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Abstract
For a positive normal linear functional ϕ on a von Neumann algebra A , we prove
that the following conditions are equivalent: (i) ϕ is tracial, (ii) |ϕ(Re(A2)| ≤ ϕ(|A|2)
for all A ∈ A , and (iii) |ϕ(A2)| ≤ ϕ(|A|2) for all A ∈ A . Based on this result,
we present some criteria for commutativity of a von Neumann algebra. For a trace ϕ

on a C∗-algebra A , we prove that −ϕ(A2B2) ≤ ϕ((AB)2) ≤ ϕ(A2B2) for certain
elements ofA , and show that when ϕ is faithful, the equality in the second inequality
is achieved if and only if AB = BA. Moreover, we partially generalize the Araki–
Lieb–Thirring inequality to arbitrary traces on any C∗-algebras and to self-adjoint
elements. Furthermore, we present a simple joint proof for Tr(AB) ± Tr(X∗X) ≤
Tr(A)Tr(B) ± Tr(X∗)Tr(X) provided that

[
A X
X∗ B

]
is positive semidefinite, without

using the fact that �(X) = X + (Tr X)I is completely copositive, and then present a
characterization of the trace on the full matrix algebra Mn .

Keywords C∗-algebra · Von Neumann algebra · Trace · Positive linear functional ·
Positive semidefinite block matrix

Mathematics Subject Classification 47A63 · 47B15 · 46L10 · 15A15 · 46L05

1 Preliminaries and introduction

Traces and weights on C∗-algebras are fundamental tools in operator theory and
its applications. It is important to recall that the main inequalities of Quantum
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Statistical Mechanics, such as Hölder’s inequality, Cauchy–Schwarz inequality,
Golden–Thompson inequality, Peierls–Bogoliubov inequality,Young’s inequality, and
Araki–Lieb–Thirring inequality, are trace inequalities for products of operators.

In this article,we further explore this line of investigation and examine trace inequal-
ities for products of operators.

A left (respectively, right) ideal in an algebraA is a vector subspace J ofA such
that

A ∈ A and B ∈ J ⇒ AB ∈ J (respectively, BA ∈ J ).
A C∗-algebra is considered a closed ∗-subalgebra of the ∗-algebra B(H ) of all

bounded linear operators acting on a complex Hilbert space H equipped with the
operator norm ‖ · ‖ and with the unit I . For a C∗-algebraA , we denote byA sa,A pr,
and A + its subsets of self-adjoint elements, projections, and positive (semidefinite)
elements, respectively. If A ∈ A , then |A| = (A∗A)1/2 = √

A∗A ∈ A +. The real
part of A is denoted by Re(A) = (A + A∗)/2.

Aweight on aC∗-algebraA is a mapping ϕ : A + → [0,∞] such that ϕ(X+Y ) =
ϕ(X)+ϕ(Y ) andϕ(λX) = λϕ(X) for all X ,Y ∈ A +,λ ≥ 0 (in this case, 0·(∞) ≡ 0).
A weight ϕ is called:

• faithful if ϕ(X) = 0 implies X = 0, for all X ∈ A +;
• trace if ϕ(Z∗Z) = ϕ(Z Z∗) for all Z ∈ A ;
• finite if ϕ(X) < ∞ for all X ∈ A +.
For the weight ϕ, we define (see [10, Ch. II, II.6.7.3], [20, Ch. 2, §11])
M+

ϕ = {X ∈ A + : ϕ(X) < ∞}, Msa
ϕ = linRM+

ϕ , Mϕ = linCM+
ϕ , and Nϕ =

{A ∈ A : A∗A ∈ M+
ϕ } is a left ideal of A (a ∗-ideal in A for a trace ϕ). We also set

‖A‖ϕ,2 = √
ϕ(A∗A) (A ∈ Nϕ), which is a seminorm (a norm for faithful ϕ) on Nϕ

(see [22, Ch. I, §9, formula (5)]). Recall the Cauchy–Schwarz inequality [22, Ch. I,
§9, formula (2)]

|ϕ(Y ∗X)|2 ≤ ϕ(X∗X)ϕ(Y ∗Y ) for all X ,Y ∈ Nϕ. (1.1)

The restriction ϕ|M+
ϕ
can be correctly extended by linearity to a functional onMϕ ,

which we denote by the same letter ϕ. This extension allows us to identify the finite
weights with positive linear functionals on A .

The commutant of the set X ⊆ B(H) is the set X ′ = {Y ∈ B(H ) : XY =
Y X for all X ∈ X }. A von Neumann algebra acting on a Hilbert space H is a C∗-
subalgebraA of B(H ) for whichA = A ′′. For P, Q ∈ A pr, we write P ∼ Q (the
Murray–von Neumann equivalence) if P = U∗U and Q = UU∗ for some U ∈ A .

A trace ϕ on a von Neumann algebra A is called
• normal if ϕ(sup Xi ) = supϕ(Xi ) for every bounded increasing net {Xi } inA +;
• semifinite if ϕ(A) = sup{ϕ(B) : B ∈ A +, B ≤ A, ϕ(B) < ∞} for all

A ∈ A +.
A normal weight ϕ on a von Neumann algebra A is a trace if and only if it meets

the condition: “for A ∈ A the inequality ϕ(|A|) < ∞ implies that A ∈ Mϕ and
|ϕ(A)| ≤ ϕ(|A|)”, see [21, Corollary 2].

In the case where dimH = n < ∞, the algebra B(H ) can be identified with the
full matrix algebra Mn . The space Mn forms a Hilbert space under the inner product
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defined by 〈X ,Y 〉 = Tr(XY ∗), where Tr(·) denotes the standard trace. Applying
the Riesz representation theorem, we deduce that the positive linear functional ϕ on
Mn can be expressed as ϕ(A) = Tr(SA) for a positive semidefinite matrix S with
Tr(S) = n.

By employing the spectral decomposition of S, and using the fact that the trace
is invariant under unitary conjugation, we can simplify the problem. Specifically, by
replacing ϕ with the map ϕ ◦ AdU , where AdU (X) = UXU∗ for a suitably chosen
unitary matrixU , we may assume that S is diagonal, that is, S = diag(s1, s2, . . . , sn).
If we want to show that a positive linear functional onMn is a multiple of the standard
trace, we have to show that all the diagonal entries si are equal.

Let ϕ be a trace on a C∗-algebra A . We prove that if A ∈ Nϕ , then A2 ∈ Mϕ and
|ϕ(Re(A2))| ≤ ϕ(|A|2) (Proposition 2.4). For a positive normal linear functional ϕ

on a von Neumann algebraA , the following conditions are equivalent: (i) ϕ is tracial;
(ii) |ϕ(Re(A2))| ≤ ϕ(|A|2) for all A ∈ A ; (iii) |ϕ(A2)| ≤ ϕ(|A|2) for all A ∈ A
(Theorem2.5). For a vonNeumann algebraA , the following conditions are equivalent:
(i) A is commutative; (ii) Re(A2) ≤ |A|2 for all A ∈ A ; (iii) |A2| ≤ |A|2 for all
A ∈ A (Corollary 2.6). Let ϕ be a trace on the C∗-algebra A and let A, B ∈ A sa

with AB ∈ Mϕ . Then, ϕ(A2B2) ≥ 0 and −ϕ(A2B2) ≤ ϕ((AB)2) ≤ ϕ(A2B2). If
the trace ϕ is faithful, then the equality in the second inequality is achieved if and
only if AB = BA (Theorem 2.7). Let A ∈ A + and B ∈ A sa with AB ∈ Mϕ . Then
ϕ((

√
AB

√
A)2) ≤ ϕ(AB2A) (Corollary 2.8), which provides a partial generalization

of the Araki–Lieb–Thirring inequality to any traces on arbitrary C∗-algebras and to
self-adjoint elements.

In Section 4, we present a simple joint proof for Tr(AB) ± Tr(X∗X) ≤
Tr(A)Tr(B)±Tr(X∗)Tr(X), without using the fact that�(X) = X+(Tr X)I is com-
pletely copositive. As a consequence, we present similar inequalities for partial traces.
Furthermore, we prove that the matrix trace is the unique positive linear functional ϕ
onMn such that ϕ(I ) = n and the inequality

ϕ(
√
AB

√
A) ± ϕ(X∗X) ≤ ϕ(A)ϕ(B) ± ϕ(X∗)ϕ(X)

holds for all A, B, X ∈ Mn provided that

[
A X
X∗ B

]
is positive semidefinite (Theorem

4.1).

2 Trace inequalities for von Neumann algebras and C∗-algebras

We show that if A ∈ Mn is a normal matrix, then

ϕ(|Re(A2)|) ≤ ϕ(A∗A)

for any tracial positive linear functional ϕ on Mn :

123



   24 Page 4 of 15 A. M. Bikchentaev, M. S. Moslehian

It is shown in [17, Theorem 2.1] that for such a functional ϕ, for a matrix X ∈ Mn

and a positive semidefinite matrix Y ∈ Mn , if

[
Y X
X∗ Y

]
≥ 0 and

[
Y X∗
X Y

]
≥ 0, then

[
ϕ(Y ) ϕ(|ReX |)

ϕ(|ReX |) ϕ(Y )

]
≥ 0.

The normality of A ensures that

[
A∗A A
A∗ I

]
≥ 0. Therefore,

[
A∗A A2

A∗2 A∗A

]
=

[
I 0
0 A∗

] [
A∗A A
A∗ I

] [
I 0
0 A

]
≥ 0.

By a similar method, we can show that

[
A∗A A∗2
A2 A∗A

]
≥ 0. Thus,

[
ϕ(A∗A) ϕ(|Re(A2)|)

ϕ(|Re(A2)|) ϕ(A∗A)

]
≥ 0.

It follows from [18, Proposition 2.4.19] that ϕ(|Re(A2)|) ≤ ϕ(A∗A).
We can establish a variation of this inequality as follows.
Let A = [ai j ] ∈ Mn be an arbitrary matrix with complex eigenvalues λ1, . . . , λn .

The spectral theorem yields that

|Tr(Re A2)| = |Re Tr(A2)| =
∣∣∣∣∣Re

n∑
k=1

λ2k

∣∣∣∣∣ ≤
n∑

k=1

∣∣∣Re (λ2k)

∣∣∣ ≤
n∑

k=1

|λk |2,

as |Re (z)| ≤ |z| for any z ∈ C.
Using Schur’s inequality [24, Theorem 9.5], we can deduce that

n∑
k=1

|λk |2 ≤
n∑

i, j=1

|ai, j |2 = Tr(A∗A),

Therefore, ∣∣∣Tr(Re A2)

∣∣∣ ≤ Tr(A∗A).

Now, we extend the above inequality to the context of von Neumann algebras by
establishing characterizations of positive normal linear functionals on von Neumann
algebras. To achieve this, we require some lemmas and facts.

Lemma 2.1 Let ϕ be a weight on a C∗-algebra A . If A ∈ Nϕ , then |A2| ∈ M+
ϕ and

ϕ(|A2|) ≤ ϕ(|A|2).
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Proof Without loss of generality, we assume that ϕ(|A2|) �= 0 and ‖A‖ ≤ 1. Then

A2∗AA∗A2 ≤ A2∗ I A2 ≤ |A2|.

SinceNϕ is a left ideal inA , we have A∗A2 ∈ Nϕ . By utilizing the Cauchy–Schwarz
inequality (1.1) with Y = A and X = A∗A2, the monotonicity of the weight ϕ on the
cone A + and the monotonicity of the real function t �→ √

t on R
+, we obtain

ϕ(|A2|) = |ϕ(A∗ · A∗A2)| ≤
√

ϕ(A2∗AA∗A2)
√

ϕ(A∗A) ≤
√

ϕ(|A2|)
√

ϕ(|A|2).

Therefore,
√

ϕ(|A2|) ≤ √
ϕ(|A|2). Hence, |A2| ∈ M+

ϕ and ϕ(|A2|) ≤ ϕ(|A|2). ��
If ϕ is a tracial functional on the C∗-algebra A , then |ϕ(X)| ≤ ϕ(|X |) for all

X ∈ A , as shown in [12]. Therefore, we have:

|ϕ(X2)| ≤ ϕ(|X2|) ≤ ϕ(|X |2) for all X ∈ A . (2.1)

Lemma 2.2 ([19, Exercise 6.3]). Let ϕ be a trace on a C∗-algebraA . Then, ϕ(ST ) =
ϕ(T S) for all S ∈ Mϕ and T ∈ A .

Lemma 2.3 Let ϕ be a trace on a C∗-algebra A . If A, B ∈ Nϕ and X ∈ A , then
A∗XB, AXB ∈ Mϕ .

Proof Since Nϕ is a ∗-ideal in A , we have A∗, XB ∈ Nϕ . Therefore, it suffices to
show that A∗B ∈ Mϕ . From the inequalities (A ± B)∗(A ± B) ≥ 0, we have

0 ≤ A∗A + B∗B + A∗B + B∗A ≤ 2A∗A + 2B∗B ∈ M+
ϕ .

Hence,

A∗B + B∗A = A∗A + B∗B + A∗B + B∗A − 1

2
(2A∗A + 2B∗B) ∈ Msa

ϕ . (2.2)

From the inequalities (A± iB)∗(A± iB) ≥ 0 we have 0 ≤ A∗A+ B∗B − iA∗B +
iB∗A ≤ 2A∗A + 2B∗B ∈ Mϕ . Hence,

iA∗B − iB∗A ∈ Msa
ϕ . (2.3)

From (2.2) and (2.3) it follows that

A∗B = 1

2
(A∗B + B∗A − i(iA∗B − iB∗A)) ∈ Mϕ.

Since AA∗ ∈ M+
ϕ , analogously we obtain AXB ∈ Mϕ . ��

Proposition 2.4 Let ϕ be a trace on a C∗-algebra A . If A ∈ Nϕ , then A2 ∈ Mϕ and
|ϕ(Re(A2))| ≤ |ϕ(A2)| ≤ ϕ(|A|2).
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Proof Putting B = A∗ in the proof of Lemma 2.3 and obtaining A∗2 ∈ Mϕ , we can
conclude that A2 = (A∗2)∗ ∈ Mϕ . For all X ∈ Mϕ we have X∗ ∈ Mϕ and, since
ϕ(X∗) = ϕ(X) for all X ∈ Mϕ , we have ϕ(Re(X)) = Re(ϕ(X)) for all X ∈ Mϕ .
Thus, |ϕ(Re(A2))| ≤ |ϕ(A2)|. By the Cauchy–Schwarz inequality (1.1) with Y = A∗
and X = A we have |ϕ(A2)|2 = |ϕ((A∗)∗A)|2 ≤ ϕ(A∗A)ϕ(AA∗) = ϕ(A∗A)2 =
ϕ(|A|2)2 and |ϕ(A2)| ≤ ϕ(|A|2). ��

Theorem 2.5 For a positive normal linear functional ϕ on a von Neumann algebra
A , the following conditions are equivalent:

(i) ϕ is tracial;
(ii) |ϕ(Re(A2))| ≤ ϕ(|A|2) for all A ∈ A ;
(iii) |ϕ(A2)| ≤ ϕ(|A|2) for all A ∈ A .

Proof The implication (i) ⇒ (ii) was proved in Proposition 2.4, while (i) ⇒ (iii)
follows from (2.1).

Here,we demonstrate, in analogywith several comparable situations (see, for exam-
ple, [12] or [23]), that verifying the converse implications for an arbitrary vonNeumann
algebra can be reduced to the special case of the matrix algebra M2.

It is known [12] that a positive normal linear functionalϕ on a vonNeumann algebra
A is a trace precisely when ϕ(P) = ϕ(Q) holds for all P, Q ∈ A pr satisfying
PQ = 0 and P ∼ Q (see also [23, Lemma 2]).

Consider the reduced algebra (P + Q)A (P + Q) and let the ∗-algebra N be
generated by a partial isometry V ∈ A that implements the equivalence between P
and Q. Then N is ∗-isomorphic toM2, and the inequalities appearing in (ii) and (iii)
continue to hold for operators belonging to N under the restricted functional ϕ|N .
We establish that this restriction is itself a trace functional onN ,from which it follows
that ϕ(P) = ϕ(Q).

As mentioned in the introduction, every linear functional ϕ on M2 can be repre-
sented as ϕ(·) = Tr(S ·). Without loss of generality, we can assume that

S = diag

(
1

2
− s,

1

2
+ s

)
, 0 ≤ s ≤ 1

2
.

Thus, ϕ(X) equals (1/2 − s)x11 + (1/2 + s)x22 for X = [xi j ]2i, j=1 fromM2.
(ii) ⇒ (i). We shall show that s = 0.

Set A :=
(
1 a
1 a

)
∈ M2 for 0 ≤ a < 1. We choose this one-parameter family

of test matrices because it constrains the parameters in a way that makes the induced
density matrix S proportional to the identity.

Then 2Re(A2) = (1+a)

(
2 1 + a

1 + a 2a

)
and 2A∗A = 4

(
1 a
a a2

)
. Therefore

2ϕ(Re(A2)) = (1 − 2s)(1 + a) + (1 + 2s)(a + a2) = (1 + a)2 − 2s(1 − a2),

2ϕ(A∗A) = (1 − 2s)2 + (1 + 2s) · 2a2 = 2(1 + a2) − 4s(1 − a2).
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Now the inequality in (ii) can be rewritten as 2s(1−a2) ≤ (1−a)2. By dividing both
sides of the last inequality by 1 − a2 > 0, we obtain

0 ≤ 2s ≤ 1 − a

1 + a
.

This inequality is met for all 0 ≤ a < 1 only when s = 0.
Since ϕ(X∗) = ϕ(X) for all X ∈ A , we have ϕ(Re(X)) = Re(ϕ(X)) for all

X ∈ A . Therefore, we have |ϕ(Re(X))| = |Re(ϕ(X))| ≤ |ϕ(X)| ≤ ϕ(|X |), and this
ensures (iii)⇒(ii)⇒(i). Let’s provide a direct and concise proof of the implication
(iii)⇒(i). Let us again consider a simple one-parameter matrix such that it forces the
density matrix S associated with the functional to be a scalar multiple of the identity.
For every nonzero a ∈ (0,∞), consider the 2 × 2 matrix

A =
[

0 1 − a
1 + a 0

]
.

Then, A2 = diag(1 − a2, 1 − a2), A∗A = diag((1 + a)2, (1 − a)2),

ϕ(A2) = (1 − a2)
(1
2

− s
)

+ (1 − a2)
(1
2

+ s
)

= 1 − a2,

and

ϕ(A∗A) = (1 + a)2
(1
2

− s
)

+ (1 − a)2
(1
2

+ s
)

= 1 − 4as + a2.

The inequality in (iii) turns into 4as ≤ 2a2, that is, 2s ≤ a. This inequality holds for
all a > 0 only if s = 0. ��
Corollary 2.6 For a von Neumann algebraA , the following conditions are equivalent:

(i) A is commutative;
(ii) Re(A2) ≤ |A|2 for all A ∈ A ;
(iii) |A2| ≤ |A|2 for all A ∈ A .

Proof We prove the implication (ii)⇒(i). For any positive functional ϕ on A , the
inequality from item (ii) of Theorem2.5 holds. This implies that any positive functional
onA is tracial. In other words, ϕ(XY ) = ϕ(Y X) for any elements X ,Y ∈ A . As the
positive linear functionals on a C∗-algebra separate points (meaning that if A and B
are two distinct elements of the C∗-algebra, then there exists a positive functional ϕ

with ϕ(A) �= ϕ(B)), the assumption that ϕ(XY − Y X) = 0 for every positive linear
functional ϕ implies XY − Y X = 0, which shows that the von Neumann algebra A
is commutative. ��

Another criterion for the commutativity of C∗-algebras is presented in [13].

Theorem 2.7 Let ϕ be a trace on the C∗-algebraA and A, B ∈ A sa with AB ∈ Mϕ .
Then, ϕ(A2B2) ≥ 0 and

−ϕ(A2B2) ≤ ϕ((AB)2) ≤ ϕ(A2B2). (2.4)
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If the traceϕ is faithful, then the equality in the second inequality from (2.4) is achieved
if and only if AB = BA.

Proof By Lemma 2.2, we have ϕ(A2B2) = ϕ(A · AB2) = ϕ(AB2A) ≥ 0, since
AB2A ≥ 0. Next, BA = (AB)∗ ∈ Mϕ and

‖AB − BA‖2ϕ,2 = ϕ((AB − BA)∗(AB − BA))

= ϕ(BA2B + AB2A − BABA − ABAB)

= 2ϕ(A2B2) − 2ϕ((AB)2)

due to Lemma 2.2 and the linearity of the trace ϕ extended toMϕ .
If the trace ϕ is faithful, then ‖ · ‖ϕ,2 is a norm on Nϕ . Therefore, the equality

ϕ(A2B2) = ϕ((AB)2) is equivalent to the equality AB = BA.
Since AB + BA ∈ Msa

ϕ , we have

0≤ϕ((AB+BA)2)=ϕ((AB)2+(BA)2+ AB2A+BA2B)=2ϕ((AB)2)+2ϕ(A2B2)

and, therefore, −ϕ(A2B2) ≤ ϕ((AB)2). ��
Corollary 2.8 Let ϕ be a trace on the C∗-algebra A , A ∈ A + and B ∈ A sa with
AB ∈ Mϕ . Then

ϕ((
√
AB

√
A)2) ≤ ϕ(AB2A). (2.5)

Proof By Lemma 2.2 we have ϕ(A2B2) = ϕ(AB2A) and

ϕ((AB)2) = ϕ(A · BAB) = ϕ(
√
A · BAB · √

A) = ϕ((
√
AB

√
A)2).

��
If ϕ is a normal semifinite trace on a von Neumann algebra A , then the Araki–

Lieb–Thirring inequality [15] holds:

ϕ((
√
AB

√
A)rp) ≤ ϕ((

√
Ar B

√
Ar )p) (2.6)

for all numbers r > 1, p > 0 and operators A, B ∈ A +. Our inequality (2.5) is a
generalization of the Araki–Lieb–Thirring inequality (2.6) to arbitrary traces on any
C∗-algebras and to self-adjoint elements B for r = 2 and p = 1. In connection with
Theorem2.5,we note that for a positive functionalϕ on aC∗-algebraA , the fulfillment
of inequality (2.6) for some fixed numbers r > 1, p > 0, and for all A, B ∈ A +
is equivalent to the fact that the functional ϕ is tracial, see [4, Theorem 2]. A similar
inequality characterizes traces in the class of all normal semifinite weights on the von
Neumann algebra [6, Theorem 2].
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3 Trace inequalities and a characterization of the trace on the full
matrix algebra

Aconsequence of the subadditivity inequality for q-entropies is presented in [2, Exam-
ple 1] as follows:

Tr(AB) − Tr(X∗X) ≤ Tr(A)Tr(B) − Tr(X∗)Tr(X), (3.1)

provided the block matrix

[
A X
X∗ B

]
∈ M2n with A = [ai j ], B = [bi j ], X = [xi j ] ∈

Mn is positive semidefinite. There are some remarkable proofs of the abovementioned
inequality in the literature; see [3, 25]. Under the same conditions and by using the
complete copositivity of �(X) = X + (Tr X)I , the trace inequality

Tr(AB) + Tr(X∗X) ≤ Tr(A)Tr(B) + Tr(X∗)Tr(X) (3.2)

is elegantly proved in [14, Theorem 2.2].

The left-hand sidemay be negative. For example, consider thematrices A =
[
α 0
0 0

]
,

B =
[
0 0
0 β

]
, and X =

[
0 γ

0 0

]
, where α and β are positive numbers and γ �= 0 is a

complex number such that αβ ≥ |γ |2. Then Tr(AB) −Tr(X∗X) = 0− |γ |2 < 0; see

also [16, p. 918]. However, if both

[
A X
X∗ B

]
and

[
A X∗
X B

]
are positive semidefinite,

then Tr(AB) − Tr(X∗X) ≥ 0, as shown in [16, Theorem 2.1].

The right hand side is always positive because the matrix

[
Tr(A) Tr(X)

Tr(X∗) Tr(B)

]
is pos-

itive definite. This is a result of the positivity of the principal submatrix

[
aii xii
xii bii

]
of[

A X
X∗ B

]
∈ M2n as a matrix in M2n and the fact that the sum of positive semidefinite

matrices is positive semidefinite; see [9, 11].
We now provide simple proofs of (3.1) and (3.2) by utilizing induction on n ≥ 2.
First, we consider the spectral decomposition A = UDU∗ of the positive semidef-

inite matrix A ∈ Mn [24, Theorem 3.4] and the tracial property of the trace. This
allows us to rewrite (3.1) and (3.2) as follows:

Tr(DU∗BU ) ± Tr(X∗X) ≤ Tr(D)Tr(U∗BU ) ± Tr(X∗)Tr(X).

Therefore, we can assume that the (1, 1)-entry in the matrix

[
A X
X∗ B

]
, which corre-

sponds to A, is diagonal.
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For n = 2, inequalities (3.1) and (3.2) are clear. Assuming that (3.1) and (3.2) hold

for n, let’s consider the positive semidefinite matrix

[
Ã X̃
X̃∗ B̃

]
∈ M2(n+1), where

Ã =
[
A a
a∗ α

]
, X̃ =

[
X x
x′ γ

]
, B̃ =

[
B b
b∗ β

]
,

in which A and B are positive semidefinite matrices, a, b, x = [
x1 · · · xn

]T are column
vectors, x′ = [

x ′
1 · · · x ′

n

]
is a row vector, and α and β are nonnegative real numbers.

Tr( Ã B̃) = Tr
(
AB + ab∗) + Tr

(
a∗b

) + αβ,

Tr(X̃∗ X̃) = Tr
(
X∗X + x′∗x′) + Tr

(
x∗x

) + |γ |2,
and

Tr( Ã) = Tr(A) + α Tr(B̃) = Tr(B) + β, and Tr(X̃) = Tr(X) + γ.

As explained previously, we can assume that A is diagonal and a = 0. Therefore,

Tr( Ã B̃) = Tr(AB) + αβ.

In addition,

Tr(X̃∗ X̃) = Tr(X∗X) +
n∑

i=1

|x ′
i |2 +

n∑
i=1

|xi |2 + |γ |2.

Since the principal submatrix

[
A X
X∗ B

]
is positive semidefinite, the induction hypoth-

esis ensures that Tr(AB) ± Tr(X∗X) ≤ Tr(A)Tr(B) ± Tr(X∗)Tr(X).
Note that inequalities (3.1) and (3.2) for the above (n + 1) × (n + 1) matrices hold

true if

αβ ±
(

n∑
i=1

|x ′
i |2 +

n∑
i=1

|xi |2 + |γ |2
)

≤ (β Tr(A) + α Tr(B) + αβ) ±
(
|γ |2 + 2Re (γ Tr(X))

)
,

or respectively,

−
(

n∑
i=1

|x ′
i |2 +

n∑
i=1

|xi |2
)

≤ β Tr(A) + α Tr(B) − 2Re (γ Tr(X)) (3.3)
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and

n∑
i=1

|x ′
i |2 +

n∑
i=1

|xi |2 ≤ β Tr(A) + α Tr(B) + 2Re (γ Tr(X)). (3.4)

Proof of inequality (3.3): Since
∑n

i=1 |x ′
i |2+∑n

i=1 |xi |2 ≥ 0, it is enough to prove
that

2Re (γ Tr(X)) ≤ β Tr(A) + α Tr(B).

We have

2Re (γ Tr(X)) ≤ 2|γ | |Tr(X)|
≤ 2

√
αβ |Tr(X)|

(since the principal submatrix

[
α γ

γ β

]
is positive semidefinite)

≤ 2
√

αβ
√
Tr(A)Tr(B)

(since

[
Tr(A) Tr(X)

Tr(X∗) Tr(B)

]
is positive semidefinite)

≤ 2
√

(β Tr(A))(α Tr(B))

≤ β Tr(A) + α Tr(B).

Proof of inequality (3.4): Let A = diag(λ1, . . . , λn) ≥ 0. For each i = 1, . . . , n,

consider the principal submatrix

[
U W
W ∗ V

]
of

[
Ã X̃
X̃∗ B̃

]
, where

U =
[
λi 0
0 α

]
≥ 0, W =

[
Xii xi
x ′
i γ

]
, V =

[
Bii bi
b′
i β

]
≥ 0.

By the base case n = 2,

Tr(UV ) + Tr(W ∗W ) ≤ Tr(U )Tr(V ) + Tr(W ∗)Tr(W ).

A straitforward computation yields that Tr(UV ) = λi Bii +αβ, Tr(W ∗W ) = |Xii |2+
|xi |2 + |x ′i |2 + |γ |2, Tr(U ) = λi + α, Tr(V ) = Bii + β, and Tr(W ∗)Tr(W ) =
|Xii + γ |2. By substituting these, we get

λi Bii + αβ + |Xii |2 + |xi |2 + |x ′
i |2 + |γ |2 ≤ (λi + α)(Bii + β) + |Xii + γ |2.

Expanding the right-hand side and canceling the common terms λi Bii +αβ +|Xii |2+
|γ |2 from both sides, we arrive at

|xi |2 + |x ′
i |2 ≤ λiβ + αBii + 2Re (Xiiγ ).
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Summing over 1 ≤ i ≤ n produces

n∑
i=1

|xi |2 +
n∑

i=1

|x ′
i |2 ≤ β

n∑
i=1

λi + α

n∑
i=1

Bii + 2
n∑

i=1

Re (Xiiγ )

= β Tr(A) + α Tr(B) + 2Re
(
Tr(X)γ

)
,

which is precisely (3.4).
Let n,m ≥ 1. Recall that the tensor product of two matrices C = [ci j ] ∈ Mn and

D = [di j ] ∈ Mm is defined as a matrix in Mmn , represented by C ⊗ D, where the
element in the (i, p)-th row and ( j, q)-th column is given by ci j dpq . In other words,

C ⊗ D =

⎡
⎢⎢⎢⎣
c11D c12D · · · c1nD
c21D c22D · · · c2nD

...
...

...
...

cn1D cm2D · · · cnnD

⎤
⎥⎥⎥⎦ .

The partial traces Tr1 : Mn ⊗ Mm → Mm and Tr2 : Mn ⊗ Mm → Mn are linearly
defined by

Tr1(C ⊗ D) = (Trn C) D, and Tr2(C ⊗ D) = (Trm D)C,

for C ∈ Mn and D ∈ Mm . In addition, let Trnm denote the full trace on Mn ⊗ Mm ,
defined by Trnm(C ⊗ D) = Trn(C) Trm(D).

Corollary 3.1 Let A, B, X ∈ Mn ⊗ Mm such that M =
[
A X
X∗ B

]
is positive semidefi-

nite. Then

Trm
(
Tr1(A) Tr1(B)

) ± Trm
(
Tr1(X)∗ Tr1(X)

) ≤ Trnm(A) Trnm(B) ± Trnm(X∗)Trnm(X).

and

Trn
(
Tr2(A) Tr2(B)

) ± Trn
(
Tr2(X)∗ Tr2(X)

) ≤ Trnm(A) Trnm(B) ± Trnm(X∗)Trnm(X).

Proof Let’s define the map � as I2 ⊗ Tr1, where

� : M2 ⊗ (Mn ⊗ Mm) −→ M2 ⊗ Mm,

given by

�(M) =
[
Tr1(A) Tr1(X)

Tr1(X)∗ Tr1(B)

]
.

Since the partial trace Tr1 is completely positive, � is a positive map. Therefore,
�(M) ≥ 0 inM2 ⊗ Mm .
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Employing the trace inequalities (3.1) and (3.2) with the trace Trm on this 2 × 2
block matrix, we arrive at

Trm(Tr1(A)Tr1(B)) ± Trm(Tr1(X)∗ Tr1(X))

≤ Trm(Tr1(A))Trm(Tr1(B)) ± Trm(Tr1(X)∗)Trm(Tr1(X)).

(3.5)

By definition, Trm
(
Tr1(A)

) = Trnm(A), and similarly Trm
(
Tr1(B)

) = Trnm(B),
and Trm(Tr1(X)) = Trnm(X). Moreover, Trm

(
Tr1(X)∗

) = Trnm(X)

Substituting these identities into (3.5) yields the first desired inequality.
Utilizing the same reasoning with the roles of the two factors interchanged we can

obtain the other required inequality. ��

Now, we establish a characterization of the matrix trace. Over the last few decades,
multiplemathematicians have explored characterizations of tracial positive linear func-
tionals on matrices and operator algebras. Interested readers are referred to [8, 17] and
the references mentioned therein. If ϕ is a positive functional onMn and A, B ∈ M

+
n ,

then the value of ϕ(AB)may lies inC\R. Furthermore, ϕ(AB) ∈ R for all projections
A, B ∈ Mn if and only if ϕ is tracial [5, Theorem 4.1].

Theorem 3.2 The matrix trace is the unique positive linear functional ϕ on Mn such
that ϕ(I ) = n and the inequality

ϕ(
√
AB

√
A) ± ϕ(X∗X) ≤ ϕ(A)ϕ(B) ± ϕ(X∗)ϕ(X). (3.6)

holds for all A, B, X ∈ Mn provided that

[
A X
X∗ B

]
is positive semidefinite (which in

particular implies A, B ≥ 0).

Proof It suffices to show that if a linear functional ϕ satisfies equation (3.6), then ϕ

must be the trace functional. As mentioned in the introduction, we can assume that
ϕ(A) = Tr(RA) for a positive semidefinite matrix R = diag(r1, r2, . . . , rn) with
Tr(R) = n. The proof is then reduced to showing that all the diagonal entries ri are
equal. To establish this, it is sufficient to prove that r1 = r2. Consequently, without
loss of generality, we can assume that n = 2. Thus, it is enough to prove that if
R = diag(r , 2 − r) for some 0 ≤ r ≤ 2, and

Tr(R
√
AB

√
A) ± Tr(RX∗X) ≤ Tr(RA)Tr(RB) ± Tr(RX∗)Tr(RX), (3.7)

for all matrices A, B, X ∈ M2 when

[
A X
X∗ B

]
is positive semidefinite, then r = 1.

Let

A = B =
[
1 p
p p2

]
and X = 0,
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where p > 1. Then, A and B are positive semidefinite, and so is

[
A X
X∗ B

]
∈ M2n .

Moreover, A = B = (1 + p2)P with the one-dimensional projection

P =
[ 1
1+p2

p
1+p2

p
1+p2

p2

1+p2

]
.

We have
√
A = √

1 + p2 P and
√
AB

√
A = (1 + p2)A. It follows from (3.7) that

(1 + p2)(r + (2 − r)p2) ≤ (r + (2 − r)p2)2,

whence, (p2 − 1)r ≤ p2 − 1. Therefore, r ≤ 1. By the same reasoning as above but
with

A = B =
[
p2 p
p 1

]
and X = 0,

we infer that r ≥ 1. Thus, r = 1. ��
Remark 3.3 It is interesting to extend the considered inequalities to other settings
including tracial positive linear functionals onC∗-algebras andvonNeumann algebras;
see [1, 7].
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