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[TIPOTPAMMHBIT KOMUTET KOHOEPEHIINN
“AJIEBPA I MATEMATUYECKAHA JIOTUKA:
TEOPUA U ITPUJIOZKEHU "

ConpeacesaTesiv mMporpaMMHOTO KOMUTETA:
Epmos FOpuii Jleonunnosuy, akagemuk PAH (r. HoBocubupek),
Kamumymn Ucekangep Hlarurosuy, npodeccop PAH (r. Kazans),

YjieHbl NIPOrpaMMHOTO KOMHUTETA:

Apcnanos Mapar Mupsaesud, npodeccop, akaaemuk AH PT (1. Kazann)
A6bzoB Anens Hamnesua, nonent (1. Kazanb)

Apramonos Bsruecias Asekcanposud, mpodeccop (r. Mocksa)
Beknemures Jles Imurpuesnd, wien-koppecrongent PAH (r. Mocksa)
Bocrokos Cepreii Biagumuposud, npodeccop (1. Cankr-Ilerepbypr)
Tonuapos Cepreii CaBoctbsinoBud, akajgemuk PAH (r. HoBocu6bupck )
Kysuenos Muxaunn Vsanosud, npodeccop (r. Huxkuuit Hosropon)
Maszypos Bukrop danmnosud, dnen-koppecrnongent PAH (r. HoBocubupek)
Cenuanos Bukrop JIsoBud, mpodeccop (r. Hoocubupck, r. Kazann)
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OPTAHUBAINOHHBIN KOMUTET KOHOEPEHIINN
“AJIEBPA I MATEMATUYECKAHA JIOTUKA:
TEOPUA U ITPUJIOZKEHU "

IIpeacemarens Oprkomurera:
Typuiosa Exarepuna AnekcanapoBHa, JUPEKTOD MHCTUTYTA MATEMATUKI U MEXAHM-
ku nmenn H.J. JlobaueBckoro KOY

3amectuTtenb npeacenaresisi Oprkomurera:
QaizpaxmanoB Mapar XaiigapoBud, JOIEHT Kadeapbl aarebpbl 1 MaTeMaTHIeCKOM
sgoruku KOY

Y4eHbIil ceKpeTaphb:
Baitneraunos Jlavmup XabupoBud, MIa Ui HayIHBINH COTPYIHUK Kadeapbl aJredbpbl
U MaTeMaTU4eCcKou Jioruku KOV

Yaenbr OprkoMureTa:

AbbzoB Anenis HamsteBud, jomenT Kadeapbl ajaredpbl U MaTeMaTHIeCKOl JIOTMKU
Koy

Aspra FOpuit AGmymtoBud, joneHT Kadeapbl aaredOpbl 1 MaTeMaTHIECKON JTOTUKN
Koy

ApcranoB Mapar MupsaeBud, 3aBeayomunii Kadeapoit ajaredpbl 1 MaTeMaTHIECKO
goruku KOV, npodeccop, akagemuk AH PT

Epsimiknn Muxann CepreeBud, HayIHBIN COTPYIHUK KadeaIpbl ajJiredphl 1 MaTeMaTU-
4geckoit jioruku KOV

ByoroB Makcum BuraaseBud, jgomeHT Kadeapbl ajiredpbl 1 MATEeMATHIECKONH JIOTUKN
Koy

Wibun Cepreit HukostaeBud, j1o1meHT Kadegapbl ajredpbl 1 MATEMATHIECKON JIOTUKU
Koy

Nmvyxameros [lamuns TanraroBud, npodeccop Kadeapbl CUCTEMHOIO aHAIU3a U
nHOpMaIMOHHbIX Texnosoruit KOY

Kamuvynmun Uckanpep Hlarurosud, mpodeccop Kadeapbl ajiredpbl 1 MaTeMaTuIe-
ckoit joruku KOV, npodeccop PAH

Muccapos Myxkajac ImyxTacuboBud, 3aBe/iyomuii Kadepoit aHaIn3a JaHHbIX | UC-
ciesoBanud oneparuii KOV

Hacpyrnunos Mapat @aputoBud, 3aMecTUTE/Ib JIUPEKTOPa 110 00pa30BaTe/IbHOM J1e-
sATeJTbHOCTH BpIcieit mKoabl nHMOPMAIMOHHBIX TEXHOJIOTUNl U WHTEJIEKTYaJbHBIX
cucrem KOY

Haceipo Cemen Padamnosud, 3aBeaytommit KadeIpoit MaTeMaTuIecKoro aHajIn3a
K@Y, npodeccop, anen-koppecrnorgear AH PT

CenuBanoB BukTop JIbBOBMY, IyIaBHBIN HAYIHBIN COTPYIHUK PerunoHaibHOrO HaYyIHO-
obpaszoBarebHOTO MaTemMaTndeckoro menTpa KOV, npodeccop

Cxpsiour Cepreit Mapkosud, mpodeccop Kadeapbl aaredpbl © MaTEMATHIECKOH JI0-
rukn KOV

CosoBbeB Basepuit JImurpuesut, npodeccop KadeIpbl HHTE/LIEKTYAJTBHBIX TEXHOJIO-
run noucka KOV, nmpodeccop

Taziokos bynar @spuaoBud, 3aMecTUTEb JUPEKTOPa 10 HaydIHO JledaTenbaoct Vn-
cruryTa Marematuku n Mexannku nm. H.J. JlobageBckoro KDY

Tporun Cepreit Hukomaesud, 3apeaytoniuii Kadeapoit KOMIbIOTEPHONR MATEMATHKNA 1
nnpopmatukun KOV

XacbsaaoB Aitpar @apugoBud, AupeKTop Bbiciei mKo/Ibl HHMOPMAIMOHHBIX TEXHO-
JIOTHIl M MHTE/UIEKTyaJIbHbIX cucteM KDY

AmasteeB Mapc Mancyposud, JionieHT Kadeipbl ajaredpbl 1 MaTeMaTUIeCKON JIOTUKA

Koy



TESUNCHI INIEHAPHBIX JTOKJIAZIOB

REFLECTION PRINCIPLES, ALGEBRAS AND PROGRESSIONS OF
THEORIES
L. D. Beklemishev
Steklov Mathematical Institute, Moscow
Ibekl@Qyandex.ru

Reflection principles are axioms expressing that all sentences (of a given logical
complexity) provable in a theory T are true. The simplest example of such an axiom
is Godel’s formula expressing the consistency of T'.

The idea of using reflection principles and their transfinite hierarchies to classify
arithmetical sentences according to strength is due to A. Turing (1939). However,
Turing also realized that there are serious difficulties associated with this approach,
in particular, due to the lack of understanding how to distinguish ‘canonical’ from
‘pathological’ ordinal notation systems, now a well-known problem in proof theory.

The aim of the series of two talks is to outline the main ingredients of the approach
to proof-theoretic analysis based on reflection algebras. From an abstract algebraic
point of view, these structures are semilattices enriched by a family of monotone unary
operators satisfying some specific sets of identities. The operators can be interpreted
in the lattice of arithmetical theories as functions mapping a theory 7' to a theory
axiomatized by a reflection principle for T .

Within this framework it is possible to to define appropriate canonical ordinal
notation systems and the associated transfinite hierarchies of reflection principles.
Hence, it is also possible, to some extent, to push Turing’s ideas on the classification
of arithmetical sentences through.

For those cases where such algebras have been sufficiently understood, this
allows one to obtain a more refined ordinal classification of theories than using
more traditional proof-theoretic approaches. This has been initially done for Peano
arithmetic and its fragments by the author. In a joint paper with F. Pakhomov this
approach is now extended to theories of predicative strength, such as the second-order
theories of iterated arithmetical comprehension.

ON GROUPS G¥ AND I'¥ AND THEIR APPLICATIONS IN
ALGEBRA AND TOPOLOGY
V. O. Manturov
Bauman Moscow State Technical University, Moscow; Novosibirsk State University,
Novosibirsk
vomanturov@yandex.ru

In 2015, I defined groups G* for integer numbers n > k and formulated the
following principle:

If dynamical systems describing the motion of n particles admits a nice
codimension 1 property governed by exactly n particles then this dynamical systems
admit a topological invariant valued in G%. The groups G¥ thus give braid group
presentations; they allow one to define braid groups for Euclidean spaces of arbitrary
dimensions; The groups G¥ are closely related to Coxeter groups and Kirillov-Fomin
algebras .

Nevertheless, there is no obvious way to study arbitrary manifolds by using
G*. In a joint work with I. M. Nikonov, I introduced the second family of groups,
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denoted by T'® | which are closely related to triangulations of manifolds. The spaces of
triangulations of a given manifolds have been widely studied. The celebrated theorem
of Pachner says that any two triangulations of a given manifold can be connected by a
sequence of bistellar moves or Pachner moves; I'® naturally appear when considering
the set of triangulations with the fixed number of points. There are two ways of
introducing this groups: the geometrical one, which depends on the metric, and the
topological one. The second one can be thought of as a “braid group” of the manifold
and, by definition, is an invariant of the topological type of manifold; in a similar
way, one can construct the smooth version. In the present paper we give a survey of
the ideas lying in the foundation of the G* and T'* theories and give an overview of
recent results in the study of those groups, manifolds, dynamical systems, knot and
braid theories. The state of the art of groups G and I'* can be found in [1].

References

1. V.O.Manturov, D.A.Fedoseev, S.Kim, I.M.Nikonov, On groups G¥ and T*: A
study of manifolds, dynamics and invariants, https://arxiv.org/abs/1905.08049

THE REMARKABLE EXPRESSIVITY OF FIRST-ORDER LOGIC IN
PROFINITE GROUPS
A. Nies
University of Auckland, Auckland (New Zealand)
andre@cs.auckland.ac.nz

Profinite groups are the compact totally disconnected groups, or equivalently, the
inverse limits of finite groups. First-order logic in the language of groups can only
indirectly talk about the topological structure.

We address the question whether a profinite group G can be determined by a
single first-order sentence. That is, we ask whether there is a sentence ¢ such that
H = ¢ iff H is topologically isomorphic to G, for each profinite group H.

Let p > 3 be a prime. We show that this property holds for the groups SLy(Z,)
and PSLy(Z,) where Z, is the ring of p-adic integers. If we restrict the reference class
to the inverse limits of p-groups, we obtain many further examples, e.g. all groups
with a bound on the dimension of the closed subgroups (such as the abelian group
Zy).
’ We will discuss both algebraic and model theoretic methods to show such results.
This is joint work with Dan Segal and Katrin Tent.

ON THE CONJUGACY PROBLEM IN FINITELY PRESENTED
GROUPS
A. Olshanskii
Vanderbilt University, U.S.A., and Moscow State University, Russia
alezander.olshanskiy@uanderbilt. edu

The first examples of finitely presented groups with decidable word problem and
undecidable conjugacy problems were found by P.S. Novikov and W.W. Boone in
50’-s. Dehh function d(n) can be regarded as a measure of the complexity of a finitely
presented group, and the first examples of the groups with undecidable conjugacy
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problem have exponential Dehn functions. It is well known, that the conjugacy
problem is decidable if lim inf,, .., d(n)/n* = 0. With M.V. Sapir, we have constructed
finitely presented groups with quadratic Dehn function and undecidable conjugacy
problem. This answers E. Rips’ question of 1994.

MAX-PLUS POLYNOMIALS AND THEIR ROOTS
V. V. Podolskii
Steklov Mathematical Institute, Moscow; National Research University Higher School
of Economics, Moscow
vpodolskii@hse.ru

Max-plus algebra emerges in many fields of Mathematics such as Algebraic
Geometry, Mathematical Physics and Combinatorial Optimization. In part, its
importance is related to the fact that it makes various parameters of mathematical
objects computationally accessible. Max-plus polynomials play a fundamental role
in this, especially for the case of Algebraic Geometry. On the other hand, many
algebraic questions behind max-plus polynomials remain open. In this talk we will
discuss some recent results on max-plus polynomials and their roots. In particular,
we will discuss solvability problem for max-plus linear systems, max-plus analogs of
classical Nullstellensatz, Combinatorial Nullstellensatz, Schwartz-Zippel Lemma and
Universal Testing Set.

NON-CLASSICAL MULTI-AGENT LOGICS WITH
MULTI-VALUATIONS
V. V. Rybakov
Institute of Mathematics and Informatics, Siberian Federal University, Krasnoyarsk,
Institute of Informatics Systems of the Siberian Branch of the RAS, Nowvosibirsk,
(Russian Federation)
Vladimir _Rybakov@mail.ru

We study various modeling multi-agent reasoning and taking decision by
instruments of non-classical logics. The departure point is usage some modifications of
relational Kripke-Hinttikka models (in particular the ones with different accessibility
relations or with different valuations of the agents knowledge). In particular, a kernel
distinction from the standard relational models is introduction of separate valuations
for each agents and then computation the global valuation using the all individual
ones. We discuss this approach, illustrate it with examples and demonstrate that
this is not a mechanical combination of standard models, but much more thin
and sophisticated modeling knowledge and computation truth values in multi-agent
environment.

Usual most important logical problems are addressed to that logics, in particular
the satisfiability problem, the decidability problem and the admissibility problem. We
solve them for some logics and find deciding algorithms, for some others that are yet
open problems. Illustrating examples for applications to be provided.

The reported study was funded by Russian Foundation for Basic Research, Government
of Krasnoyarsk Territory, Krasnoyarsk Regional Fund of Science, the research project
No. 18-41-240005.
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CENTRALLY ESSENTIAL RINGS
A. A. Tuganbaev
National Research University MPEI (Moscow), Lomonosov Moscow State University
tuganbaev@gmail.com

All the results of this report were obtained jointly with V.T. Markov.

We consider only associative rings with 1 # 0.

A ring R with center C' is said to be centrally essential if, for any non-zero element
a € R, there exist two non-zero elements z,y € C' with ax = y, i.e. R¢ is an essential
extension of the module Cg.

In a centrally essential ring R, all idempotents are central; in addition, if R is
semiprime or right (left) nonsingular, then R is commutative.

1.
Let F be the field Z/3Z, V be a vector F-space with basis ej,es,e3, and let
A(V) be the exterior algebra of the space V. Then A(V) is a centrally essential
noncommutative finite ring.
There is a centrally essential ring R such that the ring R/J(R) is not a PI ring.
Thus, R/N(R) also is not a PI ring (in particular, the rings R/J(R) and R are not
commutative).

2.
If R is a centrally essential ring, then for any commutative monoid G, the monoid
ring RG is centrally essential. In particular, the rings R[x] and R[z,z~'] are centrally
essential.

Let F' be a field of characteristic p > 0 and G a finite group.

1. The ring F'G is centrally essential if and only if G = P x H, where P is the
unique Sylow p-subgroup of the group G, the group H is commutative, and the ring
F'P is centrally essential.

2. If G is a p-group with nilpotence class < 2, then F'G is centrally essential.
There exists a group G’ of order p® such that FG’ is not centrally essential.

3.

If R is a finite-dimensional centrally essential algebra, then R is a centrally essential
ring < the ring R|[[x]] is centrally essential < the ring R((z)) is centrally essential.

Open Question. Is it true that any formal power series ring over a centrally
essential ring is centrally essential?

If R is a centrally essential algebra and A is a commutative algebra, then A ® R
is a centrally essential algebra.

Open Question. Is it true that any tensor product of centrally essential algebras
is centrally essential?

4.
The exterior algebra A(V) of a finite-dimensional vector space V' over a field F' of
characteristic 0 or p # 2 is a centrally essential ring if and only if dim V" is an odd
positive integer. In particular, if I is a finite field of odd characteristic and dim V' is an
odd positive integer exceeding 1, then A(V') is a centrally essential noncommutative
finite ring.
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5.

A ring R is a right distributive, right Noetherian, centrally essential ring if and only if
R is a direct product of finitely many commutative Dedekind domains and uniserial
Artinian rings.

Let R be a left Artinian, left uniserial ring with center C' and Jacobson radical
J and let n be the nilpotence index of the ideal J. If JIz C C, then the ring R is
centrally essential. Open question: Is the converse assertion true?

If a field F' has a non-trivial derivation ¢, then there is a non-commutative Artinian

Y

uniserial centrally essential ring R with R/J(R) = F.
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ON SHALEV CONJECTURE FOR SIMPLE GROUPS
E.P. Vdovin
Sobolev Insctitute of Mathematics, Novosibirsk, Russia
vdovin@math.nsc.ru

Recall that a group word w = w(z1,...,24) is an element of a free group F, with
free generators wy,...,z4. We may write w = 2" ... 2]"* where i; € {1,...,d}, and
m; are integers. For a group G and g¢i,...,94 € G we write

w(gr,---,9a) = gi" - 91" €G.

The corresponding map w : G¢ — G is called a word map and its image is denoted
by w(G). Many papers are devoted to estimate the size of w(G). In [1], Larsen and
Shalev proved the following

Theorem 1. Let G be a finite simple group of Lie type and of rank n and w # 1
be a word. Then there exists N = N(w) such that if G is not of type A, or 2A,,
and |G| > N then

w(G)| = en” |G
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for some absolute constant ¢ > 0.

Notice that ¢ depends on w in Theorem 1. Later in [2], Nikolov and Pyber found a
weaker lower bound for the groups of type A, and 2A, . In the expository article [3],
Shalev conjectured that Theorem 1 holds for all groups of Lie type.

Conjecture. |3, Conjecture 5.6]. For every word w # 1 there exists a number
N = N(w) such that if G is an alternating group of degree n or a finite simple group
of Lie type of rank n, and |G| > N, then
w(G)| = en™!G,
where ¢ > 0 is an absolute constant.

The main result of our talk is Theorem 2.

Theorem 2. Let w € Fy \ F; and G = PSL;(q). Then there exists a positive
constants N, c¢ depending only on w such that if |G| > N, then

In(n)

n

w(@)] = e—=G].
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IDENTITIES OF KAUFFMAN MONOIDS: FINITE
AXTIOMATIZATION AND ALGORITHMS
M. V. Volkov
Ural Federal University named after the first President of Russia B. N. Yeltsin,
Ekaterinburg
mikhail.v.volkov@yandex.ru

Kauffman monoids were introduced by Temperley and Lieb in their studies on
some problems in statistical physics. Later, they were independently rediscovered as
geometric objects by Kauffman in his work on knot theory. Over the past few years it
turned out that algebraic properties of Kauffman monoids are of interest too. The talk
presents results on equational theories of Kauffman monoids found by the speaker and
his coauthors. We have discovered that, even though these theories admit no finite
axiomatization, there are certain cases in which the identities of Kauffman monoids
can be recognized by polynomial time algorithms.
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N-R.E. DEGREES: A SURVEY OF RESEARCH OF PROF MARAT
ARSLANOV AND HIS GROUP
G. Wu
Nanyang Technological University, Singapore
guohua@ntu.edu.sg

In this talk, I will give a survey of the achievement of Prof Marat Arslanov
and his group in Kazan, with the focus on their work on n-r.e. Turing degrees,
enumeration degrees and Q-degrees. Prof Arslanov has done leading research in
the structure on d.r.e. Turing degrees since the early of 1980s, who first found a
structural difference between r.e. Turing degrees and d.r.e. Turing degrees. After this,
he started an extensive research on the isolation phenomenon in the dre degrees, and
extended his research to the structures of n-r.e. enumeration degrees and Q-degrees
with his students and collaborators. Most of his work is still influential in the society
of computability theorists.

SOME APPLICATIONS OF RECURSION THEORETICAL METHODS
TO SET THEORY
L. Yu
Nanjing University, Nanjing (China)
yuliang.nju@qgmail.com

We prove some results in analysis or descriptive set theory via recursion theoretical
argument.

CTPYKTVYPHI, BBIYNCJIMMBIE SA OTPAHNYEHHOE BPEMA
II. E. AnaeB
Hremumym mamemamuxu um. C.JI. Coboresa CO PAH, Hosocubupck
alaev@math.nsc.ru

B nokiaze mranupyercst 0OCYUTH PsiJT BOIIPOCOB, CBI3aHHBIX C T€OpUEil BHIYNCIIU-
MBIX CTPYKTYP, & TaKzKe CBA3b BBIYUCIUMBIX CTPYKTYP CO CTPYKTYyPaMU, BHIYUCIUMbBI-
MU 3a OT'paHMYeHHOe BpeMsd. B mepByio odepesb B JIOK/Ia/e OyIyT pacCMaTpUBATHCA
IPUMHATHABHO PEKYPCUBHBIEC CTPYKTYPBI U CTPYKTYPBI, BEIYUCIUMBIE 3a I[IOJIMHOMUAIIb-
HOE BpeM4.

OYHKIINN BE3 HEITIOJIBN2KHBIX TOYEK 1N
KOJIMOTI'OPOBCKAS CJIO2KHOCTBH BBIUYNCJIEHUI
M. M. ApciaaHoB
Kasancxut (Ilpusosstceruti) gedeparvronts yrusepcumem, Kazanw
Marat. Arslanov@kpfu.ru

ABTOpOM panee OBLTO BBeJIEHO MOHsATHE (DyHKIUN Oe3 HernmomaBuKHON Touku. OHO,
a TaKKe pas3JndHble 000OIIEHNsT U YTOTHEHUS TOTO MOHATUS OKA3aJUCh MTOJIE3HBIMU
JIJIST OTIUCAHUS IOJTHBIX OTHOCUTEIHLHO Pa3JIUYIHBIX CBOIMMOCTEH KJIaCCOB MHOXKECTB.
Kpowme Toro, uccieioBanus MOCJIeIHAX JIET ITOKa3aJI1, 9TO KJIacChl (DyHKINIT Oe3 Hello-
JIBUZKHBIX TOYEK MOT'YT OBITH OXapaKTePU30BaHbI B TepMUHAX KOJIMOrOpOBCKOIl C10K-
HOCTH.

Moit jok/1a/1 Oy/1eT MOCBSIIEH U3JI0YKEHUIO STUX PE3YJIbTaTOB.
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ITIOJIMHOMUAJIBHOE ITIOJIHBIE KBASUT'PVYIIIIBI 1 X
ITPMNJIOZKEHU A
B. A. ApramoHoB
Mocxkosckuii 2ocydapcmeennnii yrusepcumem umenu M.B. Jlomorocosa, Mockea
viacheslav. artamonov@gmail. com

Haiiyiensr moctaTodnbie yCJ0BUS PACIIO3HABAHUS TTOJTMHOMHUAJILHON MTOJTHOTHI KO-
HEYHBIX KBa3sUTPYII [0 WX JATHHCKUM KBajparaM. BBelleHa KOHCTPYKIHS OUIIPO-
u3BeJleHns KBa3urpyitir. [IpuBejienbl IocTaToYHbIe YCIOBUS, TPU KOTOPLIX OUIIPOU3-
BeJIEHUE TIOJIMHOMHUAJIBHOE MTOJTHBIX KBA3UTPYIIIT SIBJISIETCS TOJTHBIM. JTO TO3BOJISIETCS
CTPOUTH MOJTUHOMHUATBLHOE TIOJTHBIE KBA3UTPYIIIIBI JIIOOOTO IMTOPSIKA, SIBJISIONIETO CTelre-
Hbio 2, Haunnag ¢ 64. Jlokazano, 4To Jiio0yI0 KOHEYHYIO KBA3UTPYIIILY MOYKHO BJIOZKUTD
B IIOJIMHOMHAJILHOE TTOTHYIO. Y Ka3aHbI CIIOCOOBI ITIOCTPOEHNST KPUIITOCUCTEME Ha OCHO-
BaHWU TTOJMHOMHUATBHOE TTOJTHBIX KBA3UT'PYIIIL.

CITAPUBAHUA TNJIBBEPTA I UTHTET'PAJIbHBIE
OYHKIIMOHAJIBI: UCTOPUA, MOTUBUPOBKA U ITIOCJIEITHUNE
PE3YJIBTATHI
C. B. Bocrokos
Canxm-Ilemepbypecruti 2ocydapcmesernnviti ynusepcumem, Canxm-Ilemepbype
sergei.vostokov@gmail.com

['maBHOIT 3a/1a4eit KOHCTPYKTUBHOW TEOPUU I0JIEl KJIACCOB SIBJISIETCS HAXOXKIECHUE
sIBHOW (DOPMYJIBI JIjIt ODOOINEH- HBbIX 3aKOHOB B3amMHOCTHU. Jlamubie dopMysibl ObI-
s mosryuensl B paborax C.B. Bocrokosa [1]. OsHako, moOHUMaHUE TIPUPOJIbI JAHHBIX
dbopmyn (B pamkax coorBercrBusi Beiiis—ApTuHa: sseMeHTB apudMETHICCKIX JI0-
KaJIbHBIX TOJIeHl JTOJIZKHBI OBITH aHaJI0oraMi MepoOMOP(MHBIX (PYHKINN Ha PUMaHOBBIX
[OBEPXHOCTAX) He OBbLIO JIOCTUIHYTO. JaCTHYHOE MPOJBUKEHUE B JAHHOM HAIPAB-
aennn gaét noaxox P. Kombmana 2], KOTOpBI mpe/iosiaraeT paccCMOTPEHHE SBHBIX
dopMyJsT B 9ACTHOM cJIydae Kak perteHnii uddepeHmajbHoro ypaBHEeH!sI, CBA3aH-
HOTO ¢ mHTerpupyemoii cucremoii. Takxke pabora C. B. BocrokoBa m M. A. llBanora
[3] maér cBsa3b stBHBIX hopMmyst ¢ uaTerpasom [IIHUpeTbMana, HHTE- TPAJTBHOTO Ollepa-
TOpa p-aInIeCcKOil CIIeKTPAIbHONI Teopuu. B maHHOM JIOK/Ia/1e JJAHHBIE TTOIXOBI OY/Iy T
oObemHenbl, OyaeT JaHo oObscHeHne (pOPMbI IBHBIX (DOPMYJT UCXOJIA U3 TEOPUU WH-
TerpajbHbIX (DYHKIIMOHAJIOB.
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O CTEIIEHAX TBIOPUHTA ABTOYCTOﬁqHBOQTH
OTHOCUTEJIBHO PASPEIINMBIX ITPEACTABJIEHUU ITIOYTU
IIPOCTBIX MOJEJIEI
C. C. T'onuapos
Hremumym mamemamuxu um. C. JI. Cobosresa CO PAH, Hosocubupck
s.s.goncharov@math.nsc.ru

Jlokma 1 mocB4AIeH mpodaemMe aBTOYCTONIMBOCTH MOJIesiell OTHOCTUTETLHO pas3pe-
mMbIx rpejcrasiennii. A.T. Hyprasunbiv ObLia moJsiydeHa xapakTepu3allus aBTo-
YCTOMYUBOCTH MOJIeJIell OTHOCUTEIBLHO Pa3pelmMbIX TpejicTaBiennii. 113 Teopembl
A.T.Hyprasuna cjemyer, 9T0 aBTOyCTONIMBOCTH OTHOCUTEIHLHO PA3PENIUMBbIX TPEe/I-
CTaBJIEHWII BJI€YET MOYTU IPOCTOTY 3TUX Mojeseil. Borpoc o ciokHOCTH M30MOp-
dusMa pas3MIHBIX pa3permuMbix pejcrasieHuit uccaenaopasica C.C.IoHuapoBbiM
n H.A Baxenoseim. CoBmectro ¢ B.Xapusanosoit 1 P.Mutepom mosyden orser o
HE3aBUCHUMOCTH cTeleHeil ThIopuHTa aBTOYCTOMYMBOCTI MOJIEIEN B TIOJTHBIX Pa3peln-
MBIX TEOPHUAX. ByIyT 00CYK/I€HbI TAK2Ke HEKOTOPBIE JIPYTUe PE3YJILTATHI U OTKPBITHIE
poOJIEMbI TEOPUH PA3PEITUMbBIX MOJIEICH.

O KOPH4AX MHOT'OYJIEHOB HA/I HOPMUNPOBAHHBIMUA
IIOJIAMMN
FO. JI. EpioB
Hnemumym mamemamuru um. C.JI. Coboresa CO PAH, Hosocubupck
ershov@math.nsc.ru

[enzeneBbr HOpMupoBanubie 1osst. O6061eHus jgemMbl [enzesst. CenapaHT mpo-
M3BOJIBHOIO MHOTOUJIeHa. Teopema o HOpMax KopHeil u KoadduimenTon. Teopema o
HeINpepbIBHOCTU KOpHeii. Muorowiensr Bpayna.

ABTOMATHBIE 1 ITPUMUTUBHO PEKYPCUBHBIE
CTPYKTVYPHI
N. 111. KanumysaiauH
Kasancxut (Hpusoasceruti) dedeparvrud ynusepcumem, Kazamnw
tkalimul@gmail.com

B nokiaze Oymer caenan 0030p HeIaBHUX Pe3yJIbTATOB JIOKJIAIINKA U APYTUX KC-
cesIoBaTe el o aBTOMATHBIM U IPUMUTHBHO PEKYPCUBHO TPEJICTABUMBIM ajredpan-
YECKUM CTPYKTypaM, & TaKzKe 10 OIEHKE CJIOXKHOCTH U30MOPQPU3MOB MKy ITPUMIU-
THUBHO PEKYPCUBHBIMHU KOIUSIMH aJaredpandecKux CTPYKTYP.
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JAEPOPMAIINN AJITEBP JIN
M. . Ky3HernoB
Huotcezopodckuti eocydapemeennviti yrusepcumem um. H.H. Jlobavesckozo,
Huotcnuti Hoszopod
kuznets-1349Qyandez.ru, mikhail. kuznetsov@itmm.unn.ru

B nokmajie obcy)1ar0Tcst HOBbIE PE3Y/IbTaThl HCCJIEI0BaHUs JlehopMaliyii aaredop
JIu HaT TTOJIAME MaJIoOl XapaKTEePUCTUKH, CBA3ZAHHBIX ¢ KJIacCu(UKAIIeH ITPOCTHIX aJl-
re6bp JIu. PaccmaTpuBaioTcst OCHOBHBIE KJIACCHI IIPOCTHIX ajredp JIu — kjraccmyeckue
aJIireOpol, aredpol JIn KapTaHOBCKOTO THUIIA, BKJIIOYas HeaIbTEePHUPYIONINE TaMUIBTO-
HOBBI a/IredpwI JIu yeTHOI XapaKTepUCTUKH, IOIyIpocThie aaredps! JIu. [IpuBomgsgrcs
[PUMEPBI HOBBIX MPOCTHIX ajaredop Jlu, Bo3HMKaOMMX Kak J1eOpMAINN U3BECTHBIX
IIPOCTBIX U MOJIYIIPOCTHIX aaredp. 3maraorcst pe3ysibraTsl 00Iel Teopun HeabTep-
HUPYIOIUX MaMUJIBTOHOBBIX ayredOp JIn u ux duibTpoBaHHBIX JgedopMariuii.

OBOBIIEHHBIE I'PVIIIIBI ®PPOBEHINYCA
B. 1. Masypos, /I.B. JIeitkuna, A. X. 2KypToB
UM CO PAH, Hosocubupck; Cubl’Y'TU, Hosocubupck; KBI'Y, Harvuuk

mazurov@math.nsc.ru

IIyctes G — rpymma, F' — eé cobcTBeHHast HeTpuBUAIbHAs MOArpyna. CMeKHBII
kiaacc Fx rpymnst G 1o F' HasbiBaeTCd NpUMApHbLM CMEHCHDM KAACCOM, €CITU BCE
9JIEMEHTHI U3 F'x aBJIAI0TCS p-3JIeMEHTaMU JIJIst OJHOT'O U TOTO K€ IIPOCTOTO IHCIa P,
zapucsiiero or Fu. [lepuogumdeckasa rpymmna G, cojmepaKaiias HETPUBHAILHYIO COO-
CTBEHHYIO HOPMAJIBHYIO MOATrPYIIY £ HasbiBaeTcs 0606wérnmnot epynnoti Opobenuyca
¢ adpom F',eciim Fx gBjsieTcst IpUMAPHBIM CMEXKHBIM KJIACCOM JIJIST JIIOOOTO 3/IEMEHTa,
Fz € G/F upocroro nopska.

OrmernM, aro Jrobast KoHedHast rpyrna Ppobennyca u jobas rpynmna Kamuner [1]
sA0JIAI0TCst 0000IIEHHBIMU TpyTiiamMu Ppobennyca.

Hoka 1 mocBsIén Kiaaccuduranun 0000MmEHHbIX rpyin Ppodbennyca.

[Iycts V' — mosynb Ha g mostem it rpymnbl G . CkaxkeMm, 9TO 15 JJAHHOTO TTPOCTO-
ro dncyia p Moayib V' ssisiercs p'-c60600nvim modyaem (u G neiicrByer p' -c60600mH0
Ha V'), eciim vh # v s moboro 0 # v € V' ou moboro 1 # g € G, aBadA0Ierocs
P’ -37IEMEHTOM, T.€. 9JIEMEHTOM, MOPSIJIOK KOTOPOTO HE JIEJIUTCA Ha P .

Komneunbie coBmajaorniye co CBOUM KOMMYTAHTOM T'PYIIIbBI, Jjisi KOTOPBIX CYIIIe-
crByeT p'-CBOGOJHBIN MOJLY/Ib TIPU HEKOTOPOM P, OIIUCAHBI B [2].

Cretytoruit pe3yibTaT OMUChIBACT KOHEUHbIe 0000mEHHbIe TpyIbl Ppobennyca,
COBITA/IAIOININE CO CBOMM KOMMYTAHTOM.

Teopema 1. Ilycte G — HerpuBmajbHAs KOHedHasi 00600méHHast rpyiina Ppo-
benmyca, corajarorias co ceouM KomMMmytanToM. Torja eé sipo F' HHJIBIIOTEHTHO U
G peiictByer p'-cBoGOAHO Ha KaxkaoM riasHoM pakrope G Buyrpu F' s jro6oro
mmpocroro gucia p, gessiero mopsiaox G/F .

Kpowme toro, cripaBeyiuBo oJ[HO U3 CACAYIONIHX Y TBEPKICHHIL:

(1) F sBisercss p-rpymmoii Jijiss HBKOTOPOTO HEYETHOTO MPOCTOrO IHCIA P, J€JIs-
mero |G : F|, u G/Oy(G) ~ SLy(p*), a > 1.

(2) F sapnsierca 2-rpymmoii u G /Oq(G) mzomopdpua Ly(2%), a = 2, Sz(22°+1)
Ly(229+1) x S2(22+Y) ) (2a+1,2b+1) = 1.

(3) F sBasiercss 3-rpymmoii w G/O3(G) ~ SLy(r), r € RU{7,17}.

(4) F ssrsiercss {3,r}-rpynmoii u G/F ~ SLy(r), r € RU{7,17}.

(5) G/F ~ SLy(5).
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Biece R — MHOXKECTBO BCEX MPOCTBIX YHCEN T, YJOBJIETBOPSIONIUX CJACLYIOIIHM
VCJIOBHSIM:

(a)r=2%-3"+1 mga>2,b>0;

(b) (r+1)/2 — npocroe auciio.

Ecmu bakTop-rpymma konedHoit 0600ménHoi rpynbl PpobeHnyca 110 siapy paspe-
IUMa, TO SJIpO MOXKeT ObITh Hepa3pelIMMbIM, KaK MOKa3bIBaeT IpuMep 0000IMEHHOTT
rpytisl Ppoberuyca ¢ sApoM, H30MOPQHBIM 3HAKOIIEpeMeHHOM rpyTine Ag, 1 dpakTop-
rpymmoii mo sapy nopsizka 2. Tem He MeHee, clipaBeIUBa, CJIEIYIOIIAs

Teopema 2. Eciin pakrop-rpynmna G/F koneunoii 06o6méunoii rpymmsr Ppobe-
muyca G o sapy F' we siBiistercst 2-rpymmoii, To F' pasperinma.

Astopsr 6arogapust mpodeccopy A. C. KongparseBy, oOpaTuBiieMy nx BHUMA-
HUe Ha TPyNbl KaMuHbI.
Jlokya oCHOBAH Ha WCCJIEJIOBAHUSIX, MOIepKaHbiXx rpanTomM PO®U (mpoexr

No. 19-01-00507).

JInteparypa
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2KOPIAHOBBI I'PVIIIIBI

B. JI. Ilomos
Mamemamuueckuti uncmumym um. B.A. Cmexaosa PAH, Mocksa
popovvl @mi-ras.ru

[TonsTue abcrpakTHO *KOPAaHOBOM TpyIbl, BBeienHOoe B 2010 roty, nHCIUPUPO-
BaHO KJaccuieckoit reopemoit 2ZKopana 1878 r. u reopemoit Ceppa 2008 1. Ono okaza-
JIOCh TIJIOJOTBOPHBIM B KOHTEKCTE KJIACCUYECKUX MCCJIEIOBAHUI KOHEYHBIX ITOJIPYIIIT
Py aBTOMOP(MU3MOB PA3INIHBIX T€OMETPUIECKIX 00BEKTOB, BHOCS B 9TH MCCJIE/IO-
BaHUs HOBBIN “‘COIUAJILHBII ACIIEKT, KOTOPbII KAacAeTCsl KaueCTBEHHBIX CBOMCTB BCEX
TaKuX TOJArpymI cpaly. llociemnne rojibl OTMedeHbl 3HAYUTE/IHLHON aKTUBHOCTHIO B
9TOM HAITPABJIEHUMN.

YTO TAKOE YHUBEPCAJIbHAA AJITEBPANYECKAA
FrEOMETPUA?
B.H. PemecaieHHUKOB
Huemumym mamemamury um. C.JI. Coboaesa CO PAH, 2. Omck
vnremesl@gmail. com

HazBanue mpoknamga chopmynupoBarno B ¢dpopme Bompoca. [losromy ok/mazi ecThb
pPa3BEPHYTHII OTBET HA ITOT BOIIPOC.

Jltobas anrebpamyeckas CUCTEMa CBA3aHa C A3bIKOM [, cOCTOSIUM U3 (DyHKIU-
OHAJIBHBIX CHUMBOJIOB, IMPEJIUKATHBIX CUMBOJIOB U CHMBOJIOB KOHCTAHT. [lo #a3bIKy L
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eIMHOOOpa3HbIM c11ocoboM 3ajaercs MuoxkecTBo At (X)), KoTopoe Ha3bIBaeTcs ypas-
HeHWsIMU s13bIKa L. 3aTeM ompeesiorest e Kareropun: kareropus AS(A) amnreb-
pamdeckux MHOKecTB 1 Kareropust C'A(A) KoopauHATHBIX aarebp aarebpandecKux
MHOKECTB. B MOHSATHE yHUBEPCATBHON aredpaniecKoil TeoMeTpur BKJIIOUeHA BCsS CO-
BOKYITHOCTH PE3yJIbTATOB, HAKOIJICHHBIX 110 HACTOSINEE BPEMsl, HAJl PA3JIUIHBIMU AJ-
reOparmIecKuMy CUCTEMaMU 38 paMKaMW KJIACCHIECKON anrebpamdecKoil TeOMeTPHH.
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O CJIO?KHOCTU IIPEJICTABJIEH Y YNCJIOBBIX ITOJIEN
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O6cyzk1a10TCsT PE3YABTATHI O BBIYHCJIUMO IIPEJICTABUMBIX YHCJIOBBIX IMOJISAX U MX
CBA3MU C YIOPSIOYEHHBIM IT0JIEM BCEX BBIMUCIUMBIX BEIIECTBEHHBIX YHCeN. ByIyT Tak-
ZK€ PacCMOTPEHBI BOIPOCHI ITIOJIMHOMAAJIBHON U MPUMUTHUBHO PEKYPCUBHON IIPE/ICTaBU-
MOCTH YHCJIOBBIX TOJIE, & TaKyKe CJI0KHOCTH HEKOTOPBIX aJITOPUTMUYECKUX IIPODJIeM
B COOTBETCTBYIOIINX IIPeICTaBIeHnaX. PaccMaTpuBaemMble BOIPOCHI CBA3AHBI € aJro-
pUTMaMU KOMITBIOTEPHO# aIredphI.
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FACTORIZED GROUPS AND SOLUBILITY
B. Amberg
Johannes-Gutenberg University, Mainz (Germany)
amberg@uni-mainz.de

A group G is called factorized, if G = AB = {ab | a € A,b € B} is the product
of two subgroups A and B of G. In the theory of factorized groups triply factorized
groups of the form G = AB = AM = BM , where M is a normal subgroup of G such
that ANB = ANM = BNM = 1, often play a decisive role. If M is abelian, there is a
one-to-one correspondence of such triply factorized groups with so-called braces. These
are generalized radical rings, which were introduced by W.Rump to study certain set-
theoretical solutions of the Quantum Yang-Baxter equation. In the case that M is
not abelian, triply factorized groups may be constructed using certain near-rings, in
particular local near-rings. This means that many problems about braces and local
near-rings may studied as questions about triply factorized groups, and vice versa.
We will also consider some solubility conditions about factorized groups G = AB,
where the subgroups A and B contain abelian subgroups with small index.

STRUCTURE OF CONCORDANT SEMIGROUPS
P. A. Azeef Muhammed
Ural Federal University, Ekaterinburg (Russia)
azeefp @gmail.com

Semigroups are natural, yet rather general algebraic objects. Hence structure
theorems of semigroups are quite elusive and often provided using partially ordered
sets, semilattices, groups, groupoids, small categories etc. as the basic building
blocks. Cross-connection theory provides the construction of a semigroup from its
ideal structure using two associated small categories. Concordant semigroups were
introduced and studied by Armstrong as generalisations of regular semigroups. In
this talk, we discuss how the categories arising from the generalised Green relations
in the concordant semigroup can be characterised as consistent categories and describe
their interrelationship using cross-connections. This leads to a category equivalence
between the category of concordant semigroups and the category of cross-connected
consistent categories. This is a joint work with K.S.S. Nambooripad and P.G. Romeo.

DP-RANK IN DIFFERENT CLASSES OF THEORIES
B. S. Baizhanov, A. Mukankyzy
Institute of Mathematics and Mathematical Modeling, Almaty (Kazakhstan);
FEurasian national university, Nur-Sultan (Kazakhstan)
baizhanov@math.kz, amukankyzy@gmail.com

In this article we will give a notion of a family of relations of equivalence of
depth n and consider theories of dp-rank w and infinity. We will use the properties of
superstability and independence introduced by S. Shelah and dp-rank, from P. Simon’s
article.
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Definition 1. A formula ¢(Z,y) has the independence property if for every n < w
there are sequences a,(I < n) such that for every w C n,

= (Hf)[/\ P(Z, @)iew]-

l<n

T has Independence property (IP property) if some formula ¢(z,y) has
independence Property.
Theorem 1. The following are equivalent.
(1) T is superstable , i.e. stable in every large enough X\ (in fact A > 2/71).
(2) T is stable in some A for which A7 > \.
(3) R'v =, L, 2")™] < |T|*.
(4) For some m < w, R™(z =z, L,0) < co.
(5) T is stable and D'(x =z, L, |T|*") < |T|".
(6) T is stable and for some m < w, D™(Z =z, L, 00) < 00.
From this theorem it follows that, if the countable theory T is superstable, then in
T does not exist inifinitly branching tree of formulas with one formula in each level.
Definition 2. A theory T has dp-rank > n, if there are formulas
@12(x, ¥),02(2,9), ..., 0n(z,y) and mutually indescernible sequences (a})iw,

(@7 )icw -+, (@} )i<w, such that for any function o : {1,...,n} — w the type

{en(@,apuy) b <npU{-pu(r,a7) 1i # o(k), k < n}

is consistent.
Definition 3. A theory T has dp-rank w, if for any n < w T has dp-rank > n.
Proposition 1. There exists an w-stable theory with dp-rank w.
Definition 4. A theory T has dp-rank infinity, if there is countable set of formulas
o1(, %), p2(x,7), ... and mutually indescernible sequences (a});<.,

(@7 )i<w, - - - such that for any function o : w — w the type

{on(z,alyy)  k <SwlU{-gp(z,af) :i # o(k), k < w}

is consistent.
Theorem 2. If theory T has dp-rank infinity, then T is non-superstable.
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A NOTE ON UNDECIDABILITY OF MODAL DEFINABILITY
P. Balbiani, T. Tinchev
Institut de recherche en informatique de Toulouse, CNRS — Toulouse University
France; Sofia University St. Kliment Ohridski, Sofia, Bulgaria
Philippe. Balbiani@irit.fr, tinko@fmi.uni-sofia.bg

Introduction. Let C be a class of relational structures and let £; and L, be
languages. Suppose that any structure from C gives semantics for the formulas
from any of the languages £; and L. Then a formula A from £; is called L,-
definable if there exists a formula ¢ from £, such that A and ¢ are valid on the
same structures from C. A typical important case is when C is a class of Kripke
frames, i.e. tuples of the type (W, R), where W # & and R C W x W; L; is
the first-order language with equality and a binary predicate symbol Rg; Ly is the
propositional modal language. In this case, for a first-order sentence A we simply
say that A is modally definable. The modal definability problem—given a first-order
sentence A, decide whether it is modally definable—and, respectively, the first-order
definability problem have a long story of investigation, see, e.g., |3, 4] and references
therein. For the algoritmic projection of the both above mentioned problems one can
consult [5-7|. In fact, using Minsky machines technics Chagrova proved the famous
theorems saying that modal and first-order definability problems are undecidable in
the case of intuitionistic propositional formulas when C is the class of all Kripke
frames. In [6, 7] in a very clear way these technics are applied to the modal language.
Nevertheless, it is not clear how to modify their proofs in the case of specific classes
of frames, especially when the relation is symmetric.

In [2] it is proven that if a class of frames C is stable (the definition is given in the
next sections) then the problem of deciding the validity of sentences in C is reducible
to the problem of deciding the modal definability of sentences with respect to C. This
theorem allows to prove undecidability of the modal definability problem in various
classes of frames. Moreover, there it is remarked that the claim remains true if the
modal language is replaced by a language that contains a formula that is valid in no
frame from C and satisfies one model theoretic condition (see below). Here we make
use of this observation to prove that in several important for point-free topology cases
the adequate definability problem is undecidable.

Contact logics language (CLL). A widely accepted opinion is that the Boolean
contact algebras, for brevity contact algebras (CA), are appropriate algebraic
structures about Whiteheadean approach to point-free topology (see [8, 11]). Contact
algebra is a Boolean algebra with binary predicate Cg, (B,0,1,M,U, *, Cp), satisfying
the following conditions:

1. =Cg(0,2); 2. z # 0 — Cp(x,x); 3. Cp(x,y) — Cp(y,x); 4. C(z’ Uz" y) <
Cp(a',y) vV Cp(2",y) for any z, 2’2",y € B.

A typical CA arises from a topological space 7 as follows: the Boolean
algebra of all regular closed sets RC(7) with the binary predicate C7 such
that C7(a,b) <= anb# &. (Remark that the meet M is not the set theoretic
intersection from the definition of C'r.)

Another examples for CA come from reflexive and symmetric Kripke frames.
Let § = (W,R) be a Kripke frame with reflexive and symmetric R. If
in the Boolean algebra of all subsets of W the predicate Cg is defined by
Cgr(a,b) <= (Jx € a)(3y € b)(xRy) then we obtain a CA denoted by CA(W, R).

The quantifier-free fragment of the first-order language without equality
corresponding to CA is called CLL. That is, the language CLL has a denumerable set
Var of Boolean variables, p, ¢, ...; Boolean terms a, b,... and formulas ¢, ¥, ...
defined as follows:

a:=p|0[1]amblatbla® ¢:=T|L[(a<b)|[C(a,b)]-¢]|(pVV)
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Let B = (B,0,1,M,U,% Cg) be a CA. A valuation in B is a function
v: Var — B. The value v(a) of a Boolean term « is defined in a standard way. The
relation (B,v) = ¢ is defined in a usual way starting from the atomic formulas:
(B,v) = (a <b) <= v(a) <gv(b) and (B,v) = C(a,b) <= Cg(v(a),v(b)). We
say that ¢ is valid in B, denoted by B |= ¢, if for every valuation v in B, (B,v) = ¢.
A formula ¢ is valid in a reflexive and symmetric Kripke frame (W, R) if ¢ is valid in
CA(W, R). For more details the reader is invited to consult [1] and to see how CLL
can be considered as a fragment of the propositional modal language with universal
modality.

Let us define the binary relation < between reflexive and symmetric Kripke frames
as follows:

(Wi, Ry) 2 (Wa, Ry) <= for any ¢ if (Wi, Ry) [= ¢ then (Ws, Ro) |= .

In [1] it is proven that (Wy, Ry) < (Wa, Ry) whenever (Ws, Rs) is a p-morphic
image of (Wi, Ry), i.e. whenever there exists a surjective f : W; — W5 such that
for all z,y € Wy, (1) aRiy = f(z)R2f(y) and (2) f(2)Raf(y) = Fz: 3y (f(2) =
= f(2)&f(y) = f(y1)&z1Riy).

CLL-stable class of frames. Let C be a class of reflexive and transitive Kripke
frames. C is said to be CLL-stable if there exists a first-order formula A(Z,z) and
there exists a sentence B such that

(a) for all frames § in C, for all lists 5 of worlds in § and for all frames §', if §’
is the relativized reduct of § with respect to A(Z,z) and 5 then §' is in C;

(b) for all frames §o in C, there exists frames §, § in C and there exists a list
s of worlds in § such that Fq is the relativized reduct of § with respect to A(ZT,x)
and 5, §E B, §F £~ B and § 7.

Now, from [2] it follows that if a class C is CLL-stable then the problem of
deciding the validity of sentences in C is reducible to the problem of deciding the
CLL-definability of sentences with respect to C. .

Let C, be the class of all reflexife and symmetric Kripke frames and C[%" be the

class of all finite frames from C, ;. Let C, ;. and C/™ be the corresponding classes of

T,8,C
frames connected in graph theory sence. 4
Theorem. The classes C, s, clin Crs.c and C/i"  are CLL-stable.

As a corollary we obtain our main result appi};ing results from [10], [9] and an
appropriated lemma. '
Corollary. The CLL-definability of first-order sentences with respect to C, 4 (CI"

Crse, CLi) is undecidable problem. Moreover, in the case of CI'* (CIi".) it is co-r.e.-
hard.

Acknowledgments. Thanks are due to Bulgarian National Science Fund,
contract DN02/15/2016.
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ON 7-ESSENTIALLY INVERTIBILITY OF 7-MEASURABLE
OPERATORS, AFFILIATED WITH A SEMIFINITE VON NEUMANN
ALGEBRA
A. M. Bikchentaev
Kazan Federal University, Kazan (Russia)

Airat. Bikchentaev@kpfu.ru

Let M be a von Neumann algebra of operators on a Hilbert space H and 7
be a faithful normal semifinite trace on M. Let I be the unit of the algebra M.
A T-measurable operator A is said to be T-essentially right (or left) invertible if
there exists a 7-measurable operator B such that the operator I — AB (or I — BA)
is 7-compact [1] (for M = B(H) and 7 = tr, the canonical trace, see [2]). A necessary
and sufficient condition for an operator A to be 7-essentially left invertible is that A*A
(or, equivalently, v/ A*A) is 7-essentially invertible. We present a sufficient condition
that a 7-measurable operator A not be 7-essentially left invertible. For 7-measurable
operators A and P = P? the following conditions are equivalent:

1. A is T-essential right inverse for P;

2. A is T-essential left inverse for P;

3. 1 — A, I — P are T-compact;

4. PA is T-essential left inverse for P.

For 7-measurable operators A = A3, B = B? the following conditions are
equivalent:

1. B is 7-essential right inverse for A;

2. B is T-essential left inverse for A.

Pairs of faithful normal semifinite traces on M are considered.
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ON ALGEBRAS OF RELATIONS WITH ONE OF ASSOCIATIVE
PRIMITIVE-POSITIVE OPERATIONS
D. A. Bredikhin
Saratov State Technical University, Saratov (Russia)
bredikhin@mail.ru

Let Rel(U) be the set of all binary relations on a base set U. A set of binary
relations @ C Rel(U) closed with respect to some collection € of operations on
relations forms an algebra (®,€2) called an algebra of relations. Theory of algebras
of relations is an essential part of modern algebraic logic [1] and has important
applications in theory of semigroups [2].

Denote by R{Q} the class of all algebras isomorphic to the ones whose elements are
binary relations and whose operations are members of Q. Let V{Q} be the variety and
let Q{Q2} be the quasi-variety generated by R{Q}. The following problems naturally
arise when the class R{)} is considered.

1. Find a system of axioms for the class R{{}.

2. Find a basis of quasi-identities for the quasi-variety Q{Q}.
3. Find a basis of identities for the variety V{Q}.

4. Does the class R{Q)} form a quasi-variety?

5. Does the quasi-variety Q{2} form a variety?

Numerous studies have been devoted to solving these problems for various classes
of algebras of relations. The first mathematician who treated algebras of relations
from the point of view of universal algebra was A.Tarski [3]. He considered algebras
of relations (Tarski’s algebras of relations) with the following operations: Boolean
operations U,N,~ ; operations of relational product o and relational inverse ~!;
constant operations A (diagonal relation), () (empty relation), V = U x U (universal
relation). He showed that the class R{o, ', U,N, 7, A, (), V} is not a quasi-variety and
the quasi-variety generated by this class forms a variety [4]. R.Lyndon [5] found the
infinite base of this variety and J.Monk [6] showed that it is not finitely based.

Operations on relations are usually determined using first-order predicate calculus
formulas. Such operations are called logical. A logical operation is called primitive-
positive 7| (in other terminology — Diophantine operations [8,9]) if it can be defined by
a formula of the first-order predicate calculus containing in its prenex normal form only
existential quantifiers and conjunctions. Note that the set-theoretical inclusion C is
compatible with all primitive-positive operations. Thus, any algebra of relations with
primitive-positive operations (®,€2) can be considered as partially ordered (®,, C).
The corresponding abstract class of partially ordered algebras will be denoted by
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R{Q,C}. The variety and the quasi-variety generated by the class R{Q, C} will be
denoted by V{Q, C} and Q{2, C} respectively. Problems 1 — 5 for the class R{Q2, C}
are formulated in the same way.

It is interesting to study algebras of relations with a binary operation, i.e.,
groupoids of relations [10,11]. We concentrate our attention on the following binary
primitive-positive operation * on Rel(U) that we will treat as the operation of
reflexive product and define in the following way:

p*o={(u,v): (Fw)(u,w) € pA (w,v) € a}.

It is easy to verify that this operation is associative, i.e., algebras of relations of the
form (®, x) are semigroups. The main results are formulated in the following theorems.
Their proofs are based on the description of quasi-equational theories of algebras of
relations with primitive-positive operations [§].

A partially ordered semigroup is an algebraic system (A,-, <), where (A,-) is
a semigroup and < is a partial order relation on A that is compatible with
multiplication, i.e., x <y implies xz < yz and zx < zy for all z,y,z € A.

Theorem 1. The quasi-variety QQ{*, C} forms a variety in the class of all partially
ordered semigroups. A partially ordered semigroup (A,-,<) belongs to the quasi-
variety QQ{x, C} if and only if it satisfies the identities:

?y=uxy (1), zy’ =wy (2), ayz=uzzy (3), zy <z’ (4).

Theorem 2. The class R{x,C} does not form a quasi-variety. For a partially
ordered semigroup (A, -, <) the following three conditions are equivalent.

1. (A,-,<) belongs to the class R{x,C}.
2. One of the following conditions holds:
a) (A,-, <) satisfies the identity xy = z* (5);

b) (A,-, <) contains the zero element o and satisfies the axioms: y*> # o =
= zy =2a? (6), o< x (7).

3. (A,-, <) satisfies the axioms: vy = 2*Vyz = zy = y* (8), 2y = yr = v =
= 22 <2 (9).
Corollary 1. The quasi-variety Q{x} forms a variety. A semigroup (A,-) belongs
to the quasi-variety Q{x} if and only if it satisfies the identities (1) — (3).

Corollary 2. The class R{x} does not form a quasi-variety. For a semigroup (A, -)
the following three conditions are equivalent.

1. (A,-) belongs to the class R{x*}.
2. One of the following conditions holds:

a) (A,-) satisfies the identity (5);
b) (A,-) contains the zero element o and satisfies the axiom (6).

3. (A,-) satisfies the axiom (8).
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THE LEFT-SHIFT APPROXIMATING K-ARY GCD ALGORITHM
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Computing greatest common divisor (GCD) is the one of the oldest problem in
mathematics. Euclidian algorithm is the oldest gcd algorithm. It is based on the
following recurrent formula ged(u,v) = ged(v,u mod v), which is applied until the
second argument is not null.

The k-ary ged algorithm was proposed by Sorrenson. He described right-shift and
left-shift versions of k-ary ged algorithm [1]. It is based on the following recurrent
formula ged(u,v) = ged(v, Z4Y) | which is applied until the second argument is not
null. The special case of the right-shift k-ary ged, that called “generalised binary
ged”, was proposed independently by Jebelean and Weber |2, 3|, another version was
described by Sorenson [5].

Let k>1,s>1,e>0, u=>wv>0 be integers, k, s be algorithm parameters.
u, v have no common divisors with k. The main idea of a right-shift k-ary ged is
to find small coefficients z, y: zu 4+ yv = 0 mod k. The main idea of a left-shift
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k-ary ged is to find coefficients z, y: ”—58 R %, vk® < u < vk, Ishmukhametov

was introduced approximating k-ary ged [4]. In this article we introduce left-shift
approximating algorithm LSAPGCD. The makeodd(x) function makes the number

odd. The findab(u,v, k) function returns two pairs of coefficients (a,b), (c,d): %= ~

~ ¢ ~ ¢, that are used in two reductions in the LSAPGCD algorithm. We use

Farey series to find the best approximation of the % fraction.

Algorithm 1 LSAPGCD(u,v,k,s)

while wv # 0 do
if u < v then
(,0) = (v,0)
end if
t = [logy v] — s|logy (k)|
u' = |u/2'], v = |v/2]
if 4 >k+1 then
u=u—|u/v|v
else
v = v'k® where v'k¢ < u' < v'EeH!

@ b) = findab(u', V', k)

c d
u = makeodd(|bvk® — aul)
v = makeodd(|dvk® — cul)
end if
end while

Consider reduction in a single iteration. Modular reduction is [logyu| + 2 > u >

> —4 — > L > % Due to the Sorenson‘s theorem left-shift k-ary reduction is
u mod v v—1 v

m > k + 1. Therefore, it is possible to compare the lower bounds of reductions

by choosing one or another algorithm depending on the current situation. If we want
to refuse of long division %, we can use approximating value % like in the listing of
LSAPGCD algorithm. Also we can compare difference of the Ubinary length of input
numbers u, v: |logy(u)] — [logy(v)] = k+1. But it is a more rough estimate. Instead

of using modular reduction, we can use the dmod operation [3].
W

In the begining of the findab function we approximate the value of 7. We construct
the Farey series of order k. Like in the right-shift approximating gecd algorithm we

/ . . .
compute z = %. If z > 2, take subinterval [—=;21] otherwise, take subinterval
u ) 2410 z ) )
[2%; 725]. In both cases the chosen interval contains % . So, we find interval (B, Z—E)
v pL Pl v p 1 v Py 1 :
that 7 € (&, ql+1). If |5 -2 > D OF 1% ql+1| > oy then we find mediant
fq ] P41 pL PitPit : PItPI+1 Plyl
of this interval 22241 and choose left part (2, 2oLy or right part (2024 Pl
Q+qi41 p , (QL D qitqi41 ) ght p (tIz+lJl+1 Qi1 )
of the first interval depending on where ¥ is included. We repeat this process until
v DL 1 v’ Pi41 1 v DL 1 v’ Dit1
- —— or |&§ — 2= — = If |% -2 < —/— and |& — 2| <
o’ a = q(k+1) o’ Q41 = Qi1 (k+1) |U’ (Il| = g (k+1) |U’ !Il+1| =
2 a

) then we have result matrix, for example > Usage of

1
Qi1 (k41 DLt D+ @t Qe
successive Farey fractions does not lead to accumulation of spurious factors, because

for two successive Farey fractions 2, Z;—i we have pigii1 — priq =1 (6], [7].

Theorem. Let <CCL Z) is a result matrix of the findab function and v > v > 0,

k > 2 are natural numbers. Then gcd(u,v) = ged(au + bv, cu + dv).
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Algebras of binary formulas were studied in a series of papers both in general
case |1-3] and for theories of ordered structures [4-7].

We consider both compositions of structures and compositions of theories, for
discrete linear orders and given structures, as well as related algebras.

Let U = U~ U{0}UU™" be an alphabet consisting of a set U~ of negative elements,
a set U of positive elements, and zero 0. As above we write u < 0 for any element
we U™, u>0 for any element u € U", and u-v instead of {u}-{v} considering an
operation - on the set P(U) \ {<}.

A groupoid B = (P(U)\{@}; ) is called an I -groupoid if it satisfies the following
conditions:

e the set {0} is the unit of the groupoid ;

e the operation - of the groupoid ‘P is generated by the function - on elements
in U such that every elements u,v € U define a nonempty set (u-v) C U: for any
sets X, Y € P(U)\ {@} the following equality holds:

X-Y:U{x-y|x€X,y€Y};

e if u < 0 then the sets u-v and v-u consist of negative elements for any v € U;
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e if w > 0 and v > 0 then the set u - v consists of non-negative elements;

e for any u > 0 there is a unique inverse element ! > 0 such that 0 € (u-u=')N
N (u™-u);

e if a positive element u belongs to a set v; - v then u™" belongs to vy - vy t;

e for any elements wuq,us, uz € U the following inclusion holds:
(Ul 'Uz) “uz 2 uq (U2 : U3),

and the strict inclusion
(Ul : 'LLQ) c U3 D U - (UQ : Ug)

may be satisfied only for u; < 0 and |ug - uz| > w;

e the groupoid P contains the deterministic subgroupoid ‘Bio (being a monoid)
with the universe P(UZ")\ {@}, where U7 = {u € U?® | u~' - u = {0}}; and any
. . >0
set u - v is a singleton for u,v € U7 .

Let M and N be structures of relational languages Y, and X, , respectively.
We define the composition MN] of M and N satisfying Yupn = Xam U
MI[N] = M x N and the following conditions:

1)if Re Xap\En, u(R) =n, then ((ai,b1),...,(an, b)) € Raqnq if and only if
(@1,...,a,) € R

2)if Re Xn\Xm, w(R) =n, then ((a1,01),...,(an,bn)) € Ryqpaq if and only if
a;=...=a, and (by,...,b,) € Ry;

3)if Re Zpm Ny, u(R)=n, then ((a1,b1),...,(an,by)) € Raqnq if and only if
(a1,...,a,) € Ry, 0r ap = ... = a, and (by,...,b,) € Ryr.

The theory T' = Th(M|N]) is called the composition Ti[T3] of the theories T} =
= Th(M) and Ty = Th(N).

By the definition, the composition M[N] is obtained replacing each element of
M by a copy of N.

The composition M[N] is called FE-definable if M[N] has an {)-definable
equivalence relation F whose E-classes are universes of the copies of N forming
M[N]. By the definition, each FE-definable composition M|N] is represented as a
E-combination [8] of copies of N/ with an extra-structure generated by predicates on
M and linking elements of the copies of N .

Notice that compositions preserve the transitivity of theories. Besides, if the
composition M[N] is E-definable then the theory Th(M[N]) uniquely defines the
theories Th(M) and Th(N), and vice versa.

Let A be a positive cardinality, M, = (M), <) be a discrete linearly preordered
set obtained from M = (Z; <) by replacements of all elements by antichains A having
the same cardinality .

Clearly, the theory T, = Th(M,) is transitive, i.e., has unique 1-type.

The structure M, is linearly ordered if and only if A = 1. In such a case the
algebra P of binary isolating formulas for the theory Th(M) is generated by the
monoid P}, = (Z; +) assuming that all labels for Z are non-negative.

Now we put isomorphic structures A, with a transitive theory, on each antichain
A of M,. The obtained structure is the E-definable composition M[N] having
a transitive theory. It can be considered as a variant of transitive arrangements of
structures [9].

It was shown in [1, 2| that each algebra P of binary isolating formulas of a fixed
isolated type is an [I-groupoid with non-negative labels and it can be realized by a
structure A, with a transitive theory, using a syntactic generic construction.
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Considering the compositions M[N], we obtain the following:

Theorem. For any [-groupoid B, consisting of non-negative labels, there is a
theory T with a type p € S(T) and a regular labelling function v(p) such that

spr/(p) = mZ [sp] :

This research was partially supported by Committee of Science in Education and
Science Ministry of the Republic of Kazakhstan (Grant No. AP05132546), Russian
Foundation for Basic Researches (Project No. 17-01-00531-a), and the program of
fundamental scientific researches of the SB RAS No. I.1.1, project No. 0314-2019-
0002.
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This paper aims to investigating some extensions of a quasi isometries on Hilbert
spaces.

Quasi isometries and partial isometries provide an extensively studied extension
of isometries. They have played significant role in structural study on Hilbert space
operators. In the present paper we study some extensions of notion of n-quasi isometry
on Hilbert space the definition of which is given below.

Definition 1. A bounded linear operator T is called a quasi isometry if 7**72 =
=TT.

Definition 2. A bounded linear operator T is called a n-quasi isometry if
" =T*T.

Definition 3. A bounded linear operator 7' is called a quasinormal operator if
operator 1" commutes with T*T.

Definition 4. A bounded linear operator T is called a partial isometry if TT*T =
=T'. In this case T*T and T'T™ are projections.

It is clear that every isometry is a quasi-isometry, whereas an idempotent opertor is
a quasi-isometry but need not to be an isometry. On the other hand, a quasi isometry
which is an m-isometry turns out to be an isometry.

Proposition 1. Let T' be a n-quasi isometry (T*"T" = T*T') (n > 1). Then T
is a partial isometry.

Proposition 2. If T' is a n-idempotent operator. Then T is a n-quasi isometry
(n>1).

Theorem 3. Let T' be a n-quasi isometry (T*"T™ = T*T ) (n > 1). Then T* is
a m-quasi isometry (k> 1).

Theorem 4. Let T be a n-quasi isometry (T*"T" =T*T) (n > 1). If T is a
compact operator, then T is a finite-dimensional operator.

Theorem 5. If T is a 2-idempotent operator. Then T is a n-quasi isometry,
where (n > 3).
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LATIN SQUARES OVER QUASIGROUPS
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A finite quasigroup is a pair (@, f) where @) is a finite set and f is a binary
operation on @ such that for any a,b € @ equations f(z,a) = b and f(a,y) = b
are solvable. Thus all rows and columns of the Cayley table are permutations; such
tables are called Latin squares. Obviously a Latin square defines a Cayley table of
some quasigroup.

Latin squares are a promising structure from cryptographic point of view. Shannon
proved that a Latin square-based tabular substitution cipher is perfectly secure [1].
Currently there exists a large number of more practical cryptographic primitives
(symmetric and public key ciphers, hash functions) based on Latin squares (see e.g.
the survey [2]). Cryptographic applications require the ability to generate a large
number of Latin squares (i.e. to make key space rich enough) with “good” properties
(e.g. polynomial completeness that guarantees NP-hardness of solving equations on
key bits, and absence of Latin subsquares that guarentees that the corresponding
transformation will not degrade; algorithms for detection of polynomial completeness
are studied e.g. in [3]; we focus on subsquares).

V. A. Nosov proposed a construction for generation of Latin squares of order 2",
n € N ( [4]). In this case rows, columns and entries of a Latin square can be identified
by Boolean n-tuples encoding the number (enumeration starts from 0). Thus matrix
representation can be substituted with a functional one:

zi = Fi(x1, .., Tny Y1y ooy Un), (1)
i=1,...,n, where (z1,...,2,) is an element of the Latin square at the intersection
of the row (z1,...,x,) and the column (y1,...,y,), Fi,...,F, are 2n-ary Boolean

functions. Consider the case

Fi=2,0y ® G (mi(z1,11), -, Tn(Tn, Yn)) (2)

where 7y,...,m, are some binary Boolean functions. We say that the system
(G, ...,Gy) is proper if for any two distinct n-tuples (sy,...,s,) and (t1,...,t,) there
exists a position i, 1 < i < n, such that s; # ¢;, but Gi(sq1,...,8,) = Gi(t1,...,t,).
The definition directly implies that the ith variable is dummy for G;. Relations (1),
(2) determine a Latin square for any choice of m,...,m, if and only if the system
(g1,---,9n) is proper ( [4]). Nosov and Pankratiev showed that the criterion holds
if the order is k™ for some k € N, the operation @ is replaced with addition in
some Abelian group of order k, and Boolean encoding and functions are replaced
with encoding and functions of k-valued logic ( [5]). Thus a single proper family can

generate up to (k'“2> Latin squares. However as it will be shown below all such

squares contain a subsquare of order 1 (or equivalently every quasigroup defined by
such Latin square contains a subquasigroup of order 1).

The construction can be further extended in the following way. Suppose @ is a
finite set, Q@ = {0,....,k — 1}, n € N, (@, f1),...,(Q, fn) are quasigroups. Rewrite
the relation (2) in the following way:

Fy = fi(@i, fi (i, Gi (mi(z1,91)5 s (@0, Yn))) (3)

it=1,...,n, where 7,...,m, are binary k-valued functions, G; are n-ary k-valued
functions. The following assertion holds.
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Theorem 1. Relations (1), (3) specify a Latin square for any choice of 7y, ..., m,
if and only if the family (G, ...,G,) is proper.

Remark. The assertion of Theorem 1 remains valid for any arrangement of
parentheses in the right-hand side of (3).

Remark. The construction is unimprovable in a sense, i.e. if some f; are not
quasigroup operations then it is impossible to construct (Gy,...,G,) such that the
resulting operation is a quasigroup one for arbitrary my, ..., T,.

Theorem 2. Suppose that (Q, f1),...,(Q, f.) are groups. Then for any proper
family (Gy,...,G,) and any choice of m,...,m, the quasigroup specified by the
relations (1), (3) contains a unique subquasigroup of order 1.

Theorem 3. Suppose that k = 2. Then for any proper family (G, ...,G,) and
any choice of 7y, ...,m, the quasigroup specified by the relations (1), (3) contains a
unique subquasigroup of order 1.

N O =

2 0

Note that for the case kK = 3, f; defined by the table ( 1 2 ) there are no
01

subquasigroups.

A family of functions (Gy,...,G,) is called triangular if variables and functions
can be consistently renumbered so that variables z;,...,z, are dummy for G;, i =
= 1,...,n. In particlular GGy is a constant. It can be easily seen that all triangular
families are proper. Inversely, a proper family of order 1 (i.e. a single constant) is
obviously triangular. The same result holds for the case n = 2.

Lemma. Suppose that n = 2. Then any proper family is triangular.

If a Latin square is generated by group operations and a triangular proper family
then it contains a large Latin subsquare.

Theorem 4. Suppose that (Q, f1),...,(Q, f,) are groups, (Gi,...,G,) is a
triangular family. Then for any choice of m,...,m, the quasigroup specified by the
relations (1), (3) contains a subquasigroup of order k™~1.

Theorem 5. Suppose that k = 2, (Gy,...,G,) Is a triangular family. Then for
any choice of my,...,m, the quasigroup specified by the relations (1), (3) contains a
subquasigroup of order 2"~ 1.

Remark. The example presented above shows that the assertion does not hold in
the general case.

Piven ( [6]) proposed a construction that allows one to obtain additional Latin
squares by applying permutations to indices of x; and y; in (3). Exhaustive search
in case k = n = 2 showed that there exist quasigroups free of subquasigroups (e.g.
class 24 in [6]) and quasigroups with several subquasigroups of order 1 (e.g. class 22

in [6]).
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All considered groups are finite and G always denotes a finite group. The symbol
7(G) denotes the set of all primes dividing the order of G. Two groups A and B are
called isoordic if |A| = |B|.

In what follows, ¢ is some partition of the set of all primes P, that is,
o ={ojli € I}, where P = (J,c; 0 and o; No; = 0 for all i # j, and we put,
following [1], o(G) = {oilo; N 7(G) # 0}. G is said to be o -soluble [1] if every chief
factor H/K of G is o-primary, that is, H/K is a ¢;-group for some i = i(H/K).

Recall also that a subgroup A of G is called o-subnormal in G [1] if it is N, -
subnormal in G in the sense of Kegel [2], that is, there is a subgroup chain

A=A <A< <A, =G

such that either A; 1 < A; or A;/(A;_1)a, is o-primary for all i =1,...,n.

We use i,(G) to denote the number of classes of isoordic non-o -subnormal
subgroups of G.

Note that in the classical case when o = o' = {{2},{3},...} (we use here and
below the notation in [3]), G is o!-soluble if and only if G is soluble and a subgroup
A of G is o'-subnormal in G if and only if it is subnormal in G'. In the other classical
case when o = o™ = {m, 7'}, G is o™ -soluble if and only if G is m-separable and a
subgroup A of G is ¢"-subnormal in G if and only if there is a subgroup chain

A=A <A< <A, =G

such that either A; ; is normal in A; or A;/(A;_1)4, is a m-group or a 7’-group for
all # =1,...,n. In the theory of m-soluble groups (7 = {p1,...,pn}) we often deal
with the partition o = o'™ = {{p1},...,{pn}, 7'} of P, and G is ¢'"-soluble if and
only if G is w-soluble. Note also that a subgroup A of G is ¢'™-subnormal in G if
and only if there is a subgroup chain

A=A <A< <A, =G

such that either A; 1 < A; or A;/(A;_1)a, is a 7’-group for all i = 1,... n, that is,
A is §-subnormal in G in the sense of Kegel [2], where § is the class of all 7’-groups.
The o-subnormal subgroups have found applications in the analysis of many open
questions (see, in particular, the recent papers [1], [3]- [11] and the survey [12]). In [13],
we prove the following criterion of o-solubility of finite groups.
Theorem 1 [13, Theorm 1.2]. If i,(G) < 2|0(G)|, then G is o-soluble.
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As an application of Theorem 1, we get from this result in the case when o =
=o' = {{2},{3},...} the following criterion of solubility.

Corollary 1. If the number of all classes of isoordic non-subnormal subgroups of
G is at most 2|w(G)|, then G is soluble.

The following special case of Corollary 1 is the main result in [14].

Corollary 2 (Lu, Meng [14, Theorem 1.1(1)]). If the number of conjugacy classes
of non-subnormal subgroups of G is at most 2|7(G)|, then G is soluble.

In the case when o = 0™ = {7, 7'}, we get from Theorem 1 the following result.

Corollary 3. If i,~(G) < 4, then G is m-separable.

In the case when o = o' = {{p1},...,{pn}, 7}, we get from Theorem 1 the
following

Corollary 4. If i,i-(G) < 2|6'™(G)|, then G is m-soluble.

Recall that G is said to be o -decomposable (Shemetkov [15]) or o -nilpotent (Guo
and Skiba [16]) if G = G; x ... x G,, for some o-primary groups G4, ...,G, . Note
that in the case when o = o' = {{2},{3},...}, G is ol'-nilpotent if and only if G
is nilpotent. In the case when o = o™ = {m, 7'}, G is o™ -nilpotent if and only if
G is w-decomposable, that is, G = O,(G) x O (G). Note also that if 0 = ¢! =
= {{pl} Apn}, 7'}, G is o'™-nilpotent if and only if it is 7 -special [17], that is,

Opl(G) X - x Op, (G) x Op(Q).

From Theorem 1 we get also the following criterion of o-nilpotency (see
Theorem 1.7 in [13]).

Theorem 2. If i,(G) < |0(G)| — 2, then G is o -nilpotent.

Note that the restrictions on i,(G) in Theorems 1 and 2 cannot be weakened. For
Theorem 1 it follows from the example of the alternating group of degree 5 in the
case when o = {{2}, {3}, {5},{2,3,5}'}. For Theorem 2 it follows from the example
of the symmetric group of degree 3 where o = {{2},{3},{2,3}'}.
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By the classical Hewitt-Marczewski-Pondiczery theorem the Tychonoff product of
2“ many separable spaces is separable.

We consider the problem of the existence in the Tychonoff product of 2 many
separable spaces a dense countable subset, which contains no nontrivial convergent in
the product sequences and therefore is sequentially closed.

The first result was proved by W.H. Priestley. He proved [4] that such dense set
exists in the Tychonoff product of 2 many closed unit intervals.

For our constructions we use independent matrices of subsets, defined by J. van
Mill [3]. The notion of the independent matrix generelizes the classical notion of the
independent family of sets.

Using indepependent matrices we prove the following.

A countable dense set, which contains no nontrivial convergent in the product
sequences exsists:

- in the product of 2* many separable not single point Hausdorff spaces [1];
- in the product Z*° of a not single point separable T-space Z |[2].

Supported by Ministry of Education and Science of the Russian Federation, project

number 1.5211.2017/8.9.
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ON INDUCTIVE SYSTEMS OF SEMIGROUP C*-ALGEBRAS
R.N. Gumerov
Kazan (Volga region) Federal University, Kazan (Russia)
Renat. Gumerov@kpfu.ru

The report is devoted to inductive systems of reduced semigroup C*-algebras for
semigroups of rational numbers and their limits.

The main part of motivation for our study comes from the results on morphisms
between projective systems of topological groups and their limits [1]. A part of
motivation for studying inductive systems of C*-algebras comes from algebraic
quantum field theory (see, for example, [2]). The general framework of algebraic
quantum field theory is given by a covariant functor. Usually that functor acts
from a category associated to a partially ordered set into a category describing
the algebraic structure of local observables. The standard assumption in quantum
physics is that the second category consists of unital C*-algebras and their unital
x-homomorphisms. Thus one has an inductive system of algebras of local observables
over a partially ordered set.

A simple example of an inductive system F = (K,{A;},{o;;}) of C*-algebras over
a directed set ( K, <) is that in which {A; | i € K} is a net of C*-subalgebras of a
given C*-algebra A. By this, one means that each A; is a C*-subalgebra containing
the unit I, of the algebra A, A; C A; and o0j; : A; — A, is the inclusion mapping
whenever ¢, € K and ¢ < j. Given such a net F, the norm closure of the union of
all A; is itself a C*-subalgebra of A which is a simple example of an inductive limit
in the category of C*-algebras and their x-homomorphisms.

The basic tool of the algebraic approach to quantum fields over a spacetime is
a net of C*-algebras over a set defined as a suitable set of regions of the spacetime
ordered under inclusion [2].

Here, we recall the definition of reduced semigroup C*-algebras for semigroups in
the group of all rational numbers Q. To do this we assume that I' is an arbitrary
subgroup in the group Q. The positive cone in the ordered group I' is denoted by the
symbol

It :=TnNJ0,+00).

As usual, the symbol [*(T'") stands for the Hilbert space of all square summable
complex-valued functions on the additive semigroup I'*:

P4 ={f:Tt=C: > [f(7)]* < +oo}.

~yel'+
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Recall that the inner product in the space [*(I'") is given by the formula

< f.g>=Y_ f(Mg().

~yel'+

The canonical orthonormal basis in the Hilbert space [*(I'") is denoted by
{eg| g € 't }. That is, for arbitrary elements g,h € I'* | we set e,(h) = g, where

5 1, ifg=h;
hTN0, ifg#h.

Let us consider the C*-algebra of all bounded linear operators B(I*(I'")) in
the Hilbert space [2(I'"). For every element g € I't, we define the isometry
V, € BIA(T™)) by

‘/geh ‘= €g+h,

where h is an element of the semigroup I'".

We denote by C*(I'") the C*-subalgebra in the C*-algebra B(I*(I'")) generated
by the set of isometries {V, | g € I'" }. The algebra C*(I'") is called the reduced
semigroup C*-algebra of the semigroup T'T.

It is worth noting that in the similar way a semigroup C*-algebra can be defined for
an arbitrary left cancellative semigroup. This algebra is a very natural object because
it is generated by the regular representation for a given semigroup. The study of such
semigroup C*-algebras goes back to L. A. Coburn, R. G. Douglas, G. J. Murphy.
There is a large literature on the subject at the present time (see, for example, |3, 4]
and references there in).

In the case when I' is the group of all integers 7Z, the semigroup C*-algebra
Cx(Z7") is often called the Toeplitz algebra.

The report is concerned with inductive systems of Toeplitz algebras and their
limits. We discuss results concerning morphisms of these objects that are contained
in [5, 6].

The research was funded by the subsidy allocated to Kazan Federal University for
the state assignment in the sphere of scientific activities, project Ne 1.13556.2019/13.1.

References
1. R.N. Gumerov, On finite-sheeted covering mappings onto solenoids, Proc. Amer.

Math. Soc. 133 (9), 2771-2778 (2005).

2. R. Haag, Local quantum physics: fields, particles, algebras, Springer Texts and
Monographs in Physics, 2nd. rev. and enlarged ed. (1996).

3. X. Li, Nuclearity of semigroup C*-algebras and the connection to amenability,
Adv.Math., V. 244, 626-662 (2013).

4. E. V. Lipacheva and K. H. Hovsepyan, Automorphisms of some subalgebras of
the Toeplitz algebra, Sib. Math. J., 57 (3), 525-531 (2016).

5. R. N. Gumerov, Limit Automorphisms of C*-algebras Generated by Isometric
Representations for Semigroups of Rationals, Sib. Math. J. 59 (1), 73-84 (2018).

6. R.N. Gumerov, Inductive Limits for Systems of Toeplitz Algebras, Lobachevskii
J. Math., 40 (4), 469478 (2019).



46

ONE EXTENSION OF THE CAPPING MINIMAL DEGREE
THEOREM
S.T. Ishmukhametov
Kazan Federal University, Kazan (Russia)
Shamil. Ishmukhametov@kpfu.ru

In 1998 Angsheng Li and Dongping Yang published in the Journal of Symbolic
Logic an article [1] containing incorrect proof of the assertion that there exists a pair
of computably enumerable (c.e.) degrees a and b, 0 < b < a such that any minimal
degree m < a satisfies also m<b.

The author [2]| refuted their claim by proving an opposite theorem that for any
c.e. degrees a and b, 0 < b < a there is a minimal degree m <a incomparable with
b. Thus any c.e. degree b in a lower cone D(< a) is cappable to 0 by a minimal
degree m. In the proof we used a new version of the priority argument to work with
non-computable sets.

The team of four authors [3] proved a generalization of our theorem dropping a
restriction on degree b to be c.e. Their theorem says that for any non-zero c.e. degree
a and any non-zero degree b below a there is a minimal degree m <a incomparable
with b. We show in our report how to use our method to prove the latter result.

Let c.e.set A €caand B = ®(A) €b be given. We need to construct aset M < A,
satisfying the set of requirements:

Ne: M, =®.(M) total — (M =T.(M.)) or M. =A,),
P.: M #6,.(B),

where {®.}ec, and {O.}ee, are effective enumerations of all partial computable
functionals. Clearly, the written requirements ensure all set of required properties.

The difference between these requirements and those set in [2] is a new property
of set B to be non-c.e. But this obstacle is easily dropped via the use of reduction
B = ®(A). Indeed, we need only to reach P. : M # ©.(B) (which is equivalent
to M # ©.(P(A))). Since any change of functional ©.(P(A)(n) causing inequality
M(n) # O.(P(A))(n) is preceded by a change of c.e. set A at the interval bounded by
use function ¢(.(n)) then we have a permission to change M (n) at this step so this
observation preserves all strategies described in [2] safe to work as earlier. So some
cosmetic changes to proof are required to obtain the theorem proved in [3].

References
1. LiA., Yang D. Bounding Minimal Degrees by Computably Enumerable Degrees //
J. Symb.Log, 63, 4 (1998), 1319-1347.

2. Ishmukhametov S.T. On a problem of Cooper and Epstein // J. Symb.Log, 68, 1
(2003), 52-64.

3. Durrant B., Lewis-Pye A., Ng K.M., Riley J. Computably enumerable Turing
degrees and the meet property // Proc. Amer.Math.Soc. 144 (2016), 1735-1744



47

INDICES OF ELEMENTS AND THE STRUCTURE OF FINITE
GROUP
L. Kazarin
Demidov Yaroslavl State University, Yaroslavl
kazarin@Quniyar.ac.ru

Let G be a finite group and x # 1 is an element of G. A well-known result
of W. Burnside [1] states that if the number of conjugates of x is a power of a
prime p, then G contains a proper normal subgroup H such that zH € Z(G/H). In
particular, it is possible that x € H. In each case G is not simple. Later it was proved
in [2] that the normal closure of an element x in G is a soluble w({z}) U {p}-group.
A. and R. Camina’s [3] proved that the normal closure H of z is an extension of a
p-group by an abelian group.

Denote by the index of an element x the number of elements of G, that are
conjugate with z in G (i.e. iy(z) = |G : Cg(z)|). Using the above results, M. F. Felipe,
A. Martinez-Pastor and V. M. Ortiz-Sotomayor [4] have proved recently the following

Theorem 1. Let G = AB be a finite group such that ig(z) is a prime power for
all prime power elements © € AU B. Then G/F(F) is abelian. G has abelian Sylow
subgroups if and only if F(G) is abelian.

The following is a generalization of the above result:

Theorem 2. Let G = (x1,23,...,x,) be a finite group, that is generated by
primary elements xi,xs,...,T,. If indices ig(x;) are prime powers for each i €
€ {1,2,...,n}, then G/F(G) is a group which is a product of abelian normal
subgroups. In particular, G = F5(G).

Theorem 3. Let G be a finite non-abelian group containing subgroups A and B
such that n(G) = w(A) Un(B). If for each primary element x € (AU B) its index is
a prime-power, then AB is a soluble normal subgroup of G.

Clearly, in this case the subgroup AB satisfies the conclusion of Theorem 1.

The author likes to thank the Programme VIP-008 and the State Programme
of the Ministry of Education and Science of the Russian Federation, project
N1.12873.2018/12.1
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ARTIN’S PURE BRAIDS AND GROUPS T}
S. Kim
Bauman Moscow State Technical University, Moscow
ks719891120Q@gmail.com

In this talk we study a group I'* corresponding to the motion of points in R? from
the point of view of Delaunay triangulations. We shall construct homomorphisms from
pure braids on n strands to the product of copies of T'} . We will also study the group
of pure braids in R?®, which is described by a fundamental group of the restricted
configuration space of R3, and define the group homomorphism from the pure braid
group in R?® to I'*. In the end of this talk we discuss about relations between the
restricted configuration space of R?® and triangulations of the 3-dimensional ball and
Pachner moves.

IDENTITIES OF ASSOCIATIVE LIE NILPOTENT ALGEBRAS ON
THREE GENERATORS
A. M. Kuz’min
Universidade Federal do Rio Grande do Norte, Natal (Brazil)
amkuzmin@ya.ru

Let @ be an associative and commutative unital ring, A4 the free unital
associative algebra of countable rank over @, and 7™ the T-ideal of A generated

by the iterated commutator [[...[al,ag],...,an,l},an}, n > 2. A number of

authors [1] — [15], at different times, studied questions related with the possibility to
include the product 77T ®) into 7™+~ Briefly, at the moment, it is known that
37T *) C Tm+k=1) whenever at least one of the numbers m, k is odd [1, 5, 8, 14]
and, on the other hand, TG 7@k ¢ 7m+2k=1) 4 8] We present some results on
the similar inclusion for the free 3-generated unital subalgebra A3 of 4. Namely,
we prove that, for T-ideals 70 N A; = T, the inclusion T3 T,H € 7Y
holds for all m,k with no restrictions on the ground ring @. In consequence,
we obtain that, for every partition k1 + ... + k&, = n — 1, the relatively free

Lie nilpotent algebra Asz/ 773(”) = .Aé") satisfies a multilinear identity of the form
Chy T1Cky T2 - - - Cpy_, Te—1Ck, = 0, where each ¢, = ¢ (y1,..., Yk | 21,...,2x) stands for

the polynomial c; = [ [[yl,zl] yQ,ZQ}y3,...,Zk_1i|yk,Zk . In particular, it yields

that A{" is strong Lic nilpotent of index n and the T-ideal Zo" " lies in the

center Z Aén)). Moreover, we establish that the condition of the partition cannot
be weakened up to the case ki + ...+ k; < n — 1. Finally, we prove that the additive

module of .A:())n) has no torsion.
Joint work with Sergey V. Pchelintsev.
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ON RANKS FOR FAMILIES OF THEORIES
N. D. Markhabatov, S. V. Sudoplatov
Nowosibirsk State Technical University, Sobolev Institute of Mathematics,
Novosibirsk State University, Novosibirsk (Russia)
nur_24.08.93Qmail.ru, sudoplat@math.nsc.ru

We consider dynamics of rank RS(-) and degree ds(-) [1]| for subfamilies of families
of theories.

Let 75 be the set of all complete elementary theories of a relational language .

For a set 7 C Ty we denote by Clg(7) the set of all theories Th(A), where A
is a structure of some F-class in A" = Ag, Ap = Combg(A;)icr, Th(A;) € T [2].
As usual, if 7 = Clg(7) then 7 is said to be E-closed.

For a set 7 of theories in a language ¥ and for a sentence ¢ with () C X we
denote by 7, the set {T' € T | ¢ € T}. Any set 7, is called the y-neighbourhood,
or simply a neighbourhood, for T , or the (p-)definable subset of 7. The set 7, is
also called (formula- or sentence-)definable (by the sentence @) with respect to 7, or
(sentence-) T -definable, or simply s-definable.

Proposition [3|. If T C Ty is an infinite set and T € Tx \ T then T € Clg(T)
(i.e., T is an accumulation point for T with respect to E-closure Clg) if and only if
for any formula ¢ € T' the set 7, is infinite.

If 7 is a family of theories and @ is a set of sentences, then we put 7o = [\ 7,

ped
and the set 75 is called (type- or diagram-)definable (by the set ®) with respect to
T, or (diagram-)T -definable, or simply d-definable.

Theorem 1. Let T be a family of a countable language 3 and with RS(7) =
=00, a € {0,1}, n € w\ {0}. Then there is a d-definable subfamily T such that
RS(73) = a and ds(73) = n.

Notice that the arguments in the proof of Theorem 1 do not work for a > 2
since taking infinitely many disjoint s-definable infinite subfamilies 7, we can
not guarantee that ¢; t#/7 1; for infinitely many 7 -disjoint sentences ;. Thus
constructing d-definable e-minimal [4] subfamilies 7; of 7, it is possible to obtain

RS (UZ) > 3, not RS (UZ) =2.
Atzthe same time, constzructing countably many d-definable subfamilies 7; of 7,

1 € w, with pairwise inconsistent ;, we can choose some infinite I C w, such that

accumulation points T; for 7;, ¢ € I, form an e-minimal family. Thus, possibly loosing

the d-definability we obtain a d.-definable subfamily 7’ = |J 7; with RS(7") = 2
i€l

and ds(7’) = 1. Taking some n disjoint 7’ we obtain a subfamily 7", being the

union of 77, with RS(7") =2 and ds(7') = n.

Now we can continue the process for greater countable ordinals « obtaining a d-
definable subfamily 7* C 7 with RS(7*) = « and ds(7*) = n for given n € w\ {0}.

Theorem 2. Let 7 be a family of a countable language ¥ and with RS(7) = oo,
« be a countable ordinal, n € w\{0}. Then there is a d,-definable subfamily T* C T
such that RS(7*) = a and ds(7*) = n.

This research was partially supported by Committee of Science in Education
and Science Ministry of the Republic of Kazakhstan (Grant No. AP05132349,
AP05132546), the program of fundamental scientific researches of the SB RAS
No. I.1.1, project No. 0314-2019-0002, and Russian Foundation for Basic Researches
(Project No. 17-01-00531-a).
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THE SUPERSOLUBILITY OF A GROUP WITH
NS-SUPPLEMENTED P-SUBGROUPS
V.S. Monakhov, A. A. Trofimuk
Francisk Skorina Gomel State University, Gomel (Belarus)
victor.monakhov@gmail.com, alexander.trofimuk@qgmail.com

Throughout this paper, all groups are finite and G always denotes a finite group.
We use the standard notations and terminology of [1|. The set of all prime divisors of
the order of G is denoted by 7(G). The semidirect product of a normal subgroup A
and a subgroup B is denoted by [A]B.

By the Zassenhaus Theorem ( [1, IV.2.11]), a group G with cyclic Sylow subgroups
has a cyclic Hall subgroup H such that the quotient G/ H is also cyclic. In particular,
G is supersoluble. A group G with abelian Sylow subgroups may be non-soluble (for
example, PSL(2,5)) and the compositional factors of G are known [2].

In some papers, the sufficient conditions of solubility and supersolubility of a
group in which Sylow subgroups permute with some subgroups were established. For
example, the supersolubility of a group G such that every Sylow subgroup P of G
permutes with subgroups of some supplement of P in G was obtained in works [3], [4].
Groups in which all maximal subgroups of every Sylow subgroup have properties close
to the properties of normal subgroups were studied in [5]- [8].

The following concept was introduced in [9].

Definition 1. Two subgroups A and B of a group G are said to be
NS-permutable, if they satisfy the following conditions:

(1) whenever X is a normal subgroup of A and p € 7(B), there exists a Sylow
p-subgroup B, of B such that XB, = B, X ;

(2) whenever Y is a normal subgroup of B and p € w(A), there exists a Sylow
p-subgroup A, of A such that YA, =A,Y.

Moreover, if G = AB, we say that G is an NS-permutable product of the
subgroups A and B.

The totally permutable [10] and totally c-permutable [11] subgroups are
NS-permutable |9, Lemma 2|. The supersolubility of a group G = AB such that
it is the NS-permutable product of supersoluble subgroups A and B was obtained
in [9].

We introduce the following

Definition 2. A subgroup A of a group G is said to be NS-supplemented in G,
if there exists a subgroup B of G such that:

(1) G=AB;
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(2) whenever X is a normal subgroup of A and p € 7(B), there exists a Sylow
p-subgroup B, of B such that XB, = B, X .

In this case we say that B is a NS-supplement of A in G.

We proved the following theorems:

Theorem 1. Let P be a Sylow p-subgroup of G. If P is NS-supplemented in G,
then G is p-supersoluble in each of the following cases:

(1) p#3;

(2) p=3 and G is 3-soluble.

Corollary 1.1. If all non-cyclic Sylow subgroups of G are NS-supplemented in
G, then G is supersoluble.

Example 1. The group PSL(2,7) is an NS-supplement of its Sylow 3-subgroup.
Hence we can not omit the condition < group is 3-soluble>> in Theorem 1.

Theorem 2. Let G be a p-soluble group and P be its Sylow p-subgroup. If for
every maximal subgroup P; of P and every q € w(G), q # p, there exists a Sylow
q-subgroup () in G such that P,(Q = QPF;, then G is p-supersoluble.

It is easy to see that the NS-supplemented maximal subgroups of P satisfy
Theorem 2, therefore we have the following corollary.

Corollary 2.1. Let G be a p-soluble group and P be its Sylow p-subgroup. If
every maximal subgroup of P is NS-supplemented in GG, then G is p-supersoluble.

Since a solvable group with a cyclic Sylow p-subgroup is p-supersoluble,
Corollary 2.1 implies

Corollary 2.2. Let G be a soluble group. If all maximal subgroups of any non-
cyclic Sylow subgroup of G are NS-supplemented in G, then G is supersoluble.

Example 2. In the simple group PSL(2,5) = As all maximal subgroups of
any Sylow subgroup are NS-supplemented. Hence we can not omit the solubility
in Corollary 2.2.
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FINITE NON-NILPOTENT RINGS WITH COMPLETE
COMPRESSED ZERO DIVISOR GRAPHS
A.S. Monastyreva
Altai State University, Barnaul (Russia)
akuzminal Qyandex.Tu

Let R be an associative ring. D(R) denotes the set of all (one sided and two-
sided) zero-divisors of R. Also, D(R)* = D(R) \ {0}. For any a € R, we denote
l(a) ={x € R; za=0},r(a) = {3: € R; ax =0}. For x,y € D(R), wesay that x ~ y
if and only if r( YU l(x) =7r(y) Ul(y). It is clear that ~ is an equivalence relation.
The class of = is denoted by [z].

The compressed zero-divisor graph I'.(R) of an ring R is the looped graph whose
vertices are all classes [z] where € D(R)*, and two vertices [z] and [y] are joined
by an edge iff xy =0 or yx = 0.

Such graphs for commutative case are studied in [1-3].

We study structure of a finite non-nilpotent ring R such that the compressed zero
divisor graphs I'(R) is complete with loops.
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GENERALIZED RANK FORMATIONS OF FINITE GROUPS
V.I1. Murashka
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All groups considered here are finite. A function of the form :
PU{0} — {formations} is called a composition definition. Recall [1, p. 4] that a
formation § is called composition or Baer-local if

= (G|G/Gs € f(0) and G/Ca(H) € f(p)
for every abelian p-chief factor H of G)
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for some composition definition f. A formation is composition (Baer-local) [2, IV,
4.17] if and only if it is solubly saturated, i.e. from G/P(Gg) € F it follows that
G € §, where Gg is the soluble radical of GG. Recall that any nonempty composition
formation § has an unique composition definition F' such that F(p) = M, F(p) C §
for all primes p and F(0) = § (see [1, 1, 1.6]). In this case F' is called the canonical
composition definition of §.

Recall that a chief factor H of G is called X-central in G provided
HxG/Ce(H) € X (see [3, p. 127-128|), otherwise it is called X-eccentric. The
symbol Zx(G) denotes the X-hypercenter of G, that is, the largest normal subgroup
of G such that every chief factor H of G below it is X-central. If X = I is the
class of all nilpotent groups, then Zgn(G) = Zoo(G) is the hypercenter of G. If § is a
composition formation, then by [1, 1, 2.6] § = (G| Z3(G) = G).

Let N be a chief factor of G. Then N =N, x...x N,, where N; are isomorphic
simple groups. The number n = r(N,G) is the mnk‘ of N in G. A rank function
R [2, VII, 2.3| is a map which associates with each prime p a set R(p) of natural
numbers. For each rank function let

¢(R) = (G € &| for all p € P each p-chief factor of G has rank in R(p)).

Note that €(R) is a formation. Heineken [4] and Harman [5] characterized all rank
functions R for which &(R) is local. Analogues questions for formations not of full
characteristic were studied by Huppert [6], Kohler [7] and Harman [4|. Haberl and
Heineken (8] characterized all rank functions R for which €(R) is a Fitting formation.
In this paper we generalize the previous construction:

Definition 1. (1) A generalized rank function R is a map defined on direct
products of isomorphic simple groups by

(a) R associates with each simple group S a pair R(S) = (Ar(S), Br(S)) of
possibly empty disjoint sets Ar(S) and Bgr(S) of natural numbers.

(b) If N is the direct products of simple isomorphic to S groups, then R(N) =
=R(S5).

(2) Let N be a chief factor of G. We shall say that a generalized rank of N in G
lies in R(N) (briefly gr(N,G) € R(N)) if r(N,G) € AR(N) or r(N G) € BR(N)
and if some x € G fixes a composition factor H/K of N (i.e. H = H and K’ =K ),
then x induces an inner automorphism on it.

(3) With each generalized rank function R and a class of groups X we associate
a class

X(R)=(G|H ¢ % and gr(H,G) € R(H) for every X-eccentric chief factor H of G)

We shall say that a generalized rank function R is hereditary if for any simple
group S holds:

(a) from a € Ax(S) it follows that b € Ax(S) for any natural b|a;

(b) from a € Br(S) it follows that b € Ag(S) U Bg(S) for any natural b|a.

Theorem 1. Let M1 C §F be a composition formation with the canonical
composition definition F' and R be a generalized rank function. Then

§(R) is a composition formation with the canonical composition definition Fr
such that Fr(0) = §(R) and Fr(p) = F(p) for all p € P.

(2) If § is normally hereditary and R is hereditary, then §(R) is normally
hereditary.

Recall [9] that a group is called c-supersoluble if every its chief factor is a simple

group.
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Corollary 1.1 [10, Theorem 1|. The class . of all c-supersoluble groups is a
composition formation with the canonical composition definition h such that h(p) =
=MA(p — 1) for every prime p and h(0) = ..

In [11] the class wil of widely supersoluble groups was introduced. It is a hereditary
saturated formation of soluble groups. Recall [12]| that a group is called widely c-
supersoluble if its abelian chief factors are wil-central and other chief factors are
simple groups.

Corollary 1.2 [12, Theorem A|. The class ., of all widely c-supersoluble
groups is a normally hereditary composition formation with the canonical composition
definition h such that h(p) = N,(G|G € wd NN, A(p — 1)) for every prime p and
h(0) = Uep -

In [13] Guo and Skiba introduced the class §* of quasi-§F-groups for a saturated
formation §:

T* = (G| for every F-eccentric chief factor H and every x € G, = induces an inner
automorphism on H ).

Corollary 1.3 [13, Theorem 2.6]. For every saturated formation § containing
all nilpotent groups with the canonical local definition F', the formation §* is
composition with the canonical composition definition F* where F*(p) = F(p) for
every prime p and F*(0) = §*. Moreover, if the formation § is normally hereditary,
then §* is also normally hereditary.
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We say that a set A is ()1 ny-reducible to a set B, if there exists a computable
function f such that, the following three conditions are satisfied: (i) (Vz)(z € A &
& Wiw € B), (i) (Vo)(Vy)(z # y = Wiw) N Wy = 0), and (i) U,e, W)
is computable. This relation due to [1| , generates the () y-degrees. Condition (i)
characterizes @)-reducibility, which yields the @-degrees; (i) and (ii) together define
(21 -reducibility, generating the ();-degrees.

Our notation and terminology are standard, and can be found e.g., in |2, 3|.

In this talk we will present the following results.

Theorem 1. Let M be an r-maximal set, A be a major subset of M, B and C
be arbitrary sets such that B <q, y M\ A, C <g,y M\ A and M\ A<q, , B&C.
Then M\ A<, Bor M\ A<,,C.

Corollary 1. Let M be an r-maximal set, A be a major subset of M . Then the
()1 n -degree of M \ A is not the least upper bound of any ()1 y-incomparable Q1 -
degrees a and b such that the ()-degrees of A € a and B € b are (Q-incomparable.

Theorem 2. Let A be a X9 set, B be a c.e. set and A <q B. Then there exists
a c.e. set C such that A <Qun C<gB.

Theorem 3. The c.e. Q1 y-degrees are not dense.

Theorem 4. If A is an r-maximal set and B is a non-r-maximal
hyperhypersimple set, then either A |o, . B or there exist a non-r-maximal
hyperhypersimple set C' and an r-maximal set D such that A < oD < gnC <
< Q1,NB'

Corollary 2. There exist infinite collections of Q1 n-degrees {a;}ic, and {b;};e.
such that for every 1, j

A a; < QunGis1; Dy < @ nby, and a; < g, by
B. every a; consists entirely of maximal sets;

C. every b; consists entirely of non-r-maximal hyperhypersimple sets.

Theorem 5. M be an r-maximal set. Then there are c.e. sets A, B such that
AC B, BC,M and A= B, but A%, B and B %, A.
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ISOLATED POINTS OF SPACES OF FUNCTIONAL CLONES
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For any set A let us denote by Fx the set of all functional clones on the set A.
Given F € F4 and n € w denote by F™ the n-fragment of the clone F, i.e. the
collection of all at most n-ary functions on F. In [1], we defined the following natural
metrics on the set F4 as follows. For Fi, Fo € 4

1

d(F1,F) = { min{n € w| .7:1(") =+ fg(n)}
0, if fl = fz-

) if]‘—li‘é}—z;

Then F4 = (F4;d) is a metric space such that on this space the operations on
the lattice Ly = (Fa; A, V) of all functional clones on A are continuous.

In [1-3] we noticed some properties of the spaces Fs. Here we mark some
properties of clones F in the case when F is an isolated point in the space Fj4.

Proposition 1. Let A be a set, F be an isolated point of the space F and for
n € w let (F™) be the clone generated by the fragment F™ . Then for any m >
> n and for any m-ary function h(zy,xs,...,o,) on A the clone (F™) contains
an m-ary function h'(xi,xs,...,x,) such that the equalities h'(ai,as,...,an) =
= h(ay,as,...,a,) hold for any m-tuple {(ay,as,...,a,) containing at least n + 1
pairwise different elements in A.

Proposition 2. Let A be a space, F € F4 be a discriminator clone (i.e. a
clone containing the discriminator function), and n be a natural number such that

n > 3. If for any m > n and for any m-ary function h(xy,zs,...,%,) on A the
clone (F™) contains an m-ary function h'(x1,s,...,T,) such that the equalities
W (ay,as,...,ay) = h(ai,as, ..., ay) hold for any m-tuple {ay,as,...,a,) containing

at least n + 1 pairwise different elements in A then the clone F is an isolated point
of the space F,.

Theorem 1. Let A be a set and F be a discriminator clone. Then any
neighborhood of F in the space F, contains an isolated point of this space.
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ON SQUARE FREE MODULES
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1. INTRODUCTION

Throughout this paper all rings are assumed to be associated with a nonzero unity
element, while all modules are assumed to be unitary right modules.

A module M is said to be square free (SF) if whenever its submodules is
isomorphism to N? = N @ N for some module N, then N = 0 (see [1, Definitions
2.34]). This means that, a module is square-free if there is no nonzero submodule
isomorphic to a square. For example, Z is a SF-module as a Z-module. The notion of
square free modules has been around for a long time and is very important in group,
ring and module theories. Dually, a module is said to be dual square free (DSF) if
whenever its factor module is isomorphic to N? for some module N, then N = 0.
This means that, a module M is DSF if M has no proper submodules A and B
with M = A+ B and M/A = M/B (see 2], [4] for more details). In [2], the authors
also introduce the concept of simply-distinct modules: A right R-module M is called
simply-distinct if, whenever M; and M, are distinct maximal submodules of M, then
M /M, = M/M; (see |2, Definitions 2.11]).

In this paper, we continue the study of SF-modules. We give some other properties
of SF-modules. Next we show that if M = A® B, where A is a SF-module and B =
= @] ,5; is a finite direct sum of non-isomorphic simple submodules, then M is a
SF-module if and only if A and B are orthogonal. We introduce and describe the
class of simple-distinct modules and establish a connection between SF-modules and
simple-distinct modules.

2. SOME FUNDAMENTAL PROPERTIES
The following proposition give some other properties of SF-modules.
Proposition. The following conditions on a right R-module M are equivalent:

A. M is a SF-module.

B. If L is a submodule of M such that L = N & N for some N, then N = 0.
C.If AnB =0, where A, B < M, then A and B are orthogonal.

D. If ANB =0, where A, B < M, then Mor(A, B) =0.

E

<
.If ANB =0, where A, B < M, then ISO(A, B) =0.

We give conditions which allow direct sums of orthogonal submodules to be SF.

Proposition. Let M = A@® B, where A is a SF-module and B = @} ,S; is a
finite direct sum of non-isomorphic simple submodules. Then M is a SF-module if
and only if A and B are orthogonal.

Example. We have that Z and Z, are orthogonal, thus Z-module Z @ Z, is a
SEF-module.

Next we introduce the concept of simple-quasi-injective modules and simple-
distinct modules.

Definition. A module M is said to be simple-quasi-injective if every
homomorphism from any simple submodule of M into M can be extended to an
endomorphism of M .

Definition. A right R-module M is called simple-distinct if whenever M; and
My are distinct simple submodule of M, then M; 2 M.
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We now describe the class of simple-distinct modules.
Proposition. The following conditions on a right R-module M are equivalent:

A. M is simple-distinct.

B. If f and g are nonzero homomorphism from a simple submodule of M into M,
then Im(f) = Im(g).

C. Hom(A, B) = 0 for simple submodule A of M and all submodules B of M
with AN B =0.

Proposition. If M is a simple-distinct right R-module, then every simple
submodule of M is fully invariant. The converse holds in the case where M is
simple-quasi-injective.

We now establish a connection between SF-modules and simple-distinct modules.

Proposition. If either R is a right semi-artinian ring or M is a right R-module
with essential socle, then the following conditions are equivalent:

A. M is a SF-module.
B. M is a simple-distinct module.

The following statement follows directly from the previous propositions.
Proposition. Let M be a simple-quasi-injective module with essential socle. Then
the following conditions are equivalent:

A. M is a SF-module.
B. M is a simple-distinct module.
C. Every simple submodule of M is fully invariant.

Corollary. If M = A® B is a SF-module and f : A — B is an R-homomorphism,
then Kerf is essential in A.

Corollary. Let M be a SF-module with Z(M) = 0. If M = A& B then
Hom(A, B) = 0 = Hom(B, A).
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ON VERBALLY CLOSED SUBGROUPS OF FREE SOLVABLE
GROUPS
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Let G be a group and let F(X) be a free group of countably infinite rank with
basis X = {z1,...,xp,...}. Asubgroup H of G is called verbally closed if for any word
w € F(X) and element h € H equation w(zy,...,x,) = h (termed split equation)
has a solution in G if and only if it has a solution in H for every w € F(X). This
notion was introduced by Mysnikov and the first author in [1|, where the following
statement was established. Let F,, be a free group of a finite rank n. Then for a
subgroup H of F, the following conditions are equivalent: H is a retract of F,,, H is
a verbally closed subgroup of F,,, H is an algebraically closed subgroup of F,,. Recall
that a subgroup H is called algebraically closed in a group G if for every finite system
of equations S = {E;(z1,...,z,,H) =1|i=1,...,m} with constants from H the
following holds: if S has a solution in G then it has a solution in H. Then we recall
that a subgroup H of a group G is called a retract of G, if there is a homomorphism
(termed retraction) ¢ : G — H which is identical on H. Any retract is algebraically
closed, and any algebraically closed subgroup is verbally closed. Similar results were
proved for free nilpotent groups by Khisamiev and the first author in [2| and [3].

Lemma 1 [2|. Let G be a group and let N be a verbal subgroup of G. If H is a
verbally closed subgroup of G then its image Hy is verbally closed in Gy = G/N.

For any free abelian group A, of rank n, a subgroup H is verbally closed if and
only if it is a direct factor of A,,.

By S,.4 we denote a free solvable group of rank r and the derived length d. In
particular, S,o denotes a free metabelian group of rank r.

Theorem 1. Let H = gp(g, f) be a two-generated subgroup of G = S,4, 1,
or more generally, of a free polynilpotent group G = F.(AN,, ... N,,),r > 2,
Then the following conditions are equivalent:

1) H is a retract of G.
2) H is a verbally closed subgroup of G.
3) H is an algebraically closed subgroup of G.

In the proof of this theorem we apply test elements that exist in every free non
abelian solvable group of rank 2 and in every free non nilpotent polynilpotent group
of rank 2 (see [4] - [7]).

For any group G, G, denotes the abelianization G/[G, G| of G. Then rank,, (G)
stands for rank of Gg.

Proposition 1. Let H be a finitely generated verbally closed subgroup of
Sra,Tyd = 2, such that rank,,(H) = 1. Then H is retract of S,q.

Proposition 2.

A. Let H be finitely generated subgroup of S,4,7,d > 2, such that rank,,(H) = r.
Then any retraction S,; — H is identical map.

B. Let H be a verbally closed subgroup of S,o. If rank,,(H) = r then G = H.

Now we give a generalization of the concept of the verbal closure. For any k € N,
a subgroup H of a group G is called a k-verbally closed in G, if and only if every
system of k£ split equations of the form

wi<$1,...,$n):hi7hiEH,izl,...,k?,
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of any number n of variables having a solution in G, is solvable in H.

Theorem 2. Any k-verbally closed (k + 1)-generated subgroup H of Sy, r > 2,
such that rank,,(H) = k 4 1, is a retract of S,..

A part of results was published in preprint [§] and in note [9].
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THE AXIOMATIC RANK OF THE LEVI CLASS GENERATED BY
THE ALMOST ABELIAN QUASIVARIETY OF NILPOTENT
GROUPS
S. A. Shakhova
Altai State University, Barnaul, Russia
sashakhova@gmail.com

For an arbitrary class M of groups, we denote by L(M) a class of all groups G
in which the normal closure (a)¢ of each element a € G belongs to M. The class
L(M) is called a Levi class generated by M. In [1] it was stated that if M is a
quasivariety of groups, then L(M) is also a quasivariety of groups. Levi classes of
nilpotent quasivarieties of groups were treated in [2-6].

Denote by N. the variety of nilpotent groups of class at most ¢, by M. the
quasivariety of torsion-free nilpotent groups of class at most ¢, by N, the variety of
nilpotent groups of class at most ¢ and exponent p, and by F, (M) the free group of
rank n in M.
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Consider groups having the following representations in N :
H, = gr(z,y || [z,y]" = 1),

Hye = gr(z,y || 27 =y = [z,y]" = 1).
Quasivarieties qF5(N2), qH,s (except qHa ), qH,, where p runs through the set
of prime numbers, constitute an exhaustive list of almost Abelian quasivarieties of
nilpotent groups.
In [4], it was proved that for any p # 2, the following equalities are true:

L(qF3(N2p)) = N3y, L(¢F2(N2)) = N3 oo

Levi classes L(gH,)(p # 2) were studied in [5], and Levi classes
L(gH,:)(p # 2,s > 2), in [6]. All of these classes, as it turned out, are defined by
systems of quasi-identities in infinite number of variables. In [7], it was shown that
L(qH,)(p # 2, s > 2) is finitely axiomatizable, i.e., it can be defined by a finite system
of quasi-identities.

In the present paper, we state that the following theorem is true.

Theorem. The axiomatic rank of the quasivariety L(qH,)(p # 2) is finite, i.e. it
can be defined by a system of quasi-identities in finite number of variables.
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ON CONVEX DIRECTED SUBGROUPS OF GROUPS WITH THE
ALMOST ORTHOGONALITY CONDITION
E. E. Shirshova
Moscow Pedagogical State University, Moscow (Russia)
shirshova.elena@gmail.com

Let G be a partially ordered group (po-group), and G ={g € G| e < g}. G is
called a directed group if there exists an upper bound for every two elements of G.
A subgroup M of a po-group G is said to be convex if equalities a < g < b imply
g € M for any elements a,b € M and g € G. A convex directed subgroup M of a
po-group G is called a value of an element g € G (a regular subgroup) whenever M
is maximal with respect to not containing g among convex directed subgroups of G.

Let us denote by L(G) the set of all convex directed subgroups of a po-group G.

Positive elements a and b are called to be almost orthogonal in a po-group G
whenever inequalities ¢ < a,b imply the validity of inequalities ¢" < a,b for all
elements g € G and all integers n > 0. Elements, whose greatest lower bound is
equal to zero, possess this property.

A convex subgroup M of a po-group G is called a rectifying subgroup whenever
the set of all right cosets of the group G by the subgroup M is a linearly ordered set.

Theorem 1. Suppose G is a po-group, and M is a rectifying directed subgroup
of G; then the following assertions hold:

1) if M C H and M C K for any subgroups H € L(G) and K € L(G); then
either HC K or K C H;

2) if a € Gt \ M ; then there exists a unique value A of the element a for which
MCA.

A po-group G is referred to groups with the almost orthogonality condition
whenever each element g € G has a representation g = ab~! for some almost
orthogonal elements a and b of G. This subclass of directed groups includes lattice-
ordered groups.

Theorem 2. Suppose G is a group with the almost orthogonality condition and
M is a subgroup of G; then the following conditions are equivalent:

1) M is a rectifying directed subgroup;

2) if a and b are almost orthogonal elements in the group G, then either a € M
orbe M.

It is said that a subgroup M € L(G) is meet irreducible whenever for every
N; € L(G) an equality M = N;erN; implies that there exists an index j for which
M = N;.

Thejorem 3. Suppose G is a group with the almost orthogonality condition, and
M is a convex directed subgroup of G; then the following conditions are equivalent:

1) M is a regular subgroup;

2) M is meet irreducible.
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MINIMAL GENERATING SET OF THE COMMUTATOR OF SYLOW
SUBGROUPS OF ALTERNATING AND SYMMETRIC GROUPS,
AND ITS COMMUTATOR WIDTH
R. V. Skuratovskii
TAMP department of computer science, Kiev (Ukraine)
ruslan@imath.kiev.ua

The definition of the commutator length could be found in [1]. The commutator
width of a group G, denoted by cw(G), is the maximum of the commutator lengths
of the elements of its derived subgroup [G,G]. The size of minimal generating sets of
the Sylow 2-subgroup SylaAgr of Age is found. We prove that the commutator width
of Sylow 2-subgroups of alternating group Ay, symmetric group So» and C, ! B
are equal to 1. The paper presents a structure of commutator subgroup of Sylow 2-
subgroups alternating groups. We prove that the commutator width [1] of an arbitrary
element of a permutational wreath product of cyclic groups C,,, p; € N is 1. As it
was proven in [3]| there are subgroups G and Bj in a group of automorphisms of
restricted binary rooted tree AutX!* such that G ~ SylyAse and By ~ SylySox
respectively. '

Theorem. An element (g1, g2)o" € G}, iff g1,92 € Gr—1 and ¢192 € By._;.

Lemma. For any group B and integer p > 2 the following inequality is true

cw(B1C,) < max(1l, cw(B)).

Lemma. For prime p > 2 and k > 1 the commutator width of Syl,(A,~) and of
Syl,(Syr) k> 1 equal to 1.

Futher, we analized the structure of the elements from Syl,S), and obtained the
following result.

Theorem. Elements of SylyS,, have the following form Syl,S,. = {[f,]] |
feBleG={[lf]|[f€BkleG}.

Moreover, we have obtained a more general result about the commutator width
for finite wreath product of finite cyclic groups.

Corollary. If W = C,, ... 0 C,, then for k > 2 we have cw(W) = 1.

Lemma. For prime p > 2 and k > 1 the commutator width of Syl,(A,) and of
Syl,(Syx) k> 1 equal to 1.

Proposition. The commutator of Sylow 2-subgroup (SylsAyr)’ has order
92" —k—2

Proposition. The second commutator of Sylow 2-subgroup (SylyAgr) has the
order 22" —3k+1

Corollary. The Frattini factor of (SylyAgx) is isomorphic to elementary abelian
subgroup (C5)?*~3. Any minimal generator set of (SylaAyr)'. has 2k — 3 generators.

Theorem. The commutator width of the group SylsAqx is equal to 1 for k > 2.

Example. The minimal generating set of Syl,(Ag) consists of 3 generators:
(1.3)(2,4)(5,7)(6,8), (1,2)(3,4), (1,3)(2,4)(5,8)(6,7). The commutator Sylj(Ay) =
~ (5 that is an elementary abelian 2-group of order 8. Minimal generating set
of Syly(Asg) consist of 5 = 2 -4 — 3 generators: (1,4,2,3)(5,6)(9,12)(10,11),
(1,4)(2,3)(5,8)(6,7), (1,2)(5,6), (1,7,3,5)(2,8,4,6)(9, 14, 12,16)(10, 13, 11, 15),
(1,7)(2,8)(3,6)(4,5)(9, 16, 10, 15)(11, 14, 12, 13).

Example. Size Syly(As) = 32, a size of direct product Syly(Ag)? = 64 but due
to relation on second level of Sylj(Ayg) the direct product (Sylh(Asg))? transforms in
subdirect Syly(Ag) X Syl,(Ag) that has feasible combination on X? 2 times less.
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MAXIMAL SUBFIELDS IN FINITE-DIMENSIONAL SIMPLE
ALGEBRAS
S. V. Tikhonov
Byelorussian State University, Minsk (Byelorussia)
tikhonovsv@bsu. by

The genus gen(D) of a finite-dimensional central division algebra D over a field
F' is defined as the collection of classes [D'] € Br(F'), where D’ is a central division
F-algebra having the same maximal subfields as D. This means that D and D’ have
the same degree n, and a field extension K/F of degree n admits an F-embedding
K — D if and only if it admits an F-embedding K < D’. Different variations of
the notion of the genus are mentioned in [1].

In [3], we show that the fact that quaternion division algebras D and D’ have the
same maximal subfields does not imply that the matrix algebras M;(D) and M,;(D")
have the same maximal subfields for [ > 1. Moreover, for any n > 1, we construct
a field L such that there are two quaternion division L-algebras D and D’ and a
central division L-algebra C' of degree and exponent n such that gen(D) = gen(D’),
but the algebras D ®@ C' and D’ ® C' do not have the same maximal subfields.

In particular, this gives negative answers to questions formulated in |2, footnote 1
and Remark 2.2].

References

1. Chernousov V.I., Rapinchuk A.S., Rapinchuk I. A., Division algebras with the
same maximal subfields // Russian Math. Surveys. — 2015. — V. 70, Ne 1. —
P. 83-112.

2. Chernousov V.I., Rapinchuk A.S., Rapinchuk I.A., The finiteness of the
genus of a finite-dimensional division algebra, and some generalizations //
arXiv:1802.00299.

3. Tikhonov S.V. On genus of division algebras // arXiv:1904.03933.



66

ON THE LATTICE OF ALL 7-CLOSED TOTALLY COMPOSITION
FORMATIONS OF FINITE GROUPS
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The concept of Skiba’s subgroup functor turned out to be useful in research on
the general class theory. In each group G, we select a system of subgroups 7(G).
We say that 7 is a subgroup functor if (1) G € 7(G) for every group G; and (2)
for every epimorphism ¢ : A — B and any H € 7(A) and T € 7(B), we have

H? € 7(B) and T¥ ' € 7(A). If 7(G) = {G} then the functor 7 is called trivial.
In the sequel, we will consider only subgroup functors 7 such that for any group G
all subgroups of 7(G) are subnormal in G. For any set of groups X the symbol S,
denotes the set of groups H such that H € 7(G) for some group G € X. A class
of groups § is called 7-closed if S, (F) = §. A formation is a class of finite groups
§ satisfying the following two conditions: (1) if G € §, then G/N € §; and (2) if
G/Ny, G/Ny € §, then G/N; NNy € §, for any N, N;, Ny < G. In particular, a
formation § is called 7-closed if 7(G) C § for every group G of §.

Saturated formations introduced by Gaschiitz are classical classes of finite groups,
composition formations form a broader family of classes and have many interesting
applications in group theory. By Baer’s theorem, composition formations are precisely
solvably saturated formations. A formation § is said to be solvably saturated if it
contains each group G with G/®(N) € § for some solvable normal subgroup N of
G, and any saturated formation is solvably saturated. A formation is called totally
composition if it is n-multiply composition for all positive integers n; for more details
see [2].

The concept of composition formation has been developed analogously to the
concept of saturated formation. In broad outline, the both run parallel, but not
all the properties of saturated formations can be translated directly for composition
formations. Both the lattice of all totally saturated formations [5] and the lattice of all
totally composition formations [3] are inductive. Safonov [1| proved that the lattice of
all totally saturated formations is algebraic, and it is already known that the lattice of
all multiply composition formations is algebraic [2]. However, the following problem
is still of a special interest.

Question (see |2, Problem 1]). Is the lattice of all totally composition formations
algebraic?

Our main result is:

Theorem. The lattice T of all T-closed totally composition formations of finite
groups is algebraic.

Corollary [4]. The lattice co, of all totally composition formations of finite groups
is algebraic.
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EFFECTIVITY PROPERTIES OF INTUITIONISTIC SET THEORY
WITH SOME CHOICE PRINCIPLES AND SOME ADDITIONAL
INTUITIONISTIC PRINCIPLES
A. G. Vladimirov
Lomonosov State University, Moscow, Russia
moskvich7707@mail.Tu

We consider some effectivity properties of ZF12C with the principle DC'S, and
cach of the following choice principles: Axiom of Countable Choice (AC, ), Axiom of
Dependend Choice (DC'), and Axiom of Relativized Dependend Choice (RDC').

Specifically, let T" be an extension of ZFI12C or ZFI12C + DCS by addition of
each of principles AC,,, DC', and RDC'. We prove that the theory T" has the following
properties:

1. Disjunctive property (DP):if T+ @V, then T F ¢ or T+ 1);

2. Numerical existence property (EP,): If T'F Jap(a) then there is a number n,
such that T+ ¢(n);

3. Markov rule (MR): if T F Va(p(a) V —p(a))

Jap(a);

4. Extended Church rule (CR): if T F Va[-(a) — Fbp(a;b)] then there is a
number e, such that T+ Va[—(a) — ¢(a; {e}(a))];

5. Uniformization rule (UR): if T'+ V:l:Elagp( ;a) then T'F JaVrp(z;a);

6. The UZ rule (UZR): if T +Vz(p(z)V(x)) then T+ Vzp(z) or T F Vaip(x).

In each of these rules each formula is closed, and conclusion of each rule is
constructed effectively by proof of antecedents.

Let’s remark, that the following additional intuitionistic principles: the Markov
Principle (M), the Uniformization Principle UP, the Extended Church Thesis
(ECT), the principle UZ are realizable in our semantic, too, and so, they can be
added to the theory T" with all statements 1-6 hold.

Finally, ZFI2C + DCS + M + RDC doesn’t prove CH V =-C'H , where C'H is a
form of the Continuum Hypothesis.

As for the proof technique, we use a Kleene-style self-validating semantic for
extensional set theory.

and T+ ——dap(a), then T F

ON THE NUMBER OF SYLOW SUBGROUPS IN FINITE ALMOST
SIMPLE GROUPS
Zh. Wu
University of Science and Technology of China, Anhui (China)
zhfwu@mail. ustc. edu.cn

Let G be a finite group and p a prime. Denote by v,(G) the number of Sylow
p-subgroups of G. Following [1], we say that a group G satisfies DivSyl(p) if
vp(H) divides v,(G) for every subgroup H of G. In [1] it is proven that G satisfies
DivSyl(p), if groups of induced automorphisms of all nonabelian composition factors
satisfy the same condition. So two natural problems arise:

Problem 1. How often almost simple group satisfies DivSyl(p)?
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Problem 2. If all composition factors of a group G does not satisfy DivSyl(p),
can we state that the group G does not satisfy DivSyl(p)?

In [2], for every prime p, a complete classification of groups isomorphic to PSLy(q)
and satisfying DivSyl(p) is obtained. In particular, it is proven that infinite number
of groups isomorphic to PSLs(q) satisfy DivSyl(p) for every prime p. Note also
that in [3], it is proven that every p-solvable group satisfy DivSyl(p). In particular,
solvable groups satisfy DivSyl(p) for every prime p. The main goal of our paper is to
show that a simple group satisfying DivSyl(p) should be small in some sense. This
means that "almost for all"finite simple group S, there exists a prime p such that S
does not satisfy DivSyl(p). In this case, "almost for all"means that for all, except
some groups of bounded order or of bounded Lie rank.

Theorem. Let G be an alternating simple group or a finite simple group of Lie
type. In the second case assume also that the Lie rank of G is at least 15 (in particular,
G is classical). Then there exists a prime r such that G does not satisty DivSyl(r).

As to the second problem, we provide an example showing that it has a negative
answer. Moreover this example can be extended to a wide class of groups, so one can
not expect that the information on DivSyl(p) can be completely obtained only in
terms of composition factors.
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ISOLATION FROM SIDE IN TURING DEGREES
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Given 2-c.e. Turing degree d, we say that d is usolated from side if there exists
a c.e. degree a such that d € a and for any c.e. degree w < d it holds w < a.
This notion generalizes the well-studied notion of isolation introduced by Cooper and
Yi [3|, where they required a < d instead of d € a. Isolation from side was used
implicitly in works |2, 5] where they obtain series of model-theoretic properties of
n-c.e. Turing degrees, later it was introduced in [4].

By Sacks Splitting Theorem it is easy to see that no c.e. degree can be isolated
from side by other c.e. degree, in particular it holds for the case of usual isolation.
On the other hand, one can find some isolated /non-isolated properly 2-c.e. Turing
degree. So far, we know only examples of properly 2-c.e. degrees isolated from side,
and don’t know examples for the opposite case. This gives an idea to use isolation
from side in order to distinguish c.e. degrees from properly 2-c.e. degrees by some
formula. Working towards this direction according to the proposal from [1] we obtain
the following structural results.
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Theorem 1. Any low properly 2-c.e. Turing degree d is isolated from side.

In the setting of weak truth table degrees we can go through the class of all properly
2-c.e. degrees.

Theorem 2. Any properly 2-c.e. wtt-degree d is isolated from side.

The author is supported by RFBR, project No. 18-31-00420.
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RATIONAL GRADING IN AN EXPRESSIVE DESCRIPTION LOGIC
WITH INVERSE AND TRANSITIVE ROLES AND COUNTING
M. Yanchev
Faculty of Mathematics and Informatics, Sofia University, Sofia, Bulgaria
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Description Logics (DLs) are a family of formalisms widely used in knowledge-
based systems. The representation in their languages of transitive relations, in
different possible ways [2], and also of inverse relations, is important for dealing
with complex objects. Transitive roles (i.e. relations in DLs) permit such objects
to be described by referring to their components without specifying a particular level
of decomposition. Inverse roles enable the language to describe both the whole by
means of its components and vice versa, for example has part and is_part_of.

Reducing the complexity of reasoning, especially to the point permitting practical
and efficient use, is a permanent goal in DLs. In [3] an optimized PSPACE tableaux
algorithm is presented for ALCNZIg+—a DL from the AL family with transitive
and inverse roles, and the counting (or grading—a term coming from the modal
counterparts of DLs [1]) concepts (formulae) called number restrictions.

Another concept constructors, called part restrictions |[8], are capable of
distinguishing a part of a set of successors, and in that way they realize rational
grading. These constructors are analogues of the modal operators for rational grading
[5] which generalize the majority operators [4]. They are MrR.C' and (the dual)
WrR.C', where r is a rational number in (0,1), R is a non-transitive role, and C
is a concept. The intended meaning of MrR.C is ‘(strongly) M ore than r-part of
R-successors (or R-neighbors, in the presence of inverse roles) of the current object
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possess the property C’. Part restrictions essentially enrich the expressive capabilities
of DLs. One example of their use is to express the notion of qualifying majority in a
voting system:

M % voted.Yes

Formally, the interpretation Z = (AZ, ) of part restrictions, for any concept C,
non-transitive role R, and rational number r € (0, 1), is defined as follows. R%(x)
denotes the set of R -neighbors of z, RZ(z,C) denotes the set of RZ-neighbors of
which are in C%, ie. {y | (z,y) € RT and y € C7}, and M denotes the cardinality
of a set M.

(MrR.CY .= {z € AT | 4R (2, C) > r4R*(z)}
(WrR.C)F = {x € AT | tR(z,~C) < r4R%(2)} ( - (ﬁMrR.ﬁC)I)

Presburger constraints in the language of extended modal logic EXML [6], a many-
relational language with only independent relations, capture both integer and rational
grading, and they have rich expressiveness. The modal rational grading operators
are expressible by the presburger constraints. Another, combinatorial, approach to
grading in modal logics uses the so called Majority digraphs [7]. In this approach the
grading with real coefficients can be expressed additionally.

Nonetheless, the use of separate rational grading, having its place also in modal
logics, proves markedly beneficial in DLs. Part restrictions can be combined in a
DL with different concepts and roles. Indices technique [12|, specially designed for
exploring the part restrictions, permits to design completion rules, dealing with part
restriction, and to give an adequate rule application strategy, all to guarantee the
correctness of the tableaux algorithm. This technique allows following a common
way of obtaining decidability and complexity results in rational grading languages
with various expressivity. In particular, reasoning complexity results—polynomial, NP,
and co-NP—concerning a range of description logics from the AL family with part
restrictions added, are obtained [9], [8], [10], as well as PSPACE results for Description
and modal logics [8], [11], [12].

Now, we consider DL ALCQPTI p+ where qualifying number restrictions (instead
of number restrictions) and part restrictions are allowed additionally to the syntax of
ALCNTIR+. Modifying the tableaux algorithm presented in [3], we give a PSPACE
tableaux algorithm for ALCQPIr+ . Essentially, we use the indices technique to cope
with part restrictions. We extend both the set of the tableaux properties and the set
of completion rules to reflect the presence of part restrictions. The indices technique
provides us with a kind of ‘horizontal blocking’ of the completion tree generation
process which is crucial for the algorithm termination, as it limits the branching
of the tree caused by part restrictions. As a result the reasoning complexity in the
extended logic remains in PSPACE. Finally, we prove:

Theorem. The presented tableaux algorithm is a PSPACE decision procedure for
the satisfiability and subsumption of ALCQPI p+-concepts.
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THE LEAST DIMONOID CONGRUENCES ON THE FREE TRIOID

A.V. Zhuchok
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Following [1], a trioid is a nonempty set T equipped with three binary associative

operations -, -, and L satisfying the following axioms:

(xdy)dz=x4(yF 2), (T'1)

(zFy)dz=aF (y2), (T2)
(xdy)Fz=zk (yt 2), (T'3)
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(xdy)dz=x4(y L 2), (T4)
(xLly)dz=a Ll (y-z), (T'5)
(xdy) Lz=a L (y+ 2), (T6)
(zFy) Lz=zk (y L =2), (T7)
(xLlykFz=zkF(yt2) (T8)

for all x,y,z € T. A dimonoid [2] is a nonempty set T equipped with two binary
associative operations - and F satisfying the axioms (7'1)—(7'3).

As usual, N denotes the set of all positive integers. Let X be an arbitrary
nonempty set, and let w be an arbitrary word over the alphabet X . The length
of w is denoted by /,. For any n,k € N and L C {1,2,....,n}, L # &, we let
L+k={m+k|me L} and denote the least (greatest) number of L by L,
(Lmax)~

Let F[X] be the free semigroup on X . Define operations -, I, and L on

F={(wL)|weF[X],LC{1,2,....0,},L # 2}

by
(w,L) 4 (u, R) = (wu, L), (w,L)F (u,R) = (wu, R+ ly),
(w,L) L (u, R) = (wu, LU (R +{y))
for all (w, L), (u, R) € F. By Lemma 7.1 and Theorem 7.1 from [3]|, (F,-,F, L) is the
free trioid. It is denoted by FT(X).

If p is a congruence on a trioid (7,-,F, L) such that two operations of
(T,4,F, L)/p coincide and it is a dimonoid, we say that p is a dimonoid congruence
[4]. A dimonoid congruence p on a trioid (T,H,k, 1) is called a d-congruence
(respectively, di-congruence) [4] if operations 4 and L (respectively, - and 1)
of (T,,F, L)/p coincide. If p is a congruence on a trioid (7),-,F, L) such that all

operations of (T,,F, L)/p coincide, we say that p is a semigroup congruence.
Theorem. Let FT(X) be the free trioid and (w, L), (u, R) € FT(X).

—~Z

(i) Define a relation o% on FT(X) by

—~

(w, L)os (u, R)
if and only if

w=u and L, = Rmin-

Then ot is the least d-congruence on FT(X).
(ii) Define a relation o on FT(X) by

(w, L) (u, R)
if and only if

w=u and L. = Rmne-

Then &E is the least d*-congruence on FT(X).
(iii) Define a relation o on FT(X) by

(w, L)o(u, R)

if and only if w = w. Then ¢ is the least semigroup congruence on FT(X).
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CTPOTI'O Q-HNJIb-UNCTHIE KOJIbIIA
A.H. A6bizoB, M. C. Epsamikun, . T. Tankuu
Kasancxut (Ilpusosstceruti) gedeparvronts yrusepcumem, Kazanw
aabyzov@kpfu.ru, mikhail. eryashkin@qgmail.com, danil.tapkin@Qyandex.ru

KosbI1o HABBIBACTCSA YUCTDIM, €CJTH KaXKJIBII €0 9JIEMEHT MPEJICTABUM B BUJIE CYM-
MbI O6paTI/IMOFO JIEMEHTa 1 UJEMIIOTECHTA. I/I3yquI/Ie YHUCTDBIX KOJIeI] 6bIJIO NHUIIUHUPO-
BaHO B pabore [1|. Kosbilo Ha3BIBAETCS ¢Mpo2o “wucmuim, €CJI KazKIblil ero JIeMeHT
PEJICTABUM B BUJIE CyMMBI KOMMYTHUDYIOMNAX OOPATHMOIO 3JIEMEHTA U WJIEMIIOTCH-
ta. [ToHsgTHE cTpOro wmcToro Kosbia ObLIO BBEJECHO 1 n3ydeHo B pabore [2|. Kosbiio
HA3BbIBAETCSL (CMPO20) HUNL-YUCTNVLM, €CITH KAYKJIBIH €ro 9JIeMEHT SIBJISETCs CyMMOil
(KOMMYTUPYIOIINX ) HUJIBIIOTEHTHOIO 3JIEMeHTa U uieMioTenTa. Huib-qucrbie u cTpo-
IO HUWJIb-YUCThIE KOJIbIIa ObLIM BBEJEHBI U M3ydeHbl B pabore [3]. Beskoe (ctporo)
HNJIL-9UCTOE€ KOJIBIO ABJIACTCH (CTpOFO) YUCTBIM.

Kosbiio R HA3bIBAETCS ¢MPO20 G -HUAL-YUCTMHIM, €CJIA KAXKIBIA jeMeHT u3 R
[PeJICTABUM B BUJIE CYMMbI KOMMYTHPYIOIIUX ¢-TIOT€HTa U HUIbIoTeHTa. CTporo ¢-
HUJIb-IHCTBIE KOJIbIIA n3ydeHbl B crarhe [4]. CTporo 3-HuiIb-dncTbie KOJIbIA B I0-
cyiesiHee BpeMst ObLM u3ydeHbl B paborax [5], [6]. Vmeer mecro cieayromiee onucanme
CTPOTO (-HUJIb-IUCTBIX KOJIEIL.

Teopema 1. Ilycts q > 1 — mHarypasbaoe uwucio. s Koabna R cienytorme
VCJIOBHUST PABHOCH/THHBI:

1) R — crporo q-HWIb 9HCTOE KOJIBIIO;
2) mrs kaxkjgoro r € R ajgemenT 19 — r SBJIS€TCS HUJIBIIOTEHTHBIM;

3) J(R) — HuIb-Hj€as H BCSIKOE IPHMHTHBHOE CIIPaBa (baKTOP-KOJIBIO KoJbla R
umeer sug M, (F), rme F — koneunoe nose, u | F | —1 | ¢ — 1 1 kaxmoro
1< <n.

Caenacrsue 2. Ecinm R — ¢Tporo q-HujIb 9UCcTOE KOJBIIO, TO KAXKI0€ MOIKOJIBIIO
R u raxkioe ¢pakTop-KOJIBIO KOJIbIIa R TakKe sIBJISIETCSI CTPOrO (-HHJIb YHCTHIM
KOJIBIIOM.

Teopema 3. Ilyctb ¢ > 1 — HarypaJsbHOe 4ncjio, F' — KoHedHOe IoJjIe XapakKTe-
pucrukn p, n € N u kaxugas marpuna A € M, (F) npeigcraBuma B BuJe CyMMbI
KOMMYTHPYIOIIHX (-IMOTEeHTHOH MaTPHI[bI H HIeMIIOTeHTHOH MarpuIibl. Toraa uMeor
MECTO CJICIYIOIIHE YTBEPIKICHUSI:

1) |F|'=1|q—1 mma kaxkmaoro 1 <i < n;
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2) p° | q—1, 1e s € Z u p° — HamMeHbINAsI CTENIEHb P, KOTOPasl OOJIbIIIE UJIH
paBHa N ;

3) M,(F) — crporo q-HH/Ib-9UCTOE KOJIBIIO.

B ([3, Borrpoc 3]) 6bL1a nocrasieHa mpobsieMa: SBJISeTCS JIA MOJTHOE KOJIBII0 MATPHIT
M, (R) auiab-aucTbiM, ecia R — HUIb-ducTOe KOJbI0. B crarbe [7| 6b110 mokasaHo,
YTO MOJIOKUTEIBHOE PEIICHHE STOi MPOGIeMbI 9KBUBAJICHTHO HOJIOKUTEILHOMY Pellle-
nuio runoressl Kére B Kiacce anrebp naz mosteMm Fo. Hamomuum, uro runoresa Kére
YTBEPXK/IAET, 9TO BCAKOE KOJIBIIO, COIEPIKAIlee HeHYIeBON OHOCTOPOHMI HILIbL-HIeall,
COJICPKHUT TaKzKe HeHYJICBOH JIByCTOPOHHMI HUJIb-UICAJ.

Teopema 4. Cuexnyrorue ycjI0BUsS PABHOCHILHDIL:

1) ecsm R — crporo mHuib-qucroe Kouabio, 7o My(R) — 4-cTporo-Hu/ib-4ucroe KoJib-
110;

2) ecim R — ¢Tporo HuJb-4ucToe KOJIbIO, TO Jjis Kaxkjgoro 7 € My(R) semeHT

T4 — T ABJIAETCsA HUJIBIIOTEHTHBIM,

3) ecsm R — Huib-asrebpa wagr noseMm Fo, 1o My(R) — HUIB-KOJIBIIO;

4) mpobsrema Kére nmeer mosioxkuresbHOE perenue B Kiaacce Fo-asrebp.
Teopema 5. Ilycts p — npoctoe qmcio. Crepyromige yCJI0BUsT PABHOCHIBHBI:

1) ectu R — crporo p-amib-uncras F,-amrebpa, to My(R) — p*-crporo-umib-
IICTOE KOJIBIIO;

2) ecin R — Huib-amrebpa naj noaem F, wn > 1, to M, (R) — HH/Ib-KOJIBIO;
3) mpobsrema Kére nvmeer nosoxxuresbroe penrerne B Kiaacce F,-aareop.

B paborax [8] u [9] onucanbl KoJbIla, Y KOTOPBIX KarKJIbIil 9JIEMEHT SABJISETCS CO-
OTBETCTBEHHO CYMMOI JIBYX HJICMIIOTEHTOB U JBYX TPUIOTEHTOB. B |9, mpobiema 6.4]
ObL1a TocTaBjIeHa pobJieMa 00 OIMUCAHUHU KOJIEI, Y KOTOPBIX KaXKJIbII 9JIEMEHT SBJIs-
ercs CyMMOIi JIByX (KOMMYTHPYIOIIUX) P-IIOTEHTOB, IJIe P — IPOCTOE YUCIIO.

[Iycts q,p € Z, nupuuem p — upocroe. Obo3HaUMM Yepe3 So(q,p) HaubobIIEe
s € N rakoe, uro p°|lg — 1. Torma ¢ — 1 = p*2@Pk u (p, k) = 1. O6o3HaumM Hepes
s1(q, p) — mopsJIOK sy1eMenHTa p B Zy, .

Teopewma 6. IIycte R — kosbro. Ecin KaxKaprit 3/1eMeHT SIBJISIETCST CYyMMOI JIBYX
KOMMYTHPYIOIIHX (-IOTEHTOB H HI/IbHoTenTa, 1o J(R) — Hums-ngear, R = [[/_; R,,,
e R, rtakwme, uro R, /J(R,,) sBiIseTcs IOAIPIMBIM HPOU3BEJEHHEM KOJIEIl BHJIA
M, (F), rae F —nose ¢ pt snemenramu, npudem tl gennt sy(q, p;), 1 KasKJIblii 971eMeHT
noJist u3 pil vseMeHTOB sBJIsSeTCS CyMMOM JBYX KOMMYTHDYIOUHX (-IOTEHTOB JIJIs
Jsioboro t € 1,n.

Teopema 7. Ilycts R — kosbro. Crexnytornme ycao0Busi pABHOCHIbHBIL:

1) kaskapiii s7ieMeHT 1 € R SIBISIeTCsT CyMMOIT JIBYX KOMMYTHPYIOIUX 5-IIOT€HTOB;
2) mmeer mecto m3omoppusm R = Ry X Ry X Rs X Ry3, e

a) Rz siBiIstercst HoqupsiMbIM 1Ipou3BejieHneM 1oJist Fis;
b) Rs siBjstercst mOJIpPsSIMbIM Ipou3BegeHueM 1moJisi Fs;
¢) Rs sBisiercst mompsivbiM nponssegennem noseii Fs u Fy;

4) Ry/J(Ry) siBastercst nomupsiMbiM npoussegenneM nosst Fo m rpymma U(Ry)
uMeeT SKCIIOHEHTY 4;
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TEMIIOPAJIBHBIE KOMIIOHEHTHI ITOJIYT'PVYIIII
HEOTPULATEJIbBHBIX MATPUII
FO. A. Asgbnun, B. C. Agbninaa
K®V, Kasanwo; KHUTY (KXTH), Kazanw

yalpin@kpfu.ru, alpina.valentina@yandex.ru

[To uzBectnoit Teopeme Ppobennyca HEMPUBOUMAas HEOTPUIATE/IbHAS MaTPUIA
JIN0O IPUMUTHBHA, JTUOO IEPECTAHOBOYHO MTOJ00HA MATPUIIE BUJIA

0 Ap ... 0
0 0 ... Ay,
An 0 ... 0

C KBaJPATHBIMHU JIMATOHAJILHBIMEU OJjiokamMu, mnpuiaém B wMarpure A" =

= diag(qu),Agg),... ,A£Q) JIAroHasIbHble OJIOKM HPUMATHBHBL (cM. mampumep, [1]).
Yucsio r = r(A) HasbBaeTcs MHJEKCOM UMIPUMUTHBHOCTH Marpuibl A. Marpuia
A — npumep 6J109HO-MOHOMEATBLHONW MaTpuUIlbl. Boobire, Marpuity Oy/1eM HAa3bIBATH
0JI0YHO-MOHOMUAJIHLHOM, €C/In B KaxK/J0i OJIOUHON cTpoke m OJIOYHOM CTOJIOIE OHa
UMeeT POBHO OJIMH HEHYJIEeBOil OJIOK.

MysbTuiimkaTuBHasd MOJyrpynna P HeOTpHUIaTeIbHBIX MaTPHIL MOPSIKa 1 Ha-
3BIBACTCS HENPUBOJIMMON, €CIIM JIJIst JTIOOBIX HHIEKCOoB 4, j € {1,...,n} B mosyrpymme
HaiIETCA MaTPUIlA ¢ TOJOKUTENbHBIM (7, j)-37eMenToM. [losyrpynna P HasbiBaeTCst
IPUMUTUBHOM, €CJIN OHA COJIEPIKUT TIOJIOKUTELHYIO MaTpulty. [Iporacos u Boitaos [2]
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JloKazaJIu cjeayoiiee obobiienne TreopeMbl Ppobenuyca: Jirodasi HEITPUBOIUMAS TIOJTY-
rpymma P HeoTpHulaTe/IbHbIX MATPHUI] 0€3 HYJIEBBIX CTPOK U CTOJIOIOB JINOO IIPUMUTHAB-
HAa, JIMOO ITOCPEICTBOM OJTHOT'O TIePECTAHOBOYHOT'O TOJ00MS BCE MATPHITHI IOy TPYIIITHI
IPUBOAATCA K OJIOYHO-MOHOMUAJILHOM popMe, TPUYEM Tpeodpa3oBaHHast MOJIYTPYII-
1a COJIEPXKUT OJIOYHO-/IMATOHAJILHYIO MATPHILY C TOJIOKUTETHLHBIME JTUATOHATHHBIMEI
OJ10KaMU.

KiroueByio posib B Teopeme IIporacosa—BoitnoBa urpaer mnonsrtne mHekca HM-
HPUMUTUBHOCTH MOJIYTPYIIIBI HEOTPUIIATEIbHBIX MaTpuil. CKaKeM, ITO UHJIEKCHI | U
J COBMeCTHUMBI MTOJIyTpyImoi P, ecim cymiectByer marpura A € P, B KOTOPO i-s
U j-g CTPOKH B HEKOTOPOM OOIIEM CTOJIOIE MMEIOT MOJIOXKUTETbHbIE d71eMeHThI. VH-
JIEKCOM MMITPUMUTHBHOCTH IOJIYIPYIIIbI P Ha3blBaeTCsl MakcuMajbHoe duciio r(P)
UH/IEKCOB, JTIOObIE JIBa U3 KOTOPBIX HECOBMECTUMBI MTOJIYTPYIIOH P . DTO MoHATHE sB-
JISIETCS €CTECTBEHHBIM 0000IIeHNeM OHATHS WHIEKCa UMIIPIMUTABHOCTH, N3BECTHOTO
u3 teopun [leppona-®Ppobennyca, MOCKOIbKY UHIEKC KMIPAMUTHBHOCTH TOJIYT'DYII-
1B, TIOPOZK/ICHHO}I HEIPIBOIMMOI HeoTpHUIaTesIbHOI MaTpureit A, copmamaer ¢ r(A)
(em. [2]).

Teopema IIporacoBa—BoiiHoBa BBI3BIBAET €CTECTBEHHBII MHTEPEC K MOJIYTDYIIIaM
HEOTPHUIATEeIbHBIX OJIOUHO-MOHOMUAJILHBIX MaTpuil boJiee obiero Bujta. /latee depes
P oboznadaercss MPOU3BOJIbHAS TOJIYTPYIITa OJIOYHO-MOHOMHUAILHBIX MAaTPHUIL OJI0Y-
HOTO mopsijika k 6e3 HyJeBbIX CTpoK. MHokKecTBO P, JHArOHATBHBIX (S, $)-0JOKOB
MaTPUIL TTOJYTPYIIBEL P 00pa3yeT MyJIbTUILITUKATUBHYIO MOJTYTPYIILY. DTa HOJIYyTPYII-
[Ia HA3bIBAETCs S-f TeMIIOpaJIbHOI KOMIOHEHTO! moyrpynnsl P (s = 1,2,... k).
[TonsiTrie TeMIOpaJbHO KOMIIOHEHTBI BBEJEHO B [3|, mpuBojmMble HUXKE CBOHCTBA
TEMIIOPAJIbHBIX KOMIIOHEHT JIOKa3aHbl B [4].

Teopema 1. HHjexc uMIpUMHTHBHOCTH MOJIYTPYIIBI P paBeH cyMMe HHJEKCOB
AMIPHMATHBHOCTH €€ TEMIOPAIbHBIX KOMIIOHEHT:

T‘(P) :T(P1) + +7‘('Pk)

[Tonyrpynmna P nasbiBaeTcd OJO0YHO-HENPUBOIUMON, €CJIM [ JIIOObIX S,1 €
€ {1,2,...,k} moayrpymma coIepKuUT MaTPUIy C HEHYJIEBBIM (S, t)-OJ0KOM.

Teopema 2. Ecsm nmosyrpymnna P 609HO-HEIPUBOUMA, TO HHICKCHI HMIIPDUMH-
THBHOCTH TEMIIOPAJIbHBIX KOMIIOHEHT COBIAJIAIOT.

Pabora mepBoro aBropa BBITIOJIHEHA 38 CUET CPEJCTB cybcuauu, Boiaeaennoit Ka-
3aHCKOMY bejiepaIbHOMY YHUBEPCUTETY ISl BBIMOJIHEHUsT TOCY/IaPCTBEHHOTO 3a/1a-
Husi B cepe HaydHOI fesrenbrocTH, poekT Ne 1.12878.2018/12.1.
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ABHAS PEAJIN3AIINS ITIPEJCTABJIEHNUN GLy METOJAMU
JNO®PEPEHIIMAJIBHOM AJITEBPHBI
1. B. ApramoHoB
MI'Y umenu M.B. Jlomowocosa, Poccutickas axademus napodro2o ro3aiticmea u
eocydapcmeennoti cayocowv. npu Ilpesudenme PD, Mockesa
artamonov.dmitri@gmail. com

Pacemorpum rpynny GL,(C) u dbyuknun wa stoit rpymme. Vmeercst neficTsre
GL,(C) ua stu dyukimu, npu koropom sjiement X € GL,(C) aeiicrByer no npasuiy
f(g) — f(gX). llepexons k amrebpam Jlu mosydaemM cOOTBETCTBEHHO jeficTBHE gl .
JIr000e KOHEeTHOMEPHOE HEITPUBOINMOE TIPEeJICTaBIeHre gl,, peann3yercs Kak MOIpe-
cTaBJIeHNe B IPOCTpaHcTBe (PpyHKIUU Ha 3TOH rpymme. B mokitaje Oyier o0CykKmaTh-
sl 3aJ1a9a SIBHOTO OIKMCAHKST TAKOIO MOJIIPEJICTABIEHUs (TO €CTh IBHOI'O MIOCTPOEHUS
0a3uCcHbIX (PYHKIUI U onucaHus JeHCTBUS TeHepaTopoB ajredpbl Ha 3TU OGa3UCHBIE
9JIEMEHTHI ).

st sToro mnpexje Bcero dyuknun wa snemenre X € GL,(C) 6yayr 3amnuca-
HBI KaK OOBITHBIE (DYHKIUN OT MUHOPOB MaTpuilbl X . 3aTemM Oy/IyT sIBHO BBIITNCAHBI
nuddepeHImaIbHbIe COOTHOIIEHNS, BBIITOJHEHNE KOTOPHIX HEOOXOINMO JIJId IO /1a-
HUsI COOTBETCTBYIOIIEH (DYHKIUU B mojipe/craBieHue. Vmeasn, mopoxeHHbI ITH-
MU COOTHOIIEHUSIME, OKA3bIBACTCS TECHO CBA3AHHBIM C XOPOIIO M3y IEeHHBIM 00bEKTOM
nuddepeHImaabHOi aaredpbl — TOPUIECKUMEI UIeaiaMiu B ajredpe Beiis.

C momompio MeTosia juarpamMM HbroTona OyJiyT mosydeHbl 6a3MCHBIE PEIIeHUs.
Iuddepennmaibabie COOTHONEHUS TOMOTYT OITUCATD JIEHCTBIE T€HEPATOPOB ATreOpbI
Ha 3T OAa3UCHBIE PEIIeHMUS.

KOPETPAKTABEJIbHOCTHb CMEIIITAHHBIX ABEJIEBBIX I'PVIIII
. FO. ApremoB
Mockoscrutl nedazozuneckuti 2ocydapemeentvit yrusepcumem, Mockea
dyu.artemov@mail.Tu

[Iyctp R — accommaTuBHOE KOJIBIIO ¢ eauauteil. JIlesuiit R-momynb M nasbiBaeTcd
pempaxmabesvnvim [1], ecam mis KazxK 010 ero HeHyJIeBOro Mo MO/ IyJist N BBIITOJTHEHO
Hompg(M, N) # 0. Jleswiit R-momynb M HasbiBaercst kopemparmabeavovim 2], ecam
JIsl KazKJI0TO ero cobcTBeHHoro oMo ysist N Bornossneno Homg(M /N, M) # 0.

B pabore [3] pacemMarpuBaroTes Kiaacchl peTpakTabeIbHbIX U KOPETPAKTa0e IbHbIX
MoJtysIeil HaJl KOJIBIIOM TIEJIbIX 4ducest (T.e. perpakrabesbHble W KopeTpakTabebHbIe
abeJieBbl IpyTiel). AGesiea rpymina A Ha3bIBAETCH PEMPAKMabeNbHOU, €CITH JJTst KazK-
JIOit €€ HeHyJIeBOH MOArPyIIbl B BBIIOJTHIETCS

Hom(A, B) # 0.

AbesnieBa rpymma A Ha3bIBAETCS KOPEMPaxmabesvHot, eCau JIJisd KazK10il e€ cobCcTBeH-
HOIl TIOJAI'PYIIIbI B BBIIOJIHAETCS

Hom(A/B, A) # 0.

B [3] npuBomuTcs mosHoe onmcanne CIeAyIONIX KIaccoB abesieBbIX IPYIIT: PeTpa-
KTabe/IbHbIe abesIeBbl TPYIIIbI, KOpeTpaKkTade/bHble adeeBbl IPYIIbI 0€3 KPYJYeHus
1 KopeTpakTabebHble ITepuojinieckue adeeBbl rpynmbl. Hacrodmasa padora 3aBep-
maet uccsiegioBanue [3]. 31ech IPUBOAUTCS TOJIHOE OIIUCAHUE KJIACCA KOPETPaKTabe b-
HBIX CMEITAHHBIX a0eIeBBIX T'PYIIII.
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Bce rpyitibl, 0 KOTOPBIX HOHJAET pedb B JlajbHEHIIeM, IPeJIIIoIaraioTcs adeIeBbl-
mu. Yepes t,(A) Gyaem obosmadars p-kommonenty rpymusl A, Q — obosnadenne
aJINTUBHOI IPYIIIBI BCEX PAIMOHAIBHBIX YHCEN, Zpe — 0DO3HAUEHNE KBA3UITUKJIN-
9eCKO p-Ipymibl (p — OPOCTOE YUCIIO).

Teopema 1. Ilycte A — cMmermmanHast rpyiia, cogepzkaiasi moarpymrmy suga Q.
I'pynna A sBistercss KoperpakTabe/IbHOH TOT[a U TOJBKO TOIJIa, KOI/ga OHa JIIST JIFO-
60oro npocToro 4ucja p COAEPKHUT IOAIPYIILY BUAA Ly .

Teopema 2. Ilycte A — cMmemanHast rpyiiia, He cojgepkarast moarpyiir saga Q.
I'pynmma A siBiistercst KopeTpakTabe/IbHOI TOrIa W TOJIBKO TOLA, KOTJa JIJIsl BCEX IIPO-
CTBIX YHCEJ P TAKHX, 9TO A He COAEPKUT IIOATPYIII BUJA Lo , 100asT paKTOPIPYIIIIA
rpymbl A Takske He COJEPKUT HOATPYII BUAA Lo U JOHOJHATEILHO t,(A) ommmdma
OT HYJISI.
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KOHEYHBIE ITIOAI'PVYIIIIBI CBOBOAHBIX I'PVIIII BECKOHEYHO
BA3MPYEMBIX MHOT'OOBPA3UN C.U. AJISTHA
A.T. Acnausu, A.JI. I'eoprau, A. A. I'puropssu
Poccuticko-Apmarckut Ynusepcumem, Epesan
haikaslanyan@gmail.com, amirjan.gevorgian@gmail.com,
hayk.grigoryan27@gmail. com

ITepBble npuMepbl GECKOHEYHBIX HE3ABUCHMBIX CHCTEM I'DYIIOBBIX TOXKIECTB (0T
nByX mepeMeHHbIX) Obln moctpoerbl C.UM.Angnom B [1] (cm. Takxke [2]). Dtum Obl-
JI0 JIAaHO KOHCTPYKTHUBHOE DEIleHne U3BECTHOMN MpOoBIeMbl KOHETHOTO Da3nca Teopum
rpyI, Koropas Oblia noctasiera b.Heiimanom B 1937 r. 9ToT pesy/brar BoOIIes B
monorpaduio 1975 rona, rje gokazano (cM. |3, rmasa VII|), aro npu moboM HedeTHOM
n > 1003 caemytoriee ceMeificTBO TOXKJIECTB OT JIByX I€PEMEHHBIX

rJe mapaMeTp p IpoOeraeT BCe IPOCThIE YUC/Ia, ABJISETCA HEe3aBUCHMOM, T.€. HE OJIHO
U3 9TUX TOXKJIECTB HE ABJISETCS CJICJACTBIEM OCTAIbHBIX. OTCIONA CIIeLyeT, 9TO IS JIIO-
6oro meuernoro n > 1003 cyriecTByeT KOHTHHYYM pa3audHbix MEOroobpasuii A, (1),
COOTBETCTBYIOIIUX PA3JIMIHBIM MHOMKECTBAM IIPOCTLIX ances1 I1. Tlpu sTom, npu ¢dpuk-
cupoBaHHOM m > 1 cymecTByer KOHTUHYYM HemzoMopdubix rpymmn ['(m,n, IT), rxe
['(m,n,II) — orHOCUTE/ILHO CBOGOHAS TPy paHra m MuHoroobpasus A, (IT).
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Jlerko MOHSATBH, YTO BCe MHOroo6pasusi, OIpejiejieHHble ToXKaecTBamu Bujga (1),
cojziep2KaT GepHCailIoBo MHOr0OOpasue BB, BCeX I'PYIII, Y/IOBJIETBOPSIONINX TOXKIECTBY
2™ = 1. Hamomunaem, 9to c60600not beprcatidosoti epynnot B(m,n) HasbiBaeTCs
cBobO/IHAsT IPyTIIa PaHra m MHOroobpasus B, .

Hambreiimee u3ydenue rpymn ['(m,n, 1) mano B pabore [4], rme mokazano, aro
HMEHTPAIU3ATOP JIIOOOT0 HECUHIUIHOTO JIEMEHTA KarK/I0I0 U3 OTHOCHUTEIHLHO CBOOO/I-
ubix rpymi I'(m, n, IT) — nukanaeckuii. [Tokazano, 4To Bee yKa3aHHbIE TPYIIIBI UMe-
0T TPUBHUAJBHBIN IEHTD, Jiobast ux adejieBa MOJAIPYIIIa — MUKJIMIEeCKas U J0dast X
HeTPUBHAJIbHAA HOPMaJbHAas MOArpyIa — beckonedna. /g ceodomusrx rpymm [ Bcex
muoroo6pasuii A, (I1) mosryuen Takzke OTBET Ha BOIPOC 00 OMUCAHUN ABTOMOP(hU3MOB
nosyrpyunbsl End(I) nocrasmennsiii B.ITnorkuabiv B 2000 1. B wactHOCTH, MOKa3a-
HO, 9TO Jisi JiFo0oit u3 s1ux rpynn ['(m,n, II) rpynmna aBroMopdu3MOB MOy TPYIIIbL
End(T'(m,n,I1)) kanorudeckn Bioxeno B rpymiy Aut(I'(m,n,I1)). Hamu nokasana

Teopewma. Jliobasi koHedHasi moArpymna Kaxjaom cobogroii rpymmbr I'(m, n, 1)
MIPOH3BOJIBHOTO paHra m > 1 6eckonedno 6azupyembix MHoroobpasmii rpymm A, (I1)
ABJIACTCA MUKJIUYCCKOH I'DYIIIOH.

[ToguepkneM, 9TO aHAJOTMYHOE YTBEPXKJIEHHE JIJIsi CBOOOJIHBIX OepHCAlIOBBIX
rpynn B(m,n) HederHoro nepuojga n > 665 u Jr060ro paHra paHHee OBLIO JIOKa-
zaro C.ML.Agganom B [3] (em. rur VII [3]), a juig abCcoIOTHO CBOOGOJHBIX TPYIII OHO
OYEBHJTHO.

UccnenoBanne 1acTuvaHO BBIIOJTHEHO pu (puHAHCOBOI 1o 1epkke [ocynapcrsen-
noro komureta 1mo Hayke MOH PA B pamkax mayaroro mpoexkta Ne 18T-1A306.
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KJTACCUPUKAIINA U TUIIBI BA3COB B ITIOJTHOM
YACTNUYHOM VJIBTPAKJIOHE PAHTA 2
C. A. Bagmaes, U. K. ITlapanxaeB
Bypamexuti 2ocydapecmeennviti yrnusepcumem, Yaar-Yos
badmaevsa@mail.ru, gorand@mail.ru

B Teopun JucKpeTHbIX (DYHKIMIT aKTHBHO UCCIIELYIOTCS MYJIbTHQYHKIN — DYHK-
UK, 3a/IaHHBIE HA KOHEYHOM MHOXKeCTBe A M NpUHUMAIONMEe B KauecTBe 3HAUCHUil
noMHOXKecTBa MHOXKecTBa, A. IIpm onpenesnennn cymeprosunuu st MyJIbTHDYHK-
it va A, tae |A| =k, MBI 0 cyTH UMeeM JIeJI0 ¢ MOJMHOXKECTBOM MHOYKECTBA BCEX
byukiuit 2% -snaunoit moruku. 3amernm, 4TO O6BIYHAS CYNEPIO3UIIHS, KOTOPasd Pac-
cMarpuBaercs g QyHKIM k-3HAUHOI JIOTMKH, B JIAHHOM cjiydae He nogoiizer. K
HACTOSIIEMY BPEMEHH M3BECTHBI J[Ba BUJIA CYIEPIO3UIUE Jijid MyabTdyHnkuuii [1, 2|.

IIycte A = {0,1} u F = {@,{0},{1},{0,1}}. Oupenenum cieyrormme MHOXKe-
cTBa PYHKITHIL:
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on ={fIf A" = F} Py =U P,

2,n

o = AfIf € P, u |f(&)] <1 s seex & € A"}, Py = J Py,

2,n

Py ={flf € P;n 1< |[f(a)] <2 mnaseex a€ A"} Py =Ry,

P, = {f|f€P;n u |[f(&)] =1 mmaseex & € A"}, Py = Py

Oynknun u3 P, Has3bBaloT MYHKIUAME aareOpsl JIOTUKHU, U3 P; — 4acTHIHBIMU
dbyukmusavu va A, w3 P, — runepdynkiuavu va A, uz Py — MyasTudyHKIAAME
Ha A.

Basada 0 IpUHAIEKHOCTH (DYHKITN MaKCHUMATbHBIM (ITPE/IITOIHBIM ) KJIacCaM sB-
JIIeTCs IOCTATOYHO W3BECTHOW, HAIIPUMeD, I PYHKIINN aarebpbl JIOTHKHI OHA PelleHa
B [3|. Ucnonn3ysi pazbuenne MHOXKeCTBa BCeX (DYHKIMHA HA KJIACCH S9KBUBAJIEHTHOCTH
[0 OTHOIICHWIO MPUHAJJICZKHOCTH MaKCUMAJIbHBIM KJIACCAM, MOYKHO OIEHUTH MOII-
HOCTH BCEBO3MOYKHBIX 0a3MCOB, OMKMCATH BCE THIIBI OA3MCOB, UCC/IEIOBATH PENIEeTKY
3aMKHYTBIX KJIACCOB.

B [4] onmcanbr Bce MakcuMasibHbIE YACTUIHBIE YIBTPAKIOHBI MyJIbTH(MYHKIAN Ha
A. B jokajie paccMaTpuBaeTCst BOIIPOC O TPUHAJIEKHOCTH MYJIbTU(DYHKIIAN MAKCH-
MaJIbHBIM YaCTUIHBIM YJIbTPAKJIOHAM. KOIMYecTBO MAKCUMAIBHBIX YACTUIHBIX YJIb-
TPaKJIOHOB, paBHOe 12 JaeT BEepXHIOIO OIEHKY YUC/Ia KJIACCOB PA30MEHMs, KAK MOII-
HOCTh MHOYKECTBA BCEX ITOJMHOYKECTB MHOYXKECTBA MAKCUMAJIBHBIX YACTUIHBIX YJIb-
TpakyoHOB, T. e. 2'2. Vccenosanue cBoiicTB MyabTUhYHKIIAN HO3B0IAET TOHU3UTh
9Ty oneHKy. KoMIIbIoTepHbIl SKCIIEPUMEHT YCTAHOBUJI, YTO MYJIBTU(PYHKIIUUA OT TPeX
nepeMeHHbIX J1afoT 91 Kjaace sKBuBajaeHTHOCTU. TakuM 00pa3oM, HaM YIaJI0Ch TIOJTY-
YUTh CJIEIYIONNE YTBEPZK ICHUS.

Teopema 1. Yncio Kj1accoB MyabTHDYHKIHIH, TOPOXKJIEHHBIX OTHOIITEHHEM ITPH-
HAJ[JIEXKHOCTH MaKCHMAaJIbHBIM YaCTHIHBIM YJIbTPAKJIOHAM, paBHO 91.

Teopema 2. Yucso kinaccoB ¢pyHKImil ajaredpbl JIOTUKH, MOPOXKIEHHBIX OTHOIIIC-
HHUeM MPHHAJIEZKHOCTH MaKCHMAaJIbHBIM YACTHIHBIM YIbTPAKJIOHAM, DABHO 15.

Teopema 3. Yucyio Kj1accoB 4aCTHIHBIX (DYHKIUIH, TOPOKIEHHBIX OTHOIIEHUEM
MIPUHAIE)KHOCTH MAaKCHMAJIbHBIM JaCTHIHBIM YJIBTPaKJIOHAM, paBHO 49.

Teopema 4. Ywucio kiraccoB rurepyHKIHH, TOPOXKJICHHBIX OTHOIIICHHEM ITPH-
HaJIJIEXKHOCTH MaKCHMAaJIbHBIM YACTHIHBIM YIbTPAKJIOHAM, PABHO 28.

[Tostablit KOMITBIOTEPHBIH TIEpedOP MoKa3aJ, YTo uMeercd 1 Tun 6a3UCOB MOIITHOCTH
1, 690 Tumnos 6asucos momHoctu 2, 7940 Tunos 6asumcos mormmHOCTH 3, 2830 THUIIOB
6a3ucoB MoIHOCTU 4, 6a31COB OOJIBIIIEN MOIIHOCTU HE CYIIEeCTBYET.

Pabora mepBoro aBropa BbnosHeHa 1pu  nojiep:xkke POODI,  mpoekTt
Ne18-31-00020.
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OPJIMHAJIBI PEA/IN3YEMbBIE BBIYNCJINMO
IMTEPEYUNCJ/INMMBIMUA OTHOILIEHNAMNM S5KBUBAJIEHTHOCTUA
H. A. Baxenos, M. B. 3y6koB
UM CO PAH, Hosocubupck; KOV, Kaszanv
bazhenov@math.nsc.ru, maxim.zubkov@kpfu.ru

Mer crieryem noaxoy paborsr [1]. Bee pacemarpuBaembie OTHOIICHNS SKBUBAJICHT-
HOCTH MMEIOT 00JIaCThb OlpejesieHns w. BynieM roBOpuTh, 9TO B.II. OTHOIIEHHUE SKBH-
BaJIECHTHOCTH F peajin3yeT MOPSIKOBBIN THII 7Y, €CJIU CYIIEeCTBYET JTMHENHBIN ITOPsI0K
L omnpejiesieHHblil Ha w Takoii, uro F sBisiercst KoHrpysunueit qsa L u L/E umeer
nopsikoBbIit Tuil . O6o3natnMm Ord(E) Kaace BceX OpIMHAIOB PEATH3YEMbIX BHIUUC-
JIIMO IIePEYHCINMBIM OTHOIIEHHEM SKBUBaJEHTHOCTH F. BbLIo nojydeHo onmncanue
Becex Bo3MOXKHBIX Ord(E). A nmenno, Oblia joKa3aHa Teopema:

Teopema. Eciin Ord(E) conepxut opaunas menbine w?, to Ord(E) umeer omqun
u3 caegyonpx Bujios: (w-n,w-(n+1)), [w-n,w-(n+1)), [w-n,w{). IIpuuem kazprii
YVKa3aHHBII BHJ] peau3yeTcs 1T HEKOTOPOI'O B.II. OTHONIEHHUS S9KBUBaIeHTHOCTH E .

Tak ke GyayT pacemorpennl Ord(E) He comepzKaliue OpAMHAJIOB MEHBIINX W2,

HO cojiepzKallife OpIMHAJIbI MeHbIE W™ .

Bropoit aBrop nomepxkan rpantom PODU Nel18-31-00174.
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O TPAAYUPOBAHHBIX ITPOCTHBIX AJITEBPAX
. H. Banaba
Tyarvckut 2ocydapemeernnviti nedazozudeckuts ynusepcumem um. JI. H. Toacmozo,
Tynra
1balaba@mail.ru

Bce paccmarpuBaeMbie KOJIbIIA ITPEIIOJIATAIOTCS aCCOIMATUBHBIMU C €JIMHUIIEH,
rpaJlynpOBaHHBIE MYJIBTUILTMKATUBHON Tpymoit G .

B Teopun rpayHpoBaHHBIX KOJIEI] 3HATHTEIBHYIO POJIb UIPAIOT IPayHPOBAHHbIE
Tejla, TO €CTh I'PAJyHPOBAHHBIE KOJIBIA, KarKIbIH HEHYJIEBOH OJHOPOIHBIN IJIEMEHT
KOTOPBIX dABJIsgeTcs odpaTuMbiM. HecMoTps Ha TO, 94TO rpajlynpoBaHHBLIE TeJia HE SB-
JISIIOTCST TeJIAMI B OOBIMHOM CMBICTIE, OHH CAMIE U TPa/[yHPOBAHHbIE MOILY/IN HAJ, HIMH
001a/1al0T CBONCTBAMHE, AHAJOTHYHBIMU CBOICTBAM TeJI U JINHEHHBIX IIPOCTPAHCTB Hal
tejamu (eM. [1]).

['parympoBaHHbBIl MOTY/Ib HaJ| IPalyHPOBAHHBIM TEJIOM ABJIAIOTCA gr-CBOOOJIHBIM,
TO eCThb 06J1aJa10T 0A3MCOM, COCTOSIIMM H3 OJHOPONBIX 3JIEMEHTOB. XOPOIIO H3-

BecTHO, uTo ecin V = (P, V, KOHEUHO HOPOXK/IEHHBIN I'Pa/lyHpOBaHHbIN IIpaBblil
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D-Mojynb ¢ 6a3UCOM COCTOAIIMM U3 OJHOPOJHBIX JIEMEHTOB U1, Vg, ..., Uy, V; €
€ Vg{l (¢ = 1,...,n), TO ero rpajyupoBaHHOEe KOJBIO 3HIOMOphI3MoB ENDp (V)

u30MopdHO Koutbity MaTputl, My, (D) (g1, ..., 9n) = Bpee Mn(D)n(91,---,9n), i€

Dgflhm Dgflhgz ggflhgn

—1 —1 —1
_ 95 hag1 9y hg2 " 9o hgn

MH(D)h(ghagn) — . . . .
Dytngy Dyithg, Dyipg,

Takwue rpa/lynpOBKY Ha MATPUIHBIX KOJIHIIAX HA3BIBAIOTCS XOPOIITHMH, BCE MATPUIHbBIE
€JIUHUIIBI SBJISTIOTCS OJTHOPOHBIMU 3JIEMEHTAMU.

I'pasgynposanubiv nenTpoM Zg, (D) tema D HasoBeM MaKCHMAJBHOE TPaJLyHPO-
BAHHOE MOJKOJIBbIO TeHTpa Z([D), OHO MOPOXKJIEHO OJHOPOJHBIMU IEHTPAbHBIMU
ssieMenTaMu Kojblia D. fcuo, uto Z,, (D) sBIfeTcs rpalyHpPOBAHHBIM IIOJIEM.

Teopewma 1. [Iycts D — rpajiyupoBaHHBIOE TEJIO, Z — €0 IPaJyUPOBAHHBIH IIEHTD
n F' — makcumasbnoe rpajgynposannoe mognose B D. Torna D Q) , F' aprsercs gr-
IIJIOTHBIM KOJIBIOM B T'PAaJIyHPOBAaHHOM KoJibie sHjgoMopgpuzmo ENDgp (D) rena D,
paccMaTpuBaeMOro KakK TI'paJlyHpoBaHHbBIH Mojayab Haja F'. Ecam teno D KoHedHO-
MEeDHO HaJl IPajyHpOBaHHBIM IeHTpoM Z, 10 D @), F' m30MOpHHO KOJIbIy MaTpHII
M, (F)(g1,---,9n) HaJI rpaJyupoBaHHBIM 1MoJieM F' | cHaOGXKeHHOMY XOpOoIeid rpajiyu-
DOBKOH.

[Iycts F' — rpajgyupoBanHoe mojie 1 A — rpajyupoBanHas ajredpa nazg F. Aj-
rebpy A Ha30BEM UeHMPasbHOT, €CIA BCE ee TeHTPabHbIe OJIHOPOJ/IHBIE 3JIEMEHTHI
Jexar B .

Crenyromas TeopeMma SIBJISIETCS T'PaJIyHPOBAHHBIM aHAJOroOM TeopeMmbl Hérep-
CkoJrema.

Teopema 2. Ilycte A — KOHeUHOMEpHasI MeHTPpaJIbHAs gr-1pocTasi ajarebpa Hal
rpajynpoBaHHbBIM mojieM F' m B — gr-mpocrast mogasrebpa aareopsr A. Ecim o — ro-
MomopcpusM asrebpsr B B A, To cymecTByer HeHy1eBOI O[HOPOJHBIIT 9JIeMeHT a € A,
(g € Z(Q)), rakoit, uto ¢(y) = a ‘ya a1 Beex y € B.

Caenctsue. Ilycts A gr-npocras anrebpa, KOHEIHOMEPHAs HaJ CBOUM T'PaLyH-
POBaHHBIM IIEHTPOM, TOIJIa J1000i aBTOMOpPhU3M anredpsbl A, COXpaHAIOMIII I'paLy-
HUPOBKY U OCTaBHHIOH_H/HU/I HEIOJIBU2KHBIMU 3JIEMEHTDBI IIEHTPa, ABJIA€TCA BHYTPECHHUM.

Teopema 3. Ilycre F — rpajgympoBaHHoe 10j€¢ W A — TIpajydpoBaH-
Hasl KOHEYHOMEpHasl I[eHTpaJjbHasi gr-npocras aJjrebpa Hajg F. Torma cyiie-
CTByeT rpajyupoBaHHoe Tejio D, sBjsionieecs KOHEIHOMEPHOH IeHTPAaJIbHOMH
gr-mpocroii  F-anrebpoii, takoe dro ajsrebpa A m3omopgHa ajrebpe MaTpHIT
M,(D)(g1,--.,gn) s HEKOTOPBIX (g1, ..., qn) € G™.

OrmernM, uTo B 2] 611 J0Ka3an anagor teopembl Hérep-Ckostema B cirydae, Ko-
ria G — abesneBa rpymma 6e3 KpydeHus, a B [3| usydanuch rpaynpoBaHHBIE IPO-
CThIe eHTpaJIbHbIE aIrebphl B ciyudae abesieBoii rpajyuposku. B paborax [4, 5| nana
II0JIHaA KHaCCI/I(bI/IKaLH/IEI C TOYHOCTDBIO JJO 9KBUBaJICHTHOCTHU KOHEYHOMEPHBIX I'DaJlyH1-
POBaHHBIX aJIFe6p C aeJsieHueM HaJll II0JIEM I[eﬁCTBI/ITeJIbeIX qucesl, rpaJlynpoBaHHbIX
KOHEYHOI abe/ieBoil IpyIIoii.

Pabotra Boimosinena mpu punancoBoii moiepkke rpanta PO Ne 19-41-710004-
p-a.
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O PASPEIIINMBIX HACBIHTEHHBIX ®OPMAIINAX CO

CBOIICTBOM 7P,
C. B. bBajabrueB, A. ®. Bacuibes
Tomenvcrkuti 2ocydapemesennont yrusepcumem um. D. Cropuroi, omenw
sergej.balychev@gmail.com, formation56@mail.ru

B nmanbHeiimem paccMaTpuBarOTCS TOJBKO KOHEYHBbIE T'PYIIbL. HamomamM, 9TO
rpynna (G gBJISeTcs NMPOM3BEJIEHMEeM CBOUX IIONAPHO IePEeCTAaHOBOYHBIX IIOATPYIII
Ay, Ay, A, ecm G = AjAy - Ay m AjA; = AjA; i mo0bIX map ducen 4, ) €
€ {1,2,...n}.

WccneoBanust TPYIII ¢ Takoii (pakTopusalneil 6asupyorcesd Ha PyHIaMeHTaIbHBIX
paborax @. Xosra, C.A. Uynuxuna, Xynmnepra, Bunanara, Kerens, JI.C. Kazapuna.
CoBpeMeHHBIE Pe3yJIbTaThl B 9TOM HAIPABJIEHUN MOXKHO Haiitu B MoHOrpadun [1].

B patore [2] Ambepr, JI.C. Kazapun n XedauHr npejioKuIm cieLyoree

Onpenenenune 1. [lycts § u X — kjaccel rpynn u k — HATypaJgbHOE YHUCJIO.
Bynem ropopurs, uto Kiacc § mmeer cBoiictBo Py g X-rpymm, ecaun X-rpynma G
NPUHAJIEXKNAT § B TOM cirydae, korda G MoKeT ObITh 3allicana B BUJIE IPOU3BeIeHUsT
n noarpymn Ap, As, ..., A, Takux, 9T0 I KayKJOro BbiOOpa mHuekcoB 1 < i <
19 < ... < i <nrpymna A; - A;, IpUHAIIEXKAT §.

Ecimm X coBmajiaeT ¢ KJlaccoMm BceX TPYIINI, TO B JaJIbHEHIIIEM Mbl OyJ/IeM IPOCTO
FOBOPUTH, 9TO KJIACC § HMMeeT CBOHCTBO Py .

B [2]| 6butn 1IOTHOCTBIO ONMCAHBI BCE pa3peIuMble HACTEICTBEHHbIE KITACCHI U Ha-
CBIIIEHHBIE KJIACCHI TPYIII, NMEOIIe CBOWCTBO P; JIJTst pa3peninMbIiX IPYIII, a TaKKe
HIpHUBEIEHbI cepur (bopMalyii co cBoiicTBoM P; .

B nacrosiiem coobiieHun MbI UCCIEIYEM Pa3peIinMbie HACHIIECHHBIE (POPMAIIN
co cBoficTBOM P 1151 3a/IaHHOM HACJIeICTBEHHON HaChIMeHHO! dopmaruu X .

UsBecrHo, uro dopmarn Beex HusbnorenTHbIX rpytn (Keresb [3]), Bcex paspe-
mumMpix rpymn (JI.C. Kazapuu [4]) umeror coiictBo P .

Hawm norpebyercst korctpykius dopmanun w§ [5] (em. takxke [6-8]).

[Iycts § — memycrast popmartus. [loarpynma H rpynmer G HasbiBaeTcs § -cyoHop-
marvrot B G, ecom ymbo H = G, ymbo cyIiecTByeT MaKCUMAJIbHAs 1Eb IOATPYIII
H=H,< H, <...< H, =G Takas, 9410 Hfg H, y qgnai=1,...,n.

Cornacuo [5] mst wemycroit dbopmarun § depes w§ 0003HAUAETCS KJIACC BCEX
rpyun G rakux, 9ro 7(G) C 7(F) mw B G mobasg CHIOBCKast MOArpyNHa -
cyOHOpMAJIbHA.

B pabote [5] ycranoBiieno, 4ro eciu § — HacJeICTBeHHAsT HACBIIEHHAs (hopMa-
IUsi, TO W§ TaKKe sIBJISIETCsI HACJIEJCTBEHHOI HachleHHoii dopmaiueit. B [6] Haii-
JIEHbI HEOOXOIMMbIE U JOCTATOYHbBIE YCIOBHS, IPU KOTOPBIX W§ = §.
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Teopema 2. Ilyctp § — paspeniumasi HACJI€ICTBEHHAsT HACHIII[EHHAsT (DOPMAITHSI.
Toryma u TOJIBKO TOTJIa § HMeeT CBOHCTBO Ps, Korja § sBisieTcs ¢opmariueri Our-
THHTA U WE = § .

OrmeruM, 9TO JijIst JIFOOOTO HATYPAJBHOTO k > 2 MOXKHO IIPUBECTHU IPUMED pa3-
pemmMoii HacJIeICTBEHHOI HACBIIIEHHON (hopMalinu &, uMeroIeit cBoiicTBo Py, HO He
obuta taroreil cBoficTBOM Pp_1, U JJisi KOTOPO#l BBIOJIHSIETCA § = W .

Onpepenenne 3. Knacc rpynn X HasbBaeTcd S.,-3aMKHYTBIM, €C/ii X BMeCTe
co Begkoit rpymmoit G comepxkuT Bee eé nmoarpyunbl [muara.

[Monsitie S.p,-3aMKHYTON hopMaruu ObLIO BBEJIEHO U M3y4asoch B padbore [9).

Teopema 4. Ilycrs § — paspeniumasi Sp-3aMKHYyTasi HaCBIIICHHAs (OpMAaIlUs.
Torza u TOJIBKO TOrZa § HMEET CBOHCTBO Ps, Korzma § HMeeT TaKOI IMOJIHBIH JIOKAJIb-
mplif sxpan f, aro f(p) = Grisp)), ecm p € w(F) u f(p) = @, ecomn p € P\ 7(F).

Teopema 5. Ilycte X — pasperinmasi HACJI€JACTBeHHAST HACBIIIICHHAST (DOPMAITHS.
Torga u TOJIBKO TOTqa Jitobasi HAC/IeICTBeHHAsT HAaCBIIIeHHasT moa¢gopmarist § u3 X
umeer cBoiictBo Py st X-rpyiin, korgia X cocTOUT U3 T'PYII C HHJIBIIOTEHTHBIM
KOMMYTAHTOM.

JImteparypa

1. Ballester-Bolinches A., Esteban-Romero R., Asaad M. Products of Finite Groups.
Berlin/New York: Walter de Gruyter, 2010.

2. Ambepr B., Kazapun JI. C., Xedsunur B. Koneunbie rpyiiib! ¢ KpaTHbIME (haK-
ropuzarusivu // OyHgamenTaabHas 1 IpukiaHas Mmaremarnka. 1998 T. 4, Ne 4.

C. 1251-1263.

3. Kegel O. H. Zur Struktur mehrfach factorisierbarer endlicher Gruppen //
Math. Z. 1965. Vol. 87, Ne 1. S. 42-48.

4.  Kasapun JI. C. ®akropusaliyy KOHEIHBIX MDY PA3PENTMMbIMU HOArpynnamu / /

Vkp. mat. xKypa. 1991. T. 34, Ne 7-8. C. 947-950.

5. Bacumbe A. @., BacuiweBa T. 1. O koneunsix rpymnmax ¢ 06001eHHO cyOHOD-
MaJIbHBIMU custoBcknMu noarpymmamu // IIOMT. 2011. Ne 4(9). C. 86-91.

6. Bacuibes A. @.; Bacuibea T. U., Berepa A. C. Koneunbie rpyIibt ¢ 0600IIEHHO
cyOHOPMAJIbHBIM BJIOXKeHHeM CHIoBcKux noarpyrn // Cub. marem. xypH. 2016.

T. 57, Ne 2. C. 259-275.

7. Monaxos B. C., Coxop U. JI. Koreanbre rpymibt ¢ pOpMAIMOHHO CyOHOPMAIbHBI-
My ipuMapHbiMu nojrpymmavu // Cub. marem. xxypa. 2017. T. 58, Ne 4. C. 851—
863.

8. Murashka V. I. Finite groups with given sets of §-subnormal subgroups // Asian-
European J. of Math. doi.org/10.1142/S1793557120500734.

9. Vasil’'ev A. F., Murashka V. I. On the influence of the fitting subgroup on the
products of finite soluble groups // TI®GMT. 2015. Ne 4(25). C. 59-63.



85

OBb AJIBTEPHATUBE TUTCA B OBOBIIITEHHBIX
TETPASAPAJIBHBIX I'PVYIIITAX TUIIA (2,N,2,2,2,2)
B. B. Benganir-Kpusen, . A. 2KykoBery
Beaopycexuti 2ocydapemeennniil ynusepcumem, Beaopyccrutl 2ocydapemeenmoiil
nedazozuneckuti ynusepcumem um. M. Tanwka (Munck, Beaapycy)
benyash@tut. by, y.zhukovets@gmail.com

ToBopsiT, uro rpymma G yaoBieTBopseT ajnbrepuatuse Turca, ecin G COIEPKUT
b0 HeabesieBy CBOOOIHYIO TOATPYIIILY, TUO0 Pa3PernMyIo MoIrPYIITY KOHEYHOTO HH-
nekca. . B. Buabepr [1]| BBest B paccmoTperne 06061eHHbIE TeTPasipabHbIe IPYIIIH,
UMeEIOTIIIe KOIPEJICTABIEHIE BHUIA

P = 25k = Ryp(x, $2)l = Roz(x2,23)" =

= R13($1,l’3)n = 1>7

[ = (21,29, 73 | 7,"" = 1y

rae ki, ko, ks, l,m,n > 2, R;j(x;,x;) — IUKINIECKN PeIyIHPOBAHHOE CJIOBO B CBOOOI-
HoM npoussesenun (z; | z" = 1)x(x; | ;% = 1), Koropoe ne siB/sIeTCS COGCTBEHHOIL
crenenbo. CyriecTByer rumnoresa [2|, 4To kaxjas 0000IeHHas TeTpadpaabHasi IPyTi-
1a yyosjaerBopsieT ajbrepHaruse Turca. K nacrosimemy Bpemenn B paborax [2-6] sta
IUIIOTE3a JOKa3aHa JIJIsl BeeX 000OIIEHHBIX TeTpa3/[palbHbIX IPYIII, KPOME I'PYII CJie-
JIYIOIIEro BUJA:

2 2
<$1,l’279€3 | 2" = 1™ = a3 = 312@171‘2)2 = (561(1233”3) = (517271336) = 1> ;

e 1?11 + é + % > % Ormernm Takke, uro B |4] runoresa Posenbeprepa jokazana B
Ny Lol 1.9yl 1 1.9y 1 1 _1

cltefylomux ciaydasx: 1) -+ < 5:2) -+ < 333) -+ < 3, 32 HCKIIOUeHHeM

cuydas ks = 2 u (k1, ko) = (3,8), (3,10), (4,5), (4,6), (4,8), (5,6). B namnoit pabore

MbI PACCMOTPUM TPYIIIBL ¢ KOIPEICTABIEHHEM

I'={(a,b,c|a®=0b"=c=R(a, b)* = (b%)° = (ac)* = 1), (1)

riae R(a,b) = ab"ab"?...ab" , 1 < u; < n. Cupaseimsa

Teopewma 1. Ilyctes ' — obobiiennast rerpasapaJibHast rpyliia, onpeje/leHHast B
(1), U=wuj+ ...+ us, s > 1. Ilycte n jgesurcs aubo HA MPOcTOE YHCTO P = T, JIHOO
Ha oxHO U3 unucesa 8, 9, 25. Ecju BBIIOJIHSIETCS OJHO U3 YCJIOBHIL:

1) (Un) =1,

2) s mederro, n genures Ha 8, U 4werno u U me genrces Ha 8,
to rpymia I' comepkut HeabesieBy cBOOOJHYTO HOATPYIIILY H, CJEJOBATE/IBHO, VJIOBJIC-
TBOpsieT ajibrepHaTuBe Turca.
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O IMEPECEYEHUUN ITOAI'PVIIII BJIN3KUX K
$-ABHOPMAJIbBHBIM B I'PVIIITIAX C OITEPATOPAMMUA
P. B. Bopoau4d, M. B. CeabKuu
Tomenveruti 2ocydapemesennoiti yrusepcumem umeny, @.Ckopunovl, [omens
(Beaapyco)

Borodich@gsu.by

Bce paccmaTpuBaemble IpyIiibl KOHEYHBI. VceeoBanme nepecedeHnii MaKCUMAJIh-
HBIX TIOATPYIII sIBJISETCS OJTHOM M3 KJIACCHIECKUX 331, BOCXOISIIX K pabore Ppat-
turn [1]. B 50-x rogax Teopema @parruru nosyudnsia pasputne B paborax [ammora
[2], deckunca [3]. danbueiimuii unrepec K mMoArpyinaM (hparTHHUEBOTO THIIA B 3HA-
YUTEIbHON CTeleHn CBsi3aH ¢ pasBuTueM Teopuu dopmanuii (cMm. MoHorpadun |4,
5]).

[Tycts manwbr rpymma G, muoxkectBo A u orobpaxkenue f : A — Aut(G), rae
Aut(G) — muoxkectBo aBromMopdusmos rpymunbl G. [loarpynma M HasbiBaercs A-
JIOTyCTUMOIL, eciu M BbIIEpKUBAET JeiicTBre Beex omeparopos u3 A, to ectb M* C
C M jyist moboro oneparopa o € A.

Hecioxkno 3amMeTuTh, 9TO TaK KakK OIEpaTOpPbl JEHCTBYIOT KaK COOTBETCTBYIO-
e UM aBTOMOP(MUBMBI, TO KaXK/asl XapaKTePUCTUIeCKasl MOArpyIa aBjsgercsa A-
JIOTIYCTUMOM JIJIs IPOM3BOJIBHON TPYIIIBI OITEPATOPOB.

[Mogrpynna H rpynnbl G Ha3bIBaeTCs MAKCUMAaJIbLHON A-IOIyCTUMOI MOArpyI-
moit B G, ecitm H sasnsierca A-ponyctumoit n jirobast coOCTBeHHast A-I0IycTUMAast
nmoarpynna u3 G, comepxkaras H | copnamaer ¢ H .

[Iycts X — mpousBoJibHBIN HelycToil Kiaace rpyiin. ComocraBuM co BCIKOM rpyt-
noit G € X mexoropyto cucremy noarpyui 7(G). Cormacuo [5] 6ymem roBoputh, 9To
7 — noarpynnosoit X-dyskrop (moarpynmnosoit byHKTOp Ha X ), eciu JJIg BCSIKOTrO
stumopdbusMa ¢ @ A — B, e A, B € X, sumosnenst srmouenus (7(A))? C 7(B),

(r(B))*" C 7(A), u s moboit rpymmsr G € X umeer mecro G € 7(G).

Ecin X = & — kJjacc Bcex rpyiin, To HOArpymninoBoit X-(pyHKTOP Ha3bIBAIOT IIPO-
CTO TIO/ITPYIIIOBBIM (DYHKTOPOM.

OyurTop # Oyaem Ha3bIBATH aOHOPMAJIBHO MOJHBIM, €CJIN JjIst JTI000i rpynmbl G
cpeau MuOXKecTBa 0((G) comepkarcsa Bce aOHOPMAJIbHBIE TOAIPYIIBI Ipyibl G .

BamMeruM, 4TO MakcuMaJjbHas A-pomycrumasi moarpyimna M ombo IMeIuKoM co-
NEeP:KUT §-KopamKkana rpymmel G, mubo MGS = G. JleficTBUTeILHO, TaK KaK HPO-
usBejienne A-JIomycTUMBIX ToArpynn A-mgomyermvo u GF — XapaKTepHCTHHYeCKast
HOArPyYIIIa, a, caefoBaTeabno, A-gomycrumas, o MGS = M nwm MGS = G.

[Iycts § — memycrast popmanus u rpynma G umeer rpytiy oneparopoB A. He-
pe3 Dg (G, A) 0bo3HAUNM MepeceveHne a1ep BCeX MaKCUMAaJbHBIX A-JI0MycTUMbIX 6-
nojarpynn rpynmnsl G, He cojepKalux §-kKopajaukas rpynnsl G. Eciou B rpynme G
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BCE MaKCHMaJbHble A-J0MyCTUMBIE O-TIOIIPYIIIBI COMAEPKAT §-KOPAJIMKAJ TPYIIIIbI
G, To monoxxum D3 (G, A) = G.

Teopema. [lycmv § — S, -3amknymasn sokaroras dopmayus u epynna G ume-
em epynny onepamopoé A maxyro, umo (|G|,|A|) = 1, § — abropmasvro noarwid
nodepynnosoti pynrmop. Ecau N — nopmasrvran A-donycmumasn 6 -nodepynna 2pyn-
no G u N/NﬂDg(G, A) € §, moeda N npedcmasuma 6 ude npamozo npou3eederus
N = N1 X Ny, MHOMHCUMEAU KOMOPO20 YOOBACMEOPAIOM, CACOYOULUM YCAOBUAM:

]) Ny € S;

2) 1(No) N7 (F) =9

3) Ny C Oy(G, A).

CnenctBue 1. [lycmv § — S, -3amrrhymasn A0KaADHAA HOPMAUUA, COOEPAHCAULAA
6ce nuavnomenmuvie 2pynnol, u epynna G umeem epynny onepamopos A maxiyio,
umo (|G|, |A|) =1, 6 — abropmarvro nosnwii nodepynnosot gynkmop. Ecau N —
nopmanvran A-donycmuman 0-nodepynna epynnoe G u N/N N Dg(G,A) € s, mo
Neg.

B cayuae, korma ¢dpyHKTOp 6 BBIjIEASIET BCE TOATPYIIIIBI, TO MOJTYIaeM

Caenacrsue 2. [lyemv § — S, -3amrnyman sokaisvhas dopmavus u epynna G
umeem epynny onepamopos A maxyro, wmo (|G|, |A|) = 1. Ecau N — nopmanvras
A-donycmumasn nodepynna epynnve G u N/N N DS(G, A) € §, mozda N npedcma-
suma 6 sude npamozo npoussedenus N = Ny X Noy, MHooCUMENU KOMOPO20 YJoB.Ae-
MEOPAIOM, CACOYIOULUM YCAOBUAM:

]) N1 € S;

2) m1(No) N7 (F) = 95

3) Ny CO(G,A).

Eciu kK ToMy 2Ke TOJI0KHUTh, 9TO TPYIIIa OeparopoB A sBisieTcss e JMHUIHOM, TO
HOJIPYIIIA Dg(G, A) cosnasiaer ¢ oarpymmoit AS(G) n MBI IOJTyHaeM COOTBETCTBY-
oMt pe3ysabrar paboTs [4].

JIuteparypa

1. Frattini G. Intorno alla generasione dei gruppi di operazioni // Atti Acad. Dei
Lincei 1885. Vol. 1. P. 281-285.

2. Gaschiitz W. Uber die ®-Untergruppen endlicher Gruppen // Math. Z. 1953.
Bd. 58. S.160-170.

3. Deskins W.E. A condition for the solvability of a finite group // 111.J.Math. 1961.
Vol. 5. Ne2, P.306-313.

4. Cenpkun M. B. Maxcumarvroie nodzpynnve 6 meopuu KAACCO8 KOHEUHBLT 2DYNN.
Mmn.:Bemapyckas maByka, 1997.

5. Ckuba A.H. Aneebpa gpopmavyuti. Mu.:Benapyckas naByka, 1997.



88

ITPABNJIBHOE OIIPEAEJIEHVUE N1 TEOPEMA
BUJIAHOA-XAPTJIN OJIAA CYBMAKCUMAJIbBHBIX
X-IIOAT'PVYIIII
A. B. Bacuasbes, . O. PeBun, C. B. CkpecaHnos
UM CO PAH, HI'Y, Hosocubupck
vasand@math.nsc.ru, revin@math.nsc.ru, s.skresanov@gq.nsu.ru

Bcerony nanee depes X ob6o3HaveH (PUKCUPOBAHHBIN HEIYCTOH KJIACC KOHEYHBIX
IPYII, 3aMKHYTBIH OTHOCHUTEIBLHO B3STHs MOATPYIII, FTOMOMOP(HBIX 00PA30B U pac-
mupennii. Knaccuiaeckass reopema Bunanma-Xapm (cMm., nHanpumep, |1, semmvbr 2

!/ .
u 3|, [2, rmaBa 5, (3.20)'], [3, Teopema 13.2]) yrBepxgaeT:

Teopema 1. Ilycre G — kodedHast rpymna u A — ee HOpMaJIbHAST TOJATPYIIIIA.
Torna st smoboit makcumasibHOH X -moarpymisl H rpymnmer G- cripaBeIHBbI CIEILY-
oniue YyTBEeP2K/IeHU !

(1) Na(HNA)/(HNA) e conepknt HeeJHHTIHBIX X -IOTDYIII;

(#7) B wacrrHoctn, H N A = 1 Torya u ToJIbKO TOIJA, KOoTjja A He Colep:KuT Heeu-
HUYIHBIX X -TI0JTPYIIII.

Dra Teopema mozposmaa X.Bunanmy B paborax |3, 4| BBecTu monsaTHe cybMakcu-
MaJsibHOI X-moarpytmisl. Oupesesenus, JaHHble B 9TUX paboTax, cjerka OTJIHIaioTCs,
u MbI OyjieM cyOMakcnMasbable X -TOJArPYIIbl B CMBICTIE [3| HA3BIBATH TAKKE CHIBHO
cyOMaKCUMaJIbHBIMU.

Onpeneaenune. lloarpynma H rpynmsl (¢ Ha3bIBaeTCHd CYOMAKCUMAAGHOT 6
cmvicae 3| wmu cuavro cybmarcumarvrotc X -nodzpynnoti (COOTBETCTBEHHO, CYOMAkK-
cumarvonol, 6 cmuicae [4] mwim mpocro cybmakcumanvrot X -nodepynnod), ecin G
MOXKHO BJIOKUTH B KadeCTBe HOPMAJIbHOI (COOTBETCTBEHHO, CyOHOPMAJIBLHOl) MOJI-
IPYHIIBLI B HOAXOAIY 0 rpyniny G* takum obpazom, urodbsr H cosnana ¢ GN K juis
HEKOTOPOI MakcuMajbHo#t X-togarpymibr K rpymnst G*.

Ucnonb3ys aTo ompesenenune, Teopemy Busanna-XapTiim MOXKHO SKBUBAJEHTHO
nepedopMyINpPOBATE B CJIELYIONIEM BUJIE.

Teopema 1*. Ilycrr G — koneunast rpymima u H — ee cuibHO cybMakcuMaJibHasT
X -nogrpymma. Torga Ng(H)/H He comepkut HeequHUIHBIX X -IIOJIDYIIL.

B nokitajie Mbl 00CYIUM CJIEJTYIONTNAE BOIIPOCHI.

o Jlng kakux 1eseii MOKeT OBbITh UCIOJIB30BAHO MOHATHE CyOMakcUMa/bHON X-
IO/ITPY TIIIBI !

e DKBUBAJICHTHBI JIU ONPEJIe/IeHIs CyOMaKCUMaIbHOH X -T10rpy b, Janubie B [3]
u [4]7

o Kakoe u3 sTnx ABYX OHpe,ZLeJ'IeHI/Iﬁ cjleayer CiuTaTb HpaBI/I.T[beIM?

e CrpaBe/IUB JIM AHAJIOT TeopeMbl 1* 1st cybMaKcnMaIbHbIX X -IIOrPYIII, AHOH-
cupoBaHHbBIH B [4]7

[Tpu nomepxke Poccuiickoro wayunoro dbonga (mpoext Ne19-11-00039).
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HOPMAJIN3ATOPBI CNJIOBCKUX ITOATI'PVIIII B HEKOTOPBIX
ITPOCTHBIX I'PVYIIITAX
A. C. BacuibeB
HI'Y, Hosocubupck
a.vasilevl Qg.nsu.ru

Vzyuennto CUIOBCKUX TOATPYIII YIEIAeTCsl 0c000e BHUMAHNE B TEOPUU KOHEUHBIX
rpymi. CTpoeHre CHJIOBCKUX MOJATPYIIT B MPOCTHIX TPyIIax Haiigeno B paborax Ka-
ny:xunna, [llepamre, Pu, Beitpa, Kaprepa n ®onra. B 2005 roxy A. C. Konaparses
orucas HOPMAIU3aTOPbl CUJIOBCKUX 2-TTOJIPYIIT B KOHEYHBIX MPOCTHIX I'PYIIIAX.

B okmaje Oyjer IpejcTaBieHO CTPOEHHEe HOPMAaM3aTOPOB CUJIOBCKHUX 7'~
HOATPYII B JIMHEHHBIX M YHATAPHBIX IPYIIAX /I HEUETHBIX 1.

[Monoxkum GLf(q) = GL,(q) n GL,(q) = GU,(q). Hdua aucia m depes m,
0603HaUeHa HAMOOJIBINAS CTEIeHb YUCIa T, JEJISIIAast TUCA0 M, U My = M /M,

Teopema 1. Ilycts G = GL!(q), tie n = +1 mam 3uax 3TOro 4mcia, T —
HEYeTHOe MpocToe Iucjo, takoe, 4ro (q,r) = 1. Ilomaoxnm

e=min{k >1](ng)* =1 (mod )},

n=ae+c, rae 0 < c < e, n3apukcupyeM r-m4HOe IPEJCTABICHIE YHCIIA G

a=ayg+ar+...+a,r".
Torna mya cumosckoit r-noarpynnsl R rpynmsr G- cpaBeamBo

R=1.x Ry x...x R},
e 1. — rpuBnasabnas noarpynmna B GL1(q), a R; — cumoBekas r-IOJArpyIiia IPYIIbl
Gi=GL" (q), n

Ne(R) = GL(q) x [ [ Nit Syma,,
i=0

Na(R)/R = GLI(q) x | [ Ni/Ri v Syma,,

=0
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e N; = Ng,(R;). Kpome Toro,

Ri = C(qe_ne)r 2 CT‘ 2 e Z CT'
N———

i pa3

Nz/Rz = C(qe_ne)r/ X Ce X Cr—l X ... X Cr—l .
i;;w

Teopema 2. [Iycts G = GL!(q),S = SL(q), R € Syl.(G), P = RNS € Syl.(S).

Torna B ciayqae (r,n,(q—n),) = (3,3,3) umeroT MecTO H30MOPDUIMBI

P~ 32 Ng(P) ~ 32 x Qg,

rie 32 — aro skcrpacnenuasbHas rpyima mopsaka 27 mepuosa 3, a Qg — rpymma
kBarepanonos; B dactooctd, Ng(P) > Ng(R) NS. B ocragbHbIx cIydasx HMEET
MeCTO PaBEHCTBO

Ng(P) = Ng(R)N S.

Kpowme roro, ecim ~ 1 S — S/Z(S) = PSL!(q) — kaHonmdeckuii S1ruMopdu3M, To

P € Syl,(S) n Ng(P) = Ng(P).

HUccneroBanne BBIOJHEHO 3a CYET TpaHTa Poccuiickoro HayaHOTo (hoH 1@ (IIPOeKT

Ne 19-11-00039).

KOHEYHBIE T'PYTIIHI C 3AJAHHON CUCTEMOU
$-CYBHOPMAJIBHBIX JIOKAJIBHBIX ITOAI'PVYIIII
A. ®. Bacuibes, T. 1. BacuibeBa, A.I'. MejbieHKO
Tomenavckuti 2ocydapemeennnd ynusepcumem um. D. Cropunwv, Tomenrw
formation56@mail.ru, tivasilyeva@mazil.ru, melchenkonastya@mail.ru

Bce paccmarpuBaeMmble IpyIIbI [Ipe/oaraioTrces KoneduabiMu. CBoiicTBa HOpMa-
JIN3ATOPOB NPUMAaPHBIX HOAIPYIIIL, T. €. JIOKAIbHBIX HOAIPYIII, IIXPOKO IPUMEHAIOTCS
PHU KJIaCCU(PUKAIMN TPOCTHIX HeabeJIeBBIX TPYIII, a TaKyKe IIPH N3y YeHNH HEITPOCTHIX,
B 9aCTHOCTHU, paspemuMbix rpyni. Hamnpumep, B [1] gokazaHo, 4To HEOOXOAUMBIM 1
JIOCTATOYHBIM YCJIOBHEM HUJILIOTEHTHOCTH IPYIIILI SBJISETCS HUJILIOTEHTHOCTH HOP-
MaJI3aTOPOB €e CHJIOBCKUX MOArPYII (KPATKO, CHJIIOBCKUX HOPMaJn3aTopos). B [2]
IpHUBeJieH 0630p PaboT, B KOTOPHIX UCCJIEI0BAINCH CBA3N MEYKIY CBOMCTBAMM I'PYIIIHI
U TIPUHA/JIE’KHOCTHIO HACBHIIICHHON (hopMaIinu ee CUIOBCKIUX HOPMAJIU3ATOPOB.

B macrosmem coobreHnn n3yvaeTcs 3aBUCHMOCTb CBOWCTB TPYIIIBI OT CIIOCODA
BJIOXKEHHUsI B Hee CUJIOBCKMX HOPMAaJIN3aTOPOB.

[Iycte § — wmenycras dopmarus. [loxrpynna H rpynnbsl Ha3bBaeTcs §-
cybnopmasbhoit B GG, ecau ymbo H = G, imbo cymecTByeT MaKCHMAaJbHAS IEIb
moarpynn H = Hy < Hy < ... < H, 1 < H, = G Takas, 910 Hf < Hi 4y nasa
1=1,...,n.

Onpegesienne. Ilycrs § — Hemycrag dpopMalsa U T — HEKOTOPOE MHOMKECTBO
IPOCTHIX dnces. Bymem obo3HavYaTh Yepe3 Wi Ciieyonuii Kaace IPyII:

wi§ = (G | 7(G) C w(F) u Ng(P) smasierca §-cyOHOPMAJIBHOI TOArPYIIIOi B
G g moboit cuytoBekoit g-ioarpynnsl P w3 G u g € 1 N 7w(G)).
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ITo onpesenennio G € wig, ecim ©(G) C 7(F) u 7 N7w(G) = 0. dnsa muOoKecTBA
BCEX IPOCTBIX unucesl P BMecTO Wp§ HCHIOIb3yeTcsa 0O03HAUEHHEe W .

Kitace rpynn § mazbiBaercs: Sy -3aMKHYTBIM, €CJIN § BMECTE ¢ KaKJ0# TPYIIIOit
G comepRuT JI00YI0 XOJLIOBY ToArpyiity u3 G'.

Teopema 1. IIyctp § — Henycrass ¢popmarust. Torja cupaBeIUBbI CJICIYIONHE
VTBEP>KICHUS].

(1) wi§ — romomopd raxoii, uro w*§ C wig C wig u wi) C wi§ st soboro
MHO>KeCTBAa MPOCTHIX YHCEJI T, cojepKaliero m, u jroboi ¢popmarmnn $H C §.

(2) Ecim § — macsejcTBeHHbIH Kjacc, 70 Wi§ — Sy-3aMKHyTast ¢opMmarisl,
mprdeM § C w'F C wif = wi(wig).

Coruacho (3] apudmerndeckas JyiHa paspermumoii rpymibl G Onpee/seTcs Kak
max {l,(G)}, tne [,(G) — p-mmmua rpynosl G uo p mnpoberaerT BCe IPOCTBIE THC-
na u3 7(G). OTMernM, 9T0 KJIacc BCEX Pa3PEIIUMbIX IPYII, apUMOMETHIeCKast 1~
Ha KOTOPBIX He MPEBOCXOIUT 1, AB/IeTCS HACJIE/ICTBEHHON HACBIEHHONW (hopmariueit
@urTHHTA.

Teopema 2. [lycts § — Hac/eACTBeHHasT HACBIIICHHAST (DOPMAIIHST Pa3PEIIHMbIX
TpYyIIIL, 9bsi apupMeTudeckasi JiuHa He 1npepocxoaur 1. Torma w*'§ = §.

Cnencrue 2.1 [4]. Ecir M? — opmaiust Bcex METAHUIBIIOTEHTHBIX TPYIII, TO
*mQ mZ
Caencrsue 2.2 [4|. Eciim MA — ¢opmarust Bcex rpyiin ¢ HUJIBIIOTEHTHBIM KOM-
MyTaHToM, TO W A = NA.

CanencrBue 2.3. Ecm § — opmarust Bcex pa3perrnMbIX TPYIIIL, apuMeTnde-
CKasl JIJINHA KOTOPBIX He mpeBocxoauT 1, To w*§ = §.

Bameuanue. B pabore [5| Oblia BBejieHa 1 U3ydaIach KOHCTPYKIUSA KJIAcCa W .
[Iycts § — dopmarms. Torga w§ obosnadaer kiacc rpynn G, y koropsix 7(G) C
C 7(F) u mobas cunoBckas MOArpyiia §-cyonopmanbha 8 G. B pabore 6] paccmar-
puBaJsuch 60siee obime KOHCTpyKIuu KjaaccoB rpymn W, § u W, §. lna dopmarun
§ Bbmomadgerca wis € W.§. Ecm 7 = P u § — HacieacrBenHaa dopManusd, y
koropoit 7(§) = P, o w'§ C w§ = WF = WF. Obparnoe BKIIOUeHHE B 0OIIEM
caydae He BhIIoHAeTcd. Tax, Haan/IMep, o |5, crencreue D2 w2 = & — kiiacc
BCeX pa3pelMbIX IPYIII, a W*‘ﬁ2
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NMHBEKTUBHOCTDb I PAIIMOHAJIBHOCTDb
A.B. BepéBkun
Yavarnosckut 2ocydapcmeennuill yrusepcumem, Yavarosck
abverevkin@gmail.com

[Iycrs A = k[z] — anrebpa MOJMHOMOB OT OJHON MepeMeHHOI Hajt mosieM k. Pac-
cMoTpuM npoctpancTso k—mmmeitnnx bynkmnmit (k[z]) = Homy (k[z], k). Ono asna-
erca k[z]-Momysem ornocuTenbHo Taxoro geficreus: A | € (k[z])", P(z) n Q(z) €
€ k[z] samamum npasuio (1-P(x))(Q(z)) = I(P(x)-Q(x)). Toraa mrs moboro klz]-

*

Moy My, ectb mzomopdusm Homy, (Mkm , (k[a:])zm) = Homy, (My, ki) = (M) ,

nosromy k[z]-momyas (k[z]) — mmbexrusen.

Hns | € (k‘[m])* OmpeJIe/IUM TPOU3BodAImil psiyt Hy(t) = Zn>0 [(z™) - t", omHO-
3HATHO OIPEJIE/IAIONUN (PyHKIHIO [ .

JIemMma. Crexyroniue yci0BUs 9KBUBAJICHTHBI:

e psyr H(t) — panuonasien;

° dimk(l . k:[x]) < 00;

e RAnny, (1) # 0;

e npocrparctBo Ker(l) conepxkur menymepoii miear kx];

® 110C/IC[OBATE/IEHOCTD (l(l) (), 1(2?), ) HaYMHAS ¢ HEKOTOPOI'O HOMEpPa, CTa-

HOBUTCH JINHEHHO DEKYyPPEHTHOH.

3 31010 TEXHUYECKOTO YTBEPKIEHUS BHITEKAET MHTEPECHBI (haKT:
o *
Teopema. MuokecrBo pynkumii | € (k;[x]) ¢ parmoHabHbIM psiyjoM Hi(t) obpa-
o *
syer nubexrusHpli k{z])-noamonyns (k[z]) . Hax anreOpamaeckn 3aMKHy TBIM 1OJ1EM
k oH siBiIsieTcst HHBEKTHBHOI 000JIOUKOI CyMMBI BCEX OJHOMEPHBIX k[x|-Momyeit.
HokazareabcTBo: 113 KoMMyTaTuBHOCTH k[2] HECTIOKHO BBIBOJMUTCS, ITO YKA3AH-
* (Y]
HOe MHOZKeCTBO stBJistercst moamonyiem (k[z]) Kl - A w3 npebIyIeit IeMMbI CJIEJIYeT,

9TO 9TOT IIOJMOAYJIb HE MMEET COOCTBEHHDIX CYILIECTBEHHDbBIX paCH_II/IpeHI/Iﬁ B NHDBEK-
*
TUBHOM MO/LYyJIiE (k[x])k[x} 1 IIO93TOMY CaM dBJIAE€TCAd MHbEKTHUBHBIM. HpHMaH CyMMa

BCEX OJTHOMEDHBIX k[x]-MOJy/ieil BKIIaIbIBACTCS B (k:[:l:])* B Bujie (PYHKIMIA C paliy-

k[z]
OHAJIBHBIM ITPOU3BOAAIINM DsjioM Buja P(t)/Q(t) ¢ yeaosusvm: Q(0) = 1, Q(t) me
numeer KpaTHbix Kopueii u deg P(t) < deg Q(t).
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COKPATUMBIE 3JIEMEHTBI PEINIETKN
HAJIKOMMYTATUNBHBIX MHOT'OOBPA3UU I1OJIVI'PVIIII
Bb. M. Bepuukos, B. FO. IITanpbiackuii
Yparverui gpedeparvroni ynusepcumem, Examepunbdype
bvernikov@gmail.com, vshapr@yandez.ru

Nmeercs nenblit psi paboT, MOCBSIIEHHBIX U3YYEHHUIO CIEUAaIbHBIX 9JIEMEHTOB B
pereTke BceX MHOIooOpasmii TMOJIyTPYII U HEKOTOPBIX ee mojperterkax. O630p pe-
3yJILTATOB, MOJIYYEeHHBIX B 9TOM Hampasaennu 10 2015 r., Moxuo Haiitu B [5]. MuOTO-
obpasue MOJIyTPYIIIl HA3bIBACTCI HAOKOMMYMAMUCHBIM, €CJTU OHO COJIEPIKUT MHOTO-
obpasne BceX KOMMYTATUBHBIX MOyTpymi. COBOKYITHOCTD BCEX HAIKOMMYTATHBHBIX
MHOI000pa3uii oopas3yeT MOJAPEIIeTKy B PelieTKe BceX MHOrooopasuii moryrpyitir. Mbr
obozrauaem 31y mnojapemnterky depe3 QC. CrernuabHble 9J1€MEHTHI PS8 THIIOB B pe-
merke OC usyvanucs B paborax [1, 4].

Dement x pemerku (L;V, A) Ha3bIBAETCS COKPAMUMbLM, €CJIU JIJIsT JIIOOBIX Y, 2 €
€ L uz toro, uto tVy=xVz u x Ay =1z Az BbTekaer, 4T0 y = z. B pabore [3]
apropamu un J[.B. CKOKOBBIM IMOJIy9eHO TOJIHOE OIMCAHNE COKPATHMBIX 3JIEMEHTOB B
peleTKe Bcex MHOTooOpaswuil mosiyrpymil. B mannoit padbore 1mojiydeHo moJiHoe OIuca-
Hue cokpaTumMbix 3jeMeHToB B perierke QC. Yrobbl chopMyimpoBaTh 3TO ONUCaHUE,
HaM TIOHAJIOOUTCA psiJl 0003HAYEHUIA.

O6o3naunM [gepe3 F' ¢BODOIHYIO MOJIYIPYIIY CYETHOIO paHra HaJl ajadaBUTOM
{z1,29, ..., Zpn,...}. Ecim u € F| 10 yepes £(u) obo3HaUaeTCs JUIMHA CJIOBA U, Yepe3
/;(u) — 9ucsI0 BXOKICHUIT 7; B U, a depe3 con(u) — MHOYKECTBO BCEX OYKB, BXOJISIIIX
B 3ammch u. TOXKIECTBO U A V Ha3bIBaeTCH ypasHosewernvim, ecin {;(u) = 6;(v) s
Bcex ¢. OOIIEN3BECTHO, YTO BCSKOE TOXKJIECTBO, BBIIOJHEHHOE B HEKOTOPOM HAJIKOM-
MyTATUBHOM MHOI0OOpa3uu, yPABHOBEIIIEHO.

[Iycts m m n — HATypa/bHble YUCIa Takue, 9To 2 < m < n. Pazbuernuem wucaa
n Ha M wacmel HA3BIBAETCS KOPTEXK HATYPAJIbHBIX duces A = ({1, 0y, ..., {,,) Takoii,
uro by =2 by = - 24, u 2111 l; = n. Yucna (1,0, ..., {,, HA3LIBAIOTCA KOMNOHEH-
mamu pazdouennsa A. Hepes A, ,, ob03HaTaeTCA MHOXKECTBO BCEX pa3OMeHUiT ducia n
Ha m yacteil. [Tonoxxum A = Ungn JL W

Ecan u € F, To 1gepes part(u) obosnadaercs pasduenue unciaa {(u) na |con(u)|
Jacreii, cocrosimee u3 qducesn {;(1) g Beex ¢ Takux, 4to z; € con(u) (umcaa £;(u)
pacrniojiaratorcst B part(u) B HeBO3pacTamolieM TOopsjkKe). Kcaum ToXIecTBO U RV
YyPaBHOBEIIIEHO, TO, oueBuHO, {(u) = £(v), |con(u)| = |con(v)| u part(u) = part(v).

IIycte A = (01, 0s,...,0y) € Apyy. O6osmatmm gepe3 W, ., \ MHOXKECTBO BCEX
coB u takux, uro f(u) = n, con(u) = {zy,xs,..., Ty}, li(u) = liq(u) maa Beex
i=1,2,...,m—1 u part(u) = A. OueBuHO, 9TO BCIKOE YPABHOBEIIEHHOE TOXKJECTBO
u ~ v takoe, uto {(u) = {(v) = n, |con(u)| = |con(v)| = m u part(u) = part(v) =
= )\, 9KBHBaJICHTHO HEKOTOPOMY TOKJECTBY S ~ t Takomy, uto s,t € W), , ».

s pasouenust A = (1, 0a, ..., 0y) € Ay onpenennm auciaa g(A), 7(A) u s(\)
curepytomum obpazom: ¢(A) — YHCI0 KOMIOHEHT pa3buenus A, paBHbIX 1; r(\) —
CyMMa BCeX KOMITIOHEHT 3TOr0 pasbueHust, KoTopbie 6oJbine 1 (ecm TaKuX KOMIOHEHT
met, 0 7(A) = 0); s(A) = max{r(A\) —q(\) — 0,0}, tne 6 =0, ecru n =3, m=2u
A= (2,1),u § = 1 B nporusHOM cayuae. s Beskoro k > 0 gepes A\¥ obosnagaercs

cesyonee pasbuenue uuciaa n + k na m + k wacreit: A\ = (01, 0y, ... 0,1, ..., 1),
——
k pas
B wactaoctn, A\’ = ). HazoBeM HaJIKOMMYTaTHBHOE MHOTooOpasme Moayrpynn V

HCAOHDBIM, €CITH JIJIS JTIOOBIX HATYPAJbHBIX UUCET M W N TaKuX, 970 2 < m < n, u
m060ro pazomenuss A\ € A, ,, U3 TOro, 9T0 B V BBIIOJHEHO HEKOTOPOE HETPUBUATIb-
HOe TOXKJIECTBO BHJIa U~ V, rJe u,v € W, ., \, BeITeKaeT, 4To BV BBIIIOJIHEHO BCs-
KO€ TOXKJIECTBO TAKOTO BUjia. depe3 var > obo3HavaeTcss MHOTOOOpa3ue MOJIyTPYIII,
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3aJaHHoe cucreMoii Toxaecrs Y. g pasbuenns N € A, ., nomoxum W, ., =
=var{urv|uveW,,\} uS,= /\fi’\o) W timini -

DJieMeHT T pereTkn [ Ha3bIBAeTCs HeUmpasbHolm, €CITH T JTIOOBIX ¥y, 2 € L 37e-
MEHTBI X, Y ¥ 2 MOPOXKJIAIOT JUCTPUOYTUBHYIO NOJAPEIIETKY B L, 1 ducmpubymueHim
[cmandapmnvim], ecmu st m06bIX Yy, 2 € L BbImosHEHO paBeHCTBO =V (Y A 2) =
= (xVy)A(xAz) [coorBercTtBerno (zVy) Az = (zAz)V (yAz)|. Koduempuby-
MUBHBIE U KOCMAHOAPMHBLE SJIEMEHTBI OIIPEJIENIIIOTCA JIBORCTBEHHO K JUCTPUOY THB-
HBIM UM CTAHJAPTHBIM COOTBETCTBEHHO. BCAKUil HEHTpaabHBIA 3/1eMEHT cTangapTeH 1
KOCTaHIAPTEH, a BCAKHI |KO|CTAHIAPTHBI 97€MEHT |KO|aucTpuOyTHBEH M COKPATHM
(em. |2, Section I11.2]). B abGcTpakTHBIX pereTKax CBOMCTBA ObITH 9JI€MEHTAMHE IIECTH
00CY2KJaeMbIX THIIOB IIONAapPHO He SKBUBAJEHTHDL.

Teopema. /L HaAKOMMYTATHBHOTO MHOrooOpasus mojyrpymnn V.  cienyrorme
YVCJIOBUST 9KBUBAJICHTHBI:

a) 'V — cokparumsrii ssiement pemerku OC;

6) V — gucrpubyrusaeiii saement perrerkn OC;
B) V — komucrpubyrusnbii snement permerku OC ;
r) V — crargaprubiii si1ement pererkn QC ;
n) V. — kocrangaprabli sevent pemerkn QC ;
e) V — meiirpaspubii smement permerkn OC;
k) V — kajHOe MHOroobpasue;

)

k
3) smbo V — mHOroobpasue scex nouyrpymt, 6o V = \._; Sy, 11 HeKOTOPBIX

A, Ao, A\ EAL

DKBUBAJIEHTHOCTD yCJIOBUil 6)—K) j0Ka3aHa B 1], & 9KBUBAJEHTHOCTD YCJIOBUIT K )
u 3) — B [4]. B mannoit pabore nokazaHa S5KBUBAJIECHTHOCTH YCJIOBUM &) U XK ).

O6a asropa nomuepkaibl POOU (mepeoiit — rpantom 17-01-00551, BTopoit —
rpaaTom 18-31-00443) u MunmicTepcTBOM HayKu 1 BbICIero obpasoBanust Poccuiickoit
@eneparyn (npoexr 1.6018.2017/8.9).
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OIIPEAEJJIAEMOCTD P -JIOKAJIBHBIX I'PVYIIII
MWHVMAJIBHBIMU KOJIBITAMUM PACIHIEIIJIEHU A
C. B. Bepuimna
Mocxosckuii Iledazoeuveckuti 'ocydapcmeennvti Ynusepcumem, Mockea
svetlanavershina@gmail.com

Abenesa rpynmna 6e3 Kpydenust A Ha3bBaeTCHA P —A0KAALHOU (P — IIPOCTOE UHC-
JI0), €CIM OHa SIBJSETCA MOJYJIEM HaJ KOJIBIOM JIHCKPETHOTO HOPDMHUDOBaHUS Z, —
JIOKATU3AITNN KOJIBITA TEJIBIX Yucesl 7, OTHOCUTEIHHO ImpocToro unciaa p. Ilome K ma-

3BIBAETCA noaem pacuensenus epynnor A, ectmu AQ R= D@ F, tme R = KN Zp,

Z,, — nononHenue Z, B p-aamdecKoil Tomnosoruu, D — gemumbrit R-Momyns, [ —
cBobosiHbIil R—Momynb. Konbiio R B 9TOM ciiydae Ha3bIBAETCH KOALUOM PAcULENfe-
nus epynno. A. Kosiblio pacriernieHusi, He cojepskaiiee COOCTBEHHBIX CEPBaHTHBIX
IO/IKOJIET], PACIIEIICHNs TPYIIIBl A, Ha3BIBACTCH MUHUMAADHBIM KOADYUOM DACULENAEC-
nusa epynnoe A. Toste pacierieHnst Ha3bIBACTCT MUHUMAALHOM NOAEM PACULETAEHUS
epynno. A, ecii He COJEpPyKUT COOCTBEHHBIX TOJIEH PACIIEIIEHUsST TPYIIbI A.

Bynem rosoputh, uro rpymma A u3 kiaacca A omnpesensercs ¢ TOYHOCTHIO JI0
n30MOppU3Ma MUHUMATBLHBIM KOJIBIIOM paciieryienns [y, ecam Jyisa aio00it TpyImsI
B € A w3 uzomopdusma MUHUMAJIBHBIX KOJIEI pacllelyieHns 3TuxX rpymn Ra = Rp
caeayer nzoMmopdusm rpymn A = B.

Broraenum ciefyionye Kaacchl HEPA3JJIOKUMBIX TPYII 0€3 KPYyYeHUs ¢ MUHIMAJTb-
HBIM KYOMYecKNM IoJieM paciierienns K :

e A : rpymmsl panra 2 p—panra 1;
e [3: rpymmsl panra 3 p—panra 1;

e C : rpyumsl panra 3 p—paura 2.

Teopema 1 [2]. Kiraccamu rpynn A, B u C #caepubIBAIOTCS BCe HEPA3IOMKUMBIC
P — JIOKaJIbHbBIE I'DPYIIIBI 6€3 KpydJeHHs ¢ MHHUMAJJIbHBIM KYyOUIeCKHM I10JIeM PACIIEll-
JICHUSI.

Teopema 2. B kiacce rpymnn A Kakjast TpyIITa OIPEIeIsieTcsi ¢ TOIHOCTBIO J10
H30MOpgU3Ma CBOUM MHHHMAJIBHBIM KOJIBI[OM PACIIEILICHHS].

Teopema 3. B kiacce rpymnn B KaxKjast rpymiia, olpeessieTcss ¢ TOIHOCTBIO J10
H30MOppHU3Ma CBOUM MHHHMAJIBHBIM KOJIBI[OM DACIIEILTCHHS].

Caencrsue. B kiacce rpynn AU B u3 nzoMopguzMa MEHEMAJIBHBIX KOJIEI] Pac-
memteanst Ry = Rp s rpynn A mw B cienyer nzomopgpusm rpynn A = B B Tom
o TOJIBKO B ToM cay4ae, ecan r(A) = r(B).

Teopema 4. B kiacce C Kaxkjast TDYIITa OIPEJEISIETCS] CBOUM MHHHMAJIbHBIM
KOJIBITOM PAaCIIeIJIeHHsI ¢ TOYHOCTHIO J10 KBa3HH30Mopbu3Ma, HO He H30MOpu3Ma.

JlaHHbIe pe3yJIbTaThI 0T HOJIHBIH OTBET Ha MOCTaB/IeHHblil B [1] Bopoc or yciio-
BUSIX OIPEJIEISIEMOCTH C TOYHOCTBIO JI0 B30MOPGU3Ma p—I0KAJbHOM TPyl 6€3 KPy-
YeHUS ¢ MUHIMAJIbHBIM KyOUIECKUM TI0JIEM PACIIEIJIEHUST CBOUM MUHUMAJILHBIM KOJTb-
IIOM PACIIEILICHHS.

JIuteparypa
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AJITEBPANYECKUE XAPAKTEPU3AIINNU JITNCKPETHOCTN
TNXOHOBCKUX ITPOCTPAHCTB
E. M. BeutromMmoB
Bamcexuti 20cydapemeennuiti ynusepcumem, Kupoe (Poccus)
vecht@mail. ru

MpsI npuBOINM XapaKTepU3aIluu CBOMCTBA JIMCKPETHOCTU ITPOU3BOJIBHOIO TUXOHOB-
ckoro npocrpancTBa X B TepmuHax Kosbiia C'(X) Bcex HENPEPBIBHBIX JeHCTBUTE b
HO3HAUHBIX DyHKIWHA Ha X u ero noanosaykobia CT(X) HenpepbIBHBIX HEOTPUIIA-
TEJIbHBIX (DYHKITHII.

HamoMuuM HEKOTOpBIE TOIOJIOTHYECKUE U ajredpamdecKue MOHATHs. 1OIMoJI0ru-
YeCKoe IPOCTPAHCTBO HA3BIBAETCS THUXOHOBCKUM (XBIOMTTOBCKHM), €CJIM OHO OMEO-
MOP(hHO HOANPOCTPAHCTBY (COOTBETCTBEHHO, 3aMKHYTOMY OIIPOCTPAHCTBY) THXO-
HOBCKOII cTelleHn 1nca0Boil psimoii R. THXoHOBCKOE IIPOCTPaHCTBO HA3bIBAETCS: IKC-
TPEMaJIbHO HECBS3HBIM, €CJIM 3aMbIKAHUE JIIOOOTO €r0 OTKPBITOI'0 MHOYKECTBA OTKPbI-
T0; P-npocTpancTBoM, eciu Hyab-MHokecTBO f~1(0) kaxgoit dbynkimun f € C(X)
otkpbiTo. KapuHas k HasbiBaeTCst H3MEPUMBbIM (110 YJIaMy ), €CJIi Ha MHOYKECTBE BCeX
[OJIMHOYKECTB MHOXKecTBa X MOIHOCTH k cymiecTByer cderHo-aaaurusHas {0, 1}-
sHaqHas Mepa (i, i Koropoit u(X) =1 n p({zr}) = 0 mra Beex Touek = € X ; B upo-
TUBHOM CJIyYae KapJuHaJ k HA3bIBAETCS HEM3MEPUMbIM. 1e0peTHKO-MHOKECTBEHHOE
NIPEJIIOIOKEHNE O HEM3MEPUMOCTH BCEX Kap/IMHAJIOB HA3bIBAIOT aKCHOMOM Yiama.

[Tos, KOMMYTATHBHBIM ITOJIYKOJIBIIOM IIOHUMAETCs aJiredpandecKas CTPYKTypa
(S,+,-) ¢ KOMMYTATHBHO-ACCOIMATUBHBIMI OUHADHBIME ONEPAIMSIMU CJIOXKEHUA +
U YMHOYKEHHS -, TAKUMHU, ITO YMHOMKEHWE JUCTPUOYTUBHO OTHOCUTETBHO CJIOYKEHUS,
CyIIECTBYET HEHTPAJbHBIN 110 CJI0KEHUIO dJ1eMEeHT — HyJb (), sIBISIONIUNCS ITOTJI0-
MIAIONIUM 110 YMHOYKEHHIO, U CYIIECTBYET HEHTPAJLHBIN 110 YMHOXKEHUIO SJIEMEHT —
equauia 1. KoMmMmyTraruBHOE TIOTYKOIBIO S HA3BIBAETCS: CAMOMHbEKTHBHBIM, €CJIH S
UHDBEKTUBHO KakK (MpaBblil) S-T0JyMOJLY/Ih; CAMOUHbBLEKTHUBHBIM 110 Bapy, eciu st
Joboro ujieasta J TOJIYKOJIbIAa S KaxKiblit romoMopdusm S-moaymoayias J B S-
OJIyMO/IY/Ib S IPOMOJIZKAETCSI 10 ToMOMOpdu3Ma S -oIyMoay/Ist S B cedsl.

N3BecTHO, 9TO XBIOUTTOBOCTH JUCKPETHOTO IPOCTPAHCTBA PABHOCUJILHA HEU3-
mepumocTu ero mornHoctu |5, Theorem 12.2]. Teopema Vcbenia yTBep:kaaer, daro
SKCTPEMAJILHO HECBS3HBIC P-POCTPAHCTBA HEM3MEPUMON MOIHOCTH JINCKPETHBI |5,
12H.6]. A. A. Kucenes [4, 1. 1, ¢. 17; 4. 2, ¢. 143| moka3aj mpoTHBOPEIMBOCTH AKCHOMA-
tuuaeckoii cucrembl [lepmesio — @penkenst (ZF) B IPEANONIOKEHUN CYNIECTBOBAHUST
c1ab0 HEeJTOCTUKUMOIO Kap/uHa/Ia. XOPOIIO U3BECTHO, UTO M3MEPUMbIe KapIUHAJIBI
ciabo HegocTmkuMbl. HemporuBopednsocts camoit cucrembl Z F'C' (¢ akcnomoii Bbi-
6opa C') He TOJBEpPraeTCs COMHEHHIO. 3HAYUT, B OOIIENPUHATON TEOPUU MHOMKECTB
Z FC' Bce KapJInHAJIbI HEU3MEPUMBI, T. €. BBIIIOJTHSIETCS aKCHOMa YiaMa.

Teopema 1. /st s1F060ro0 THXOHOBCKOI'O IPOCTPaHCTBa X SKBHBAJIEHTHBI CJIEITY-
[OIIIHE YTBEPKICHHUSI:

1. X — auckperHoe IIpoCTPAHCTBO;

2. X — sKcrpemaJibHO HeCcBsi3HOE P -1pocrpancTBo;

3. B X Bce oTkpbIThie MHO)KeCTBa C'-pacIiupsieMbl;

4. kosprio C'(X) caMOMHBEKTHBHO;

5. nosykosbiio CT(X) camomubekTusro 1o Bapy;

6. C(X)-nmmosymomnyne C(X ) uabexruser no Bapy.

Cwm. [3, T. 1, reopemsr 8.18, 11.21; 6, § 14]. Bamerum, 4TO HEHyJIEBbIE WJIEAJIbI
nostykosier;, C1(X') He UHBEKTUBHBI.

Teopema 2. |1, 2| /s npon3BOJIBHOIO TOMOJIOIHIECKOIO MPOCTPAHCTBA X 9K-
BHBAJICHTHBI CJICJIYIOIIIE YCIOBUS:

1. X auckperHo;

2. C(X)-monynn RX npoexrusen;
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3. C(X)-mouynn RX — cobommblit;

4. C(X)-momynp RX ecrb mouyib Besy, T. e. Bce ero KOHEYHONOPOK/ICHHDIE IT0J]-
MOJYJIH — ITUKJITIECKHE;

5. C(X)-momyms RX gucrpubyrusen, T. e. penreTka ero mojMosyJieit qucTputy-
THBHA.

BamernM, uto B ycsosugax 2)—5) smecto C'(X)-momyns RY moxkno Bzars CF(X)-
noymonyab (RT)X . JlokasarembeTBo TeopeMbl 2 IPOBOIUTCS B PAMKaX COJlepKaTe b
HOI (HAMBHOI) TEOPUH MHOYKECTB.

Pabotra BoInosinena B paMkax rocyapersennoro 3ajganusg Munodopuayku PO «Ilo-
JIYKOJIbIIA ¥ UX CBsi3u», mpoekT N 1.5879.2017/8.9.
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K OITPEAEJIAEMOCTMUA BITIOJIHE PA3JIO2ZKVMBIX ®AKTOPHO
AEJINMMBIX ABEJIEBBIX I'PVIIII CBOMMMUA I'PVYIIIIAMU
ABTOMOP®UNU3MOB
B. K. Buabganos
Huotcezopodexuii 2ocydapemeernnviti ynusepcumem um. H. U. Jlobavescrozo,

2. Huotcrnuti Hoszopod
kadirovi4 @gmail.com,

Byznem rosoputs, uro rpyumna A onpejgessiercs cBoeil IpyIioli aBTOMOPGH3MOB B
kiacce rpymn X, ecom n3 Aut(A) = Aut(B), tne B € X, BeAKHil pa3 cJIe/yer, 9To
A= B.

Cwmerrannbie (haKTOPHO JIeIMMble TPYIIIBl KOHeTHOro paHra onpegennim A. A. @o-
muH 1 Y. Yukiece B pabore [1]. Ipynma A mHasbiBaercs haKTOPHO JIEJIUMOI, €I OHa
HE COJIEPKUT HEHYJIEBBIX MEPUOMICCKUX JIEJUMBIX MOJATPYII, HO COMEPKUT TaKYyIO
cBobomHyto moarpymiy F korewdnoro pamra, uro A/F — mepumommdeckas JemMast
IpyIIa.

Bompoc omnpezensemoctu (hakKTOPHO JeIMMOil TPYIIIBI panra 1 cBoeil rpyImoii as-
TOMOPGU3MOB B KJIACCE BCEX TAKKUX IPYIIT paccMoTpeH B pabore [4]. Omnpenensemoctsb
bakTOpHO EIMMBIX I'DYIII CBOUMHE IOJIyTPYIIIAMI SHIOMOD(MOHU3MOB pacCMaTPHUBa-
qmch B paborax [2], [3].
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Kitace Bcex dakTopHO JeauMbIX rpyin panra 1 obosnaunm QD;. Kpome Toro,
HaM I0TpedyeTcs cJieayiomee

Onpenenenune. Byrem ropoputbh, 910 KOHeUHasT IHUKIHIeCKas rpymma A caabo
OIIPEJIE/ISIETCS CBOEH I'PYIIIION aBTOMOP(MU3MOB, €C/IH JJIsI JIF000H KOHEUHOH IHK/IHYIe-
ckoif rpymmel B 2 A u3z ycioBuss Aut A = Aut B ciegyer, 9T0 9HC/I0 HEHYJIEBBIX
KOMIIOHEHT B, rpymnmbsr B 6oJibmie, deM 9HCI0 HEHYIEBBIX KOMIOHEHT A, rpymmsr A.

Teopema 1. [4, Teopema 3.| I'pymma A € QD omnpenessiercst ¢Boeil IpyIoit
apromopguzmMoB B kjaacce QD1 rorja u To/bKo Toria, korga t(A) — nukiamdeckasi
rpymmna (BO3MOXKHO, HyJIeBast), C1abo OIPEJIeIsTIOAsICsl CBOE TPYIITOH ABTOMOPDH3-
MoB, 1 pA # A m: Beex p € P raknx, uro A, = 0.

HaszoseMm rpymmy G 0JHOPOIHON BIIOJIHE Pa3/IoKUMON (PaKTOPHO JEIUMOI IpyII-
noit, ect G = @, A, tne A € QD;. Kiace Beex Takux rpyni obosnadnm QD" .

Teopema 2. I'pymna G = @, A € QD" onpenensercs cpoeii IPyHIoi aBTOMOP-
¢uzmoB B kinacce QD™ | econ rpynna A omnpenessiercs B Kiaacce QD cBoeil rpymoi
aBTOMOP(U3MOB.

Teopema 3. I'pynmna G = @, A € QD" onpenensiercs cBoeli IPyHIOi aBTOMOP-
¢u3MoB B Kjacce 2— gemmMbix rpyin u3 QD" ecomm 2A=A nun > 2.

st n > 3 tpeboBanne 2— AeJIMMOCTH B TeOPEMe 3 MOXKHO OIIyCTHUTb.

JIuteparypa

1. Fomin A.A., Wickless W., Quotient divisible abelian groups // Proc. Amer.
Math. Soc. — 1998. — V. 126, Ne 1. — P. 45-52.

2. Bumpmanor B. K., Jliooumres O. B., HYucrakos /1. C., 06 onpedeasemocmu cme-
WAHHOIT aADENEBBIT 2PYNN CEOUMYU MOAYZPYNNAMU dHdomoppusmos |/ Marema-
tuyeckue 3amerku. — 2018, — T. 103. — Ne3. — C. 364-371.

3. Jhiobumter O. B., O6 ompe/ieisseMocTH BIIOJIHE PA3I0KUMbIX (DAKTOPHO JIEJTUMBIX
abesieBbIX TPYIIT CBOMMHE MOJIyTpyIaMu sHpoMopdusmos // UsBectus By30B.

Marematnka. — 2017. — Ne 10. — C. 75-82.

4. Timoshenko E.A., Vildanov V.K. On determinability of a quotient divisible
Abelian group of rank 1 by its automorphism group // Anrebpa u joruka: reopust

U IpujIoXKeHus : Te3. oK. Mexaynap. koud., nocsani. 70-ieruto B. M. Jlepuy-
ka. Kpacnosipck. — 24-29 wmrosrsg 2016 r. — C. 120-122.

O HEKOTOPHIX BEHIECTBEHHO 3AMKHYTHIX IIOJIAX C
CUMMETPUYHBIMU CEYEHUAMUNU
H. }O. l'ananoBa
Try, Tomcxk
galanova@math.tsu.ru

B janHoit paGore, npuHUMAas KOHTUHYYM-TUIIOTE3Y, WCCIIEAYeM CedeHHs MoJIei
OrpaHUYEHHBIX (POPMAJIbHBIX CTEIEHHBIX PsIJIOB CO CUYETHBIMH HOCHTEIAMH. [lycThb
L = {t,}yew, — JHHEHO yIOpPSIOYEHHOE MHOKECTBO HHBEPCHO II0J00HOE OPJUHAILY
w1, < G, -, <> — JIuHERHO yHopsi0ueHHas jejimMast abesieBa IpyIia, yIopsJI04eHHO

msomopduas G = Q[[L, No]] (em. [1]), R[[G, N;]] — mose orpannyeHHbIx hopMaIbHBIX
CTEIIeHHBIX PAIOB T = Y 1,9, tae 74 € R, supp(x) = {g € G|r, # 0} — Buosme an-
geG

TUYOPSI0YEHHOE TOJIMHOKeCTBO rpymmnbl G, |supp(x)| < Ny, T. e. moje cocrout us
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BCEBO3MOXKHBIX DsJIOB €O cueTHbiMEU HocuTessivmu (cm. [2-3]). Ilycrs K Hanmenbliee
[0 BKJIIOUEHUIO BEIeCTBEHHO 3aMKHyToe noxnose nosst R[[G,N;]], comepxkamee G.
O6osnaunm yepe3 H HamMeHbIee [0 BKJIIOYCHHUIO BEIECTBEHHO 3aMKHYTOE IIOJIIOTe
noist R[[G,N]] comepxkamee K u Bce yceuenus [4] pana z,, = >, 1-t,. Cedenne
teL

(A, B) BemecTBeHHO 3aMKHYTOrO yropsaodentoro nojs F C R[[G]] asiasercs cum-
merpuuneiM (o Ilecrosy) iff 3z € R[[G]]\ FF A < x < B (em. [5]). Ucnons3ys
pesyabraTs! u3 [4-6] mosyanm

Teopema. (1) K C H C R[[G,¥,]].

(2) Hosme K nmeer cummerpranbie cedennst tama (No, o).

(3) DiteMeHThI BEleCTBEHHOIO 3aMbIKAHHSI IPOCTOIO TPAHCIIEHIEHTHOIO PACIIIHPE-

st H(z,,) \ H mopoxgator B mose H cummerpuansie cedennst tuma (Ny, Ny).
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O HEKOTOPBIX HEPABEHCTBAX B IIOJIMAJINYECKNX
I'PVYIIIIONIJAX CIIELIIMAJIBHOI'O BUJIA
A. M. l'asmbmak, FO. 1. KyakeHKO
Mozunéscruti 2ocydapemeernviti ynusepcumem npodososvcmeus, Mozuiés;

Beaopycexuti 2ocydapemsernnuiti yrusepcumem mparcnopma, Iomens
halmb4@mail.ru; kulazhenko@bsut.by

HOJH/Ia,HI/I‘IeCKI/IM I'PyHnIionjaoM CIienuaJJIbHOI'O BHJ/a Ha3BIBACTCA HOIH/Ia,ZLI/I‘{eCKI/IfI
IPYHIONT ¢ [-apHOil omeparueit 7)., KOTOpasg Ha3bIBACTCS HMOJUAIIIECKON Ole-
pammeil cIenmaJ bHOTO BUJA M ONpejeisgeTcs Ha JekapTosoit cremernn AF n-apmoro
rpymnmonjia < A,7 > ¢ HOMOIIBIO MOJCTAHOBKYA 0 € S u n-apHoit onepamuu 7). [To-
JIMAIYeCKIe Olepalii ClelnalbHOrO BHJIa IePBOHAYAILHO OBLIH OIpe/esieHbl B [1].
HacTHBIMI CIydasMn [-apHOI Oepanuu 1) o p JJI CIydas

n=2s=mk=m-11l=m,0=(12...m—1)

SIBJISTIOTCSI JIBE TIOJIna nIecKue onepanui, kotopbie . [Toct ompeaent u usydas B [2].
Opa u3 HEUX ObLIA OIpPeJeIeHa UM Ha JIeKapTOBOil CTEIIEHH CUMMETPUYIECKONH IPYIIIIHI.
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Bropyio onepamuio . Ilocr onpemenm Ha JIeKapTOBON CTENEHM IIOJIHOM JTUHEHHOI
I'PYIIIbI Ha/Jd II0JIEM KOMIIJIEKCHBIX YHCEJI.

Teopema 1. IIycrp 0 € Sy u jyist Hekoroporo r € {1,2,...,n — 1} nogcranos-
Ka 0" He ABJISAEeTCS TOXKeCTBEHHOH, HEOQHO3JIeMEeHTHBIH N -apHbI rpymons < A,n >
obJ1ajtaeT npaBoii HeHTpaJIbHOH (HeﬁTpaﬂbHoﬁ) IIOCJICAOBATECJABHOCTBIO €1 ... Cpnh_1. 8-
dukcupyem a € A (a # e,), a rakxe j € {1,2,...,k}, ara koroporo o"(j) # j, u
ITOJIO>KUM

a= (a1 =...=0j_1 =6€,0; =Q,0j41 = ... = A =€),
e = (61, ceey 61),82 = (62, ey 62),en,1 = (en,l, ey €n,1). (1)
—— ~—_——— ~ %
k k e
Torma
Us,a,k(a§1 € 1€ ... €y ... €] ... €, 1)F
NV
S
75ns,g,k(erel...er,laerﬂ...en,lgl ..€ep_ 1€ ... €1 ... €1 ... en,lJ). (2)

[Tosraras B Teopeme 1 r = 1, mosrydnm cJielyiomuii pe3y/IbTar.

Caexncrsue 1 [3|. Ilycrp mojcranoBra o € Sy He SIBISIETCS TOXKJIECTBEHHOI,
HEeOHO3JIeMeHTHBIH n-apHbIi rpynmomy < A,n > obiajgaer npaBoil HeHTpabHOI
(HefiTpasIbHOI) MOCIEOBATEIBHOCTRIO €] ... €,_1. Sadukcupyem a € A (a # e1), a

rakxke j € {1,2,...,k}, mrs koroporo o(j) # j, 0 HOJTOXKAM
a= (g =...=a;_1=¢€1,0; =0,0j41 = ... = Q = €1),
e, e,...,e, 1 — 1e ke, aro u B (1). Toraa
Nsok(@€ ... €1 € ... €1 ... € ... €1 )F
N -~ v
S
# Nsor(€1a€y...€,1€1 ... €,_1 €] ... €_1 ... € ... en_lj).
TV

[Tonarasg B Teopeme 1 7 =n — 1, moJiydum eI oJIMH Pe3yJIbTAT.

Caencreue 2 [4]. Ilycrs i mogcranoBkn o € Sy mojcraHoBka o' He sib-
JISIETCST TOXKJTeCTBEHHOMH, HEO[HO3JIeMEHTHBIH n-apHbId rpymmony < A,n > obiajgaer
npaBoii HeHTpaIbHOI (HEHTPAIbHOMN) MOCIE[0BATETBHOCTBIO €1 ... €, 1. 3apUKCHPY-
em asement a € A (a # e,_1), a rakxke j € {1,2,..., k}, mrs koroporo " ' (j) # j,
M IIOJIOKUM

a= (a1 =...=aj_1 =€,_1,0; = Q,0j41 = ... = A = €,_1),
ey, €,...,6,_1 — e ke, uro u B (1). Torya
Nsok(@€ ... €1 € ... €1 ... € ... €1 )F
NS -~ v
S
#n8707k(en_1e1...en_2a\el . €,_ 1€ ...€e, 1 ... e ... en—l/)-
vV

Crenytoras TeopeMa MOYKeT OBITh MOJIyIeHa U3 TeopeMbl 1, ecyin B Helt 11 n > 3
TIOJIOKUTD @ = €51 .
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Teopema 2. Ilycre 0 € Sy u gist Hekoroporo r € {1,2,....,n — 2} nmojcraHoBKa
o’ He SIBJISIeTCS TOXKJIECTBEHHOH, n-apHbIid rpymmnons < A,n >, rme n > 3, obiaga-
er Takoii npapoii HelTpaJIbHON (HeHTpaIbHOI) TOCTEI0BATEIBHOCTBIO €] ... €y 1, UTO
en_1 # e,. Bacpukcupyem j € {1,2,...,k}, st koroporo o”(j) # j, mosaoxum

a=(m=...=aj_1=¢€,0; =€,_1,0j41 = ... = Q) =€),

U OIIPEJIeJIM JJIEMEHTHI €1, ..., €, 1 ¢ nomormipio (1). Torma BepHo HepaBeHCTBO (2).
Cilenyromas Teopema MOXKeT ObITh HOJIydeHa U3 TeopeMbl 1, ecyn B Heil g n > 3
HOJIOXKUTD @ = €] .
Teopema 3. Ilycrb o € Sy u jist Hekoroporo v € {1,2,...,n — 1} nojgcranoska
0" He SBJISETCs TOXKICeCTBEHHOH, m-apHblii rpymmons < A,n >, rge n > 3, obiaaja-
er Takoii npaBoii HeHTpaJIbHOI (HeHTpaIbHOI) TOCTET0BATEIBHOCTHIO €] ... €n_1, UTO
ey # e,. 3acpukcupyem j € {1,2, ..., k}, s koroporo o"(j) # j, HogI0KHM

a= (a1 =...=aj_1=¢€,0; =€,0j41 = ... = =€),
U OIIPEJIeTM JJIEMEHTHI €1, ..., €, 1 ¢ nomormipio (1). Torma BepHo HepaBeHcTBO (2).
JIuteparypa
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4. Tamemak A. M. O #He n-nojyabeeBOCTH MOJINAINIECKAX TPYIIIONIOB CIEIUA -
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OBPAIIIEHUE IIOJCTAHOBKU 1 TEOPUU KJIACCUYECKON

IMPOIIO3UILIMOHAJILHOI JIOTUKN
. A. TopbyHoB
Tel'V, Teepo
1 gorbunov@mail.ru

(Pabora  BbimOHEHA  npm  QuHaHCOBOW  mojep:xkke POOU,  rpaHThI
Ne 17-03-00818-OI'H u Ne 18-011-00869-a.)

Kitaccuveckyio Jjioruky OyjieM paccmaTpuBaTh B s3bike ¢ aidasurom (11,3 1),
rje

o IT={p;:i>1} — MHOXKECTBO IIPOIO3UIIHOHATIBHBIX [IEDEMEHHDIX,
e ) — HeKOTOpas TOJIHAsI CUCTEeMa CBA30K,

e T ={(,)} — MHOXKECTBO BCIIOMOTraTeJILHBLIX CHMBOJIOB.
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st 0bo3HavMeHNS TPOIO3UIINOHAIBHBIX IEPEMEHHBIX 3a9aCTYIO OyJIEM HCIIOJIB30-
BaTh MeTa00O3HAYECHUSI.

Besikuit repm, noctpoenssblii u3 cumposios andasura (11,3, 1), Gymem Has3bBaTH
¢opmyiroii. MuoxkectBo Beex hopmyst OyieM 0603HAYATEH TTOCPEJICTBOM F'.

Ornerkoii nasbBaeM orobpazkenue v : 11 — {0,1}. Snadenne dopmyasl ¢ mnpu
oreHke v Oyaem obosnadars nocpeactsoM v(y). Bymsem mmcars v(I') = 1, ecom npn
orienke v Bce (OpMyJIbI MHOXKecTBa [' mpunumaior 3uadenue 1. MuoKecTBO Bcex
OIIEHOK 0DO3HAYMM ITOCPEICTBOM O.

Bykpoit L obo3HaYMM MHOXKECTBO BCEX TOXKJIECTBEHHO-UCTUHHBIX (POPMYJI, 9TO
MHOXKECTBO OyJIeM Ha3bIBaTh MHOYKECTBOM TaBTOJIOTHI.

OTHOIlIEHNE JIOTHIeCKOro CJeJOBaHus | OIpeenM CJIeyIonuM 00pa3oM: Jiist
noboro muoxkectBa dopmyst [N u bopmyssr ¢

F'Fe=vreo () =1=rv(p) =1).

Teopweit 6yem Ha3bBIBATHL HE cOBIaJaolee ¢ ' MHOXKecTBO (hopMyJI, 3aMKHYTOE 110
OTHOIIEHUIO JIOTUIECKOTO CJIEIOBAHMUS.

IloscranoBkoii OyneM Ha3bIBATH TOMOMOP(HOE IIPOJIOJIKEHNE OTOOPAYKEHUsT &
Il — F na mMHOXKECTBO BceX (DOPMYJI, 9TO MPOJo/KeHne OyieM 0003HavYaTh TOXKE €.
g jroboro muoxkectsa opmyst ' ocpegacrBom el Gynem obo3HaYaTH pe3yabTaT
IIpUMEHEHUsI TIOJICTAHOBKU £ KO BceM (popMyJiaM TOr0 MHOXKeCcTBa. MHOXKECTBO BCeX
[I0/ICTAHOBOK ODO3HAYUM ITOCPEICTBOM F .

ObparierneM MoJICTAHOBKH € OyJiIeM Ha3bIBATH OMEPAIINIO B3SITUs IPOOOPa3a MHO-
»kecTBa OpMYJI [ JaHHoil nojcranosku. O6o3HadaTh 3Ty olepanuio oyaeMm € L.
Takum obpazom, it Jir0boro MuoxKectBa hopmyst ' nmeem:

e D) ={p:epeT}.

B pabore [1] (cTp. 14) npusesena jsemma CyIko, U3 KOTOPO# CJIeyer, 9To JJisl JIO-
6oit Teopun T’ KJIaCCUYIECKOI JIOTUKH U JIIOOOI TI0JICTAHOBKU € BEPHO, YTO MHOXKECTBO
e YT) Toxe gBJIsIeTCA Teopueil KJacCHUecKoi JIOrmKu. MHOMKeCTBO Bcex Ipoobpa-
30B MHOXKECTBa [, OTHOCHTE/ILHO BCEX TOJCTAHOBOK 00pa3yeT HEKOTOPOE MHOYKECTBO
Teopuii. BozHuKaeT BOIIPOC 0 TOM, KaK CBS3aHBI MKy CO0OI MHOXKECTBO BCEX TEO-
puit U MHOXKECTBO Bcex IMpoobpa30B MHOXKecTBa TapTojormit? st oTBeTa Ha HEro
PACCMOTPUM CJIEJIYIOILY 0 KOHCTPYKITHIO.

VIOpsII0INM MHOYKECTBO TIEPEMEHHBIX TPOU3BOJILHBIM 00pa3oM. CormocTaBuM KazK-
JI0i1 oreHKe v € © TO0C/e10BaTe/IbHOCTD, COCTOSIIYIO U3 3HAYEHUN [TePEMEHHBIX IIPH
JTaHHOI OIlEHKE.

MmuozxkectBy Beex omeHok © comocraBum rpad G = (V) E), npeiacraBisiromniii
coboit j1Ba OmHapHBIX jJepeBa. Jlisg Kaxk ioif u3 BepmuH a € V' MBI OIpeJe/InM Bec
seprmabl $(a) € {0,1} caemyrommm obpazom:

e KODHIO JIEBOT'O JiepeBa cortocTaBuM Bec (), a KOPHIO IIpaBoro — Bec 1;

® BCSKOI BepIIUHE, JOCTUXKUMONW U3 IIPeIbIAYINeii, 0 JIEBOMY pedpy COIMOCTaBUM
Bec 0;

® BCSIKOI BEpINUHE, JIOCTUXKUMOI U3 IPEJIbIIYIIE, 110 IpaBOMY pedpy COIMOCTABUM
Bec 1.

BamMeTrM, 9TO MIOC/IeI0BATEIHLHOCTh BECOB BEPIINH 000 HaUNHAIOMIEHC ¢ KOPHS
BeTBH rpada GG 0bpasyer mocjie0BaTeIbHOCTh, COOTBETCTBYIOILY 0 HEKOTOPOii OIleHKe
v € O. Ilpu sToM 10CIe10BATEILHOCTD JII000 OIeHKN V € © IpecTaBeHa BETBBHIO

B rpade G.
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HNunexcom BeprimHbl a OyeM Ha3bIBATH IIOCJIEI0BATEILHOCTD BECOB BCEX BEPIIIH
IIOJIBETBU, MCXOJIAINEHl 13 KOPHSI 1 3aKaHUIMBalolelicss Ha a. Begakuii mHIeKC Koaupyer
HEKOTOPOE HATYPaJbHOE YHUCJIO, KOTOpoe OyJ/ieM Ha3bIlBaTh 3HAYCHHEM HHJICKCA.

Besikoit Teopun T’ conocraBuM MHOKeCTBO oneHoK O = {v € © : v(T) =1} un
noarpad O, cocTosimuii TOIBKO U3 Tex BeTBeil rpada (G, KOTOpbIE COOTBETCTBYIOT
olleHKaM u3 Or.

[TocieqoBaTe IbHOCTL BECOB BCeX BepIuH rpada O, UMEIOMNX WHIAEKC IINHONR
n, YHOPSJIOYEHHYIO COIVIACHO BO3PACTAHUIO 3HAYEHUN WHIEKCOB, OyJIeM Ha3bIBATb
n-caoeM. Kakapiit n-cjoit, upun HEOOXOIMMOCTH, JOIOJHUM 10 2" 3JeMeHTOB II0-
cJIeJIHUM 3HadeHueM cJjiod. [lojiydeHHYIO CTPOKY Oy/ieM paccMaTpuBaTh KakK CTPO-
Ky 3HaueHWuil Hekoropoit OyieBoit dyukuun f,(qy,...,¢,), Tje HOCIeI0BATEIBHOCTD
(q1,---,Qn) — HAYATBHBINA CETMEHT TIOCIE0BATEIHLHOCTH BCeX mepeMeHHbIX. [locpes-
CTBOM 7, 0DO3Ha4YUM (DOPMYJIy JIOTUKU OT T€X K€ MEPEMEHHBIX, KOTOpas IPeJICTaB-
nger GYHKIMo fr(qi, ..., n) -

Teopun T' corocTaBuUM IIOJICTAHOBKY £, KOTOPYIO OIPEIETINM CJIEIYIOIUM 00pa-
30M: erp; = m; JJist JTF000TO ¢ > 1. DTy MOJCTAaHOBKY HA30BEM TOYHOH YHH(PHUITHPYIO-
11eit moJCcTaHoOBKOH ajist Teopun 1.

BaMeTuM, UTO BCsIKasl MOJICTAHOBKA £ JIEHCTBYeT Ha MHOXKeCTBe © KakK OJHOMECT-
Hasg OIeparys, ONpe/Ie/ICHHAs CACTYIONIM 00pa30M:

Vve® (ecv=pe0) Vi1 (viep) = np)).

g oneparuu £ BEpHBI CJIEIYIONINE YTBEPKICHUA.

Jlemma 1. /lis jmro60it orfenkn v € © BepHO, 9TO 7V € Or.

Jlemma 2. /[irst 110607t orienkn v € O BepHO, 9TO €TV = V.

Orkyma ciemyer

Teopema 1. /li1s1 Besikoit HempoTuBOopednBoii Teopun 1 KjacCHIECKO HMPOITO3H-
HHOHAILHOIT JTOTHKH BepHO paseHcTso e (L) =T .

Taxum obpazom, I KJIACCHIECKOH JIOTUKH MHOXKECTBO BCEX HEIPOTHBOPETH-
BbIX Teopuii u muOkecto {e¢~'(L) : € € F} coBmajaior, To ecTh KaxKjas HENpPO-
THBOpeYNBasi T€OPUs KJIACCHIECKOH JIOTHKH SIBJISIETCS TIPOOOPA30M MHOXKECTBA BCEX
TOXKJIeCTBEHHO-UCTHHHBIX (DOPMYJI IIPH HEKOTOPOI IOJCTAHOBKE.

B cBa3u ¢ najmaneM ToOYHON YHUMDUIIUPYIOMIEH MOJICTAHOBKYU JIId KaKJI0i Herrpo-
THUBOPEYNBOI TEOPUU KJIACCUYECKON JIOTUKH BO3HUKAET BOIIPOC 00 aJrOpUTMe MOUCKA
TaKOMl 1MOJICTAHOBKHU.

Teopema 2. /[ smrob6oii HEIPOTUBOPEYUBOH KOHEIHO-AKCHOMATH3IUPYEMOMH Teo-
DHU CYIIIeCTBYeT aJTOPUTM, KOTOPBIH 110 KOHEYHOMY CIINCKY aKCHOM T€ODHH CTPOHUT
€€ TOYHYIO YHHUDHUIIUDYIOIIYIO MOJCTAHOBKY.

Jloruku, Henporuopeunssbie (1o [locTy) Teopun KOTOPBIX ABIAIOTCS TIPoobpazaMn
MHOXKECTBa TaBTOJIOTHI TPU HEKOTOPO MOJCTAHOBKe, Oy/1eM Ha3bIBATh CYOCTHTYIIHO-
HaJIbHBIMH. B CBSI3U ¢ HAJIMYMEM TAKUX JIOTUK BO3HUKAET PsiJi OTKPBITHIX BOIIPOCOB.

CyrmecTByOT Jii CyOCTHTYIIHOHATBHBIE JIOTHKH OTJIHIHBIE OT KJIACCHIECKOH!

Bepno Jn, uTo Besikast MakcHMAaJIbHAST JIOTHKA SIBJISIETCS CyOCTHTYITHOHAIBHOM !

Bepmno sn, aro Besikast nostaast o Ilocty Jjioruka sipyastercst CyoOCTUTYITHOHATIBHOH !

JIuteparypa
1. Wojcicki R. Lectures on Propositional Calculi // www.studialogica.org/wojcicki
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O BBIYMCJIMMOCTU HETATUBHBIX ITPE/ICTABJIEHUI
HEKOTOPBIX TUIIOB YVIIOPAJTOYEHHBIX KOJIEILL
P. H. Tanakanos, H. X. KaceimoB
Hayuonarvruti yrnusepcumem Yabexucmana um. Mupso Yayebexa, Tawrenm;
Havuonarvrod ynusepcumem Yaobexucmana um. Mupso Yayebexa, Tawrenm
dadajonovrnd9@mail.ru, nadimb9@mail.ru

C Heompe/ie/IsIeMbIMU TOHATUSIMI MOXKHO O3HAKOMUThCS B [1-3].

OO61en3BeCTHO, YTO BCIKOE IIO3UTHUBHOE IIPEJICTaB/JICHNE CTaHIAPTHONW MOJIE/IN
apubmveruku Q = (w; 0,s,+,*) B curmarype % = (0,s,+,%*) (nme w obo3Hava-
€T MHOYKECTBO HATYPAJbHBIX YHCEJ, 8 Y -CHMBOJIBI UMEIOT OYEBUIHBIE €CTECTBEHHBIE
UHTEPIIPETAINN ) ABJIAETCA BEIYUCIUMBIM (cM., Hanpumep, [4]). Bosee Toro, Bbraunciu-
MBI TaKzKe JIFOOble IMO3UTHBHBIE IIpejcTaBaeHust obeanennit {2y, €y, 2y Mmomenn () B
obenHenubrx curHarypax Yo = (0,s), X = (0,8, 4+), Xy = (0, s, +, *) COOTBETCTBEHHO
(3ameTuM, uTo X sBJsteTcs s13bIKOM apudmernku [Tpecbyprepa, a Yo — apudmernku
[Teano).

Menee u3BecreH TOT (pakt, 9To 2 06/1a/1aeT HEraTUBHBIMU HEBBIYHCIUMBIMU TIPE/I-
crasyienusmu [5]. B Teopernveckoii nHboOpMaTHKe MO/ PEATH3AIMOHHON TOJIHOTOI
HEKOTOPOI “‘CTaHIaPTHON’ MOJIEIN MPOrPAMMHON CHEIUMUKAIINA TTOHUMAETCS €JTH-
CTBEHHOCTH TIO3UTUBHOTO IIPEJICTABJIEHUsI STOW MOJIE/H, T. €. BBIYUCIMAsT U30MOpd-
HOCTb BCEeX MO3UTUBHBIX IIpeJicTaBIeHnii ynomsayToit Mogesu [4]. C sroit Touku 3pe-
HUsI CTaHJIapTHasA Moje/b apudmeruku lleaHo He sBJIsteTCs peaU3IMOHHO ITOJTHOMN
OTHOCHUTEJIHHO €€ HEraTUBHBIX IIPEJICTAB/IEHUIT, TIOCKOIBKY UMEETCsT KAK MUHUMYM JIBa,
HETMBHBIX [PEJICTABJIEHUST — OOBIYHOE BBIYUC/IMMOE U HEraTUBHOE HEBLIYHC/INMOE.

Pacemorpum yriopsiiouensoe yuutapHoe Koiablio R = (R;+,*,<) B curmary-
pe (+,*, <) (mpesmoaaraeTcst BIIIOJHEHHOCTD YCJIOBUST CONJIACOBAHHOCTH KOJIBIIEBBIX
onepaiuii ¢ JuHeRHbIM nopsa koM ). Jomyctum, aro R yHOpsiioueHO OTHOIIEHnEM <
o Ty TeabIX uncen /. Torpa BepHa

Teopema 1. Beakxoe nezamushoe npedcmasaerue KoAvUa R SuMUCAUMO U A100A5
napa maxur npedcmasieHull GbHUCAUMO U3OMOPPHA.

C apyroit CTOpOHBI, OYEBUIHO, YTO BCSIKOE MO3UTHUBHOE IIPEJICTABIEHUE TAKOI'O
KOJIbI[A TAKKe BBIYUC/IMMO U BCE €r0 BBIYUCIUMBIE HPEICTABIEHNS BBHIYUCIIMO H30-
MODPQHBI.

Takum obOpas3oM, BBeJEHHE COIJIACOBAHHOTO JIMHEHHOIO IMOPSIKA JIJIsl IIHPOKOTO
KJIACCa eCTECTBEHHBIX KOJIEIl FapaHTUPYeT eIUHCTBEHHOCTD 3(DMEKTUBHOIO MPEJICTAB-
JICHWS KaK B KJIAaCCe MO3UTUBHBIX, TAK W HEIaTUBHBIX IIPEJICTABJICHUI.

B pa6ore [4] C.C. T'oHuapoB mpeyioKuia paccMaTpuBaTh CTAHIAPTHYIO MOJIENh
apudmeruku Q¢ B curnarype (0, s, +, %, <) (B KadecrBe akcuoM (=creruduKkarum)
[IPUHAMAIOTCS CTAaHIAPTHBIE ONpEIeIeHus JIJId Olepalliuil, aKCHOMBI JTHHEAHOIO I10-
psiika <, COIVIACOBAHHOTO C OIEPAIMsIMU, U CXeMa, aKCHOM WHIyKiun). Hazosem sty
cucTeMy akcuoM Ac.

HesnaunrenbHass MoauduKanymsa MeToaa J0Ka3aTeIbCTBa TeopeMbl 1 ITO3BOJIAET
yOeUThCS B CIIPABEJIMBOCTH CJIEYIONIUX Y TBEPK IEHU

CaencrBue 1. Beakoe nezamusroe npedcmasaerue modeau (< 6b4UCAUMO.

CaencrtBue 2. Modeav g umeem edurcmeennoe rnezamuenoe npedcmasaerue.

CaencrBue 3. Cmandapmnas modeanv s meopuu Ag 6vMUCAUMO YCOTHUGE
KaK 0MHOCUMENOHO NOUMUBHBLT, MAK U OMHOCUMENLHO HE2AMUBHVIT Npedcmase-
HU.

CaencrBue 4. Cmandapmuasn modeav Qg meopuu Ag pearusayuornno noana 6
KAGCCE MOZUMUBHVIT U HE2AMUBHVIT NPEICTABAECHUT.
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3ameuaHue. B TeopernvueckoM MpOrpaMMUPOBAHUN OJIHON W3 KJIFOUEBBIX 3a/1ad
ABJIgeTCd TTPodJIeMa e TMHCTBEHHOCTH 3P DEKTUBHON peam3anun abcTpaKTHON Mo/ie-
JIM JIAHHBIX, T.€. SKBUBAJEHTHOCTH (—BBIYUCIUMON H30MOP(HOCTH) PA3TMIHBIX PeJIi-
3aIil HEKOTOPOI CTaHIapTHONW Mojenn Jis 3agannoil cuenndukamuu. [lox sdpdek-
THBHBIM IIPEJICTAaBACHIEM MOJIE/IN OOBITHO IOHNMAaeTCs o3uTuBHoe. O 1HAKO, HEraTHB-
HbIE TTPEJICTABICHUS TTOPOI HECYT HEe MeHee BaXKHYI0 CEMAaHTUYECKYI0 NH(MOPMAIIIIO O
CBOIiCTBAX CTaHIAPTHON Mojiesu crerudukanmu (060CHOBaHUS ITOro Te3uca cM. B [6]),
[IO3TOMY IIPEJICTABJISIETCS 1e1ecO00pPa3HbIM PACCMaTPUBAThL B KA4eCTBe ITPeJICTaBIIe-
HUI MOJIeJIN JTAHHBIX €€ aJIl'OPUTMUYIECKHUe IIPEeJICTaBIeHNd U B JIPYTUX HUXKHUX KJ1ac-
cax nepapxun Kiaunun-Mocrosekoro. OHUM U3 YyTOYHEHUH TAKOTO MOJIX0/1a ABJISIETCs
paccMoOTpeHne B KadeCTBe aJrOPUTMUIECKUX [IPEICTABICHU He TOJIBKO ITO3UTUBHBIX,
HO M HeraTUBHBIX. B paMKax Takoro I0jxo/ia cTaHIapTHasd Mojesb apudmerukn [le-
ano (rem 6osee, apudmernku [IpecOyprepa) He SIBJISIETCsI PEATU3AIMOHHO MOJIHOM.
Tem He MeHee, ¢ TOUYKH 3peHUsl peaATU3AIUMOHHON ITOJHOTHI, IPU J10O0ABJICHUU €CTe-
CTBEHHOI'O MOPsIJIKA, PeaIn3alnoHHast OJTHOTA (OTHOCHTENBHO KaK [O3UTHBHBIX, TaK
U HETaTUBHBIX MPEJICTABIEHII) MOXKET UMETh MECTO.
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O HEPA3PEININMMOCTU AJITEBPBHI OZITHOCUMBOJIBHBIX

SI3BIKOB C OIIEPAIIMEN KOHKATEHAITUN
C.M. HynakoB
Teepcroti 2ocynusepcumem, Teepv
sergeydudakov@yandex.Tu

Kak uszBecTHO, Teopud g3bIKa BCEX CJIOB € ollepaliueii KOHKaTeHaIlnl Hepa3permMa,
[PU HAJIMYUE XOTsI ObI JIByX cuMBOJIOB [2|. JIjist 0THOCUMBOJILHOTO a/ihaBUTa COOTBET-
cTByMOIas ajarebpa n3oMopdHa aJJIMTUBHOMY MOHOU/Iy HATYPAJIHHBIX UUCE], TI09TO-
MYy UMEET Pa3pernmmyio Teopuio. Bo3HIKaeT BOIIPOC: YTO MOXKHO CKa3aTh O TEOPHH, B
KOTOPO# KJlacCUYIecKue CJIOBapHbIE OIlepaliui, HallpuMep, KOHKATeHAIN S, TPUMEHSIOT-
csl He K OTJIEJTbHBIM CJIOBaM, a K IeJIBIM d3bIKaM. B KauecTBe HOCUTE/IA B 9TOM CJIydae
BBICTYTIAET KaKOoe-JTMOO0 MHOXKECTBO s3BIKOB, 00J/1aJ1aiolee HeOOXOUMBIMU CBOMCTBA-
M 3aMKHYTOCTH. OJTHIM 13 HamboJIee «eCTECTBEHHBIX» ABJISIETCA KJIACC aBTOMATHBIX
SI3BIKOB, KOTOPBIIl 3aMKHYT OTHOCUTEJILHOTO 0YeHb MHOTUX JleficTeuii [3]. B pabore [1]
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[IOKA3aHO, UTO €CJU CUTHATYpPa BKJOYaeT B cedsd 0O0beJUHEeHHe, a TaKxKe eIé XOTs
OBl OJIHY U3 olepaluii: KOHKATEHAIINIO U UTEPAINio, TO TeOPUs MHOYKECTBA ABTO-
MaTHBIX A3BIKOB Oy/eT Hepa3penmMoil jJaxke Jiid 0JHOOYKBEHHOro aJjidasuTa. Bojee
TOr0, MPOJAEMOHCTPUPOBAHO, UTO CTEIIeHb HEPA3PEIIUMOCTH TaKOH TEeOPUU IKBUBA-
JIEHTHA, TIOJTHON 3JIeMEHTapHO# apudMeTuke.

Mps1 ycuuBaeM 3TOT Pe3ysIbTaT, JOKa3bIBas, ITO OJHON Olepariy KOHKaTEHAITIN
SI3BIKOB JIOCTATOYHO, 9TOOBI TaKas TEOpHs KJIacca PEryJsipHBIX S3bIKOB ObLIa aJro-
PUTMUYECKN SKBUBAJIEHTHA ITOJTHON 3JIEMEHTAPHOH apudMeTukKe.

Urak, mbr paccmarpuBaem anrebpy g = (A, &), cocrosiyto n3 MHO)KecTBa A
peryJisipHbIX A3bIKOB B ajibapure {a} ¢ omepanueil KOHKATEHAIUN, ¥ TEOPHIO ITOIL
ayireOphl. [lepBoHAUAIBLHO MBI JJOKA3bIBAEM OIIPEIETUMOCTD B 9TOI TEOPUN HEKOTOPHIX
OTHOIIICHUNA X KOHCTAHT.

Teopewma 1. B asrebpe g, ornpenenMbl mycToil si3plK & ; 3bIK F | cogeprkaniuii
OJIHO TOJIBKO ILYCTOE CJIOBO €; MHOXKECTBO A OJIHO3JIEMEHTHDBIX SI3bIKOB; sI3bIK {a};
MHOXKeCTBO A, sI3BIKOB, CO/IEpKAIUX IIyCTOE CJIOBO.

N3 sToro BeITeKaeT CTPYKTypa ayaredpol Ay, .

Teopema 2. Asrebpa g, sIBJIsIeTCs JeKAPTOBBIM ITPOU3BEJECHIEM OIIPEIE/TUMbBIX
mnogaareop Ay m A., 10m0JTHEHHBIM HYJIEBBIM 3JIEMEHTOM & .

Aurebpa (A1, &) nzomopdHa aIMTHBHOMY MOHOULY HATYDPAJIBHBIX THCET, TO9TO-
My e€ Teopus SKBUBaJieHTHa apudmerure [IpecOyprepa.

g Bropoit amrebpsr A, = (A., &) MbI JOKasbiBaeM JaJjibHEMIIe Pe3yJibTa-
ThI 00 ompejiesimMocTu. [leHTpa/ibHbIT TeXHUYEeCKUil pe3yJIbTaT MOYKHO CHOPMYJIU-
poBaTh TaK.

Teopema 3. B asrebpe 2. onpejnemnvo orromenne R(x,y, z), o3Haqaroiee cJie-
JIyroniee: CyHmIecTBYIOT HATypaJbHble n,m, n > 0, mis koropeix © = {&,a"}, y =
={e,a", a®,...,a™}, z = {e,a™}.

9T0 oTHOIIEeHHe R OTKPBIBAET IyTh K HHTEPIIPETAIMM HATYPAJbHBIX YUHCET U
apudmerndeckux omeparuii B ajaredope 2l.. s Havasia BbIOepeM ITPOU3BOJILHBIN
S3bIK To Buga To = {&,a"}. Torga Kaxkaoe HATypaabHOE UHCJIO 1M WHTEPIPEeTH-
pyercst si3bikoM £, = {e,a™"}. B wacTHOCTH, HOJIb UHTEPIPETUPYETCS SI3BIKOM F |
a eJIMHUIA — CAMUM sA3bIKOM . Ciie/1oBaTesibHO, 00IaCTHI0 UHTEPIPETAIUN Oy Iy T
Takue g3bIKK {, J7Is1 KOTOPBIX BeioaeHo (3y)R(xg,y, (). Ucnons3ys otHomenune R,
MOXKHO BBIPA3UTh CJIOKeHue: m + k = ¢ COOTBETCTBYeT

Uy + U =Ly <= (FYm, Yi) (B(Z0, Y, ln) A R(Z0, Yi, O) N R(Zo, YeYm, £q))-
Tenepnb Jierko MHTEPIPETUPYETCH OTHOIIECHUE TIOpsiJIKa M < k:

Hewmnoro ciioxkuee onpejiesisiercs: ymuoxkenne. CHagasia Mbl BBIDA3UM €10 JIJIsT B3ANMHO
npocThIX uucess m u k. Jljag 3Toro Hy»KHO yKa3aTh HauMeHbIIIee IOJIOKUTETHHOE
¢, KoTopoe Oyner jejnThcsd Ha m U k OJHOBPDEMEHHO. 3aMETHUM, YTO OTHOIIEHUE
(Fy)R(Ly,y,l,) dbakTHaecku O3HAYACT JAETUMOCTb v Ha u. [losTomy mpomssesenue ¢
B3aMMHO IIPOCTBIX M U Kk MOXKHO OIIPEJIETUTH TaK:

Uy X Uy, =L, <= (FY)R(lpn,y,l,) N (3y)R(lk,y, ) Ny # EN
AN (VO(By)R(Um,y, £) N (By)R(lg,y, ) N # E — £, < 1),

[Tockosbky uncia w u u + 1 Bcerjia B3auMHO IPOCTBI, TO C MOMOIIBIO UX ITPOU3BE-
JIEHUS BBIPAYKaeTCs U YMHOYKEHUE MPOU3BOJIBHBIX m u k, m X k = q oupejessiercs
CJIEJIyIONUM 0Opa30M:

Uy X Uy =Ly <= (L + L) X (Ui + Ll +20) = Ly X (Ui +20) + i X (Ui +20) + Ly + £,
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Takum obpazom, obe ormepalny dJeMEeHTAPHON apuMETUKN: CJIOKEHHEe U yMHOKe-
HIEe — MOTYT OBITh TpouHTEpIpeTupoBanbl B aaredpe 2A.. C apyroit cTOpoHbI, B pa-
Gore |1] mokazaHa BO3ZMOKHOCTH OOGPATHOIO: OMEPAIUN HAJ[ PEryJISIPHBIME A3BIKAMUI
MOYKHO ITPOMHTEPIIPETUPOBATDH B 3JIEMEHTapPHON aprdMeTHuKe, eCIu UCIOIb30BaATD JJIs
[PEJICTABICHIS KaXKI0T0 S3bIKa YUC/TIOBOM KO/ KOHETHOI'O aBTOMATA, PACIIO3HAIONIETO
9TOT 3bIK. KOMOMHUDYST 9TH pe3y/IbTaThl, MBI [TOJIydaeM TaKoe YTBEPIKIeHNE.

Teopema 4. Teopust anrebpsr A, (u, ciaegoBaresnbho, aarebpol 2y ) HepasperMa
H aJropUTMHIECKH SKBUBAJICHTHA ITOJTHOH 3JIEMEHTapPHOH apupMeTHKe.

[Tosrygennbrit pe3yabraT MOXKeT ObITh 0000IIEH, TaK KaK UCIIOJIb3yeMble HaMU JIeii-
CTBHS OYeHb orpaHudeHbl. PakKTHIECKN B JIOKA3aTeILCTBAX OT MHOXKECTBA A3BIKOB A
Tpebyercss 3aMKHYTOCTb OTHOCHTEIBLHO KOHKaTeHarmu, eé obpamienus (ecau al € A,
To ¢ € A), nobapieHus: u yaajaeHus J060ro caoBa. B 9acTHOCTH, TaKUM yCIOBHSIM
YJIOBJIETBOPSIOT KJIACC BCEX A3BIKOB U KJIACC BCEX KOHEUHBIX S3BIKOB.

S3BIK B OJHOCHMBOJIBHOM aJjihaBUTE MOYKHO pacCMaTpPUBATh KaK MHOXKECTBO Ha-
TypaJIbHBIX HHCe/l — JJIUH cJIOB. Torja KOHKATEeHAIUs] TAKUX SI3bIKOB COOTBETCTBYET
CJIOZKEHUIO TIOJIMHOXKECTB B aJIJINTUBHOM MOHOH/I€ HATypaJbHBIX uncesi. [losromy B
Ka4decTBe CJIeJCTBUS MOYKHO IOJIYIUTh TaKue Pe3y/IbTaThl.

Teopema 5. Ayrebpa KOHEUHBIX ITOJIMHOXKECTB CO CJIOXKEHHEM B aJJIATHBHOM MO-
HOHJIe HATYPAJbHBIX UHCEJT HMEET Hepa3PEITHMYyI0 TeOPHIO, KOTOpasi aJrOPHTMUIe-
CKH 9KBHBaJIEHTHa ITOJTHOH 3JIeMeHTapHOl apugmernke. Arebpa Bcex MOJMHOXKECTB
CO CJIOKEHHEeM B aJJIATHBHOM MOHOHJIE HATYPAJbHBIX UHCEJ HUMEET HEepPa3PeIrmuMyio
TEOPHI0, KOTOPAasT aJrOPUTMUIECKH SKBHBAJICHTHA ITTOJHOH apu(pMeTHKe BTOPOIO I0-
DsIJIKA.

DTOT pe3y/IbTaT KOHTPACTUPYET ¢ TeM, UTO, HAllpUMeP, OECKOHeUHAsT IIPSIMast CyM-
Ma, 3TOTO Ke MOHOU/a ¢ OO0 MMeeT Pa3peInMyto Teoprio (coBnagaer ¢ apudmeTn-
koit CkoJiema).
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O T'PVIIIIAX 2-PAHTA OJWH
B. E. /lypakoB
Cubupcruti gpedeparvroiti ynusepcumem, Kpacrosapck
durakov96@gmail.com

Kak nokazayn DBepncaiiygi, B KOHEYHOIl TpyIIe C IUKJIAIECKON CHIOBCKON 2-
MOJINPYIIION BCE 3JIEMEHTHI HEYETHOI'O IMOPSAJIKA COCTABIAIOT HOPMAJILHYIO TOATPYIIITY.
J11s1 GECKOHEUHBIX IEPUOAUIECKUX TPYIIT 9TO YTBEPXKICHNE HEBEPHO JIazke B CJIydae,
KOIJIa CHJIOBCKasl 2-TIOATPYIIIa MMEET MOPAJIOK 2 U SIBJISETCS MEHTPOM T'PYIIIbL.

B 1973 r. B.II. Hlynkos B [1] mocrasmin Bompoc 4.75: nyems G — nepuoduue-
CKGA 2PYnna, co0epHCawan UHBOAOUUIO T, U NYCMBH CUNOBCKUE 2 -N002PYNNvL 2pynnbl
G asasomes aubo A0KAADHO UUKAUMECKUMU 2DYNNAMU, AUOO 0000UWEHHMU 2DYN-
namu keamepruonos. Bydem au unsomouyus 1Oy (G) 4eHMParbHoM INEMEHMOM 6

G/Oy(G)?
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Baecy Oy (G) = O(G) — makcumasibHast HopMasbHasg B G IIOJArpyIIa, He COuep-
Kalrasg uasosonuit. Jpyrumu cioBamu, Bepna Jin TeopeMbl Beprcaiiyia u Bpyspa-
Cysyku B Kj1acce MepUoInIecKux IPyII !

OTBeT Ha HEro HEM3BECTEH JIazKe MPU YCJIOBUYU KBA3UITUKINIHOCTH TIEHTPAIIT3ATO-
pa Cg(i) (Bompoc B.J1. Masyposa 15.54 [1]). Orser mosoxxutresen, korna G iefictyer
(TouHO) mBazkipl TpaH3uTHBHO Ha MHOXKecTBe (G/Cq(i) (3|, n korma Cg(i) — KBas3u-
[UKJInYecKasl rpyIna, He MakcuMaabias B G |2]. Bompoc 4.75 tecHo csazan ¢ BOpo-
camn 10.62 n 11.13 u3 [1]|, npudem Ha Bompoc 11.13 yrke HOIy9eH OTpHUIATE/BHBIIT
orseT B [4].

B nokiiajie mpuBeieHbI HEKOTOPBIE PE3YIbTATHI, OTHOCSIIUECT K PEIeHNIO JTaHHbBIX
BOIIPOCOB B I'PyHIIAX C JOMNOJHUTEIbHBIMUA YCIOBUSIMU, B TOM YHUCJIE YCJIOBUIMU KO-
HeqHocTH. Tak, MHBOJIONUS ¢ IPyHIbl G HA3BIBAETCA KOHEYUHOU, €CJIN OHA TIOPOXK TAeT
¢ KayKJIOW CONPsKEHHOM ¢ Hell MHBOJTIONMEN TpyHibl (G KOHEYHYIO MTO/INPYIIILY.

HokazarebeTBO ciefyomnieil TeopeMbl omybankoBano B cratbe A. M. CosyroBa u
aBTopa [5].

Teopema 1.I'pymma G ¢ obocobrenHod, He MakcuMajabHOI B G 2-mOATpyIinoit
C' u KOHeYHOI HMHBOJIIOIUEN JIOKAJILHO KOHEUHA U sIBJseTcs rpyimoi Ppobennyca c
abesieBbIM siIpoM [i, G| 1 JIOKaIbHO MUKIHIECKHM, HJIH (0OO0OIEHHO) KBATEPHHOHHBIM
gonosaeauem C'.

Ucnons3yemoe B citelylonieil JOKa3aHHON TeopeMe yCJIOBUE O KOHEYHOCTH TOJI-
IPYIII, TOPOXKICHHBIX TPOWKOI MHBOJIONU, ObLI0 BBeJeHO B ctaTthe B. JI. Masypo-
Ba [6].

Teopema 2.Ilycrs G — rpymma ¢ obocobsernnoii B G 2-moarpymnmoii T u KaxKjast
Tpoiika uuBostoruii nz G opoxkjaaer B Heil KoneuHyro roarpymiy. Torga G J10KabHO
KOHe4Ha Hu siBjsiercss rpynmnoii Ppobennyca ¢ abesesbim sigpom O(G) u JjtoKagIbHO
[UKJITYIECKIM WIH (0600IIeHHO) KBATePHUOHHBIM JjonotHeHneM T .

[To 6oJtee obmemy Borpocy 4.75 TOJIydeH CJIe Iy IOl pe3y/IbTarT.

Teopema 3.Ilycrs rpynma G ynoiaersopsier ycaoBusMm Borpoca 4.75 [1] mw uaBO-
JITOIHST © TTIOPOXKIACT C KAXKJ[BIM 3JIEMEHTOM KOHEYHOT'O IIODsIKA, He JEJISIerocss Ha
4, korneunyio noarpymiy. Torga 10(G) € Z(G/O(G)).

B wacraocrn, Bompoc 4.75 [1] permaercs HOJIOKHUTEILHO B KJIACCE COLPSZKEHHO
bunapHo KoHedHbIX rpymi. OHAKO Jaxke s KJacca COIPSKEHHO OUIIPUMUTUBHO
KOHEYHBIX TPy BONpoc 4.75 MOKa OTKPBIT.

Uccnenoanue BoimoHeHo npu dbunancoBoii nojep:xkke PODU B pamkax Hayd-
nHoro mpoekTa N¢ 19-01-00566 A.
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O ITIOBNUTUBHBIX ®OPMVYJIAX C OTPAHNYEHHBIMUA
KBAHTOPAMUI HA CBOBO/IHBIX ITOJIVI'PVYIIITAX
B.T. dypuesn, O.B. 3erkuna, A. 1. 3erkuHa
Hpocarasckuti 2ocydapemeennoili yrusepcumem um. I1.1. Jlemudosa, Hpociasiv
durnev@uniyar.ac.ru, ovzetkina@yandex.ru

O6o3naunM 1uepes S, — CBOOOIHYIO MOJYTPYIILY PAHIra m cO CBOOOIHBIMEI 00pa3y-
IOIIAMHE @1 , ..., Uy, . LIpH M = 2 BMECTO a1 U G OyjeM mucaTh a U b cOOTBETCTBEHHO, a
npu m = 3 BMECTO a1, Ao U a3 — @, b u ¢. BameTtum, 9T0 S7 — IMUKIUIECKAS TOJTYTPYII-
na. B ganbHeitinem peds OyJIeT WATH TOJBKO O HEIUKINIECKHX (HEKOMMYTATHBHBIX )
HoJIyrpynmnax S,,, T.e. OyjgeMm cuantarhb, 910 m > 2. OcoOblit mHTEpeC MO Py IPHU-
YMH [PEJICTABJISIOT “TIOrpaHryHble” cilydan — CBOOOHBIE TOJIyrpymibl So = (a,b)
¢ JByMs CBOGOJHBIMU obpasytommmu a u b u S3 = (a,b,c) ¢ Tpemsi CBOGOIHBIME
obpasyomumu a, b u c.

Nzydenne sjaemMeHTapHO# Teopun CBOOOIHON HEKOMMYTATUBHOMN MOJIyTPYIIIBI Ha-
vasiock ¢ paborer B. Kyaitra [1| 1946 roja, B KOTOPOii OH J0OKa3aJ a.A20pUMMUYe-
CKYI0 HEPAZPEWUMOCTIVD INEMEHMAPHOT, MEOPUU HEYUKAUMECKOT c80000H0T NOAY2PYN-
no.. I3 pesynbrata B. Kyaiina jierko cieyer aa20pummuieckas Hepaspetiumocms
no3uMueHot meopuu c60600HOT HEYuKAUNECKOT noayepynno. (3ror dakt B pabore
B. Kyaiina we ormeuaercs).

B pabore [2] 6bLT CYIIIECTBEHHO YCUIJIEH ITOT PE3YJILTAT — JIOKA3aHa aJlOPUTMITYe-
CKasl Hepa3penInMOCTb JIJIsl TIO3UTUBHBIX (OPMYJT BUJIA

14
(Ely)(Vz)(Elxl)(Ele)(Elxg) (\/ wi<y725x17$2>w37a7b) = ui(y>zax1>$27x3aa> b))

i=1

B pssne pabdor na nosyrpyitie S, pacCMaTPUBAIOTCS JIBA OTHOIIEHUS YACTUIHOTO
nopsjika < u C | onpeiesisieMble €CTECTBEHHBIM 00Pa3oM

JIJIT TPOU3BOJIBHBIX 3j1eMeHTOB X 1 Y mosyrpynis! S,
X <Y <= cymecrByeT Takoil 3jeMeHT Z noJayrpynnst S,,, uro Y = XZ;
X CY <= cymecTByOT Takue 3jiemenTsl U u Z nojyrpynist S,,, ato ¥ = UXZ.

DTO TO3BOJISIET paccMaTpuBaTh (DOPMYJIBI C OIPAHUYEHHBIMU KBAHTOPAMHU BHJIA
(Q2).<t m (Qz).ct, TAe @ — 910 V mium 3, a t — CJIOBO OT MEPEMEHHBIX N 00Opa-
3YIOIIUX TOJIYTPYIIILL S, , HE CoJlepKalliee IepeMeHHON 2.

[To mpou3BOILHOIT KOHEYHO OIpPE/IeJIEHHON TTOIYTPYIIIIe

S = <a,b|A1:Bl,...,An:Bn>

6e3 MyCTHIX ONpe/IesIsomux 0B nocrponM dbopmyny Ps(X,Y) Buga

(Elx)(v'Z)zchcx(Elxl)xlQcchcYc(ElJ:Q)ngcchcYc(ElxiS):pgchcchc
(cXcxcYe = zaxy V cXcxeYe = zbry V

n
V ,vl (cXcxcYe = zexyAjxgcr Bixgcxs V cXcxeY e = zery Birgcxy Ajxaces)).
1=
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Jlemma. /11 npou3BOJIBHBIX HEIYCThIX ¢I0B A m B B ajicaBure 0b6pa3yrommx
MOJIyTPYIIIBL S CIIPABEIHBA, SKBUBAJICHTHOCTh

cioBa A u B 3a/1a10T OJIUH U TOT K€ JIEMEHT HOJIyrpyIiibl S (pDaBHBL B
noayrpynne S) <= na noayrpynne Sz ucrunna gopmyna Os(A, B).

g ynanennst u3 popmMyJibl 3HaKa JU3BIOHKIUE V BOCHOJIB3yeMcst 0003HATEH M-
ME U pesysibratamu pabors [3]. Ciemyst 9Toit pabore mosaraeM Jis IPOU3BOIBHOIO
cimoBa w (w) = wawb. B nurupyemoit pabore Jo0Ka3aHa IKBUBAJIEHTHOCTD JJIsI TIPO-
M3BOJILHOI Oy TpyIIbL Sy, (m > 2)

jl W =W, <« (32)32)WU =2vZ,
rne v =WW..W,, V= <U>2W<’U>27 U = <U>2W1<U>2W2<U>2._. <U>2Wn<v>2.

Jlerko Bugers, uro Z,Z' C U. D10 maer Bo3MOkHOCTE 110 dhopmyre P(X,Y) mo-
crpoutsb dopmyny Pg(X,Y) Buga

(F2)(V2) <t (21 )0 et (F22) et (F23) st (FT4) st (FT5 ) s ctrw = 0,
rne t = cXcx, t; = cXcxcYe, to =U

TAKyI0, 9TO JIJIsi IPOM3BOJILHBIX HENycThiX ¢ioB A u B B andasure 0Opa3yrommx
MOJIyTPYIIBL S CIPaBeTNBa SKBUBAJIEHTHOCTD

cioBa A n B 3a/1a10T OJIUH U TOT K€ JIEMEHT HOJIyrpyIiibl S (paBHBL B

nostyrpytie S) <= Ha nosyrpymne S; ucrunia dopmyia Pg(A, B).

B3sB B KauecTBe MOy TPYIILL S HOJIYIPYIITY ¢ HEIIYCTBIMU ONPEIEISIONIMU CJIOBAMI
U ¢ aJITOPUTMHUYECKU Hepa3permMoii mpobsieMoii paBeHcTBa HEIlyCTOMy CJIoBY B, a B
kauectBe dopmyssl Pg(X) — dopmyny Pg(X, B), nomydanm

Teopema. MoxkHO OCTPOUTH TaKOe OJHONAPAMETPUIECKOE CeMeHCTBO (hOpMYyJI
$5(X) ¢ mapamerpom X BHIA

(Elx)(v’Z)ZSt(Elxl)xlgtl (3x2>$2§t1 (Elx3)353§t1 (31‘4)964952 (3x5)15§t2
w(Xv xr,z,r1,x2,T3,T4,Ts,Q, b> C) = U(Xv X,z,T1,T2,X3,T4,T5,Q, b7 C))

YTO HEBO3MOXKHO CO3/1aTh aJITOPUTM, TIO3BOJISTFOIIHIT ITO TPOU3BOJIBHOMY CJIOBY A, dJ1e-
MEHTY CBOOOJIHOI IOJIyTPYIIIbI Sy, ONPEJe/JIHTh, HCTUHHA JIH Ha CBOOOJHOMH MOJIYTDYII-
e S3 nosuruBHast popmyna Pg(X).

SameTnM, 9TO B paccMaTpuUBaeMbIX (HhOpMYy/Iax TOJBKO OJIUH HEOTDAHUIEHHBIN
KBaHTOP 1, a BOmpoc 00 MCTHHHOCTH Ha IPOU3BOJIBLHOI ¢BOOOMHON mosyrpytmme S,
GdopMyI1, B KBAHTOPHBIX MMPUCTABKaX KOTOPBIX BCE KBAHTOPHI OrpaHUYIEHHDBIE, U ITPO-
U3BOJIbHOM OECKBAHTOPHON YACTHIO AJITOPUTMUYECKU PA3PEIINM.
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OB O/THOM CEMENCTBE AHAJIOTOB ITPOTOKOJIA OBMEHA
KJIFOUAMU ANSHEL-ANSHEL-GOLDFELD HA IIJIAT®OPME
CTPOI'UX N-TPVYIIIIONI0B
K. . Emenbsanos, C. H. Tpoaun
Kasancrut (lpusonscexuti) dedeparvnod ynusepcumem, Kazano
kirillemelyanovl1041995@gmail.com, sntrnn@gmail.com

Teopus rpynm gBjsgeTcs TPAIUITUOHHBIM aIlllapaTOM ajaredpanvecKoir KpunTorpa-
dbunm [1], [2]. B nmameit pabore mpenpuHsTA MONBITKA MEPEHECTH HEKOTOPBIE HIEH
TEOPETHKO-TPYNIOBOil Kpunrorpadun (nam Kpunrorpaduu Ha IPyIIoBoil miardop-
Me) Ha I1aTdOPMbI ACCONUATUBHBIX CTPYKTYP 6GoJiee OOIIEro BHJA — CTPOTUX 71—
kareropuit [3|, [4, riasa 2|.

Mpr Gyzem HCIosb30BaTh Onpe/jieieHne cTporoii n-kareropun u3 (3] (¢.32-33), n
crpororo n-rpymnnonja ( [3], Oupenesenue 1.1. Ha c. 33-34). Hamnm o6o3nauenus Tax-
ke cooTBeTcTBYIOT [3|. OmnpesiesieHusi TOCTATOTHO I'POMO3IKH, W BOCIPOU3BECTH X
3/1€Ch HET BO3MOYKHOCTH.

Panee 6b110 moKazaHo [5], KAk MepeHecTH M3BECTHDIH KPUITOrpaduuecKuii mpo-
tokos1 Anshel-Anshel-Goldfeld (cm., nanmpumep, [1], ¢.38-39) Ha 2-rpymnmon/isr, T.e. Ha
2-kareropun [6, rmaBa 12, 12.3, ¢.312|, B KOoTOpBIX O6paTHMbI BCe 1-MOpdusMbI, a
Bce 2-MOPGU3MBI 00PATUMBI KaK OTHOCHTEIHLHO BEPTUKAJIBHON, TaK U OTHOCUTEIHHO
FOPU30HTAJILHON CYIIEPIIO3UIINIA.

B citygae ctporux n-rpynmouioB TpedyeTcs 00paTUMOCTb BCeX MOP(MU3MOB OTHO-
CUTEJIbHO BCEX NMeroImuxcs cyrenosunuii. Hamomuamm, ato mra kazxaoro ¢, 1 <1 < n,
u Jyid Kazkaoro 7, 0 < j < i, B n- KaTeropuu cymecTsyer cylepnosunus ;. Ilpu
n = 1 310 cyneprio3uruss MOPGU3IMOB B OOBIYHOM KaTErOPHOM CMBICJIE.

NsBectro, uTO jutst 106010 0 < ¢ < n, m a00eix 0 > k # ¢t < i + 1, K1accs
MopduzmoB C;_1, C;, C;yq BMecTe ¢ CyHEPHO3UIUIMU *i, *; 00Pa3yIOT CTPYKTY-
Py, AHAJIOTHYHYIO 2-KATETOPUH. DTO MO3BOJISIET [IEPEHECTH PE3y/IbTar [5], u moayauTh
MIPOTOKOJI, KOTOPBIN 1O JIAHHBIM KOHEYHBIM OTKPBITBHIM ceMeiicTBaM ¢-MOp(MU3MOB 1
(¢ + 1)-mopdusmos BeipabaTbiBaeT cekpeTHblii (i 4 1)-Mopdusm.

Ucnonb3yst 9TOT MPOTOKOJI, MOYXKHO, IpeJIoJaras JOIOJHATETHLHO U3BECTHBIMU
HEKOTOpbIe KOHedHble cemefictBa mMopdusmoB 3 Cio, Ciig, ..., C),, TOIyInTH
MIPOTOKOJI, KOTOPBII BBIYHUC/IAET OOIIUII CeKPETHBIN K04 Kak m-Mopdusm w3z C,,,
1<m<n.

KpunrocroitkocTs JaHHOTO MPOTOKOJIA CYIIECTBEHHO 3aBUCUT OT KOHKPETHOT'O
N-TPYNIONJIa, BBIOPAHHOTO I peaJn3alluil MPOTOKosa. [lomck moaxomsdammx urs
3aJ1ad Kpunrorpaduu n-rpynrnonoB Oyjer cjepaylonieil 1eabio HAIUX HUCC/IeI0Ba-
HUT.
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MOD-PETPAKTABEJIbBHBIE 1 CC-KOAJITEBPBI
M. C. Epsamknu
Kasancxut (Ilpusosstceruti) gedeparvronts yrusepcumem, Kazanw
mikhail. eryashkin@gmail. com

Bce paccmarpuBaembie KoasredpbI, €CiM HE OMOBOPEHO MPOTUBHOE, OINPEIeIeHbBI
a1 mojem k. Yepes A : € — C' ® C Oyaem 0003HaIaTh KOYMHOXKEHHUE, a depes
e:(C — k — koenunuity xoasredbpor Xorda C'.

Komomymns M massBaercs pemparmabeavrowm, ecan Hom® (M, N) # 0 s mo-
6oro menysneBoro mojkomonyias N komomynas M. Koanrebpa C HasbiBaeTcs npa-
601 Mmod-pemparmabesvhoti Koanze6poti, ecin KayKJblii MpaBblii KOMOIy/ b Haj C'
siBJIsieTcd perpakTabesbHbiM. Komojyiab M Ha3bIBaeTCs KopempaxmabesbHbiMm, ec-
mn Hom®(M/N, M) # 0 mns moboro Hemyzesoro mogkomomyiss N xomomyas M.
Koanrebpa C' naszviBaercsa npagoti CC-xoanzebpoti, eciam KarxKIblil MpaBblil KOMOJIYJTh
a1 C' gBJI€TCsT KOPETPAKTAOE IbHBIM.

CC-kosbiia 1 mod-perpakTabeibHbIe KOJIbIa U3yYaanuch B psijie paboT pasimd-
MK aBropamu. Hampumep, B [1] mokazano, 4ro kiaccel SV-KOJEN U peryssipHbIX
mod-perpakTabebHBIX KOJIEI, Y KOTOPBIX KaXKJIblii PUMHUTUBHBIN 00pa3 apTUHOB,
coBmaaaror. B [2] 6bL10 mMOKa3aHO, YTO COBIAJAIOT KJIACCHI KOMMYTATHBHBIX MmMOd-
peTpakTabe/IbHbIX U KOMMYTATUBHBIX MOJYapTHHOBBIX KoJell. KoperpakTrabe/ibHbIE
Moy u3ydanuch B [3]. Omumcanne npaseix CC-kodtery 66110 10syueHo B [4] u [5].
Takzke B [5] 6bLIO TIOJIyUeHO ONMCAHUE COBEPIIEHHBIX MOd-peTpakTabebHbIX KOJIell.
B obmem cirydae onmcanue mod-peTpakTabesbHBIX KOJIell ele He ToJjydeHo. Tak
kak C* spisgercss ajredpoil jis Kazkaoit koaiarebpol C, m A* sBisercs kKoajreo-
poit JIJTsT KarK0i KOHETHOMEPHO# aredphl A, TO MpeJCTaB/IsSeT WHTEPeC U3ydeHue
mod-perpakrabenbabix 1 CC-Koaareop.

Vanaoch HoJIyIuTh ciejyiiee omnucanue mod-perpakrabdebubix koasaredp n CC-
KoaJreop.

Teopema. IIycrr C' — koasrebpa. Torma ciaegyromiue cBOHCTBA SKBUBAJICHTHBI:

(1) xoasrebpa C siBisiercst npasoii CC-Koarebpoii;

(2) koasrebpa C' siBjsiercst npaBoii mod-perpakTabeibHO Koarebpoi;

(3) C = @ C;, rue kaxnas koairebpa C; sIBIseTCs] KOAJreOpoii KOMATPHI] HaT
max-KoaJireopoi, KoTopasi HMeeT eIHHCTBEHHBIH MPABBIH IMPOCTOH MOJKOMOJTYJTb.

Kak BujiHO 13 Teopembl Kjacce mpaBbix mod-peTpakTabe/ibHbIX KoaJIredp coBIa ia-
et ¢ KyraccoM mpaBbix CC-koareop.
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O IIPEJAEJIBHO MOHOTOHHOM CBOJINMOCTU MHOXKECTB
J. X. 3aliHeTAMHOB
Kasancxut (Illpusosstceruti) gedeparvronts yrusepcumem, Kazanw
damir.zh@mail.ru

Jloktal MOCBSINEH U3YyYeHUIO0 IPeIebHO MOHOTOHHBIX MHOXKECTB, a TaK:Ke HC-
CJIeJOBaAHUIO OCHOBHBIX CTPYKTYPHBIX CBOHCTB Ipeae/IibHO MOHOTOHHOMH CBOJMIMOCTHU
MeKJIy MHOKecTBaMHu. B paboTe TOJIy9eHO ONUCAaHWe AJTOPUTMHUIECKON 3aBUCH-
MOCTH MEKJIy MPeIeJbHO MOHOTOHHOH CBOIMMOCTBIO MHOXKECTB, OIPEJIEJICHHON B
TepMHHaX E-CBO,ZLI/IMOCTI/I ceMelicTB HavaJIbHBIX CEeIrMeHTOB HaTypaJIbHBIX 4YHCEJI, 1
> -0lIpEJIEIMMOCTBIO abeJIeBBIX I'PYIIIL.

Pabora Bbinosinena npu dpunancopoii nojepxkke POPU B pamkax mpoekTa Ne
18-31-00420.

O PA3PEIIINMOCTI KOHEYHO! I'PVIIIIBI C
OIrPAHNYEHUAMM HA TIOATPVYIIIIHBI HIIMW/ITA 13
MAKCHUMAJIbHOM IIOATPVIIIIEI
E. B. 3y6eii
I'TY um. @. Cropumw, Tomean
ekaterina. zubey@yandex.ru

PaccmarpuBatorcst TOJIBKO KOHETHBIE TPYIIIIHL.

['pynma ¢ HIIBIIOTEHTHOI MAKCHUMAJIBHON MOTPYIION HEYETHOTO TOPSAIKA SBIIs-
ercs paspemumoii [1]. Dra reopema Halia OTKJIMK BO MHOIHX paborax (CM., HAIPH-
mep, (2, 3]).

Ecmn makcumasnbras nogarpymma M rpynnsl (G- HEHHJIBIIOTEHTHA, TO B M cytie-
creyer noarpymma IIImuara (HeHUIBIOTEHTHAS TPYIIA, BCe COOCTBEHHBIE TIO/IPY IIIbI
KOTOPOii HutbioTeHTHBI). OT1 cBoiicTs noarpymn [Imuara us M 3aBucuT crpoeHue
rpynibl G, B 9aCTHOCTH, sIBJISIETCSI JTH OHA PA3PEITIMON.

Hamomuum, aro nogrpymma A rpynnbl G Ha3bIBACTCA NOAYHOPMAALHOT B G, ec-
Ju cymiectByer nofarpyina B B G takas, uro G = AB u AX — cobcrBennas B G
MOJITPYIINA JIJTs KAazK 101 cobcTBenHOMN oarpymibl X u3 B. ['pynmbl, y KOTOPBIX HEKO-
Topble moArpynnsl [IIMuaTa moayHOpMaIbHBI NN CyOHOPMAJIBHBI, UCCJIEI0OBAIICH B
[4]- [7].

JlokazaHna ciejyromniast

Teopema. Ilyctp M — makcummasibHasT moarpyiina KoHedHoi rpymmabl G u P —
cumoBckasi 2-nogrpynna uz M . Ipegmonoxnm, aro PP < Z(P) u M A4-cBobosHa.
Ecnn kaxxknast noarpynna Illvmara w3 M mosyHOpMaJjbHa wan cybHOpMaJibHa B (G,
to rpymma G paspernuma.

CnenctBue. Ilycte M — makcumasbHass nogrpynna rpynmnsl G u nopsiiok M
nederer. Ecimm kaxxnast nogrpyiia IlImuara uz M mosiyHOpMaJ/ibHa HIH CyOHOPMAJIb-
Ha B GG, o G paspernMa.

Brecy X', Z(X) — xommyTanT u nentp rpymmbl X, a A; — 3HaKOmepeMeHHast
rpynna crenexu 4.
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O HEBBIYUCJIMMBIX TTIOSUTVBHBIX IITPEJICTABJIEHNAX
OBJIACTEM IIEJIOCTHOCTU
®. H. U6parumos
Havyuonarvrod ynusepcumem Yabexucmana um. Mupso Yayebexa, Tawrenm
farkh-1@yandex.com

Basosbie nondrus, ncnosnbsyemsle B pabore, comepxkarca B [1-3].

DyHjaMeHTaIbHbIE aJredpanieckue MOHATUS 110 U ero obobienus — obJa-
CTHU HEJIOCTHOCTHU, ABJIAIOTCA KJIAaCCHUYECCKUMU 06'beKTaMI/I HnccjeJ0BaHnd B MaTeMa-
THYECKOIl JIOTHKe, KOTOPast, B 9aCTHOCTH, 3aHUMAECTCS ONUCAHUEM AJTOPUTMUYECKUX
CBOMCTB KOJIEIl, 3a/[aHHbIX TeMU UJIM UHBIMU IpejcTasienusMu [1]. Baxueitmmmu cpe-
AU aJITOPUTMHUYICCKUX HpeﬂCTaBﬂeHI/Iﬁ ITUX 06’beKTOB ABJIAIOTCA BBIYHUC/IMMbBIC, Ha3bI-
BABIIIHECS TIPEK/IC KOHCTPYKTUBHBIMH |2, 3|, T. €. Takue, KOTOPBIE H30MOPQHBI KOJIb-
1AM, HOCHTEJISIMU KOTOPBIX SIBJISIIOTCS BBIYUCTUMBIE (2JITOPUTMIYECKI Pa3peIIiMble)
IIOAMHOXKECTBa MHO2KECTBa HaTYyPaJIbHBIX YUCEJI, a OIIEepalliul CJI02KEHUA U YMHO2KCHU A
npeacTaBJICHbI ITOAXOAAINMMN BbIYUCJIUMBIMI OIlePpalluAMMU.

Bosee Touno, ecim (R;+, X) — mpou3BoJIbHOE He 0oJjiee YeM CUETHOE KOJbIO 1
v — orobpaxkenue u3 w Ha R, Jjis KOTOPOrO CYIIECTBYIOT TAKUE BBIYUC/IMMbIC OUHAD-
Hble onepain B, ® (IPeJICTABIAIONIE COOTBETCTBYOIIIE ONEPAINI KOJIbIA HAa HO-
Mepax/KOJIaX ero 3JIEMEHTOB B IIpeJiCTaBjieHun V), uro YV, y € w [ve+vy = v(z®y)]
uVre,y €w [vexvy =v(z®y)| (1. e. v asisercs 3pdeKTUBHBIM TOMOMOPhU3MOM ),
TO V Ha3bIBAECTCH HyMepallueil (aIropuTMHUUCKIM IPeICTaBIeHneM) Koblia K.

flnpom npencrapieHns v Kosblia R Ha3blBaeTCs SKBUBAJIEHTHOCTL {(z,y)|ve =
=vy}.

Onpenenenne. Kosibro R Ha3bIBACTCS BBITUCIHMO (MO3UTHBHO, HETATHBHO)
[IPEJICTABUMBIM, €CJIH CYIECTBYET €ro IPEJICTABJCHHE C BBHITUCIUMbBIM (IE€DETHC/IH-
MBIM, KOIIEPEIUCTHMBIHN) SJIPOM.
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Herpyano 3aMeTuTh, 9T0 BRIYUCIMMOCTD IIPEICTABICHU KOJIbIIA PABHOCUIBHA, OJ1-
HOBPEMEHHOI MO3UTUBHOCTH W HEraTUBHOCTU STOTO IipejcTaBiieHus. Hanbosee uzy-
YEHHBIMU OOBbEKTaAMH B TEOPHH abCTPAKTHON BBIYUCIMMOCTHU ABJIAOTCH rmoss. T. K.
JI000€ TI0JIe ABJISIETCS MIPOCTOlt aireOpoii (T. e. B HEM OTCYTCTBYIOT COOCTBEHHBIE HJI€-
aJIbl), TO BCAKOE MO3UTHBHOE PEJICTABJICHUE TIOJIsI ABJIsIeTCs BbIaucauMbiM. C JIpyroi
CTOPOHBI, BCAKOE OECKOHEYHOE BBLIYMC/IMMO IIPEJICTAaBUMOE T10JIe 00JIa/IaeT HEeraTHB-
HBIMH HEBBIYUCIUMbIME TpejicTaBienusivu [4]. TakoBbl ke n GeckoHedHble 001aCTH
IIeJIOCTHOCTH. TeM He MeHee, NPUHIMIINAJbHBINA BOIPOC O CYIIECTBOBAHUU OOJIACTH
IIeJIOCTHOCTH, 00JIaIato1eil HeBBITUCINMBIM TTO3UTUBHBIM IIPE/ICTAB/IEHHEM OCTaBaJI-
¢ OTKPBITBIM.

Chenytomas TeopeMa IOKa3bIBA€T, YTO B OTJIWYHE OT II0JIel, BCe IMO3UTUBHBIE
IpeICTaB/IeHNs] KOTOPBIX BBIUUC/IUMBbI, IIO3UTUBHBIE 00JIACTH 1EJIOCTHOCTH HE 00sSI3aHbI
OBITH BBIYUCTUMBIMU

Teopema. CyiecTByer HeBbIYHCIAMAsT ITO3UTHBHAs 00JIACTD I[EIOCTHOCTH.

CaenacrBue. CyiecTByeT MO3HTHBHAsI 00JIACTH II€JIOCTHOCTH, 3(D(peKTHBHO He
BJIO’KHMasl HI B KaKoe 3(h(DEeKTHBHO HEBBIPOXKJICHHOE IIOJIC.

JImteparypa
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O PABJIOZKNMOCTU MATPUIL HAI TTOJIVIIOJIAMMU B
IMPOU3BEAEHUE ITEPECTAHOBOYHBIX U1 ITOYTU
EIVMHNYHBIX MATPUILL
C.H. Nnbun, A. C. XaiicaHoBa
K®Y, Kazanv
Sergey. llyin@kpfu.ru; alena.hajsanova@gmail.com

XOpoIIo U3BECTHO, YTO JII0basi KBajpaTHas MaTPHUIA HaJ IIPOU3BOJILHBIM I0JIEM
9JIEMEHTAPHBIMH IIPEOOPA30BAHUSIME CTPOK U CTOJIONOB IPUBOIUTCA K JUANOHAIBHOM
0-1-marpurie. I3 3Toro daxra Jjierko BhITEKaeT, 9To Jrobast KBaJpaTHas MaTPUIla Hal
IoJIeM TIPEJICTABUMa B BHUJIE ITPOU3BEJECHUST HEKOTOPOTO YUC/IA MATPUIL, KaxKjas U3
KOTOPBIX SIBJIAETCs JTUOO MEPEeCTaHOBOYHON MATpHUIlEH, TUOO OTJIMIAeTCst OT €IUHUY-
HOI MaTPHIGI POBHO OJHUM 3JIeMEHTOM. MaTpHIlhl Toc/IeJHero Tuia OyaeM Ha3bIBATD
noYmMu eQUHUYHBLMU, & MATPHUITLI, PA3JIOKIMbIE B TIPON3BEIEHNE T€PECTAHOBOTHBIX 1
OYTH €JIUHUYIHBIX MaTpuIl, — I -padsootcumvimu. Takum obpa3zoMm, BedKas KBaJpaT-
Hasl MaTPHUIIA HAJ IPOU3BOJIBHBIM IOJIEM [ -pas3yioKuMa.

[IycTs Temeps S — moJtymiosie ¢ WIEMIIOTEHTHBIM CJIOYKEHHeM, IPUIeM OTHOIIeHHe
€CTEeCTBEHHOIO Topsijika < Ha S, mje a < b < a + b = b, gBiadercd JuHEHHBIM
nops koM. [IpumepamMu TakuxX MOJIYIOJIEH MOI'YT CJIYKHUTh 9acTO BCTPEYAIONIeecs B
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IPUKJIaJHBIX 3aja4dax nosynose (R, max, ) HeoTpUIATEJbHBIX BEIECTBEHHBIX YU~
cesl, a TakXKe €ro MOAIOJYIONsi, B TOM 4ucie, noaymnoie (Qi,max,-) u IByxdJje-
MeHTHas OyseBa anrebpa Bo. Cremyroriue pe3ysabTaTbl JIAI0OT OTBET HA BOIPOC 00
[ -pazyioKMMOCTH MaTPUIL TOPSJIKOB 2 U 3 HAJI TOJIYHOJIAMEI YKA3AHHOT'O THUIIA.
Teopema 1. Besikast maTputia mopsiika 2 Hajg S siBistercst 1 -pas/ioxKuMord.
Teopema 2. Marpurna A nopsiika 3 Hajr S He siBsiercss I -pas/ioKuMoit B TOIHO-
CTH TOIJIa, KOIjla B KaXkKJIOH ee CTPOKE H KaXKJIOM CTOJIOIE HMeeTCsl POBHO OJIHH HYJIe-
BOIT 9JIEMEHT HJIU JIJIs TTOJXOJSIIINX KBA3UIIePECTAHOBOIHBIX MaTpul] P u () marpura

PAQ wnmeer Bz
b 1
c 1],
1 d

ITIOBUTUBHBIE HYMEPAIINUN B TUITEPAPUO®METUKE
. I1I. Kanumynmua, B. I'. Ilyzapenko, M. X. ®aiizpaxmaHoB
Kasancxut (pusonsceruti) dedeparvnud ynusepcumem, Kazamnw
marat. faizrahmanov@gmail.com

—_—Q

e a,c<b<1lmd<1.

JlokJ1a/1 TOCBSIIEH BOIIPOCaM CYIIECTBOBAHUS IMO3UTHUBHBIX U Pa3PEIIUMbIX BbI-
YUCJIUMbIX HyMepalluii ceMelicTB Bcex H%— (E%—)HO;:LMHmKeCTB 38 ITAaHHBIX ITUJINHIPOB.
Bribop cemeiicTB yKazaHHOrO THIIA 0OOCHOBBIBAETCS UX COBIAJIEHUEM C CeMeicTBaMu
BCEX X -TIOJIMHOKECTB HACJIEICTBEHHO KOHETHBIX HAICTPOEK rpadOB ITUX IIUINHIPOB.

XAPAKTEPU3AIINA OBOBIIIEHHO ITOATPVIIIIbI ®PATTUHN

KOHEYHOW PA3PEIIINMOM I'PVIIIIbI
C. ®. KamMmOopHUKOB
Tomenvcrutl 2ocydapemeennovit yrusepcumem um. D. Crkopuno,, Tomeanv
sfkamornikov@mail.ru

B pabore paccmaTpuBaroTCs TOJIHBKO KOHETHBIE PA3PEITUMbIe TPYIIIBI U Pa3peri-
MBbI€ MTOJINPYIIIIOBBIE M -(PYHKTOPHI, T. €. mM-(YHKTOPBI, ONPEJICJIEHHbIE Ha KJIACCE BCEX
pa3permMbIX KOHEIHBIX IPYIIIL.

Cornacuo |[1|, moarpynmoBeiM m-hbyHKTOPOM HasbiBaeTcst GyHKIus 6, Koropast
corocrasjisteT Kaxkjoit rpymme G Hekoropoe MHOkKecTBO 0((G) ee MaKCHMaJIbHBIX
noarpymnn u camy rpymiy G. Ilpu stom npegmonaraercs, aro ecau 0(G) = {M, ...

., M,,G}, 1o O(G*) = {M¢,..., M* G*} nns moboro nzomopdusma o : G — G°.

[Moarpymmosoit m-byHKTOp 6 Ha3BIBACTCs PErYISPHBIM, €CJIU BBIIOJIHSIIOTCSA CJIe-
JIyIOIINE YCIOBUS:

1)us3 NIG u M € §(G) crenyer MN/N € (G/N);

2) uz M/N € 0(G/N) cuenyer M € 0(G).

Eciin § — noarpynmooii m-dyskrop, To yepe3 Py(G) obozHauaercs 060061eHHAS
noarpyma @parruan (0-noarpynmna @parrunn) rpynmsl G, KOTOpasi OMpeIe/IseTcst
Kak I[epecevenne Beex MOArpyI, npuHajyexammx 0(G). Ormerum, 910 eciau s
nr000it rpymnbel G MHOKeCTBO 0(G) CONEP:KUT BCe MaKCUMAJIbHBIE TOArpynbl u3 G,
t0 $y(G) = ®(G) — noarpymnma Pparrunan rpymisr G.

13 ocHoBHOTO pesyibrara paboThl [2]| ciejyer, 4To Jisl HOJIYyYeHUsT TOArPYIIIbI
O (@) paspemumoii rpynnbl G MOXKHO OIPAHUIUTHCS [IEPECEICHUEM JIUITh HEKOTOPBIX
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3n ee MaKCUMAJIBHBIX TOATPYIIIL, T 1 — YHUCJIO0 JOMOJHIEMBIX (haKTOPOB HEKOTOPOT'O
[JIABHOTO psijia rpynmsl G .

Jpyroit 1o/1x0/1, HAIIPABJIEHHBIN HA COKPAIEHUE IUCIa MAKCUMAJIBHBIX TOIPYIII,
nepecevdenne KOTopbix gaet noiarpymny @parrunn, npepioxer B. C. MornaxoBbiM B
[3], rme ycranoBseno, uro jis soboit paspentumoit rpymmbl Goee moarpymma Opar-
tuan P(G) coBmasaeT ¢ mepecevdeHreM BCEX TeX MaKCUMAaJbHBIX moarpymnmn M u3
G, g KoropbIxX BhINOMHSETCs paBeHctBo M F(G) = G (3necs F(G) — noarpynmna
@urrunra rpynmst G ).

B [4] ormedennble momxoipl oObeIuHEHBE: I pynibl (G J0KA3aHO, YTO €Cjin
n — mmuaa G-rnasHoro psjga rpynusl F(G)/®(G), a k — «uncio meHTpasibHBIX
G-rnaBHBIX (HaKTOPOB 9TOTO psja, To B G cymecTByiOT 4n — 3k MaKCHMaJibHBIE
HOJIIPYIIIBI, TIepecedere KOTopbix pasHo P(G).

B crenytormeit Teopeme 3TOT pe3ysbTaT pacipoCcTpaHsSeTcsd Ha BCe O-TOArPYIIIbI
Oparruau rpymisl G.

Teopewma. Ilycte § — perymspubrii moarpynmnoBoit m-pyaxrop u G — KOHeIHast
pasperumast rpynna, s kotopoit $p(G) # G. Ecin n — mimna G -riiaBHOTO psijia
rpyuisr Soc(G/®y(G)), a k — aucio nenrpaibubix G-riaBHBIX (DAKTOPOB 9TOIO Dsi-
Jga, 7o B G cymectBytor 4n— 3k MakcuMmaJbHbBIE O -TIOJATDYIIIBI, IepecedeHue KOTOPHIX
pasno $y(G).

J1J1s1 HEKOTOPBIX PEry/IsSPHBIX HOArPYNIOBBIX (GyHKTOPOB 6 yeioue Pp(G) # G
BBITIOJIHSIETCSI JIJIsl JTI0001 Hee MHUIHON Ipynbl G (370 UMeeT MecTo, HAlpUMeD, JIJs
MIO/ITPYTIIIIOBOTO (DYHKTOPA 6, BBIIEISIONIETO B KarKI0! IPYIIe BCe ee MaKCUMAJIbHBIE
noarpymisl). Oaaako Jyist 6osbmuacTBa GyHKTOpoB 6 yenosue $o(G) # G orpanu-
quBaer rpymny G. B gactHocTH, eciiu @ — pery/isipHbIi TO/rPYIIIIOBOi M -(DYHKTOD,
BBIJIEJIATONTUI B KayK 1011 I'PYIIIe Bce ee aOHOPMAJIbHbIE MAKCUMaTbHbIE TIOTPYIIIBL, TO
yesosue $y(G) # G paBHOCUIBLHO TOMY, 9TO TpyIia (G He sIBJISIeTCs] HUIBIIOTEHTHOM.

Kak ormedeno B [4], B obiiem ciiyuae OIeHKa 9UCIa MAKCHMAJILHBIX MOJIPYIIIL,
[pUBEJIEHHAs B TeopeMe, SIBJISeTCsl TOYHOH. B To ke Bpemst Jjist psijia KOHKPETHBIX
noArpynnoBbix byHkTopoB 6 u rpynn G co crnenuagbHbBIMU CBOMiCTBaME (HAIIPUMED,
J7Is Sy -CBODOTHBIX TPYIII) OHA MOXKET OBITH YJIydIIeHA.
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O TEOPUM PETVYJ/IAPHBIX A3bIKOB C OITEPATOPOM
NTEPAIINNA
Bb. H. KapJioB
Tesepcroti 20cydapecmeenmnviti yrusepcumem, 2. Teepo
bnkarlov@gmail.com

Perynsphble s3bIKM SBJIAIOTCA OJIHUM U3 OCHOBHBIX OOHEKTOB U3YUYEHHsI B TEOPUU
dopMaNIbHBIX A3BIKOB. Tak:Ke OHM MMEIOT MHOIOYUC/IEHHBIE TPAKTUIECKHE TIPUIIOZKe-
HUs B pa3paboTKe TPAHCIATOPOB, 00pabOTKE TEKCTOBBIX JAHHBIX U 1Ip. s perysp-
HBIX A3BIKOB Pa3pEeIIMMbl MHOIHE €CTECTBEHHbBIE aJITOPUTMUYECKHE TTPOOJIEMbI, TaKue
Kak 1pobjieMa 3KBUBAJEHTHOCTH, IPUHAJIEXKHOCTH, IIYCTOTHI, GECKOHEYHOCTH U JIP.
(em. [1]). Onnako nepedncaeHHbIE BOIPOCHl OTHOCATCS K KOHKPETHBIM sI3bIKAM, & He
K MX CeMeiicTBY B 1e/oM. MbI M3ydaeM KjacC PeryJspHbIX S3bIKOB Kak ajrebpande-
ckyio cuctemy currarypsr ) = (@©) *() 5 koTOpOit OCHOBHBIM MHOXKECTBOM SABJIA-
eTCsl MHOYXKECTBO BCEX PEryJISIDHBIX sI3BIKOB B HEKOTOPOM (DUKCHPOBAHHOM aJjihaBuTe
Y={ay,...,an}, a cuMBOIBl & U * MHTEPHPETHPYIOTCH KaK IIyCTOE MHOXKECTBO W
orepaTop UTepaIni COOTBETCTBEHHO. Teopus mepBoro mopsijika 3Toi cucteMbl (cM. [2])
obosuavaercst Ty . B pabore [3| mokazano, uro sra reopust jgomyckaer 3(bdeKTUBHYO
9JIMMUHAIIMIO KBAHTOPOB, a 3HAYKUT, OHa paspenuma. Mbl uccieyemM BO3MOKHOCTH
«eCTECTBEHHOI» akcnmoMaTu3anuu reopun T, a TakxkKe €€ éMKOCTHYIO CJIOKHOCTD.

Harmm ocHOBHBIE PE3y/IbTAThl COCTOAT B CJIELYIOIIEM.

Teopema 1. Teopust Ty orpejesiercst caeayiomuM MHOXKECTBOM aKCHOM:

S1. (Vo)(x*)* = 2
S2. @* # &;
S3. (Vr)(z*=2" - (=2 Vr=0%));

S4,,. (Elxl)(ﬂxn)</i\x:‘ :xi/\/n\ /”\ T %xJ-);

i=1j=i+1

S5, (‘v’x)((x* =xANz#2) — (Eixl)(EIxn)</n\:v;k :x/\/n\ /"\ xl#x])>

i=1 j=i+1

WeruaHOCTD 3THX (DOPMYJT HA MHOYKECTBE PErY/ISIPHBIX S3BIKOB ITPOBEPSIETCS HEIIO-
cpezcTBerno. s ToKa3aTeIbeTBa MOJHOTHI MBI paccMaTpuBaeM Teoputo 11 , ompejie-
qasemyto akcuomamu S1-S55. Jlajee Mbl paccMaTpuBaeM CeMeHCTBO airedpanvdecKnx
cucteM &, 5, TIe a U 3 — IPOU3BOJIBHBIE KapAuHAJIB. (OCHOBHBIM MHOXKECTBOM CH-
crembl &, 3 fABidgeTCA

{9,2"}U{aj:ica,jef}U{b:ical,

*

a olreparys * OIpeJeIsdeTcs CJIeTyIONIM 00pa3oM:

a; ; = b; = b; g Beex i, j.
Mpsr nokaseiBaeM, aro Teopust 1), sBisieTcs CIETHO KaTeropudHoil. PakTudecKn, Mbl
IpoOBepsieM, ITO Bee eé cuéruble Mogesu usomopdust S, . Torga T}, mosma 1o Teo-
peme Jlocs-Boora. Tak kak Teopust Ty Tak»Ke MOJIHA U MMeeT OOIIyI0 Mojesab ¢ 17,
TO 9TU TEOPUU COBIIAJIAIOT.

MmuozxkectBo akcuom S1-S5 gaBisgerca OeckonednbiM. Vcrmosb3yst Teopemy KOM-
MaKTHOCTH W KPUTEPUIT KOHEYHON aKCUOMATU3UPYEMOCTHU TEOPUHU Yepe3 aKCUOMATU3U-
PYEMOCTD JIOTIOJTHEHUS €€ KJIacca, MbI JIOKa3bIBAEM, UYTO 0DOMTHCH KOHETHBIM YHCJIOM
AKCUOM HEJIb3s:
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Teopema 2. Teopusi Ty He sIBJIST€TCS KOHEYHO aKCHOMATU3UPYEMOH.

B moboit mecuéraoit MomnHOoCTH (v Teopusd Ty yKe He ABIAETCH KATErOPUIHOI,
nocKoIbKy Mozemn S, , 1 S, , He n30MOPMHBL. DTO YTBEPXK/EHNE YCUIEHO B TEOPE-
me 3. Eciin o« — GeckoHeuHbIi KapanHast, TO Yepes3 i () Mbl 0603HATAEM MOIIHOCTH
MHOKECTBA BCEX KapJWHAJIOB MEHBIINX (v, & depe3 fia() Mbl 0003HATAECM MOIIHOCTD
MHOXKECTBa BCeX DECKOHETHBIX KAP/INHAJIOB MEHBINX (.

Teopema 3. Eciim «« — 6eckoHeUHBIH KapauHasl, TO Teopusi Ty HMeeT POBHO
p1 (@)#2(®) HemsoMopgHBIX Moge el MOIHOCTH « .

Pesynbrar o éMkocTHOI ciioxkHOCTH Teopun Ty OCHOBAH Ha CJIEYIOIIECH TeopeMe:

Teopema 4. Ecir o, 3,7,0 = n, 70 B n-urpe 9percgoiixra Ha cucremax S, 3 I
S, IlosropuTesb nuMeeT BHIUTPBINIHYIO CTPATEIHIO.

Boeiurpeininast crpaterusi [ToBropuresist cocTOUT B CIEAYIONIEM: OH BBIOMpaET UTe-
paIuio TOTJa W TOJILKO TOrjia, Korga Paspyiurenb Boibupaer ureparuio. Obe cu-
CTEMBI COJIEPKAT T, UTEpalvil, a KaxkKJaad U3 HUX ABJAAETCA UTepalueil 1o MEHbIICH
Mepe N Pa3/InIHBbIX 37eMeHTOB. [10CKOJIbKY Wrpa JUINTCA TOJIBKO M X0J10B, TO Ilo-
BTOPHUTEIb IIPU BBHIOOPE OYEPETHOrO SJIEMEHTa BCErJa MOXKET COXPAHUTh JYaCTHIHbII
n30MOpU3M.

Teopema 4 1103BOJIIET CBECTU MTPOBEPKY UCTHHHOCTH (DOPMYJIBI JIJTHHBI 12 Ha CUCTE-
me &, ., K IIPOBEPKe €€ HCTHHHOCTU Ha KOHeuHoil cucreme &,, ,,. [TockosbKy ocroBHOE
MHOZKECTBO TIoc/iejiHedt cucrembl cojepkut O(n?) s71eMeHToB, TO MPOBEPKY UCTUHHO-
¢t (POPMYJIBI MOZKHO BBITIOJTHUTD B IIOJTMHOMHUAJIBHOM TaMsiTh. Tak Kak Jiodast MOJIeTh
Teopun Ty COJMEPKUT J[BA PA3TUIHBIX IJIEMEHTA, TO ITO MO3BOJISIET CBECTU K TEOPUU
Ty PSPACE-tosinyto mpobsieMy HCTHHHOCTHA Oy/1eBBIX (DOPMYJI ¢ KBAHTOPAMU, €CJIN
UHTEPIPETUPOBATH OJMH U3 JEMEHTOB KaK HCTHHY, a JPYroil — Kak JIOXKb. MTak,
CIIPaBEJTTUBO CJIE/IYIOIIEe YTBEPK ICHUE:

Teopema 5. Teopust Ty, sBiasiercss PSPACE-mosHOId.

Emg oxno ciregcrBue TeopeMbl 4 — 3jIeMeHTapHAas SKBUBAJIEHTHOCTH cucTeM &, g
u &, Iy GECKOHEYHBIX KapJWHAJIOB «, [3,7,0. B uacTHOCTH, 3JI€MEHTapHO SKBH-
BaJICHTHBI aJiredpandecKkue CUCTEMbI CO CJISYIOMUMI OCHOBHBIMUA MHOXKECTBaAMU: Pe-
I'YJISPHDBIE ST3bIKU, KOHTEKCTHO-CBOOOHBIE SI3BIKU, PEKYPCUBHBIC A3BIKH, PEKYDPCUBHO
[EePEYNCIUMbIE I3bIKU, BCE A3bIKU (B HEKOTOPOM (bUKCUPOBAHHOM ajiasure). B cuiry
JKe CUYCTHOW KATErOPUIHOCTH TEePBBbIE UeThIPe ajaredOpandeckue CHUCTEMBbI JTaxKe H30-

MOPQHBI.
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O ITIOPOXKJTAKOIIINX COBOKVYIITHOCTAX JdJIA
KBA3SUMHOTI'OOBPA3UI KOMMYTATUBHBIX YHAPHBIX
AJITEBP 1N X IMTPUNJIO2KEHUNAX
B. K. Kapramos
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B paborax [1, 2| jig uccienoBanusi 6a3ucOB KBA3UTOXKIECTB U PEIIETOK KBAZUM-
HOTroOOpasuil yHapoB (T. e. ajrebp ¢ OJHON yHAPHOI oreparyeii) 1ocTaTroqHo b dex-
TUBHO HCIOJIb30BAJIOCH MOHsATHE (Q-KPUTUIECKOH areOphl.

Koneuno-niopox iennas ajnrebpa HasbiBaeTcs (Q-KpUTHIECKOI, €C/in OHA He pa3Jia-
raeTcs B MOJIPSIMOE POU3BEICHIE COOCTBEHHBIX MOMaaredbp (T. e. mojanrebp, Hen3o-
MopdHBIX camoii airebpe). C oMOIbio TeXHUKN (Q-KPUTHIECKUX aJrebp ObLIn perre-
HbI MHOTHE BOIIPOCHI, CBA3AHHBIE CO CBOMCTBAMU 0A3MCOB KBA3UTOMXKIECTB U PEIIETOK
KBa3UMHOI000Opas3nii yHAPOB.

st ciyvgast yHapHBIX aireOp, CUTHATYPa KOTOPBIX COIEP:KUT Hojiee OIHOMN omepa-
U, B HacTosIIee BpeMsi (Q-KpuTudeckre ajredbpbl He onucanbl. 1[losToMy monbiTkn
peIleHns YIIOMSHYTBIX BBIIIE BOIIPOCOB MPEIIPUHUMAIOTCS, KaK IPABUJIO, JJIst JJOCTa~
TOYHO y3KHX KJIaccoB [3-5].

B macTosmem coolriennn B TPON3BOILHOM KBA3UMHOIO0OPA3UH KOMMYTATHBHBIX
YHAPHBIX aJIredp BBIIEISAETCs MOJIKIACC TaK Ha3biBaeMbiX NQ-KpUTHIECKHX ajreop.
DTOT KJIacC BKJIOYAET B ceds Kaace BeeX (Q-KPpUTHIECKUX ajredp u, MO3TOMY, B HEKO-
TOPBIX CITydasixX MPeJICTABIIET COOO0I ITOPOKIAIONLYIO0 COBOKYITHOCTD /I JJAHHOTO KBa-
3UMHOT000pa3usd. DTO O3HAYAET, YTO HHMOopMalus o cBoiicTBax NQ-KpUTHIECKUX aJl-
rebp MO¥KeT ObITH UCHOJIb30BaHA JIJI UCCIEIOBAHUS CBOMCTB KBA3MMHOTOOOPAa3Hil.

B JaHHOM COO6HI€HI/II/I 9Ta nJjed AEMOHCTPUPYETCA AJId KOMMYTATUBHBIX YHaPHBIX
aJiredp KOHEYHOI'O THIA, KaxKjas CBA3HAsd KOMIIOHEHTa KOTODPBIX SABJISETCA CUJIHHO
CBSA3HOIl (T. €. MOPOXKIACTCsT JTFOOBIM CBOUM 3JIEMEHTOM ).

Taxue are6pbl Ha3bIBAIOTCS SSc-aarebpamvu (sums of strongly connected algebras).
WNuaTepec K HIM BO MHOTOM OOBSICHSIETCA TEM, UTO KarkJjlas KOHeUHasi ajredbpa comiep-
JKAT HEKOTOPYIO SSc-airedpy B KadecTBe IM0JIajreOphl.

CpoiicTBa KOHTDYSHITHI SSc-aJarebp u3ydasnch panee [6].

Hanee gepes * obosnadaercss CBOOOIHBII MOHOM I CJIOB HaJ ajidaBuroM (1.

Teopema 1. CsizHast KoMMyTaTHBHasl yHapHast ajrebpa (A, Q) KomedHoro tura
SIBJISICTCST SSC-aJIreOpOI TOr[a U TOJIBKO TOIJA, KOIJ[a OHA NMPUHAJJICKHT MHOT00ODa-
3110, OIIPENe/ISIEeMOMY TOXKJECTBOM BHJIa WXL = X JJIS HEKOTOPOro cjoBa w € )*,
coJiep>KalIlero Bce CUTHATYPHbBIE CUMBOJIBI U3 ).

HamomumM [7], 40 Kitacc ajrebp Ha3bIBACTCS 00600WeHNbLM MHO2000PA3UEM, €CITT
OH 3aMKHYT OTHOCHTEIHHO TOMOMOPMHBIX 00pa30B, 1ojiaaredp, KOHEYHBIX JeKapTO-
BBIX IIPOU3BEJIEHUN U JIIOOBIX JIEKAPTOBLIX CTeleHeil ajarebp, BXOJAAIINX B HETO.

Teopema 2. Kiiacc Bcex ssc-ajirebp KOHEIHOIO THIIA, SIBJISIETCST 0000IIIeHHBIM MHO-
roobpasmem.

CaencrBue. KoHednble KOMMYTATHBHBIE SSC-a/IN€OPbI KOHEIHOTO THIIA 00PAa3yIoT
1ICeBJIOMHOIr0obpasue.

Teopema 3. lis Jroboro kBazumHOroobpasust M ssc-ajredbp KOHEIHOTO THIIA
pemerka L, (9) moxkBasumuoroobpasmii KBasuMHoroobpasms M KoHedHa TOIa H
TOJIBKO Torj1a, Korjga M 1mopoxKjjaeTcss KOHEIHBIM MHOXKECTBOM KOHEYHBIX ajredp.

Orcrona BBITEKAET

Teopema 4. Bcesikast KoHedHasT KOMMYTaTHBHAsI SSC-aarebpa nMeeT KOHEIHBIH Oa-
3UC KBA3UTOXKJIECTB.
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MOAYJIAPHBIE U INCTPUBYTUBHBIE PEIITETKN
TOITIOJIOTU KOMMYTATUBHBIX YHAPHBIX AJITEBP
A. B. Kapramosa
Boszoezpadcxuii 2ocydapemeennoili couuaivho-nedazo2udeckuti YHusepcumen,
Bonazoepad
kartashovaan@yandex.ru

B nanHOM cOOOITIEHNN OXapaKTEPU30BaH KJIACC BCEX KOMMYTATUBHBIX YHAPHBIX AJl-
reOp KOHEYHOTO THUIIA, PEIIEeTKA TOIMOJOTU KOTOPBIX MOJIY/ISIPHA, TUCTPUOYTUBHA UK
oymnea. Onmcanbl KJIaCChl BCEX MOJY/IAPHBIX W JUCTPUOYTUBHBIX PEIIETOK, KarKIast
U3 KOTOPBIX M30MOpP(HA peIeTKe TOIOJOTHil HEKOTOPOW KOMMYTATHUBHON YHapHOIT
aJiredpbl KOHEYHOI'O THIIA.

AHajlorugHbBIe BOIIPOCHI JjIs KJIacca ajredp ¢ OHON YHAPHOI oreparueil perreHsb
pasee B [1].

Pemerku tomosornii anrebp Apyrux curHarTyp (TPYIIbL, KOJIbIA, MOJLYJIH) Pac-
CMaTpHUBAJNCh, HAIpuMep, B [2|-[4].

[Tox monoaozueti na anzebpe A MOHUMAETCA TOIOJOTUA HA €€ HOCUTEJE, OTHOCHU-
TeJIbHO KOTOPOI KaxK iast CHTHATYPHas Ollepalins HelpepbiBHA. Tomosioruu Ha ajirebpe
20 06pa3yIoT MOJIHYIO PEIeTKY 0 BK/IoUeHH0. Byiem obo3Hadath ee depes ().

Yuapuas anrebpa A = (A, Q) nasbBaercs xommymamuerot, eciu fg(a) = gf(a)
Jtst ioobix f,g € 2, a € A.

Eciu cBsaznas kommyTaTnBHas yHapHas ajaredpa 2 nMeer HAUMEHBINYIO 10 BKJIIO-
YEHUIO oA/ redpy, TO OyIeM Ha3bIBATH ee AJpoM ITOH ajaredphbl 1 0003HAYTATDH Yepes
Kerdl.

O6o3naunM depe3 M KIacc BeeX CBA3HBIX KOMMYTATUBHBIX YHAPHBIX ajaredop 2A =
= (A,Q) ¢ axpom, Kaxast U3 KOTOPBIX YIOBIETBOPSIET CJEIYIONIUM YCIOBUAM:

1) ayg kaxxgoro snementa a € A\ Ker2l muoxectso (a) \ Ker2l ognosieMeHTHO,
rie (a) — nomasrebpa aaredpsl A, HOPOXKIEHHAS JIEMEHTOM @
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2) ju1st JIIOOBIX JIBYX PA3/IMIHBIX 971eMeHTOB a,b € A\ Ker2l cymectByer onepariust
fap € Q Taxas, aro fyp(a) € Kerd u f,,(b) =b.

Teopema 1. Ilycte A = (A,Q)) — npousBoibHASI KOMMYTATUBHASI YHADHAS AJI-
rebpa konegnoro tumna. Torga pemerka $(2U) Tormostornii 3Toi aarebpbl MOJIYISIPHA B
TOM U TOJIBKO B TOM CJjydae, Korja oo |A| < 2, mbo A € M.

st moboii yaaproit anrebpbr 2 = (A, ) uepes 2* obosHauaeTcss cBOOGOHBII
MOHOU/T CJIOB C IIOPOZKJIAIOIINM MHOXKECTBOM {) OTHOCHUTETHHO KOMIIO3UIINN.

Teopema 2. [Iycrs 2 = (A, Q) — nponsBo/ibHAS KOMMYTaTHBHAS YHAPHAS AJI€0-
pa korneunoro tumna. Torga perrerka () Tonosornii 9Toii aarebppl JucTpUOY THBHA B
TOM U TOJILKO B TOM CJIy4ae, korja oo |A| < 2, mbo A € M u Haligercs caoBo u €
€ QO rakoe qro, s ooeix f € 2, b € Ker?l cupasemmso paserctso f(b) = u"(b)
pu HekoropoMm n € N.

Teopewma 3. [Iycts L — npousBoJibHast MOy IsipHAasi perretrka. Torma L nzomopgh-
Ha perrrerke Torosoruii () HeKOTOpoi KOMMYTaTHBHOI yHapHOI ajirebpbl A Ko-
HEJHOI'O THIIa B TOM H TOJIBKO B TOM CJIy4ae, Korjla L. m3omMoppHa pererke moarpyIin
HEKOTOPOI KOHEYIHOI abe/1eBoI IPYIIIIHI.

CaencrBue 1. Ilycte L — npousposibHasi jqucTpubyTHBHasi permerka. lormga L
nzoMoppua pernierke Tonosgoruii () HEKOTOPOH KOMMYTATHBHOH yHAPHOI areOphl
2l KOHeYHOro THIIa B TOM H TOJBKO B TOM CJydae, Korja L m3omopgpHa permerke
HOJAIPYHII HEKOTOPOH KOHEYHOH IUKJJINYECKOH I'DYIIIDI.

CnencrBue 2. Ilycte L — npousBosibHasi jguctpubyrusHasi pernerka. Torma L
mzoMopgra perierke Tornosgoruii () HEKOTOPOH KOMMYTATHBHOH yHAPHOI areOphl
2l KoHedHOro THIIA B TOM H TOJBKO B TOM CJy4dae, Korjla L m3zomopdHa permeTke
MOJTPYIIT HEKOTOPOH KOHEYHOH ITMKJIHUYIECKOH T'DYIIIbI, HOPSJOK KOTOPOH CBOOOJEH
OT KBaJIPATOB.
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CO BCeMH HeolIpeae/IdeMbIMU ITOHATUAMN MO2KHO OSHAKOMUTLCA B pa.6OTaX P. CO—
apa [1], }O.JI. Epmosa u C. C. Tonuaposa |2, 3|, A. 1. Manbresa [4].

Kak 06bran0, BCIOLy onpejiejentaast byHKIMs, JIefCTBYOIAs U3 MHOKECTBA HATY-
PaJIbHBIX 9YHCEJI W B W Ha3bIBaCTC:I BBILH/IC.HI/IMOIU/I7 €CJId CyIIeCTBYeET BBILH/ICJIHIOHJ‘I/Iﬁ ce
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asroput™ [1]. TlogmuoxkectBo o C W HA3BIBAETCS] BBIYUCUMBIM (BBITHCIUMO TI€PE-
YUCIIUMBIM, KOIEPEIHCIUMBIM ), €CJIA €10 XapaKTepUCTHIecKas (OyHKIUS BbITHCIIMA,
(v ecTh 06JIACTD 3HAYEHUIT TIOIXOJSIIEN BHIYUCTUMON (DYHKIIUK, (v SIBJISIETCS JIOTOJI-
HEHUEM BBIYHCIIMO TIEPEYUCIUMOTO MHOYKECTBA).

[Iycrs (A; X)) — yauBepcasbhas anrebpa sddexkTuBHOi curHaTypsl Y. OTobpazke-
HIEe V' W3 MHOXKECTBa HaTYyPaJIbHBIX duces w Ha A HasbiBaeTcs HyMmeparmeil ajrebpbl
A, ecnm CyIIECTBYET BBIYUCIUMOE CeMEHCTBO F' BBIYUCIUMBIX (DYHKIUN, MpeIcTaB-
JISTIOIIUX Y -orepanun ajredbpbl A B HyMmeparuu v, T.e. JjIsg BCSIKOI'O CHMBOJIA -
oreparuu g € ¥ aaredbpbl A paBHOMEPHO 3P HEKTUBHO HANIETCST TaKast BHITUCTIMAsT
dbyuknua f € F, aro ovx = vfT.

Hywmepanus v anrebpel A HasbiBaeTcss BBIYUCIUMON (IIO3UTUBHOl, HETATUBHOI),
ecm ee sapo (T.e. orHomenne skBuBasentHocT Ker v = {(z,y)|ve = vy}) Boraunc-
MO (BBIYUCIMMO TIEPEUUCTUMO, KOIEPETUCIIUMO).

[Iycte 7 — sxBuBajenTHoctb Ha w. [lommuokectBo o C w Ha3bIBaeTcd 1)-
3aMKHYTBIM, eciii £ € o Ax =y (mod n) — y € «, T.e. eciu « ABJISETCS 00bEH-
HEHUEM TIOJIXOMIAIINX 1)-KJIACCOB; 1)-3aMKHYTO€ MHOYKECTBO HA3BIBAETCS 7)-KOHETHBIM
(n-6eCKOHEIHDBIM, 7)-KOOECKOHEYHBIM ), €CJI OHO SIBJISIETCsl 00'beJMHEHNEeM KOHETHO-
ro YUC/Ia 1)-KJIaccoB (6€CKOHETHOTO, COOTBETCTBEHHO KOOECKOHETHOIO MHOYKECTBA, 1)-
KJIACCOB).

Hywmepanus v anrebpsr A Ha3biBaeTCs OTAETUMON (BBIYUCIAMO OTJIEIMMON ), €CIIn
JIJIST BCSIKOM TIAPBI YUCesT, PA3/IMYHBIX 110 Moay/aio Ker v, naiinerca Ker v-3aMKHyTOE
BBIYUCIIMO [EPEINCINMOe (BBIUUCIUMOE) MHOXKECTBO, COJIEPZKAIee B TOTHOCTH OJTHO
U3 3TUX YUCE.

OdeBUIHO, 9TO COBOKYITHOCTD BBIYHUC/IMMO [IEPEIUCTUMBIX (BbraucjuMbix) Ker v-
3aMHYTBIX MHOYKECTB 00pa3yer 6a3y eCTeCTBEeHHOI MepedIncanMoii (BBITUCIUMON) TO-
IIOJIOT .

B pabore [5| nana ciejyromias cTpyKTypHas XapaKTepPU3alusl BbIYUCIUMO OTJIe-
JINMO HYMEPOBAHHBIX aJIre0p, MOIePKUBAIONIAS HCKIIOUNTETLHYIO PO HETATUBHBIX
aJiredp ¢ TOYKHM 3PEHUA BBIYUCIUMO OTJICJIMMBIX: HYMEPOBaHHAs aJiredpa BBITUC/IU-
MO OTJIeJIUMAa TOT/Ia U TOJIBKO TOIJia, KOIJ[a OHA aIllPOKCUMUPYETCs HEeraTHBHBIMU
asrebpamu (101 alPOKCUMUPYEMOCTBIO TIOHUMAETCS HAJIMINE CEMENCTBA Pas3ielis-
forx Mopdusmos, cm. FO.JI.Epmmos [2]). U3 sToit xapakTepuzanun BbiTekaeT (axTt
HETaTUBHOCTH BCAKON BBIYUCIUMO OTJETUMO HYMEPOBAHHOW ajareOpbl ¢ apTUHOBOI
pereTkoil KoHrpysHIwii (jasee, s kparkoctu, — APK-anre6psr).

Usgecrno [6], aro mymepoBaHHast ajnrebpa OTIeIMMa TOTJA U TOJBKO TOL/A, KO-
rJa OHA AMIPOKCUMUPYeTCst 3DMEKTUBHO oTaeuMbiMu ajrebpamu (3¢bdeKTuBHYy 0
orzesmMocTb cM. Takxke B FO.JI.Epmios [2]).

Orcrona ciemyer, 9To Beakast oTaeanMast Hymepariust APK-aarebpor sBisiercst a¢-
GEKTUBHO OTIETUMOI, T.€. aJITOPUTMUIECKAS CJIOXKHOCTD JIpa TaKoi HyMepalluu 3a-
BEJIOMO He BBIXOJUT 3a paMKu Kiaacca 119-muoxkects. C Apyroif CTOPOHBI, CYHIECTBYIOT
oTJe/IuMbIe (J1azKe BBIYUCIUMO OTJE/IUMbIE) HyMEPOBAHHBIE AJrebpbl ¢ HETEPOBBIMU
pereTKaMu KOHIPYIHIINN, aJITOPUTMUYECKNE CJIOKHOCTU SJIeP KOTOPBIX ITPEBOCXOJIAT
JIIOOYI0 Halepe 1 3a/JaHHYO.

Taxum 06pa3oM, aJIrOPUTMUYECKUE CJIOKHOCTU SIJIEP OTJAEIUMbIX, HO HE HEIaTHB-
Hbix HyMeparmit APK-anre6p (ecsim oHE cyIiecTByOT) MOIYyT HAXOIUTHCS TOJBKO B
OTHOCHTEILHO Y3KOM Jiranazone Mexk ity HeratusHbivu (119-) u I19-mymeparmsmu.

[Ipu sTOM, XOTS MOCTPOUTH MPUMED OTEJUMOI, HO HE HETaTUBHOIN areOpbl He
peJicTaB/isier Tpy/ia (TpUBUAJIBHBII IIpuMep — ajiredpa IyCTOl CUTHATYPbI, aJrOPUT-
MUYeCKHU pean3yeMasl CBSI3HBIM JIBOETOYNEM, B KOTOPOM OJIMH 3JIEMEHT ITPeICTaBJIeH
BBIMUC/IUMO TIEPEYUCIUMBIM HEBBIYUCIUMBIM MHOXKECTBOM, & BTOPOI — €ro JIOMOJTHEe-
HEEM), Bce u3BecTHble mpuMepbl T7-orgesmmbix Hymeparuit APK-anre6p okasbiBa-
JINCH HETATUBHBIMU, 9TO IPUBEJIO K BOSHUKHOBEHUIO TIPEJIITOIOKEHNS O HETATUBHOCTH
T -ornenumvbix wymepanuit APK-anre6p [6]. Hanpumep, npocreiiieii 6eckoHeqHOI
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T -ornemmoit APK-asrebpoii siisiercst ayirebpa npemectsoBanust P = (w;p), rie
p(n+ 1) = n,p(0) = 0 (3amerum, uro Besikasi 1) -oTAemMas HyMepaIysi KOHeTHO
asreOpbl BBIYUC/INMA, T.€, B YACTHOCTH, HeraTuBHA). HeraTHBHBIMEU TaK:Ke sIBJISIOTCS
J00bIe OTJIeJIMMbIe HyMepaluu mnoJeit [7].

Jlerko mokaszaTtb, 4TO BcdAKasg 1h-oTheuMad Hymepanusd ajaredpbl P apiagercd
HeraTUBHOW.

Teopema 1. Cywecmeyem Ti -omdeaumo nymeposarnas APK-anzebpa, ne acaa-
0ULAACA He2aMUBHOT.

Boutee Toro, jaxke anrebpa P mMeeT TaKyio HyMepPaIUio.

Ormernm, aTo s r000# Takoit Hymepaluu v aiareOpbl P umeercs BecbMa 60-
raToe CeMeiiCTBO BBIYHCIMMO MEPEeINCIUMbIX [ er 1/-3aMKHYTBIX MHOXKECTB (B 4acT-
HOCTHU, B COOTBETCTBYIONILYIO TOIIOJIOTHIO BXOJIUT HE TOJILKO CEMENHCTBO BcexX Ker v-
KOKOHEYHBIX MHOXKECTB, UYTO OYEBHIHO, HO U IIeJI0e ceMeiicTBO K er 1/-KOOeCKOHETHBIX
MHOXKeCTB). TeM He MeHee, HE CYIIECTBYET apbl HETPUBHAJIBHBIX HEIIEPECEKAIOIINXCS
BBIYUC/IUMO TTEPEUNCTUMBIX K er V-3aMKHYTBIX MHOYKECTB.
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O HACJIEACTBEHHO YNCTbhIX MOHOTEHHBIX ITOJIVI'PVYIIITAX
B KJIACCE ITOJIVI'PVIIII C HEHTPAJIbBHBIM NJIEMIIOTEHTOM
O.B. Kusizes
Omcruti 2ocydapemeentniti nedazozuveckuti ynusepcumem, Omck
knyazev50@rambler.ru

B [1] memaercs 0630p pe3yabTaToB M MpOOIEM, CBA3AHHBIX C TAKUMU ITOHSITHSI-
MU JIJIsT YHUBEPCAJBHBIX ajredp Kak IIOJIHOTa, PEIyIUPOBAHHOCTD, MPUMApPHOCTH U
qucToTa. B 9roit pabore, B dacTHOCTH, cTaBuTcs 3adada (mpobsema 3.17): onucamo
HACACOCNBEHHO HUCMbBLe as2ebpbl daHH020 MH02000pa3usA aszebp. Mbl m3ydaeMm Ha-
CJIEJICTBEHHO YHCTBIE IOJIYTPYIIILI B KJIACCe MOIYTPYII ¢ IEeHTPAJIbHBIM HIEMIIOTEH-
ToM (cM., Hanpumep, [2], [3]).
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Hamomuum HekoTopbie omnpesesneHus. [[oayrpymnibl ¢ MeHTPaJIbHBIM HIEMIIOTEH-
TOM PaCCMATPUBAIOTCS 3/1€Ch KaK aJreOpbl ¢ OMHAPHON acCOIMATUBHON Omeparei —
YMHOXKEHUEM U HYJIBAPHON olepalieii — BbIJeJIeHUEM MJIEMIOTEHTa, KOMMYTUPYIO-
IIIEr0 CO BCEMU JIEMEHTAMU AJreOPhI.

[Iycts 'V — wmmuoroobpasme BceX MOJYTPYIIl C MEHTPAIbHBIM HIEMHOTEHTOM;
L(V) — pemerka mogmuOroobpasuit Maoroobpasust V, X € L(V), A € V. Bamernwm,
gTo Kiacc IN — BcexX MOJIyTPYII ¢ BbIJAEJIEHHBIM HysIeM n Kjiace M — Bcex MOHOU-
JIOB SIBJIIIOTCSI TTOJIMHOT00Opas3usiMu MHOrooOpasust V. B jaibHeiiem moj1 cJIoBOM
"moyrpymnma" moHnMaercs ajnredpa w3 MHOTOOOpaszust V. EIMHCTBEHHBIM KJIacCOM
X —sepbasbroit kourpysuiuu p(X, A) wa noayrpymine A (p(X, A) — Hanmenbinast
u3 KOHrpysHIuilt Ha A, HaKTOP-TOJIyTPYIIIEL 10 KOTOPBIM TPUHAIEXRAT X ), SBJIsI-
FOIMMCSI TIOIIOIYTPYIIIOi TOyrpy bl A, 6ymer KJacce, cojepKalinii BblIeIeHHbII
uiemnorent. O6osnavaror ero depes X(A) u HasbiBatoT X— 6€p6a.AoM TIOIYIPYTI-
el A. [oamosyrpymmy B moyrpymibl A Ha3bIBAIOT “wucmot B A, eclin paBeHCTBO
X(B) = X(A) N B Bomouasiercs s aroboro aroma X u3 perrerku L(V). Ecian Bee
HO/TIOJTY TPYIIIBI TIOJYTPYIIIBl A ABIAIOTCH IUCTBIME, TO A HA3BIBAIOT Hacaedcmeen-
HO YUCmMot noayzpynnot.

Hepes (a),,, 0603HAUNM MOHOTEHHYIO HOJIYTPYIILY, KOTOPbIE B KJlacce OJyTPyII
¢ MEHTPAJBHBIM UJIEMIIOTEHTOM MOYKHO 3aJaTh CJIEIYIONIMME KOIIPEICTaBICHIEM:

(@)gm = {a ] a® = a®™)

)

Y

rje m — IPOU3BEACHUE PA3JIMIHBIX POCTHIX YUCes Wil m = 1.

Teopema. MonorenHast moJiyrpyiia A sIBISI€TCs HACJIEACTBEHHO YHCTOH IOJIy-
rpyIIoi B Kjacce BCeX MOJIYTPYII € MEHTPAIbHBIM HIEMIIOTEHTOM TOIJa U TOJIHKO
Torya, Korja nojayrpymia A =(a),,, -
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Corunacuo [1], mogkosbiio A accoruaruBHOTO KoJblia R Ha3bBaeTcsi MeTanea-
JIOM WHJIEKCA N, €C/IU CylecTByer Takoil psag A = Ag C A} C --- C A, = R, uro
A; aBnserca uneanom A; 1 jus Beex ¢ = 0,--+ ,n — 1. AcconuaTuBHOEe KOJIBIO Ha-
3BIBAETCA (PUJINAJILHBIM, €CJI JI000H ero mMeramjaeas KOHEYHOIO UHICKCA SIBJISCTCS
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nyeasioM. OumalibHble KOJIbIA U3ydauch, Hanpumep, B [2-4] u ap. Abenesa rpym-
na (G HaswBaercs 1 1-rpyumoii, ecim J0060e acCOMUATUBHOE KOJIBIO C & IUTHBHOI
rpynnoit G dummansho. [ousitue T'I-rpymib 66110 BBeieHO B [5], Tam Ke onmcaHbl
niepuojimdeckue 1'[ -rpyrimbl.

Hacrosmas pabora mocssdiiena W3yYeHWIO aJreOpamdecKu KOMIAKTHBIX 11 -
rpymi. AGeseBa rpymnmna (G Ha3bIBaeTCA aJredpanvdecKn KOMITAKTHO, eCjin OHa ABJIs-
eTCs MPSIMBIM CJIAraeMbIM IPYIIIBL, JIOMYCKAOIIel KOMIAKTHYO TonoJoruio. B [6] mo-
Ka3aHO, 9TO KOJIbIIO Ha IIPOU3BOJILHON abesieBoil rpyiiie G BKJIJIBIBAETCS B HEKOTOPOE
aJredpamvIecK KOMIIAKTHOE KOJIbII0, & IMEHHO B KOJIBIIO HA CEPBAaHTHO-UHbHEKTUBHOMN
oboutouke rpymibl G . [Tosromy usyuenune Kosterr Ha ajaredbpanmdecKu KOMIAKTHBIX IPYTI-
[axX MOXKET JIaTh MOJIE3HYI0 MHMOPMAIINIO O CBOMCTBAX KOJIEIL C IIPOU3BOJIHLHON a1 11~
TUBHOH I'PYHIIOii.

[TockobKy, KaK OTMeYaJioCh BBINIE, B KJACCE MEPUOJINIECKUX a0eIeBbIX I'PYIII
TI-rpynusl onucanbl B [5], B jgajHeiliieM Mbl pacCMaTpUBAEM TOJBKO TPYIIIbI, HE B-

naomuecd nepuogmdeckumu. Kax oberano, Q, Z, — rpynmnsl pallioHaIbHBIX U HEJIbIX
P-aMIeCKUX YUCesI COOTBETCTBEHHO, P — MHOXKECTBO BCeX HPOCTBIX uuces, Z(n) —
[UKJINYeCKas IPYIIa MOPsIKa 1.

Crenytoras TeopeMa CBOJUT 1pob/ieMy omucanus 1'1-rpymm K ciydar pejryIiu-
POBAHHBIX abeJIeBBIX TPYIIIL.

Teopema 1. Hepenynuposannasi Heriepuojnieckasi abesena rpyima G sIBJIsIeTCs
T -rpynmoii Torga u toabko rorga, korja G = Q mwm G = Q & [ Z(p)| upu

pEP

HekorpoMm Py C P,

Teopema 2. Ilycte G — pejyrnupoBaHHasT aJreOpamvdecKu KOMITAKTHAST I'DYIIIIA,
He siJstIoIiasicst mepuogudeckoit. I'pynna G ssiastercst T'I -rpymmoit Torja u TOJIBKO
rorga, Korga G yAOBIETBOPSET OXHOMY U3 CJIEAYIOIIHX yC/IOBHIL:

1) G=7Z,, tne peP,

2) G=2Z,®Z(n), tne p € P, (p,n) =1, n — HarypasbHoe 4mucjo, cBOOOIHOE OT
KBa/IPaTOB,
3) G =[] Z(p), rue Py — 6eckoneunoe noaMuokecTBO MHOMKECTBA P
pEPo

OTMeTHnM, 9TO [IPU JT0KA3ATEIbCTBE TEOPEMBI 2 CYIIECTBEHHO UCIIOIb3YeTCs OIINCa-
HUE BCEX YMHOXKEHHI Ha PEIyIMPOBAHHBIX ajrebpandecKn KOMIAKTHBIX rpynmax | 7],
KOTOPOE BBIAB/ISET TECHYIO CBA3b MEXKJY KOJIBIIEBBIMU CTPYKTYpaMé U Oa3MCHBIMU
HOMOJLYJISIME  P-aJUT9eCKUX KOMIIOHEHT M II03BOJISIET CTPOUTH aareOpamydecKy KOM-
HAKTHBIE KOJIBIIA.
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HEAJIBTEPHUPYKOIIINE TAMUJIBTOHOBBI
JANOPEPEHIINAJIBHBIE ®OPMbI XAPAKTEPUCTUKU 2
A. B. KosaparbeBa
HHI'Y um. H.U. Jlobauesckozo, Huotcnuti Hoszopod
alisakondr@mail.ru

CuMMeTpUYHBIE TAMUILTOHOBLI (POPMBI B Pa3/ICJICHHBIX CTEICHAX OBLIN BBEJIC-
ubl B [1]. Ho paccmarpusasmch Tosbko Kiaccudeckue (hOpMbl, AHAJOIUIHBIE TEM,
KOTOPBIE COOTBETCTBYIOT I'aMIJIBTOHOBBIM cymepasrebpam Jlu [2]-[3]. B pabore [4]
JIAHO MHBAPHAHTHOE OIIpeJleJIeHne KOMILIEKCa CUMMETPUIecKuX JnddepeHInaabHbIX
dopm SQ. B joknajge paccMaTpuBaOTC HEAJIbTEPHUPYIONIIX MaMUIBTOHOBBIX (hOp-

_ (2mi=1) (2™ -1) 2) g0l
Mbl w = w(0) + do + > bz, z; drdz;, tne p € m@ SO — 1-bopma c
i<j
ko3 durmenramu B Buje MuorowneHos uz O, (F) (cm. [5]|) cremenu 2 u Bbie, b;; —
9JIEMEHTBI OCHOBHOI'O TIOJIsI, M; — BBICOTA dJIeMeHTa T;, a w(0) mpuBejeHa K KAHOHH-
JeckoMy Buy. [IpuBoIuTCSA ycioBre Ha BBICOTHI IIEPEMEHHBIX, TP KOTOPOM dopma
cBoguTes K By w = w(0). JJokasbiBaercs, 9TO €CJIM yCIOBUE HE BBIIOJIHIACTCS, TO
— (2mi-1)_(2™7-1)
dopma mpuBoauTest K By w = w(0) + Z bij; T dx;dz ;. Bosee Toro, my-
1<j
TeM JAJTbHEHNX yiporeHuiit ¢hopma IPUBOJAUTCS K BHLY:

w = dr1dxa+. . .+da:2r_1d;v2r—l—51d:v52)+. . .+€2T_1dx§2,)—1—dx$)+1+d:1:$)+2+. ) .+da:£?)+
(2r—1)’
+ Z (1— ei)(aix@ml_l)xtd:vidxt + 521_@-9;511’“‘”xtdx,-dxt)Jr

)
=1

(2r—1)’
+ Z €ibix§ilz+l_l)xtd:€idwt + Z Cixiredr;dxy.
i=1 icl

Brech 1 — mesoe 9ucIIo, yaosiaersopsiomniee HepasenctBy 0 < 7 < n/2, £, =0 wm 1,
(2r—1)
cymMa ».  wmjer 1o HedeTHbIM uujekcaM, t = min{i | € I} u I = {i | w(0),, # 0},
i=1

riae w(0) — obparnasg marpura dhopmsl w(0).
Pa6ora Beinosirena npu dbunancoBoii nopaepxkke POOU, rpant 18-01-00900/ a.
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KJTIACCUPUKAIINA HEAJIBTEPHUP YVIOIIINX
TAMNJIBTOHOBBIX AJITEBP JIM1 XAPAKTEPUCTUKU 2
A. B. KonaparseBa, M. . Ky3uernos
Huotcezopodckuti 2ocydapemeernviti ynusepcumem um. H. U. Jlobavescrozo,
Huorcnuti Hoszopod
alisakondr@mail.ru, kuznets-1349Qyandex.ru

Jlokta 1 mocBsIeH pa3paboTaHHON aBTOpaMu ODINEl TeOPUH HeaJIbTEePHUPYIONINX
raMuJIbTOHOBBIX ajiredp JIu naj nmosem xapakrepuctuku 2. Cepus raMUJIbTOHOBBIX aJl-
re6p JIu xapakrepucTuku 2 ¢ mpocTeiiieit cuMmmeTpudeckoit ckookoit [lyaccona, 6buta
nocrpoera Lei Lin [1]. Hekoropbie anrebpbl sroit cepun m3omopdubr anrebpam Ka-
mianckoro Kapl [2|. OrmeruM, uro nocrpoenne GuiibTpoBaHHbIX JedopManiuii rpa-
JIYUPOBAHHBIX ajiredp JIu u ux peanuzaiuii gBISETCA COCTABHON YaCTbIO ITPOOJIEMBI
KJIACCU(PUKAIIUU TTPOCTBIX MOJLYIAPHBIX ajaredbp JIu.

Heanprepuupytoniye raMuIbTOHOBBI aareOphl JIm WHTECMBHO WCCIIEI0BANCH
D. Leites, U. Yier, S. Bouarrouj, M. Messaoudene, P. Grozman, A. Lebedev,
I[. Schepochkina B manpaBiernuu pacupocTpaHeHus UIeil 1 METOJOB TEOPUU CYIIepaJI-
re6p JIn na cioyuait anredp JIu derHoit XapakTepucTUKU. BBIT OCTPOEH KOMILIEKC
cuMMeTprdecKux JinddepeHImaibHbX (hOPM B Pa3/Ie/IEHHBIX CTEIEHSIX, YTO IPUBEJIO
K 0oJiee €CTECTBEHHOMY OIIPEJIE/IEHUI0 HEAJbTEPHUPYIONINX TaMUJIBTOHOBBIX aJiredp
JIu, mpoBejieH aHa/ M3 rpajlyipoOBAHHBIX aaredp ¢ TOYKH 3peHusd mpojiosrkenuit Kap-
TaHa, PACCMOTPEHbI HEKOTOPbIe aaredpel Bosmaenko (em. [3]-[5]).

ABTOpBI MOJTYyININ KJIaCCU(MUKAINIO T'PAyUPOBAHHBIX HEAJbTEPHUPYIONIUX I'a-
MUJIBTOHOBBIX ajredp JIu, ocHOBaHHYIO Ha MMOCTPOEHHOM TEOPUU MHBAPUAHTOB HeaThb-
TEPHUPYIONUX CUMMETPUIECKIX OMIMHENHBIX (DOPM XapaKTEPUCTUKU 2 OTHOCUTEIb-
HO TpyIIbl aBToMopdusmoB diara. [lokazano, uro duabrpoBanHbie jgedopmalun
IrPaIyiPOBAHHBIX HEAJbTEPHUPYIONINX TaMUJIBTOHOBBIX ayredp JIu coorBeTCcTBYIOT
HeaJIbTEPHUPYIOMUM TaMUJIBTOHOBBIM (DOpMaM € HOJHMHOMUAIBHBIMU KO DUIEH-
tamu. OTMETHM, YTO KJIACCUYECKHE I'DA/[yHpPOBAHHbIE TAMUJILTOHOBBI ayredpbl Jln
UMeroT (hUJILTPOBAHHBIE jTepopMaIun, KOTOPbIEe COOTBETCTBYIOT M depeHIma bHbIM
dbopmam ¢ menonmrOMuaIbHBIME Ko3bdurmentamu [6]. Bosee Toro, mokaseiBaercs,
YTO IIPH JIOCTATOYHO OOIIUX YCJIOBUAX, HAIPUMED, KOTIJ/Ia BBICOTDI IIEPEMEHHBIX 0OJIbIITe
1, rpajiyupoBaHHbIe HEAJTHBTEPHUPYIOIIHE TaMUIBTOHOBBI AJIN€OPhI SABJISIOTCS KECTKHU-
MU OTHOCHUTEJBHO (DUIBTPOBAHHBIX JjepopMaIuii, B OT/IMINe OT KJIACCUIECKUX Ta-
MIJIBTOHOBBIX asredp. /loka3biBaeTcsi MHBAPUAHTHOCTH CTAHIAPTHON MaKCHMAJIHHOMN
nojiaredopet. Jlaercs onucanue jauddepeHmpoBaHuit 1 aBTOMOPGMU3IMOB (DUIHTPO-
BaHHBIX HeaJIbTEPHUPYIONINX raMUIbTOHOBBIX aJjireOp JIu. Bee pesynbrarsl cripaBe-
JIUBBI 3a WCKJ/IIOYEHWEeM HEKOTOPBIX CIyYaeB, KOTJA YHCJIO MepeMeHHBIX n = 2, 3,
win 4. B jokjajie laeTcs MHBAPUAHTHOE OIIPeJiesieHne KOMILIEKCAa CUMMETPUIECKIX
b depeHImaabHbIX (POPM U OIUCAHUE €TI0 KOTOMOJIOTHIA.

Pa6ora Beimosnena npu nojyiepkke PODU, rpant 18-01-00900/ a.
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B nacrosiee BpeMs M3BECTHO MHOYKECTBO CEpHUil MPOCTHIX ajaredp JIu ma mosem
XapaKTePUCTUKH 2, OTJIMIHBIX OT KJIACCHUIecKuX ajredop JIu u anredp Jlu kapranos-
ckoro tuna. TeM He MeHee, MHOIME U3 HUX MMEIOT CXOJICTBO C yYKA3aHHBIMU BBIIIIE
OCHOBHBIMU KJjaccamu ajiredp Jlu. IIpu mccienoBanum HeabTepHUPYIONIUX TaMUThb-
TOHOBBIX ajrebp JIu aBTopbl OOHAPYKUIN NTPOCTHIE 15-MepHbIe aJreops! JIu, 6/ru3Kue
K KJlaccmieckuM ajirebpam. B jokinaje maercs ux omumcanwue. [lycrs P(n) — neasnnb-
TEPHUPYIOIIAs TAMUJIBTOHOBA ajredpa JIu Ha 1 mojieM XapaKTepUCTUKN 2, COCTOSIIAs
u3 pyuknit [aMuIpToOHa, KOTOPBIE SIBIISIIOTCS TOJIMHOMAME B PA3/I€/IEHHBIX CTEIeHIX
OT TIEPEMEHHBIX I7,...,T, [0 MOJYJIO0 KOHCTAaHT, co ckobOkoil Ilyaccona {f, g} =

B ciyuae n = 4 cymecTtByeT napamMerpudeckoe ceMeiicTBO IpOCThIX ajredp JIum,
aHaJIOMMIHOe U3BecTHOMY ceMeiicTBy anrebp Kana-Kocrpukuna L(e) xapakrepucru-
ku 3. Honoxum w; = x5, 2 = I?) + ...+ xf). [ycrs (a, b) € P' — Touxa
IPOEKTUBHOI Tpsimoii. Asrebpa Jlu P(4) comepKuT HOBOe MapaMeTpUvIecKoe ceMeii-
CTBO MPOCTBIX TPaJyHpPOBAaHHBIX 15-MepHbIX momaaredp L(a, b) = L_y + Lo + Ly,
L1 =< L1yeooy, Ty >, Ly =< TiZj, 1 §£ j> 4+ <z >, L1 =< azmi—i—bwi, 1 =
=1, 2, 3, 4 > . D1u anrebpbl dABJIAIOTCA HOBBIME, 10 KpaiiHeil Mepe, B KJiacce
IIPOCTHIX T'PAIYUPOBAHHBIX ajareop JIum.

Pabora Beimosaena npu nojyiepkke PODU, rpant 18-01-00900/ a.
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ITPE®PNKCHA4A PASPEIHINMOCTBb CBEPXCJIOB IJI4A
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B [1] 6b1a pacemorpena 3amada npedUKCHON pean3yeMOCTH JJisi CBEPXCJIOBA 1
BBEJIEHO MOHsSITHE TPeUKCHON PaspeniuMOCTH CBEPXCIOBA OTHOCUTETHLHO KJIacca, pe-
I'YISPHBIX S3BIKOB. B gaHHoil pabore aHAJIOrHYHOE MOHATHE BBOIUTCS U UCCIIELYyeTCs
JUUTST KJIACCa KOHTEKCTHO-CBOOO/HBIX 3BIKOB M HEKOTOPBIX €TI0 ITOJIK/JIACCOB.

KoHTeKcTHO-CBOOOIHBIE SI3BIKM — 3TO SI3bIKH, 3a/laBaeMble KOHTEKCTHO-CBODOIHOI
rpaMMaTUKO, WU, YTO 3KBUBAJEHTHO, SI3BbIKU, PACIIO3HABAEMbIE HeIeTePMUHUPO-
BAHHBIMI aBTOMaTaMu ¢ MarasmaHoil mamsaTeio (MII-aromaramu). B ciyaae MII-
ABTOMATOB KJIACChI PACIIO3HABAEMBIX SI3BIKOB PA3/IMYHbBI JJIs HEIeTEPMUHUPOBAHHOTO
U JIETEPMUHUPOBAHHOIO ciiydasi. B 1eTrepMUHUPOBAHHOM ClIydae TaK¥Ke Pas/InyaioTcst
KJIACCHI PACIIO3HABAEMBIX SI3BIKOB 110 JOIYCKAIOIIEMY COCTOSIHHIO M IIyCTOMY Mara-
suny. Ob6o3HaunM depe3 Ler — KIaCC KOHTEKCTHO-CBOOOIHBIX SI3BIKOB, Lag 1 Lyg —
KJIACChI SI3bIKOB, PACIIO3HABAEMBIX JeTepMuHIpoBaHHbIMU MII-aBroMaramu 1o jomyc-
KAIOIIEMY COCTOSHUIO U IIyCTOMY MAarasmHy COOTBETCTBEHHO, L — KJIACC PEry/IspHbIX
s13b1K0B. W3BectHo, ut0 L C Las C Ler u Lys C Ler [2].

CeepxciioBo HasbiBaercst L-npedurcro paspewumvim (tine L=Ler, Las, Lns
wm L), ecy jist JIIOO0TO si3blKa n3 £ MOXKHO OIPEETUTh, CYIIeCTBYET Jin peduKe
CBEPXCJIOBA, MPUHAJIEXKAIIN 3TOMY sI3bIKYy. B ciyuae £ = Lr — 3TO olpejiesieHne
npeduKCHOl paspermumoct u3 [1].

[TocKkoJIbKY KasKJIOMYy M3 yKa3aHHBIX KJIACCOB SI3BIKOB COOTBETCTBYET HEKOTOPIii
KJIACC aBTOMATOB, TO MOYKHO C(OPMYJIMPOBATH OIPEJIEJICHAE CJIEIYIOIUM 00pa30M:
cepxciioBo L-npedukcHo paspermmmo (tiae L=Ler, Las win Lyg), €Cim 10 Jo-
6omy MII-aBromary (HeIeTepMUHUPOBAHHOMY,/ J€TEPMUHUPOBAHHOMY, PACIO3HAIO-
MIEMY SI3bIK [0 JIOIYCKAIOIIEMY COCTOSIHUIO/ JeTePMUHUPOBAHHOMY, PACIO3HAIOIIE-
My $I3bIK 110 IIyCTOMY Mara3mHy) MOXKHO OIIPE/Ie/IUTh, IPOXOJUT JIM OH MPH YTEeHUH
CBEPXCJIOBA Yepe3 JIOMYCKAIoIee COCTOsTHIe (B TPETheM CJlydae — OIyCTOIIaeT JIi OH
MarasuH). AHAJIOTUIHO Jis caydas Lg.

B smamn0it paboTe moJIydeHbl COOTHOIIEHUST MK 1y BOSHUKAIOIIMME KJIACCAMHE IIPe-
(PUKCHO paspelmMbiX CBEPXCJIOB JJIs YKa3aHHBIX BBIIIE KJIACCOB S3BIKOB:

Teopema 1. /[i1s1 cBepxcioBa x CACAYIOIIHE YCIOBUS S9KBUBAJICHTHBI:

1) © — Ler-npepukcHO pasperumo,

2) x — L as-IpepuKkCcHO paspeniumo,

3) x — Lng-IPehOUKCHO pa3penrumo.

Teopema 2. CymecrByer L g-1IpepuKCHO pa3pernMoe CBEPXCI0BO X, KOTOPOe He
siJstercst Lex -MIPEPUKCHO PA3PEITHMO.

Takzke 0Ka3aHa 3aMKHYTOCTb YKa3aHHBIX KJIACCOB CBEPXCJIOB OTHOCUTEIHLHO aB-
TOMATHBIX IIPeoOpa3oBaHuii, opene/seMbIX IPU HOMOIINA KOHEYHBIX ACHHXPOHHBIX
ABTOMATOB, 3HAYUT, B YACTHOCTH, W OTHOCHTEJIHHO ABTOMATHBIX IPEOOpPa30BAHUIA,
olpeJiesITeMbIX KOHEYHBIMU aBToOMaTamu Muim.

Teopema 3. Ilycrs (S,%,%,6,w,sg) — KOHEUHDII HHUIHAJIBHBIH ACHHXPOHHDII
apromar, r € 1.° — L-npecpukcuo paspermmoe cBepxciioBo (riae L=Ler, Las, Lns,
Lr). Torga w(sg,z) € (X')*° — L-npedurcHo pasperinmoe CBEPXCIOBO.

Pabora  Bbmosmena npm  dunaancopoit  nomuepxkke POOU  (mpoekt
Ne 18-31-00420 mout_a).
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IMPOEKTUPOBAHUA ITOJIVJIOKAJIBHBIX KOJIEIL
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PaccmarpuBatoTest acconpaTupible Kosblia. [lyers M, (GF(pF)) — kombio Beex
KBa/IPATHBIX MATPHIL OPsIIKa 1. Ha| KoHeunbiM nosiem G F(p*), tie n, k — narypais-
Hble dncia, p — npocroe unciao. Cuenys [1, crp. 82|, HazoBeMm KoHedHOE KOJIBIO R ¢
SJTMHUATICH NOAYAOKAALHOLM (NpUMapHvim) Kombiom, ecii R/Rad R = M, (GF(p*)). B
YaCTHOCTH, JIFOO0e KOHEYHOE JIOKAJILHOE KOJIBIIO SABJIAETCA MOJyJIOKaJIbHbIM. [losryito-
KaJIbHbIE KOJIbIA UTPAIOT BaXKHYIO POJIb B T€OPUU KOHEUHBIX KoJier. CoryiacHo |2, .
IV, Teopema 3| KoHedHOE KOJIBIIO R ¢ eJIUMHHIEH TOTJa W TOJBKO TOTJA SBJISETCS
HOJTYJIOKATBHBIM KOJIbIIOM, Koria R = M, (K), rue K — J0KaabHOE KOJIBIIO.

O6o3HaIMM PeIméTKy Beex mojKoJer kosbiia R depes L(R). /Ipa kosbua R u R’
HA30BEM PEUEMOUHO USOMOPPHHOLMU, eci H30MOPGhHBI uX permérku nojaxoser L(R)
u L(R'). Pemérounsiit msomopbusm L(R) = L(R') obosnatunm OykBoit ¢ u Oymem
HA3LIBATH IIPOEKTUPOBAHKEM KOJbla R Ha Koabino R, a xosbio R nepeobosnadnm
Kak R?.

[Iycts R — moJryJIoKaIbHOE KOJIBIIO U (0 — PEIIETOYHBIH m30MOpdU3M KoJiblia R
Ha KoJIbIo R?. Boligcagercs ciepyronuii

Bonpoc: Ilpu kakux ycj0BHSIX KOJIBIO, PEMETOYHO H30MOPDHOE MTOJIYIOKAIHHO-
MY KOJIBILY, TaKKe SIBJISICTCSI MTOJIYJIOKATBHBIM KOJIBI[OM !

Kobiia, pemérouno n3oMopdHbIe JTOKAIbHBIM KOJIbIIaM, He BCErJIa sIBJISIOTCS JIO-
KaJIbHBIME. [[POEKTUPOBAHMUSI JIOKAJILHBIX KOJIEI, PACCMATPUBAINCH B paborax [3|- [6].
B Hux mpuBemeHbI HOCTATOYHBIE YCJIOBHUSI JJIsI TOrO, 9TOOBI CBOMCTBO KOJIBIA OBITH
JIOKAJIbHBIM, COXPAHSJIOCHh IIPU MPOEKTUPOBaHuAX. B dacTHOCTH, JOKA3aHO, YTO €CJII
JIOKaJIbHOE KOJIbIIO R He sBJIsieTcs 110JIeM U MeeT HerpocToe noJie BeraeroB R/Rad R,
TO KOJIbI0 R¥ Oyaer JoKaJIbHBIM KOJIbIIOM. Kpome Toro, onucanbl KOJIblia, HE SBJIS-
FOIUECsT JIOKAJTBHBIMI, HO PENMETOTHO N30MOPQHBIE JTIOKATBHBIM KOJbIaM. [lomyden-
HbI€ PE3YJIbTATHI ITO3BOJISIOT IIEPEHTH K U3y UYEHUIO TPOCKTUPOBAHUI 1Oy IOKAJIBHBIX
KOJIEIl, He SIBJIAIOIIMXCSI JOKAJbHBIMU KOJIbIIAMU. Pemérodnbie n30MOPGU3MbI MaT-
PUYHBIX KOJIEIl, pacCMaTpPUBAEMbIX HaJ [ PA3HBIMHU TUIIAME KoJier ['arya, n3ydaanch B
paborax [7| u [8]. U3 pe3yabraToB 3Tux paboT BHITEKAET PEIIETOYHAs OIPEIeJISIeMOCTh
kombia Matputi, M, (GR(p*,m)) mpu n>1, k>1, m>1.

B citenyrornieit TeopemMe nepetuncisiioTes CBOMCTBA KOJIEI, COXPaHSIONINECs TP IIPO-
€KTUPOBAHUSX OJIYJIOKAJbHBIX KOJIEI U JAETCs OTBET Ha IOCTABJIECHHBII BOIIPOC.

Teopema. Ilycrb R = M,(K), rme n > 1, K — KOHEYHOE JIOKAJTBHOE KOJIBIIO.
Ilycts ¢ — mpoekTupoBanne Kosbila R #a roabrio RY. Torna konbrno RY sapisercs
II0JTYJIOKAIbHBIM KOJIBIIOM U IPH 3TOM CIPABEIIHBBI CJICAYIOIINE Y TBEPKICHHS:

1) (e)? = (€¢'), ne e u € — equnuannie sementsl Koser; R n R? coorBercTBeHHO;

2) char R? = char R;

3) R? = M,(K"), rre K' — koHeqHoe JIOKaJIbHOE KOJIBIO;
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4) |K'| = |K];

5) (Rad R)? = Rad R?;

6) R¥/Rad R* = R/Rad R;

7) |R?| = |R];

8) R¥ =2 R, ecom K — koJibiio Laiya.
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ponnast Koudepenrus "Masbriesckue yrenus-18": resucst nokaanos (MuacruryT
maremaruku um. C.JI. Cobomera CO PAH, 19-22 nos6ps 2018 r.). — Hosocu-
oupck, 2018. C. 155.

7.  Kopo6kos C. C. Pemérounas onpeeisieMocTh HEKOTOPBIX MATPHYHBIX KOJIeTL / /
Marewm. c6., 208:1 (2017). C. 97-110.

8.  Kopobkos C. C. Pemérounnre m30Mopdu3Mbl KOHEIHBIX HEHUJIBIIOTEHTHBIX KO-
aert // Mexnynaposaas koudepenrus "MasbiieBckue arenns-17": tesucor jio-
kiayoB (Mucruryr maremaruku um. C.JI. Cobosesa CO PAH, 20-24 nosibpst
2017 r.). — HoBocubupck, 2017. C. 120.

CEMAHTUYECKOE OIINCAHMHE ITIOJIHBIX ITIO II.C. HOBUKOBY
PACIHINPEHUU CYIIEPUHTYUIINMOHNCTCKOM JIOTUKHA L3 B
A3bIKE C HECKOJIbKNMMU JOIIO/THUTEJIbHBIMUA
KOHCTAHTAMMUA
A. K. KoieeBa
Vomypmexuti 2ocydapecmeennviti yrusepcumem, Hocesck
kannakst@mail. ru

IIycts F'm — MHOXKecTBO (DOPMYJI CTaHIaPTHOI'O IIPOIO3UITMOHAILHOIO SI3bIKA.

Cynepunmyuyuorucmekoti (c.u.) .02ukoli Ha3bIBAETCsI TPOU3BOJILHOE TIOIMHO-
xkectBo L C F'm, BK/IIOYaIONee MHTYUITUOHUCTCKYIO IPOMO3UIIMOHAIBHYIO JIOTHKY
Int u 3aMKHYTOE OTHOCHUTEJILHO MpaBuyi modus ponens u MoJCTAHOBKU.

JlobaBuM K 43BIKY Ha0Op JOMOJHUTEIbHBIX JIOTHYECKUX KOHCTAHT O =
={¢1,02, ..., Pn}, HoayIUM MHOKECTBO F'm(P) HopMys1 paciMpenHoro s3bika; Ipu
9TOM (POPMYJIbI U3 F'm HA30BEM “UCTBIMU.
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Henvim coommowenuem OAf KOHCTMAHMDL p; Ha30BeM (GopMysly Bujga @; <> B,
rie nogdopmysia B He comepXKuT ¢; (HO MOXKET COepKaTh KOHCTAHTHI, OTJIMIHBIE
oT ;).

ITodecmanosxot na F'm(p) maspiBaercsa orobpaxenue s: Fm(p) — Fm(p), co-
XPAHSIOINIee KOHCTAHTHI U COTJIACOBAHHOE CO CTAHIAPTHBIMU JIOTHICCKUME CBS3KAMI.

Crenys JI.I1. CxeoprioBy [1]|, HazoBeM @ -sno02ukoti MHOKeCTBO L HOPMYJT paciiu-
PEHHOTO $I3bIKa, BKJII0Yaiomiee Int 1 3aMKHYTOEe OTHOCUTEIHLHO paBm modus ponens
U TIOJICTAHOBKHU.

©-Jlozuka L Ha3BIBACTCI KOHCEPBAMUBHBIM PACUWUPEHUEM C.U. JOTUKKH L, ecin
L C L u jpns Bestkoit uncroii opmysibl A u3 toro, uro A € L cienyer A € L.

[IpobGiema HOBBIX OJIHOMECTHBIX CBSI30K B C.U. JIorukax Oblia mocrasiena 11.C. Ho-
BUKOBBIM U BriepBble cchopmysmpoBana B crarbe f.C. Cmerannya [2].

[Moyxosm I1.C. HoBukoBa ajiantupoBaH K S3bIKY C JIOTIOJTHATETHHBIMA KOHCTAHTAME
B pabore A.JI. dmmna [3]: P-soruka L onpedeasiem Hovie HE3a8UCUMBLE LO2UMECKUE
Koncmarnmo, 6 L, eciin L KoHcepBaTUBHA HaJL L 1 Jj1s JIIOOOTO IBHOTO COOTHOIIEHUS
pi<—B p-noruka L+p;< B sBiseTcs HeKOHCepBATUBHON Has L (ApyruMu cioBaMu,
L me donycrkaem npucoedunenus HIKAKAX SIBHBIX COOTHOIICHUIT ).

©-Jloeuxa L nazwiBaercs noanvim no 11.C. Hosukosy pacwupenuem c.u. JOTUKA
L, ecim L xoncepsarusna Haj L u s moboit popmynst A € F'm(p)\ L @-nornka
L + A uexoncepBatusHa HaJl L (TO ecTb L He JIOMYCKAET MPUCOEINHEHNUST HIUKAKOM
HOBOI (hOpMYJIBI).

[Tox npobaemoti 11.C. Hosukosa dis L OHMMAETCS OIUCAHIE KJIACCA BCEX MOJTHBIX
o HoBUKOBY KOHCEpBATUBHBIX pACIHIUpEHuil joruku L.

B nannoii pabore mpobsiema HoBukoBa paccmaTpuBaercsi IPUMEHUTETHHO K C.H.
noruke L3, Koropast coracHo 4] xapakrepusyercs kiaaccom D = {D,, | n € w}, rue
D,, — konednas KOpHeBas IKaJIa BHICOTHI 3 ¢ HAUOOJIBINUM 3JIEMEHTOM U 7. TOYKAMHI
B «cpejHeM cyioe» — datimond (B pabore [5] TepMuHY «IaifiMOH/I» COOTBETCTBYET
TepMUH «oJiay ). B jtoruky L3 BKjtoueHbI (POPMYJIB JIOrUKH [Nt , a Takzke (hOpMyJIbl
bds = p1V (p1— (p2V (p2 — (p3V =p3)))) m ke = —pV ==p.

B pabore [6] paccmorpena npobiema I1.C. HoBukoBa npuMeHUTETHHO K HOBBIM
KOHCTaHTaM B IPEATaOJIMIHBIX CYHEPUHTYUIMOHUCTCKUX Jiorukax LC (joruka Ko-
HEYHBIX Ieneit, joruka Jammera), L2 (ormka KOPHEBBIX KA TIyOUHBI 2 (BeepoB),
sKkBUBaJcHTHA Joruke LP; [7]), L3 (1ormka KOPHEBBIX MIKaJ TIyOMHBI 3 ¢ HAKOOJIb-
UM 3JIEMEHTOM (JaiiMOHIOB), 9KBUBajieHTHA Jioruke LQ3 [7]). Tlosyueno ucuepiibi-
BaloIllee ONMUCAHKME ceMeiicTBa BceX TMOMHBIX 110 HoBHMKOBY pacmmpeHuit Kaxkjaoir u3
npeaTab/JInIHbIX C. M. JIOTUK B A3bIKE ¢ HECKOJbKUMHU JIOMOJTHUTEIHbHBIMUA KOHCTAHTA-
mu: it LC u L2 cemMaHTHYeCKOe ONUCaHUe BeeX MOJHBIX 110 HOBUKOBY paciimmpenuit
JIAHO B TEPMUHAX KJIACCOB KOHEUHBIX Tiereil ¢ packpackoil ( LC') n KOHEYHBIX BEEpOB
¢ packpackoii (L2); mias L3 momobHoe oucanne JTaHO JJist CIydasi OJHON KOHCTAHTHI.

B [8] mana kimaccudukanus cemeiicrsa nosHbix mo HoukoBy pacimpenuii L3 B
S3BIKE C JIByMsI KOHCTAHTAMM U HAMETKU JIOKA3ATE/JILCTBA JIJI CIydast N KOHCTAHT.

Jlannoit paboToit MbI 3aBepiiaeM KJaccuuKainio ceMmeiicTsa moHbX 110 HoBuko-
BY PACIIMPEHUI KaxKJI0# U3 MpeaTabInIHbIX JJOIUK B A3bIKE C N JOMOJHUTETbHBIMI
KOHCTaHTaMu. Pe3ysibrarsl, mosyuennbie B [6], [8] nepenecensr Ha cirydaii n KOHCTAHT
B c.u. Jjioruke L3.
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ITOJIVIIOJIEBBIE IIJIOCKOCTU, AOIIYCKAIOIINE ITIOATPVYIIITY
ABTOTOIIN3MOB, NT3OMOP®HYIO Qs
O. B. KpasmoBa
Cubupcruti gedeparvhoili yrusepcumem, Kpacrosapck

ol71@bk.ru

[TostynosieBast MpOEKTUBHAS ILJIOCKOCTD ABJIAETCA ILIOCKOCTHIO TPAHC/ISI 1 J1y-
aJbHa TIOCKOCTH TpaHcagnuil. OHa KOOpAMHATU3UPYETCs MOJIYIIoJIeM, T. €. ajarebpa-
UYECKOHU CHUCTEeMOM, yAOBJIETBOPAIONIECH aKCuoMaM TeJla, 38 UCKJII0YeHNeM, BO3MOXKHO,
aCCOIMATUBHOCTU YMHOKeHNs. V3BecTHast rUIoTe3a 0 pa3peInuMOCTH OJIHOM IPY LI
aBTOMOP(MU3MOB BCAKOI MOJIYIIOJIEBON HEAe3aproBoil IJI0CKOCTH KOHEYHOIO MOPSIIKA
( [1], em. Takxke [2], Borrpoc 11.76, 1990 1.) He MMeeT OIPOBEPrafoInX KOHTPIPUMEDOB,
HO JI0 CHX IOp HE IOJIy4usIa OOIIEro Ioaxoaa K JI0KasaTeabLeTBy. IIpobieMa pempyy-
pyercs K JI0Ka3aTe/IbCTBY PA3pPEeIUMOCTH TPYIIILI aBTOTOIN3MOB (aBTOMOPMU3MOB,
buKCHpyOMUX TPEyroJbHIUK) B CIydae, KOIJIa 9Ta IPYINa UMEET YeTHBIH HOPSIOK.
O6cyKmast TUIOTE3y Pa3PEeNIIMOCTH, IIPEIIaraeM PacCMOTPETh MOJIYIIOJIEBBIE ILIOC-
KOCTH, IPYIIIIa aBTOTONN3MOB KOTOPBIX MMEET IOATPYIILY, B30MOPQHYIO IPYIIIIe KBa-
TEPHUOHOB (Jg, MCIIOJIL3YsT METO/I, OIMCAHHBIN B [3].

Teopema. IlycTs 7 — mo/IyIIOI€Bas MIOCKOCTE T IIOPSKa P , JOIMyCKAIOIIAST IO/
rpymiy aproronu3mMoB H | m3omopgHyro rpytie kBaTepHHOHOB (Jg, p > 2 — mpocToe
yncsio, p — 1 nenurcs na 4. Torma N = 2n > 2, naposornius B H saBiisercs romosto-
rueii ¢ oceio [0o] u merrpom (0,0). Basuc JHHEHHOro0 IPOCTPAHCTBA Ha L, MOMKET
OBITH BBIOpAH TaK, 9TO PErYJISIPHOE MHOXKECTBO IIJIOCKOCTH T COCTOHUT U3 MaTPHII BHJTA

o(V,U) = m‘(/U) f((}/)> , eV e Q, U € K, Q u K aBistorcst peryasipHbIMI
muoxkecrBamu B G L, (p) U{0}. Amanrusabie 6nexmun m : K — K u f: Q — Q He
TO>KJICCTBEHHBI 1 HHBOJIOTHUBHBI. 1IJ10CKOCTH T A0IyCKaeT 63pOBCKYIO HHBOJIIOIHIO,
KOODAHHATH3HUPYIOIIEE MOIyIIOoJIe A0IIYCKAeT aBTOMOP(U3M MOPsIKa 2.
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[Tosy4yeHo MaTpuIHOE IPEJCTABICHAE PErYJIAPHOr0 MHOKECTBA W IIOAIPYIbl H .
[TocTpoens! Bce Hem3oMopdhHBIE TIOYIIOIEeBbIe IJIOCKOCTH TTopsakos 5% u 13* onmcan-
Horo Busia. [lokazano, 4To MmoJiyroJiesas II0CKoCThb opsika pt, 4|p—1, ne jonyckaer
SL(2,5) B rpyIie aBTOTONN3MOB.

UccnenoBanue BuimoHeno npu dpunancopoit nojiepxkke PODU B pamkax mayd-
noro mpoekTa Ne 19-01-0056 A.
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OB SPEH®ONXTOBOCTU P-KOMBUHAIIIN
YIIOPAJOYEHHBIX TEOPUI
B. III. Kynanemos, C. B. CynomsiaToB
Meotcdynapodnoit yrusepcumem ur@GopMayuoHHuT mexronozut, Unemumym
MAMEMAMUKY U MAMEMAMUYECK020 Modeauposarus, Aamamo (Kasaxcman);
Hremumym mamemamuxy um. C.JI. Coboresa CO PAH, Hosocubupckudi
2ocydapcmeennoili mernuveckuts yrusepcumem, Hosocubupcekut 2ocydapemeertuii
yrnusepcumem, Hosocubupcex (Poccus)
b.kulpeshov@iitu.kz, sudoplat@math.nsc.ru

B cepun pabor |1]- [8] usywanucs coiicrBa komOuHanuit Teopmit. B Hacrosiem
JIOKJIaJIe Mbl HccJeyeM [P -KOMOMHAIMU YIIOPSIIOYUEHHBIX TEOpHil 1 HAaXOIuM HeoO-
XOJIUMbIE ¥ JIOCTATOYHBIE YCJIOBUsT IPeH(MONXTOBOCTH i P -KOMOUHAIIUE CIETHOTO
YUCJIa JTMHEHHO yIIOPSIIOYEHHBIX CTPYKTYP.

Ecmm (M, < 1) u (M, < 9) — JuHEHHbIEe TOPSIKH, TO UX AUHETHO YnopadowerHas
HENEPECEKAOULAACH KOMOUNAUUA (WTH Konkamenayus), obosHadaeMas depe3 M +
+ My, ecrb suHeitnbiit opsiiok (M U Ms, <), tiae a < b < ([a,b € My Aa < 1b] nim
[a,bE MyNa < Qb] i [(1 e M ADE MQ])

[Iycrs M; := (M;; < ap,, %) — JUHEHHO yIIOpSIOYEHHAST CTPYKTYPA, JJTsT KazKJI0r0
i € w. byznem obosHadarh depes M’ JIMHEHHO YHOPSIOUEHHYIO HElePeCeKatoIycst
P-xombunanuio crpyktyp M;, i € w, B a3pike {<, %, Pl}ic,, tne X = Ui, X, u
yHuBepcyMoM Kombuuanun apigerca |J,o, M;; Pi(M') = M; ana xaxjoro i € w;
6o Pp(M') < P,(M'), mubo P, (M') < P,(M’') mnus mobbix k,m € w ¢ ycaoBuem
k # m. [lns onpeiesieHHOCTH MBI OyJIeM CYUTaTh 9TO KazKJasi CTpyKTypa M; BMecTe
€O CBOEfi CUrHATYPOH BXOJUT B P-KOMOMHAIMIO €MHCTBEHHBIM 00pa30M, a MMEHHO,
KasKJIblit cuMBOsI S (KpOMe CHMBOJIA OTHOIIEHNUST TIOPSIJIKA) CUTHATYPBI Y; CTPYKTYPhI
M; tonydaeT BepXHUN UHJIEKC ¢ B CUTHATYpPe X Jijisd P-KoMOWHAIINKM, U UMEeT MECTO
cieIyonee:

(a) 11 KazK/I0r0 IPEeJNKATHOIO M-apHOTO CHMBOJIA S CHTHATYDPBI Y;

M =Vay . Vo, [S' (21, ... ) — Ny Pi(x;)];
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(b) m1st KaxK0r0 (DyHKIMOHAIBHOIO 1M -apPHOTO CUMBOJIA f CHIHATYDBI Y;,
M EVry . Ve[ 3 [T, - ) = T — AT Pi(a;)];

() 1t KazKI0ro KOHCTAHTHOTO CUMBOJIA ¢ CHTHATYPBI X; Mbl umeem M’ = P;(c?).

Takum 06pasoM, He CyNECTBYeT COBIIAQJAIONIINX OTHOIIEHUH (KpOMe OTHOIIEHHs
nopsjika) 1 QyHKIUH, JeficTBYIONNX B PasHbIX [-IpejuKaTax.

st mo0bIX 4, j € w P -unmepeanom HA3BIBAETCS CIIELYIOIIee MHOXKECTBO

(P, Pj) i= { P | Bi(M') < Pe(M") < P;(M")}.

Anasormano Mbl MOXKeM onpejenuts P-unrepsanst (B, P, [P, P;), [P, P;]. Ec-
mu M’ He umeeT HauMeHbIIero P-mipenKara, TO Mbl MOYKEM ONPEIEIThL P -MHTepBa
(007 ‘F)]) ) Fﬂe

(00, Py) == {Pe | Pu(M') < P;(M")}.

PaccmarpuBas npeaukarsl P; BMecTo 371eMeHTOB B M| 3aMedaeM, UTO ceueHust B
M’ zamensiiores P -ceuvenusamu, cocrogmumu u3 pasduenuii (P, P’) MHOXKeCTBa BCeX
peuKaTros P ¢ ycioBusMn P, (M') < Py(M') nna P; € P u P, € P'. Mbr Takxe
JIOIyCKAaeM BO3MOXKHOCTH JIJIst P =0 wm P = (), samensist unrepsasnl (P, Py)
nocpeIcTBoM (—00, Py) nim (P, 00) COOTBETCTBEHHO.

Bynem ropoputh, uto P-cedenus C; u Cy ABJSIOTCS 0PMO20HAALHBLMU, €CTH OHU
peamn3yoTCs He3aBUCUMO JIPYT OT JPYTa.

st P-cevennss C = (P, P’) 4ucyio nmonapHo Hem30MOPMHBIX CUETHBIX MOJIeJIel
reopun Th(M'), B koropeix peanusyercs C, a Bce P-cedeHust, sBJISIIOIIUECS] OPTOIO-
HaJIbHBIMU cedeHnto C, He peau3yroTcs, Ha3biBaeTcsa C -cnexmpom.

HanomuuM, 9T0 OJIHAsE CUeTHAs T€OPHs HA3BIBAETCS IPEHPOUTMo6ot, eciim OHa
He ABJISETCA CUeTHO-KATErOPUIHON U MMEET JIMIIL KOHEYHOE YHCJIO IIOIMAPHO HEH30-
MOPQHBIX CYETHBIX MOJIEJIEH.

Ciriestyronas TeopeMa sBJIsieTCst KpurepueM 3peHdoixToBocTr st P-KoMOuHaImn
CYETHOIO YHCJIa CIETHO-KATErOPUIHBIX JIMHEHHO YIOPSAI0YEHHBIX CTPYKTYP.

Teopewma 1. IIycte M; — cderHO-KaTEropuvHast JUHEHHO YIOPIOYE€HHAS CTPYK-
Typa I Kaxkjaoro i € w, M’ — jmHelHO yropsiiodeHHas Hellepecekarorasicss P -
kombuHarust stux crpykryp. Torga Th(M') spengoiixroBa Torjga u TOJIBKO TOIJA,
KoIja He cylecTByer beckonedHoro pasouenus M' na Geckonednble P -mHTepBasibl,
u C-crieKTp KoHedeH 1 Kaxkgoro P-ceuenns C.

BernmoMHuM, 9TO TIOAMHOXKECTBO A JIMHEHHO yHOPs0UeHHO CTPYKTYpbl M aBJIsi-
eTcst GLINYKABLM, €CJIU I JIOObIX a,b € A u ¢ € M Beskuii pa3 Korjga a < ¢ < b
Mbl uMeeM ¢ € A. Caabo 0-MUHUMAALHOT CMPYKMYypoTi HA3BIBAETCS JIMHEHHO YIOPSI-
nodennast crpykrypa M = (M,=,<,...) Takag, 910 J1060e onpejaenumoe (¢ mapa-
MeTpaMm) TIOJMHOKECTBO CTPYKTYPbl M sBJisieTcsi 00be JMHEHNEeM KOHETHOIO YUC/Ia
BBIIYKJIBIX MHOXKeCTB M .

B cnenytomux onpeneneruax M — guHeHO yropsiaodenHas crpykrypa, A C M,
M — |A|"-naceinenna, p,q € S1(A) — neasrebpandeckue. Mbl TOBOPUM, 4TO THII P
caabo opmozonaser tuy q (p LY q), eciim p(x) U q(y) umeeT eMHCTBEHHOE PACIITH-
penwe 10 mojiHOro 2-Tuma Hajg A. Mer roBopum [9], aTo THn p 6noane opmozonaser
tury ¢ (p L9 q), ecam e cymecrsyer A-onpesenumoit 6uekiuu f @ p(M) — q(M).
MbI roBOpHM, 9TO €J1ab0 O-MUHUMAJIbHAS TEOPUS ABIACTCA 6NOAHE O-MUHUMANLHOT,
€CJI MOHATHUS ¢abO0i U BIOJIHE OPTOrOHAJBLHOCTH 1-THUIIOB COBIAJIAIOT.

Teopema 2. [Iycrs M; — cuerHO-KaTeropuiHas BIIOJIHE O-MHHUMAJIbBHAS CTDYKTY~
pa, He HMeroIIast IepBoro (IOCJEHEro0) 3JIeMeHTa JJIs KaXKJ0ro i € w, M' — jmnHeiino
VIIOpsi/loUeHHasT HerepeceKarorasicss P -KoMOuHAIHST 3THX CTPYKTYD. Torma Th(M')
BITOJTHE O-MUHHUMAJIbHA <> M SIBJISIeTCs MJIOTHOM JJIst HOYTH BCeX | € w (T. e. KpoMe
KOHEYHOro 4ncja ctpykryp B M').
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Teopema 3. Ilyctb M — cderHO-KaTeropudHasl BIOJIHE O-MHHHUMAJbHAS CTPYK-
typa, M' — jmHeiiHo yrnopsyiodeHHast Hellepecekarorasicst P -KOMOUHAIIHST ¢I€THOIO
anciia Koruii crpykrypbl M . Torga amubo Th(M') umeer 2 cuerHbix Mojeseid, 6o
Th(M') sBistercss spergoixToBoii.

UccrenoBanns gactuano noyepzxkanel rpanrom KH MOH PK (AP05132546),
npoekrom POOI (Ne 17-01-00531-a), a Takxke mporpamMMoil (byHIaMEHTAJIbHBIX Ha-
yunbix ucciemoanuiit CO PAH Ne 1.1.1, mpoexT Ne(314-2019-0002.
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KOMMYTATUUBHBIE TNITEPKOMIIJIEKCHBIE YNCJIA B
TEOMETPUN IBYX MHO2KECTB
B. A. Ksipos
Topro-Aamadtickut 2ocydapemeernnviti ynusepcumem, Iopro-Aamadtick
kyrovVA@Qyandex.ru

B paborax [1] u [2| maercst onpejesienne 0JHOMETPUIECKOIT (DEHOMEHOJOIMIECKN
cuMmMeTpudHoiil reomerpun JByx MuokecTB (PC I'JIM) panra (n+1,m+1), koropas
3ajtaercsd uddepeHImpyeMoil HeBBIPOXKJIEHHON (DYHKITEH 1apbl TOYEK ¢ OTKPBITO
u wioTHoit B R™ X R™ 00J1acTbIo OIpeIe/ICHIS :

f:R"x R"— R,
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a TaKKe BBINOJHIETCH aKCHOMa (PeHOMEHOJIOTMIECKO CUMMETPHUH: CIIPABEJJINBa
dYHKITMOHAJIBHAA CBA3b

cI)(f(:U’h Vl)a f(ﬂl, V2)7 ) f(Mn+17 Vm-‘rl)) - 07

JJIsl OTKPBITOTO U IJIOTHOIO MOJAMHOMKECTBA KOPTEXKEH ([i1, fla, -+ s flny fhnt1; V1 Vay - - -
s Vi, Vina1) JUIHHBL 1+ m + 2 u3 okKpecTHOCTH V ({1, f2, - - - hny fnt1; V1, Vo, - -
Wy Uma1)) C R™PFD 5 NoHD C Oypgmma & — LLH(bcbepeHquyeMaﬂ u

rang ® = 1. Touyku u3 1mepBOro MHO)KECTBa 0003HAYAIOTCS [, [i1, M2 ..., & TOUYKHA U3

BTOPOI'O MHOXKECTBA — V, V1, V...
B koopaunarax dyuknus napst Touek PC IJIM panra (n+ 1,m + 1) 3amaercs B

BIJIE
fv) = f@t (), 2™ (), & (), ..., £"(v)),

rae x'(p), ..., 2™ () — xoopaunaThl Touku € R™, a £Y(v),...,£"(v)) — xoopau-
HATBI TOUYKN UV € R".

Hokazano, aro cymecrsytor @C ['ZIM tosbko panros (n+1,n+1), (n+2,n+1)
u (4,2), mpuuem n > 1 [1]:

®OC I'/IM panra (n+1,n+1):

Flp,v) =2 ()& (v) + - + 2" (w)E€" (v);
flu,v) =2 (W& W) + -+ 2" ()" (v) + 2" (1) + € (v);
®OC IT'/IM panra (n+2,n+1):
flu,v) =2 (W€ (V) + - + 2" (e (v) + & (v);
®OC I'/IM panra (4,2):

r(p)s'(v) + & (v)
o) + &)

PacemorpuM BelecTBeHHYI0O KOMMYTATHBHYIO acCONUMATHBHYIO airebpy (s + 1)-
MEpHBIX THUIEPKOMILIEKCHbIX ducesn L. Ilpumepom makmx airedp ciayxar aarebpa
KOMILJIEKCHBIX YUCe]I, ajarebpa KBaTepHUOHOB.

[TpousBoJibHOE THIIEPKOMILJIEKCHOE YHUCJIO UMEET BUJ T = Xg + X1l + -+ + Tglg,
e To,x1,...,Ts € R, 19 = 1, 4y,...,19s — MHAMBbIe equHUIBL. ClIoKeHne, yMHO-
JKEHMEe Ha JIefiCTBUTEILHOE YHCJIO OIPEJIEIAIOTC TIOKOMIIOHEHTHO, a MPOU3BeJIeHIe
3ammchIBaeTCs ceytomum obpasom: Y,y € L xy = Y, xyiixi. [lponssee-
HUE MHUMBIX €JIMHUIL ixi; € L onpejessieTcs CleruajbHON MaTpUuIeil yMHOXKEHUS,
KOTOpast B 001eM ciydae HemspecTHa (1], [3].

Teopema. Kowmiiekcudukaiust KoMMyTaTuBHbIME (S + 1)-MEePHBIMU THIEPKOM-
mwiekcapivu drcaamu ogaomerpudeckux OC I'/IM parros (n+1,n+1), (n+2,n+1)
u (4,2), npuaem n > 1, gaer (s+1)-merpuaeckne @C I /IM rex ke panros. PyHkimmmn
mapel Todek srux OC IJIM umeror Bua:

@OC I'JIM panra (n+ 1,n+1):

Felpv) =y (wn' () + -+ y" (0" (v);

Sl v) =y (n' () 4+ - + 5" (w0 (v) + 3" (1) + 0" (v);
@OC IJIM panra (n+2,n+1):

Felp,v) =y (' (v) + -+ y" ()" (v) + 0" (v);

f(,u,y):
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@OC I'JIM panra (4,2):

y(u)n' (v) +n*(v)

fulitsv) = y(p) +n*(v)

Y

1 n 1 n+1
Fﬂey7y7"'7y 7?77"'777 EL'
IIpuBesieHHBIE 3/16CH PE3YIBTATHI ABJISIIOTCS TIPOJIOZKEHIEM NCCIIeI0BAHNUI, Omy6-
JIMKOBAaHHBIX B pabote [2].
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OITPEAEJJIAEMOCTD BIIOJIHE PA3JIO2ZKNUMBIX ®AKTOPHO
AEJINMMBIX ABEJIEBBIX I'PVIIII CBOMMMU ITIOJIVI'PVYIIIIAMU
OHIOMOP®UN3MOB
0. B. JIrobumiien
Huotcezopodckuti 2ocydapemeernniti ynusepcumem um. H.U. Jlobavescrozo,

2. Huotcrnut Hoszopod
oleg  lyubimcev@mail.ru

[Tycts A — HekOTOpBII Ki1acc abeseBbix rpymi. ['oBopsar, uro rpymma A € A ompe-
nesisiercst cBoeil ostyrpynmoit E*(A) supomopdusMos B Kiacce A, ecu Begkuii pas
u3 msomopdusma E*(A) = E*(B), tne B € A, cieayer usomopdusm A = B. B
pabote HaififeHbl abejeBbl TPyHbl U3 Kiaacca OD.; BIOIHE PA3IOKUMBIX (PaKTOP-
HO JIeJIUMbIX abeJIeBbIX TPYIII, KOTopble npuHajiexkar nojkiaccy QD.q(E*) rpymnm,
OIIPEJIEJIATONIIXCS CBOMMHE TIOJTyTpyIaMu SHIoMopdu3MoB B Kiacce QD.;. I'pyrma
A HaspIBaeTca paxmopro desumoti, ecau OHa He COMEPKHUT IMEePUOJINIECKUX JIeIIH-
MBIX TIOJIIPYIIIL, HO COAEPIKUT TAKYIO CBOOOIHYIO MOJArPYIITY F' KOHETHOrO paHra, 9To
A/F — uepuopuveckas jemuMast rpymnma [1]. @akropHo jesnmasi rpynna Ha3blBa-
eTCA BNOAHE PA3A0NHCUMOT, €CII OHA PACKIIAIBIBACTCA B MPSIMYIO CyMMY (DaKTOPHO
JIEJTUMBIX TPYII paHra 1.

IIpensioxkenune 1 |2, reopema 2| Ilycrb A — ¢pakropHo gesmmmast rpyiina panra 1
koxapakrepuctuin X(A) = (m,). Torma A € QD 4(E*) B TOM H TOJBKO TOM CJIy4ae,
korja Py(A)={pe P|m,=0} =0 wm P (A)={pe P|m,=0x0}=0a.

[lycrb A = A PAP...6pA, — duxcupoBanHOe pa3IOKEHUE TPYIIIHI
A€ Dy, r(A) > 1, r(A;) = 1,4 =1,2,...,n. IIpamoe crnaraemoe A; HazoBeMm
UBOAUPOBAHHBLM, €CJTH B JIONMOJHATETHHOM ITPSIMOM CJIATaeMOM He HaileTcsl MpsMoro
cjaraeMoro panra 1, KOTUII KOTOPOT'O CPaBHUM C KOTUIIOM TPYIIBI A; .

IIpensioxkenune 2 |3, reopema 1| ITycts A € QD.y u A He COREPKUT U30JHPO-
BaHHBIX NPsAMbIX caaraembix. Torma A € QD 4(E*).

Beuy npemioxkenuit 1 u 2 mpenosozkuM, uto rpynmna A € QD4 uMeeT n30Upo-
BaHHbIe NpgMble caaraemble A; (i € J C {1,2,...,n}) ¢ Py(A;) # 0 u Py(A;) # 0.

[Tycrs x(A;) = (my) u PL(A;) = Pxo(A;) Nsuppt(4;), PHA;)

P,(A;) Nsuppt(A4;),



140

P! (4;) = J Puo(4;) N P(A)), tie A; — nononauTesibioe mpsivoe ciiaraemoe K A; B
J#

rpyme A, P(A;) ={p € P |0 < m, < oo}. Jokazano, aro ecim E*(A) =~ E*(B)
s A, B € QD,q, n xotsa 661 oo w3 MuoxKecTs P (A;), PHA;), P! (A;) 6eckomeu-
HO, TO A; = B; JiIst COOTBETCTBYIOMIEH MOArpyIibl B; rpymnbl B

[Tycts X — MHOXKECTBO BCeX KOXapaKTepUuCTuk, AX — dhaKkTOpHO JieiuMast TPyIIa
panra 1 koxapakrepuctuku X = (mX) € X, n = pit-phs € NU{0} u P,(AX) = supp
t(AX) U{p1,...,ps}. BBegem ciemyrorme MHOKECTBA MPOCTBIX THCEIT:

n = {p € P\ P, (AX) | p = q(modn) wm mX - #

= mf}ogﬂﬂ uekoroporo q € P\ P, (AX)};

P, = {pe P, mxX = 0}.

Iycts p,q € Py . Homoxum p ~ q¢ < p = g(mod n). Kiacc skBuBasenTHOCTH

sneMenta p € P, ,, obosnaunm uepe3 P, ,[p]. OupenesnM oTHOIIECHEE SKBUBAICHTHO-
cru Ha MHOXKecTBe X s purcuposamnoro n € NU {0}:

XX € Poalp) = Poalp) u | POJp] = P2 [p) |, ccan p € Py

mx—mx,eCJIHpgéP,n

[Iycts A € QD 4,

A=Pai= @ AT (1)

XEX(A

e AT00 @ A, I(x) ={i€{1,2,...,n} | koxapakrepucturn x(A;) npusaie-
iel(x

KAT OJIHOMY KOTI/IHy 7(x)}, X(A) — MHOXKECTBO KOXapaKTePUCTHUK pasJioxKenus (1),

IPUHAJJIEKAIIX PasInIHbIM KoruinaMm. CKaskeM, 9T0 KOXapaKTePUCTUKA X U30JIMPO-

Bana B X', X' C X, ecsin i X' € X' ymbo x = x/, b0 KoxapaKTepucTuku XY u X’

IpUHAJIEXKAT HecpaBHUMBIM KoTuiaM. Muoxkectso X’ C X Ha30BEM H30JIMPOBAHBIM

B X' C X, ecsin jmobast KoxapakTepuctuka n3 X’ uzonuposana B X' . [Tosioxkum

X'(A) = {x € X(A4) | x uzomposana B X(A4), | I(x) |=1u Py, # &, rze
n = exp(Hom(AX,t(A)))}.

Hokazano, aro ecmn X'(A) = @, to A € QD.4(E*). Cunenyss tepmunosornu [4],
MHOKecTBO X' (A) HazoBeM ceeprusdosuposannvim B X(A), ecin s mHOKecTBa X C
C X KOXapakTepUCTUK, PUHAJJIEKAIUX PA3IUIHBIM KOTHIIAM, U3 TOTO, YTO

(a) X' mzommporano B X' U (X(A) \ X'(4));

(b) XN (X(A)\ X'(4)) = &;

(¢) cymecTByeT B3aMMHO OJTHO3HATHOE COOTBETCTBUE X > ' MEXK/y KOXapaKTepu-
cruxamu Muozkeets X' (A) u X/, npu koropom x ~ X' misa n = exp(Hom(AX,t(A)));

crenyer X' = X'(A).

Teopema. IIyctb A € QD.q, 1(A) > 1, X'(A) # @. I'pynna A onpejessiercs
cBoeil nosryrpymmoii sH10Mopdu3MoB B Kiacce QD .y Torja m TOJIBKO TOIjA, KOIJA
mmoxkectBo X'(A) cBepxmzommposano B X(A).

[MpuMEP 1. Ilyctb A = AC@PAC, tie x1 = (00,0,1,1,
=(0,00,2,2,2,...). Torma A € QD (E*), tak xak | P/(AXY) |=| P}

[TpuMEP 2. Ilycte A = A @ A2 e x1 = (1,00, 00,0, 00, 00,00, . ), =
= (00,0,1,0,0,0,0,...). Umeem: P, 5 = {7,17,...}, PO1 5 = {7} PX2 9 = — g, TaKI/IM
obpaszoM, X’( ) = {Xl} [Monoxum X' = {x]}, rme x; = (1, 00, 00,00, 00,00,0,...).
Torna Py s = Py, 5 = {7,17,...}, P>(<)’1 5 = {17}. Herpyano Bujiers, 4To MHOXKECTBO
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X" ynosrerBopsier yeaosusaMm (a) — (c¢), no X' # X'(A). CieroBaresibHO, MHOKECTBO
X'(A) e cBepxuzosnmposano B X(A), u mo Teopeme rpynmna A He onpeessiercs: CBoeit
MOJIY TPy IION H10MOPGU3MOB B Kiaacce QD 4.

[TPUMEP 3. Pacemorpum rpynmny A = A @ A2 P AX3 | x; = (0,1, 00,00,...),
x2 = (0,00,1,1,...), x3 = (00,0,1,0,0,...). Tak kax |P_ (A1) = |PL(Ay)| = oo,
TO CJIeJlyeT pacCMaTpUBaTh TOJBKO n3oampoBanHoe ciaaraemoe AX3 . Mmeem: X/'(A) =
={xs}, Pys={2,7,...}. lIpeanonoxkum, aro naiigercs muoxkecrso X = {x4}, Ko-
Topoe ynosiaerBopsier yesaosuaM (a) — (c), ommako X' # X'(A). ITockombKy X3 7# X5,

X3

/ /
0 my? = 0, my® = oo ma nekoroporo ¢ = 2(mod 5). Kpome Toro, my? = my?

st p # 2,q. Ho Trorma x4 < x1, 9ro nporuBopednt ycaosuio (a). CiiemoBaTesbHo,
X' =X'(A), X'(A) ceepxuzomuposano B X(A) u A € QD 4(E*).
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Bce pacemarpuBaemble B JIOKJIQIE KOJbIA MPEINOJAralOTCd YHATAILHBIMI, HO HE
005I3aTETHHO ACCOIUATUBHBIMMU.

Acconmarusrnoe Koybllo R ¢ neaTpom C' Ha3bIBAETCS UEHMPANOLHO CYULECTNEEH-
HoM, ecin Reo — cymectBenHoe pactnuperue Moyt Ceo, T. €. Jid JII000ro HeHy-
JIEBOTO 3JIeMeHTa ¢ € R CymecTBylOT Takue HEHyJeBble 3jeMeHThl z,y € C') 9ro
ar = y. AccolmaTuBHble EHTPAJIBHO CYIECTBEHHbIE KOJIbIA U3yJasiCh, HAIIPUMED,
B [1] u [2]. U3yuenne HeaccormaTuBHBIX MEHTPAJILHO CYIIECTBEHHBIX KOJIEIl HAYATO B
[3]. B HeaccormaTuBHOM Cilydae MMeeT CMBICJ PACCMATPUBATH HECKOJIBKO BAPUAHTORB
olpeJieIeHnsl IEHTPAIbHO CYIIECTBEHHOIO KOJIBIIA.

AccouuamusHuim YeHMpPom, KOMMYMAMUSHUM UEHMPOM U UEHMPOM KoJblia R
HA3BIBAIOTCS, COOTBETCTBEHHO, ITOJIMHOKECTBA,

N(R)={x € R:Va,b€ R, (z,a,b) = (a,z,b) = (a,b,z) = 0},
K(R)={x € R:Va € R, [r,a] =0},
Z(R)= N(R)N K(R),
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rae (a,b,c¢) = a(bc) — (ab)c — acconmarop ssmemeHToB a,b,c € R u [a,b] = ab — ba —
KOMMYTATOp 3J1eMeHToB a,b € R (em. §7.1 uz [4]).

fcuo, uro N(R) n Z(R) — mozxkosblia B KoJblle R, mpudem R sBiiseTcs yHU-
TAPHBIM JIEBBIM U yHUTApHBIM IpaBbiM N (R)-Mmomyiem u Z(R)-Moysiem.

Yepes [A, A] Mbr 0603HATAEM HjeaT KOJIbIa A, HOPOXKIEHHBI KOMMYTaATOpaMI
BCEX €r0 3JIEMEHTOB.

Kousbrio R HasbiBaeTcs yenmpaavho cyuecmeennvim, ecan Z(R)rNZ(R) # 0 mis
m060T0 HEHYJIeBOTrO djeMeHTa 1 € R, 1. e. Z = Z(R) — CyIIeCTBEHHBII TOMO/LYIIb
Moy zR.

Kosbrio R nasbiBaercs N -cywecmeennvim caesa, ecmn N(R)r N N(R) # 0 s
JI000T0 HeHysieBoro sjiementa 1 € R, 1. e. N = N(R) — CyIIeCTBEeHHBIN TI0IMOJLY/Ib
Moyt nyR.

Crenytoriee  ompejiesieHne HECKOJIBKO 0000ITaeT orpejiesienne mporecca Kam-
Huxkcona, nannoe B [4].

[Tycts A — KOJIBIIO ¢ MHBOJIIOIMEN *, (v — OOPATUMBIH CUMMETPUIHBIH 3JIEMEHT
nenTpa Kosbila A. Ha abenepoit rpymme A @ A ompemenmv omeparinio yMHOKEHUST
CJIEJIYIOIIM 0DOPA30M:

(a1, a9)(as, as) = (a1a3 + agal , ajay + asasg). (1)
JUISt JIOOBIX @y, ..., a4 € A. Iomydennoe kosbio obosnaunm (A, a).
Teopema 1. Ilyctb A — koo c¢ nearpom C = Z(A), I = Anng([A, A)),

R=(A ).

1. N(R) ={(z,y): z € C, y € I}.

2. Kosbno R siBasiercst N -cyniecTBeHHBIM cJieBa (CIIpaBa) B TOYHOCTH TOLJIA, KOIJIA
A — neHTpaJIbHO CyIecTBeHHOEe KoJIbllo u | — cymecTBeHHbIH miear Kojbia C'.

Teopema 2. Ilyctp A — koubiio ¢ nearpom C = Z(A), I = Anng([A, A]), B =

={aeC:a=0a"}, J=Amg({a—a* : a€ A}), R=(4,a).

1. Z(R) ={(z,y): e BNC,yeInJ}.

2. Kosibrio R siBjstercst 1eHTpaJIbHO CYIECTBEHHBIM B TOYHOCTH TOIJla, Korjga B —
cymiectBeHHbIH B -moamoryss Koubiia R u J — cymecrBenubrit wieasi B B.

Teopema 3.

1. CymrectByeT KOHEIHOE HEACCOIUATUBHOE H HEKOMMYTaTHBHOE aJIbTePHATHBHOE I[eH-
TPaJIbHO CYIIECTBEHHOE KOJIBIIO.

2. CymecTByer KOHEUHOE HEKOMMYTATHBHOE U HEAJIbTEPHATHBHOE IIEHTPAJIBHO CYIIe-
CTBEHHOE KOJIBIIO.

OTKpbITbIE BOIPOCHI

1. CymecrBytor jm N -CylecTBeHHbIE CjleBa KOJbIla, He sBistonmecs [N -
CyIIECTBEHHBIMU CIIpaBa’

2. CymecTBytoT Jin KOMMYyTaTuBHBIE N -CyIeCTBEHHbIE (SKBHBAJCHTHO: IIEHTPAJIb-
HO CYIIECTBEHHbBIE) HeACCOIUATUBHbIE KOJIbIA?

3. CymiecTByIOT Jid IIpaBOAJIbTEPHATUBHBIE IEHTPAIbLHO CyllecTBeHHble uian N -
CYIIeCTBEHHbIE HEaIbTepPHATUBHBIE KOJIbITA?

4. Kak MO0XKHO 0OOOIIMTH IOJIyYEHHDbIE PE3Y/IbTAThbl Ha CJIydail KoJjel 0e3 eju-
HUIIBI ¥ Ha CJIydail, Korja 3JEeMeHT « B olpejesennu mporecca Kaym-/lukcona He
[IPEJIIoJIaraeTcsd 00PaTUMbIM 7

B.T. Mapkos nojiiepkan Poccuiickum honoM hyHIaMEHTATBHBIX UCCIIEI0BAHMIT,
mpoexT 17-01-00895-A. Nccnenoanne A.A. TyranbaeBa BBIIIOJIHEHO 3a CIET IPAHTA
Poccniickoro nayanoro gonsa, npoekt 16-11-10013.
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OBb MEPAPXH‘I}BCKHX MOAEJIAX CUCTEM 1 3AJAYE X
YCTONYNBOTI'O ®YHKIIMOHNPOBAHUNA
B. 10. Muxaiijios

Kasanckuti pedeparvroiti ynusepcumem, Kasano

mih@Qkpfu.ru

B pacmpocrpanennom nogxone Model Checking [1] k 3amade Bepudukaimm GyHK-
[MUOHUPOBAHUS CJIOXKHBIX CHCTEM MOjieb M KOHKPETHOW CHCTEMBI MPEICTABIISIETCS
KOHCTPYKIUSIMI THIIA KOHETHBIX aBTOMATOB WM Mojeseit Kpurnke, a TpeboBanus K
IpaBHIbHOMY (DYHKIIHOHUPOBAHUIO CHCTEMbBI OMUCHIBAIOTCS B BUJIE (DOPMYJIBI () HEKO-
Toporo a3blka creruduranmiit L. HYacto B KavecTBe a3bIka L ncnosb3yores hopMysTbt
remmopaibibix jgoruk LTL win CTL [2]|. Banaua Bepudukamnum cBoAuTCs K MIPOBEPKE
ucruaaoctu (opmysbl ¢ Ha Mojean M. Ho npu Bepudukanuu GbyHKIMOHUPOBAHUS
KOHKPETHOMN CHUCTEMBI S $IBHOE MOCTPOEHUE ee MOJIEHN B BUJIE aJeKBATHOIO KOHEUHO-
ro aBromara WM Mojenn Kpuiike siBjasercss odeHb TPYJIOEMKUM U I'POMO3JKAM. B
JIAHHO# paboTe TpejiaraeTcs A3bIK OIMUCAHUST MOJIeJIel CHCTeM B BUJIE MEPAPXUU TaK
Ha3bIBaeMbIX OJIOKOB yripaBienust. Kaxkawiit BY xapakrepusyercs: Habopom X BXOJI-
HBIX ¥ HAOOpOM P BHYTpeHHUX HapaMeTpoB; HAOOPOM JI0UEPHUX OJIOKOB YIIpaBJICHUS
By, ..., B,; dyuknueit yupasiaenus F(i,X(t),P(t-1)), koropas 1o momepy Jo4epHero
6J10Ka, BXOJIHBIM IIapaMeTpaM 0JI0Ka B MOMEHT BpEMEHHU t U BHYTPEHHUM [apaMeTpaM
B MOMEHT BpeMeHH t-1 onpejie/nsier 3HaueHns BXOJAHbBIX [IapaMeTpOB JIOUEPHEro 0JI0Ka
B; B MomenT Bpemenu t; dyukuumeii nepecuera H(X(t), P(t — 1), P(t),..., P.(1)),
KOTOpasl 110 3HAYEHUsIM BHYTPEHHUX IIaPAMETPOB JO0YePHUX OJIOKOB B MOMEHT BpEMe-
HU t OIpejiesisieT 3HAYEHUsI BHYTPEHHUX rapaMeTpoB 0sioka P(t) B MOMeHT BpeMeHH
t. BaykHBIM IIPEMMYIIIECTBOM TAKOTO CIOCO0A OMMCAHUST MOJIEJIU CUCTEMbI S SBJISIETCSI
BO3MOXKHOCTbB JIJIsl KazKJIOro OJI0Ka yripasieHusi A 3a JIMHeHHOe BpeMsl MOCTPOUTH B
gBHOM Bujie jorndeckyto dhopmyiny Wa(Xa(t), Pa(t — 1), Pa(t)), uctunnyio T. 1 T.T.
Koryia Pa(t) sIBJISIOTCSI 3HAYEHUSIMU BHYTPEHHUX TapameTpoB 0J0Ka A B MOMEHT t,
ecn X A(t) — 3HaYeHHs BXOJHBIX IapaMeTpoB 6joka A B MomenT t, a Pa(t — 1) —
3HAYEHUs BHYTPEHHUX mapaMeTpos Ojioka A B momenT t-1. B ciayuae, koryja BXoJI-
HbIe ¥ BHYTPEHHIE MapaMeTphbl OJIOKa 3aal0TCsi OyJIeBCKUME 3HAYeHUuSIMA, (hopMyia
Wa(Xa(t), Pa(t—1), Pa(t)) moxer 6biTh tocTpoena B Buje BDD [3], uro 3nauunresbHo
YIPOIIAET aJIrOPUTMbI BepuduKanun GyHKIMOHUPOBAHIS CUCTEMBI S.

PaccmorpuM  3ajiady  1moumcka TPaeKTOpUil  yCTOWIMBOrO (byHKIMOHUPOBAHUS
CHCTEMBI.

[Tycts qyist cucrembr S 3a1an Habop napamerpoB P =< pq, ..., pg > , 3HAYEHUS KO-
TOPBIX OIPEJIEJISTIOT COCTOSTHUE CUCTeMbl. HauaibHOe COCTOsSIHIE CHCTEMbBI OIUCHIBAET-
cst mabopom P(0) =< p1(0), ..., pr(0) >. Tpaekropueit GyHKINOHUPOBAHUS CHCTEMBbI
HA30BEM I0CJIEI0BATEIHLHOCTE cocTosnmit cucremsr P(0), P(1),..., P(j), P(j +1),...,
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Takyto, uro: P(0) — sBjgercss HaYaJIbHBIM COCTOSTHHEM CHCTEMbI, U JIJIS KAXKIO0TO j
cocrosinne P(j + 1) onpenensiercs mo cocrosiauio P(j) mo mpasmiaMm byHKIMOHN-
poBaHUs CHCTEMbI. MbI XOTUM OIPEIETUTh, UMEIOTCS JIN Y CUCTEMBI S TPaeKTOPUU
(GYHKIIMOHUPOBAHUS, TaKWe UTO B pe3y/IbTaTe WX peaiM3alluu CucTeMa Iepeiijer B
COCTOsIHYE, YJIOBJIETBOPLIOIIee HEKOTOPOMYy TiesieBomy yciaosuio . Kpome Toro, mpu
Iepexo/ie M3 HaYaJIbHOTO COCTOSTHUS B IeJIeBOe, CHCTeMa JTOJZKHA HAXOIUTHCSA TOJTBKO
B COCTOSTHUSAX, Y/JIOBJIETBOPSIONINX ONpPEJIeIeHHbIM TpeboBanusaM jomyctumoctu C'.

Jlts pereHus JJAHHOI 3a/1a9U IIOCTPOUM HEePapXUYecKylo MOJIEJb CHCTeMbI S,
IJIABHOMY THUITY KOTOPOI OYJIeT COOTBETCTBOBATH HAOOP BHYTPEHHUX IMapamMeTpoB P =
=< p1,...,pr >. Teneppb Halra 3aj1a4a CBOIUTCH K HAXOXKJIEHUIO TPAEKTOPUl (DYyHK-
mronnposanus mogesnun P(0), P(1),..., P(N), takux aro P(0) siBIsieTcs HA9aIbHBIM
cocrosiueM riaBHoro BY wmomenn, cocrosinme P(N) ynoiersopsier yciaosuio G u
st kaxkaoro j,0 < j < N, cocrosinue P(j) ynosiersopsier Tpebosanusim C'. Same-
TUM, 9TO (DYHKITUY YIIPABJIEHUs B PA3/IMIHBIX BY U3 Mo/ CUCTEMBI S KaK ITPABUJIO
SIBJIIOTCS HEJIeTePMUHUPOBAHHBIMU. 33 1a9a 3aK/TI0UAeTCs B HAXO0XK ICHIN BAPUAHTOB
UX BBIUNCJIEHUS B KaXK/IbIII MOMEHT BpeMeHU t Tak, YTOOBI BXOJHBIE 1 BHYTPEHHNE ITa-
paMeTphl olpesiesIeHHBIX BY Mosen yJI0BIeTBOPSIIN OIIPE e/ IEHHBIM TPEOOBAHMSIM.

Ecmu ycnosust G u C' 3anmcbiBaloTCs B BUJIE€ POTO3UIIUOHAIBHBIX (DOPMYJT WJIH
dopmyn sorukn CTL, To 3a7a4a noncka TpaeKTOpuil ycTOWYNBOTO (DYHKIIMOHUPO-
BaHWUA CUCTEMBI S CBOJUTCA K TOUCKY BCEX BBIMOJIHSIONNX HADOPOB JjId HEKOTOPOIt
[IPOTIO3UITNOHAILHOM hopMmyJibl, 3agannoit B Bujie BDD . Eciau napamerpsr BY mo-
JIeJIN CUCTEMBI S MOT'YT NMPUHUMATH TPOU3BOJIbHBIE UHCJIOBbIE 3HAUEHUSI, TO MOJIE/Ib,
MIOCTPOEHHAs Ha TpejjiaraeMoM S3bIKe, 3(PMEKTUBHO TPAHCIUPYETCS B TPOrpamMMy Ha
sa3bike Promela, u ajiroputMbl BepuduKaimn peaan3yoTcesd CpeJcTBaMu TPOrPaMMHOI
cucTeMbI Spin.

Ha mpenmaraeMoMm s13bIKe HaM¥ TOCTPOEHBI MOJIENN PA3IUIHBIX CUCTEM YIIPaB-
JIEHUS CJIOYKHBIMU OObEKTaMU PA3HOOOPA3HOW MPUPOILI, JIJIg KOTOPBIX ObLIA -
(EKTUBHO PeIIeHbl 3a/[a9U [MOUCKA TPACKTOPUN yCTOWYUBOro (hYHKIIMOHUPOBAHUS
U yCTOMYUBOI'O PA3BUTULA.
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KJIACCE IIOJIVI'PVIIII
B. A. MoJauyaHnos
Capamosckuti 2ocydapcmsernut yrusepcumem, Capamos (Poccus)
v.molchanov@inbox.ru

O tHuM W3 TJIABHBIX Pa3Jie/ioB COBPEMEHHON ajreOphl SBjsieTcs 0000IeHHAsT Teo-
pust [ajya, Hada 0 KOTOPOI OBLIO MOJIOKEHO B mccaenoBanusx d.lamya u Koropas
MOCBSIIAECTCSA U3YICHUIO MATEMATHIeCKUX 00bEKTOB IIyTeM HCC/IeI0BAHIA HEKOTOPBIX
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[IPOM3BO/IHBIX AJIN€OPANYECKIX CUCTEM, CIEIUAJIbHBIM 00PAa30M CBA3AHHBIX C MCXOJI-
HBIMU OObeKTaMu. B KadecTBe MCXOIHBIX MATEMATHIECKUX OOBHEKTOB PaCCMATPUBaA-
JIMCH Pa3HOOOpa3Hble aarebpandeckue cucreMbl (0T rpadoB u runeprpados 10 Koer|
U BEKTOPHBIX MPOCTPAHCTB), (DOpPMaJIbHbIE S3bIKA ¥ MHOTHE JPyTHe, & B KadecTBe
MPOM3BOJHBIX aIreOpaniecKux CHCTEM PaCCMATPUBAIUCH, COOTBETCTBEHHO, T'PYIIIBI
aBTOMOP(U3MOB, TOJIYTPYIIIHI SHIOMOPMU3IMOB U PEIIeTKH MOICUCTEM ajredpante-
CKUX CHUCTEM, CHHTAKCUIECKHe MOHOU/IbI (DOPMAJIbHBIX S3BIKOB U MHOTHE JIPYTHE.

B o630pmoit craree FO. M. Baxenuna u A. T [Tunyca 1] ormedaercs, aro oguoit
U3 BaxkKHeHmux 1mpobseMm 0000IeHHol Teopun [adya siBjsieTcss mpobjeMa 3J1eMeH-
TapHON KJIacCUMUKAIINA UCXOJHBIX OOBbEKTOB € IIOMOIIBIO TEOPUil EPBOrO MOPSIKa
MIPOM3BO/IHBIX AJITeOPANIECKIX CHUCTEM U MPOOJeMa Pa3permMOCTH TeOPHil 11epBoro
HOPsIJIKa MPOU3BOIHBIX ajreOpanmdeckux cucreM. Kak mssectHo [2], adderTuBHbIM
MHCTPYMEHTOM DeIlleHns] TaKOro Pojia MPOOJIEM SBJIS€TCS METOJ, OTHOCHTETHHO 3JIe-
MEHTapHOI OIPeIeIMMOCTU O/IHOTO Kjacca mojesneit K B japyrom kiacce mosesteit
K, cyTb KOTOPOTO 3aK/TI0YUAETCs B TIOCTPOEHUN M30MOP(MHON KOITUU UCXOTHONW MOJIE/N
A € K B ee npoussouoii Mojienn S(A) € Ky ¢ MOMOIIBIO0 CPeJICTB Y3KOro NCIUCTICHUST
npejukaros (YUIL) curnaryper kiaacca Ky u HEKOTOPBIX (DUKCUPOBAHHBIX 3JIEMEH-
toB Mozenun S(A). Tax, B padore [3] FO.M. BakenunbiM j0Ka3aHa OTHOCUTEIHHO
sJIeMeHTapHasl ONpe e IMMOCThb Kiaacca Gry pedrekcuBHBIX TpadOB ¢ JyTOM, HE TPH-
HaJIJIeXKaIeil OpIuKJIaM, B KJjacce MOoIyrpynn Sem: juis ucxoguoro rpada G € Gry
ocTpoeHa m3oMopdHas KOlus B ero mnosyrpyiie sugomopdusmos EndG € Sem ¢
nomotpbio cpegacts YUIL curnatypsl Kjaacca MOJIyrpynin U HEKOTOPBIX (PUKCUPOBAH-
HBIX 9j1eMeHTOB 1mostyrpytbl EndG. C Toukn 3penns aaredpamveckoil Teopun aBTo-
maroB 4] noayrpynna sugomopduzmos EndG rpada G siBisiercs yHUBEPCATLHBIM
rpaudecKkuM aBTOMATOM 0€3 BBIXOJIHBIX CUTHAJIOB. YHUBEPCAJIBHBIM I'pahUIecKuM
ABTOMATOM C BBIXOJHBIMU curHaIaMu Haj rpadavu Gy, Gy saBisercd ajredbpande-
ckag cucrema Atm(Gx,Gy) = (Gx,S(Gx,Gy),Gy,6°,X°), tne Gx = (X,px) u
Gy = (Y, py) — coorBeTcTBEHHO, rpadbl COCTOSHMUIT U BHIXOJIHBIX CUIHAJIOB aBTOMATA,
S(Gx,Gy) = EndGy x Hom(Gy,Gy) — moayrpynna BXOJHBIX CUIHAJIOB aBTOMATA,
3°: X x S(Gx,Gy) = X u X°): X x S(Gx,Gy) — Y — coorBercTBeHHO, DYyHKIH
[ePEXOJIOB U BBIXOJHAsT (DYHKIIMsI aBTOMATa, KOTOpbIe Jyist Jobbix © € X, (p, 1) €
€ 5(CGx, Gy) onpenenmorea o dopuyant 8° (z, (9, 1)) = @(x), A° (z, (91 1)) =
().

B nacrosiieit pabore paccMaTpUBAIOTCA YHUBEPCAJIbHBIE IPadUIECKe aBTOMATI
Atm(Gx, Gy) nan pednekcusabiMu rpadamu Gx, Gy. Ussecrno [5], aro takue as-
ToMmaTel ¢ Tpadom cocrosiauii Gx € Gry MOJHOCTBIO (¢ TOYHOCTBIO J10 U30MOpdU3Ma
U JBONCTBEHHOCTH I'padOB) ONPENESAIOTCS CBOMMHU MOJYTPYIIIAMEA BXOJIHBIX CHIHA~
soB. OCHOBHOI pe3ysibTaT padOThI JOKA3BIBAET OTHOCUTE/IHHO JIEMEHTAPHYIO OIpe-
JeJIMMOCTh Kiacca Atm yHuBepcaabHbIX rpadudecknx apromaro Atm(Gx, Gy) co
cBa3ubIM rpadom cocroguuit Gy € Gry; u pedIeKCUBHBIM aHTUCUMMETPUIHBIM I'Da-
dom BbIXOIHBIX curHajoB GGy B Kiacce nosyrpynn Sem. [lojyduenusrit pesyabrar
[TO3BOJISIET MCCJIE/IOBATH B3aMMOCBSI3b MEXKIy dJeMEeHTAapHBIMU CBOMCTBAMU YHUBEP-
CAJIbHBIX T'padUIecKuX aBTOMATOB U UX MOJIYTPYII BXOJIHBIX CUTHAJIOB, IPOAHATN3H-
POBATh B3AMMOCBSA3b BayKHBIX CBOMCTB 9JIEMEHTAPHBIX TEOPHUil KJIacCOB IpadUIeCcKIX
ABTOMATOB M 3JIEMEHTaPHBIX TEOPUl KJIACCOB MOJIyTPYII, TAKUX KaK [Ipod/eMa 3J1e-
MEHTapHOI OIPEIEIUMOCTI YHUBEPCAIBHBIX I'padruiecKuX aBTOMATOB UX MOJYTPYII-
MIAMU BXOJIHBIX CUTHAJIOB, IPOOJIEMa aJITOPUTMIIECKONH PA3PEITUMOCTH 3JIEMEHTAPHBIX
TeOpHil KJIaCCOB YHUBEPCAJIBHBIX I'PAMDUIECKAX aBTOMATOB U JIP.
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ABCTPAKTHAA XAPAKTEPUSAIINA TTOJIVTPVIIII BXOAHBIX
CUT'HAJIOB YHUBEPCAJIBHBIX TUITEPTPAONYECKUX
ABTOMATOB
B. A. Moayanos, E. B. XBopoctyxuna
CI'Y um. H.I'. Yepnviuescrozo, CI'TY umenu laeapura [0.A., Capamos
molchanovva@mail.ru, khvorostukhina85@gmail.com

B nacrositieit pabore mIpo/10/2KaI0TC UCCIE0BAHNST ABTOMATOB, Y KOTOPBIX MHO-
JKeCTBa COCTOSTHUI M BBIXOJHBIX CUT'HAJIOB HAJEIEHBI JIOTIOJHATEBHON ajredbpande-
ckoil crpykTypoii runeprpada [1]. DTo mocrarodHo MUPOKUil M BaXKHBI KJIACC aB-
TOMATOB, TaK KaK OH COJIEPYKUT, B YaCTHOCTHU, aBTOMAThl, Y KOTOPBIX runeprpadbl
COCTOSTHWI U BBIXOIHBIX CHMBOJIOB SIBJISTFOTCS TIJIOCKOCTSIMU.

B pabore paccmarpupatorcsa rumeprpadbl ocoboro Buga — p-rureprpads. Iloa
p-runeprpadom noHnMaeTcs ajarebpandeckast cucrema Buga H = (X, L), tme X —
HEIyCTOe MHOXKECTBO BepHinH U [ — ceMeliCTBO €ro MOJIMHOXKECTB, UMEHYEMbIX T'H-
neppebpaMu Wi IpoCTO pebpami, YJAOBIETBOPsIIOlIee CaeayonmmM akcuoman: (A;)
JIEOOBIE P BEPIIUH COJIEPIKATCS B OJJHOM M TOJIBKO OfHOM pebpe; (Ay) Kaxoe pebpo
COJICPKUT TO Kpaifneit Mepe p + 1 Bepmuny; (A3) B MHOXKecTBe X ecth (p + 1)-
9JIEMEHTHOE MHOXKECTBO, He TpuHaJIexkalee Hu ogHomy pebpy. Hampumep, adpdbun-
Has W [IPOEKTUBHAS IJIOCKOCTU SBJIAIOTCA 2-THeprpadamu.

[naBHOe BHUMAHME B HAIUX UCCJICIOBAHUSX Y/CISICTCH, TaK HA3BIBACMBIM, YHU-
BepCaJIbHBIM rureprpaduIecKuM aproMaTaM [2], HoJIaBTOMAThl KOTOPBIX OXBATHIBAIOT
Bce roMOMOp(HBIE 00pa3bl PACCMATPUBAEMbBIX I'IIeprpaduIecKuX aBTOMATOB. Takoii
YHUBEPCAJILHBII ABTOMAT OIIPEJIEJIsieTCs JIJIsi IIPOU3BOJILHBIX runeprpados Hy, Hy
kak apromar Atm(Hy, Hy) = (Hx, Hy,S,0,\) ¢ mOJyrpynmoil BXOJHBIX CHTHAJIOB
S = End(Hy) x Hom(Hy, Hy ), dyukuuneit nepexoaos d(z,s) = ¢(r) u BBIXOTHOI
dyukrmeit A(z,s) = () (rpe = € Xy, s = (p,v¢) € S(Hx, Hy)).

Panee y:xe ObLia uccieoBana IpodJieMa KOHKPETHOW XapaKTepHU3alluud YHUBEp-
caJIbHBIX Tuneprpaduaeckux aBroMaroB [3], 3ajada abCTPaKTHON XapakTepus3aiumn
YVHUBEPCAJTBHBIX Tuieprpaduueckux aBToMaros |4, mpobiema ornpejessieMocT aBTo-
MaTOB TIOJIyI'PYIIIAMU BXOHBIX CUTHAJIOB, 38/1a4a IIPEJ/ICTAB/IEHUs] ABTOMATA aBTOHOM-
HBIMH BXOJHBIME curHasamu |5|. B HacTostineii pabore permaercs 3aadqa abCTpakTHOI
XapaKTePU3aIlly MMOJTyTPYIIT BXOJHBIX CUT'HAJIOB YHUBEPCAJIBHBIX THIIEPIPA(DUIeCKIX
aBTOMATOB. JTa 1podieMa (POPMYIUPYeTCs CJIELYIONUM 00Pa30M: IIPU KAKUX yCJIOBU-
SIX TIPOU3BOJIbHAS MOIyTpyIna S Oyner m30MopdHA MOTYTPYIITe BXOIHBIX CUTHAJIOB
yHUBepcaabHOro runeprpadudeckoro apromara Atm(Hy, Hy) Jjisi HEKOTODBIX I'ii-
neprpados Hy, Hy.
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Teopema. Haiisenst takne popmyiinl Z (), Ei(x,y), Edge;(x1, xa, ..., Tpi1),i = 1,2,
9JIEMEHTAPHOH TeOpHUH IOJIYIPYIII, 9TO JIobas Hoayrpymnmna S B TOM H TOJBKO TOM
ciaydae Gyaer n30MOpgHa HOJIYTDPYIIIE BXOJHBIX CUIHAJIOB HEKOTOPOI'O YHHBEDCAJIb-
HOIO rureprpacuieckoro apromara HaJi HEKOTOPBLIMH p-THUIeprpachaMu, ecju OHa
VZAOBJIETBOPSIET CJCYIOIIAM YCJIOBHSIM:

(90) (‘v’x,y,z)((Z(x) = 52(1'7‘/5)) N (EQ(x7y> N EQ(yv 2) = EQ(y7x) N EQ(xv Z)) N
A (Er(z,y) = (V) (N Ei(zs,ys))));

p+l1
(61) (V%;@,---a$p+1)('_1Z($j) AN Efzp,xp1) = Edgei(z1,T2,...,Tp11))

J
(31ech u gamee i = 1,2);

(§2) (Yo, z9, ... 2pp1) (Bdgei(xq, T2, ..., pp1) = N\ Edgei(ziay, To2), - - Tepr))),
teT

ryre T — MHOXKeCTBO Bcex mpeobpaszoBanmii MHOKecTBa {1,2,...,p+ 1};

_ p
(03) (Voy,2o,...,2p,2,y)( N\ —Ei(xj, xr) A Edge;(v, 21,22, ..., 2,) A
Gk=1,j#k
A Edgei(xpv ey, X2, X1, y) = Edge’b(xa T1,T2y...,Tp-1, y)>a

(0s) (Voi,29,...,7)( : Z(z;) = (3o)( /p\ —Ei(x, ;) AN Edgei(xy, xa, ..., %, x)));

Jj=1

J

~ p=1

(05) (Fx1, 29, ..., 2p01)( N\ Z(xj) N Edge;(x1, 22, ..., Tpi1));
—1

J

(0g) st s06BIX OTOOpaXKeHuii fi, fo 1 S — S BbIIOMHSICTCS

(Va, 21,29, ..., pp1) (Er(z, 21) A Edgey (21, 2a, ..., Tpr1) =

= /\(Ej(fj(x)>fj(171)) A Edge;(fi(w1), fi(x2), .., fi(2p11)))) =

2

= F2)(va)(Z(z) = N\ Ejlzz, f(2))).

j=1

[Tonydennsiit B paboTe pe3y/ibraT MO3BOJISET J0KA3ATh 9JIEMEHTAPHYIO OIIPE/Ie/TU-
MocTh [6] paceMarpuBaeMbIX aBTOMATOB B KJacce MOJIYTPYIII, KOTOPasi ITO3BOJISET
[IPOAHAJIN3UPOBATH B3aAUMOCBA3b 3JIEMEHTAPHBIX CBOICTB 3TUX aBTOMATOB U UX IIOJIY-
IPYIII BXO/IHBIX CUT'HAJIOB.
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OB O/JTHOM CEMEVICTBE KOJIEIl ®OPMAJIbBHBIX MATPUIL
M. ®. Hacpyramnuaos, C. H. Tponun
Kasancxut gedeparvnviti yrusepcumem, Kasanv
sntrnn@gmail.com, marat.nasrutdinov@kpfu.ru

Kosbiia hopMaibHbIX MATPUIL PACCMATPUBAIOTCA B paboTax MHOIMX aBTOPOB (CM.,
Hanpumep, [1, 2]). Mbr paccmarpuBaem HOBBI# Kj1ace KoJierl (pOpMaJIbHbIX MaTPHII, 00~
JIQJIAIONINI JIOCTATOMHO XOPOIINMHU CBO¥icTBaMu. B 9acTHOCTH JI/Isi HUX XOPOIIO OITH-
CBIBAIOTCS IEHTPAaJIbHbIE I 0OPATUMbIE 3JIEMEHTHI KOJIbIIA.

I[Iycts R — accomumaTwBHOE KOJIBIO ¢ eaunuiieit, P — aBycToponHunuii miaean I,
n > 2 — "HarypaJbHoe uncygo. Obo3HaInM Uepe3

R/P R/P ... R/P
P/P? R/P?> ... R/P?
B"(R, P) = {(xi;)|z:;; € By} = | P?)/P>  P/P® ... R/P?

pr=t/pr pr=2/pr .. R/P"
MHOKeCTBO (DOPMAJIbHBIX MATPUIL pasmepa n X n, rae By = R/P' npu i < j, B =
=PI /P" upu i > j, aua mobbix 1 < 4,5 < n.

Teopema 1. Ha muoxecrse B™ (R, P) MOYHO ecTeCTBEHHBIM 00pa30M OIIpe-
JICJIATD OIEePAIIMH CJIOKEHHUS U YMHOXKEHHSsI, MPEBPaIaloniue ero B acCOIHaTHBHOE
KOJIBIIO C €IUHUIIEH.

Hycts X = (zi5) u Y = (y;;) — smementor muoxkectsa B (R, P). Oueparust
YMHOKEHUST BBOJIUTCSI €CTECTBEHHBIM 00pa30M 10 (hopMyJie YMHOKEHUST MATPHUIL

Zij = E LikYkj.
k

Pacrnumem nosipobuee dpopmyiry. PaceMorpuM ¢-Tyio cTpoky X U j-ThIil CTOJIOET]
Y. Jljist HATJISIZTHOCTH BOCIIOJIb3YEMCsT MATPUIHOI 3aChio (BepxHuii nHieke k 3iech
obo3Ha"aeT MpuHaIesKHOCTh Haeany PP PV = R).

| i 02 i 1 i .0 i .0 i 0 i

Zij = (%1 +PLa, P a P+ P+ P ,...,xi,n—i-P)-

0 1,0 2 0 i—1 0 ! i+1 n—1 n\t _
'(yl,j + P Y25 +P yeees Y1 + P/ 1y Yj g +Pjayj+1,j + P? ve Yn g +P")t =
_ i=1,0 i—2,0 0 ,n—j i
=T Yt Ty et T P

Tak Kak UTOrobas CyMMa Oepercs 110 MOJY/II0 P! To pe3ysbTaT CJOXKEeHUd djle-
MEHTOB oIIpeJiesieH KOPPeKTHO. OcTasloch IPOBEPUTH IPHHAJIICKHOCTD SJIEMEHTa Z;j



149

k MHOecTBY By . Heobxomumo mokaszats, aro ) 'y) it r5%y9 et m?ny;‘;l pu-
HajtexuT R npu i < j u P mpu i > ;.

[lepBas qacThb yTBep:KieHusd TpuBuaibia. Ilycts ¢ > j u 1= j+k. Torma j =1—k
1 HeoOXOIUMO TIPOBEPUTDH IIPUHAIE;KHOCTE Heaxy PF. Mmeem

i—1,0 i-2, 0 0, n—l _

Tig Y1 T T Yoyt T T 0Yn s =
i—1,0 -2, 0 k.0 k—1 1
Tin Yig T Tio Yoyt oo T 00 4 Y5 T Ty Yy + oo

1 i-1—j | 0 i—j 0 n—j
T T Yo T Y T T T Y

YyaurbiBasi, 9TO x?ky,f ; € Pot8 g P* C PP upu o > 3 mostyunM IpHUHA,IJIEZKHOCTD
sjeMenTa uaeany P

IIpumep. PaccMoTpum KOJBIO TEJIBIX YHCEJ W TpocToe dYuciao p. Kobio
B3 (Z,pZ) uzomopduo kombiy End(Z, x Z,z2).

D10 KOJIBIIO IpHBE/IeHO B pabore Beprmana [3] (cum. Takxke [4]) B KauecTBe pumepa
HOJTYJIOKAIBHOTO KOJIbIIA, KOTOPOE He BKJIQILIBAETCA B KOJIBIO MATPUIL HAJL KOMMYTa~
TUBHBIM KOJIHIIOM.

Teopema 2. Coorsercrsne P +— B™ (R, P) ectb ¢pyuxTOp M3 Kareropuu (pemnier-
KH) mipeanoB R B Kareropuro KoJiell.

B ciemyronmx TeopemMax OIMCBIBAIOTCHA IEHTPAJbHbIE U OOPATHMBIE 3JIEMEHTHI
kombnia B (R, P).

Teopema 3. Ilentp konbia B™ (R, P) cocrout n3 “cKasispbIx” MaTpHII BIIA

z+ P 0 0
0 24+ P? ... 0
[

ryie sjeMeHT z + P jexkut B 1entpe kojibiia R/P™.
Teopema 5. I'pymma obpatumerx srementos Kobiia B (R, P) cocront us ¢op-
MasIbHBIX MaTpuil (a;;), Yy KOTOPBIX 110 JHATOHAJIH CTOSAT OOPATHMbIE SJIEMEHTEI ;; +

+ Pie UR/PY).

KoncTpykius KojibIia ecTecTBEHHBIM 00pa3oM obobIaeTcs: Ha Mo ryn. [1o jrrobomy
nesomy R-momyimo M crpourcs muoxkectso BM™ (M, P) (hopMaIbHBIX 7 X n-MaTDHIIL,
e Ha ij-M MeCTe IpU < j PACHOJIOKEHbI djeMeHTbl u3 M/P'M | a npu i > j —
seMenTbl u3 P/ M /P'M .

M/PM M/PM ... M/PM
PM/P*M M/PM ... M/P?M
B™W(M,P)=| P*M/P*M  PM/P*M ... M/P*M

Pr1M/PPM PPAM/PPM ... M/PM

Teopema 6. Ha mmoxkecrse B™ (M, P) MOXHO ecTecTBEHHBIM 06pa3oM orpeJie-
smnth ctpykrypy Jesoro B (R, P)-monymrsa. Coorsercrsme M +— B™ (M, P) ecrs
¢dyuxrop u3 R — Mod B xareropuio nesprx B™ (R, P)-mouyeid.
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K TEOPUN HE ITPOCTHIX KOHEYHBIX I'PVIIII
C. B. Ilytnnos
Bpanckuti eocydapemeennuti yrusepcumem umenu axademura U. I I[lemposcrozo,
Bpanck
algebra.bgu@Qyandex.Tu

[Tycrb p — npocroe uucio. ITo O. Keresto [1] noarpynny H rpynnst G Ha3bBAIOT
kBasucyoHopMmassnoit, eciiu HNG, = H, s moboro p € 7(G) 1 KaxK 10§t CHIOBCKOI
p-noarpynns! G, u3 G'.

Teopewma 1. Ecyin B koHedHOI pd-rpyiiine Kaxkgas MaKCUMaJIbHasI IIOJIPYIIa KBa-
3UCyOHOpMAaJIbHA HJIH P-Pa3JIOXKUMa, TO TPYIIITa He MPOCTa.

Teopema 2. Ilycte S — 2-paszioxkmmvasi MaKCHMAJbHAS MOATPYIIIA KOHETHOH
rpynnel G u Sy € Syly(G). Eciin HeKBazucybHOpMAJbHBIE 2-HEPA3TIOKIMBIE MAK-
cuMaJIbHbIE TOArpyHibl B G HMeoT npuMapHble HHJEKCh, To G pasperima.

Teopema 2 ycuusaer Teopemy 1.1.2 u3 [2].

JIuteparypa
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1962. — V. 78. — P. 205-221.

2. Ilytunos C.B. K teopun xoneunbix rpymi. — Bpsuck: ['pymma kommanuit «/le-
caroukas. — 2009.
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AJITEBPANNYECKA{YA CTPYKTVYPA J1JId ITEPECYHETOB
NHIIMJAEHTHOCTE TPUA/ IIJIOCKOTO KYBUYECKOTI'O
AEPEBA, COOTBETCTBVYIOIIINX ITPEOBPA3OBAHUIO
JOHAXBIO
. A. Ilymkapes, B. A. Beizos
Bameckuti 2ocydapemeennniis ynusepcumem, Kupos
vbyzov@yandex.ru

[Tpeobpazosanue Jonaxpio — nmpeobpasoBaHme CIENUAILHOTO BUJIA, JIefCTBYIOIIee
Ha IJIOCKUX JiepeBbsax (uim, 6oJiee 00110, Ha KOMOMHATOPHBIX MHTEPIPETAIIUAX THCET
Karanana, cM., Hanpumep, [1])

B janHoil pabore 1miockue KyOrmdecKue JiepeBbsi pacCMaTPUBAIOTCA KaK CTPYKTY-
PBI, TIOJI00HBIE OMHAPHBIM JIepeBbaM (CM. [2]), cocrosiiue U3 Tpua — CTPYKTYPHBIX
eMHuI, 0OpPa30BAHHBLIX U3 BEPIINHBLI, HE SBJAIOIIEHCS JIMCTOM, U TPEX HMOJOBUHOK
pébep (cm. puc. 1).

5

A
X XK, 2() g\ X, X
OISO VA

Jepeso T' Tlepeso 7(T)

Puc. 1. IIpeobpazoBanue loHaxpio mis gepeBa, pa3dUTOro Ha TPUAIBI

B paborte mnpeioxkena anarebpamdeckasi CTPYKTypa, MO3BOJSONAs (HOPMAIbLHO
onucarh mnpeodbpazosanue /lonaxnpio. CTpykTypa IpejcraBisger coOoil cuMMeTpude-
CKYI0 WHBEPCHYIO IOJIyTPYIIY, JEHCTBYIONIYI0 HA MHOXKECTBE TPHUAJ, U3 KOTOPBIX
COCTOWT JIEPEBO, CHAOXKEHHYIO OJHON JIOTIOJIHUTE/IHHOW yHAPHOW ollepaliueii, Ha3bl-
BaeMoil (MTepaTUBHBIM) 3aMbIKAHIEM.

Harnomunm, uto cummerpuveckas unsepchas noayrpymma (J(A), o, -71) (cm., na-
npumep, [3]) Ha mHOKecTBe A ecThb MHOXKeCTBO J(A) BCEX TACTHIHO ONPEIETEHHBIX
MHBEKTUBHBIX oTOOpazkennit A — A ¢ omeparueit 06190 Kommosuimu o. [Ipu arom
UHBEPCHBII 9JIeMEHT ' K 9aCTHYHO OIpeIe/IéHHol nnbeknun o : A — A crpouted,
HebOpMaJIbHO TOBOPS, OOPAIleHneM BCEX CTPEJIOK.

Onpenenenne 1. [lycts T — mtockoe Kybmdeckoe IepeBO ¢ MHOXKECTBOM TPH-
an A. Unnupenraocteio (7)), coorBercrByorieil jJepeBy 1', Ha3biBaeTcs IsITEPKA
(r, /NG N\, ), oie 7 € A —kopHeBas tpuajga, /, N\, \,, .,/ € J(A) —uacruu-
HO OIpe/IeJIEHHBIE UHBEKINN, Pean3yoliine OTOOparKeHnsT «IIPaBblil OTeIly, <«JIEeBbIi
OTeIl», «IIPaBbIil ChIH», «JIEBBII CHIH» COOTBETCTBEHHO.

ViobHo cuntath snepeBo 1, siBjsiolieecs: obpa3oM JjiepeBa 1 101 JieiicTBUeM Ipe-
obpazoBanns JoHAXBIO, COCTOAIMM N3 TeX K€ CaMbIX TPHUAJ, ITO U jepeBo 1, HO
CBSI3aHHBIX MEXKJLy OOl JpYroii MHIMJIEHTHOCTBIO, KOTOPYIO MOXKHO $IBHO BBIUHC-
JINTb B paMKaX HEKOTOPOU areOpamvdeckoil CTPYKTYPHI.

OsHAKO CTAHJAPTHBIX OMeparyii © u -~ Jisi 9TOr0 OKa3bIBAETCsT HEJIOCTATOUHO:
[PUXOJUTCS BBECTH B PACCMOTPEHHE eIié ojHy (YHAPHYIO) Ollepaluio, JefiCTBYIONLY O
Ha MHOYKECTBE YaCTHIHO OIIPE/IeIEHHBIX nHbeKIwi J(A), HazBaHHYO (MT€pATHBHBIM )
BAMBIKAHUEM.

Onpenenenne 2. Ilycrs a : A — A —»snement muo)kectBa J(A) ¢ 0biacTbio
oupenenernst D(a), obmacrbio 3nadennii (o) m MHOXKECTBOM HENOJBUKHBIX TOYEK



152

E(a) € D(a)NI(«). Ero nrepaTnBHBIM 3aMbIKAHHEM HA3BIBACTCS YACTUIHO OLPEIe-
JIGHHOE HHBEKTUBHOE oToOpazkenne o @ A — A, onpe/ie/iéHHOe IIOCPEICTBOM IIPABIIIA

o () = {x, ecim x € E(a),
Y, ecam T --» y,
rJle 3allUCh T --+ Y PaBHOCUJIbHA ToMy, 4To ¥ — «a(r) — o?(z) — ... — a™(z) =y
uy ¢ D(a). JononHureabHo 6yJeM CUUTaTh, YTO T --+ X, TOLJA U TOJHKO TOLJA,
ssement x He BxoxuT B D(a) U I(av).
Orobpaxkenne §* e onpesneseno st snementoB A, sxomanmx B I(a)\E(a).
B repmunax nosyuusiieiics aarebpandeckoit crpykrypst (J(A), o, -1 *) ynaéres

omucarb nHNuAeHTHOCTH 0 (1) obpasa T mepesa T 1o jpeficTBueM mpeobpa3oBaHus
JloHaxnblo.
menno, nmeer mecto N
Teopewma. Ilycte T u T — aBa gepepa c obmmm Habopom tpuasg S, T = 17(T) —
obpa3 aepeBa 110J jgedicrBueM 1peobpaszoBanus /loHaxpro. Torma jaist 1obbIx .,y € S
PABHOCHJIBHBI YCJIOBHSI:

A =\ (y) 5 aepese T & o= (\" 0 /)(y) 5 acpese T

()
B. x =\ (y) B J1epeBe T & z= (/o N\")(y) B aepese T;
C. =/ (y) B aepese T & x =\ (y) B gepeBe T';

()

D. 2=/ (y) B aepese T < x =\ (y) B mepese T

Kpowme Toro, ecin sg € S — kopresasi Tpuaza aepesa 1, To KopHesas TpHaza
aepesa T ectb \* (o).
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OOPMAIINN U IICEBIOMHOTI'OOBPA3NA YHAPHBIX AJITEBP
A.JI. PaccTrpurun
Boszozpadckuii 2ocydapcmeennoili coyuanvro-nedazozudeckuti yHusepcumen,
Bonzozpad
rasal@fizmat.vspu.ru

IIcesdommozoobpasuem |1, 2| HazbIBaeTCS KJIACC KOHEYHDBIX ajireOp, 3aMKHY ThIH OT-
HOCHUTEJIbHO B34THA TOJAITeOp, roMOMOP(MHBIX 00pa30B M KOHEYHBIX IMPAMBIX ITPO-
n3BesleHnit. B posm aiaredp MoOryT BBICTYHATh, HAIPUMED, IMOTYTPYIIBL. 1aK IICeB-
JIOMHOT000pa3us MOIYTPYII UI'PAIOT 3HAYUTEIHHYIO POJIb B ajaredpanieckoil Teopun
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aBTOMATOB OJIarojapsi UX CBsi3u ¢ peryssipubivMu s3bikamu |1, 3]. C apyroii cropo-
HBI, [ICEBIOMHOI000pa3usl BOSHUKAIOT IIPY OIMMCAHUE CTPYKTYPHBIX CBOMCTB YHAPHBIX
asrebp [4], 1. e. anrebp, Bce OCHOBHBIE ONEpPAIN KOTOPBIX YHADHBIE.

[TousTue dpopmarun gBjsieTcs: 6oJjiee OOIMNUM U HAXOIUT IIPUMEHEHNE KaK B TEOPUHI
dbopmabHBIX A3BIKOB [3], Tak u, B GosbIeil crenenn, B Teopun rpymi [5]: gopmayuet
Ha3bIBACTCHA KJIACC aaredp, 3aMKHYTHI OTHOCUTEILHO B3ATUSI TOMOMOP(MHBIX 00pa30B
U KOHEUHBIX MOAIPAMBIX ITpousBeieHuii. [lepBonadanbio popMalum ObLIN HCIIOJIB30-
BaHBI IMEHHO /Il U3y YeHNsT KOHETHBIX MDY, & BIOCIEICTBUH |5] 6bLIN PACCMOTPEHBI
dopmanuu anredpamdeckux cucrem. Hapsiny ¢ dpopmarnusMu rpymin pasHbIMU aBTO-
paMu u3ydaJsuch (popMaliun IMpou3BOJILHBIX aareOp, a Tak:ke hopMallnit KOHKPETHBIX
THIIOB ajiredbpandecknx cucreM. PopMarinm Kak KaacChl aJIredpamndecKux CucTeM 0oJ1a-
JATOT CXOXKUMHU € MHOTOOOPA3MsME CBOHCTBAME (CTPYKTYPHBIMU U CHHTAKCHIECKIMI
OIMCAHUSIME), HO B OTJIMYUE OT MHOTOOOpA3Uil MOIyT COCTOSITH TOJBKO M3 KOHEUHBIX
aJyireop.

Kak BujHO u3 onpejenenus, Besgkasd gpopMalius, KOTopagd COCTOUT U3 KOHEYHLIX
ajredp W 3aMKHYTa OTHOCHTEILHO TOJAAreOp, dBJIAETCA ICeBIIOMHOroobpasueM. B
obriem cirydae, KaK U3BECTHO [6], 3aMKHYTOCTH OTHOCUTEIHHO B3sSTHsI TOMOMOP(hHBIX
00pa30B U MPOU3BOJILHBIX MOJIPIMBIX ITPOU3BEICHUI JTIOCTATOYHO JIJIA HAC/IE/ICTBEH-
HOCTHU KJIacca, HO €CJIU OpaTh TOJILKO KOHEYHbBIE TIOJIPSIMbIE ITPOU3BECHUS, TO 3TO HE
BCerjia Tak — He BeAgKasi (hopMallisd ABJIsIeTCsl HacjeCTBeHHOM. K npumepy, mopoxk-
JIeHHAasl TTPOCTOl HeabeseBoit rpymmoit G popMaliss COCTOUT U3 KOHEUHBIX MPIMbBIX
npousBejieHnii Konuii rpynmbl G U He copepKuT ee noarpym |7, riaasa 11, 2.13].

B nacrosimmem cooOIeHnn moKa3bIBACTCA, YTO €CJIU BCE OCHOBHBIE OIEPAIlUN Pac-
CMaTpPUBAEMbIX aJreOp SBJIAIOTCA YHAPHBIMU, TO HMOHATHA (POpPMaIlUNd U IICEBIOMHO-
roobpa3usi COBITa IAIOT:

Teopema 1. Kaxkiast (popmaliisi KOHEIHBIX YHAPHBIX AJreOp sIBJISCTCS IICEeBOM-
HOroobpas3ueM.

VYHapHast ajireOpa Ha3bIBACTCS KOMMYMAMUESHOTU, €C/IA JIIOObIe JIBe €€ olepalun
[IePEeCTAaHOBOYHBI, T. €. ABJIAIOTCH SHJIOMOP(MU3IMAMEI ITOH aJredphI.

Teopema 2. Kaxkiast popMmaliuss KOMMYTATHBHBIX YHAPHBIX aJre6p KOHEIHOI'O
THIIA SIBJISICTCST HACJICJICTBEHHOMH (hopmaruer.
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OIINMCAHUE MOJAJIBHBIX JIOTUK CO CJIABBIM CBOMCTBOM
KO-HAKPBITU
B. B. Pumankuii
Cubupcruii Pedeparvnnti Ynusepcumem, Kpacroapck
Gemmeny@rambler.ru

N3BecTHO, 9TO JOMyCTUMBIE TTPABUJIA BBIBO/IA MOTYT CyIIECTBEHHO YCUIUTD JI€/TyK-
TUBHYIO CHJIy 3aJaHHO# JIoruku. B 9T0il pabore MBI IMOKa3bIBae€M, YTO JIOMYCTUMbBIE
[IpaBUJIa TO3BOJIIOT TaKKe OIUCATh HEKNE TOHKHE CeMaHTHIeCKHe CBOMCTBA JIOTHKH.
A wmenHo, 3ajlaHHas JorukKa HaJT S4 mMmeer cj1aboe CBOMCTBO KO-HAKPBITUI €C/u, 1
TOJIKO €CJTM B HEll JIOMyCTUMBI Ollpejie/IleHHbIe TIPABUIa BBIBOJIA.

loBopuM, 4TO JIOTHKA A, pacHiupsiolias JOruky S4, mmeer cjiaboe CBOCTBO
Ko-HakpbiTuil Hag S4 (weak co-cover property), ecam s J1060r0 KOHETHO-
ro KopHeBoro A-dpeiiMa F 1 IpoU3BOJIBHON HETPUBUAIBLHONW aHTUIICTH X CIyCTKOB
u3 F, dpeitm Fi, moaydeHHBIH J00aB/IeHIEM KaK KOPHS OHOYJIEMEHTHOrO ped.Jiek-
CHBHOI'O KO-HAKpPBLITHS KO peiiny |J o yr c®, raxske aBgerca \-dpeitvowm. Jlorukn,
obJia tarorime STuM cBoiicTBoM, Oyem HasbiBaTh WCP-morukavu nan S4.

[IpaBuno BeBOmA — 1(P1, -+, Pn)s- s @k(P1y---sPn)/B(P1,...,Dn)  Ha3BIBAET-
ca  donycmumvim B jioruke L, ecou i J100bIX  popMmys  O1,...,0, ©3

(Vj «;(61,...,0,) € L) caegyer [((61,...,6,) € L.
s Beex ancen n > 1, 1 < 4,5 < n; n € N, oupenenum HGopMyJIbL:

us 3:Pi/\/\_‘pj§ A, = /\ Omi;

G 1<i<n
Aur =00 A\ (n = =09)]; B:=qV-0q.
1<isn
OHpe,ZLeJII/IM TaKzKe JJId HaTypaJIbHbIX T > 1 II0CJICIOBATCJIbHOCTL IIPpaBUJI BbIBOJA:

O(Ana /\ﬁ(An/\B))_ B
O-A sm=2,3,....

R, =

Teopema 1. Ilycts puHuTHO AIIIPOKCHMHUpPYeMas JOTHKa JIOTHKA \ PaCHIAPSET
jgoruky S4. Bce npaBuia R,, n > 1, n € N, 100ycTHMBI B A €CJIH U TOJBKO €CJIH \
umeer cjraboe CBOHCTBO KO-HAKPBITHI.
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O CTPYKTVYPE IIEPEUNCJINMBIX CTEIIEHEN TEHEPMYECKOI
CBOJIMMOCTHN
A.H. PsibajsioB
Huemumym mamemamuru um. C.JI. Coboresa CO PAH, Omck
alexander.rybalov@gmail.com

[lenepuyecknii 110/IX0T K aJITOPUTMUYECKUM TIpobsieMaM ObLT Tpejjioxken Karo-
BuueM, MscaukosbiM, [nuispaiinom u lynmom B [5]. B pamkax sToro mojgxosa
U3ydJaercs MOBeJIeHne aJIrfOPUTMOB HA MHOXKECTBE “MOYTH BCeX BXOJOB (9TO MHOMKE-
CTBO HA3bIBAETCS TEHEPUYECKUM ), UTHOPHUPYsI MOBEJEHUE AJrOPUTMA HA OCTaJIbHBIX
BXOJIaX, HA KOTOPBIX aJITOPUTM MOXKeT paboTaTh MeJJIEHHO MJIM BOOOINE HE OCTaHAB-
muBarbed. Jxkokym u [y B [4] BBesin aHaIOr THIOPUHIOBOI CBOJUMOCTH JIJIsi PeHe-
putieckoit Berancanmoctu. Hommax u Uryca B [1-3] nsyunim mpobeMbl cyiecTBOBaHAS
MUHUMAJIBHBIX CTeleHell (He 00sI3aTesIbHO IePEeINCINMbIX) ¥ MUHUMAJIbHBIX [ap OT-
HOCHUTEJIbHO TeHEePUIECKON CBOJMMOCTH U JIaJIN YCJIOBHOE PEIeHue 9TOM MpodIeMbl 110
MOJLY/II0O HEKOTOPOT'O YTBEPKIEHUS O CTPYKTYpe CTEIeHel TeHepUIeCKOi CBOJINMOCTH.
B namHOM MOK/1ajIe TIPUBOIATCS PE3YIBTATHI O CTPYKTYPE MEPEUnCIUMBIX CTeleHei
s dekTuBHOI Bepcun renepudeckoii ceojumoctu Jxxokyma-IITymma.

s jroboro moaMHaOXKecTBa S C W ONPEIE/IM CJIEIYIONIYIO MOCIeI0BATEIbHOCTD

Hz:z<n, €S}
n

pn(S) = ,n=1,23,...

Acumnmomu%ec%oﬁ nAOMHOCMBIO S Ha30BEM IIpeaesn (eCJH/I OH CyHleCTByeT)
p(S) = lim p,(S).
n—oo

MuozxkecTBOo S HazbIBaeTCs npeneopesicumvim, ecan p(S) = 0.
Asroputm A : w — w U {7} Ha3bBIBaETCSH 2eHEPUMECKUM, CITH

A. A ocramaBimBaeTcs Ha BCEX BXOJAX U3 W;
B. muoxectBo {1 € w: A(z) = 7} aBngerca npeHeOPEKUMbIM.

MuoxkectBo S C w Ha3BIBACTCS 2€HEPUHECKU PA3PEULUMDBLM, €CJIU CYIIECTBYeT re-
HEPUYECKHIT aJIrOPUTM, BBIYUCIISIONIAN €ro XapaKTepuCcTuiecKyio pyHkimio. Nuade
MHOYKECTBO HA3LIBAETCS 2€HEPUUECKU HEPA3PEUUMBIM.

[Tyctb A — UPOM3BOJIBHOE MHOYKECTBO HATYPAJbHBIX YUCEl. | eHepuMeckum opa-
Kkysaom MHOXKecTBa, A HasbiBaercst byHkImsa ¢4 @ w — {0,1,7} Takas, aro

A. MuoxectBo {z : @4(x) =7} npenebpexmmo.
B.View pa(z) =1 = z € A.
C.Vrew pa(z) =0 = x ¢ A.

MuoxkectBo A C w 2enepuuecku ceodumcs no Tvropuney K Mmuoxkecrsy B C w, ecin
cymiecTByer Marmuaa M ¢ KoMaHIaMu o0palieHnst K OpaKyly Takast, 9TO Jjisi JJF00ro
FEeHEPUIECKOT0 OpaKyJia (pp TeHepudecKuit aaroput™m M¥PB BbIYHC/IAET XapaKTepu-
crudeckyto byukmuio A. Obosnadaerca sro A < r B.

Bynem mucars A = joB, ecm A <gr B u B <, A. Onpenennm Takzke rese-
PUYECKYIO THIODHHIOBY crerieHb MHOKecTBa A Kak dyr(A) = {B Cw: B = A},
[enepudeckasi THIODHHIOBA & CTENEHDb MMEPEIUC/INMA, €CJIU COJEPIKUT XOTs OBbI OHO
[EPEeYnCIMMOe MHOXKECTBO. Bysem mmcarh, ato a < b, ecim cymecrsyior A € a u
B € a rakme, uto A < 4r B. Ananormuno ompejensercda orHomenne a < b. Bcee
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FeHEPUYIECKN Pa3peninMble MHOXKECTBA O0pPasyloT OJHY TI'e€HEePUUIECKYI0 ThIOPUHTOBY
creneHb, Koropas obo3Hadaerca 0. g 11060l reHeprndeckoil ThIOPUHIOBOM CTelIeHn
a uMmeer mecto 0 < a.

[Tepeunciaumoe mMHO)KecTBO A Oyiem HasbIBaTh (1 -noAHbLM, €CIU JJisd JII0OOro
nepeducyimmoro B umeer mecto B <9T A. CooTBeTcTByIOIIas CTeleHb Ha3bIBAECT-
cd noanot. ByjaeM Ha3bIBATH T'€HEPUUIECKYIO THIOPUHIOBY MEPEYUCTUMYIO CTEIEHD
a MaKCuMaabHot, ecIu He CYIIeCTBYeT HENOJHON TeHEepUYeCKON THIOPUHITOBOU Iie-
peuucuMoii crerenn b takoit, uto a < b. HenyseBas remepuveckasi ThIOpUHIOBA
NIEPEYNCIINMAad CTEIICHb a HAa3bIBACTCH MUHUMAALHOU, €CTTA HE CYIIECTBYET TAKOI re-
HEPUYIECKO#l ThIOPUHTIOBO# 1epeduncaumMoii crerenn b ayro 0 < b < a.

Teopema. /151 mepednc/IMMbIX cTeleHelH reHepUIeCKOi ThIODHHIOBOI CBOIUMOCTH
HMeeT MeCTO CJe/IyIolee:

A. CyrecTByoT HOJIHBIE T€HEPHIECKUE MTEPETHCTUMBIE CTEIICHH.

B. CymectByror HeCpaBHUMBIE T€HEPHICCKUE THIOPHHTOBBI IEPETUCTUMBIE CTEIICHH.
C. He cymecrByer MaKCcHMAaJIbHOH IN€HEPUIECKOH IIepEednC/IUMON CTEeIIeHH.
D.

He cymecrByer MmunuMaJ/ibHON reHepHIeCKOH THIOPHHI'OBOI MTePedHCIUMOL CTe-
T1eHH.

JlokazaH reHepuvecKkuii aHaJIor Kjaaccuieckoit TeopeMmbl Cakca O pa3/IoKeHUN.

Teopema. Ilyctb A — reHepumdecku HEpa3peIrnMoe MEePEdHCIIMOE MHOYKECTBO.
Torma A = By U By, e By, B1 — Hemepecekarommecs: nepedncImMble MHOXKECTBA,
rakue, 410 A ﬁgT By u A ﬁgT B;.
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JIOTUKA YACTUYHOU ®UKCUPOBAHHOM TOYKU BTOPOT'O
IHOPAIKA IJId KOHEYHBIX AJITEBPANYECKNX CUCTEM
B. C. Cexkopun
Teepcroti 2ocynusepcumem, Teepv
vssekorin@gmail.com

Mpu1 OyJieM paccMaTpuBaTh OOOTAINEHUA A3bIKA JIOTUKH MIEPBOTO U BTOPOT'O TOPSI/I-
KOB OIIEPATOPOM YaCTUYIHON (hDUKCHPOBaHHON TOYKHU. Kak M3BeCTHO, JIOTWKa ITEPBOTO
MOPsiJIKa He T03BOJISET BBIPA3UTh MHOTHE IIPOCTLIE BEIU, HAIPUMED, TPAH3UTHBHOE
3aMbIkaHue. JIormka BToporo mopsjika ropasjo 6ojiee BhIpa3uTesbHa, HO C TPaKTHYe-
CKOIl TOYKHU 3PEHUsI OHA UMeeT HeJOCTATOK: OTCYTCTBUE ABHOTO CIIOCO0A HAXOXKICHUS
[IPEINKATOB, HAXOAIIIXCA 110/ KBanTopamu. CyIecTBYIOT JIpyTrie PACIInPEHUs JIOT -
KU TIEPBOTO MOPAJIKa, HEe UMEIOIIHE STOTO HEJIOCTATKA. B 4aCTHOCTU, K HUM OTHOCATCH
pa3uvHbIe OepaTopbl (DUKCUPOBAHHBIX TOYEK, JIJIsi HUX CIIOCOO HAXOXKJICHUS 3HAa-
YeHus fBHO 3aJlaH B onpejesnennn. Mbl paccmarpuBaeM camblil YHUBEPCAJILHBIN 13
HUX — omneparop 4dactuanoil dpukcupoBauuoii Touku (PFP). IIpeobpasosanue dop-
MYJIbI OT JIOTMKH BTOpOro nopgjika K PFP-joruke ynporimaer Bbraucienue 3nadeHus
dopmyibl. [1aBHBIN HAIT pe3y/IbTaT COCTOUT B TOM, UTO IO JII000OH (hopMyJ/ie JJIOTUKHI
[IEPBOT'O U BTOPOT'O MOPSIIKOB MOXKHO HEIIOCPEICTBEHHO TIOCTPOUTDH SKBUBAJIEHTHYIO €
dopMysTy 1epBOro mopsijka ¢ BCETO JIUIIb OJHUM OIEPATOPOM YaCTHIHON (hUKCHPO-
BaHHOIl TOYKMU.

Onpenenenne. Qopmysoit PFP -jtorukn HazpiBaercst hopmyiia, mocrpoeHHast 110
npaBuJIaM KJIACCHIECKOH JIOTHKH C HCITOJIb30BaAaHUEM OIlepaTopa YaCTHIHOH (PUKCHPO-
arnoit roukn PFP : eciim o(Z,y) — dpopmyna co cBOGOIHBIMEI IEDEMEHHBIMH T U
costepzkalijasi HeCUTHATYPHDIE TIPEIUKATHBIH CUMBOJ (), TO PFPQ(Q)(go) — ¢popmyita
HCXOIHOIH CHTHATYDBI, coJlepKaliiasi CBOOoIHbIe lepeMeHHble T u Y. [Ipu srom jmmna
cosriastaet ¢ Mmectaoctbio Q. Ilycrs A — 310 anrebpandeckast cucrema. 3auxkcupyem
d € || — 3nagenus nepemennsix T . Ilycrn

Q=2 QLi={gelA| Q) Eed)}

JIA 1€ W. ) )

Ecsn cymecrsyer takoif n € w, st koroporo Q% = Q. |, 1o Gysem cunrars
popmyiy PFPg (¢)(d, §) merunnoii npu § € Q24 u noxnoit upu §j ¢ Q. Ecm xe
VKa3aHHOTO IHCJIa N HE CYIIEeCTBYET, TO (DOPMYJTy CIUTAEM JIOXKHOH.

CuavaJjia MbI JIEMOHCTPUPYEM, UTO K HY?KHOMY BU/Ly MOXKHO ITPe00pPa30BaTh JIOOYIO
dopmysty PFP-moruku nepsoro mopsiaka.

Teopema 1. Ecin anrebpamndeckasl cucreMa KOHEYHa H UMEET OTHOIIEHHE JIHHEH-
HOIo mopsijika, To JJ1s Jiioboit popmysibl PEP -jtornkn ¢ kBanTopamu mepBoro 1nopsijika
MOKHO HOCTPOUTH SKBUBAJICHTHYIO (DOPMYJIY BHIA

(M31) PFP g, (), (%)

rime M — KBaHTOPBI IIEPBOTO IIOPsIJIKa, a ) — (popMyJia JIOTHKH IIEPBOT'O TIOPSIKA.

JlokazaTe/IbcTBO TPOBOIMTCA MHJIYKIIHEH 110 ocTpoennio dpopmysbl. Ham mocta-
TOYHO PACCMOTPETH YeThIpe CIydasi MOCTPOEHUsT (DOPMYJIbL: OTPUTIAHIE, KOHBIOHKIINS,
BioxkeHHbiit PFP-oneparop n kBanTopsl. 13 Oy/1eBbIX CBA30K MBI UCIIOJIB3YEM TOJIb-
KO OTpHullaHME€ N KOH'BbIOHKINUIO, TaK KaK 9€pe3 HUX MO2KHO BbIPa3UTHh BCE€ OCTaJIbHBLIC.
PazobpaB Bce 3TH citydan u oKa3aB, 9TO B KaxKJI0M U3 HUX (DOPMYJIa MOYKET ObITh TIpe-
obpaszoBaHa K BUJLY (*), MBI IIOJIyIHM, 9TO BCE OIIEPATOPHI YaCTUIHON (DUKCHPOBAHHO
TOYKHN MOXKHO 3aMCEHUTDb €IMHCTBCHHBIM.

Jlajtee MBI pacmpocTpaHseM TeopeMmy 1 Ha KBAaHTOPBI BTOPOIO ITOPSIIKA.
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Teopema 2. Eciu ajnrebpandeckasi cucteMa KOHEYHA H HMEET OTHOIIICHUE JIH-
HelHoro nopsijka, 1o s jiioboi ¢opmyisr PFP -jorukn ¢ kBanropamm mepBoro u
BTOPOT'O MOPSJTKOB MOXKHO IIOCTPOUTH SKBHBAJIEHTHYO (DOPMYITYy BHJIA

(Mgl) PFPQ(?z) (¢)7

e M — KBaHTOPBI IIEPBOrO MOPsJiKa, a ¢ — opMyJia JIOTHKH IIEPBOrO MOPSJIKA.

st mokazaTe/IbCTBa JAHHOM TEOPEMbI MbI 3aMEHSIEM KarXK Y0 MOAMOPMYIy BUIOB
(3Q)¢ u (VQ)p Ha omeparop dactuaHoil pukcupoBanHoil Touku. Takum 06pa3oM Mbl
nostyanM pOpMyJIy ¢ KBAaHTOPaMM TOJIHKO MEPBOrO MOpsijiKa, HO HecKoabKumu PFP-
oneparopaMu. ITocse 3Toro MozKeM BOCIOIL30BATLCA TEOPEMOii 1, 4ToObI Ipeodpaszo-
BaTh POPMYJIy K yKa3aHHOMY BU/LY.
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3AMETKI O TEHEPUYECKO! CJIOXKHOCTU 3AJAY
PACITOBHABAHUNA
A.B. CenuBepcToB
Hnemumym npobaem nepedavu ungopmavuu um. A.A. Xapresuua Poccutickoti
axademuu nayk, Mocksa
slvstv@iitp.ru

Bouibiioe BHUMaHME yjiessieTcst U3YyUeHUIO 2eHepuyeckus aaropurMos (Pwibasios,
2017 u 2018). OHu ciryzKaT BazKHBIM YACTHBIM CJIy9aeM BPUCTUIECKUX AJTOPUTMOB,
KOIJIa Ha MTOYTH JIFOOOM BXOJIE PE3YIBTATOM PAOOTHI aJITOPUTMA CIIYZKAT MTPABUIbHBIIN
OTBET, HO Ha MPEHeOPEKUMO MAJION JI0JIe BXOJIOB (TO €CTh JI0J1e, CTPEMSIIEcs K Hy-
JIF0 TPU YBEJMYEHUN JIJINHBI BXOJA) AJTOPUTM MOXKET OTKA3aThCsl OT BBIYHC/ICHMUIL,
BbIIaBas ABHO coolIeHne 06 orkase. HampoTus, oTcyTcTBHE OBICTPOIO T€HEPUUIECKO-
ro aJITOPUTMa CJIy’KUT JIJIsi 0OOCHOBAHUS HAJIEKHOCTH KPUNITOIPADUIECKIX METO/IOB
(Pei6asios, 2016).

B sroit pabore g3bIKOM HA3BIBAETCA HEIYCTOE MHOXKECTBO CJIOB KOHEYHOM JIJTN-
ubl Hal asdasurom {0,1}. f3bIK pacmosHaéTcsi reHEepUYeCKUM AJIrOPUTMOM, €CJIH
QJITOPUTM IIPABUJIBHO PACIIO3HAET Te BXO/Ibl, HA KOTOPHIX HE IPOUCXOJ/IUT OTKAa3a OT
Bbranc/iennsi. QOueBmiHAas TPYIHOCTD CBI3aHA C TE€M, UTO MOC/IEI0BATEIHHOE BBITTOTHE-
HUE BCIO/Iy OIPEIEIEHHOTO U T€HEPUIECKOTO aJrOPUTMOB OJHHOMUAIHHOTO BpEMEHN
MOXKET JIATh TPUBUAJILHBIN NeHEPUYECKHiT aJITOPUTM, KOTOPBIi JTMO0 OTBepraeT BXO/I,
b0 OTKa3biBaeTCs oT BerauciaeHuit. Hampumep, mocpencrsom nabuskn (padding),
KasKjasi 33/[a9a paclo3HABaHUsI CBOJUTCS 3a TOJHHOMHUAIbHOEe BpeMs (o Kapiry) K
3aJ1ave, KOTopas pas3penuMa (TPUBUAIbHBIM) TeHEPUIECKUM aJITOPUTMOM MOJTMHOMM-
AJIbHOTO BPEMEHH.

Omnpenenenune 1. [enepudeckuii alropuT™M Paciio3HaBaHUS HA30BEM HETPUBUAJIb-
HBIM, €CJTH CYIECTBYIOT OECKOHETHOE MHOYKECTBO BXOJIOB, KOTOpbIE OH NMPUHUMAET, U
OeckoHevHOe MHOXKECTBO BXOJIOB, KOTOPbIE OH OTBEPraeT, He OTKA3bIBAsSCh OT BBIYUC-
JIEHUs Ha 9TUX BXOJAX.

[lo amanormu ¢ onpejeseHneM HeyHU(GOPMHBIX KJacCoOB $3bIKOB P/poly un
N P/poly oupepenstorcs HeyHUMDOPMHBIE TeHEPUYIECKIE aJITOPUTMBI.
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Onpenenenue 2. {3bik pacrno3Haércsd HeyHUMDOPMHBIM NeHEPUIECKUM aJrOPUT-
MOM TOJTMHOMUAJIBLHOTO BPEMEHU, €CJIN JIJIsi KaXKJI0i JIIMHBI BXO/a 7. CYIIECTBYET Ta-
Kas mapa OyJIeBBIX CXeM IOJUHOMHUAJBHOIO OT N pa3Mepa, UTO eCJU IepBas CXema
J1aé€T oTBeT 1, TO BXOJI IPUHUMAETCS, KOTJIa BTOpas CXxeMa JaéT OTBeT 1, u oTBepraer-
cd, Korjia Bropas cxema gaét orseT (. [Ipm sTom /019 BXO/IOB JIMHBL 1, HA KOTOPBIX
nepBas cxema Jaét orBer (), crpemMuTcs K Hyso ¢ poctoMm n. Orer () mepBoii cxeMbl
O3HaYaeT, YTO aJTOPUTM OTKa3bIBaeTcd OT Bbruucsenuii. Ecin obe OysieBbl cXeMbl BbI-
YUCJIMMBI 38 TTOJTMTHOMUAJIBLHOE BPEMS, 9TO OIpeiesieHNe SKBUBAJIEHTHO OIPE/Ie/IEHIIO
FEHEPUYIECKOTO aJITOPUTMa MOJMHOMUAIBHOT'O BPEMEHHU.

Teopema 1. Ecjin si3pIk nnpuHa iexxuT nepecedenuro kiaaccoB coN PN N P/poly,
TO OH CBOJIUTCSI 3a IIOJIMHOMHAJIBHOE BPEMSI K SI3BIKY, PACIIO3HABAEMOMY HETPHUBHAJIb-
HBIM HEeYHH(POPMHBIM T'€HEPUIECKHM aJTOPHTMOM ITOJTHHOMHAIBHOIO BPEMEHH.

okazaresbeTBo TeopeMbl 1 ucnosib3yer Habusky (padding); oHa He Jaér mpak-
TUYECKU I0JIe3HOro ajropurma. OHako Teopema 1 ycTaHAB/IMBAET CBA3b BBIYUCJIH-
TEJIbHO CJIOKHOCTH (B Xy/IIIIEM CJIydae) ¢ NeHEePUIeCKOil CJIOKHOCTHIO (B THIIHIHOM
ciydae).

[TepeitiéM K HETPUBUAJILHBIM M€HEPUYECKUM AJITOPUTMAaM IOJTNHOMHUAILHOIO Bpe-
MEHH JIJIsl pellleHns TPUKJIaIHBIX 3a/1a4. T0YKa Ha BEIEeCTBEHHON ITOBEPXHOCTH HA3bI-
BAaETCs SJIIUIITUYIECKON, eCTU B €€ OKPECTHOCTU IMOBEPXHOCTH AITPOKCUMUPYETCS JI-
JIUTITHYECKUM ITapadosonioM. Pacro3naBanue /UTHITHIECKIX TOYEK HA [IOBEPXHOCTU
Ur'PaeT BaXKHYIO POJIb B CUCTEMAX aBTOMATH3MPOBAHHOIO ITPOEKTUpOBanusd. B qacTHo-
CTH, JUIMITUIECKIX TOYEK HET Ha MMUPOKO UCIOJIb3YEMbIX JTUHENIATHIX TTOBEPXHOCTIX
(Vrsek, 2018). TIpumepamu JinHEHIATHIX TOBEPXHOCTEl CJIYKAT IHJIMHIPHI U 30HTHK
YurHu.

[TonaTue 3/TMITHYECKON TOYKN 0000IIAETCs JIJTsi BENECTBEHHBIX THIIEPIIOBEPXHO-
cTeil TPOW3BOJIBHON paszMepHocTH. Ha rpaduke MHOrowIeHa /UIMNTHYECKAT TOYKA
COOTBETCTBYET TOUKE U3 00JIACTU OIPeJie/IeHns], B KOTOPOI MaTPHIlA BTOPBIX YACTHBIX
MIPOU3BOIHBIX 3TONO MHOTOYJIEHA 3HAKOOIIPE/Ie/IeHa.

MHoro4JIeHbI OTOXKJIECTBIIAIOTCS C TOC/IE/I0BATEIbHOCTBIO pAIlMOHAIBLHBIX JIPO0eii,
YUCTIUTEb U 3HAMEHATETbh KOTOPBIX 3allUCAHBI B IBOMYHON CHUCTEME.

Teopema 2. /lano neuérroe 1esoe qucyao d > 3. MHOXKeCcTBO MHOTOYJICHOB CTe-
rnenu d OT JBYX MEPEMEHHBIX HaJ] MOJIeM DAIIHMOHAJIBHBIX HHCE, TPDAUKH KOTOPBIX
coJieprKaT JITHITHIECKHe TOUYKH, PACITO3HAETCST HETPUBHAJIBHBIM T'€HEPUIECKHM aJl-
TOPUTMOM IIOJIMHOMHUAJIBHOIO BPEMEHH.

Orpanuvenue Ha CTeleHb CyecTBeHHO. ['padukom auHeiiHON DYHKIME OT JIBYX
IepeMEHHBIX CIIYKUT IJIOCKOCTh, He MMEIOIIasl SJITUITHIeCKIX Todek. e ke cre-
[eHb PaBHA JIBYM, TO CYIIECTBOBAHUE SJLIUITUIECCKON TOUKM PACIIO3ZHAETCS JIETEPMU-
HUPOBAHHBIM AJTOPUTMOM 3a IOJIMHOMUAILHOE BpEMS.

Teopema 3. /lano HeuéTHOE 11es10e uncao d > 3. MHO>kecTBO MHOIOYJIEHOB CTe-
rnean d oT TPEX MEPEMEHHBIX HAaJ MOJIEM DAI[HOHAJBHBIX IHCeN, I'PapUKH KOTOPBIX
COJIEPKAT JUIMITHIECKHE TOYKH, DACIIO3HAETCS HETPUBHAJBHBIM T'€HEPUIECKUM aJl-
TOPUTMOM IOJTHHOMHAJILHOTO BPEMEHH.

Obrmast njest J10Ka3aTeIbCTBa TEOPEM 2 U 3 COCTOUT B TOM, UTO JIJIsd MTOYTH BCEX
paccMaTpUBaeMbIX MHOTOYJIEHOB IpadUK COJEPKUT SJLIUNTUIECKYIO TOUKY. (Ppasa
‘I TOYTH BCceX  O3HAYaeT: “JIjIs BCEX, KPOME HEKOTOPOIl YacTh MHOYXKECTBa HyJIeit
HEKOTOPOI'O MHOTOYJIEHA, HE PABHOTO TOXKJIECTBEHHO HYI0".) Bosee Toro, mis mouru
BCEX TAKUX MHOI'OYJIEHOB JUIMITHYECKAsd TOYKa Ha rpaduke MoxKeT ObITh HailjieHa
3a MOJIMHOMUAJIBLHOE BPEMsI; 9TO Hambojiee TPY/JIHAs YacTh JoKasareabcrBa. C Jpy-
roif CTOPOHBI, CYMIECTBYIOT JIETKO PacCIO3HABAaeMble MHOTOUIEHBI, TPAMUKI KOTOPBIX
He COJIEPXKAT JIIUNTUYecKuX TodeK. Hanpumep, TakoB jir000it MHOIOMIEH, KOTOPDIi
JIMHENHOIl 3aMEHON IepeMEeHHBIX HPUBOAUTCA K MHOI'OYJIEHY OT OJ{HON IepEeMEHHON.
Ero rpacdukom ciayxut mumunap. TakxKe 3JUIMITUYIECKUX TOYEK HET HA 00€3bIHbEM
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ceqie. OneHKa JI0JM BXOJOB, Ha KOTOPBIX aJrOPUTM OTKAa3bIBAETCS OT BBIYUC/ICHUS,
ucnosb3yer jgemmy [Bapra—3unnens (Schwartz, 1980).

lenepryecKnii aJrOpuT™M CHadaIa MBITACTCA HAWTH 3/UIMIITHYIECKYIO TOUKY. Eem
9TO YIAETCs, TO BXOJ, IpUHUMAaeTcs. VHaue poBepsaeTcst IPUHAIIEKHOCTh MHOTOWIE-
Ha K M3BECTHBIM CeMeicTBaM MHOI'O4JI€EHOB, 9bU Fpa(bI/IKI/I HE CcoJiepzKaT IJIJITUIITUYIC-
ckux Tovek. Eciim 910 ynaéres, To BXoJ oTBepraercs. MHade BbIIAETCA yBeIOMICHUE
06 OTKa3e OT BBIYHMCJICHUS.
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N30MOP®UNU3MBI PEITETOK ITOJAJITEBP ITIOJIYKOJIELL
HEIIPEPBIBHBIX JEVNCTBUTEJIBHO3HAUYHBIX OVHKIINI C
MAX-CJIOZ2KEHUEM
B. B. Cunopos
Bamexui 2ocydapemeennoti ynusepcumem, 2. Kupos
sedoy vadim@mail.Tu

[Tostyko/bII0M HasbiBaeTcst ajirebpandeckas cucreMma (S, +, -0, 1), vae (S, +,0) —
KOMMYTATHBHBII MOHOWJ C HEATpaIbHBIM 3seMeHToM HyIb 0, (S,-, 1) — MonOUT C
HEHTPAJIBLHBIM 3JIEMEHTOM €JIMHUIA 1, YMHOXKEHUE JTUCTPUOYTUBHO OTHOCUTEIBHO CJIO-
kerus ¢ obenx ctopoH n 0-a =a-0 =0 mra Bcex a € S. Muoxkecrso R, Heorpu-
HATEJIbHBIX JIEHCTBUTETBLHBIX YHCEJI C OIePAIUSIME CJI0KEHUSI U YMHOYKEHUS SABJIAETCH
MTOJTYKOJIBITOM.

Bamennm B R, obbranoe cioxkennme Ha max-ciaoxkenne V: a Vb = max{a,b}.
[Tostyaum nostykosbio Ry Y. Muoxkecrso CV(X) menpepbiBubix R, Y -3Ha9HbIX (DyHK-
Ui, 38JJAHHBIX Ha TPOU3BOJILHOM TOIIOJIOTTYECKOM IIPOCTPAHCTBE X, C IOTOYEYHBIMEI
oTIeparsIMi Max-CA0KEHUS U YMHOKeHU (DYHKIINNA ABJISAETCS MTOTYKOIBIIOM.

Kiaccuueckas teopema lenbdanga—Konmoroposa [1| yrBepxkaaer, 9ro jijis Jiio-
60ro TUXOHOBCKOrO npocrpanctBa X crekTp kojbia C(X) HenpepbIBHBIX JIefiCTBU-
TEJIbHOBHATHBIX (DYHKINI TOMeOMOP(MEH CTOYH-UEXOBCKOI KoMmmakTudukarun [5.X.
B wacrHocTH, TOOIOrWs MPOM3BOJILHOTO KoMIakTa X ompeessiercs Koubiom C(X).
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DToT pe3ysbrar OblI pacupocTpaHeH XbIOUTTOM [2] Ha JeflcTBIUTeIbHO-KOMIIAK THBIE
npocTpancTBa X, Ha3bIBaEMbIe TElePb XbIOUTTOBCKUMHE (TOMOJOMMYIECKOe TPOCTPaH-
CTBO HA3BIBACTCH XBIOUTTOBCKUM, €CJIM OHO TOMEOMOPGHO 3aMKHYTOMY IIO/IIPOCTPAH-
CTBY HEKOTODPON THXOHOBCKOM crerneHu mpsmoii R). BaxKHOCTH XbIOMTTOBCKUX PO-
crpancTB B Teopun Kojier, C'(X) 1 CBA3aHHBIX ¢ HUMH AJreOpanviecKnxX CUCTEM Herpe-
PBIBHBIX (DYHKIHI COCTOUT B TOM, UTO JIjIsi JIIOOOrO TOMOJOTHIECKOTO POCTPAHCTBA
X' HaiiryTcsl THXOHOBCKOE HMPOCTPAHCTBO TX ¥ XBIOUTTOBCKOE IPOCTPAHCTBO UTX
takue, 4To Kosiblia C(X), C(7X) n v7C(X) xanonmdeckn m30MOPGHBI. XBIOUTT
JIOKA3aJI, 9T0 ¢ TOYHOCTHIO JIO TOMEOMOP(U3Ma, XbIOUTTOBCKUX HPOCTPAHCTB VTX U
v7Y CcymecTByIoT JHIIb ToXKecTBeHHble n3oMopdusmbl Koster; C(X) n C(Y).

Kompro C(X) asasgerca R-anrebpoit. Hemycroe mogvuoxkectso A kosbiia C'(X)
6yner ero momanrebpoit, ecim f + g, fg,rf € A maa mobex f,g € C(X) u
r € R. O6oznaunm vepes A(C(X)) pemerky R-nomanrebp kombuna C(X) orHOCH-
TesibHO BRUOYeHus. [lo ananormm naszosem mopmuoxkectBo A C CV(X) mnomasre6-
poit, ecm f V g, fg,rf € A nna scex f,g € A mr € R,Y. Takum obpaszom,
MBI OyJIeM yHOTPeO/IATh TEPMUH <«IoJajredpar B 0Oojiee MUPOKOM CMBIC/IE, HEXKe-
JIM KOJIBIIO, OJIHOBPEMEHHO SIBJIAIONIEECs BEKTOPHBIM IIpocTpancTBoM. [loganrebpoit B
CY(X) 6yzer, nHanpumep, MHO)KeCTBO dyHKIMA-KOHCTAaHT R, Y 1 MHOXKeCTBO (byHK-
muit M, ={f € CY(X): f(z) = 0}. O6o3natmm 1depe3 A(CY(X)) permerky momas-
re6p nosykosbita CV(X) orHocurenbHo BRodenuss C, a depes depe3 A (CVY (X)) —
ee MOJIPEIeTKY Mofaaredp ¢ eIMHUIE.

B 1997 r. E. M. Beuromos 3amernn [3|, aro B Teopeme Xpionrra Kosbio C'(X)
MOKHO 3aMenuTb Ha pemietky A(C(X)). Apyrumu ciaoBamu, Jyist JIIOOBIX XBIOUT-
ToBcKux npoctpanctB X u Y msomopdusm pererok A(C(X)) u A(C(Y)) Bieuer
romeomopdusm npocrpancts X u Y. OTcioja, B 9aCTHOCTHU, CJAEIYET, ITO JIJIsT IIPO-
M3BOJIBHBIX TOMOJIOMHYeCKUX TpocTpancts X u Y msomopdusm perreror A(C(X))
u A(C(Y)) Baeuer uzomopdusm koster, C'(X) n C(Y).

B pabore [4] mbr nmepenecsm pesynsrar E.M. BeuromoBa Ha ciaydaii pererok
noganredbp A(CY(X)) u A (CY(X)). Hamomunm, 9T0 IEHTPaJbHBIMI DE3YJIbTATA-
mu [4] sBasiores JBe Teopembl. CorIacHO mepBoii TOMOIOrHs JTI000r0 XbIOUTTOBCKOTO
npocrpanctBa X onpegenserca kak pemerkoit A(CY(X)) nomanrebp mosykosbia
CY(X), Tak u ee noapemterkoit A;(C" (X)) nomanre6p ¢ exunueil. Bropast Teopema
SIBJISICTCS CJICJICTBUEM II€PBOIl M TOBOPHUT HAM O TOM, UTO JIsl IIPOU3BOJIBHBIX TOIO-
joruyecknx npocrpanctB X u Y wmsomopdusm pererok A(CY(X)) u A(CY(Y))
wm A (CY(X)) n A(CY(Y)) Breder uzomopdusm mosykoser; CV(X) u CV(Y).
O6paTHoe yTBepK/IeHIe, KaK MOKa3bIBACT CJICIYIOIIIIA IPUMED, HEBEPHO.

IIpumep. Eciu X = {z,y} — auckpernoe mnpocrpanctso, to CY(X) =
= R,V xR,Y. Ilpaswio ¢: (a,b) +— (a,b?) szamaer aBroMOpPdHU3M MOJYKOIBLIA
CY(X), koropslii e ungynupyer apromopdusmsl permerok A(CY (X)) u A(CY (X)),
Tak Kak ©: (2,2) — (2,4) ¢ RV, re. Y(R,Y) # R,V (MOXKHO Jl0Ka3aTh, 4TO aB-
tromopdusmbl pemterok A(CY (X)) u A (CY(X)) ocrapisior nojganrebpy KOHCTaHT
R." Ha mecre).

Bosznukaror ciaeayromuye eCTeCTBEeHHbIE BOIIPOCHI.

1. Kak ycrpoenst uzomopdusmbl nosykosen; CY(X), KOTOpble MHILyIUPYIOT H30-
mopdusmbl pemerok A(CY (X)) n A (CY(X))?

2. Kak ycrpoensr nzomopdusmsl pemerok A(CY(X)) u A (CY(X))? B gacrao-
CTH, CYIIECTBYIOT JI H30MOPhU3MBI 9THX DPEIIeTOK, KOTOPble He MHJLYI[HPYIOTCs
nsomopdusmamu mnosykoser, CV(X)?

Hamu IIOJIy49€H I/IC“IeprIBaIOHH/IIU/I OTBET Ha IIOCTaBJIEHHLIC BOIIPOCHI.
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O I'PVYIIITAX C KOHEYHBIM PETI'VJISIPHBIM
ABTOMOP®U3MOM
A.N. CozyTos
Cubupcrutl gedeparvhoiti yrusepcumem, Kpacrosapck
sozutov__at@mail.Tu

Uccnenyroress Geckoneunble nepuoauueckue rpynnsl G = F X (a), B KOTOPbIX
Cr(a) = 1 u Bee noarpynust uga Ly = (a,a’) (t € F#) koneunsr; nasosem F sipom
rpynnbsl G, a BHenrHuil aBromopdusm f — f¢ rpynnbsl F' — KOHEYHBIM peryisspHbIM
aBTOMOP(U3MOM.

Kak cienyer n3 yka3aHHBIX YCIOBUI KaKias U3 HMOArPYIIl L; SBISETCA IIOJIy-
IpsSMBIM TIpousBesierneM Fy X\ (a), s1eMeHT a JeficTByeT (COUpszZKeHHeM) Ha sijipe
F, = F N L; perynsipao (6e3 HEMOABUAKHBIX TOUeK |1, cTp. 65|, cBOGOIHO), sjemenT ¢
IPUHAJICKAT I} M 91eMeHTBI @, at COUPSKEHBI B L;; B 4aCTHOCTHU, 4 — PACIHICILIs-
eMblil apToMopdu3M rpynnsl F.

Korna mopsiok napynmpoBannoro Ha F; aBromopdusma a; : f — f¢ mpocroe unc-
70 p, aapo F; mmabnorentHo kinacca < h(p) (teopemsr Tommcona [2] u Xurmena [3)),
a B Cllydae COCTaBHOIO |a|, sapo Fy paspemmumo |1, ciegcrsus kiaccudukarmu,
Teopema 1.48].

Pabouas runoresa Hammx HCCJIG,ILOB&HI/IIZZ HepHO,HHHGCKaH rpyiiia ¢ KOHE9YHbIM pDE-

TYJISIPHBIM ABTOMOP(MH3MOM 9E€THOIO MOPsIKA JIOKAJIBHO KOHEIHA (M JIOKAJIbHO Pas3-
perruma,).

B rostomopde rpynust HoBukosa-Agana B(m, n) (n — nederHoe ducio > 665) [4]
ecTb Geckoneunble noarpynibl Buga G = F N (a), B KOTOPbIX @ UHJIYIUPYET pac-
IeIIsieMblil pery/igpHbiil aBroMopdusM Hopsaka n rpyiubl (sapa) F', u B KOTO-
PBIX @ HHIYIUPYET PEryIsapHbIil aBToMOpdu3M mopsaka 2m rpymis F', 31ecs m —
HEEIMHUYHbIN JIeJIUTEb YUCIa 7, TAK-9TO YCJIOBHE KOHEIHOCTU DPEryJIsIPHOIO ABTO-
Mopdu3Ma B TUIIoTe3e He JMIHee. B 4acTHOCTH, CYIIECTBYIOT He JIOKAJIbHO KOHEUHbIe
[EPUOINYECKHE TPYIILI ¢ PEryJsPHBIM aBTOMOPGMU3MOM TOpsKa 3 U MOpsaaka 6.
BamernM, uTo J06asg GecKOHeUHas TOArpyna rpyumnsl B(m,n) He momyckaer pery-
JIIPHBIX aBTOMOPGbU3MOB Topsiika 2K .

Urak, mycts gamee G = F XN (a) — nepuommueckas rpymmna, Cr(a) = 1, Bce
noprpynnst Ly = (a,a') (t € F#) xoneunsl u, Kak mokasano Bbime, L; = (a,t),
aF = a. Ussecrno, uto B ciayuae |a] = 2 rpynna F abenesa, a B ciydae |a| = 3
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— HWIBNOTEHTHa. B ciyvae |a| = 4 runoresa okaszajgach SKBHBAJIEHTHON BOIPOCY
I1. B. Mymskoro 12.100 u3 [5]:

12.100. Besikast sin mepuoandecKkast rpyIia ¢ peryasipHbIM aBTOMOP(hHUIMOM TTOPSIJI-
Ka 4 SIBJISEeTCs JIOKAJIHHO KOHETHOH !

B ciyuae |a| = p, p — HedeTHOE TpocTOE Um0, moaydaeMm sorpoc B.I1. Illyrkosa
6.56 [5]:

6.56. Ilycte G = F - (a) — rpynna ®@pobenuyca, npudeM jlomnoJHeHne (a) HMeer
mpocroii nopsinok. Ecim G 6uHapHO KOHEeYHA, TO OyaeT Jii OHa JIOKAJIbHO KOHEIHOH !
Ecou rpynmer {(a,a?) komeunsr juist Bcex g € G, To Gyger s siapo F jtokaibHO
KoHevHoIt rpymmoi? Komventapuii 1995 r.: sToT Borpoc pasHocujieH Borpocy 10.74.

B mammux nccnenopanusx |a| = 2p, rue p — upocroe quciio. VccaegoBanus omu-
patoTcs Ha ciejyronue usBecrble pesyibrarsl. [. Topencreiin u U. Xepcreitn [6]
JIOKA3aJIM, YTO KOHEYHAs TPYIIA C PEryJsipHbIM aBTOMOPMU3MOM HOpsaKa 4 pas-
pernma, a ee KomMmyrtanT Husbrnorenren. JI.I. Kosau [7| ycranosmi, aro BrOpOii
KOMMYTAHT JIOKQJILHO KOHEYHON T'PYIIIBI, JIOIMYCKAIONIEH peryispHblii aBToMOpdu3M
nopsijika 4, COJEPKUTCS B ee IeHTpe. Pa3peimnMocTb KOHEYHBIX IPYIII € PEryJIsPHBIM
aBTOMOPGhU3MOM @ TOpsiiKa 2p U HeKoTOpbiMK orpammdenusamu na C(aP) mokazana
B. ®ummepowm (8] (em. [1, erp. 123]). E.U. Xyxpo mokaszaj HUILIOTEHTHOCTD JOKATIBHO
Pa3penMMOoii IPYIIIIbI ¢ PACIIEIIAIONIIM aBTOMOPMU3MOM TIOPsiJIKa P U OPPAHUIMII €€
KJs1ace Huabnorentaoctw |9, 10].

O6osnaunm a? =i, C =Cp(i) u N;={f € F|f'=f"1}.
Teopema 1. Eciu |a| = 4 u st mto6oro HeequHuIHOTO 31eMenTa b € N; MHOXKeCTBO
b¢ komeuno, To rpymma F JokagbpHO KoHeuHa. B wacrHocTH, rpymma F o J1oKagbHO

KOHeYHa, KOIjia MHOXKecTBO N; He COJep:KHT GEeCKOHEUHBIX 3JIeMEeHTAPHbBIX abe/1eBbIX
IIOJITPYIII.

B Teopemax 2-3 |a?| = p — npocroe HeuerHoe uucio u rpynna G yjaoBieTBopser
CJIEJIYIONIEMY JIONOJTHUTEIbHOMY yCjioBuio u3 [11]:

(*) mas mo6oro ssementa t € F'\ C noarpynna (i,a*) sBisiercs KOHEUHOH T'pyTi-

noit @pobennyca ¢ HEMHBAPUAHTHLIM MHOXKHUTE/IEM YEeTHOT'O IMOPAJIKA, COJEPIKAIIIM

s7eMenT at.

Teopema 2. ®akrtop-rpynmna rpymisl F XN (a?) o nogrpymme Z = O,(Z(F)) ss-

sagerca rpynnoi @pobernmyca ¢ gapom I w gomosHenmeM HOpsaka p, U JJIS Hee
BBIIIOJIHSIIOTCST yCJI0BHsT Boripoca 6.56 [5].

Teopema 3. FEciau nogrpynna C' JioKaJibHO KOHedHa, TO u rpynmna F' jokaabHO
KoHe4Ha. B gacrHocTH, B ciydae |a| = 6 rpymma F' Jl0KagIbHO KOHEUHA.

UcciteioBanne BBITIOIHEHO TIpu (bUHAHCOBOM nojiepkke PODPI B pamkax HaydIHOTrO
mpoekTa Ne 19-01-00566 A.

JImteparypa
1. Topencreitn /. Koneunnie npoctsie rpynmnsl. — M.: Mup, 1985.

2. Thompson J.G. Finite groups with fixed-point-free automorphisms of prime
order // Proc. Nat. Acad. Sci. U.S.A. — 1959. — V. 45. — P. 578-58]1.

3. Higman G. Groups and ring which have automorphisms without non-trivial fixed
elements // J. London Math. Soc. — 1957. — V. 32. — P. 321-334.

4. Apgu C.U. Ilpobaema Beprcaiina u Toxxaectsa B rpymmax. — M.: Hayka, 1975.

5. Koyposckas terpajb. Hepertenabie Boripockl Teopuu rpyiir. — 18-e uzmanue, Ho-
Bocubupcek: Nucturyt maremarukun CO PAH, 2015.



164

6. Gorenstein D.; Herstein I.N. Finite Groups admitting a fixed-point-free
automorphism of order 4 // Am. J. Math. — 1961. — V. 83. P. 71-78.

7. Kovacs L. G. Groups with regular automorphisms of order four // Math. Zeitschr. —
1964. - V. 75. — P. 277-294.

8. Fischer B. Finite groups admitting a fixed-point-free automorphisms of order 2p //
J. Algebra. — 1966. — V. 3, Ne. 1.~ P. 99-114; 1. — 1967. — V. 5, Ne 1. — P. 25-40.

9. Xyxpo E.U. HuibnoreHTHOCTH pas3peniuMbiX I'PYIII, JIOMYCKAIONUX PacIIerisie-
MBIt aBTOMOpdU3M 1pocToro mopsjaka // Anrebpa m sormka. — 1980. — T. 19,
Ne 1. — C. 118-129.

10. Xyxpo E. 1. HuibrioreHTHBIE TPYIIIBI U UX aBTOMOPQU3MBI ITPOCTOTO TOPSIKA. —
Opaiidbypr, 1992.

11. Hypaxos E.B., Cozyros A. . O HEKOTOPHIX MEPUOINTECKUX TPYIIAX ¢ KOHEU-
HBIM PEryJsipHbIM aBTOMOPGU3MOM 4eTHOro nopsijika // Asrebpa u jorunka (B
nevarn). — 12 c.

OB AIIITPOKCMMUWUPYEMOCTUN KOPHEBBIMUN KJIACCAMMN
HEKOTOPBIX CBOBO/JIHBIX ITPOU3BE/JIEHNU T'PVYIIII
C HOPMAJIBHBIMU OB'BbEJIMHEHHBIMU ITOATPVYIIIIAMU
E. B. Cokousos, E. A. Tymanosa
Hesanosckutl 2ocydapemeennoti yrnusepcumem, 2. Mearnoso
ev-sokolov@yandex.ru, helenfog@bk.ru

Hamomunm (em. [1]), gro kirace rpymn K Ha3BIBAETCA KOPHEGDIM, €CITI OH 3aMKHYT
OTHOCUTEJILHO B3ATHUs MOJATPYII U PACIIMPEHMI, & TaKyKe BMeCTe C JIIOOBIMU JIBYMs
rpynnamu X, Y cOJIEpKUT JIEKAPTOBO MPOU3BE/ICHIE Her Xy, rae X, — usomopd-
Has KoM Ipynmbl X Jid Kaxkjaoro y € Y . HanomanM Tak:ke, uro rpynna X Ha3bI-
Baercst K -annpokcumupyemot, ecau s Kaxoro snementa x € X \ {1} naitgerca
romoMopcdusm rpymmbl X Ha TpyIiny u3 Kiaacca K, IepeBoJsdImii ¥ B Hee IMHUIHBIT
snemenT. [logpoOHee 0 KOpHEBBIX KJlaccaX W AlIPOKCUMUPYEMOCTH MU CM., HAIIPH-
ep, 5 [1] — [6].

Hanee Oyinem cuurtarhb, uTo K — KOPHEBOH KJIaCC TPYII, COJEPIKAIIMi XOTsd Obl
OJIHY HEeJMHUIHYIO T'PYIITY U 3aMKHYTBIIl OTHOCUTEILHO B3ATHsI (hakTop-rpyti, G =
= (A% B; H = K, p) — cBobojHOE NPOU3BEJEHIE HEKOTOPbIX rpynn A u B
c mogrpymmnamu H < A n K < B, 06beIuHEeHHBIMI OTHOCUTEILHO M30MOP(MU3MA,
p: H — K, npuuem noarpynna H wopmasipHa B rpymme A, momrpymma K HOp-
MajbHa B rpynmne B, H # A u K # B.

Jlerko BujeTh, UTO ecim Y — HOpMaJjibHAs IMOAIPYIIa HEKOTOPOH rpymibl X ,
To MHOKeCTBO Autx(Y) aBTOMOPMU3MOB MOArPYIIEL Y | CIYKAIIUX OrPAHIICHUSMEI
Ha 9TY HOATPYIITY BCEBO3MOXKHBIX BHYTPEHHUX aBTOMOPMU3MOB I'DYIIIBI X , ABJISAETCS
noarpymmoi rpymnbl Aut Y. IHockonbky H u K — HOpMaJsIbHBIE TOAIPYIIIBI TPYIIIT
A u B cooTBeTCTBEHHO, 00€ OHM OKa3bIBAIOTCS HOPMaJbHBIMU B IpyIite (G, 9TO 1M03-
BOJIsieT paccMoTpers rpymmy Aute(H). Hamommum eme (em. [7]), aro moarpynma Y
rpynnel X HasbiBaeTcd K -omdeaumoti B 3TOU TPyIIe, €CIU I KaXKJI0r0 3JIeMEHTa
x € X \Y maiiygiercst romomopdusm o rpymibsl X Ha rpymniy u3 kjaacca K Takoii, 4to
xo ¢ Yo. OCHOBHBIM PE3yJIbTATOM PABOThI CJIYZKHUT

Teopema 1. Ilycrb {(Ry, S\)}rea — cemeiicTBo map moarpyii, orpeJesieHHOe
caepyromum obpazom: (R, S) € {(Ry, S\)}rea TOIIA M TONBKO TOrIa, Korjga R —
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HOpMaJIbHAasT HoArpya rpymnusl A, S — HopmasibHas noarpynmna rpyimsl B, A/R €
€ K, B/Se K u(RNH)p=5NK. Ecm rpynmna Autg(H) sBiasercs abeneBoii
i coBnagaer ¢ oanoit w3 noarpyni Auta(H), ¢ Autg(K)p ', o rpymma G K-an-
[IPOKCUMHUDY€EMa, TOIJa U TOJBKO TOIJA, KOIJA

1) Maea Br =1 =Myea Sr,

2) moarpymma H K-orgenmuva B rpymme A, moarpynma Ko K-orgenmva
B rpyime B.

HaubosibImyto cI0?KHOCTD B IIPOIECCEe MPUMEHEHNsT TeOpeMbI 1 TIpeIcTaBIsgeT mpo-
BEpKa YCJIOBUs 1, TaK KaK €ro CIpaBeJJINBOCTh 3aBUCHUT HE TOJILKO OT CBOWCTB TPYIIII
A u B, HO M OT TOro, Kak oobeaunstorcs noarpymmnbl H u K. [IpuBoauMble gasee
CJIEJICTBUS ONMCBIBAIOT CUTYAIMH, KOTIa yCaoBrHe 1 3aBeIOMO BBIOJIHSIETCs. dTOOBI
cpOpPMYINPOBATE OJIHO U3 HUX, BBEJIEM PsiJ BCIIOMOTATEIbHBIX OMpeIeIeHMI .

Yepes 7(K) obo3HATMM MHOKECTBO BCEX IPOCTHIX JIINTEIeH KOHETHBIX TIOPSIIKOB
9JIEMEHTOB BCEBO3MOKHBIX I'PyII u3 Kiacca K. Tak Kak 9TOT KJIacC CONEP:KUT Hee -
HUYIHYIO TPYIITY ¥ 3aMKHYT OTHOCUTEIBHO B3ATHUSI TOATPYIIT U (DAKTOP-TPYIII, TO OH
BKJIIOYAET HEKOTOPYIO HEEIUHUIHYIO IUKINIECKYIO TPYIILY U Bce ee (DaKTOP-TPYIIIIH,
o3TOMY MHOXKeCTBO 7(KC) 3aBeJIOMO He SIBJISIETCS ITYCTBIM.

Crenys 8], abesieBy rpyiny 6ymem HasbiBarh (k) -02panuvennol, ecaum B KaxkK-
JI0i1 ee paKTOP-rpyIIIe Bce MpUMapHble KOMIIOHEHTHI TEPUOINIECKON JacTh, COOTBET-
cTByommue anciam u3 MaokectBa m(K), Koneunsl. HumbnorenTHy0 rpyminy Ha3oBeM
7(IC) -oepanuvennoti, eciin ona o061a1aeT KOHEIHBIM IEHTPAJILHBIM psAfgoM ¢ 7(kC)-or-
paHIYeHHBIMU abe/IeBbIMU (paKTOPaMIU.

CaexncrBue 1. Ilyctb A — K-annpokcumupyemast rpynna u B/K € K. Ecin
BBIITOJTHSIETCST XOTsI OBl OJJHO U3 cJeyromux ycaopuii: 1) moarpymust H u K sBistrorest
murmaecknmn, 2) Autg(H) = Auta(H), o rpynna G K-anmupokcumupyema torga
o TOJIBKO TOrJa, Korja noarpynna H K-orgemmnva B rpymme A.

Caexncrsue 2. Ilycts A — K-annpokcumupyemast rpynma, B — K -ammporcuyu-
pyemasi w(K)-orpanmdeHHas HHJIBIOTeHTHAsT TPyHna. Ecim BbimoHseTcss XoTs Obl
ofHO 3 ciaegyromux yeaopui: 1) moarpymunsl H w K BIsioTcs MUKJIHYIECKHME,
2) Autg(H) = Auty(H), ro rpymna G K-anmpokcumupyema Torja H TOJIBKO TO-
rna, korga nogarpymmna H K-ormenuma B rpymnme A, moarpynma K K-orgennmva
B rpymme B.

Eciu monosinuTe/bHble OrpaHUYeHus U3 CAEJCTBUN 1, 2 NPUMEHUTH HE TOJBKO
K rpymie B, HOo u K rpynne A, To yc/ioBus, HAKIAIbIBAEMbIe HA 00beIMHEHHBIE TI0/I-
IPYINIBL U, B 9acTHOCTH, HA Tpymiy Autg(H ), MOXKHO 3HAYUTEILHO OCIAOUTD.

Teopema 2. Ilycrb H u K — K-amnpokcumupyemsie rpynmsl, A/H € K
u B/K € K. Ecuu Bbmosnsiercss Xors Obl OJHO H3 CJCAYVIOIHX YCJIOBHIL:
1) Autg(H) € K, 2) Autg(H) — abemeBa rpymma, 3) Autg(H) = Auts(H),
4) Autg(H) = ¢ Autg(K)p™!, 1o rpymma G K -ammpokcuvupyema.

Teopema 3. [Iyctb A 1 B — K-annpokcuvupyembie 7w(K)-orpanndeHHbIe HITb-
MoTeHTHBIC TPYHIIBbL. Ec/au BbIMTOJIHIETCST XOTs ObI OJHO U3 CJCAVION[HX YCJIOBHIL:
1) Autg(H) € K, 2) Autg(H) — abemeBa rpymma, 3) Autq(H) = Auts(H),
4) Autg(H) = pAutg(K)e™', To rpynna G K-ammpoxcumupyema Torja u TOJIb-
KO Tora, Korya noarpyinna H K -ormennma B rpymme A, moarpynmna K K -orgemmva
B rpyrtiie B.

OrmernMm, 9TO Teopema 1 m ciefacTBus 1, 2 CymecTBeHHBIM 006pa3oM 000OIAOT
reopemy 4 u ciencrsus 4, 5 u3 [2], a Teopema 3 CJIyXKUT YACTUIHBIM 000OIIEHEEM
teopem 1, 2 u3 |9] u Teopembr 3 u3 [10]. B kauecrBe kKoMMeHTapus K GHOpMYyJIHPOB-
KaM TeOpeMbI 3 W CJIeJICTBUsI 2 OTMETHM TaKzKe, 9TO ec/ii Kjacc JC COCTOUT TOBKO
U3 HEePUOJIMIECKUX T'PYIII, TO U3BECTHBI JOCTATOYHO JIEI'KO IIPOBEpsSieMble KPUTEPUH
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KC-anmpokcumupyemoctu 7 (KC)-orpaHudeHHON HUIBIIOTEHTHOM Irpynbl u K -oTae1u-
MOCTH TIOJITPYIIIBI TAKOW TPyIbI [4, mpemnoxenus 5, 8|. Ecin xke krace K cogepxut
XOTst ObI OJIHY HEIePHOIMUIECKYIO IPYIIILY, TO OH BKJIIOUaeT 1 Bee 7 (K)-orpaHnveHHbIe
HUJIBIIOTEHTHBIE TPYIIIIBI, IO3TOMY TeopeMa 3 U CJIeJICTBUE 2 OKa3bIBAIOTCS YaCTHBIMUI
cJIydasiMU TeOpeMbl 2 U ¢JieJICTBUS 1 COOTBETCTBEHHO.

Pa6ora Boimosinena npu dpuHaHCOBON 1o Iep:kKe Poccuiickoro dhonga dhyHaMen-
TaJbHBIX nccyegoBanuii, mpoekT Ne 18-31-00187.
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OB AIIMIPOKCUMMNPYEMOCTU PASPEHINMMBIMU I'PYIIIIAMMN
HEKOTOPBIX CBOBO/JIHBIX KOHCTPYKIINU I'PVIIII
E. B. CokoJioB, E. A. TymanoBa
Hsanosckuil 2ocydapcmeennoili yrnusepcumem, 2. Mearoso
ev-sokolov@yandex.ru, helenfog@bk.ru

Hanomuanm, aro rpynma X HazeBaercs annporxcumupyemots xaaccom 2pynn C
(6osee KOpoTKO — C -annpokcumupyemot), ecau Jjisi KayKI0ro HeeJIUHUIHOrO JJie-
MeHTa x € X cymecTByeT romoMopdusM ¢ rpymnmnbl X Ha rpyminy m3 Kiaacca C
takoit, uro xro # 1. Ecim xmacc C 3aMKHYT OTHOCHUTE/ILHO B3STHUs ITOJTPYIIIL,
TO HEOOXONMBIM yeaoBueM C-allIpOKCUMUPYEMOCTH TOW WJIM WHOW CBOOOTHON KOH-
CTPYKIMU OKas3biBaeTcs C-alllIPOKCUMUPYEMOCTb BCEX TI'PYIII, U3 KOTOPBIX OHA IIO-
crpoera. [losromy 1pu m3yueHUn ANMIPOKCUMUPYEMOCTH TAKUM KJIACCOM OCHOBHBIM
SIBJIIETCSI BOIIPOC O TOM, B KaKHX CJIydasX yKa3aHHOe HeOOXO/MMOE YCJIOBHE CTAHO-
BUTCS JIOCTATOYHbIM. B HambobIell cTereHu JaHHbIi BOIPOC U3YYeH JJId OOBITHOTO
cBoboHoro npoussejienus rpymn |1, 2|. B wactHOCTH, M3BecTeH KpuTepHii armpok-
CHMUPYEMOCTH TaKOIo IPOM3BE/IEHNsT KJIaccoM S BCEX paspenrumMbix rpymm |1, Teo-
pema 4.1|. [Tist 6osiee CI0KHO yCTPOEHHBIX KOHCTPYKIWi (CBOOOIHBIX TIPOU3BEIeHNUIT
¢ obbeaunennoit nmoarpyumnoit, HNN-pacmmpennii, 1peBecHbIX Ipou3BeieHnit, (pyH-
JAMEHTAJBHBIX TPYIIT MPOU3BOJBHBIX I'padQ OB IPYIII) OTBET Ha yKa3aHHBI BOIPOC
yJlaeTcs HaflTH JIUIIb IPU OIPEJIE/IEHHBIX OrPAHUYIEHUX, HAK/I1abIBAEMbIX KaK Ha Ca-
MY KOHCTPYKIIMIO, TaK W Ha I'PYIIIbI, U3 KOTOPBIX OHA IOCTpoeHa. Béjiblnas dacTb
PEe3yIbTATOB, MOJIYIEHHBIX B JAHHOM HAIIPABJICHUM, KACACTCS aIlIPOKCUMUPYEMOCTU
KJIACCOM BCEX KOHEUYHBIX IPYII (HA3bIBAEMON Takke Gunummotl), a TakKe KJIacCoM
KOHEYHBIX p-TPYIIL. B oTimdne oT 9TUX CBONWCTB, AIlllIPOKCUMHUPYEMOCTh TEPEINC/IeH-
HBIX KOHCTPYKIIUI pPa3peruMbIMUA IPYHIAME 0 HEJABHEIO BPEMEHH IOYTH HE HUC-
CJIe/I0BAJIACh. BBIJIN M3BECTHBI JIUIb OJIHO yTBEp:K/IeHne 00 S -alpPOKCUMUPYEMOCTH
HNN-pacmupennit |3, reopema 1.1] u HECKOIBKO Pe3yIbTaToB 00 ANIPOKCAMUPYEMO-
CTH KJaccoM S U HEKOTOPBIMU €ro MOJIKJIaccaMu CBOOOTHBIX ITPOU3BEJICHUN ¢ 00be -
HEHHOiT moArpynmnoii [4-7].

SHaYNTETLHOTO MTPO/IBUKEHNST B U3YIEHNN alllPOKCUMUPYEMOCTH CBOOOIHBIX KOH-
CTPYKIUI pa3peruMbIMU TPYIIIIAME y/IaJ10Ch J00UThCA O1aromapst CUCTEMAaTHIeCKIM
HCCJIeIOBAHUSIM UX AlIPOKCUMUPYEMOCTH KOPHEBBIMU KJIACCAME, KOTOPbIe ObLIN Ha-
waTel B [8] u 3arem npomoskenst B [9] — [18] n npyrux paborax. Hamommmm (em. [12]),
YTO KJIACC TPYIIT HA3BIBAETCHA KOPHEBBIM, €CJTH OH 3aMKHYT OTHOCUTEIBHO B3ATHUS T10/I-
PYII U PACHIUPEHUil, a TakxKe BMecTe ¢ JiroObIMu JByMs rpymmamu X, Y cojep-
JKHUT JeKapTOBO MPOM3BEICHNE Her Xy, tae X, — usomopdHasg Koumd Ipynisl X
JUIS KaxKJI0ro y € Y .

JIerko BuIeTh, 9TO HAPAJLY C KJIaccoM S BCEX Pa3PelImMbIX TPy KOPHEBBIMHE STB-
JIIOTCS KJtace Sg pa3perruMbIX TPYIIT 0e3 KpydeHns, a TaK:Ke Kaacchbl F S KOHeUHBIX
paspemuMbIx 7-rpynn n PS,; MeprogmdecKnx pa3pernMbiX T-TPYIIT KOHETHOTO TIe-
pUoja JIJId KakKJI0T0 HEIYCTOI'O0 MHOYKECTBA IIPOCTHIX dnces 7. [loaromy u3ydenue ari-
POKCUMUPYEMOCTH TIPOU3BOJILHBIM KOPHEBBIM KJIACCOM TPYIII (yIOBIETBOPSIEOIIIM,
BO3MOKHO, HEKOTOPBIM JIOTIOJHUTEIbHBIM OIPDAHIYIEHHUSM ), KaK [PABHIJIO, TTO3BOJISAET
[OJIyYUTh CPa3y HECKOJIbKO yTBEPKJIECHUN 00 alllpokcuMupyeMocTu Kjaaccamu S, Sy,
FSr u PS;.

B [19] aBropamu mpemiozxkeH MOJXOM K M3YUIEHHUIO AllPOKCUMUPYEMOCTH CBOOO/I-
HBIX KOHCTPYKIINI IPYIIT KOPHEBBIMU KJIACCAMU, OCHOBAHHBIN HA MCIIOJIH30BAHIT KOH-
CTPYKIUU 00OOIIEHHOTO IIPSIMOTO IIPOU3BEIECHU, ACCOIMUPOBAHHOIO ¢ I'PacOM T'PYIIII.
C ero moMoIIpO yIaeTcs MOJIyIUTh Pl Pe3yJIbTaTOB 00 alIPOKCUMUPYEMOCTH KO-
HEBBIMU KJlaccaMu JipeBecHbIX npoussBeienuii 1 HNN-pacmupenwuii, cieacTBuamu Ko-
TOPBIX ABJIAIOTCS JIBE TPUBOIUMBIE JIajIee TEOPEMBI.
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Teopema 1. Ilyctb G — apeBecHoe 1poussejenne paspermuMbix rpyin G
(i € T), crymeHn pas3pemmMOCTH KOTOPBIX OTDAHHYEHBbI B COBOKYIIHOCTH, H IIyCTh
Kaxk1ast pebepHast moarpyiia rpyiibl G JIe;KUT B IIEHTPe cojiepKalileii ee BePITHHHOLT
rpynnbl. ‘Torja cupaBeyIUBBI CJIEYIONINE Y TBEPKIEHHUSI.

1. I'pynmia G anmpokcuMHUpPYeTcsT pa3pelnIuMbIMU TPYITITAMHE.

2. Ecsm Bce rpynmber G; He HMEIOT KpydeHHsT U KaXK/jasi pebepHast moATrpyIIa H30-
JIMpOBaHa B coJlepXKalilell ee BepHIMHHOH rpyiiie, To rpymmna (G ammpoKCHMHUPYETCs
PAa3peruMbIMA TPYHITaMu 0e3 KpydeHus.

3. Ecsm Bce rpynmer G; npunajpiekar kiaaccy PS, s HEKOTOPOrO MHOXKECTBA
NpocThIX dncesr T, To rpynna G annpokcumupyercs: Kiaaccom PS .

Teopewma 2. IIycrs G — HNN-pacmuperne paspeninMoii rpymmbl B ¢ meHTpaib-
HbIMHU CcBsi3aHHbIMU ToarpynmnamMu H w K. Torja crpaBeuBbl e IyIONHe YTBEP-
JKJICHUSI.

1. I'pynmra G anmpoKCuMHPYeTCsT pa3penIuMbIMA TDYITITAMHE.

2. Ecam rpynmna B me nvmeer Kpydernus u noarpynnsl H n K n3ompoBaHbI B Hel,
To rpynna G ammpoOKCUMHPYETCsT PA3PEITHMbIMA TPYIIIAMU 6€3 KPyIeHUs.

Ormernm, aro Teopema 1 obobimaer Teopemy 3 u3 [5| u Teopemy 3 u3 [6] B ua-
CTHU, KaCAOIIEeHCst AllPOKCUMUPYEMOCTH DPA3PEIIUMbIMU I'PYIIIAMHA, & TeopeMa 2 —
teopemy 1.1 u3 [3].

Pa6ora Bbinosinena npu dbunancoBoit noep:xkke Poccniickoro douna GyHiamen-
TaJIbHBIX HccyegoBanuii, mpoekT Ne 18-31-00187.
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O HAIIPABJIEHUYIX PACCJIOEHHBIX I BEEPHBIX ®OPMAIIUN
N KJIACCOB ®UTTUNHTA KOHEYHBIX I'PVIIII
M. M. Copokuna, C. II. MakcakoB
Bpanckuti 2ocydapcmeennoii ynusepcumem umenu, U. I. Ilemposcrozo, 2. Bpanck
mmsorokina@Qyandez.ru

PaccmarpuBaroress ToIbKO KoHeuHble rpymnbl. Mssectno, uro kiace €91, Beex
P-HUJBIIOTEHTHBIX TPYIII, OMPEIESIONINi (PYyHKIINIO-HAIIPABJIEHNE JIOKAJIBHON (hop-
MaIliH, TaKyKe sBJIsIeTCs JOKaabHOW dopmarnmeit [1|. Anamornanbiii dhakT crpasej-
JIUB JIJI TAKUX KJIACCOB, KAK W-JIOKAJbHDbIC U §)-KOMIIO3UIIMOHHBIE (hopMaIiu, w-
JIOKasIbHble U {)-Kommosuimonnble kKiaaccbl Purrunra. B Teopemax 1 u 2 ycranas-
JINBAIOTCS CBOMCTBA KJIACCOB, SIBJISIONINXCS 3HAYCHUSIMUA (PYHKIINNH-HAIIPABICHUN W-
BeepHBbIX 1 {)-pacc/ioeHHBIX dopMmanuii n KiaaccoB Purtunra.
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Dopmaryeii Ha3BIBAETCST KJIACC TPYII §, YIOBJIETBODPSIONMii ycioBusimM: 1) w3
GeF u N<G caenyer G/N € §;2) uz G/Ny € § u G/Ny € § caenyer G/Ny N
N Ny € §; HamMeHbIlasg HOpMaJbHasl MoArpymmna rpymmbl G, (axkTop-rpymma mo
KOTOPO# NMPUHAJIEKUT §, HA3bIBAETCs §-KOpaaukajoMm Tpynnbl G u 0bo3HaYaeTCst
G . Knaccom ®uTTunra HasbIBaeTcs KIacC IPYII §), YAOBICTBOPSIONIMIA YCIOBHAM:
1)us G €$Hu NaG crnegyer N € §; 2) us Ny <G, Na <G, Ny, Ny € § crenyer
N1 N; € §); naubosibliiast HOpMaJIbHas TIOArpyIa rpynibl G, mpuHajiexkaras ), Ha-
3bIBaeTCA §)-pajmkasoM rpymnel G u obosnadaercs Gy [1]. Ilyers P — mHOXKeCTBO
BCEX MPOCTBIX YUCE, J — KJIACC BCEX IPOCTBHIX TPYII, W — HEIYCTOe MOJMHOMKE-
cTBO MHOXKecTBa P, () — HemycToit nojikyiace kiacca J, €, — Kjaacc BceX w-TPYIIII,
r.e. Takux rpynn G, aro 7(G) C w, rme 7(G) — MHOXKECTBO BCEX MPOCTHIX JEJIH-
Tesieit opsiika rpynnel G; € — kjaace Beex {2-rpymm, T.e. Takux rpynn G, 910
K(G) € Q, tne K(G) — wjacc Bcex rpylil, H30MOPMHBIX KOMIO3UIIMOHHBIM (hak-
ropam rpynnel G. OrmernMm, uro Kiaccel €, u Eq sBiagiorcs u (GopMalusMu, U
kiaccamun Purrunra (nxade, dopmanuavu Purrunra). [Iycrs G — rpynma. Torga
O.(G) = Geg,, O“(Q) = G%, 0q(G) = G¢,, OHG) = G — cooTBeTCTBEHHO
¢, -pagukai, €, -kopamaukayi, Eq-pagukan n Eq-ropagukasa rpymmnbl G. OyHKIMN
0 : P — {menycrere dpopmarmn @urrunra}, f: w U {w'} — {bopmamun}, h:w U
U {w'} — {kmaccot @urrunra} wassiBarorces coorsercrenno PF R-dyunkiueit, wF -
dbynxnpeit 1 wR-bynknueit. Popmaims § = {G | G/0,(G) € f(W') n G/Gsq) € f(q)
st gioboro g € m(G) Nw} HasbiBaeTcs w-BeepHON dopMalyeii ¢ HalpaBJIeHueM 0
u wF-cnyrnukom f; kmace @urrunra $ = {H | O“(H) € h(w') u H@ ¢ h(q)
Juist siioboro ¢ € w(H) Nw} HasbBaeTcd w-BeepHbIM KiaaccoM PurTnHra ¢ HaIpas-
nenreM 0 U wR-cuyraukoMm h [2]. OrMeTuM, 9T0 yIOMSIHYTHIE BBIIIE w-JIOKAJIbHAST
dopmarust 1 w-oKabHbI Kiace OUTTHHrA ABJISIFOTCS COOTBETCTBEHHO TIPEICTABU-
TEeJIIMU W-BEePHBIX (opMalnii 1 w-BeepHbIX KjaaccoB Purrtunra. Qopmanusa § =
={G | G/Gs € f(q) mnsa moboro q € 7(G)} HA3BIBAETCS BEEPHON ¢ HAIIPABJICHIEM
0 u F-cuyraukom f, tae f : P — {dopmamun} — PF-dynkuus; kiacc Purrunra
9 = {H | H'9 € h(q) nna moboro q € w(H)} HasbBaeTcs BeepHLIM C HalpaBiIe-
HueM 0 u R-cuytHukoM h, rje h : P — {kmnaccer @urrunra} — PR-dynknus [2].
Hamnpagienue § w-BeepHoil (BeepHOit) hopMaIui HA3BIBAETCS P-HAPABIEHUEM, €CITH
d(q) = €,0(q) s moboro ¢ € P; mHanpasieHne § w-BeepHOro (BEEPHOIO) KJIacca
Durrunra HasbplBaeTcd p-HanpasienueM, ecau 0(q) = 0(q)&, maa moboro q € P.

Teopema 1. IIycts 6 : P — {Hemycroie popmarun PurrnHra} — mpou3BOJIbHAS
PFR-pyukmus, O # w CP. Torma cupaBeaiuBbl CACAYIOUIHE Y TBEPKICHHI :

1) Ecsin 0 — p-narpab/ieHue w-eepHoii popmariun, 1o popmarust 6(q) siBseTcst
W-BEEPHOIT ¢ HaIIpaBJIeHueM 0 , JIjisl JIDOOro q € w.

2) Ecim § — p-Hanpab/ienne w-peepHoro Kjiacca @urrunra, o Kiacc OurruHra
d(q) siBJISIETCST W-BEEPHBIM C HAIIPABJIEHHEM O, JIJIS JIIOOOrO q € W.

3) @opmarust €,0(q) sBISIETCS W -BEEPHOIT ¢ HAIIPABJICHUEM 0 , JIJIsT JIFOOOTO q € W .

4) Kmnacc @urrunra 6(q)€,, sSBJISE€TCS w-BEePHBIM ¢ HAIPABJICHUEM 0 , JIJIsT JTIOO0I0
qeuw.

Caexncrsue 1. 1) Ecim 6 — p-Hanpab/ieHne BeepHOI (popMaliiu, TO JJist JTE060ro
npocroro uncia q ¢opmarst §(q) sBIsIETCST BEEPHOIT ¢ HAIIPABJICHHEM 0 .

2) Ecin § — p-narnpasJjienne BeepHoro Kiacca OurTHHra, To j1ist JI060ro MpocToro
qucia q kiaacc Ourrunara 6(q) sSBISETCS BEEPHBIM € HAIIPABJICHHEM O .

Oyukuun ¢ @ J — {memycreie dopmarun Purrunral, f o Q U {Q} —
— {dopvaruu}, h : QU {Q'} — {xnaccer Ourrnnra}, TpUHUMAIONHE O/MHA-
KOBbIe 3HAYEHHMs Ha W30MOP(HBIX I'PyIIax U3 0OJACTU ONPEIeICHUs, HA3bIBAIOTCS
coorBercTtBeHHO F R-dyuknumeit, QF -dpyuknueit u QR-byuknueit. Popmarnus § =
= {G | G/Oa(G) € f() n G/Guay € f(A) nna moboro A € K(G) N Q}

HasbiBaeTcs {2-paccjioeHHON opMmarueit ¢ HampasienneMm ¢ u QF-comyTHukom f
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knacc @urrunra § = {H | OYH) € h(Y) u H?Y € h(A) mna moboro A €
€ K(H) N Q} nasbBaerca (2-pacciaoeHHbIM KiaaccoM QUTTHIa ¢ HalpaBIeHIEM
¢ u QR-cuytaukoMm h [3]. YnomsHyTbie Bbine (2-KOMIO3UIUOHHAs hbopMarus u
(-KOMIO3UITMOHHBIH Kjacc PUTTHHTA SBJISIOTCS COOTBETCTBEHHO MPEICTABUTE/ISIMU
Q-paccmoeHHbIx dopmanmii 1 (2-paccioeHHbIX KiaaccoB Purrtuara. Popmanusa § =
= {G | G/Guy € f(A) nna moboro A € K(G)} nasbBaeTCs DaCCIOEHHOM ¢
HanpasieHuneM ¢ u F-cuytaukom f, rme f @ J — {dopmamun} — F-byskims;
knacc Ourrunra § = {H | H*W € h(A) ana moboro A € K(H)} masbiaercs pac-
CJIOEHHBIM C HampasjieaneM @ u R-ciuyraukoM h, tae h @ J — {kinaccet @urrunra } —
R-dyuxius [3]. Hanpasierne ¢ -paccioennoii (paccioeHHoit) dpopmanum Ha3bBa-
ercss r-nHanpasienneM, ecin @(A) = Ey@(A) maa moboro A € J; nHampaBieHne
¢ Q-pacciioeHHOTO (paccioeHHOro) Kiacca OUTTHHIa HA3BIBAETCSI T -HAIIPABJICHUEM,
ecint p(A) = p(A)Eay naa moboro A € 7.

Teopewma 2. Ilycrb ¢ : J — {nemycrbie popmarun Purrnara} — Mpou3BOJIbHAS
FR-pynkmnus, ) — wemycroii nojkiacc kiaacca J. Torma cupaBeiuBel CJI€IyIOIIHE
YTBEDKJICHHST :

1) Ecim ¢ — r-manpasienne ()-paccioennoii gopmarun, to gopmarnms p(A)
saBJistercst )-pacc/IOeHHOH ¢ HalIpaBjeHueM ¢ , jijist jiioboro A € ().

2) Ecim ¢ — r-manpaierue §)-paccioeHHoro kiaacca @urrunra, to Kiaace Our-
runra p(A) sBisiercst {)-paccJlOGHHBIM ¢ HAIIpaBJIeHHeM  , Jijist jioboro A € ).

3) Qopmanust Eqp(A) sBisiercst ()-paccI0eHHOH ¢ HATIPABIEHHEM @, JIIs JTI0O0T0
Ae.

4) Kiacc @urrunra p(A)&Eq spisiercs: (2-paccJOeHHBIM ¢ HAIIPABJICHHEM  , JIIs
Jroboro A € ().

Ciaencrsue 2.

1) Ecim ¢ — r-Hanpab/ieHne paccjoeHHOH ¢opMalyn, 1o Jjis Jito00ii MpocToi
rpymmbr A opmanust p(A) siBIstercst paccJIOeHHOH ¢ HAIIPABJICHHEM .

2) Ecjn ¢ — r-HaIpaBJIeHHE DACCTOCHHOIO Kiaacca QuTTHHra, TO JIst JIF06OI Ipo-
croii rpynnel A kiaacc @urrunra o(A) sIBISIETCS pacCJOEHHBIM ¢ HATIDABICHHEM .

3ameuanmne. 13 Teopembr 1, B 9acTHOCTH, CJIEJYET, 9TO Il JIIOOOTO ¢ € W KJIacc
¢,N, aBagerca w-1oKaabHOI dhopManueit, a kinacc N,Ey — w-TOKAIBHBIM KJIACCOM
QurTHHTa; U3 TEOPEeMbI 2 cjeayer, 9To Kjaacc S.4 BCeX TIPYII, Y KOTOPBIX KaxK-
JIBII TyIaBHBIA A-dakTop IeHTpaseH, ABIsgercs §)-KOMIO3UIIMOHHON dopMaryeil u
()-KOMITO3UIMOHHLIM KJjiaccoM Purrunra, ijs jgoboro A € €.
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O PABPEHINMOCTU T'PVYIIII C IIOJIVHOPMAJIbBHBIMUA NJIN
ABHOPMAJIbHBIMUA TTIOATI'PYIIITAMMN
. JI. Coxop
Bpecmexut 2ocydapemeennwts ynusepcumem umernu A. C. Hywxuna, Bpecm
(Beaapycy)
irina.sokhor@gmail. com

PaccmarpuBatorest ToJIbKO KOHedHbIE IPyIbl. Vcmosib3yemass TEPMUHOIOTUS CO-
orsercreyer [1]- [2].

[Toarpymma A Ha3bIBaeTCS MOJIYHOPMAJIBHON B rpytie (G, ecjii CymecTByeT o/l
rpyrnmna B rtakas, ato G = AB u AB; — cobcrBennas B (G OArpymmna Jyist KarxK o
cobcTBeHHO noarpynnsl By u3 B. I'pyliibl ¢ TOJIYHOPMAIBHBIMEA TOATPYIIIIAMA HC-
CJIEIOBAJIICH B pabOTax MHOTHX aBTOPOB, Halpumep, B paborax [3|- [6].

[Monrpynna H rpymmnet G HasbiBaeTcs abHOpMabHOM, ecim © € (H, H®) s
moboro x € G. B cummerpudeckoii rpymme Sy crenenn 4 CHIOBCKas 2-TOJrDYIITa
OJTHOBPEMEHHO TIOJIYHOPMAaJIbHA U abHOpMaJIbHA.

B [3] ycranoBieHo, 4To rpymia, B KOTOPOil KaxK/as HEIUKJINIeCKas CHIOBCKAsi
HOJI'PYIITA TOJTyHOPMaJIbHa, paspermuMa. ['pyrina, B KOTOpoitl KaxK1ast HeIUKINIeCcKast
CUJIOBCKAsI MOJPYIa abHOpMaJibHa, MOXKeT ObITh Hepaspermmoil. [Ipumepom ciry-
skar rpynmnsl PSL(2,17), PSL(2,31). B sTux rpynnax CHiIoBCKue OArPYIIIbI HeYeT-
HBIX MOPSIKOB IUKJINIECKHE, & CUIOBCKUE 2-TIOATPYIIBI MAKCUMAJIbHDI, & 3HAYNT,
aOHOPMAJIbHBI.

JokazaHa cieIyiomas TeopeMa.

Teopema. Ilycre M — makcumasbHast noarpymma rpymmasl G uw P — cuios-
ckast 2-noarpymnmna 3z M. IlpeamosoxnM, 9T0 KaKjasi CHJIOBCKasi MOJATPYIITA W3
M nosynopmasibua win abaopmasibaa B G. Ecim P < Z(P) B ciaydae, Korja P
abHOpMaJsibHA, TO rpyrma G pasperMa.

Cnenctsue. Ilycte M — makcumasbHass noarpynna rpynnel G. Ecom mopsiiok
M medereH u kaxkiast cuyioBcKast moarpyiina u3 M mosyaopmaibaa B G i abHOD-
masibHa B G, To rpynna G pasperniuMa.
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KOMMYTATUBHBIE IIOJAJITEBPBI HAUBBICIIIEN
PASMEPHOCTU AJITEBPHBI IITEBAJIJIE HA /I ITOJIEM
IMOJIOXKNTEJIbBHOM XAPAKTEPUCTUKN
I'. C. CyneitmanoBa
Xakxaccxkuti mexnuveckuts unemumym — guaiuan Cubupckozo gedepanvrozo
ynusepcumema, 2. Abaxan
suleymanova@list.ru

B 1945 rogy A.U. Masbues |1] uccnenosan 3agaay onucanusi abesieBbIX MOAIPYIII
HAWBBICIIIEN Pa3MEPHOCTH B KOMILIEKCHBIX MIPOCTHIX rpymmnax Jlu. 3agada nHCiupupo-
BaHa JokazanHoit panee 1. Illypom [2] Teopemoit:

Hausvicwas pazmepnocmy abeaesvix nodzpynn epynnw, SL(n, C) paena [n?/4] u
abenesvl nod2pyYnnvL IMOT PA3MEPHOCTU NPU N > 3 NEPeBOIAMCA AEMOMOPPHUIMAMU
dpye 6 dpyea.

Croro 3ajaay A.Jl. MabiieB permn mepexoioM K KOMILIEKCHBIM ajrebpan JIn.
Anrebpy Hlesamie L = Lg(K) accomuupytor ¢ jiobbiM mojieM K u cucteMoii KopHei
¢, xapaxrtepusys 6azoii Illesaie {e, (r € ®), hs (s € II)} ¢ menouncrenubvMm
CTPYKTYPHBIME KOHCTaHTaMu, rje I — cucrema npocThix Kopueii (uau 6a3a) B @ [3].
Dnementsr e, (r € ®T) obpasyior 6a3y HUIBTPEYTOILHOMN Toganredpsr N = N®(K).

Merozpt [1| mosamee morydmin pa3BUTHE B PEIICHHN IIPOOIEMbI 0 Oosbmx abe-
JIEBBIX NOArpynnax konedHeix rpynm [esase [4].

B [5] sanucanbl ciepyiomnue 3a1a49n:

(A) Onucamo Kommymamuservie nodanzebpvl HAUBHLCWET PAZMEPHOCTIU 6 anzebpe
Hlesanrne Lo(K) nad npouseosvrovm nosem K .

(B) Onucams xommymamushvie nodanzebpovl Hausbicweld pasmeprocmu 6 nooan-
eeope NO(K) aneebpu llesanrre Le(K) nad npoussosvrvim nosem K .

B noknajsie paccMaTpuBaeTcd perieHue 3Tux 3ajad g ajgreopnl [Hlesasiie kiac-
cugeckoro tuma. B wactHocTH, oKa3aHa

Teopema. Ilycrp L — anrebpa Illepare tuma A, Haj mojseM XapakKTepUCTHKI
p. Ilpu n > 2 ee KOMMyTaTHBHBIE TOJAaJTeOPHI HAUBDBICIIEH Pa3sMEPHOCTH HUCYEePITbI-
BalOTCsI, ¢ TOYHOCTBHIO JIO0 aBTOMOP(HU3MOB aireopol L, mogaarebpamu Buga M + Z
rge M — KoMMyTaTHBHAST MOJAJTreOpa HAHUBBICIIECH Da3sMEPHOCTH HHJIBTPEYTOJIbHOLM
moanredper N, Z — nenarp aarebper L. Kpome toro, npy n < 2 uw p 4 n+ 1 no-
Jrajreobpa Kaprana takske Oy/1eT siBJISTbHCsT KOMMYTaTHBHOMH 110/a/re0poii HauBBICIICH
pasmepHoCcTH ajareopor L.
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O ITOJIVTPVYIIITAX 9HAOMOP®PU3MOB HEKOTOPOT'O KJIACCA
CBSI3HBIX YHAPOB C IIETJIEN
C. B. CeipoBarckas
Bonzoepadckuti 2ocydapecmeennvitl coyuasvho-nedazo2urieckut yHusepcumen,
Bonazoepad
svs_kagi@mail.ru

Yhapom nazpiBaercst anrebpa A = (A, f) ¢ onnoit ynapuoit onepanueii f. IToq N
[OJ/Ipa3yMeBaeTCss MHOYKECTBO TEJIbIX TOJIOKUTETbHBIX uncel, Ng = NU{0}. Yuap A
c6A3HvIt, ecam 1 Mobeix a,b € A, af™ = bf* nna nexkoropex m, k € Ny. Ilemas
ecTb 9JeMeHT a yHapa 2 Takoif, uro af = a. DmeMeHT a yHapa 2 Ha3bIBaeTCsI
MUHUMAAOHOM [Y300601M|, ecli a He mmeeT mpoobpasa mpu orobpaxkennu [ [ecim
CyIeCTBYIOT X,y € A takue, uro x #y u xf = a = yf|. B [1] moxnuo naiitu npyrue
HEOOXO/IMMbIE TEPMUHBI TEOPUH yHAPOB.

Ucnonbzyem 3zamuch B < A, ecsmm B gasiasgercs nojayHapom 2A. Ilom End A
OyzeM TmompasyMeBaTh MOIyTpymmy 3HmoMopdusMoB yHapa 2. I[logmomyrpymmy
{f™| m € Ny} momyrpymmner End 2 Gynem obosHauars 4depes x, . depes CP° obo-
suaunM yHap (N, ¢), rue s npoussosibHOro m € Ny,

o m—1, ecm m > 0,
9= 0, ectu m = 0.

B pmammoit pabore paccmarpuBaeM —Kjigacc R BCeX CBA3HBIX  yHAPOB
¢ merseil, B KOTOPBIX METJs SBJISETCS eJMHCTBEHHBIM  y3JIOBBIM  JJIEMEH-
tom. Ilycre A € K. O6o3maunm wepe3 ag meraio yHapa 2A; W =
= {W <A W= CFF smbo W nopoxKAaeTcs MUHIMAJIBHBIM JIeMEeHTOM yHapa 2} .
[Ipounnekcupyem W':

W ={20,|i € I}. llox J nmompasymeBaeM MHOXKECTBO

J = {i € I'| 2W; onHONIOPOK ICHHBI1 } .

Ilycte jgna moboro j € J, a; — mnopoxjaioomuit snemenT yHapa 20;; M =
= {d(a;)|j € J} (3mecn d(a;) — rnybuna sjieMeHTa a; ).

Yepes (0,n —1)5 (n € N) obosnauum noayrpynny ({0,1,...,n -1} J{O},®),
rae st mobeix z,y € {0,1,...,n— 1} |J{O}

Jr+y, ecm z,ye{0,1,....n—1} uw r+y<n—1,
TRy = { O, B IIPOTUBHOM CJIydYae.
Paccmorpum mogmostyrpyminy x, U {¢o} momyrpymmer End A, rme ¢p: A — A —
oTobpaskeHune, OIpeIeIEeHHOe TPABUIOM: (g = Gy JJIsI JIIoboro a € A.

TeopeMa 1. Ecim I\ J # @ wim M He umeer HaHbOJIBIIETO 3JIEMEHTa, TO X, U
U{po} = (NoU{O},+) (31ece O — mymp nomyrpymnmer (NolJ{O},+) ). Ecn I\
J =@ n 'm — manboubmnii smement mMuoxkecrsa M, 1o x, U{po} = (0,m —1),.

[lyctb R = (R, %), & = (S,%) — nomyrpynnst. Yepes RY o6oznauaior MHO-
JKECTBO BCeX O0TOOpaskeHmil MHOXKecTBa Y BO MHOKecTBO R. Cnaemenuem R wr¥ &
noayepynn R u & nocpedemeom npasozo S -noauzona Y (cm. [2]) HaspiBaeTcs mo-
JIyTpyia <RY X S, >x<>, orrepaliusi KOTOPOil 3ajaHa 1Mo MPaBUIY: JIJIsT TPOU3BOJILHBIX
1,72 € RY, 81,80 €S

(71, 81) * (72, 82) = (73, 51 % 82),

riae y13 = (ym) * ((ys1)me) s moboro y € Y.
B crterenuu (y, U {po}) wr¥T(X): | X| = |I|, T(X)=(T(X),-) — upasas cum-
MeTpuvecKasi moJayrpyiia MaozkectBa X , X — ecrecTBeHHbIil moyinron Has T(X).
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Yerpoum orobpazkenue o: W — NogU{oo} no npasuy: mjist mpousBosibHOrO i € [

] oo, ecm 1 € 1\ J,
(W) = { d(a;), ecom i € J.

Bynem mnosarars, 410 00 — HauGOJIBIINI JIEMEHT BIIOJHE YIIOPSIOYEHHOIO MHOKE-
crBa (NoU {00}, <), HOpsI0OK KOTOPOrO MHIyIUPOBAH €CTECTBEHHBIM OTHOIIEHHEM
9 < “ Ha NO .
Ormpeiesnm J1Ba ceMeicTBa UieastoB moyrpymisl X, U {po}.
s moboro 1 € 1
ecm i € I\ J, 10 J; ={¢o},
ecim i € J, torma J; = {f*|No 2 k > d(a;)} U{eo}.
s mobeix 1,7 € 1
ecm 0(20;) < 0(2;), 10 K, j = Xy U{po},
ecin 0(20;) > o(W;) u o(2W;) = oo, Torma K;; = {¢o},
ecn 0(20;) > 0(2W;) u o(W,;) # oo, 10 Kij = {f*|No 2 k > d(a;) — d(a;) } U{eo}.
[Tpounyekcupyem muoxkecrso X : X = {x;|i € I}.
Teopema 2. End A = K/0, tme K — mnogmoyrpynia HOJIyTDYIIITbI
(xo U {w0}) wr¥F(X) ¢ nocuresem

{(7.6) € (a UL X T(X) | (Vi € D(ait = 2; = wi € Ky}

0 — KOHTpy»>HIIHS HOTyrpyIisl K | olpese/ieHHasT CIeYIONIM 00pa30M: JIIsT JTIOOBIX
(11,t1), (T2, 2) € K

(Tl,tl)e(TQ,tQ) (g (V’l S [) [(.%iTle]i.l’iTg)&((l'iTl §é JZ = l‘itl = .Z'Ztg)] y

e 05, — xourpysunust Puca nosyrpymnmst x, U {¢o} no mreary J;.

JIuteparypa
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I'PVIIITA BHEIIITHUX ABTOMOP®N3MOB AJITEBPbI
®OPMAJIBHBIX MATPUI]
. T. Tankuna
Kasancruti pedeparvnmii ynusepcumem, Kasanw
danil.tapkin@yandex.ru

[Iycts R u S — koabna, M — R-S-6umonynb, a N — S-R-6umonyis. [lycts
TaKKe JIAHbl OUMOJIyJIbHBIE ToMOMOPPuU3Mbl 0 ©: M @ N — Ru ¢y : N M —
— S. Honoxkum m -n = p(m@n), n-m = Y(ne@m), m € M, n € N. Torna
ecan it Bcex m,m’ € M wu n,n’ € N BbmosHsitorca Toxaecrsa (m - n) - m/ =

=m-(n-m')un-(m-n')=(n-m)-n', 70 MHOXKECTBO MaTPUII ( ]{if ]\54 ) obpaszyer
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KOJIBIIO OTHOCUTEIBHO €CTeCTBEHHBIX OIePAaIldii MATPUIHOIO CJIOXKEHUSA U YMHOKEHHSI.
JlaHHOE KOJIBIIO HA3BIBAIOT KOJIBIIOM (DOPMATBHBIX MATPHIIL.

B crarbe 1] 6611 paccMOTpeH YacTHBIN cirydail Koser popMaJIbHbIX MaTPUIL, KOIJIa
S=Ru M = N = gRg. Bouio nokazano, 9To B 3TOM CJIy4ae CYIIECTBYET IJIEMEHT
s € C(R), rakoit at0 m -n = s(mn) u n-m = s(nm), tae m € rRRr, n € rRg, a
10/T YMHOZKEHUEM MTOHUMAETCsT OOBITHOe YMHOXKeHUe B KoJibIle. [loydennbie KoJbIa
dopmasbabx MaTpui oboznadaior K(R) n naseBator Kosibiamu Kpeutosa. B crarbe
[2] korcTpyKIMs Kpbiios 6bu1a 06001eHa 1 OBLIO OIPE/IEJICHO KOJIbIO (hOPMATbHBIX
marpur, M, (R; s) mopsaaka n. [Ipu stom My(R;s) = Ke(R).

Kaxk xopormio ussectHo, Bce aBroMopdusmbl aarebpbl Marpul;, My (Z) spistorcest
BHYTPEHHUMU, XOTsI JIJIsT aJreOpbl MaTPHIL] HAJI IIPOU3BOJIBHBIM KOMMYTATUBHBIM KOJIhb-
IOM 3T0 y2Ke He BoimosHsiercs (em. [3]). HerpynHo BugeTs, 9T0o ipn s € 7 OTJIHIHOM
or 0 m +1 y anrebper dopmanbubix Marpuil, KpbutoBa K (Z) yxe nmeercs Hes-
HyTpeHHHI aBTOMOP(U3M: K HIpUMepy, aBToMOp@usM ciasura Li; — Ergx), Toe
™= (1, 2) € SQ .

It oTBETAa Ha BOIPOC, HACKOJILKO TpyIa aBroMopdusmoB aarebpsr M, (R; s)

OO0JIbIIIE TPYIIIBl BHYTPEHHUX aBTOMOPMU3MOB 3TO# ajareOpbl, ObLIa U3yUueHa rpyIia

BHerHIX aBroMopdusmoB Outr(M, (R; s)) = Autg(M,(R; s))/Inng (M, (R; s)).
Teopema. ITycrs kosbiio R akropuansuo, s € R\U(R), s 20 u A =M, (R;s).

Ilycto Takxske s = upl’...pp" — pasjioxeHHe S B IPOH3BeJEHHE 00PATHMOIO SJIEMEHTa

U U MIOITapHO HE aCCOIMUPOBAHHDBIX HEIIPUBOIUMBIX 3JIEMEHTOB p; . Torja uMeroT MecTo
CJIeJIyIoINIe Y TBEPIK IeHHUS:

A. rpynma Outgr(A) mzomoppua moarpymie Sy, X ... X Sp;
~———
k

B. eciin kosbro R sBjisiercst objiactbio  maBHBIX  ujeasioB, 1o Outgp(A) =

Sy X .o XS,
————
k
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YHUBEPCAJIbBHAA 9KBUBAJIEHTHOCTBb I'PA®OBBIX
JABYCTYITHHO HUJIBIIOTEHTHBIX I'PVIIII
A. B. Tpeiiep
Huemumym mamemamury um. C.JI. Coboaesa CO PAH, 2. Omck
alexander.treyer@gmail.com

[Tyctes I' — koneunsrit mpocroii rpad. ['pacdosast rpynma Gr (Tak:ke M3BeCTHA
Kak JacTuIHo KomMyTaTuBHas wian Right Angeled Artin Group, kpatko - RAAG) —
9TO TPYIIa B KOTOPOI MOPOXKIAIOIIMM MHOYKECTBOM CJIy2KaT BepinuHbl rpada ') a
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OIIPE,IEJISIONTNE COOTHOIIEHNS BBITVISIAT TaK: J1Ba 00PA3YIONIUX IPYIILI T U Y KOMMY-
TUPYIOT, TO €CTh [x,y] = 1, TOr/Ia 1 TOJBKO TOTIA, KOTJIA BEPIIUHBI & U Y COEIMHEHDI
pebpom B rpade I'. I'padoBbie IpyHIIIbl MOXKHO OIIPEJIE/IUTD B PA3JIUIHBIX MHOIOOOPAa-
3UAX TPYIII, HAIIPUMED, B MHOI000PA3UN HUJILIIOTEHTHBIX IPYIII, PA3PENTUMbIX TPYIII
u T.7. JIBe rpyminbl Ha3bIBAIOTCH YHUBEPCAJLHO SKBUBAJEHTHBIMU, €CJIU MHOXKECTBA
BCEX YHUBEPCAJIBHBIX IPEJJIOKEHUN, UCTUHHBIX Ha 9THX TPYIIIax, COBIaIAroT. [ls-
THIO TOJIAMH paHee JIOKJIaIInK coBMecTHO ¢ A.A. Murrenko jokazaj Kpurepuii 00
YHUBEPCAJILHON SKBUBAJEHTHOCTH JIBYCTYIEHHO HUJIBIOTEHTHBIX I'PAdOBBIX TPYIIIL.
[Tosry4uennblii KpuTepuii oKasasacsd T'POMO3JIKUI W BBIYUCIUTE/IHLHO CJIOXKHBINA. B 1o-
KJI1aJ1e OyJIeT Ipe IJI0ZKEeH HOBBII yI0OHBII 110JIX0/] K OIMCAHUIO YHUBEPCAJIHLHO SKBUBA-
JIEHTHBIX JIBYCTYIIEHHO HUJIBIIOTEHTHBIX I'PadOBBIX T'PYIII, OCHOBAHHBIN HA TMOHATHSX
3aMKHYTBIX TTOJIMHOXKECTB Bepinun rpada [, cxkarun rpada [ u pernreTkn 3aMKHY THIX
noaMHoOXKecTB rpada .
Uccnenoanus Buimosinensl npu nojyiep:kke rpanta PHO Ne 19-11-002009.

IINO®POBAY IIOJIINCH HA OIIEPA/THOM OCHOBE
C. H. Tpouun
Kasancxuti gedeparvnviti yrusepcumem, Kasanv
sntrnn@gmail.com

TpaauronHblii MareMaTHIecKuil anmapar airebpanmdeckoii kpunrorpadun |1,
[2] — Teopus rpymnm, pexxe — teopust Kosern. B paborax [3|, [4] Buepsbie Gbu1a mpo-
JIEMOHCTPUPOBAHA BO3MOXKHOCTH CTPOUTH KpUIITOrpaduIecKre TPOTOKOJIbI Ha, A3bIKe
(nm Ha mwiardgopme) Teopun omepal. B stumx paborax ObLIM TOCTPOEHBI MPOTOKO-
JIbI (hOpPMUPOBaHUs ODOIINEro CEKPETHOrO KJII0Ya, ayTeHTUudUKaIuu, u mudpopanud. B
JIAHHOI 3aMeTKe TOKa3aHO, KaK MOYKHO CKOHCTPYHUPOBATH HA 9TOM SA3bIKe IHU(MPOBYIO
HOJIITUACH. DTy HOJIUCH MOYXKHO CUYATATH HEKUM (hOPMaIbHBIM aHAJIOTOM IIOJIIICH U3
paborsr [5].

Wrax, npusesiem mpoTokost mojnucu. OnpeieieHnst BceX BCTPEYAIONTUXCA TEPMU-
HOB 1 NOHATHI MOxKHO Haiitu B [3], [4], [6].

[Iycrb R — xommyTaTuBHas omnepaja [6], A — anrebpa Ham R. DTu JaHHBIE OT-
KpbIThl. [logmuckiBaercst coobiierne m (6uroBasi crpoka). JlaHa Takzke OTKpbITast
xam-pyuknusg H Ha OMTOBBIX CTPOKAX, 3HAYEHUs] KOTOPOl MOXKHO CYUTATH HATY-
paJibHBIME ducjaamu. Jlasee, 1aHbl OTKPBITHIE 97eMeHThl A € R(t), a € A, cekper-
Hblil k049 £ € R(d), u cooTBeTCTBYyIONIE €My OTKpPbIThie Kaoun p = X...{ € R,
y=~E&a...a € A. CooTBeTCTBEHHO TpebyeTcsi, YTOOBI HAXOXKIeHHe & 10 M3BECTHBIM
Y, p, @ 1 A OBLIO CJIOXKHOI 3aja1eil.

p
1
2-it mar: ciayJaiino Beibupaerca w € R(e).

3-it miar: BeIMUCHsETCA 7 = wa...a € A.

4-if mar: BeMuCIsgeTCd W = M\ ... w € 1.

5-ii IIar: BEIMUCIACTCA S = pr...T.

[Monmues m — sto mapa (w, s). KomumaecTBo apryMeHTOB B CYHEPIIO3UIUSIX OIIpe-
Jlestsercd U3 KoHrekcra. OTMeTHM, 4To 3HaYeHHe X3MI-(YHKIIUNA OT II0/INCHIBAEMOr0
COOOIIEHNSl CTAHOBUTCS KOJIMIECTBOM apPIYMEHTOB B CYIIEPIIO3UINN I 7. DTO aHAJIOT
CTEIIeHN JIEMEeHTa KOJIblia u3 [5].

[TpoBepKa MOJIIICH COCTOUT B TIPOBEPKE PABEHCTBA:
AS...s=wy...y.

3J1eCch CyIIECTBEHHYIO POJIb UI'PAET KOMMYTATUBHOCTD OIEPa/IbI.
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Takum obpazom, MpaKTUUECKHe MEPCIEKTUBLI JIAHHOW IOJIUCH 3aBUCAT OT TO-
ro, yJlacTcsl JIM HANTHU JIOCTATOYHO XOPOIlMe IMPUMEPbl KOMMYTATUBHBIX OIEpa/i, B
KOTODBIX SBJISAIOTCS BBIYUCIUTETBLHO CJIOYKHBIMU C(OOPMYIMPOBAHHBIE BBIIIE 33/1a91 O
HaXOXKJIEHUU CEKPETHOT'O KJII04a 110 OTKPBITHIM JIaHHbIM. [lesThio 2Ke TaHHoTro KpaTKoro
coo01IeHns ObLIa JEMOHCTPAIUS CaMO IMPUHITAIINAILHOM BO3MOXKHOCTHU HCIIOJIH30Ba-
HUSI OllepaJt, JIJIsl IIOCTPOEHUS TIO/IITNCEN.
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OB ATOMAX PEIIETOK KOHI'PYSHIIUN AJITEBP C OJIHUM
OIIEPATOPOM U OCHOBHOW OIIEPAIIMEN IIOYTHU
EJINHOIJIACUYI
B.JI. Ycoabuen

Boszozpadckuil 20cydapemseennvili cOuUaAbHO-NEe0G202UMECKUT YHUBEPCUMEM,
usl2004 @mail.ru

AnreGpoit ¢ oneparopaMu Ha3bIBaeTCs yHUBEpPCaIbHas ajredpa ¢ AOIOJTHUTE b
HOIl crcTeMOil OIepaTopoB — YHAPHBIX OIEPallnii, JIEHCTBYIOMNX KaK SHI0MOPdhU3-
MBI OTHOCHUTEJILHO OCHOBHBIX omneparuii. Ouepanueil moutn eaunorsiacust (CM., Ha-
npumep, |1|) HasbiBaeTcst n-apHasi omepais ¢, YAOBIETBODSIONIAs TOXKICCTBAM
olx,...,z,y) = o(z,...,z,y,x) = ... = p(y,z,...,x) = z, tme n > 3. llpu n =
= 3 ¢ Ha3BIBAIOT oleparyeil GOILIITNHCTBA.

B [2]| mokazaHo, uTo Ha iponsBosibHOM yHape (A, f) mpu n > 3 MOXKHO Tak orpe;ie-
JIUTH CeMEHCTBO N-apHLIX onepamuii moury exunoraacusa ¢\, uro anrebpa (A, g™, f)
CTAHOBUTCA ajarebpoil ¢ onepaTopoM f. DTHU olnepali 3a/al0Tcsl ¢ IIOMOIIbIO Ollepa-
run GosbinmacTBa Mm(x,y, 2) (3] Ha (A, f):
9(3)(901@2@3) = m(w1,72,73) m g(n)(%,ﬂcz,--- ) = m(g(nfl)(%’%,
ooy Xp—1), Tp_1,Ty) TPH N > 3.

Yepes V4 u A4 0003HATAIOTCA eIUHUIHAST U HyJIeBas KOHTPYSHIIUU AJIreOpb
A coorsercreenno. Onpejesiernst 1 0003HAUEHUSI, CBA3aHHBIE C yHADAMU, CM. B [3].
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[Tyctb B — nogynap ynapa (A, f). Yepes 0 oboznauaercs KoHrpysuuusa B2 U Ay
yuaapa (A, f). Ilycrs v — yamoBoii snement yHapa (A, f). Yepes 6, obosnauaercs
KOHIpysHIus yHapa (A, f), onpenesnennas no npaswuiy [4]: 20,y st mobbix z,y € A
BBITIOJTHSACTCA TOTJIa M TOJIBKO TOT/Ia, Kora Jubo x =y, mbo x,y € f~1(v). Pemer-
Ka C HyJleM Ha3bIBaeTCs TOYedHON (atomistic), ecyim o060t ee HEHYJIEBOl 3JIEMEHT
MIPEJICTABISAETCS KaK PENeToIHoe 00beIMHEHNe HEKOTOPOTO MHOYKECTBA aTOMOB.

Teopema 1. Amomamu pewemnu wonepysruyuti arzebpv. (A, g™, ) aeisomes
me U MOALKO Me KOH2PYIHUUL, KOMOPBIE 0npedeserv, 00HUM U3 CACIYOUUT CNOCOb0E:
1) Ja, ecau onepayus [ unsexmusna na A, aubo ynap (A, f) asasemca Koprem
2AyounvL 1;

2) 0,, ecau ynap (A, f) neusomoppen xoprro eaybunv, 1 u codeporcum y3.a0601 ane-
MEHM, U ;

3) O, ecau ynap (A, f) neusomopden xoprio eaybunve 1, umeem cobcmeenmvil no-
dynap B =2 Cl u das ecex x € A\ B anemenm f(x) ne cosnadaem ¢ menodsusrcrvim
anemermom nodynapa B .

Teopema 2. Pewemka womepyonuuti anzebpv. (A, g™, f) asasemea moveunor
moezda u moavko mozda, kKozda aubo onepayus f unsexmusna na A, aubo ynap (A, f)
codeporcum makot anemenm a, umo f(xr) = a das amobozo € A.
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O I'PVYIIIIAX ITYHKOBA, HACBIIITEHHDBIX ITPAMBIMUAU
IMTPOU3SBEAEHNUAMU YHUTAPHBIX I'PVYIIII CTEITEHU 3
SQJIEMEHTAPHBIX ABEJIEBBIX 2-T'PVIIII
K. A. ®umnnos, A. C. ®enocenko, A. K. Ilnénkun
Kpacroapcxuti ocydapemeernnuti azpaprni yrusepcumem, Cubupcrui
pedepanvroti yrusepcumem, Kpacroapck
filippov_ kostya@mail.ru, ak_kgau@mail.ru

['pynna G nacelineHa rpynnaMu U3 MHOXKeECTBa I'pymn R, eciin Jirobas KOHEeUHas
noarpynmna K uz G comep:KuTcs B moarpyiie rpyunbl G, m30MOPGHONE HEKOTOPOit
rpymme u3 R [2].

Hanomuanwm, aro rpynmna G mHasbiBaerca rpynmoit [IlyakoBa, ecim st jiio0oii ee
koneunoit oarpynnsl H B hakrop-rpynne Ng(H)/H no0ble 1Ba COMPSIZKEHHBIX 9J1€-
MEeHTa [IPOCTOrO MOPSIKA MTOPOXK AT KOHeTHYTO o Arpyiy [1]. JarHbril K1ace rpyi
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obu1 BBesien B.I1. Ilyukosbim B 70-e Tos61, 1 tepBonadasbuo, cam B.IIL. [Ilynkos na-
3bIBaJI TAKUE IPYIIILI COMPAKEHHO OUITPUMUTUBHO KOHEYHBIMU.

['pynmer HlyrkoBa OTIMYHBI OT MEPUOANYECKUX I'pymil. Kpome Toro, mocTpoeHsr
npuMepsl rpynn [IyHkoBa cozepkaniux 3jeMeHTbl 6eCKOHETHOrO TOpsiIKa U He 00-
JIAJAIONINX TEPUOJIMIEeCKOil JacThbio. HamomMHuM, YTO 1O/ TEPUOJIMYECcKOil JacThbio
IPYIIBI TOHUMAETC MHOYKECTBO BCEX IJIEMEHTOB KOHEYHOT'O TOPSAJIKA TPYIIILI, ITPU
YCJIOBUU, YTO OHU 0OPA3yIOT MOJATPYIIILY.

[Iyctp 2l — MHOXKECTBO BCEX KOHEUYHBIX dJIEMEHTapPHBIX abesIeBbIX 2-IpyIil, B =
={Us(q) | ¢ =p",k=1,2,---} — MHOXKecTBO Bcex yHUTAPHBIX I'PYIII CTEICHN 3 HaT
KOHEYHBIM T10JIeM (PUKCUPOBAHHOM HEYETHOIN XapaKTEPUCTUKU P .

Teopewma. I'pynmna Illyakosa G, HachllleHHAST IPYIIIIAMA U3 MHOXKECTBA

R={BxAlAcU Bec B},

obJ1aj1aeT MepUoUIecKoll YacThIO, KOTOpast JIOKAJIbHO KoHedHa u u3omopgua Us((Q)) X
x I, rme I — saementapHas abesieBa |2|-rpynma, () — JIOKaJbHO KOHEUHOE II0JIE
XapaKTePUCTHKH P.

JIuteparypa

1.  Cenamos B. ., Ulyukos B. II., I'pynmsr ¢ yenoBusimu koueunoctu. Hosocu-
oupck: Hayka. Cubupcras uzdamenvcran dupma PAH, (2001) 326 c.

2. Inénkun A. K., ConpsizkeHHO OUITPUMUTHBHO KOHEUHBIE I'PYIIbI, COJIEPKATINE
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OQPPEKTNBHO P, N-PA3J/IO2KUMBIE ABEJIEBBI I'PVYIIIIBI BE3
KPYUYEHUA
H.T. Xucamuesn, /1. A. Tycynos, C. /I. TeiubibekoBa
Espasutickut navyuonaronoid ynusepcumem um./I. H. l'ymunesa, Hyp-Cyaman
(Kasaxcman)
hisamiev@mail.ru, tussupov@mail.ru

B pa6orax [1],2] BBesennl mousaTusa 3hHEKTUBHO BIIOJIHE PA3IOKUMBIX U CUIIb-
HO Pa3JIOXKUMBIX abeJIeBbIX TPYII U JaHbl KPUTEPUH st abeeBOl I'PYIIIbl OBbITh
TAKOBBIMU.

I[Iycts P m w 00603HAYaOT COOTBETCTBEHHO MHOXKECTBO BCEX IIPOCTBIX UHCE U
MHOZKECTBO BCEX HaTypaJbHBIX 4uce. BBeieM cieyroliee

Oupenesnienne 1. Ilycrp Bbramcammblii npeaukar R(i,m,p,n,z),p € P,
i,m,n, T € W, YJAOBJIETBOPSIET CJACIYIOIIHM YCIOBHSIM:

1. R(i,m,p,n,z) — Yk <n R(i,m,p,k, z);

2. Jlist J1ro6bIx i, m MHOXKECTBO S; ., = {p | In Iz R(i,m,p,n,x)} KoneuHo;

3. Il Jmroboit mapel < i,m > CYIIECTBYET €JHHCTBEHHOE IIPOCTOE YHCJIO
Qim € Sim Taxoe 4T0 HCTHHA (POPMYIIA

Vn 3z R(i,m, gim,n,T).

Yucito g;,, Ha30BeM IVIaBHBIM YHCJIOM MHOXKECTBA Sj .
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[IycTb
Q = {4i.m|qim - T1aBHOE UKCTO, i, M € W}.

st 1r060ro mpocToro Ymucsaa p u upeaukarta R oonpeaennM abesieBbl I'PYIIIIbL:

Alp) = <{]%|m € Z,n € w}, +,0), (2)

A(R) = ©{A(gim)|Fi FIm(gim € Q)}- (3)

AbesteBy Tpymmy A 6e3 kpydenus HazoBeM 3 G b e K T ¥ B H O Zgoi - pasJio-

JKIMOI, €CJIN CyTIECTBYeT BBIUYUCIUMBII ipeukar R(i, m, p,n, ), yI0OBIETBOPSIONIII
yesoBusim 1-3 onpegernenns 1, u rpymner A(R) u A m3oMopdHBL.

[Tycrs maro mHOXKecTBO S C P X Ww Takoe, 4TO CIPABEJINBO YCJIOBUE: €CJIH Mapa
< p,m >€ S, To ;g joboro ynciaa k < m napa < p,k >€ S. Onpenenum abejeBy

IPYIILY
A(S) = &{A(p,m)| < p,m >e S)},

riae A(p, m) usomopdua rpynne A(p), oupejesnennoit pasencrsom (1).
Onpepnenenne 2. Eciu cymiecrByer BbruucuMasi Hymeparusi v rpymibsl A(S)
rakast, 910 B (A(S), V) HMeeTcst BLITHCIIMO HePeTHCIIMAST IOCI€0BATETLHOCTD JJIe-
MEHTOB
(apm| < p,m >€S)

Takas, 4To
A(S) msomopgua rpymme G{A(p,m)| < p,m >€ S)},

to mapy (A(S), ) HazoBeMm 3p(PeKTHBHO p,n - PA3JIOKEHHOMH TDYIIIOH, & caMy TDYIIILY
A(S) - acppekrBHO D, N - PABIOKIMOI].
Teopema. Abesesa rpymmna A(S) appekTuBHO p,n - pasioxKuMa TOrJIa U TOJBKO

0
TOIJIa, Korjja OHa 3(hheKTUBHO Zé% - pa3J/IoKUMA.

okazano, 4ro Jobas 3pOEKTUBHO BIOJIHE paz3joKuMad rpynmna 3hQeKTuBHO
P, N - PA3I0KUMa, HO 0OPATHOE HEBEPHO.
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O PA3PEIIIMMOCTU KOHEYHOM I'PYIIIIBI C IBYMS
ITIOATPVYIIIIAMMU ITPUMAPHBIX MHIAEKCOB
. A. XomanoBu4
Tomenvcruti zocydapemeernnits yrusepcumem umenu . Cropuro, [omenrn
hodanovich@gsu.by

PaccmarpuBatoTcst TOJIBKO KoHeuHble TPynnbl. cmomb3yemas TepMUHOIOTHAS CO-
orsercrByer [1].

Panee 2] ycranosiena pazpemumocTsb Tpynibl G ¢ JBYMs HECOTIPSAKEHHBIMU MaK-
CUMAJIbHBIMU TIOArpyHaMu A u B, KOTOpbIE yIOBJIETBOPSIOT CJIEIYIONIIM TpeboBa-
ausiv: (1) moarpymnmnel A u B umeror npumaphble nHaeKch B G; (2) Bce cobcTBeH-
Hble noarpynnsl B A u B B cepxpaspemuMbl. [Ipn mokazaTebcTBe He HCIIOJIb30-
BaJlach KJjaccuuKaiysi KOHEYHBIX MPOCTBHIX Tpytil. Tpebosanue (2) MoxKeT ObIThH
ocJ1abJIeHO IO CJIe/IYIONIero OrpaHWvdeHns: Bce cOOCTBeHHBbIe moarpynnsl B A u B B
2-HWJIBIIOTEHTHBI. TeM caMbIM, CIIpaBe/IuBa CJe/IyIolas TeopeMa.

Teopema. Ilyctb A u B — Hecolpsi>KeHHbIe MaKCHMaJIbHBIC MOATPYIIIBI B TPYII-
e G . IlpenrioioKkum, 9TO BBIIIOJHSIIOTCS CJIEYIONIIEe TPeOOBAHUSI:

(1) A u B umeror npumapubie uHjaekcer B G;

(2) Bce cobcrBennble moarpyniibl B A uw B B 2-HUJIBIIOTETHBL.

Torna rpynma G pa3speruma.

Caenctsue. Ilycte A m B — HecollpsizKeHHBIE CBePXPAa3PEITHMbIe MaKCAMAIhHBIE
noarpymmsl rpymnabl G. Ecan nagexcel noarpynn A uw B B rpymie G npuMapHbI, TO
rpymma G pa3perruMa U HHIEKC 110 KpaitHeii mepe oaHoi u3 noarpymnn A wim B ectb
IIPOCTOE IHUCJIO.

3ameuanwme. Kiaccy Bcex rpyii ¢ 2-HUJIBIOTEHTHBIMU COOCTBEHHBIMU TIOIPYII-
aMy TPUHAJJIEYKAT CJIELYIONINE TPYIIbI: I'PYIIIHI HEYETHOrO MOPSIKA; CBEPXpa3pe-
IIIAMbIE TPYIIIbI; MUHIMAJIbBHBIE HECBEPXPA3PEIINMbIE TPYIIIbI; 2-3aMKHYThIE TPYIIIHI
[MImuara. Ecim B mokasamHoit Teopeme noarpymma A u mogarpymmna B m30MOpMHBI JTo-
00t 13 TepPeInCcIeHHbIX IPYIII, TO MOJIYINM HOBbIE IPU3HAKN PA3PEITUMOCTH T'PYIIIIbI.
Pesynbrar [3, Teopema 4.1] TakKe OXBATHIBAECTCST TEOPEMOIA.
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ITEPNOANYECKUE I'PVIIIIbI, HACBIIITEHHBIE KOHEYHBIMUA
ITPOCTBIMU I'PVYIIITAMUN JIMEBA TUIIA PAHTA 1 1 TPYIIIIAMMN
Ly(2%), La(2")

A. A. lllnenkun
Cubupcruti ¢edeparvni ynusepcumem, Kpacroapck
shlyopkin@mail.ru

I'pynmma G macviwera TpynmaMn U3 MHOXKECTBa TPYIIT R, ecm Jobast KOHEU-
Has noArpymna u3 G coJepKuTcs B noArpyie rpymibl G, n3oMopdHOil HEKOTOPOit
rpymme u3 R [1]. B Koyposckoit Terpagn [2| nocrasien Bompoc 14.101:

Bepro au, wmo nepuoduueckas 2pynna, HACHULEHHAA KOHEYHOLMU TPOCTNbLMU
2PYNNAMU AUEBA TUNG, PAH2U KOMOPHLT 02PAHUYURDL 6 COBOKYNHOCTU, CAMA ABAAEM -
cA npocmoti 2pynnoti AUEsa muna?

[Tosryuen 9acTUYIHBINA OTBET HA STOT BOIPOC JIJIsi TPYIII, HACBIIEHHBIX KOHEYHBIMHI
[POCTBIME TPYIIIaMu JreBa Tura panra 1 u rpynamu Lz(2"). Tlomoxum

D = {Lo(f), Us(h), S=(22™1), Re(Z )| f > 3,0 > 2,m > 1,0 > 1} —
MHOKECTBO BCEX KOHEUYHBIX IIPOCTBHIX TPYIII JIMEBa THIA paHra 1,
¢ = {L3(2") | k — maypambnoe, ne dbukcuposammoe},

A = {L4(2") | | — maypambmuoe, bukcuposannoe},
M=AUuDUC.

TEOPEMA. IIycmv nepuoduueckas epynna G HACOIUWEHA 2DYNNAMU U3 MHOHCE-
cmea M Tozda G usomoppra 00Hol U3 2pynn caedyrouLe2o MHOAHCECTNEA

{Lo(F), Us(H), Sz(P), Re(Q), Ls(R), La(2')},

rae F, H, P,(), R — 0KaJbHO KOHEYHBIE ITOJIs.
UccnenoBanue BuimoHeno npu dpunancopoii nojiepxkke POPU B pamkax Hayd-

moro mpoekTa Ne 19-01-00566 A.

JImteparypa
1. A.K. Irenxun, O HEKOTOPBIX IIEPUOAMIECKUX TPYIIIAX, HACHIIIEHHBIX KOHEHBIMU
npocThiMu TpymaMu // Maremarnaeckue tpymbt. — 1998, — T.1, Ne 1. — C. 129-138.

2. Hepemennsie Boripockl Teopuu rpymi. — Koyposckas Terpa/ib, 18-e uzi., HoBocu-
oupck, -t marem. CO PAH, 2014.
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rOMOMOP®U3MBI 3 N-I'PVIIIIBI B ITOJIYABEJIEBY
N-TPVYIIITY
H. A. IIlyuykun
Bonzoepadckuti 2ocydapecmeennviti couuasvHo-nedazo2uieckut yHusepcumen,
Bonazoezpad
nikolaj shchuchkin@mail.ru

Muoxecrso Hom(G, C') Bcex romomopdusmos u3 n-rpymnst (G, f1) B moayabeste-
by n-rpymny (C, fa) ¢ n-aproft onepAIHCit g{gr, .., o) () = falr(2), .. on(2)).
x € G, obpasyer nosyabeseBy n-rpymiy [1]. ¥V usoMopdHBIX n-Tpymi u u3oMopd-
HBIX MOJIyabeIeBbIX N-TPYII N-TPYIIILI TOMOMOP(MHU3MOB TaKzKe M30MOPQHELI, Hoee
TOro, JOKa3aHa

Teopema 1. Hszomopgusmer 1y uz n-rpynnst (G, f1) B n-rpymmy (G', f1) 1 o
u3 nosyabenepoii n-rpymmsr (C) fo) B nomyabeneBy n-rpymmy (C', f}) wHgymupy-
o1 uzomopcuzm T n-rpyin romomopgusmos (Hom(G,C),g) u (Hom(G',C"),q'),
KOTODBIIT JIeHCTBYeT 10 MPaBHIY T @ — g 0 cvo 1y .

OaHO#t M3 OCHOBHBIX HIPOOJIEM, KACAIOIIUXCA N-TPYII TOMOMOP(MHU3MOB W3 7-
IPyLIBl B II0JIyabeIeBy n-TPYIILy, SBJISETCA OTLICKAHHE I0J1ya0e/IeBOil 7 -TPyIIb,
KOoTOpas ObLaa Obl m30MOp(dHA N-IPyIIe TOMOMOP(MU3MOB U3 HEKOTOPOH M3BECTHOI
N-TPyIIbl B HOoayabeaeBy n-rpymmy. Ecim Takasg n-rpymma HaiizeHa, TO MOXKHO CKa-
3aThb, YTO YIAJIOCH OIIMCATH 71-IPYIILY FOMOMOP(MHU3MOB U3 9TOH U3BECTHON 7-TPYIIIIbI
B nosiyabesieBy n-rpyiiy. B Tesucax koudepenimu sroro roja B 1. Tyia [2] umeercs
OIMCaHue JBYX 7-IPYIII FOMOMOP(MHU3MOB 13 GECKOHEUHBIX abeIeBoil n He abeseBoit
HOJIYIUKIMYECKAX N-IPYII B HOIyabeaeBy n-rpyiry. Huxke npuseeno onncanue n-
IPYIIILI TOMOMOPMU3MOB U3 KOHEYHOI MOJIYIUKINISCKONR N -IPYIIIBI B IOJIyabe/eBy
n-TpyIIILY.

Pacemorpum n-rpyniy romomopdusmos (Hom(Zy, C'), g) U3 KOHEIHON MOy IIUK-
JmaecKoit n-rpynist {2y, f1), vae fi(x1, To, ..., Tn_1,Tp) = Ty+maa+. .. +m" 2x, 1+
+x,+1, 0 <m <k, m Baumuo upoct ¢ k, Im =1 (mod k), nokazaresp aucaa m
o mozyitio k memut n— 1w 1| HOI (n — 1,k) ama m =1, [ | HOJ (mnfl’l,k)

m—1

st m # 1, B monyabeseBy n-rpynmy (C, fo). Ha n-rpynme (C, f3) crpoum rpym-

()
ny C 1o cioxennto a + b = fo(a,cy,...,¢h2,0). Beibupaem smement dy = fo ¢)
u apromopbusm po(x) = folc,x,cq,...,¢q2) rpymnsl C (cq,...,Ch 9 — OOpaTHast
[OC/IeI0BATE/ILHOCTD Jijisd eMenta ¢). Ilycrs C[k] — moarpynma sjnemenTos  u3

C', nyist koropbix kxr = 0, u P, — Bce napsl (a,u) smemenToB u3 C', jijis KOTOPBIX
la =u+ @a(u) + ...+ 5 2(u) +dy, a € Clk] n py(a) = ma. lomxyaum nomyabenesy
n-TpyuIry <P27 h2>7 rae h?((ala Ul), ) (ana un)) = ((ll + .ot ap, f2(u1a s au’n)) :
Teopema 2. [losyabesnesa n-rpymina (Ps, hy) n3oMopHa n-rpyiire romoMopgms-
MOB U3 HOJIYIUKJIHIeCKOi n-rpynibl (Zy, f1) B moyabeneBy n-rpymiy (C, fa).
Jliobas nosyrukanaeckas n-rpynmna (G, f) mnopsjka k m3omopdna n-rpyie
(Zk, f1) |3|. Bymem roeoputs B sTOM Ciaydae, uto (G, f) nmeer tun (k,m,l).
Caencrue 1. [lonyabenesa n-rpymma (Ps, hy) m3oMopchHa n-rpyiine roMoMop-
¢usmos u3 nosynukamdeckoii n-rpymmsl (G, f) tuna (k,m,l) B mosyabesieBy n-
rpymy (C, fa).
Cpeay KOHEUHBIX IIOJIYIUKJINIECKUX N-TPYIIT UMEETCd IUKJINIeCKas n-TpyIia,
510 n-rpymna tuna (k,1,1) [3]. s KOHEYHBIX MUKIMYECKUX N -IPYII BEPHO
CuaexncrBue 2. [lonyabenesa n-rpymnma (P, ho) npm m =1 = 1 msomopgua n-
rpyie romoMopcuzMoB u3 ruKandeckoi n-rpymmsl (G, f) nopsiika k B mostyabesieBy

n-rpymy (C, fa).
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OB APUOMETUYECKUX CBOMCTBAX HEKOTOPBIX
KOHEYHBIX I[I-PA3SPEIINMbBIX HEITPVBOIMNMbIX JINMHEVHBIX
I'PVIIII
A.A. dnauenko
Hremumym mamemamuru HAH Beaapycu, Tomeav (Beaapycsy)
yadchenko 56@mail.ru

[TycTh ™ — MHOZXKECTBO TIPOCTBIX HEUETHBIX unces1, (G — KOHedHasl T -pa3permnMast
IpyIa, KoTopas UMeeT TOYHBI KOMILJIEKCHBI XapakTep Y CTEINeHH 1 U COJAEPIKUT
m-xosnoBy T'I-noprpynmny H . Ecin xapakrep X HempuoanM, TO B [1] yTBepkmaeTcs.
qro 60 H < G, mubo n nenures Ha |H| wiam va Takyio crenenb f > 1 HEKOTOPOro
npocroro uncia, uro f = —1 wiu 1(mod|H|).

Ounpenesienne. CkazkeM, 9TO HATYPAaJbHOE UHCIO N VJOBJIETBOPSIET YCJIOBUIO
D(h), ecim n = kh — 1 st rakux HatypasbHbIX qucess k u h, 1ro k < h mmm
n = kh + 1 grsa rakux HarypajabHbIX duces k u h, ato k < h — 2.

JlJ1st He TT-3aMKHYTBIX HEIIPUBOIMMBIX KOMILJIEKCHBIX JINHEHHBIX TPYIIII CTEIIeHU 71,
yrossieTBopsttorux yejaosuio D(|H|), yTBepKieHne TeopeMbr u3 1] MOXKHO yTOYHUTS.

Teopema. Ilycrp G — KOHe4YHasi T -pasperiuMasi U He T-3aMKHyTas IDyIIa ¢
m-xostoBoii T'I -ogrpynnoii H wederHoro nopsiika. Ecin rpynmna G umeer TOYHBII
HEIPUBOJIMMBIE KOMILJIEKCHBII XapakTep X CTEIeHH N, YJIOBJICTBOPSIOIIEH yCIOBUIO
D(|H|), To ona pasperinma U BbITOJHSIIOTCS CJIEJIYIONIHE 3aKIIOYCHUS:

n = ¢° JJIsI HEKOTOPOTO IPOCTOrO YUCJIa (¢ H HEKOTOPOIO HATYPAJIbHOIO
quciIa €;

(2) ¢* # —1 n 1(mod|H|) g1 Bcex marypanbubix qucea 1 < a < e.

(3) cmmoBckasi q-moarpynma rpynnbl G He siBIseTcst abesieBoli B CIydae, KOIjla
n = k|H|— 1 gz rakoro marypassHoro aucia k, aro k < |H].
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