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Ñ íàäåæäîé íà ñêîðîå çàêðûòèå êàðàíòèíà âàø ïðåïîäàâàòåëü Èãîðü
Íèêîëàåâè÷.
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Ñòåïåííûå ðÿäû

Ñåãîäíÿ ìû áóäåì ðåøàòü çàäà÷è ñõîäèìîñòè ôóíêöèîíàëüíûõ ðÿäîâ
÷àñòíîãî âèäà, êîòîðûå íàçûâàþòñÿ ñòåïåííûìè:

∞∑
n=1

an (x− a)n, (1)

ãäå an, n = 1, 2, . . . � êîýôôèöèåíòû ñòåïåííîãî ðÿäà.
Òèïè÷íûé ïðèìåð òàêîãî ðÿäà � ðàçëîæåíèå Òåéëîðà â îêðåñòíîñòè

òî÷êè x = a ôóíêöèè f(x), äèôôåðåíöèðóåìîé â îêðåñòíîñòè ýòîé òî÷êè
íåîãðàíè÷åííîå ÷èñëî ðàç:

f(x) =
∞∑
n=1

f (n)(a)

n!
(x− a)n . (2)

Îñòàòî÷íûé ÷ëåí ýòîãî ðÿäà â ôîðìå Ëàãðàíæà èìååò âèä

rn(x) =
f (n+1)(a+ θ(x− a))

(n+ 1)!
(x− a)n+1, 0 < θ < 1 .
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Ðÿä âèäà (2) ïðè a = 0 îáû÷íî íàçûâàåòñÿ ðÿäîì Ìàêëîðåíà. Ïðè-
âåäåì ðàçëîæåíèÿ Ìàêëîðåíà äëÿ íåêîòîðûõ ýëåìåíòàðíûõ ôóíêöèé ñ
óêàçàíèåì îáëàñòè èõ ñõîäèìîñòè.

ex =
∞∑
n=0

xn

n!
, |x | <∞,

sinx =
∞∑
n=1

(−1)n−1 x2n−1

(2n− 1)!
, |x | <∞,

cosx =
∞∑
n=0

(−1)n x2n

(2n)!
, |x | <∞,

(1 + x)α =
∞∑
n=0

α(α− 1) · · · (α− n+ 1)

n!
xn, |x | < 1,

lnx =
∞∑
n=1

(−1)n−1x
n

n
, −1 < x ≤ 1.

Â îáùåì âèäå ðÿä (1) ìîæåò èìåòü èíòåðâàë ñõîäèìîñòè âèäà |x −
a | < R, âíóòðè êîòîðîãî ðÿä (1) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî. Â
ãðàíè÷íûõ òî÷êàõ |x − a | = R ñõîäèìîñòü áûâàåò íå âñåãäà. ×èñëî R
íàçûâàåòñÿ ðàäèóñîì ñõîäèìîñòè è âû÷èñëÿåòñÿ ïî ôîðìóëàì

(1)
1

R
= lim

n→∞
n

√
| an |

èëè

(2) R = lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣,
åñëè ïðåäåë ñóùåñòâóåò.

Èññëåäîâàòü ñòåïåííîé ðÿä íà ñõîäèìîñòü - ýòî çíà÷èò îïðåäåëèòü ðà-
äèóñ ñõîäèìîñòè R è èññëåäîâàòü åãî ñõîäèìîñòü â òî÷êàõ x = a±R. Äàäèì
ïðèìåðû òàêîãî èññëåäîâàíèÿ.

Ïðèìåð 1. Íàéòè îáëàñòü ñõîäèìîñòè ðÿäà

∞∑
n=1

2n+ 1

3n2 + 2
(x− 1)n .

Ðåøåíèå. Èìååì:

a = 1, an =
2n+ 1

3n2 + 2
.
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Äëÿ îïðåäåëåíèÿ ðàäèóñà ñõîäèìîñòè åñòåñòâåííî âîñïîëüçîâàòüñÿ ôîð-
ìóëîé (2):

R = lim
n→∞

∣∣∣∣ an
an+1

∣∣∣∣ = lim
n→∞

2n+ 1

3n2 + 2
· 3(n+ 1)2 + 2

2(n+ 1) + 1
= 1.

Ñëåäîâàòåëüíî, ðÿä ñõîäèòñÿ àáñîëþòíî â îáëàñòè |x−1 | < 1, òî åñòü ïðè
x ∈ ( 0 , 2).

Èññëåäóåì ñõîäèìîñòü ðÿäà â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè
( 0 , 2).

Êîãäà x = 0 ïîëó÷àåì ÷èñëîâîé ðÿä Ëåéáíèöà

∞∑
n=1

(−1)n 2n+ 1

3n2 + 2
,

êîòîðûé ñõîäèòñÿ óñëîâíî, ïîñêîëüêó

2n+ 1

3n2 + 2
∼ 2

3n
(2)

(÷ëåíû ðàñõîäÿùåãîñÿ ãàðìîíè÷åñêîãî ðÿäà).
Â ñëó÷àå x = 2 �àñèìïòîòè÷åñêè ãàðìîíè÷åñêèé� (ñì. (2)) ðÿä

∞∑
n=1

2n+ 1

3n2 + 2
.

Îòâåò: îáëàñòü ñõîäèìîñòè 0 ≤ x < 2.

Ïðèìåð 2. Íàéòè îáëàñòü ñõîäèìîñòè ðÿäà

∞∑
n=1

(2 + (−1)n)n

n
(x+ 1)n .

Ðåøåíèå. Èìååì:

a = −1, an =
(2 + (−1)n)n

n
(3)

Äëÿ îïðåäåëåíèÿ ðàäèóñà ñõîäèìîñòè åñòåñòâåííî âîñïîëüçîâàòüñÿ ôîð-
ìóëîé (1), ïîñêîëüêó ÷èñëèòåëü êîýôôèöèåíòà an èìååò âèä âûðàæåíèÿ â
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ñòåïåíè n. Ê òîìó æå ïîñëåäîâàòåëüíîñòü { an } ñîäåðæèò äâå ïîäïîñëåäî-
âàòåëüíîñòè, ñîîòâåòñòâóþùèõ ÷åòíûì è íå÷åòíûì çíà÷åíèÿì n.Îáû÷íûé
ïðåäåë â òàêèõ ñëó÷àÿõ íå ñóùåñòâóåò è, â çàâèñèìîñòè îò ñèòóàöèè, ñëåäó-
åò îáðàùàòüñÿ ê âåðõíåìó (èëè íèæíåìó) ïðåäåëó, ðàâíîìó íàèáîëüøåìó
(èëè íàèìåíüøåìó) èç ÷àñòè÷íûõ ïðåäåëîâ.

Èòàê,
1

R
= lim

n→∞
n

√
| an | = lim

n→∞

2 + (−1)
n
√
n

= 3,

òàê êàê n
√
n→ 1.

Ñëåäîâàòåëüíî, R = 1/3 è ðÿä ñõîäèòñÿ àáñîëþòíî â îáëàñòè |x+1 | <
1.3, òî åñòü ïðè x ∈ (−4/3 , −2/3).

Èññëåäóåì ñõîäèìîñòü ðÿäà â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà ñõîäèìîñòè
x ∈ (−4/3 , −2/3), òî åñòü, êîãäà x+ 1 = ±1/3.

Ïðè x+1 = 1/3 ðÿä ðàñõîäèòñÿ, èáî ÷ëåíû ðÿäà ñ n = 2k ñîñòàâëÿþò â
ñóììå ãàðìîíè÷åñêèé ðÿä. Òîæå ñàìîå èìååò ìåñòî è â òî÷êå x+1 = −1/3.
Òàêèì îáðàçîì, íà ãðàíèöå èíòåðâàëà ñõîäèìîñòè ðÿä ðàñõîäèòñÿ.

Îòâåò: îáëàñòü ñõîäèìîñòè |x+ 1 | < 1/3.

Çàìå÷àòåëüíî òî, ÷òî â èíòåðâàëå ñõîäèìîñòè ñòåïåííîé ðÿä ìîæíî

ïî÷ëåííî äèôôåðåíöèðîâàòü è èíòåãðèðîâàòü è ïðè ýòîì ðàäèóñ ñõî-

äèìîñòè íå èçìåíÿåòñÿ. Ñ ïîìîùüþ ýòèõ îïåðàöèé èíîãäà óäàåòñÿ ðÿä
ïðîñóììèðîâàòü.

Ïðèìåð 2. Âû÷èñëèòü ñóììó ðÿäà

S(x) =
∞∑
n=1

x2n−1

2n− 1
= x+

x3

3
+
x5

5
+ · · · .

Ðåøåíèå. Ïî ôîðìóëå (2) íàõîäèì, ÷òî ðÿä ñõîäèòñÿ, êîãäà |x | < 1.
Åëè ïðîäèôôåðåíöèðîâàòü ýòîò ðÿä ïî÷ëåííî, òî ïîëó÷èì ãåîìåòðè÷å-
ñêèé ðÿä ñî çíàìåíàòåëåì x2 :

S ′(x) = 1 + x2 + x4 + · · · = 1

1− x2
.

Ñëåäîâàòåëüíî, ñ òî÷íîñòüþ äî êîíñòàíòû

S(x) =
∫ d x

1− x2
=

1

2
ln

1 + x

1− x
+ C.

Ïîñòîÿííóþ C ìîæíî îïðåäåëèòü, âû÷èñëÿÿ çíà÷åíèå S(x) â íåêîòîðîé
òî÷êå x0 ∈ (−1, , 1), ñêàæåì â òî÷êå x = 0. Ïåðåõîäÿ ïî÷ëåííîå ê ïðåäåëó
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ïðè x→ 0, íàõîäèì, ÷òî S(0) = 0, îòêóäà ñëåäóåò ln 1+C = 0, è ïîëó÷àåì
îêîí÷àòåëüíûé

Îòâåò: S(x) = 1
2
ln 1 + x1− x.
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Ðåøåíèå ñëåäóþùèõ çàäà÷, âçÿòûõ èç çàäà÷íèêà Êóäðÿâöåâ, Êóòàñîâ
è äð., âûñûëàþòñÿ ïî ýëåêòðîííîé ïî÷òå volodinstudent@gmail.com â âè-
äå ôîòîãðàôèé ñ áîëüøèìè ïîëÿìè ââåðõó è âíèçó. Íåêîòîðûå èç ýòèõ
çàäà÷ ìîãóò ïîêàçàòüñÿ äîñòàòî÷íî ñëîæíûìè, îñîáåííî òà, ÷òî îòìå÷åíà
çâåçäî÷êîé, íî, çàòî, èõ ðåøåíèå îöåíèâàþòñÿ áîëåå âûñîêèì áàëëîì.

Èññëåäîâàòü íà ñõîäèìîñòü ñëåäóþùèå ñòåïåííûå ðÿäû.

20.7(3)
∞∑
n=1

(−1)nxn

2n+ 1
,

20.7(4)
∞∑
n=1

(−1)n2n+ 3

3n2 + 4
x2n+1 ,

20.8(1)
∞∑
n=1

5n + (−3)n

n+ 1
xn ,

20.8(2)
∞∑
n=1

(x+ 1)n√
n+ 1

ln
3n− 2

3n+ 2
,

20.8(4)∗
∞∑
n=1

(
n
√
a− 1

)
xn, a > 0 ,

20.9(1)∗
∞∑
n=1

(2n− 1)!!

n!
(x+ 2)n ,

20.9(4)∗
∞∑
n=1

(
1 +

1

2
+ · · · 1

n

)
(x− 1)n ,
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20.10(1)∗
∞∑
n=1

(x− 1)n

na
.

Âû÷èñëèòü ñóììó ðÿäà.

2909∗(Äåìèä.) S(x) =
∞∑
n=1

xn

n(n+ 1)
.

6


