈ KS1 . Here E(S) = {n ∈ N | (∃F ∈ S)[Dn ⊆ F ]} and
Dn stands for a finite set with the canonical index n.

Consider two arbitrary sets A and B. We fix relative to A and B initial segment families as the
necessary families, namely, S(A) = {N � a : a ∈ A} and S(B) = {N � b : b ∈ B}, respectively. Now for
the given set S(B) the set E(S(B)) of Definition 2 is computably enumerable. Moreover, the family
S(B) consists only of computably enumerable sets. Thus we may omit the sets Y and E(S(B)) of S-
tuple for the family S(B) of Definition 2. So we are able to write down Σ-reducibility between the initial
segment families of the sets A and B with the help of the enumeration operator Φ as follows:

{N � a : a ∈ A} = {Φ({〈n, k〉} ⊕ X1 ⊕ · · · ⊕ Xn) | n, k ∈ N}, (1)

here Xi = {N � bi : bi ∈ B} for i = 1, n.

Now we rewrite equality (1) as

{N � a : a ∈ A} = {Φ({n} ⊕ N � b1 ⊕ · · · ⊕ N � bn) | n ∈ N & b1, . . . , bn ∈ B}.

The following statement establishes a connection between notions of lm-reducibility and Σ-
reducibility for two sets.

Theorem 1. A �lm B ⇐⇒ S(A) �Σ S(B).

2. Σ-REDUCIBILITY AND lm-REDUCIBILITY OF A SET TO A PAIR OF SETS

Now we consider the concepts of Σ-reducibility and lm-reducibility of a set to a pair of sets. The main
result of this Section is the answer to the following question: What is the relation between the notion of
lm-reducibility for a set and a pair of sets and the notion of Σ-reducibility for initial segment families of
a set and a pair of sets?

Definition 3. A function θ : N × N → N is limitwise monotonic if there exists partially computable
function θ : N × N × N → N such that the relations

(i) ∀t � s [θ(x, y, s) ↓⇒ θ(x, y, s) � θ(x, y, t) ↓];

(ii) θ(x, y) = maxt θ(x, y, t) < ∞ (we guess max ∅ = 0)

hold for all x, y, and s.

Definition 4. A mapping Θ : P(N) ×P(N) → P(N) is a limitwise monotonic operator if there exists
a partially computable function

θ : N
<N × N

<N × N → N

such that conditions

(i) ∀ζ � ρ ∀η � τ ∀t � s [θ(ρ, τ, s) ↓⇒ θ(ρ, τ, s) � θ(ζ, η, t) ↓];

(ii) θ(ρ, τ) = maxt θ(ρ, τ, t) < ∞;

(iii) ∀X ⊆ N ∀Y ⊆ N [Θ〈X,Y 〉 = {θ(ρ, τ) : ρ ∈ X<N, τ ∈ Y <N}];

hold for all ρ ∈ N
<N, τ ∈ N

<N and s ∈ N

RUSSIAN MATHEMATICS (IZ. VUZ) Vol. 60 No. 3 2016



LIMITWISE MONOTONIC REDUCIBILITY ON SETS 87

Let {θe}e∈N be an effective enumeration of all triple partially computable functions meeting condi-
tion (i) of Definition 4. Now we denote by Θe for any e the limitwise monotonic operator acting from
P(N) × P(N) into P(N ∪ {∞}) and defined for any sets X ⊆ N and Y ⊆ N by the equality

Θe〈X,Y 〉 = {θe(ρ, τ) : ρ ∈ X<N, τ ∈ Y <N}.
Definition 5. A set A is limitwise monotonic reducible (or, alternatively, is lm-reducible) to a pair of
sets (B,C) (we denote this by A �lm (B,C)) if A = ∅ or A = Θe〈B,C〉 for some limitwise monotonic
operator Θe.

We now pass to consider Σ-reducibility between special initial segment families for a set and a pair of
sets. Consider an arbitrary set A and a pair of sets (B,C). We then define the following initial segment
families:

S(A) = {N � a : a ∈ A}
and

S(B,C) = {{0} ⊕ N � b : b ∈ B} ⊕ {{1} ⊕ N � c : c ∈ C},
respectively.

Now we are able to define the notion of Σ-reducibility between the set S(A), given for an arbitrary
set A and the set S(B,C) given for a pair of sets (B,C).

Definition 6. We say that the family S(A) is Σ-reducible to the family S(B,C) (and denote this by
S(A) �Σ S(B,C)) if

{N � a : a ∈ A} = {Φ({n} ⊕ ({x1} ⊕ N � d1) ⊕ · · · ⊕ ({xn} ⊕ N � dn))|,

|n ∈ N & xi = {0, 1}, i = 1, n}
for some enumeration operator Φ and for the function

di =

{
bi ∈ B, if xi = 0;

ci ∈ C, if xi = 1,
i = 1, n.

The following statement asserts that a set is lm-reducible to a pair of sets if and only if the initial
segment family of this set is Σ-reducible to the initial segment family of the pair of sets.

Theorem 2. A �lm (B,C) ⇐⇒ S(A) �Σ S(B,C).

Now we define limitwise monotonic reducibility between two pairs of sets through Σ-definability of
the special type families for these sets. Consider two arbitrary pairs of sets (A,B) and (C,D). We fix the
following initial segment families for these two pairs of sets:

S(A,B) = {{0} ⊕ N � a : a ∈ A} ⊕ {{1} ⊕ N � b : b ∈ B}
and

S(C,D) = {{0} ⊕ N � c : c ∈ C} ⊕ {{1} ⊕ N � d : d ∈ D},
respectively.

It seems clear that S(A,B) �Σ S(C,D) ⇐⇒ S(A) �Σ S(C,D) and S(B) �Σ S(C,D). Then
Theorem 2 yields S(A) �Σ S(C,D) and S(B) �Σ S(C,D) ⇐⇒ A �lm (C,D) and B �lm (C,D) ⇐⇒
(A,B) �lm (C,D).

Hence we immediately obtain

Definition 7. We say that a pair (A,B) is lm-reducible to a pair (C,D) (and denote this by (A,B) �lm

(C,D))ifandonlyifS(A,B) �Σ S(C,D).

In [5] the authors established the existence of a pair of sets (A,B) such that the inequality (A,B) �lm

C holds for any set C. Using this result one can see that the class of the set families we consider is proper.
So we have
Theorem 3. There exists a pair of sets (A,B) such that the inequality S(A,B) �=Σ S(C) holds for
any set C.

RUSSIAN MATHEMATICS (IZ. VUZ) Vol. 60 No. 3 2016



88 ZAINETDINOV

ACKNOWLEDGMENTS

The work was partially supported by Russian Foundation for Basic Research (projects Nos. 14-01-
31200, 15-31-20607) and by the subsidies allocated to Kazan Federal University to perform State task
scientific activity (project No. 1.2045.2014).

REFERENCES
1. Kalimullin, I. Sh., Puzarenko, V. G. Reducibility on Families, Algebra and Logic 48, No. 1, 20–32 (2009).
2. Kalimullin, I., Khoussainov, B., Melnikov, A. Limitwise Monotonic Sequences and Degree Spectra of

Structures, Proc. Amer. Math. Soc. 141, No. 9, 3275–3289 (2013).
3. Khoussainov, B., Nies, A., Shore, R. Computable Models of Theories With Few Models, Notre Dame J.

Formal Logic 38, No. 2, 165–178 (1997).
4. Downey, R. G., Kachm A. M., Turetsky, D. Limitwise Monotonic Functions and Their Applications, in

Proceedings of the 11th Asian Logic Conference (World Scientific, 2011), pp. 59–85.
5. Faizrahmanov, M., Kalimullin, I., Zainetdinov, D. Maximality and minimality under limitwise monotonic

reducibility, Lobachevskii J. Math. 35, No. 4, 333–338 (2014).
6. Zainetdinov, D. Kh., Kalimullin, I. Sh. On limitwise Monotonic Reducibility of Σ0

2-Sets, Uchen. Zap.
Kazansk. Univ. Ser. Fiz.-Mat. 156, No. 1, 22-30 (2014) [in Russian].

Translated by P. N. Ivan’shin

RUSSIAN MATHEMATICS (IZ. VUZ) Vol. 60 No. 3 2016


		2016-02-05T18:37:44+0300
	Preflight Ticket Signature




