ISSN 1066-369X, Russian Mathematics (Iz. VUZ), 2016, Vol. 60, No. 3, pp. 85-88. (© Allerton Press, Inc., 2016.
Original Russian Text (© D.Kh. Zainetdinov, 2016, published in Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 2016, No. 3, pp. 97-101.

Limitwise Monotonic Reducibility on Sets and on Pairs of Sets

D. Kh. Zainetdinov'”
(Submitted by M.M. Arslanov)

"Kazan (Volga Region) Federal University
ul. Kremlyovskaya 18, Kazan, 420008 Russia
Received September 11, 2015

Abstract—We study limitwise monotonic sets and pairs of sets. We investigate the properties of
limitwise monotonic reducibility between sets and pairs of sets defined in terms of X-reducibility
corresponding to initial segment of sets. In addition, we obtain a description of ¥-reducibility of
families of a special form in terms of Im-reducibility. At the same time we show the relationship of
concepts of Im-reducibility and 3-reducibility between the pairs of sets.
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INTRODUCTION

This article investigates limitwise monitonic sets and pairs of sets properties and limitwise monotonic
reducibility (which for the sake of brevity will be also denoted by Im-reducibility) between sets and pairs
of sets. Moreover, we consider the relationship between the sets lm-reducibility and X-reducibility for
the families of special type.

In[1] the authors introduced the concept of X-reducibility for the natural numbers subsets families.
This notion allows us to consider these sets in their own, i.e., without their representations in the set
of natural numbers. Also the study of limitwise monotonic set and a pair of sets in [2] gave rise to the
notion of Im-reducibility on the sets and Im-reducibility between pairs of sets. Here we consider Im-
reducibility between sets in terms of X-definability for the relative initial segment families of these sets.

We give the notion of X-reducibility for the natural number subset families in the first part of the
article according to [1]. Moreover we prove that the concept of X-reducibility is equivalent to that of
Im-reducibility between two sets, provided the latter is given by limitwise monotonic operator. Then we
consider Im-reducibility and X-reducibility of the set to pair of sets. Here we also prove the equivalence
of these two notions. Moreover, we give results on Im-reducibility between pairs of sets. The basic
notions on the limitwise monotonic functions and sets study can be found in [2—4]. We also borrow the
notation from[1] and [5].

1. ¥-REDUCIBILITY AND Im-REDUCIBILITY ON SETS

The definitions of limitwise monotonic function, limitwise monotonic operator and Im-reducibility
between two sets belong to [5]. Moreover, certain interesting results on Im-reducibility can be found
in [6]. Here we give a detailed study of X-reducibility for the set families.

Definition 1. Consider the family S C P(N). An S-tuple is the set of type {(n,k)} & (X1 & --- & X,,),
here n,k € Nand X; € Sioralli = 1,n. We denote by Ks the set of all S-tuples.
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Definition 2. We say that a family Sy C P(N) is X-reducible to a family S; C P(N) (and denote it by
Sy Cx &y)if

S u{g} ={(X aY @ E(S)) | X € Ks, }
for some enumeration operator ® and a set Y € Kg,. Here E(S) = {n € N| (3F € S)[D,, C F|} and
D,, stands for a finite set with the canonical index n.

Consider two arbitrary sets A and B. We fix relative to A and B initial segment families as the
necessary families, namely, S(A) = {N[a:a € A} and S(B) = {N | b: b € B}, respectively. Now for
the given set S(B) the set E(S(B)) of Definition 2 is computably enumerable. Moreover, the family
S(B) consists only of computably enumerable sets. Thus we may omit the sets Y and E(S(B)) of S-
tuple for the family S(B) of Definition 2. So we are able to write down X-reducibility between the initial
segment families of the sets A and B with the help of the enumeration operator ® as follows:

(Nla:acA}={o{(nk)} & X, & - &X,)|nkeN}, (1)

here X; ={N [ b; : b € B} fori = 1,n.
Now we rewrite equality (1) as
{Nla:ae A} ={®({n}®N|b@d---®&N[b,) | neN&b,...,b, € B}.

The following statement establishes a connection between notions of Im-reducibility and -
reducibility for two sets.

Theorem 1. A <, B <= S(A) Cx. S(B).

2. ¥-REDUCIBILITY AND im-REDUCIBILITY OF A SET TO A PAIR OF SETS

Now we consider the concepts of X-reducibility and Im-reducibility of a set to a pair of sets. The main
result of this Section is the answer to the following question: What is the relation between the notion of
Im-reducibility for a set and a pair of sets and the notion of X-reducibility for initial segment families of
a set and a pair of sets?

Definition 3. A function 8 : N x N — N is limitwise monotonic if there exists partially computable
function # : N x N x N — N such that the relations

(i) Vt = 5 [0(x,y,5) |= 0(z,y,5) < O(x,y,t) l];
(ii) 6(z,y) = max; 0(z,y,t) < oo (we guess max @ = 0)
hold for all z, y, and s.

Definition 4. A mapping © : P(N) x P(N) — P(N) is a limitwise monotonic operator if there exists
a partially computable function

0: NNy NNyYN-oN

such that conditions
(i) V¢ = p¥n =1Vt > s[0(p,7,5) |= 0(p,7,5) <O, 1) L];
(ii) O(p,7) = max; 0(p, T,t) < o0;
(ili) VX CNVY CN[O(X,Y) = {0(p,7) : p€ XN, 7 € YN}
hold forall p € NN 7 ¢ NN and s € N
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Let {0 }een be an effective enumeration of all triple partially computable functions meeting condi-
tion (i) of Definition 4. Now we denote by ©, for any e the limitwise monotonic operator acting from
P(N) x P(N) into P(NU {oo}) and defined for any sets X C Nand Y C N by the equality

O X, Y) ={0c(p,7): pe XN 7 cy=<N}.

Definition 5. A set A is limitwise monotonic reducible (or, alternatively, is Im-reducible) to a pair of
sets (B, C) (we denote this by A <, (B,C))if A= @ or A = 0.(B,C) for some limitwise monotonic
operator O,.

We now pass to consider ¥-reducibility between special initial segment families for a set and a pair of
sets. Consider an arbitrary set A and a pair of sets (B, C'). We then define the following initial segment
families:

S(A)={NJa:a€ A}
and
SB,C)={{0}eN[b:beB}a{{1} &N |c:ceC},

respectively.
Now we are able to define the notion of ¥-reducibility between the set S(A), given for an arbitrary
set A and the set S(B, C) given for a pair of sets (B, C).

Definition 6. We say that the family S(A) is X-reducible to the family S(B, C) (and denote this by
S(A) Ex S(B,C)) i

{(Nla:ac A} ={o({n} @ ({z1} N[ di) @@ ({za} ®N [ dn))],

IneN&x; ={0,1}, i =1,n}

for some enumeration operator ® and for the function

0 {bi € B, itz =0;
el itz =1,
The following statement asserts that a set is Im-reducible to a pair of sets if and only if the initial
segment family of this set is X-reducible to the initial segment family of the pair of sets.
Theorem 2. A <, (B,C) <= S(A) Cyx, §(B,0).

Now we define limitwise monotonic reducibility between two pairs of sets through 3-definability of
the special type families for these sets. Consider two arbitrary pairs of sets (A, B) and (C, D). We fix the
following initial segment families for these two pairs of sets:

S(A,B)={{0}®Nla:ac Ay®{{1}®N|b:be B}

1 =1,n.

and
S(C,D)={{0}&N|c:ceC}ta{{l}®N|d:de D},
respectively.

It seems clear that S(A,B) Cx, S(C,D) <= S(4) Cx S(C, D) and S(B) Cx S(C,D). Then
Theorem 2 yields S(A) Cx, S(C, D) and S(B) Cx, S(C, D) <— A <im C, D) and B <, (C, D) <~
(A, B) <im (C, D).

Hence we immediately obtain
Definition 7. We say that a pair (A, B) is Im-reducible to a pair (C, D) (and denote this by (A, B) <,
(C,D))ifandonlyifS(A, B) Cx. S(C, D).

In[5] the authors established the existence of a pair of sets (A, B) such that the inequality (4, B) %,

C holds for any set C'. Using this result one can see that the class of the set families we consider is proper.
So we have

Theorem 3. There exists a pair of sets (A, B) such that the inequality S(A, B) #x, S(C) holds for
any set C.
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