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6 Self-Consistent Four-Particle Cluster
7 Model of Fe3þ Heisenberg Chains:
8 Spectral and Magnetic Properties of
9 YFe3(BO3)4 Crystals

1A self-consistent four-particle cluster model
2of iron Heisenberg chains is developed. This
3model correctly accounts for the main phys-
4ical features of 1D magnets. The model is
5tested by successfully simulating the optical
6spectra (measured in this work) and mag-
7netic properties of a quasi-1D YFe3(BO3)4,
8crystal containing helical chains of Fe3þ

9ions. It can be used to analyze the properties
10of multiferroic Q1multifunctional rare-Earth
11iron borates.
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1 Self-Consistent Four-Particle Cluster Model of Fe3þ

2 Heisenberg Chains: Spectral and Magnetic Properties of
3 YFe3(BO3)4 Crystals

4 Boris Z. MalkinQ2 , Elena A. Popova, Elena P. Chukalina, Artjoms Jablunovskis, and
5 Marina N. Popova*

6 The magnetic properties of antiferromagnetic quasi-1D YFe3(BO3)4 crystals are
7 studied based on the analysis of the measured optical spectra of the Fe3þ ions in
8 different rare-Earth (RE) iron borates and a self-consistent four-particle cluster
9 approach to helical iron chains. The parameters of crystal fields affecting the
10 Fe3þ ions are calculated in the framework of the exchange charge model. The
11 parameters of the isotropic intrachain and interchain exchange interactions
12 between the Fe3þ ions are determined from modeling the temperature depen-
13 dences of magnetic susceptibilities, the phase transition temperature, and
14 spontaneous magnetic moments. The magnetic easy-plane anisotropy is exp-
15 lained as the result of dipolar interactions between the Fe3þ ions in the trigonal
16 crystal lattice. The developed model can be used to analyze and predict the
17 properties of multiferroic multifunctional RE iron borates and highlight contri-
18 butions of the iron subsystem into the magnetoelectric and magnetoelastic
19 effects in these compounds.

20Q3 Multiferroic rare-earth (RE) iron borates REFe3(BO3)4 attract
21 attention of researchers because of interesting magnetic, magne-
22 toelectric, magnetoelastic,[1–3] magnetodielectric,[4] and optical
23 properties,[5–8] some of which have an application potential.
24 To completely realize this potential, it is necessary to build phys-
25 ically grounded models of different interactions in iron borates,
26 which would allow one to correctly simulate magnetic, multifer-
27 roic, and optical properties of

Q4

these compounds and develop the

1microscopic theory of the Q8ME effect and
2other phenomena. The most significant
3structural feature of RE iron borates is
4the helical chains of FeO6 octahedra.

[6,9,10]

5This quasi-1D of the Fe magnetic subsys-
6tem is responsible, in particular, for rela-
7tively low Neel temperatures as compared
8with the energy of intrachain exchange
9interactions and for short-range correla-
10tions observed in RE iron borates at tem-
11peratures well above TN.

[11,12] In this
12Letter, we present a minimal model that
13quantitatively describes the physical prop-
14erties of high-spin chains with different
15space structures (linear, zig-zag, or helical).
16The main idea is that using the exact diag-
17onalization method and expanding the
18Bethe–Peierls approximation,[13] to clusters
19containing at least one internal pair of
20particles coupled with antiferromagnetic
21exchange interaction (i.e., at least two dimers), we can accurately
22take into account spin correlations of nearest neighbors. In par-
23ticular, the essential drawbacks of previously used self-consistent
24single-site or dimermodels in studies of RE iron borates, namely,
25a presence of a magnetic order in an isolated chain and strongly
26overestimated values of the exchange integrals and Neel temp-
27eratures,[14] are removed in the present work. To test the model,
28we choose the YFe3(BO3)4 crystal containing only one magnetic
29system, namely, just the iron one.
30YFe3(BO3)4 crystals belong to the trigonal sp gr P3121 at tem-
31peratures below 360 K.[10] The unit cell in the paramagnetic phase
32contains two types of structurally nonequivalent Fe3þ ions
33(Fe1 and Fe2 ions in the 3a and 6c positions, respectively, see
34Figure 1a), forming helical Fe1 and Fe2 chains along the c-axis.
35The lattice constants are a¼ 0.95161 nm and c¼ 0.75441 nm.[15]

36The Fe2 chains are shifted by �0.0088 nm along the c-axis
37from the ab planes containing the Fe1 and Y ions. Iron ions
38are sixfold coordinated by oxygen ions forming strongly deformed
39edge-sharing octahedra, the point symmetry groups are C2 and C1

40at Fe1 and Fe2 sites, respectively. The Rnn distances between the
41nearest-neighbor iron ions in the chains are �0.315 nm; the
42next-nearest neighbors of Fe1 ions at a distance Rnnn� 0.435 nm
43are two Fe2 ions belonging to different Fe2 chains. The second
44neighbors of Fe2 ions are one Fe1 ion and one Fe2 ion.
45Optical transitions of iron ions in REFe3(BO3)4 lead to wide
46absorption bands which are practically independent of the
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1 specific RE ion (see Figure 2). Experimental details can be found
2 in Supporting Information.
3 We use the measured spectra to verify the results (described in
4 Supporting Information) of crystal-field (CF) calculations,[16,17]

5 for the Fe1 and Fe2 ions, which are the first steps in developing
6 a four-particle cluster model for the Fe3þ Heisenberg chain. Two
7 independent sets of the calculated CF parameters for the Fe1 and
8 Fe2 ions are given in Supporting Information (Table S1,
9 Supporting Information). These CF parameters were used to cal-
10 culate energies of states originating from the ground (6S) and
11 low-energy Fe3þ free-ion terms (4G, 4P, 4D, 2I), and they are
12 listed in Supporting Information (Table S2, Supporting
13 Information). Frequencies of spin-allowed (ΔS¼ 1) zero-phonon
14 radiative transitions of iron ions are shown by sticks in Figure 2.
15 Having in mind possible Stokes shifts of electron-vibrational
16 bands in the absorption spectra from zero-phonon lines to higher
17 frequencies of up to 103 cm�1, we argue that the results of

1calculations agree satisfactorily with the observed three broad
2bands in the measured spectra.
3The ground state 6S5/2 is split by CF and spin–orbit interac-
4tions into three Kramers doublets, but the total splitting is rather
5small, less than 2 cm�1. For both the lowest doublets of the Fe1
6and Fe2 ions, the g factor corresponding to the magnetic field
7direction along or close to the c-axis is about 10, but other two
8principal values of the g tensor are less than 0.2. Neglecting these
9small values, we get Ising-type doublets. The calculated magnetic
10susceptibilities of isolated Fe1 and Fe2 ions at temperatures
11below 5 K are strongly anisotropic (Figure S1, Supporting
12Information). However, as shown later, this single-ion easy-axis
13anisotropy, as well as the possible charge transfer effects,[18]

14is suppressed by strong isotropic exchange interactions.
15The Hamiltonian of a cluster Fe1—Fe2—Fe3—Fe4 (see
16Figure 1b) in the space of 64 states corresponding to the ground
17multiplet 6S5/2 of iron ions in the CF

Q9
Q10HCl ¼ Hð0Þ

Cl þHex þHZ þH0
ex (1)

18includes the sum of energies of noninteracting ionsHð0Þ
Cl , exchange

19interactions inside the cluster Hex ¼ �2J1ðS1S2 þ S2S3 þ S3S4Þ,
20the Zeeman energy HZ ¼ �ðM1 þM2 þM3 þM4ÞB in an
21external magnetic field B, and exchange interactions with the
22neighboring ions (with spin operators S') in the same chain and
23in six neighboring chains

H0
ex ¼ �2J1ðS1S01 þ S4S04Þ � 2J2

X

k¼1, 2, 3, 4

SkðS0k,1 þ S0k,2Þ (2)

24The matricesMp and Sp represent the projections of operators
25of the magnetic and spin moments of the p-th iron ion onto the
26space of wave functions of the ground multiplet sublevels in

(a)

(b)

Figure 1. Projection of a) Fe1 (empty circles), Fe2 (circles with a cross),
and yttrium (big black circle) ions in a unit cell of YFe3(BO3)4 onto the ab
plane. Magnetic moments at temperatures T< TN are shown by arrows.
b) a Fe1 chain (empty circles) and the nearest-neighbor Fe2 ions (filled
circles) from six different chains onto the cb plane. The global coordinate
system is used with the axes x || c, y || b, z || �a.

Figure 2. Absorption spectra of YFe3(BO3)4 (1), TbFe3(BO3)4 (2), and
GdFe3(BO3)4 (3) measured at 100 K and calculated wave numbers (sticks)
of zero-phonon transitions in Fe3þ ions. A narrow line at about
20 600 cm�1 in 2 is due to transitions of the Tb3þ ions in TbFe3(BO3)4.
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1 the CF. To reduce the number of variable model parameters, we
2 neglect possible differences in the exchange integrals in the Fe1
3 and Fe2 chains. Spin operators are related to magnetic moment
4 operators by the relations Sp ¼ g�1

p Mp=μB (μB is the Bohr mag-
5 neton). Below, we neglect small differences (not exceeding
6 2� 10�3) between the calculated matrices Mp,α=μB and 2Sp,α,
7 gp,αβ ¼ gδαβ (α,β¼ x,y,z), g¼ 2.
8 The effective Hamiltonian of a cluster in the paramagnetic
9 phase can be written as

HCl,eff ¼ Hð0Þ
Cl þHex � ðM1 þM4ÞBðoÞ

loc � ðM2 þM3ÞBðiÞ
loc (3)

10 where BðλÞ
loc are magnetic fields affecting the pairs of inner (λ¼ i)

11 and outer (λ¼ o) iron ions in the cluster, respectively. We deter-
12 mine the local susceptibilities κðλλÞαβ of iron ions through the
13 responses of their average magnetic moments to local fields BðλÞ

loc

<MðλÞ
α > ¼

X

βλ0
κðλλ

0Þ
αβ Bðλ0Þ

loc,β (4)

14 where M(i)¼ðM2 þM3Þ=2, M(o)¼ðM1 þM4Þ=2, and

κðλλ
0Þ

αβ ¼ limh!0 Tr½MðλÞ
α ρðHð0Þ

Cl þHex � 2Mðλ0Þ
β hÞ=h� (5)

15 Here, ρðHÞ is the equilibrium density matrix of the system
16 with the Hamiltonian H. The calculated local susceptibilities
17 in the range of temperature T> TN¼ 38 K are shown in
18 Supporting Information (Figure S2, Supporting Information).
19 The isotropic exchange interaction substantially suppresses the
20 off-diagonal components of the single-ion susceptibility tensors
21 (see Figure S1 and S2, Supporting Information), which we
22 neglect below.
23 Furthermore, following the self-consistent field approxima-
24 tion, we replace operators of the spin and magnetic moments
25 of iron ions surrounding the selected cluster by their average
26 values. We obtain the following expressions for local fields where
27 auxiliary magnetic fields ΔB(Fek) acting on the outer ions of a
28 cluster are added,[13] (J0p ¼ Jp=ðgμBÞ2, p¼ 1, 2)

BðoÞ
locðFe1Þ ¼ Bþ ½2J01<MðFe1Þ>þ 4J02<MðFe2Þ>� þ ΔBðFe1Þ

(6)

BðoÞ
locðFe2Þ ¼ Bþ 2½J01<MðFe2Þ>þ J02ð<MðFe1Þ>

þ<MðFe2Þ>Þ� þ ΔBðFe2Þ
(7)

BðiÞ
locðFe1Þ ¼ Bþ 4J02<MðFe2Þ>,

BðiÞ
locðFe2Þ ¼ Bþ 2J02½<MðFe1Þ>þ<MðFe2Þ>�

BðiÞ
locðFe2Þ ¼ Bþ 2J02½<MðFe1Þ>þ<MðFe2Þ>�

(8)

29 These fields are determined from the condition imposed on
30 the average magnetic moments

<MðoÞ> ¼ <MðiÞ> ¼ <MðFekÞ> ¼ χðFekÞB (9)

31 where χ(Fek) is the magnetic susceptibility of the ions
32 Fek (k¼ 1, 2). Substituting Equation (6)–(8) into Equation (4),
33 we obtain a coupled system of equations for <M (Fek)>

<MðFe1Þ> ¼ χ0ðFe1Þ½Bþ 4J02<MðFe2Þ>� (10)

<MðFe2Þ> ¼ χ0ðFe2Þ½Bþ 2J02ð<MðFe1Þ>þ<MðFe2Þ>Þ� (11)

1where χ0ðFekÞ ¼ ðκðiiÞκðooÞ � κðioÞ2Þ=ðκðooÞ � κðioÞÞ. Its solution
2gives the susceptibilities χðFekÞ (see Equation S2–S4,
3Supporting Information). From a comparison of the calculated
4susceptibilities χ ¼ χðFe1Þ þ 2χðFe2Þ with the measurement
5data[19] (χjj ¼ χcc , χ⊥ ¼ ðχaa þ χbbÞ=2), we obtained the exchange
6integrals J1¼�5.5 K and J2¼�3.45 K. It should be noted that
7neglecting the quantum fluctuations of the magnetic moments
8(replacing the spin operators by their average values) leads to sig-
9nificantly higher values of the exchange integrals compared with
10actual values to reproduce the measured susceptibility. The mat-
11ter is that the increased antiferromagnetic exchange interaction
12compensates for the reduction in the magnetic moment due to
13fluctuations.
14In the antiferromagnetic phase, the magnetic moments of
15neighboring ions in helical chains are antiparallel, M1¼�M2¼
16M3¼�M4. As follows from the measurement data,[20] and the
17results of the calculation of magnetic anisotropy (see below),
18the magnetic moments of iron ions in the antiferromagnetic
19phase are perpendicular to the c-axis. The most natural assump-
20tion is that they are aligned along one of the three C2 axes.
21(The problem of calculating the sixth-order anisotropy constant,
22which is determined in the case of a trigonal system by magne-
23toelastic interaction, is beyond the scope of this Letter.) At the
24phase-transition temperature TN, the response of the system
25to a spatially inhomogeneous magnetic field (staggered field Bs),
26the direction of which at the positions of the iron ions coincides
27with the directions of their magnetic moments, diverges. The
28calculation of this response, i.e., of the antiferromagnetic suscep-
29tibility, is carried out similarly to the above derivation of the
30expression for paramagnetic susceptibility by considering a four-
31particle cluster in a chain subjected to a staggered field Bs

32(for details, see Supporting Information). The antiferromagnetic
33susceptibilities of the subsystems of ions Fe1 and Fe2 are
34obtained in the form

χsðFekÞ ¼ χ0sðFekÞf1þ 2J02R½χ0sðFe1Þ þ χ0sðFe2Þ
� χ0sðFekÞ�g=Δs

(12)

35Here, Δs ¼ 1þ 2J02Rχ0sðFe2Þ � 8J02R
2χ0sðFe1Þχ0sðFe2Þ and χ0s ¼

36ðκðiiÞs κðooÞs � κðioÞs
2Þ=ðκðooÞs � κðioÞs Þ, where κðλλ0Þs are local susceptibil-

37ities defined by Equation (5) for the corresponding chains in the
38staggered field Bs. Note that, when considering the intercluster
39interactions in the antiferromagnetic phase, we introduce renor-
40malized exchange integrals JpR¼ RpJp (p¼ 1,2), where Rp is the
41reduction factor. The expression for the denominator Δs in
42Equation (12) demonstrates the formation of a long-range order,
43explicitly, due to the exchange interchain interaction (with the
44exchange integral J2R) and, indirectly, due to exchange interac-
45tions in the chains which determine the temperature depen-
46dence of the susceptibilities of isolated clusters χ0,s(Fek). The
47transition temperature satisfies the equation

χsðTNÞ�1 ¼ ½χsðFe1,TNÞ þ 2χsðFe2,TNÞ��1 ¼ 0 (13)

48Additional restrictions on the magnitude of the exchange inte-
49grals JpR are obtained from the consideration of the spontaneous
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1 magnetic moments of iron ions. The spontaneous moments are
2 determined by the system of coupled self-consistent equations

MsðFekÞ ¼ <M1a> ¼ <M3a> ¼ �<M2a> ¼ �<M4a>

¼ Tr½M1aρðHCl,af ðFekÞÞ�
(14)

3 whereHCl,af ðFekÞ is the effective cluster Hamiltonian in the anti-
4 ferromagnetic phase in zero external field. The temperature
5 dependence of the average magnetic moment M ¼ ½MsðFe1Þ
6 þ2MsðFe2Þ�=3 calculated in accordance with Equation (14) at
7 the reduction coefficients R1¼ 0.463 and R2¼ 0.264 agrees
8 satisfactorily with the data of neutron diffraction measure-
9 ments[20] (see Figure S3, Supporting Information). When used

10 in the calculations, the reduction factors presented earlier,
11 the solution TN¼ 38 K of Equation (13) coincides with the
12 measurement data (see Supporting Information and Figure S5
13 therein).
14 In the case of S-state ions, magnetic dipolar interactions play a
15 dominant role in the formation of magnetic anisotropy. We con-
16 sidered the contribution of the dipolar interactions to the energy
17 of the iron subsystem in YFe3(BO3)4 as a function of an angle θ
18 between the c-axis and the iron magnetic momentsMFek, assum-
19 ing a collinear antiferromagnetic structure formed by the parallel
20 magnetic moments of ions lying in (Fe1 ions in the sublattice 2
21 with momentsMFe1) or close to (Fe2 ions with momentsMFe2 in
22 sublattices 4 and 9, see Figure 1a) a fixed ab plane and antiparallel
23 to moments of ions in neighboring ab planes shifted along the
24 c-axis by �c/3 (sublattices 1, 6, 8 and 3, 5, 7). The sums over
25 the crystal lattice with the unit cell of YFe3(BO3)4 doubled along
26 the c-axis were calculated using the Ewald method. The obtained
27 energy of the magnetic subsystem in the assumed antiferro-
28 magnetic structure with MFek ¼ M equals

E ¼ ½2ðJ1R þ J2RÞ=μ2B� �
138.1π
27v

ð1� 3 cos2 θÞ�M2 (15)

29 where v ¼ ffiffiffi
3

p
a2c is the unit-cell volume. Substituting the numer-

30 ical values of the parametersinto Equation (15), we obtain
31 E ¼ ½�8.29� 0.0085ð1� 3cos2θÞ�ðM=μBÞ2 in degrees Kelvin.
32 As shown, the energy of magnetic anisotropy is three orders of
33 magnitude lower than the energy of exchange interactions.
34 Dipole–dipole interactions practically do not affect the tempera-
35 ture of phase transition, but they determine the easy-plane type
36 of the magnetic structure. The energy of the magnetic subsystem
37 is minimal when the magnetic moments are oriented in a plane
38 perpendicular to the c-axis. An estimate of the magnetic anisotropy
39 field HA parallel to the c-axis, in which the Zeeman energy
40 compensates for the increase in the energy of iron ions when
41 the magnetic moment M� 4 μB rotates from the plane to the
42 c-axis, yields HA¼ 1.51 kOe, which is close to that found from
43 the measurements of the antiferromagnetic resonance spectra
44 at T¼ 4.2 K (1.44 kOe).[21]

45 In the magnetically ordered phase, induced by an external
46 magnetic field, changes of magnetic moments of inner and outer
47 iron ions in a cluster can be written similarly to Equation (4) with
48 the local susceptibilities defined by the expression

κðλλ0Þαβ ¼ limh!0TrfMðλÞ
α ½ρðHCl,af � 2Mðλ0Þ

β hÞ � ρðHCl,af Þ�=hg (16)

1The local magnetic fields can be written similarly to
2Equation (6)–(8) where it is enough to replace J1, J2 and M(Fek)
3by J1R, J2R, and ΔM(Fek), respectively. The auxiliary fields
4ΔBðFekÞ and the effective single-ion susceptibilities χðFekÞ are
5determined by the condition of equivalence of iron ions with dif-
6ferent directions of spontaneous moments in weak external
7fields:<ΔMðoÞ> ¼ <ΔMðiÞ> ¼ <ΔMðFekÞ> ¼ χðFekÞB. The
8temperature dependences of the local susceptibilities κðλλ0Þαβ at
9temperatures T< TN are shown in Figure S2, Supporting
10Information. The antiferromagnetic exchange interaction sup-
11presses single-ion magnetic anisotropy, the off-diagonal compo-
12nents of the susceptibility tensor take values smaller than the
13diagonal components by three orders of magnitude.
14The calculation results on the components of the magnetic
15susceptibility tensor of a YFe3(BO3)4 crystal in the paramagnetic
16and antiferromagnetic phases are compared with the measure-
17ment data[19] in Figure 3. The susceptibility in the antiferro-
18magnetic phase in magnetic fields perpendicular to the c-axis,
19χ⊥ ¼ ðχaa þ χbbÞ=2, is obtained by averaging over three possible
20domains with orientations of magnetic moments along the three
21C2 axes. Figure 3 shows a good agreement between the calculated
22and measured susceptibilities in boththe paramagnetic and
23antiferromagnetic phases. In particular, the nonmonotonous
24behavior of the low-temperature (T< TN) susceptibility, χjj ¼ χcc ,
25which was also observed for the easy-plane antiferromagnets
26EuFe3(BO3)4 and SmFe3(BO3)4,

[1] with the dominant contribu-
27tions of the iron subsystem to susceptibility, is reproduced by
28the presented model.
29A model of four-particle self-consistent clusters in helical iron
30chains is developed, which can be used for the physically
31grounded modeling of various properties of functional RE iron
32borates, taking into account the quasi-1D of the iron sub-
33system. This model was tested by simulating the properties of
34YFe3(BO3)4 crystals containing only the iron magnetic system.
35The parameters of CFs acting on the Fe3þ ions and the energy
36spectra of the 3d5 electronic shell of Fe3þ in YFe3(BO3)4 were
37calculated. The obtained frequencies of spin-allowed zero-phonon

Figure 3. Temperature dependences of the components of the magnetic
susceptibility tensor for YFe3(BO3)4. Black dotted lines are the results of
calculations, blue solid and red dash-dotted lines are the measurement
data.[19]
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1 radiative transitions in iron ions correlate satisfactorily with
2 the measured absorption spectra of different RE iron borates.
3 Then, presented earlier in the literature, temperature dependen-
4 ces of components of the magnetic susceptibility tensor of
5 YFe3(BO3)4 in both the paramagnetic and antiferromagnetic
6 phases were successfully simulated using the developed four-
7 particle cluster model. A good agreement between the experi-
8 mental and calculated data testifies a good quality of the model.
9 The model can be used to analyze properties of the entire family
10 of multifunctional RE iron borates and highlight the contribution
11 of the iron subsystem into these properties.

12 Supporting Information
13 Supporting Information is available from the Wiley Online Library or from
14 the author.
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