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ITpeaucinosue

[Tocobume nanmcano Ha OCHOBE JIEKINIT JIJIsT CTY/IEHTOB MHCTUTYTA BbI-
YUCJIUTEIBLHOI MaTeMaTUKN 1 WHPOPMaIMOHHBIX TexHo oruil KDY, crre-
MUIAJTI3UPYIONUXCS B 00IACTH MaTeMaTHIECKIX METOJIOB B S9KOHOMUKE U
nHQMOPMAIMOHHBIX TeXHOJ0ruil. B mocodbun cojeprkarcs TakzKe THIIOBbIC
3aJIaHNs 110 OCHOBHBIM pa3jie/laM YNUCIEHHBIX MEeTOJI0B, KOTOPbIE MOTYT
OBITH HMCIIOJIB30BaHbl Ha NMPaKTHYECKUX 3aHATusgx. [Ipemmnosaraercs, 4To
YUTATETb 3HAKOM CO CTAHIAPTHBIMI KypCaMi MaTeMaTHIECKOTO aHaI3a,
JINHEIHOM aredphl U AHAJIUTUYECKONH TeoMeTpHUH, OOBIKHOBEHHBIX -
depennmanbubIX ypaBHeHuit. MHOrne BOIpPOCHI, 3aTPOHYThIE B ITOCOOUN,
aKTUBHO 00CYZKJIAJIUCh C COTPYHUKAMH Kadephl BbIYUCIUTE/THHON Ma-
remaTnkn Kasanckoro gemepajbHOr0 yHUBEpCUTETA. ABTOPHI BBHIPAZKAIOT
UM CBOIO HCKPEHHIOI0 OJiarojapHocrhb. Pykomuck 1mocodust ObLia BHIMA-
tesibHO npounTana M.D.IlaBoBoit. ABTOpPHI MMOCTapaich MaKCUMaJIbHO
ydecThb ee 3aMedannsd. ABTops! npusHareabubl B.M.DeoToBy, okazasiie-
MYy OOJIBIITYIO TIOMOIIE TTPH MOJTOTOBKE MOCOOUS K ITeYaTH.



[VIABA 1
YucjaeHHbIE METO/IbI a,JIrerbl

§ 1. IIpsamble MeTOABI peNieHNsl CUCTEM JIMHEWHBIX ypaBHEHUIA

1. Metox I'aycca. PaccmarpuBaercs cucreMa JIMHEHHBIX ajred-
panvyecKnx ypaBHEHUIl

Az =D. (1.1)
311ech
a1 aip ... Qip I b1
as; @99 ... @ T b
A — 21 Q22 m Coz= 2 b= 2
Anl Ap2 .. Qpp T, b,

Marpuma A npejmnosaraercss HEBBIPOXKIEHHON, TO ecTh det A # 0.
[Tosromy cucrema (1.1) ofHO3HATHO paspelninMa mpu 00N TpaBoil Ja-
CTH, ee pelleHne MoyKeT ObITh BhIIcano 1o dhopmyaam Kpamepa

rie A = det A — onpenesrens marpuisl A Y. a A; — 970 onpegesnTes,
OJIYIAIOIINICS 13 ONpenennTess MaTpuilbl A 3ameHoit 7-Toro crosdia
CTOJIOOM CBOGOIHBIX I€HOB crcTeMbl (1.1).

Kazasoch 0b1, dpopmysibl KpaMepa MOJHOCTBIO peliaioT 3ajady I0-
CTPOEHNUsI PENIeHUsI CUCTEeMBbI JINHEHHBIX YPaBHEHNIT, OJHAKO Ha TPAKTHKE
OHI HE HCIIOJIL3YIOTCA. ITO 00bsICHAETCs cienyonuM. HamoMmanm, 1ro

det A = Z ta14,020, * * * na, s (1.2)

(()&1,()42,...,0%)

rie (aq, o, ..., Q) — nepecraHoBka cuMBosioB 1,2, ... n. Hucso ciara-
eMbIX B CYMMe PaBHO Mn!, M03TOMY HEIIOCPE/ICTBEHHOE BBIUNC/IEHUE OIlpe-
nenanresist Tpedyer nn! apudmerniecKnx oneparmii, 9To yxKe mpu n = 30
HEJIOCTYIIHO JazKe JijIst caMbIX MoOIIHbIX 9BM. Kpome Toro, m3-3a 60.1b-
IIOr0 YUC/Ia COMHOXKUTE/IEl B cjiaraeMbix (1.2) Herocpe[cTBeHHbIE BBIUIC-
nenust 10 (opmyiie (1.2) MOTYT MPUBOUTH K MEPEOJHEHNIO PA3PsIIHO

D Oupenenuresns Marpuisl A 0603HAUACTCS TAKKE T€Pe3 |Al.
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cetkn 9BM mwim K cuIbHOMY HAKOILJIEHUIO MOTPENTHOCTENH OKPYTJICHUA.
[TosToMy It pellieHusi CHCTEM ypaBHEHUIl NMPUMEHSIOT Japyrue, doJsee
SKOHOMUYHbIE U YCTONUYMBBIE 110 OTHOIIEHUIO K IOTPEHIHOCTSIM OKpYTJie-
HUS METO/IbI.

1.1. Haunem ¢ camoro mpocrtoro m Hamubojiee paclpoCTPAHEHHOI'O
meTojia — Metoja [aycca. Samumiem cucremy (1.1) B nHmeKcHOi dhopme:

a11ry + aprs + ... + apx, = by,
a91T1 + Q929 + ... + AopZTy = bg, (13)
an1T1 + oo + ... + appty = by,

[Tpemmonoxum, aro ay; # 0 U o€/ UM Ha 9TO YHUCJIO 1IEPBOE YpaBHEHUE
cucrembl. [Toyamm:

1+ a%)xg + ...+ a&)xn = b(ll).

YMHOXKIM TemNephb MepBoe YpaBHEHNE CUCTEMBI HA Q9] W BBIUTEM U3 — BTO-
poro. AHajiorudHo 1peobpasyeM ocTasibHble YpaBHEHUs cucTeMbl. B pe-
3yJIbTATE MOJYIUM CUCTEMY YpPaBHEHWI, SKBUBAJIEHTHYIO MCXO/IHOI:

T+ CL(112)£U2 + ...+ a&)xn = bﬁ”,
aglz)xg + ...+ agl)xn = bél), (1.4)
CL7(12)SCQ + + agrzxn = (1)7
e
a%) = ayfaw, j=2,...,n, b) = bi/ay, az(jl') = Qij — ag.li)a“’ (1.5)

i:2,...,n,j:2,...,n, bgl):bi—blaﬂ, 222,,?7,

OtbpocumM mepBoe ypaBHeHue cucteMbl (1.4), a jjist OCTABIINXCS — BbI-
MOJIHUM TIpeobpa3oBaHus, Takue ke, Kak st cucrembl (1.3). TTomyanw:

x1 + a%)a:g + CL%).CL'g + ...+ a%)xn = bgl),
T2 + a%)xg + ...+ aéi):cn = 652),
aé?xg + ...+ aéi):cn = bg), (1.6)

...........................
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[TpoBojis najee anajorudHble Mpeodpa3oBalns, MPHUIeM, HAKOHEI[ K CH-
cTeMe C TPEyroJIbHOI MaTpUILel:

1+ a%):@ + CL%)CU;), + ...+ a%}xn = bgl),
T9 + a%)xg + ...+ aéi):cn = béz),
(3) (3)
T3+ ... +as, T, =by, (1.7)
To1+ala, =Y,
Ty = bn”).

Pemenne cucrembr (1.7) Bbrancisercs 1mo hopMyiaM:

v =00, ai =0~ 3 ally;, i=n-1m-2,...1. (18
j=i+1

Ormrcannblii criocod nosydenns cucrembl (1.7) u3 cucremst (1.3) ectb
npsiMoii xoj1 Metosia Laycca. Beraucsenns no dopmysiam (1.8) cocrasiisiior
obpaTHbIiT X0 MeToa [aycca.

1.2. Omnenka tpynoeMkocTn Metojga laycca. Iloncunraem, cKoJIbKO
apudmeTnueckux orepanuii TpebyeTcss BBIIOJHUTD JIJisl MOy YeHUsT Pe-
mennst cucreMbl (1.3) mo meroy laycca. Amanusupyst dopmysisr (1.5)
nepexosia oT cucreMbl (1.3) K cucreme (1.4), HETPY/HO TOJICIUTATD, YTO
nx peanszanus tpedyer n + 2(n — 1)2 + 2(n — 1) = 2n? — n onepa-
nuit. Ananmorndno, nepexoj or cucrembl (1.4) x cucreme (1.6) Tpebyer
2(n—1)%— (n—1) onepanuit. Takum 06pa3oM, Jisl IOCTPOSHUS CHCTEMbI
(1.7) norpebyercst 2n*—n+2(n—1)2—(n—1)+2(n—2)>—(n—2)+ ... +1=
=2(1+2°+ ... +n®) = (1+2+ ... +n) + 1 onepanuii. Vicnonnzyst
XOPOIIIO U3BECTHBIE (DOPMYJIbL:

n(n+1) 1424 4= n(n+1)(2n+1) |
2 6
MOJIYYHM, YTO JIJIsl peau3alii IPsSMOoro Xojga MeTojia ['aycca Tpedbyercst
Q=nn+1)2n+1)/3—n(n+1)/2+ 1 apudmerndecknx OHEPAIlHIi.
deno, uro Q =~ 2n3 /3 npu Goabmux n. Berauciaenus no dpopmymnam (1.8)
Tpebyior Bhimoaennd 2(1 + 2+ ... +n — 1) = n(n — 1) apudmernde-
ckux orepannii. Vtak, nmpu 60JabImx n /s peajgun3annn MeToda [aycca
norpebyerca npuMepHo 2n? /3 onepaiuii. ITo CyMIECTBEHHO MEHbIIe, HeM
pu ucnosb3oBarnn ¢popmyr Kpamepa.

142+ ... +n=
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1.3. VcioBus npuMenumoct Metoja ['aycca. Onucanublii MeTo/1 pe-
IIeHUsI CUCTeMbI JINHEHHBIX YPaBHEHU MOXKeT ObITh peasi30BaH JIUIIbL B
TOM CJIydae, KOT/Ia Bce Jucya a1, a%), cee a%ﬁl), Ha3bIBa€MbIe BeIYIIIMI
WM TJIaBHBIMU 3JIeMeHTaMu MeToja [aycca, oTnaasl oT Hysid. Boiaemmm

KJlaCC MaTpul, AJisI KOTOPBIX 9TO YCJ/JIOBUE BBLIIIOJIHACTCA. HYCTB

ai a99 e QA1n
aip ai2 Aoy Q22 ... QA2p
Alzalla AQZ 7-'-;An:
as1 G222
ani an2 e Ann

€CThb TI'JIaBHbIEC MMHOPDLI MaTpPHUIIbI A.

Teopema 1.1. Jlas mozo, umobw, 6ce sedyujue anemenmot memoda
Taycca bviau omau“HDE OM HYAA HEOOXOJUMO U DOCTNAMOYHO, WMOoObL GCE
2AABHBLE MUHOPDL MAMPUUBL A ObLAU HEHYAEEDLMU.

JTOKABATEJILCTBO. IlycTh Bce riiaBHbie MUHOPBI MaTpuilbl A or-
JUIHBl 0T HyJIst. [lokaskem, 9TO TOTa BCe BeJyIne 3JIEMEHTHI METO/Ia
[aycca e paBubl Hys10. Meem, B gactHOCTH, a7 = A1 # 0. Ipume-
HsIT [IpeoOpa30BaHMs, BBIOJIHSIBIINECS P IIPOBEIEHNN MPSMOIO XOJa
metoja [aycca (em. dopmysibt (1.5)), mosyanm

ai2
1 i
ari (1)
A =ayy a1y = a11G99 ,
0 ag — —ag
aiq
(1) 0. 11 (1) (k—2)
CJIeJIOBATEJILHO, (yy =# 0. IlycTb y2Ke Jl0Ka3aHO, 9TO a1, Aoy ooy Qg g g

He paBHBI HyJ0. Torma, NpuBojst MUHOP Aj K TPEyroJbHOMY BUY IIPH
HoMoIIK Ipeodpas3oBaHmil MPsiMOro Xoja MeToja [aycca, moaydmm

1 1
1 a§2) e aéé%
Ay = alla%) -, .a,(f__f])c_l 0 1 o eyl |
(k—1)
A,
1 k—2 k-1
= allaé; .. .a,(C_L,Z;_la,(gk ), (1.9)

k—1
cJieJ0BaTeIbHO, a,(ck ) # (0. ObpaTHOe yTBEpKJIEHNE TeOPEMbI €CTh OUe-

BIJIHOE CiejcTBUE cooTHomenus (1.9). [V

1)SHa‘II(OI\rI D7 KaK O6I)I‘{HO7 oTMe4dYaeM KOHell /JJIOKa3aTeJ/JIbCTBa.



10 I'maBa 1. Yucjenupie MeToabl ajareOpbl

[IpuBegem gacTo BCTpedaromuecs B IPIIOKEHUSX TPUMEPBI MATPHII,
JJIsI KOTOPBIX MeTo, ['aycca IpuMeHnM.

1) CummeTprUHbIE MOJIOKUTEIHHO Olpe/ie/ieHHble MaTpuIlbl. Hamom-
HUM, 9TO MaTpuiia A HasbIBaeTcss CUMMETPUYHOI, €C/IN OHA COBIAJAET C
TpaHCIOHNPOBaHHOI K Heil Marpuieit A7. Marpura A HasblBaeTCs IoO-
JIOKUTEJIbHO ompesiesiennoii, ecin (Az,x) > 0 Vo # 0. Kak o6braHO,

n
(x,y) = > x;y; — CKaJIgpHOE TPOM3BEJIeHNe BeKTOPOB. B cooTBeTcTBINI
i=1

¢ kpurepueM CujbBecTpa CUMMETPHYHAA MATPUIIA TIOJIOXKUTEIHHO OIIpe-
JleJleHa Torjia, U TOJILKO TorJla, KOT/la BCe ee IJIaBHble MUHOPbBI TOJ0XKHU-
TeJIbHBI.

2) Marpuiip! ¢ auaroHajbHBIM TTpeobsiaianneM. Tak HA3BIBAIOT MaT-
PUIBI, 3JIEMEHTBI KOTOPBIX YJIOBJIETBOPAIOT YCJIOBUIO:

n

Z \aij\ < |aii|7 1=1,2,...,n. (110)
J=1, j#i

Teopema 1.2. Ilycmv mampuuya A — mampuuya ¢ uaz2oHaALHBIM
npeobaadaruem. Tozda 6ce ee 2aa6HbLE MUHOPYL OMAUYHDL O, HYAA.

JTOKABATEJILCTBO. Pacemorpum rimasubiit muaop A, k > 1. Ho-
CTATOYHO YOEINThCA, YTO OJHOPOIHA CUCTEMa, JUHEHHBIX YPaBHEHMIT

a11x1 + appxo + ... + a1 — O,
a1 + awrs + ... + agypxry = 0, (111)
apx1 + aporo + ... + appxr =0

¢ MaTpHIel, COCTaBICHHON U3 9JIeMEHTOB MIUHOPa Ay, IMeeT TOJIbKO Tpu-

BHAJIbHOE perienne. [Ipe/nonoKuM IpoTHBHOE U IIyCcTh max |z;| = |x;].
1<j<k
Acno, aro x; # 0. Unave pemenne xq, ..., T, ObLIO Obl TPUBUAJILHBIM.

BarnuieM i-toe ypasHenue cucrembr (1.11):

air1 + a;ro + ... +ajxr = 0.
Orcrona
Qi = —Ai X1 — oo — A i—1Ti—1 — Aji+1Ti41 — -+« — G Tk,
ciie10BaTeJIbHO,

|aiil|7s| < aal||lz]+ . a1l |zioi| +laiial |z + - la|zr] <
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k n

<loil Do eyl <zl Y ayl,
J=1, j#i J=1, j#i
n
mosToMy |a;;| < Z |la;;|, aro nporusopeunt yciosuio (1.10). O
J=1, j#i

1.4. Metosx ['aycca ¢ BBIOOpOM TJIaBHBIX 3JIEMEHTOB. B Tex cirydasx,
KOI'JIa 3apaHee TPYIHO YCTAHOBUTHL, UTO BCE BEAYIINE DJIEMEHTHI MeTO-
na [aycca OTIMIHBI O HyJisd, TPUMEHI0TC Mo ukannm Metojia ['aycca,
MO3BOJISIONTIE M30e2KaTh JIeJIeHNs Ha HYJIb B C/Iydae MPOM3BOJILHON HEBbI-
poxkienHoit MaTpuibl A. OnuinemM BapuaHT TaKOro MeTO/1a, Ha3blBaeMbIil
MeTojioM ['aycca ¢ BLIOOPOM IVIABHOI'O DJIEMEHTa 110 CTPOKE.

Haiitem MaxkcmMaabHBIN IO MOJTIY/TIO 9JIEMEHT TEePBOIl CTPOKN MaTpH-
bl A. Ilycrs 910 ectb ay;. flcHo, uTO0 a1; # 0, mHAUE BCe 91€MEHTHI epBoil
CTPOKM MATPUIILI PABHBI HYJIIO U MATPHUIA OKA3bIBAETCS BOIPEKHU HAIlle-
MYy IIPE/IITIOJIOKEHNIO BhIPOXKIeHHO. [loMeHsieM Terepb MecTaMu 11epBbIii
U j-ThIil CTOJIONBI crcTeMbl (1.3) ¥ BBIIOJHUM TIEPBBIii Al TTPSIMOTO XO/1a
Metona ['aycca. [Ipu sTom Oyner BbIIONHATECA fesienne Ha apj 7 0. SaTem
IIPOBOJIUTCST IIONCK MAKCHMAJILHOTO 110 MOJIYJIIO 3JIEMEHTa BO BTOPOil CTPO-
ke cucreMmbl Buja (1.4). OH BHOBb OKAa3BIBACTCSI HEHYJIEBBIM, MOCKOJIBKY
marpuiia A HeBbIpOXkKJeHa. BBIOJHSIeTCs IepecTaHOBKa COOTBETCTBYIO-
1ero crosioia cucteMsbr (1.4) ¢ ee BTOpbIM CTOJIOIOM, 3aTeM — BTOPOii mar
psIMOro xojia Metoja ['aycca. AHaIornuHble BHIYNCICHUST TTPOBOIATCS 10
npuBejieHnst cucteMbl (1.3) K TpeyroJibHOMY BH/LY.

[Tpn mporpaMMHOil peaju3alun 3TOro METOo/1a MEePECTAHOBKU CTOJI0-
OB 3aMEHSAIOTCA COOTBETCTBYIONINMHI TIEPEHYMepaIusMi HeM3BECTHBIX.

fcHo, 9TO aHAJIOMMYHBIN AJICOPUTM MOXKHO TIOCTPOUTD, IIPOBOJIS KaXK-
JIbIIT pa3 MOMCK MaKCHMAaJIbHOI'O 3JIEMEHTa B COOTBETCTBYIOIIEM CTOJIOIE
MaTpUILl. MoKHO OBLIO OBl MPOBOIUTDH MOUCK MAKCUMAJIHLHOTO 9JIEMEHTA
1 IO BCeil MarTpurie.

OrmeTuM, 9TO BBIOOD TJIABHOT'O 3JIEMEHTa, HE TOJILKO 0DecreunBacT
peamm3yeMocTh MeToa ['aycca mpu 1000t HEBBIPOXK IEHHON MaTpuie A,
HO U YMEHBINAeT BJIUSHEUE MOTPENIHOCTEel OKPYTJIEHNs], TaK KaK MPUBO-
JINT K JIeJIEHNIO Ha OOJIBITIE YKC/ia, 9eM B OCHOBHOM aJITOPUTME METOJIa
laycca. IlonsaTHO, 9TO 9TO TpeOyeT JIOMOJHUTEJBHBIX 3aTPaT Ha IOUCK
MaKCHMAJILHOTO 9JIEMEHTa 1 3aIllOMUHAHIE TIepeHyMepaliiii Hem3BeCTHHIX.
OcobeHHO 3HAYUTETLHBIMI 9TH 3aTPATHI CTAHOBSATCSA INPU IMOWCKE BEJTY-
ero 3JjieMenTa 1o Bceit marpure. OjHaKko 3TOT BapuaHT MeTojga [ayc-
ca OKa3bIBaETCs HaMOOJIee YCTONIMBBIM 110 OTHOIIEHUIO K MTOTPENTHOCTSIM
OKPYTJICHHUS.
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1.5. Merox I'aycca n pasioxkenne MaTpuIlbl Ha TPEYTOJbHBIE MHO-
»xutean. Ha npakTuke daiie Bcero meros I'aycca peajmsyercst B popme
pa3I0XKeHNd MATPUILI Ha TPEyrobHbIe MHOXKUTEIU. B0o3MOXKHOCTL Ta-
KOI'0 pa3JIoyKeHUs TapaHTUPyeT

Teopema 1.3. Ilycmv s6ce enasnvie MUHOPL MAMPUUBLL A 0mMAUY-
HoL om HYyAf. To20a cyuecmsyrom HesvPOAHCIEHHBLE HUHCHAA U BEPTHAA
MPEY20AbHLE MATPUUDL

l11 0 e 0 1 U2 ... Uip
I = llg 122 0 : [ — 0 1 oo Up2
b1l oo ln o 0 ... 1

(6ce duazonanrvhvie anemenmor mampuuyv, U pasno, edunuye) makue,
ymo A = LU.

[Ipexxie, 4eM JIOKa3bIBATH TEOPEMY, 3aMETUM, U4TO €CJId MaTpuIbl L,
U noctpoennl, To perierne cucreMbl (1.1) MoxKeT OBITH BBITOJIHEHO CJIe-
ayrorum obpazom. Sammiiem cucremy (1.1) B Buje

LUz = .
[Tosozxum
Uxr =y. (1.12)
Torna
Ly =b. (1.13)

Cucrema (1.13) — cucrema ¢ TpeyroJbHO#l MaTpurieir. Fe pemenne
MO2KeT OBbITh IIOCTPOEHO IIPHU ITOMOIIN 0OpaTHOro xojia MeToa ['aycca. Cu-
crema (1.12) npu yrke HaiiJleHHOM BEKTODE Y TaKyKe MOYKET OBbITh pelleHa
IIPH OMOIIH 0O6PATHOTO X0/Ia MeToja ['aycca (3aMeTnM TOJIBKO, 9TO HEM3-
BECTHBIE X1, . . ., Ly HAXOJATCS IIPU 9TOM, HAUNHAs C IepBOro). Takum 00-
pasomM, ecyin MaTpuiibl L, U mocTpoensr, TO jyist pernienns cucrembr (1.1)
NPUIETCSA HOTPATUTH HPUMEPHO 21’ apudMeTHHecKIX Oeparuil.

Ocobenno mnose3na Takasg Moaudukaimss Meroja laycca npu HeooO-
XOJAUMOCTH peniaTh MHOXKECTBO CHUCTEM C OJIHON UM TOI »Ke MaTpuieil n
Pa3JIMYHbIMU [IPABbIMU YaCTSIMU.

Ha npakTuke Takas cuTyalysg BOSHUKAET JOBOJILHO YacTo. OObsICHSI-
eTCsI 3TO TEM UTO MaTpuiia A, 0OBIYHO, OMKICLIBAET CTPYKTYPY HEKOTOPOIi
CHCTEMBI (MeXaHUIECKON, SKOHOMUIECKON U T. JI.), & BEKTOp b Xapakre-
pusyeT BHENTHNE BO3JEHCTBUA Ha 3Ty cuctemy. [losTomy npm nsydenun
peakIy CUCTeMbl Ha pa3/IMuHble BHEITHNE BO3/IeMCTBUA, IPUXOIUTCS Pe-
[1aTh MHOXKECTBO CUCTEM C OJHOM U TOI Ke MaTpPUICil.
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JTOKABATEJILCTBO Teopembl 1.3. Mcnomb3yem MHIyKIINIO 1O TIO-
panky marpunbl A. Jisa maTpuier nopsika k = 1 yTBepKieHne teope-
MbI TpuBHasbHO. IIycTh oHO BepHO st HekoTtoporo k > 1. lokaxewm,
9TO TOIJIa OHO OYJIeT BEPHBIM U JIJIsI MATPHUIILI mopsaaka k + 1. Sammurirem
mMaTpuity Ay nmopsiaka k + 1 B 6JI09HOM BHje

A
Akﬂz(b: @k ) (1.14)

Ak+1,k+1

Bnech Ap — marpuna nopsiaka k,ap — crosber JUIMHBL k, b, — cTpoOKa
qumbbl k. Matpuna Ay 1o yc/ioBuio TeopeMbl HEBBIPOXKICHA 1 110 THIYK-
TUBHOMY IIPEIIIOJI0KEHIIO MOYKeT ObITh mpeicraieHa B Bujge A, = LUy,
rae Ly — HUDKHSIS TPeyroJibHas MaTpPHila ¢ HeHYJIEeBbIMU dJIeMeHTaMU Ha
nunaronasin, a Uy, — BepxHsisl TpeyrojbHasi MATPUIa C €INHIIHBIMU -
rOHAJILHBIMU 3JIeMeHTaMU. ByneMm mckaTh MaTpuily Ay B BUJIE HPOU3-
BEJIEHNUST JIBYX OJIOYHBIX MATPHUIL:

. Lk 0 Uk U
Arr = (lk lk+1,k+1> (0 1) ' (1.15)

3nech [, — nMckoMmas CTpPOKa JUIMHBI Kk, Uj — KMCKOMBII cTOJIOeI J1JIi-
ubl k. IlojcuuThiBas mpousBejeHUE COMHOXKUTEJEHl B IpaBoil dacTu
paBerctBa (1.15) n mpupaBHHBas pe3yabrar M00J0IHO Marpuie Ajyq
(em. (1.14)), momyaum

LUy = Ag, LU, = by, Lyuy = ag, lyur + lpr1 k41 = Qg1 k41

OTrcrojia MOXKHO HAUTH [), U, penias CUCTeMbl YpaBHEHUIT

ULl = bl (1.16)
Lkuk = ag, (117)

1 3aTeM BBIYUCJIUTDH
U1 k1 = Qrs1 i1 — LU (1.18)

IIpu sTOM l}11 |41 HE MOXKET 0OpPaTUTLCA B HyJlb, TaK KaK BCJIEJCTBHE
pasencrsa (1.15) umeem |Agy1| = |Li|lkt1.4+1, & oupenesmrens |Agyq| 1o
CICJTAHHOMY HAMU IPEJIINOJIOKEHNIO OTJIMYEH OT HyJd. Takmm oOpasom,
HNCKOMOE TPeyroJibHOe pazJjoxkeHnue MaTpuilbl Ay, q nocrpoeno. [
HlokazaresibcTBO TeopeMbl 1.3, (pakTHUIecKn, jJaeT aJropuT™M MOCTPO-
enns matputl, L n U: Hy»KHO 1TOC/IeTJOBATEIHLHO CTPOUTD PA3JIOKEHN JTHa-
rOHAJIbHBIX OJIOKOB MaTPUILLI OPsIIKOB k = 1,2, ..., n, ucrnojb3ys hop-
MyJtbl (1.16)—(1.18); k-if mar Takoro ajropuTMa COCTOUT B PEIICHUN CH-
CTEM C TPEYTOJBbHBIMU MaTPUIAMH U TpebyeT mpuMepHo 2k? omeparuil.
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Taxum o6pasom, nocrpoenne marput, L, U tpebyer npumepto 2n3/3 ore-
paruii.

Herpynno nposeputnb, uro matpunia U coBnajiaeT ¢ MaTpuiieil cucre-
Mol (1.7).

Ecan Her HeoOXOMMOCTH COXPAHATH MATPHUILy A, TO IpOorpaMMmy Bbi-
YUCJIEHNIT MOYKHO OPraHM30BaTh Tak, YTO dJeMeHThl MaTpull L, U OyayT
OCJIeIOBATENIHHO 3aMelIaTh COOTBETCTBYIOIINE 3JIEMEHTh MaTpuIiia A.

Anasiormano metojry ['aycca ¢ BRIOOPOM IVIABHBIX 9JIEMEHTOB MOXKHO
CTPOUTH AJCOPUTMBI PA3JIOZKEHUS Ha TPEyroJibHbIe MHOXKUTEJN, IIPUMe-
HUMBI€ JIJIs JII0OOI HEBBIPOYKIEHHON MATPHUIIbL.

2. Metoa orpaykeumuii. Bwmecro pazjiorkeHusi MaTpHIlbl Ha Tpe-
YTOJbHBIE MHOYKUTEN MTPU PEIIEHNN CUCTEMBI YPABHEHNI MOXKHO HCIIO -
30BaTh mpejcraBienne marpuibl A B Bujge A = QU, rie () — oproro-
HaJIbHAS MATPHILA, T. €. MATPHUIIA, YIOBIeTBOpsonas yciosnio QQT = E,
rie B — equnnanas matpuna, a U — BepxHsist TpeyroJibHast Mmarpuia. Ec-
JIM TAKOE Pa3JIoyKeHWe IMOJIyUIeHo, To perienne cucreMbl (1.1) cBoguTes K
1ocJieioBaTeibHOMy perennio cucreM Qy = b, Ux = y. [Ipu sTom sicHo,
uto y = QTb, a x HaxomUTCS IIPU MOMOIIH 06PATHOTO Xo1a MeToa Layc-
ca. Ecom marpuia () n3BecTHa, TO BEIYHCICHNE BEKTOpa y Tpedyer 2n’
apudMeTnyeckux oreparuii. Takum obdpa3oM, 1ocJe MOoJTYyIeHUsT PasJio-
YKeHIA MaTPHILI A perenns cucreMbl ypaBHeHnii TpebyeT mpuMepHo 3n
oreparinii.

st IocTpoeHMsT YKa3aHHOTO Pas3/IozKeHusT OyIeM UCII0JIb30BATh MaT-
PHUIIBI OTPasKeHHs, T. ¢. MaTpuipbl Buja R = E — 2ww’, tie w — ean-
HuaHbli BekTop: (w,w) = |w|* = 1. Marpuna R npu jobom |w| = 1
CUMMETpUYHA 1 OpToroHasbHa. JleficTBuTeIbHO,

RT =R, R?’=F —4wuw’ +dwwlww’ = E,

tax kKak wlw = |w|* = 1. 3amernm, jaee, 4ro

Rw=w —2ww'w = —w, Rz=z-2ww'z=z, (2.1)

eciit wlz = (w, 2) = 0, T. €. BEKTOPBI W U 2 OPTOrOHAIBLHAI.

[IycTb Tenepb x — mnpousBosibHBIT BekTOp. [lo Teopeme 006 oproro-
HAJIbHOM Pa3JI0YKEHUHU €BKJIMI0BA IIPOCTPAHCTBA OH OJIHO3HAYHO IIPEJICTa~
BUM B BHJIC T = QW + 2z, TJIe (¢ HEKOTOPOE YUCJI0, 2 — HEKOTOPBII BEKTOD,
oproroHayibHblil w. N3 pasencrs (2.1) BeiTekaer, uro Rr = —aw + z.

MozkHO cKazaTh, TAaKUM 00Pa30M, 4TO MaTpulia [ BHIIOJIHIET OTpa-
JKEHIE BEKTOPa & OTHOCUTETHHO (1 — 1)-MepHOi THIePILIOCKOCTH, OPTO-
IOHAJIbHOI BEKTOPY wW. DTO CBOICTBO MaTpuilbl K 1 I03BOJIsIeT HA3bIBATH
ee MaTpulleil oTparKeHus.
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PaccmorpuM Terepsb creyoniyio 3aady. Jlansl HeHy1eBoil BEKTOD
v eJmHIYHbBI BeKTOp e. Tpebyercst mocTpouTh MaTpuily orpaxkenus R,
Takyto, 9T0 Rr = pe, vae g — 4uciao (sicHo, 9to |u| = |x|, mockosbKy
MaTpuiia R opToroHasbHa).

Herpynto Bugers (caenaiite depresxk!), 910 perieHue 3a1a9m — MaT-
pulia OTpazKeHusi, ompejeisemMas BeKTopom w = (x — |zle)/|x — |x|e]
win BekropoMm w = (x + |zle)/|z + |x|el.

[Ipu BBIYMC/IEHUSIX TSI MUHUMU3AIUE [HOMPENTHOCTE OKPYIJIeHHsT
cJeyeT BbIOpaTh BEKTOP W ¢ OOJIBIINM 3HAMEHATEJIEM.

Teopema 2.1. Ilycms A — npouseosvHas HeBLIPOAHCOCHHAA MAM-
puya. Tozda cywecmeyem opmozonasvHas mampuuya () makas, 4mo
A= QU, 2de U — sepxnas mpeyzosvHais MGMPuya ¢ HEHYAE8bLMU OUa-
20HANDHOLMU IAEMEHMAMU.

JIOKA3ATEJLCTBO. Ilycts @' — mepswlit cromber; marpumbl A,

el = (1,0, ...,0)7, w' = (a' £ |at|el)/|a! + |at|e!]| (zmax BHIOUpa-
eTcd, Kak yKasaHo ppime), Ry = E — 2w'w!'T. O6pasyem marpuiy
A = (aE?)ZJ.Zl = R1A. fcHo, uTO 1EpBBIE CTOJIOEI 9TOH MaTPUIILI
KOJIJIMHEAPCH BEKTOPY €' 1, CJICOBATE/ILHO, NMEET BILL (aﬁ), 0,...,0)T,
IpIIeM |a§11)\ = lat| # 0.

Paccmorpum crosber; a2 = (a%),a%), ...,ag)T mymasl 1 — 1. Tlo-

HATHO, 4TO a° # 0, TaK Kax B IpoTuBHOM ciydae |Ai| = 0, Ho, ¢ apyroii
CTOPOHBI, TTOCKOJILKY OIpeIe/INTe b OPTOrOHAJILHON MaTpUIlbl paBeH 11,
t0 |A1| = £|A|, a Marpuna A 1o IpeoIoKeHNI0 HeBbIPOK ieHa. [lycrh
w = (a* £ |a?let)/|a® £ [@®|eY||, rne et = (1,0, ...,0) — BekTOp J/1H-
Hpl n — 1. [onoxum Ry = F — 20w’ , rae £ — eAuHNYHAs MaTpUIa
pasmepHocTu n — 1, 1 0bpasyeM OpTOrOHAILHYIO MaTPUILY

10
e (D).

3nech 0 — nysieBast cTpoka juabl 1 — 1. [Iycts Ay = (az(?))?jzl = Ry A;.
Herpyano Bujersb, 9To mepsbie cTosiOel marpuil Aq, Ay coBnagator, a

BTOpOi1 cTosbern; Marpuinbl Ay mMmeeT Buj (aglg),a%),(), ..

jay;| = [@] # 0.

Brimostasist aHaiornaHble IOCTPOEHHST, TOJIY M OPTOrOHAILHBIE MaT-
punnl R3, Ry, ..., R, Takue, uro R,R,_1--- R1A = A,, rne A, — Bepx-
HsIsI TPEYTOJIbHAsT MaTPUIA ¢ HEHYJIEBBIMI 3JIEMEHTaMI agll), agé), . ,aq({;l)
Ha, juaronau, caegosarensio, A = QU, rne U = A,,,Q = R{ RT --- RT
CyTh OpPTOroHaJIbHAsT MaTpuiia. []

S, 0T, npuyem
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JokazarebecTBO TeopeMbl 2.1, haKTudecku, jaeT ajJropuTM HOCTPO-
eaust Matpunl (), U. Herpymaao ybenuThbes, 9TO WX BBIUNCIECHUE TPeOyeT
NpUOU3UTEHLHO B JIBa pasda 0o0JbIle apuPMeTHnIecKuX omepalnii, dem
pas3JIoyKeHe MaTPUITLI HA TPEYTroJIbHbIE MHOKUTETN. BarKHBIM ITOJIOXKN-
TeJIbHbIM KauyeCTBOM OIMCAHHOI'O aJI'OPUTMa, SIBISIETCS BO3MOKHOCTD €r0
IpUMEHEeHHsT JJIsI IPOM3BOJIBLHON HEBBIPOXKIEHHON MaTpuIlbl 0€3 KaKoii-
OO TIepeHyMepaIun CTPOK WU CTOJIOIOB.

3. Meroa Xousecckoro. B ciydae, Korjga MaTpuiia CUCTEMbI JIU-
HEeTHBIX YpaBHEHUN CUMMETPUUIHA U IOJOXKHUTEIbHO OIIPejesieHa MOXKHO
JIOOUTHCSI CYIIECTBEHHOIO COKPAIIEHUsT YUC/Ia Olepallnii U IaMATH, HeoO-
XOJIUMBIX JIJIsl BBIYUC/IEHUsI pellleHns. B 0cHOBe cOOTBETCTBYIOMIErO aJIro-
PUTMAa JIEZKUAT

Teopema 3.1. Ilycmov mampuua A cummempuyra u NOAOAHCUMEND-
Ho onpedeaena. Tozda cyuecmeyem HUNCHAA MPEY20ALHAA MamPua L
€ NOAOAHCUMENLHBLMU IAEMEHMAMU Ha Juazonaiy, maxas, wmo A = LLT.

JTOKABATEJILCTBO. cnoab3yeM MHIYKIWIO 10 TOPSJIKY MaTpH-
et A. s marpunbl nopsijika k = 1 mMeeM TPHUBHAJIBHOE PaBEHCTBO
Ay = a1 = \J/ar1y/an1. llyers nyzxnoe pasjiozKenne mojrydeHo Jiad HeKo-
Toporo k > 1. [lokaxkeM, KakK €ro mocTpOuThb JJIsd MATPUIILI TopsaKa k—+1.
Sanmirem Matpuily Agyq Kak 0J109HYIO:

Ay, ay

k

B cuny npegnonoxkennst maaykoun Ay = LkLg, rie L — HUKHSIS Tpe-
yrojibHasl MaTPUIa ¢ I0J0KUTE/JILHBIMUI dJIEMEHTaMU Ha, JuaroHaJimn. by-
JIeEM UCKATh Pa3JjioyKeHne MaTpuIibl A Ha TPeyrobHbIe MHOYKUTEIN B BUIE

L. 0 Lr

3.1
U les1p1 0 lpt1 ks (3-1)

T
Ap1 = Ly Ly =
Boimtosinsgs yMHOYXKeHHE B ITPaBoii YaCcTH MOCJIeTHETO PABEHCTBA U CPABHU-
Basl MOOJIOYHO PE3Y/IbTAT ¢ MATPUIEil Ay, OJIYIUM CUCTEMY JIMHEHHBIX
ypaBHEHNT

Lklk = ag (3.2)

Il OIIPeJIesIeHIsI BEKTOPa [ U ypaBHEeHHe l,{lk + l,% ke = @tk VI
ajleMeHTa lj41 p41. Moxkno cuurtarh, 410 lp41 541 > 0, Tak Kaxk Beiel-
creue (3.1) mveent: |Apy1| = [Ag| 7,1 4y, mpmaem [Ag],[Agya| > 0, Tax
KaK 10 YCJIOBUIO MATPHUIbl Ay, Api1 MOJIOKUTENIBHO ONpeIeaeHbl. Takmm
00pa3oM, JJIsl IIOCTPOEHUsT MATPULBI Lj 1 HY?KHO PEHIUTh CHCTEMY YDPaB-
menuit (3.2) ¢ TpeyroyibHOI MaTpureil, a 3aTeM BBIYUCINTD lfi1 41 110

dopmyne lpy1py1 = \/ak+1,k+1 — Il O
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JlokazaresibcTBO TeopeMbl 3.1, haKTUYeCKM, OINUCHIBAET aJrOPUTM
pas3I0KeHus Ha TpeyroJbHble MHOXKUTEIN ITPOU3BOJIHLHON CUMMETPUYHOM
IIOJIOZKUTE/ILHO OllpeieieHHON MaTpuilbl. HeTpymHo BUAETH, 9TO €ro pea-
JIN3AIs 110 3aTpaTaM MaMATH 1 00beMY BBIUNCJIEHNI OKA3bIBACTCA B JIBA
pasa 0oJiee SKOHOMUYHOI, UeM Pas3JIoyKeHIe Ha TPEYroJbHble MHOKUTEIN
[IPOU3BOJILHOI HEBBIPOZKICHHON MaTPUILHI.

[Tocsie Toro, kKak Marpuiia L moctpoena, perenne 3ajgadu (1.1) cBo-
JINTCA K TI0CJIeJIOBATEIbHOMY pEIIeHUI0 CHUCTeM ypaBHeHuit Ly = b,
LTy = Y C TPEYrOJbHBIMU MaTPUIIAMMU.

4. BpruucieHne ormpeaeanuTeJasd W oOpaTHOil MaTpuiibl. [3-
JIO?KEHHbIE BbITIIe METObI PENeHns CUCTEeM JIMHEHHBIX ypaBHEHUIT 1TO3BO-
JIAIOT pertaTh W 3TU 3a/1a49H.

Tak, ecsin mpuMeHsieTcst MeToJ1 ['aycca, To MoImyTHO MOYKHO BHIYUCINTH
n |A| = aua%) al (em. (1.9)). Anasorununbie GopMyJIbl HETPY/HO
HAIINCATh U B TEX CJIyUasaX, KO/ CTPOUTCS pas3/iozKeHne MaTpuilbl A Ha
MHOXKUTeN. Hago, ogHako, UMeTh B BHU/Y, YTO HEIOCPEICTBEHHbBIC BbI-
YUCJIEHUS 110 3TUM (POPMYJIaM, KaK MPaBUJIO, OKA3BIBAIOTC HEBO3MOZKHDI-
MU: 13-38 OOJIBIIIOTO IHC/Ia COMHOKHUTE/IEH OIPeIeTUTe b (U Pe3yIbTaT
IIPOMEKYTOYHBIX BBIUUC/ICHU) 3a9acTyi0 JTMOO CJIMIIKOM BEJHK, JH0O,
HA000POT, cinmKoM MaJl. [IpuxonuTes mucars crenuaabHbIe IPOrPAMMBI,
MIO3BOJIATONTIE OTJIEIHLHO TTOJICINTHIBATH MAHTUCCY W TIOPSJIOK OITPEJIeTH-
TeJIs.

[TocTpoenune obpaTHO MaTPUII CBOJUTCA K PEHICHUIO 7 CUCTEM JIV-
HEHBIX ypaBHEHHIT ¢ OIHOI 1 Toil »ke MaTpuieil A m pa3InIHbIMUI IIpa-
BBIMHI dacTaMu. JeiicTuTenbo, obosnadny Marpuiry A~ gepes X. To-
ria AX = E. Ocrajoch 3almcarhb 9T0 PaBEHCTBO II0JIpOOHEE:

Acf =e¥ k=1,2, ... n.
3nech ¥ — k-prit cronben maTpuipsl X,

e =1(0,...,0,1,0, ...,0).

5. MGTO,Z[ IIPOrodkm JJIn CuUcremM C TpexJnaroHaJbHbIMHU
MaTpumamMmn. B IIPpUJIOZKEHUAX AOBOJIbHO YaCTO BO3SHHKaIOT CHUCTEMDI
ypaBHeHI/Iﬁ C MaTpHulaMM, OOJIBIIINHCTBO JIEMEHTOB KOTOPbLIX — HYJIN. Shve)
TaK Ha3bIBa€MbI€ DPa3pPeKCHHBbIE MaTpPHUIIbI. Hpouecc NCKJIIOYECHUA HEU3-
BECTHDBIX B TaKHNX CHCTEMaxX (I/IHI/I pa3JjiozKeHne MaTpull Ha TPEyIroJIbHbIE
MHO)KHTGJIH) BO MHOI'uX IIPpaKTHUYE€CKHU BazKHBIX CUTYallldX yAaeTCd Opra-
HMU30BaThb TakK, YTOOBI CymeCTBEHHO COKPATUTL ITaMATb U 00bEM BBIUHC-
JICHUN.
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Paccmorpum HanboJiee MpocToil ciydail, a UMEHHO CUCTEMbI ¢ MaTpPH-
IaMU, HEHYJIEBbIE 9JIEMEHTHI KOTOPBIX JIEXKAT JIUITh Ha TJIABHOW U JIBYX
coceIHUX ¢ Heill puaroHasgx. CHCTeMbl TaKOr'o BHJA YacTO BO3HUKAIOT
IPU IPUOJIMKEHHOM PeleHnn 3a1a4 MaTeMaTudeckoit ¢pusnukn. CooTer-
CTBYIOIINE MATPUIILI TPUHITO HA3BIBATH TPEXIHATNOHATBHBIM.

[IponsBobHYIO CHUCTEMY C TpeXInaroHaJbHONW MATpuIleil MOXKHO 3a-
MICATDH B CJIEJIYIONIEM BUJIE:

—biz + c1xy = fi,
asT1 — bawe + coxs = fo,
a;xi—1 — bix; + ¢ixip1 = fi, (5.1)
—Qp-1Tp-1 + by, = fn
Paspermm rmepBoe ypaBHEHNE CHCTEMbI OTHOCUTENBLHO X1. [lomydmm:
r] = Poxg + Qo (5.2)

rje
C1

Qr =11 (5.3)

Ucnonb3yst coornormenne (5.2) u Bropoe ypasaerue cucteMbr (5.1), moy-
YUM aHAJOIMYHOE BhIpaykKeHue g xo. Boobie, ecin x;_1 = Px; + @,
TO U3 4-TOTO ypaBHeHus cucreMbl (5.1) mosydum

ri=Pprip+Qi, 1=12,...,n—1, (5.4)
e
Ci a;Qi — [i
Pi1=——=, i+l = 9.5
AR — 2 Gt bi — a; P, (5:5)
D10 o3Hauaet, aTo Gopmybl (5.4) cipaBenuBel 1A i = 1,2, ..., n—1,
dbopmyibt (5.5) — st 1 = 2,3, ...,n — 1.
Ucnobzyst (5.3) u (5.5), moxkuo Haiitu Bce P, Q;, i =2, ..., n— 1,

BarmmceiBast Terepb coorHorenue (5.4) mpu ¢ =n—1 u nocyiejiHee ypaBHe-
rne cucteMbl (5.1), momyanm

Tpn—1 — ann + Qna
—Qp—1Tp—1 + bnajn - fm

OTKY/Ia HAXOAUM, 9T0 Ty, = (a,Qpn — fr)/(bp—a, Py), 1, HAKOHEIL, UCIIOJIb-
3yst popmyiibl (5.4) mist i =n — 1,n — 2, ..., 1, Hailjem Bce ocTajibHbIe
KOMIIOHEHTHI BEKTOPa T .
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Ommcannplii aJIrOpuT™M HOCUT HA3BaHUe METOJa IPOroHKu. IloHsTHO,
41O 310 — MeToJ| [aycca, 3anncaHiblil IPUMEHUTEILHO K CIYUYAl0 TPEeX-
JMArOHAJILHON CHCTEMBI YpaBHEeHuil, IpudeM rnpolecce Burancienuii P, Q;
(mpsiMOit X0J1 METOJIa TIPOrOHKM) COOTBETCTBYET IMPSIMOMY XOJy METOJa
[aycca, a Berancienns o dopmyaam (5.4) (0OpaTHBIH X0 METOIA MPO-
TOHKM) COOTBETCTBYeT 0OpaTHOMY X0y Meroja [aycca.

Herpyano nopcuurarh HEOOXOAMMBIE 3aTPATBI: TPEOYeTcsl HMpUMep-
HO 8n apudMeTndyecKux omepanuil u He 6ojee 6n siUeeK IIaMSITH.

Mero MOXKeT OBbIThH peaan30Bal, KOra Bee 3HaMeHaTe I B PopMyJIax
(5.3), (5.5) OTIIHYHBI OT HyJ/IA. Y UNTBIBAsS CBA3b METO/IA ITPOTOHKH C METO-
noM [Maycca, MOXKHO CKa3aTh, YTO JAHHOE YCJIOBHE BLIIOJIHEHO, HAIIPUMED,
KOrJla MaTpuIia cucreMbl (5.1) — Marpua ¢ JuaroHaJ bHBIM peobiaia-
mneM, 1. e. [er| < [bi], [an| < [bnl, |a;| + || <[bi], i=2,...,n—1.

§ 2. WrepalnmmoHHble MEeTObI PEIieHns CUCTEeM JUHEHbIX
YpPaBHeHU

PaccMoTpeHHbIe BBIIE METO/BI PENIeHNs CUCTeM JMHEHHBIX ajaredpa-
MYECKUX YPABHEHUI IPUHATO HA3LIBATL NPSMBIMU MeTojaMmu. Bee onn
XapaKTepu3yloTcs TeM, YTO eCIu IpeHebpedn omuOKaMy OKPYIJICHUS, TO
pelieHne CUCTeMbI MOZKeT ObIThH MOJIy9eHO 38 KOHEYHOE YUCJIO apudMeTH-
qecKUX oreparnuii (3aBucsiiee JIMIIb OT MOPSITKA CHCTEMBI ).

[Ipu peanusanuy npsIMBIX METOJIOB BasKHO, 4TOOBI BCE JIAHHBIC PAaC-
MOJIATAJIICH B OMePATUBHOl (ObICTPOIl) maMsITH KOMIIbIoTepa. Fein mopsi-
JIOK CHCTEMBbI HACTOJILKO BEJIHK, YTO €€ MATPUIA MOKET OBITH Pa3MelleHa
TOJILKO BO BHeIlHel (MeJ[JIeHHOTT) TaMsATH, HAIPUMeEp, Ha YKeCTKOM JINCKe,
TO BpEMsI, 3aTPAYMBACMOE Ha PEINeHe CUCTEMbI, CYIECTBEHHO YBe/INYN-
Baerc.

[TosToMy, It OOJIBIINX CUCTEM HIPEIIOYTUTEILHEE OKA3bIBAIOTCS
uTepalmonnbie MeToabl. OCHOBHAS MJIesl STUX METO/I0B COCTOUT B IIOCTPO-
EHUH 110CJIEI0BATEILHOCTH BeKTOpoB =¥, k = 1,2, ..., cxousimeiics K
perennto cucreMbl (1.1). 3a npubsmKkeHHOe pellieHne TPUHIMAETCST BEK-
Top " mpum gocraTodno GosbiioMm k. Ilpm peasmsaiyuym uTepannoHHbLIX
METOJI0B, 00BIUHO, JIOCTATOYHO YMETh BBIYUCJIATL BEKTOP A 1pu J1060M
3aJJaHHOM BEKTOpE .

1. Meroanr 3eiinensa u fdkodbu. DByaem cunrarh, 910 BCe jna-
rOHAJIbHBIE 3JIeMEHThI MaTpPUIlbl A OTIIMIHBI OT HYJIsI, U IIEPEINIeM CH-
cremy (1.1), paspemias Kaykjioe ypaBHEHHE OTHOCHTEJBHO MEPEMEeHHOI,
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cTrodnieil Ha JMaroHaJiu:

L "L q b;
j : i j : Yig .
T; — — —l'j— J-i-— 221,2,...,71. (11)
— A Qg Qi
j=1 J=t+1
Bribepem HekoTopoe § 0= (29, 29 0T
p poe HadaJibHOE NpHOMKeHNe T = (27,25, ..., T, )" H
TIOCTPONM TI0CJIC/IOBATEIBHOCTD BEKTOPOB T, 22, ..., ompejesssa BEKTOp
¥ 10 yiKe HallJEHHOMY BEKTODPY ¥ IIpH MOMOIIN COOTHOINIEHMIL:
g " a b
x§+1:—§j—fx§— § gt —, i=12...,n (1.2)
— Ay = Qg Qi
j=1 j=i+1

Dopmysbl (1.2) ompesensioT WTepAIOHHBIT METOJ[ DPEIIeHUs] CUCTe-
Mbl (1.1), HasbIBaeMbIil MeTOI0M SIKOOU W1 METOJIOM [IPOCTOI HTepAIIUHL.

VKazkeM JIerKO IIPOBepsieMoe J0CTaTOTHOE YCIOBHIE CXOIMMOCTH 9TOTO
MeTO/1A.

Teopema 1.1. Ilycmov mampuua A — mampuya ¢ ua2oHaLLHLM
npeobradaruem. Tozda umepayuornvili memod Hxobu cxodumes npu A10-

OOM HAYAALHOM NPUOAUHCEHUU av.

JTOKABATEJILCTBO. 3amMeTuM, IpeXKe BCero, UTO YCJIOBHE JIUAT0-
HaJIbHOTO TTpeobayanus (1.10) osragaer, 14To

n

=q<1. (1.3)

|aij]

max o

1<isn Qi

=1, g#i "

[Tycts 2 — perenne cucrembl ypasaenuii (1.1). 3j1ech 1 BClojly B JajibHeii-

IIIeM TIOTPENIHOCTh METO/[a Ha k-TOM Iare HTepaliuii, T. €. BeKTop &~ — ,

Gyzer 0603HauaTh "epes z*. Boerumras nounenno s pasencrsa (1.2) pa-
BencTso (1.1), mosydanm

1—1 n

a; ;5 .
—‘7-—5 Ak i=1,2,...,n,

)
Qi ; 1 /
j=1 j=i+1

CJIe10BaTEJ/ILHO,

-1
k—H‘ § : al]‘ |Zk‘-|— Z |aw| k|\ E : |alj| _|_Z |aij| max |Zk’_
j=1 |6Lm ‘CL“‘ 1<j<n

—H—l =1

=g I
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1=1,2, ...,n, OTKy/la BBITEKAET, YTO
max \zk+1| ¢ max |z |
1<j<n 1<j<n
qutst moboro k= 0,1, ..., mosTomy
max \z | < ¢" max |zo| — 0 (1.4)
1<j<n 1<j<n

upu k — 00, nockosbky 0 < ¢ < 1, a 910 u o3navaer, yro ¥ — x. [

Onenka (1.4) mokasbpiBaeT, 4To, 4eM MeHbIIIe ¢, TeM OBICTPee CXOIUTCST
METOJ| IPOCTOH UTepaIyii.

®opmyibl (1.2) jomyckaloT ecrecTBennyio Mojudukauo. MmMenHo,
MPH BBIMICTCHIH 2T GyjleM UCTob30BaTh yKe HaifIeHHbIe KOMIIOHEH-
Ter BexTopa ¥ e 2t bt gL B pesynprare mpuxommv x
UTEPAIMOHHOMY METO/Y 3eiijesis:

1—1 a n a b
xlf;""l = — —jgj]ﬁ'l — —]ajk +—, 1=1,2,...,n, (15)
' i’ ai 7
j=1 j=i+1

kE=0,1,

Metoz 3eiijiesist 1o3BoJIsieT O0JIee SKOHOMHO PACX0A0BATh AMSTh, I10-
CKOJIBKY B JIAHHOM CJIy4ae BHOBD IIOJIydaeMble KOMIOHEHTbI BeKTopa 27!
MOZKHO Pa3MeIaTh HA MeCTe COOTBETCTBYIONIUX KOMIIOHEHT BEKTODa T,
B TO BpeMs KaK IpU peau3allni MeTojia fIKoOu Bce KOMIIOHEHTHI BEKTO-
poB ¥, z**1 1o/KHBI 0JIHOBPEMEHHO HAXOAUTHCS B IAMSTH KOMIIBIOTEDA.
HlocTaTodnoe ycI0BHE CXOAMMOCTH M OIEHKY CKOPOCTU CXOIUMOCTHU

MeToj1a 3eiiens JaeT

Teopema 1.2. [lycmv mampuua A — mampuua ¢ Jua20HANGHIM
npeobaadaruem. Toeda memod 3etidens crodumces npu A1000M HAYAND-
nom npubausiceruu T°; Cnpasedsuca ouenKa cKoPOCIU CXOOUMOCTIU

s |51 < " oo [<51 (1.0

JIOKABATEJIBCTBO. Boraurast mouienHo n3 paBeHcrsa (6.2) paBen-
crBo (1.1), mosyanm

1—1 n

k41 _ Gij k41 Qij g .
z; _—E —2; —E —zj, i1=1,2,...,n. (1.7)

a/.. a/..
]:1 2 j:’l,+1 (2
[Iycrs max \zk+1| = |2, Us l-toro ypasuenus cucrembr (1.7) Boite-
1<j<n
KaeT, 9TOo

127 < oy max \z“ | + 6 max |z |,
1<j<n 1<j<n
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rie
< |a " ay|
=) o Bh=)
AT
cJjie10BaTeJIbHO,
max |2F | < A max | 2.
1<j<n '/ 1 — api<j<n '/

U3 yenosus (1.3) mosryaaem, 9to ag+ ) < ¢ < 1, HO Torma u qoy+ 0 < ¢,
taknum obpasom, /(1 — a;) < q. O

2. Meron penakcaruu. DBo MHOIuX CUTyalMsX CYIIECTBEHHOI'O
YCKOPEHUSI CXOJMMOCTH MOYKHO JOOUTHCs 3a CUET BBEJICHHUS TaK Ha3bIBa-
eMOT'0 UTepaIMOHHOr0 IapamMerpa. PaccMOTpuM UTepalmoHHbII IIPoIiece

1—1 n

(07% (077 bl
e =1 -wal+w(- g Lt — g a4+ = (20)
— Ui Qi Q5
j=1 j=i+1
1 =1,2,...,n, k=0,1, ... DTOT MeTOJi HA3bIBAETCsI METOJIOM PeJIaK-
calyy, YUCJI0 W — pejlakcalmoHHbIM Hapamerpom. Ilpn w = 1 meroj

[IEPEXOJINT B METOJ, 3eiiIesl.

fAcno, 9To O 3aTpaTaM MmaMsTH W 00bEeMY BBIYHC/ICHUNH Ha KayKJIOM
mrare uTepaluii MeTo 1 pesiakcalun He OTJIMYaeTcst OT MeTojla 3eiij1est.

M1 mcesieryeM CXomMOCTh METO/1a PeJIaKCaIly B CIydae, KOrJa MaT-
putia A cuMMeTpuYHa U TOJIOKUTETLHO onpe/ieera. C 9Toil 1me/bio nepe-
IUIIeM ero B MarpuaHoM Bujie. Obo3HaunM depe3 L HIKHIOI TPEyro/ib-
HYIO MaTPUILy ¢ HYJIEBOI IJIABHOI JMArOHAJIBIO; 9JIEMEHTBI, CTOSIINE 10,1
IJIABHON JIMAaroHaJIbIo MaTPUITLl L, COBIAJIAIOT ¢ COOTBETCTBYIONIUMHE 1€~
MerTaMn Matpuiibl A. Hepes D 0003HAUNM JUATOHAJBHYIO MATPHILY, HA
JINArOHAJI KOTOPOI CTOSIT JIMaroHabHbIe 1eMeHThl MaTpuilbl A. [TomsT-
no, uto A = L + D + LT. Herpymno y6eaurbes, uto pasenctsa (2.1) ¢
Y9IETOM BBEJICHHBIX 0003HAUEHUI TPUHIMAIOT BUJI;

DzF*t = (1 — w)Da* + w(—La™™ — LT 2% +b).

[Tocsie syteMeHTapHBIX TTpeoOpa30BaHMil MOy IUM, UTO

k+1 k
" —
BY—— 4 AzF =0, (2.2)
w
rie B=D 4 wL.
Ham morpebyercst ciienyiomast o0Ias TeopemMa, MoJe3Hast Ipu UCCe-

JOBaHWN MHOI'IX NTEPpallMOHHbIX METOIO0B.
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Teopema 2.1. ITycmv mampuya A cummempurina u noAOHCUMEND-
Ho onpedeasera. Tozda umeparuorHvili mMemod

k+1 .k
B~ A —b k=01, ... (2.3)

T

2de T > 0, cxodumces npu a060m HawasLHOM npubausiceruu ¥, ecau

(Bx,x) > %(Ax,x) Yz £ 0. (2.4)

JIOKABATEJ/IBCTBO. Eciu  — pemienne ypasuenns (1.1), To, ode-

BU/THO,
r—x

B

+ Ax =b. (2.5)

-
Beranras mowuseHHo 3 paBeHCTBa (2.5) paBeHCTBO (2.3), MOy IIM

F+1_ Lk
B % L Ak = (2.6)
T
P I R s B
Ucrosib3yst TpUBUAJIBHOE PABEHCTBO 2" = 5 — 5 1peod-
pazyem (2.6) K Buy
Bk
(B — %A) A §A(zk+1 + 2F) = 0. (2.7)
-

VanozknM obe dacTn pasencTsa (2.7) ckanapho Ha Bektop 2(zFH — 2F).
[TocJte s/eMeHTapHBIX TPe0OPA30BAHUI ¢ YIETOM CHMMETPUH MATPUIlbl A
TTOJTY UMM

) ((B - ZA) Skl Zk’ Skl Zk) .
2 T T

+ (AR R (AR 2R = 0. (2.8)

Beneacrsue yenosus (2.4) nepsoe ciaraemoe B mpasoif dactu (2.8) neor-
punarebno, noaromy (AzFHL ALY < (AR 27, 1. e. umcnosas nocie-
nosarensnocth (AzF, 2¥) me Bospacraer. Kpome Toro, oma orpammuena
CHU3Y HyJIeM, TaK KaK MaTpuia A HOJOKUTEeJILHO onpejesacHa. Taknm
obpaszom, ocienoaTenbaocth (AzF, 2¥) mveer npenen. Orcrona BoiTeKa-
et, uto (AZFH A1) — (AZF 2%) — 0 upn k — oo, crenosarensno, u

((B — %A) (2T — 2Ry, zk> — 0 npu k — o0,
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a MOCKOJIbKY MaTpuiia B — (7/2) A 0I0KUTETIHHO OlpeieieHa (CM. YeI0-
pie (2.4)), To 2" — 2¥ — 0 mpu k — oo. Vcnombsys Teneph ypas-
nenne (2.6) U HEBBIPOKIEHHOCTL MaTpuibl A, moaydmm, 4to zF — 0
npu k — oo. U

C ucriosib3oBaHueM TeopeMbl 2.1 ITPOCTO JI0Ka3bIBACTCSI

Teopema 2.2. [lycmv mampuuya A norosrcumenvro onpedesena, na-
pamemp peaaxcauyuy ydosaemeopaem ycarosuro: 0 < w < 2. Toeda memod

peaarcayuy crodumcs npu N0O0M HAYANOHOM npU,d/LUOfC@HUU/ ZE’O.

JIOKABATEJILCTBO. [TokazkeM, 9T0 Ipu ¢AeaHHbBIX TTPEJITOI0KEHN-
SIX BBITIOJIHEHO yeaoBue (2.4) ipu 7 = w, B = D + wL. JleiicrBuresbHo,

(Bx,z) — g(Al',I) = (1 — g) (Dx, ) + g((Lx,x) — (L"z,z)),

HO BCE JIMArOHAJIBLHDBIC 3JIEMEHTDI IIOJIOKUTEILHO OINPEIe/ICHHON MaTpH-
bl MOJIOKUTENbHBL (JTokazkure!), mosromy (Dz,x) > 0 npu z # 0, a
(Lz,x) — (LTx,2) = (Lx,x) — (z, Lx) = 0 Vo. O

EcrecTBenno, mapamerp w cjiejiyer BLIOUpaTh Tak, YTOOLI METOJ, Pe-
JTAKCAIMH CXOAuIca Haubosiee OpicTpo. Pemenne 3Toit 3a1a41 1a1€KO Bbl-
XOJIUT 34 paMKH HaIero Kypca. OTMETHM TOJIBLKO, YTO Halle BCEero ONTH-
MaJIbHOE 3HadYeHUe w JIeXKUT BOIM3M 1, 8.

3. Ilpumep perrreHus 3a4a491 OINTUMUIAINN UTEPAIMOHHOTO
nmapamerpa. Paccmorpum nteparmonsbiii Meron (2.3) nmpu B = E.
DTOT METOJ HA3BIBAIOT METOIOM IIPOCTOI MTEpAINN C IIapaMeTpoM. By-
JIeM IpeJIoJaraTb, 910 A — cuMMeTpUIHas HOJIOKUTEILHO OIpeIe/IeH-
Hasl MATPUIA U BBISICHIM, IIPU KAKHX YCJIOBUSIX HA T METOJ CXOJUTCH.
Haiijiem Tak>kKe 3HavueHne 7, obecriednBaroliee Hanbosee ObICTPYIO CXO/ -
MOCTD.

Hamomnum my»Kuble B gajbHERIIEM CBeJIeHNs 13 JTUHEHHON aareOpol.
Bce xapakrepucTuieckue 4icja CUMMETPUYHOM MaTpulibl A BelecTBeH-
Hbl. ByJieM HYMepoBaTh X B MOPsIAKE HEYObIBaHUs: A1 < Ao, ... < A,.
Cy1iecTByeT mojHast OPTOHOPMUPOBAHHASI CUCTEMa COOCTBEHHBIX BEKTO-
pos el e?. .., e" marpuis A:

0, k#I;
Aek:Akek,k:1,2,...,n,(ek,el): 17 k:l7
, .
OueBujiro, ato A\, = (Aey, ex), HOITOMY JIJIst TTOJIOXKUTETHHO OTIPe/Ie/IeH-
HOIT MaTpuIbl A > 0.
[IpescraBuM HPOU3BOJILHBIN BEKTOD T B BUJE PA3JIOXKEHUs 110 OPTO-
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HOPMUPOBAHHOMY 6a31cy COOCTBEHHBIX BEKTOPOB MATPUIIbI A:
n
r = Z Ci€;. (3.1)
i=1
n n
Torpa [z =Y ¢, (Az,x) = Z A\iC?, CIIeJI0BATEIILHO,
i=1 i=1

Mz]? < (Az, z) < M\ |zf* Vo (3.2)
CupapeinBa

Teopema 3.1. Ilycmv B = E, mampuua A cummempuuna u no-
noorcumenvro onpedeaena. Tozda umepayuornvit memod (2.3) cxodumcesa
npu A1060M Hawasvnom npubsusiceruu, ecau T € (0,2/N,). Hauaywwan
ouenka ckopocmu crodumocmu docmuzaemes npu T = 1o = 2/ (A + ).
B omon cayac |4 < phl20), 20e py = (1— €)/(1+€), € = A/,

JTOKABATEJILCTBO. 3amnuiieM ypaBHeHHE JJisl IOIPEITHOCTH MEeTO-

na:
SRl _ Lk

T L Ak—0, k=01, ...
-

otkyna zFtt = (E — 17A)2*. Ilpeacrasum sektop 2¥ B B pasiorxe-

mnst (3.1). Torma

n
2Pl = Z(l — 7\;)cie.
i=1
BeseicTBie 0pTOHOPMIPOBAHHOCTH BEKTOPOB €7, . . ., €, TMeeM
n n
FHE =S (- i =Y
i=1 i=1
OTKYJIa

241 < max 1 - 724

[TongrHo, ¥ro max |1 — 7A;| < max |1 — 7|, nmpudem, MOCKOJIBKY
1<i<n M<AA,

dyuknug 1 — 7\ jguHeitHa 110 A, TO

max |1 — 7A| = max(|1 — 7], |1 — 7A,]).

Anamsupys rpaduk dyskmun ¢(7) = max(|1—7A1|, |[L—7A\,|), Herpy-
1O yoeuThest, uto 0 < (1) < 1 upn 0 <7 < 2/, a

min ¢(7) = ¢(70) = po. U (3:3)
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4. WNrepammoHHble MeTOAbl BapuamuoOHHOro Tuiia. OThicKa-
HUE ONTUMAaJIbHOTO 3HAaYEeHUs MapaMeTpa T B PACCMOTPEHHOM BBIIIIE Me-
ToJie TpeOyeT NpeaBapuTeIbHOTO BBIYUCACHUT MUHUMAJIBHOIO M MAKCH-
MaJILHOIO COOCTBEHHBIX 4rces MaTpullbl A. CyIecTByOT nTepanoHHbIe
METO/IbI, ITO3BOJISIONINE 38 CYET HEKOTOPOIl JOMOJHUTEIbHON paboThl HAa
KazKJIOM II1are uTepaluii aBTOMATUYeCKN HACTPauBaTbCs Ha ONTHUMAJIb-
HYIO CKOPOCTb CXOAUMOCTH. K UX YnC/Iy OTHOCATCS METOJIbl, OCHOBAHHBIE
Ha 3aMene cucrembl (1.1) sKBUBAJIEHTHO! 3a/1ateil MUHIMU3AINN HEKOTO-
poro yHKIMOHAMA. B najbHeifIeM cynecTBeHHYO POJIb UI'PaeT

Teopema 4.1. Ilycmv mampuuya A cCumMmempuyHa U NOAOHCUMEAD-
no onpedeaena. Toeda 3adava (1.1) sxeusarenmna 3adave omuickaHus
MUHUMYMG Keadpamuynozo gynryuonara F(x) = (Ax,x) — 2(b, x).

JTOKABATEJILCTBO. [lycrs x* — pemenne 3amaun (1.1), To ecTh
Ax* = b. Ucnionb3yst cuMMeTpHio MaTpUIlbl A, oIy dnM

F(z) = (Az,x) — 2(Az™,z) + (Az",2") — (Az™, 2") =
= (A(x — %), (zr — %)) — (Ax™,2"), (4.1)

OTKY/la BCJIEJCTBHE IOJIOKUTEILHON ONpeIeJeHHOCTH MaTpullbl A BbI-
TEKAET, YTO eAMHCTBEHHON TOUKOI MuHuMyMa QyHKIMOHAA F sBjsgeT-
ca x*. U
Pazjmmanbie MeTojbl MuHnMusanny gyHnkinonasa F(x) npusogdar K
Pa3IMIHBIM UTEPAIMOHHBIM TIporieccaM it ypaBaenns (1.1).
PaccmoTpum  cHaudaia MeTOJ HOKOOPAMHATHOIO CIIyCKa. Bbibepem
HekoTopoe HadaibHoe npubmikenne ¥ = (29, ..., 2%) naitnem apry-

n
MEHT 1, JocTap/stionuil MUHIMaIbHOE 3HadeHue DYHKIUN OJHOM Tepe-
mennoit F(xy, 29, ..., 20). arem pacemoTpum byHKIMIO O/[HOl HepeMeH-
noit F(z1, w9, 29, ..., 20) n Haiijiem TouKy T3, B KOTOPOil OHa JOCTHIACT
MUHIMYMa. BBIIOJIHUE 1 TaKUX IMIaroB, MOCTPoUM BekTop (z1, ..., xl),
IIPUMEM €ro 3a HadasIbHOe MPUOJINZKEHNE W MPOJIOJIKIM OIMUCAHHBII 1TPO-
recc.

Ucnonp3yst konkpernbiii Buj dynkinnonana F(x), maiijiem sBHbIE

bOpPMYIIbL JIJIsI BBIUHCJIEHHsST BEKTOPOB ., k = 1,2... B HOJIyYeHHOM

nreparmontomM mporiecce. Kommonenta 7! sexropa ¥+ pasbickupaer-
ca Kax Touka mMunnvyma bynkumn F(oft o et a ko 2k,

BrimuieMm HEOOXOIMMOE YCJIOBHE SKCTPEMYMA:
/ k+1 k+1 k ky _
Fo(oi™, T gy, . ay) = 0. (4.2)

Beraucsistst mpousBosiayto dbyHkimn F(x) 1mo nepeMenHoii x;, moJIyauM:

F;Z(ZU) =2 Z Qx5 — 2bz, <43)
j=1
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cJIe/oBaTeIbHO, perast ypashernne (1.1) orHocuTebHO T;, OyeM HMeTh

=l " oa b:
xf“ = — Z ﬂazf“ — Z ixf + —,
=1 Qi izit Qi Qij
1 9TO 03HAYAET, YTO METO/] TOKOOP/IMHATHOI'O CITYCKa JIJIsi KB IPATUIHOTO
(pyHKIMOHAIA COBIIAAET C METOJIOM 3eiiie)sl.

Meto pestakcarum Takyke JOIMyCKaeT MPOCTYIO0 TEOMETPUYIECKYTO MH-
teprperarmo. [pn 0 < w < 1 uz touku (2§, .. it 2k ok o000 2k
JIBUTAIOTCSI B HAIPABJICHUN KOOPJMHATHOW OCU X;, HE JOXOJs JIO TOUYKH
MUHIMYyMa (QyHKImona a F #a 9Toil mpaMoil, a npu w > 1 TpoxomdaT
HECKOJIBKO JIaJIbIe, YeM TOUKa MUHUMYyMa (pyHKIMOHAJIa. Bo MHOTHX CJTy-
gasgxX MOCAeHNUN CIIOCOO TPUBOJUT K YCKOPEHUIO CXOJUMOCTH.

OrmnuiieM ere oJIMH METOJT MUHUME3AIMKN PyHKITHOHAIa. Bytem j1Bu-
raThcs M3 TOUKH HadaJbHOTO Ipubsimkenus 2¥ B HAIPABICHIN HANOBICT-
peiiiiero yowiBanus (yHKIMOHAJa [ T. e. ciemyromiee TpubInzKeHne
pasbickupaeM Tak: r1 = 2 — 7 grad F(2°). ®opmyia (4.3) noxasbisaer,
uro grad F(2°) = 2(Ax" — b). Bexrop 7° = Az" — b npunsaro nasi-
BaTh HeBsI3KOM. [[j1s1 cokpartienns 3armmceit yj00HO0 0003HAYUTH 27 BHOBb
qepes 7. Taxum obpasom, ot = 20 — 770,

[Tapamerp 7 BbibepeM Tak, 4ToObl 3Hadenne F(z!) ObL1o MUHEMAb-
npiM. [IpoBojis astemenTapuble BuIKIa Ky, noayuuM F(z!) = F(2'—7r!) =
= F(2%) — 270", r%) + 72(Ar°, 7%, cnenosarensno, munumym F(x!) no-
cruraercs npu 7 = 7, = (r°,r%) /(Ar% r0),

Takum 06pazoM, Mbl IPUIILIN K CJIEYIONIEMY UTEPAIIUOHHOMY METOJLY
(r*. ")
(Ark,rk)’

Meton (4.4) HasbBAIOT MeTOIOM Hamckopeiimniero ciycka. [lo cpas-
HEHUIO ¢ METOJIOM IIPOCTOI MTepall 3TOT MeTOJ TpeOyeT Ha KarKJ0M
mare WTepalnii MpoBeJIeHUs JTOMOJTHUTEIbHON PabOThl M0 BHLIYUCICHUIO

napamerpa Ti. BcieicTBue 3TOro MpouCXOAUT aJalTalnd K ONTHMAJIb-
HOII CKOPOCTH CXOJIMMOCTH.

xk+1 :a’;k—T*Tk’ Tk:AZUk—b, Ty = k:0717 (44>

Teopema 4.2. [Iycmb mampuya A cummempuina u nos0ACUMEND-
no onpedenena. Toeda memod (4.4) cxodumes npu A10060M HAMAALHOM
npubsusceruu. Cnpasediusa caedyowas OUeHKa CKOPOCMU CTOOUMO-

Cm:
2] < v/ A/ gl ). (4.5)

SBAMEYAHUE 4.1. Orenxa (4.5) MOKa3bIBACT, 9TO MOIPEITHOCTD Me-
Tona (4.4) ybObIBaeT ¢ TOH K€ CKOPOCTBIO, UTO W TOIPEITHOCTb METOJA
POCTOI UTepaIui PH ONTHMATBHOM BBIOOPE IapamMmeTpa T.
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JTOKABATEJ/ILCTBO Teopembl 4.2. Vcnonb3yst (4.4) u BCriomMuHasi,
970

F(2" — 7.r") = min F(z" — %),

nosyunm: F(2M) < F(af — 7or%), e 79 = 2/(A1 + A\,), 0TKy1a Bese-
crBue npejcrapieHns (4.1) BeITEKaeT, 9To

(A(:z:kJrl — :c*),:zck”rl —2") < (A(mk — ort — :c*),:ck — rt — x*).
3aMeTuM Telepb, 4To
ab —af — it = 2F — iy (Aah —b) = 2F — 7y (AxF — Ax®) = (B —19A) 2"
CJIeI0BATEIHHO,

(AP M) C(A(E — 1A) 2R (B — 1pA)25).

IIpescraBiisiss BeKTOp 2* B Bijle Pas3IOzKeHHsl 110 OPTOHOPMUPOBAHHOMY

0a3ncy coOCTBEHHBIX BEKTOPOB MATPHUITLI A, TOJIYUIHM:
(A(E — 10A)2* (E — 1pA)z Z Ai(1 = 7oM)2¢?
Kak ycraHoB/ieHO IIpu JIOKa3aTebeTBe TeopeMbl (3.1),
|1—7’0>\‘ po<l, 1=12 ....n,

n
(AZkH’ZkH) < pngng — pg(Azk,zk), OTKyJla, 04e-

1=1

cJjie10BaTeJIbHO,

2%
BHJIHO, BhITeKaeT mepapenctso (Az", zk) < py (A2, 2Y). Ucenomnsys Te-
nepn onenkn (3.2), momyum: Ap|2"2 < At 2%, a a0 sxBuBamenT-

o (4.5). O

§ 3. Meroanl perieHnsd ajiredpamvieckoii npodJeMbl
COOCTBEHHBIX 3HAYEHUI

[Ton anredbpamdeckoii mpobsemMoil cOOCTBEHHBIX 3HAYCHUI TOHIMAIOT
3a/1a9y OTBICKAHUsT COOCTBEHHBIX HUHCE/I I COOCTBEHHBIX BEKTOPOB MaTpU-
16l. Pazmmgator nostayo npobeMy cOOCTBEHHBIX 3HAYEHHIT, T. €. HAXOXK-
JIeHIe BceX COOCTBEHHBIX 4MCe/ U COOCTBEHHBIX BEKTOPOB, U YACTUUHYIO
11po0JIeMy COOCTBEHHBIX 3HAUEHNUI, T. €. OThICKAHUE JINIIb HEKOTOPBIX COO-
CTBEHHBIX YHCEJI U COOTBETCTBYIOIINX UM COOCTBEHHBIX BEKTOPOB.
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[TorsaTHO, 9TO METOABI PelreHnst YaCTUIHON IPOOIeMbI COOCTBEHHBIX
3HAUEHUI JOJIKHBI OBbITh Oojiee HMpoCTbIMU. MbI pacCMOTPUM IIPUMEPDI
MEeTOJ0B 000MX KjaaccoB. IIpum 9TOM orpaHHYMMCs JIMIIL CIydaeM CHM-
METPUYHBIX MATPHIIL.

CobcTBeHHBIE THC/Ia CAMMETPUIHON MaTpuilbl A OyaeM HyMepoBaTh
B IIOPs/IKe HEeyObIBaHUS UX MOJLyJIel:

A < o] <o < Aa] <A

Yepes e, €2, ..., e" 6ymeM 0603HAIATH COOTBETCTBYIONIIE OPTOHOPMUPO-

BaHHbIE COOCTBEHHDIE BEKTODPHLI.

1. Meron mpsimoii urepamuu. DTOT METOJ IpeJHa3HAYEH I
OTBICKAHUS MAKCUMAJILHOIO 110 MOJLYJIIO COOCTBEHHOIO YUC/Ia MATPUIILI 1
COOTBETCTBYIOIIEr0 €My COOCTBEHHOI'O BEKTOPA.

BribepeM HEKOTOpoe HOPMHIpPOBaHHOE HadajgbHOe TpHbamzKenne y° u
obpazyeM TOCJIe0BATeIbHOCTh HOPMUPOBAHHBIX BEKTOpoB 4!, 12, . ..
vt = Ay’ y' = 2'/|zt|. Boobme, no y* sermcnsem zFtt = Ay a
sarem Hopmupyem: yt Tl = ¥ /|2F L Crpounm Taxzxke nocemosaTesn-
nocrs uncen AF) = (Ay* o), k=1,2, ...

Teopema 1.1. ITycmo |A,_1| < |Anl, O — yeon, obpazosanrvii eex-
mopamu y* u e”, npuvem 0y # w/2. Toeda tgly — 0, AE) o\, npu
k — o0o. Cnpasedausvl caedyroujue 0ueHku ckopocmu croduMocmu:

k
[tg b, [AE) — N < (Aaca] + [Aa])

2k
/\n—l

n

n—1

| tg O] <

(1.1)

n

JITOKABATEJILCTBO. Ilo Teopeme 00 OpTOrOHAJBLHOM PA3JIOZKEHUN
eBKJINJIOBA IIPOCTPAHCTBA BEKTOD y* OIHOZHAYHO IIPEICTABUM B BUJIE

y" = cos O " + sin O, u”, (1.2)

riie u¥ — eMHIYHBLA BEKTOD, OPTOrOHAJIBHBII €. B cOOTBETCTBHN C U3Y-

JaeMbIM aJIrOPUTMOM
Y"1 = a(cos B Ae™ + sin 0), Au®) = a(cos O \,e” + sin 0, Au®).

3/1ech (v — YHUCII0, BRIOUpaeMoe TaK, 9TOObI BEKTOD ykﬂ umMeJ eJIMHNIHY IO
qumany. [lepenuieMm rocrieiee paBeHCTBO B BUJIE

Yt = a(cos O A" + | Au®|sin 0, AuF /| AuF|) =
= 08 O 1" + sin Oy Au® /| AuF|. (1.3)
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MbI yusn 371ech, uTo BekTop Au” oproronasen e”, HOCKOIBKY
(Auf e™) = (u¥, Ae™) = N\, (uF, e™) = 0.

I3 (1.3) BbITEKAET, 9TO

|Au®|

An

tg Opr1 = tg Oy

BamnceiBas pasiozkenne u” o 6a3ucy coGCTBEHHBIX BEKTOPOB MATPUIIL! A
n—1

1 yYUTBIBas OPTOroHabHOCTL uf 1 e, momyunm, uto Auf = Y ci\el,
i=1

cJ1eJ10BaTeIbHO,
n—1 n—1
|Auk‘2 = ZC%A% < )‘i—l C? = 1’“k|2 = /\n 1 (1.4)
i=1 i=1
Taxum obpaszom,
| tg Ok 1] < l‘; i‘!t Okl

1 1epBasi oreHKa (1) jokasaHa.
Buosb ucnonnsys npejcrasienue (1.2) u o, uro (Au®,e") = 0, no-
JIYUUM:

N, — AF) =\ — (A(cos by e" + sin 6 u¥), cos Oy, " + sin O, u*) =
= A\, — (cos O A\pe” + sin Oy, AuF, cos ) e + sin O, uk) =
= Ay — (A, cos? O + (AuF u)sin?0;) = (N, — (AuF, u*)) sin? 6,

Orkyna Beaeacersue (1.4) BeITeKaet, 9To
A — AP <A + At ] sin? 0 < Ay + Aot | tg2 0y,

Bumecre ¢ yrke nostydennoii mepsoit orenkoit (1.1) 910 3aBepiiaer jgokasa-
TEJILCTBO TeopeMbl. []

Yenosue 0y # /2 Ha IpakTHKe He CJUIIKOM OOpeMeHuTebHO. Ko
OHO HapYIIAeTCs, TO MPU MPOBEJIEHNN UTEPAINil 38 CUET OMUOOK OKPYT-
JIeHUsT TPUOJIKEHNs 00A3aTeTbHO BLIH/IYT W3 TUIIEPIIOCKOCTH, OPTOTrO-
HaJIbHOIT e".

2. Merox oOparHoOii utTepamuu. Meros pejgHa3HAUEH JIJIs
OTBICKAHUs] MUHUMAJIBLHOI'O 110 MOJIYJII0 COOCTBEHHOI'O YHC/Ia 1 COOTBET-
CTBYIOIIIET0 eMy CcOOCTBEHHOTO BeKTopa. OuuineM COOTBETCTBYIOIIMI aJI-
TOPHUTM.
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BribupaeM HOpMEIpOBaHHOE HadasbHoe mpuosmkenne y° m cTponM

110CJIeI0BATEILHOCTE BeKTOPoB y', y2, ... 1o dopmymam: zF 1 = A~lyk,
YRl = R/ 2R A rakoxe unema AF) = (AyF o*), B =0,1,2, ...

[Ipu peammsamyuy MeToja BBITOJHEE HE CTPOUTH U XPAHUTH MaTpHU-
Iy A_l, a pemiaTh Ha KarK/I0il UTeparui CUCTEeMY JIMHEHHBIX YpPaBHEHU
Az* 1 = ¢ TIpeaBapurenbHo 11€/1eCO00pPA3HO TPEACTABUTL MATpPHIy A
B Bugte LU win QU pasnoxkenus (cm. §1).

OTHOCHUTE/IBHO CXOAMMOCTH METOJa CIIPaBEJJINBa TeopeMma, IIOJTHO-
CTBIO aHAJIOTUYHasA TeopeMe 1.1, HO Ha HTOT pa3 CKOPOCTb CXOUMOCTU
XapaKTepu3yeTcst OTHOIEeHIeM |Aq]/|Ag| < 1.

2.1. Meroj obparHoii nurepanun ¢ caABUroM. PaccMoTpum 0600111e-
HEIE TIPEJIBUIYINETO METOJIa, a NMEHHO Iepexoji oT BekTopa 4" K yF+! 6y-
JIeM BBITOMHATE 110 hopmytan: (A — g B)ak Tl = ¢F oFtl = g+l /|ght1)
31ech o — mapaMerp, HasbiBaeMmblil ¢isurom. Ilocenosarenprocts AF)
k=1,2, ..., no-upexuemy, onpejensercs dopmyioit AF) = (AyF y*).
CXOIMMOCTH 3TOTO METOJIA UCCIELYeTCsI 110 TOli JKe CXeMe, 4TO U B Teope-
me 1.1. TTpu srom okasbiBaercst, ato AF) — Aj, TJle HOMep j XapaKTepusy-
ercst yeqosueM |\ —o| < [A\j—o| Vi # j, a nocieposarenbocts y* cxo-
JIATCS K COOTBETCTBYIOIIEMY COOCTBEHHOMY BeKTOpy €. Takum obpasom,
MEeTO/I [IO3BOJISIET HAXOIUTh COOCTBEHHOE YMCJI0 MaTpullbl A, Osmskaiiniee
K 3aaHHOMY YHCJIY O.

3. Merop Bpamennii (Zkobu). DToT MeTOM TOBOJIBLHO YaCTO HC-
OJTB3YETCsI IPU PEIIEHUH MOJTHOT TPOBIeMbI COOCTBEHHBIX 3HATCHUIT J1JIsT
CHMMETPHIHBIX MATPHI[ HE CJIUIIKOM BBICOKOTO HOPSIKA.

Hamowmmmm onpesiesienne Marpuiisl Bparenusi. OproronaibHas Mat-
pura

cosy siny
—siny cos @

MOPOXKJTaeT Mpeodpa3oBaHme MOBOPOTa Ha YTOJI (0 B JBYMEPHOIl IJIOCKO-
ctu. Marpuna () = (qij)ﬁjzl, OTJINYAIONIASICA OT €IMHUIHON JIUIIL e~
TBIPbMSL 3JICMEHTAMU: () ) = COS 0, g = COS Y, g = SiN @, g = — sin g,
rie 1 < k <[ < n— 3ajaHHble 1eJible Y1CjIa, Ha3bIBaeTCsI MaTpUIleil Bpa-
mennsa. Herpyano nmpoeputhb, uto () — oproroHajbHas marpuia. Ona
MOPOXKJTaeT Mpeobpas3oBaHme MOBOPOTa Ha YIOJ (0 B JIBYMEPHOIl IJIOCKO-
CTHU, HATSAHYTOI Ha BEKTOpPbI KAHOHUYECKOTO Dasuca ¢ nomepamu k, .
Omnurmem mieto Meroga fAxodu. [lycrs A — cummerpudnast MaTpura.
Kak u B §1, ee cobcTBeHHBIE Ync/ia OyJaeM HyMepoBaTh B IOPsiJIKe HEeyObl-
Banust. Obpazyem marpuity 1', croadiaMu KOTOPOil SBJISIOTCS OPTOHOP-
MUPOBAHHbIE COOCTBEHHbIE BEKTOPHI €71, €3, . . ., e, Marpuibl A. Herpy/-
HO yOeIUThCA HENOCPEACTBEHHBIME Bbranciaenuamn, uto 77T AT = A, rie
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A — amaronasbHast MATPUIIA C SJIEMEHTAMI A1, Ao, . . ., A, Ha JHaroHaJIu.
B merone fAxobu marpuia T’ cTpouTcs Kak Ipejesl IOC/IeI0BaTe/1bHO-

cTu oproroHanbueix Marpui Ty Tak, uro lim TT AT, = A, npuuem 1pn
S§—0O0

KayKJIoM S Marpuia 1y KOHCTpyUpyeTcs: Kak IIpon3BeieHne MaTpPUI Bpa-
IIeHUSI. R

O6pasyem 1o marpuiie A marpuiy A = QT AQ, u nombITaeMcst BbI-
6pa2b napaMeTpbl MaTpPUIIbl BpallleHusd, T. €. k, [, ¢, Tak, 9ToObl MaTpu-
ma A ObL1a MakcuMaJsbHO OJIm3Ka K JuaroHaabHoil. Omyckas s1eMeHTap-
Hble BBIK/IAJIKIL, IPUBE/IEM BbIPaKeHIe /st CyMMbI KBa/|PaToB BHENArO-
HAJILHBIX 9JIEMEHTOB MaTPUIILl A:

~ 1 .
Z ay; = Z aj; — 2ag; + 2ag cos 2 + §(a” — ayy,) sin 2¢]%.
i#] i#£]
Ormpeniesinm Tenepsb 4dncia k, [ 13 yCJIOBUS:

|aj| = max[a;;| (3.1)
i#]
a 3aTeM yroJl ¢ TakK, YTOOBI

1
ag; COS 2 + é(a” — agy) sin2¢ = 0,

nJjimm
tg2p = —— K (3.2)

IIpn yxasamnoM BbIOOpE NApaMETPOB MATPHIBI BPAIIEHHs CyMMa
KBaJIPATOB BHEMArOHAJbHBIX JIEMEHTOB MATPHUIBI A NpUHUMAeT Hau-
MeHbIIIee 3HaUeHNe.

Teneps MOKkHO ommcaTh ajaroputMm mertona fxodu. Ilycrs Ay = A.
ObpaszyeM 1ocie10BaTeIbHOCTE MaTpull Ay, Ao, ..., IPU IOMOIIN PEKYP-
PEHTHO# (hOPMYJIbL:

Ap-|—1 - QZAprv p= 07 17 S (33)

r7e mapaMeTpbl MaTPUIbI BpalleHus (), OUpeiesIsioTcs TaK, YTOObI clie-
JaTh CyMMy KBa/IPaTOB BHENArOHAJIBHBIX 3JIEMCHTOB MaTpUIbl Ay, 1 MH-
HIMAJIBHO BO3MOXKHOI, T. €. 10 dhopmystam Buja (3.1), (3.2).

Mrepanun mpoBOAAT JI0 TEX 1OP, TOKA BCEe BHEINAINOHAbHBIE DJIEMEH-
TBI MaTPUIbl A, He CTAHYT JIOCTATOYHO MaJIbIMH. Toryia B KadecTBe IpU-
OJIKeHnl K COOCTBEHHBIM YHCJIaM MaTpPUIbl A NPUHUMAIOT JIHaroHab-
HbIe 9JIeMEeHTB! MaTpuibl Ay, a cTosbusl MaTpunbl Qo) . . . (), canuTaror
IPUOIMKEHUSIMI K COOCTBEHHBIM BEKTOpaM MaTpHUIbl A.

[Tpu obocHOBAHNU CXOIMMOCTH METOJIa NCIOJIb3yeTCsI
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Jlemma 3.1 ITyemwv napamempor mampuuys epawenus Q) onpedens-
romea cozaacro popmyasam (3.1), (3.2). Toeda

Za?j < qzaizja (3.4)
i#] i#]
2de
0<qg=1- 2 <1
= n(n —1)
npun > 2.

JLOKABATEJIBCTBO. Besencrsue (3.2) nmeem:

Za\?j = a?j — 2aj, (3.5)
i#J i#]

a Ha ocxosarun (3.1)

> al < apn(n—1). (3.6)
i#J
3/1eCh yUTEHO, YTO MATPUIA [OPSAJIKA 1 UMeeT N — 1 BHEIUArOHAbHBIX
ssemenToB. 13 (3.5), (3.6) oveBuaabiM obpasom ciaeyer (3.4). O
Bysem onmparbest Takzke Ha coeyonmit hyHaaMeHTa bHbI Pe3yib-
TaT TEOPUN CHUMMETPUIHBIX MATPHIT, KOTOPBIIl IpuBe/ieM 6e3 jToKa3aTeb-
CTBA.

Teopema 3.1. Ilycmv A, B cummempuunvie Mampuise nopaoka n,
Me(A), Me(B), k=1,...,n, — ux cobcmsenmvie Yucia, 3G4HYMEPOSUH-
Hole 8 nopadke neyovsaru. Toeda

n

(Ae(A) = M(B)? < Y (ay; —by)’, k=1,2,....n. (3.7

1,7=1

JlokarkeM Ternepb CXOIUMOCTb MeToa fkodu. V3 pekyppenTHoil dpop-
MyJibl (3.3) u jiemMMbl 3.1 BBITEKAET, ITO

> (@) <y al — 0mpup — oc.
i#j i#]

DTO 3HAYUT, YTO 10 JIIOOOMY 3aJlaHHOMY € > () MOXKHO yKazaTh Ie/ioe
MIOJIO?KATEJILHOE YHUCJIO P TAKOe, YTO

S (@) < e (3.8)

i#]
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Ob6osnaunM 4epe3 /A, IHarOHAJIbHYIO MaTpPHILy, Ha JHAroHaIN KOTODPOi
PACIIOJIOZKEHB! JIHarOHaJIbHBIE 3JIeMeHThl MaTpunsl A,. B coorBercTBun c
Teopemoii 3.1 u orenkoii (3.8) MoKeM HAIMCATD:

M(4) — AP <e, k=1,2, ... .n,

e )\]ip ), k =1,..., n, — nnaroHajbHbIE 3JIEMEHTBI MaTpPHUIBl A, yIIO-
psijtodeHnble 10 HeyGbiBammio. Benencrsue (3.3) umeem: A, = T AT,
rae T, = QoQ1...Qp, 1. c. Marpunpl A, u A nogobusl, a, 3HAYUT, UX
COOCTBEHHBIE YNC/IA COBIAJIAIOT, II09TOMY

A(A) = AP <e, k=1,2,....n (3.9)

CxoauMocThb MeToJa SIKoOu JoKa3aHa.

[Tomuepkaem, aro oreHka (3.9) MOXKET paccMaTpUBATHCS KaK arlo-
CTEpUOpHAasl OIEHKA MOIPENIHOCTH MeTOJa: JIOOUBIINCL B XOJI€ UTepalinii
BBITIOJIHEHUS HepaBEeHCTBa (3.8), MBI MMOJTydaeM COOCTBEHHBIE THCIIA C T10-
IPEIIHOCTHIO, He IIPEBOCXOJISIIEN €.

§ 4. MeTtoapl penieHns HEJMHEITHBIX ypaBHEHUI

B sTom naparpade nzaraiorcs HandoJiee pacinpocTpaHeHHbIe METO bl
pellleHns HeJIMHEeHbIX ypaBHEeHUT BU/1a

fz) =0, (1)

riae [ — 3ajaHHas HenpepbiBHas (PYHKIUS BEIIECTBEHHOIO EPEMEHHOIO
Berony B jasbHeiiem mpenoiaraeTest, 9T0 U3BECTEH OTPE30K [Xg, 1],
copepzkaiuii kopenb « ypasaenus (1). [Ipeamonaraercs, arto o — euH-
CTBEHHDIH KOpeHb ypasHenus (1) #Ha orpeske [zg, £1]. MeTomsr oTnesnenst
KOpHeli CYIIEeCTBEHHO 3aBUCAT OT KOHKPETHOTO Buja (PyHKIUU f U B Ha-
CTOAIIEM ITOCOOUM HEe PACCMATPUBAIOTCS.

1. Meron naeneHmsi oTpe3ka MmoIlojaM. bByjaeMm cuurarb, 9To
f(xo) f(x1) <0, 1. e. bynkImu [ MeHsieT 3HAK B TOUKe « € [, x1]. [To-
JOXKUM To = (xg+ x1)/2 u Beraucium f(xg) f(x2). Eciu f(xg)f(x2) < 0,
TO KOPEHb PACIIOJIOKEH Ha OTPe3Ke [Xg, T3|. B mporuBHOM citydae — Ha
oTpeske [r9,x1]. Beibupast remepb TOT U3 JBYX OTPE3KOB, HA KOTOPOM
JIEZKUT KOPEHb ypaBHEHUsI, HPUMEHSeM K HEeMYy OIMCAHHYIO IIPOLELYPY
JeJIeHnst 1onojaM. IIpornece npogoszKaloT JI0 TeX 110D, 110K JJINHA, OT-
pes3Ka He cTaHeT MeHblle 3ajanHoro € > 0. [Ipu 3ToM KOpeHb, 04eBHIHO,
OyzeT HalijieH ¢ TOYHOCThIO € > ().
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MeToz IpuBIeKaeT CBoeil IIPOCTOTO 1 MaJIbIMU 3aTpPaTaMy JJIsl pea-
JIM3AIN KAZKJIOT0 TOra UTEPaIOHHOr0 Tpotiecca (Tpebyer JIUIib BbIUKC-
Jierust ojiHoro 3uadenuns Gyukinuu f). Cieayer noa4epKHyTh, YTO METO/
HENPUMEHUM JIJI OTBLICKAHMA KOpHelHl 4eTHOH KpaTHOCTH, KOrja (DyHK-
nust f obparaercs B HYJIb B TOUKe v € [T, £1], HO HE MEHsIET 3HAKA Ha
oTpeske [zg, 1].

2. Metoa npoctoit mtepamuu. MeToj; ocHOBaH Ha IIPUBEJICHUN
ypaBHeHns (1) K 9KBUBAJEHTHOMY YPaBHEHUIO BU/A

x = ¢(z) (2.1)

1 [TOCTPOEHUH TOCIEI0BATEILHOCTH MPUOIKEHUN T, T1, ... Ty, ... IO
dbopmyie

T = p(ag), k=0,1,2, ... (2.2)

Hauasbnoe npub/mmkenne xoy CIUTACTCS 3a/IaHHbIM.

DKBuBaJIeHTHOE MpeobpazoBanue ypasaerus (1) k Buay (2.1) moxer
OLITH BBIIOJHEHO pas3JInIHbIMu criocobamu. Hamnpumep, MOXKHO TOJIOZKUTE
o(r) = x + Y(z)f(x), rue ¢ — npousBosibHAS HelpepbIBHAs (DYHKIUSI,
He oOpalialonasicss B HyJIb B OKPECTHOCTU TOUYKH . PYHKIINIO 1) CJIe/lyeT
KOHCTPYHUPOBATH TaK, YTOObI 0OECHEUNTh CXOAUMOCTD OCJIEI0BATEIHHO-
ctu xp. Torpa, oueBngHo, lim zp = «.

k—o0

Teopema 2.1. [Iycmb 6 nexomopot okpecmuocmu
S(a,r) ={z, |[r —a| <r}

Kopha ypasnenus (2.1) dynruua @ ydosaemesopsaem ycaosuro Jlunwuuya
¢ NOCMOAHHOT MeHbweld eduHuybl, m. e.

lo(x') — ()| < qla’ —2"|, 2',2" € S(a,7), 0 <qg<1. (2.3)
Tozda npu awbom g € S(a,r)
2, — o < ¢"|lrg—al =0 npuk — oco. (2.4)
JOKABATELCTBO. Ecin g € S(a, r), T0
21 — af = [@(20) — af = |p(xo) — ()] < glog —af <,

caeoBaTesbHo, 1 € S(a, 7). Anamorndno, 1, xe, ... € S(a,r). Takum
0bpas3oM,

jan—al = lp(@r-1) = ()| < glar1—-al < ¢Flro—al = 0, &k — 0. O
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CaenctBue 2.1. [lycmo dynruus © nenpepwvisro dupdepenyupye-
ma wa S(a,r) u
W' (x)] < g <1 (2.5)
npu x € S(a,r). Toeda daa nocaedosamesvHocmu Ty, NOCMPOEHHOT NO
memody (2.2), svnoansemes ouenka (2.4).

['pacdudeckas uHTEpIpETALS UTEPAIMOHHOTO Tporecca (2.2) jaHa
wa puc. 1, 2. Ormerum, uro ciaydait —1 < ¢'(x) < 0 (puc. 2) nanbosee

A
y y=x y=0(x)
—
0 d k;x3 X, X X, )?

Puc. 1. K ureparmonnomy mporneccy (2.2), 0 < ¢'(x) < 1.

BBITOJICH, TAK KaK MPH 9TOM BEJUMUNHA |Tf — Tp_1| HA KAXKJOM IIare mre-
PaAIMOHHOIO MPOIIECCa ONEHNBAET CBEPXY HMOIPEITHOCTD MPUOIMKEHUS T,
K Q.

[IpuBejieM mpocteiimuii npuMep KOHCTPYHUpPOBaHUs (QYHKIUKT (.
[Tycts Tpebyercs BuUUCIUTL v/a, a > 0. CooTBercTByIOlee ypaBHEHNE
UMEET BU/I

flz)=2*—a=0. (2.6)
[Ipeobpasyem ypasaenue (2.6):

a
r=(x), tIep(x)= e

B srom ciydae ¢ (z) = —a/x?, ¢'(v/a) = —1, ycnosue (2.5) B okpect-
HOCTU KOPH# He BBIIIOJIHEHO, I UTEePALAOHHbBII IIPOIECC MOXKET Pa3oHTHCh
Jlazke eCJIl X JIEXKUT CKOJIb YIOJIHO OJIM3KO K /a (IpomLocTpupyiite
9Ty cuTyaruio rpadpudeckn!).

[leperuriem Terneps ypasuenue (2.6) B Buje

L+
r=—-\xz+—
2 x
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y=0(x)

>
o X, X, Xx, a4 X X X X
Puc. 2. K ureparmonnomy npomneccy (2.2), —1 < ¢'(z) < 0.

B sTom ciyuae

1 1 a

o) =5 (z+2). d@=5(1-%) JVay=0

2 2 x?

i, ciaepoBarenbho, |¢'(z)] < 1 B Hekoropoit okpectHocTH (/a. Takuwm
00PA30M, UTEPAIOHHDINH METOJI, OIPEIEISIeMbIii COOTHOIICHIEM

1
xk,ﬂ:—(a}k—i—ﬁ), E=0,1, ...,
2 Tk

CXOUTCsI IIPU JIFDOOM HAYAJIbHOM IIPUOINKEHIN X, JIOCTATOYHO OJIN3KOM
K v/a. Bosiee eraibHbIi aHAIN3 TOKA3BIBAET, YTO CXOMUMMOCTD UMEET Me-
cTo 1pu JirodboMm g > 0.

2.1. 3amerum, 9TO ecjin

O'a)=¢"(a)="--= go(m_l)(oz) =0, gp(m)(oz) #0, wnpum > 2,

TO puMenss popmysy Teitaopa ¢ ocTaTOIHBIM YjaeHOM B popMe Jlarpan-
’Ka, TOJIYIUM, 9TO

1

|[Zri1 — o] < @\w(m)(é“)llﬂfk —al™, (2.7)

1 MeTogl (2.2) exourest BOIM3KM KOPHST 0UeHb ObICTPO. Yucjio m npuHsaTOo
Ha3BIBATDH MOPSIIKOM HUTEPAIHOHHOTO MeTosia (2.2).
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3. Metoa HbioTtoHa. B stom ciydae mojaraior

_ 1@
p(r) = )

xk+1:xk—M, k:O,l,... (31)

f'(xr)

HerpynHo BujieTh, 9TO B 3TOM CIydae

¢'(a) =0, ¢"(a) #0, (3.2)

ecin f(a) = 0, a f'(a) # 0, 1. e. @« — npocToii KopeHb ypasaerust (77).
Orcrofa BeITeKaet, 4To MeTos Heiorona (3.1) cxofurest mpu Ji0OOM Ha-
JaJIbHOM HPUOJINKEHUH T, JOCTATOIHO OJU3KOM K (.

Pagenctsa (3.2) nokaseiBaiot, 4to MeTos HbioTona — MeTo1 BToporo
MOpsIJIKa 1, CJIJIOBATE/BHO, MMEeeT KBAIPATHIHYIO CXOJANMOCTH (B OIEH-
Ke (2.7) momygaem m = 2).

Meron Hbiorona mMeeT IPOCTYIO I'eOMETPUYECKYIO HHTEpIpeTa-
IUIO: X471 — TOUYKA IepeceveHusl KacaresJbHol K rpaduky gpyHkunn f
B Touke (zk, f(x)) ¢ ocbio x (cM. puc. 3).

A
y

¥ =flx)

=V

0 M 3:2 X, X,

Puc. 3. Meroxn Heroromna.

4. Meton xopa. Hegocrarkom merona Hbiorona spisiercss HeoO-
XOJAUMOCTD BBIYUCICHIS TPOM3BO/IHON pyHKINN f. B HEKOTOPBIX cirydasax
9TO OKa3bIBACTCH CJIUIIKOM TPYIOEMKON 3a1a4eil.

Eciu usBecren unrtepBas (xg, 1), Ha KOHIAX KOTOPOTro (byHKIWs f
IMeET TTPOTHBOIOJIOXKHDBIE 3HAKHW, TO MPHUOJNKEHIE To K KOPHIO MOXKHO
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Puc. 4. Merom xop.

ONPEJIEINTh KAK TOYKY IepecevdeHst MpsMOoii, TIPOXOJAIIEeH depe3 TOUKNI
(xo, f(x0)) u (21, f(x1) ¢ ocbio x (cm. puc. 4). fcHo, uro

g — zof(21) — 21 f(20)
f(x1) — f(wo)
Bee nocietyroniye npubanzkenns OyJeM BLIYUCIATE 110 (popMyJIe

s — vof(rx) — wrf(20)
o far) — f(wo)

Merop (4.1) moxkHO Tepenucarh B Bujie (2.2), ve

_ 2of(2) — xf(z)
7o)~ Fl)

Ucnounayst bopmyany Teitopa, HETPYJIHO, HOJCUUTATD, ITO

o (m—a)? F1(E)
Pl = T ey

OTKYy/Ia BBITEKaeT, 9T0 |¢'(a)| < 1, ecsin &y BLIOPAHO JOCTATOTHO OJIM3KO
K KopHIO. OTCIO/Ia BBITEKAET, YTO CYIICCTBYET OKPECTHOCTL TOYKH (v, B
koropoit |¢'(z)| < ¢ < 1, u meron (4.1) cxomurcest npu JIOOOM T U3 TOi
OKPECTHOCTH.

k=23, ... (4.1)

p(z)

£,& € (vo,21),
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0
—

Puc. 5. Meroj cekymmux.

5. Metoa ceKymmux. ITOT METO]l MOJYyJIaeTCs MPU alTpPOKCHMa-
nuu pousBojHoit f(xy) B Merose Hbtorona (3.1) pasHOCTHBIM OTHOIIIE-

o) L) = i)

Ll — Th—1

B pesysibrare NpuxoauM K CJIEIYIONEMY UTEPAIOHHOMY ITPOIECCY

(zr — xp-1) f ()

el = f(xr) = flor—)

(em. puc. 5). eomerpudeckn Tjy1 — TOYKaA MEpecedeHusl CEKyIIei, mpo-
xopstmmieit depe3 touku (xy, f(zx)) u (vr—1, f(zr-1)) ¢ ocbio x.

B omymune oT panee paccMOTPEHHBIX METOJIOB JIJIsl BLIYUCICHNS KazK-
JIOTO TIOCJIEJIYIONIEro NPUOJINZKEHNsT Tk TPedyeTcs MCIOJIb30BaTh JIBa
IPEALLLYIINX IpUbInzKennst. Takue MeTOIbl IIPUHSTO HA3LIBATL JBYIIA-
I'OBBLIMIL.

Brosb ucnosbsys pasiozkenue 1o ¢gopmysie Teiiyiopa, MOKHO II0Ka-
3aTh, YTO CIPABE/JINBO IIPUOJINIKEHHOE PABEHCTBO

1 /")

Tpyl — QAR S
2 f'(a)
OKA3bIBAIOIIEe, UTO €CJIM UMEET MeCTO CXOAUMocTh Meroga (5.1), To

€ro IorpemHoCTb Y6bIBaeT CyHI1€CTBEHHO 6bICTpee7 9€EM B METOLE XOPA,
N HECKOJIbKO MeJIJIEeHHee, YEM B METO/IE Hriorona.

(5.1)

(Tr—1 — @)z — @),
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§ 5. MeToabl pelrieHnsa CUCTEM HEJIMHEMHBIX ypaBHEHUIA

B sTom maparpade Mbl paccMOTpUM 3aJ1ady pelieHns CUCTEMbI HeJlh-
HEIHBIX YpaBHEHUIT

fl(.%'l, ce ,.’L’n) — O,

fg(ﬂfl, ...7xn) :07 (1)

fn(l‘l, ce ,ZEn) = 0,
e fi, fo, ..., fn — 3ajaHHble PYHKINN N BEIIECTBEHHBIX IT€PEMEHHDIX.
Kak u B cjydae OJIHOIO HEJIMHEHHOIO YpPABHEHUsI, MbI OyJ/IeM IIPE/II0/1a-
rath, 910 cucrema (1)) mMeer Koperb o = (v, g, ..., Qy), T HAM U3-

BECTHA €0 HEKOTOPast OKPECTHOCTL. JIid yToUHeHrs KOPHs IPUMEHAIOTCA
pas3IMyYHbIe UTePaIMOHHbBIC IIPOIECChl, 1Ipy MX M3JI0:KEHUN 1 NCCJIe/10Ba-
HUU yJI00HO 3anucbiBaTh cucremy (1) B oneparopHoil hopme

F(z) =0, (2)
rie F(z) = (fi(x), fo(x), ..., fu(x)) — oneparop, orobpazkarormuii mpo-
crparcTBo R" BeKTOpOB * = (X1, ..., T,) B cebsl.

1. Meroa npocroii urepanuu. B stom metose cucremy (1) mpej-
BapUTEIbHO HEKOTOPHIMU SKBUBAJEHTHBLIMI MPeoOpa30BaHUAMEI ITPUBO-
JISIT K BUJLY

r = G(x) (1.1)
U, HauMHas ¢ HEKOTOPOro HauasbHoro npubsxkenus x° = (29,29, ... 22),
CTPOAT TIOC/IeIoBATEeIbHOCT BekTopos ¥ = (xf 2k, ... 2F) no cnemyro-
IEMY [TPABUITY
" =G2Y), k=012, ... (1.2)

CyIecTBYIOT pas3/indHble CIOCOOBI MPUBEIEHUsT CUCTEMbBI (2) K SKBUBa-
JenTtHoit cucreme Buja (1.1). OOBITHO, OHE €CTECTBEHHBIM 0OPA30M IO/~
CKa3bIBAIOTCS CTPYKTYpPOil cucreMmbr (2). HacTo mocTynarT cJieryonmm
obpa3oM. BriOupatoT HEKOTOpPYIO HeBbIpOxKJeHHYI0 MmaTpuily B. Cucre-
My (2) HpuUBOASIT K BUJLY

B(x —x)+ F(z) = 0.

[TocienoBarenbroCTh pHbAMZKeHnit x', 22, ... onpenessaior n3 ypasHe-

HUN

B — M+ F(z") =0, k=012, ... (1.3)

Beibop maTpunsl B, 09eBUJHO, JOJZKEH ObITH IOJIMHEH YCJIOBUAM CXO-
qumoctn urepaiuit. Kpome rtoro, marpuna B j10/17KHa OBITH TaKoOil, ITO-
Obl cucTeMa JinHelHbIX ypasuennit Brf T = Ba® — F(2%) ans orbicka-
nus ¥t permasack jocraTouno mpocto.
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2. Metroa HpioTrona. Ilpu HaaugIumm J0CTaATOYHO XOPOIIETO IIPU-
OJIMKEHUsST K PEIIEHUI0 CUCTeMBI (2) 0YeHb 9acTo BechMa 3(hMeKTUBHBIM
OKa3bIBaETCs €ro yTOUHEHne 1o MeToly HbloToHa. DTOT METO SIBJIsIeTCsI
HEIIOCPeICTBEHHBIM 00001IeHneM Metojia Hbiorona 11 ojiHOro HesmHeil-
HOT'O ypaBHEHUsI U (DOPMAJILHO MOXKET OBbITh BalllCaH CJIEIYIOIINM 00pa-
30M

" = 2f — (") R (), k=0,1,2, ... (2.1)
31ech
ofi(z")\"
zrj J;
ecTb Marpuiia fkobu cucrembl GyHKIMNA f1, fa, ..., fn, BbIUNC/IEHHAS B
Touxe x”.

[Ipu npakTudeckoil peajnsalny MeTOJa ero OOBITHO IIePENNChIBAIOT
B BUJIE
F/(xk)($k+l . :L‘k) _ —F(:L‘k),
nJinm

F'(2M)AY = —F (),

"= 2b AR

Takum 06pazoM. Ui moctpoenns 81 o uzsectHoMy ¥ HYZKHO pemuTh
y A y y

crucTeMy JITHEeHHbIX ajrebpandecKux ypapHenuii ¢ marpuneit F'(z).

Bo Muormx caydasx dopmuposanne Marpuipbl SIkobu F'(2%) okaspr-
BAETCS CYIIECTBEHHO OoJiee TPYIOEMKOIl 3ajaueil, 4eM BLIUNCICHUE BeK-
topa F(z¥). TlosTOoMy H0BOJIBHO HACTO NPUMEHSIOT CICLYIONLYI0 MOJIH-
dukanmio meroia HeroTona

1¢..0 k k

F (@) A" = —F(a"),

"= 2h AR
3ech MmaTpuiia SIKoOU BRIUNC/ISIETCsI JINIID Ha HAYAJILHOM IPUOINKEHIH.
DKOHOMUSI JIOCTUraeTCsl Kak 3a c4eT (pOPMUPOBAHUS MATPUIILI CUCTEMBI,
TaK ¥ 34 CYET TOrO, YTO PEIICHUE HECKOJLKUX CHCTEM C OJMHAKOBBLIMU
MATPUIAMU CYINECTBEHHO IIPOIIE, YeM PEIIeHUe TOIO »Ke KOJIMYeCTBa CH-
CTEM C Pa3HBIMU MATPUILAMHU.

[Tpu sToM HaI0, OJIHAKO, UMETh B BULY, 9TO ecjim MeToj (2.1) obiia-
JIAeT IIPU JOCTATOYHO XOPOIIEM HAYAJILHOM HPUOINZKEeHIN KB IPATHIHOM
CXOJIUMOCTBIO, T. €.

2" — a] < const|z” — af?

Y

TO MOAUMUIIMPOBAaHHBII MeToj1 HbloToHA CXOMUTCSI JIUIIL CO CKOPOCTHIO
reoMeTpUYecKoil IIPOIpeccu.



['JTABA 2
Yucaennbie MEeTOAbl aHaAJIN3a

§ 1. nTepriosimpoBanmne pyHKITIi

1. CymniecTBoBaHNE U €AMHCTBEHHOCTH MHTEPMOJISIIIMOHHOTO
noJimHoMa. [log nAaTepnosmpoBanneM MOHUMAIOT CJIEIYIONLYIO 3a/1ady.

Hanbl n + 1 paziamdHble TOYKA X, L1, . . ., L, HA BEIIECTBEHHON MPsAMOii
1 3HAYEHUsI HeKOTOpoil BemecTsenuoit dbyukuun f(zg), f(x1), ..., f(zn)
B 9THX TOYKaX. JlaHbI TakKe BerecTBeHHbIe (BYHKINN ©g(T), . . ., @n(T).

Tpebyercs mocTpouTh PYHKIUIO
n
olz) = crprl(e), (1.1)
k=0
rjie ¢ — MCKOMbIE BeIlleCTBEHHbBIE UNCJIa, VIOBIETBOPSIONLYIO YCIOBHISIM:

o(x;) = f(z;), i=0,1,...,n. (1.2)

DOYHKINIO ¢ MPUHATO HA3BIBATH ODOOIIEHHBIM MHTEPITOJISIINOHHBIM
MOJITHOMOM, (PYHKIIAN ©f, — OA3UCHBIMU (DYHKITUSAMEI, TOUKU L, T1, - - - ,Tp
HA3bIBAIOT y3JIaMI WHTEPHOJUPOBAHUA. Kcau ¢ — MOJTUHOMBI, TO MOBO-
pAT 0 3ajiade ajaredpandeckoro MHTEPIOINPOBaHus, a (YHKIMIO ¢ Ha-
3BIBAIOT MHTEPIIOJISIIIUOHHBIM TTIOJIMHOMOM. 3ajiadeil ajredpandeckoro nH-

TEPHOJINPOBaHNA MBI B ,Z[aﬂbHeﬁHleM n 6y,HeM 3aHUMaTbCHA.

Ecin @o(z) = 1, p1(x) = z, pao(x) = 2%, ..., on(x) = 2", T0 ¢(7)

eCTh TIOJMHOM CTEICHH N.

Teopema 1.1. Hnmepnosayuonmoll noAUHOM CIMENEHU T 00HO3HA Y-
no onpedeasemes no a0bvim 3adarnnvim 3navenuam f(xo), f(x1),...,
f(x,) 6 n+ 1 pasauvwnvir moukar xo, T1,. . ., Tn.

JIOKABATEJ/IBCTBO. Yeious (1.2) mpeactaBiasgior coboii cucTemy
u3 n + 1 JuHeAHBIX ajaredpandecKnx ypaBHEHH OoTHOcHTeIbHO 1 + 1
HEU3BECTHBIX Cy, C1, . . ., Cp, MOITOMY JOCTATOYHO YCTAHOBHUTH, YTO COOT-
BETCTBYIOIIAs OJIHOPO/IHAS CUCTEMa NMEET TOJILKO TPUBUAJILHOE PEIleHIe.
[Ipemoarast IPOTUBHOE, TIOJIYYUM, 9TO HOJUHOM CTEIIeHN 1 uMeeT 1+ 1
pas3IMIHbIX KOpHE Zg, T1, . .., Ty, & 3TO BOBMOXKHO JIMIIL B TOM CJIydae,
KOrJa Bce ero Koa@uImeHTsl, T. €. ¢y, C1, . . ., Cp, PABHBI HyJI10. []

Bo MHOrUX cjydasix HOJIE3HO MMETh SIBHBIA BIJI MHTEPIOJISIIIMOHHO-
ro muorowiena. Ojuako paspenurb cucremy (1.2) B sBHOM BHjie 1pH



44 I'maBa 2. YucjeHHble METOIBI aHAJIN34

POU3BOJILHOM 3HAYEHNH N He yjaercs. [IpianHa — B HeyIaqHOM BBIOODE
(bOPMBI IIPE/ICTABICHNS NHTEPIOJISIIIHOHHOTO OJIMHOMA, NHBIMI CJIOBAMI,
B HEYIAYHOM BbIOOpE 6asncHbIX DyHKImM ©o(T), . . ., ¢n(T).

2. NaTepnoasanuoHHbIii mojamHoM Jlarpanxka. IlongaTno, uTo
HanboJstee mpocToit Bujt cucrema (1.2) mpuHIMAET B TOM CJrydae, Korjia Oa-
3UCHBbIE (PYHKITUN — IOJIUHOMBI CTEIIEHU N, YAOBJIETBOPSIONINE YCIOBUSIM:

w)={ 3 124 2.1

[Ipu sToM, oueBumHO, ¢; = f(x;), i = 0,1, ..., n. Basucubie dyHknun B
9TOM CJIy4ae JIErKO BLIINCHIBAIOTCS B ABHOM BHJIE. [eficTBUTEILHO, BCIE]-
crBue ycyioBust (2.1) TOUKU Xg, X1, - .., i1, Tit1, - - -, Ly — KOPHU TOJIH-
HoMa @;(x), mosromy @i (v) = A(x—x0) - - (2 =251 ) (=200 - - - (T—2p),
riae A = const. Ucnonbsys yciosue @;(z;) = 1, Haxoaum

1
A - )

(zi —x0) - (xi — xic1)(Ti — 2ig1) -+ (25 — 1)

cJieJIoBaTeIbHO,

(x —x0) -+ (@ — wim1)(® — @ig) -+ (& — @)
(i —20) -+ (2 — wi1) (w5 — iga) -+ (05 — )’

pi(r) = (2.2)
1 = 0, ...,n. [loctpoeHHspIil TakKuM 00pa30M MHTEPIIOJISAIMOHHbBIN TI0JIH-
HOM HAa3bIBAIOT MHTEPIIOJISIIUOHHBIM HToJInHOMOM JlarpaH:ka 1 ob6o3Ha4Ia-
o1 uepes Ly (x):

(# — )+ (2 — mi1)(# — @) -+ (& — )
Lnle) Z fle) (i — w0) -+ (5 — 1) (¥ — Tigr) - (25 — Tp)
(2.3)
[TostmroMBI, ompejiessieMbie  opmyaamu (2.2), Ha3bIBAIOT OA3UCHBIMU
dyuxmmsamu Jlarpamxa.

3. Nurepnoasaimonnsblii mosimaoM HbeioToHa. Ornpejienm Te-
1epb Oa3ucHbe (PYHKINE COOTHONIIEHUSIMIE:

wo(r) =1, p1(z) = (z — 39), pa(x) = (x — 20) (¥ — 71), .. .,
on(x) = (x —x0)(x — 1) - (x — 7). (3.1)

Torya cucrema (1.2) mpuHUMAET TPEYTOJBHBIN BUJI:

Co = f(llfo),
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co + c1(r — ) = f(1),
Co + Cl(xg - 1’0) + 02(1‘2 — Z‘o)(l’g — ZL’1) = f(IQ), (32)

Orcrojia mocsieoBaTe/IbHO HAXO0IM

co = f(xo),
f (o) n f(1)

To— T T1—To

. f (o) f(z1) f(z2)
= o —21)(@o—22) | (21— w0) (21— 72) | (@2 — 7o) (z2 — 71)
............................................................ (3.3)
- £(z0) f(@a)
T e—m) (=) T n—a0) - (wn—zn)

HacTo MOoIydeHHBIM BhIPasKeHUsIM /It KO3 MUIMEHTOB NHTEPIIOJIs-
IIIOHHOI'O IOJNHOMA, IPUIAIOT HECKOJIBKO NHYIO, PEKYPPEHTHYIO, (POPMY.
3aMeTuM, 4TO

c1 = f(zo, 1) = f(xxli : iéwO)'

Besmanny f(x1, 29) Ha3BIBAIOT pa3/eJIeHHON PA3HOCTHIO MEPBOIO MOPSIJI-
ka dynkiun f. Boobie,
f(@pe1) — fx)

f(@r, xp1) = :
Tht1 — Tk

anee, 1erKo 10/ICINTATD, UTO

¢y = f (o, 21, 23) = f(xlyxii = isxl’xo).

Bemmunmny

f(@ri1, Tryo) — f(@h, Trp1)

Lhy2 — Tk

f(Thy X1, Thgo) =

HA3BIBAIOT Pa3JIeJIeHHON PA3HOCTHIO BTOPOTo nopsiika. [Ipumensis wnryk-
IO, HETPY/IHO MOJIYYUTH OOIILYI0 (hOPMYJTY:

Lk — 2o
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Bemwauny f(zg, 21, ..., Tx) HA3BIBAIOT PA3JICJIEHHON DA3HOCTHIO MOPS/I-
Ka k.
Takum 00pa30oM, HHTEPHOJIAIMOHHBIN TOJIMHOM IIPHOOpeTaeT BI/L

Po(x) = f(xo) + f(xo, 21)(x — x0) + f (20, 21, 22) (2 — T0) (2 — 1) + . ..

+ f(zo, 21,29, ..., xy)(x — xo)(x — 1) -+ (¥ — Tp_1). (3.5)

Takyio bopMy 3aIliCH UHTEPIIOJIAIMOHHOTO OJNHOMA HA3BIBAIOT MH-
TEPIOJIAIMOHHBIM TOJHHOMOM HbIoTOHA.

[Ipomecc BBIUMCIEHUS Pa3AeJeHHbIX pa3HOCTEN IMOJIe3HO WIIIOCTPH-
poBaTh TAOJIHIIEH.

zo  f(x0)

f(xo, 1)
r1 f(21) f (o, x1, 22)

f(x1, x2) fxo, w1, 29, ..., 2p)
Ty f(72) f(x1, 22, 23)

f(aj?v‘ri%)

ta flzn)

IlepBbie nBa cToJI0IIA 9TOI TAOIUIBI — MCXOAHBbIE jaHHble. OcTasib-
HbIe — BBIYUC/ISIIOTCS TIOCIEI0BATEILHO OJMH 38 APYruM. [logaepKHyThIe
pasjieJIeHHbIe PA3HOCTH (OHU CTOSIT Ha BepXHEfl 1uaroHasm TabJIuIbl) 1c-
OJIL3YIOTCsI TIpu 0bpas3oBannu mojmHoMa Py, ().

4. OHeHKa IIOTPEMHOCTA MHTEPIIOJINPOBaHM .

Teopema 4.1. [Iycmo [a,b] — ompesox sewecmsernoti ocu, codep-
HCAULUTL 6CE YBADL UHMEPNOAUPOSAHUSA Lo, L1, - - -, T, PYyHKUUA [ HENPE-
puero dugddeperyupyema n + 1 pas wa ompeske [a,b], mouxa x € |a,b]
U HE CO6NAdAEM HU ¢ 00HUM U3 Y3406 uHmepnosuposanus. Tozda cyue-
cmeyem mowka € € [a, b] maxas, wmo)

F(e)
(n+1)!
3decv L, — noasurom cmenenu n, unmepnosupyrowuts gyrnxyuro f no
YBAAM T, T1, -« oy Ty, Wpa1(x) = (x —20)( — 1) -+ (x — ).

JIOKABATEJILCTBO. Bejem B paccMmorpenue (byHKINIO
9(2) = f(2) = Lu(z) = Kwnn(2), = € [a,b].

D Brrpaskenue B IpaBoii 4acTn (4.1) upuHATO HA3BIBATH OCTATOYHBIM YJIEHOM HHTEPIIOJISIIIUOHHOIO
nonunoMa B popme Jlarpamxka.

f(x) = Ln(x) + W1 (7). (4.1)
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3necb K — nocrogunas. OnpegenM ee Tak, YTOObI

f(z) — Ly(z) — Kwyi1(z) = 0. (4.2)

DTO MOKHO CJIeNIaTh, Tak Kak wy1(z) # 0. Ilpu ykazanuoM BeIOOpE 110~
crognuoit K Qynknus g odpaiaercd B HyJIb B 1 + 2 TOYKaX, a UMEHHO
B TOUKE T, & TAKXKE B TOUKAX T(, L1, - - - , Ln, TaK Kak Ly(z;)— f(x;) =0,
wpi1(z;)) = 0mpu i = 0,1...,n. Ilo reopeme Positst mepBasi mponssoji-
Hast GyHKIUKE ¢ obpaliaercsd B HyJb 110 KpaifHeil Mepe OIUH pa3 MexKIy
KaxKJI0#l 11apoil coceIHMX TOYEK U3 YKA3aHHOIO MHOYKECTBa TOo4eK. IHbI-
MU CJIOBaAMHE, CyIIecTBYeT n + 1 pasimaubix Touek &1, &, ..., &1 € [a, b]
takux, 910 ¢'(&) =0, i = 1, ..., n+ 1. Orciojia BeITEKAET, 9TO BTOpasi
IpOU3BOJIHAsA (DYHKIMU ¢ 0OpallaeTcst B HyJb [0 KpailHeil Mepe B n pas-
JIMYHBIX TouKaX. [Tpoosrkast aHaJornaHble pacCy K IEeHIs, Oy MM, YTO
cymecrsyer Touka & € [a, b] Taxas, uro ¢t (€) = 0. Borunciss npons-
BosyIo opsijika (n+1) dynxiun g, noayanm: f0 () — K (n+1)! = 0,
7. e. K = fO*D(€)/(n+1)!, orxyna senencrsue (4.2) soitexaer (4.1). O

13 TOJILKO 9TO JIOKA3aHHOI TeOPEMbl BBITEKAET IIPOCTOE, HO II0JIE3HOE

Caeactsue 4.1. ITycmo |f"F)(2)| < M,y Vo € [a,b]. Tozda

Mn+1

|f(z) — Ln(2)] < 1)

lwni1 ()] YV € [a,b]. (4.3)

4.1. CBg3b pa3ejIeHHbIX pa3HocTell ¢ mpou3BogHbIMI. O0600-
mennasi popmysia Teitsopa. Ucnonbsys npejcrasienne (4.1) st
HOIPEITHOCTH MHTEPIOJIAIIMOHHOIO MOJNHOMA, YCTAHOBUM CBI3b MEKJLY
pa3/IeJeHHBIMI PA3HOCTSIMU ¥ IIPOU3BOHBIMU.

Teopema 4.2. IIycmov dpynxuyus f duddepenyupyema k pas na om-

peske [z,T], ede x = min(xg, 1, ..., x), T = max(rg, T, ...,Tx). Lo-
2da cywecmeyem movka £ € [z, T| makas, wmo
(k)
flxo,xy, ..., xp) = / k;'(g) (4.4)

JTOKABATEJILCTBO. /s yrporenus 3amnuceit OyjaemM cauTarh, 4ToO
y3JaMH, TI0 KOTOPBIM 00pa3yeTcs pasjie/ieHHas Pa3HOCTh, sIBIAIOTCA TOY-
KU T, X1, ..., Ty, L T TOCTPOUM UHTEPIOJAIUOHHDBIN TouHOM F, 11 CTe-
nexu n+1 1o 3nadennsasM GyHKINN f B 9TUX TOYKAX. 3allUChIBast 3HAUEHUE
nosmmHoMa P11 B Touke x B hopme Hbrorona, mosydanm

Po1(z) = f(xo) + (x — mo) f(xo,21) + ...+
+(z —x0)(x —21) - (1 — xp1) f (w0, 21, - -+
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+ (x —xo)(x — 1) -+ (¢ — ) f(w0, 21, - .., Tp, ) =
= P.(z) + wpi1(z) f(xo, 21, - .., Tp,x) (4.5)

(em. (3.5)). C apyroit ctoponsl, 110 noctpoeruio P, 1(x) = f(x), cuemno-
saresibho, f(z) — Py(z) = wpi1(x) f(xo, 21, - - ., Tp, ). CpaBHUBas 91O
paBeHCTBO ¢ (4.1), mosyanM yTBepzKeHne TeopeMbl. [

Boipasum pasjiefleHHylo pasHOCTh B KayKJIOM CJIaraeMoOM paBeH-
crBa (4.5) uyepes 3HaueHHe coorBeTcTBYMOIIE MpousBoHoil. Torma mo-
JIY UM

Fla) = Flao) + (@ — 20)£/(6) + (2 — ao)(a — e o2 4
(n) (n+1)
+ (x —xo)(x — 1) -+ (. — xn_l)fn—(f”) + wn+1(x)f n _'_(gf)ﬂ) (4.6)

Dopmysty (4.6) mMoxkHO HaszBarhb 0600MeHHOT hopmysoit Teitiopa ¢
OCTaTOYHBIM WieHOM B (opme Jlarpamxka. B npegenbnom ciaydae, Kora
BCE y3JIbl MHTEPIIOJUPOBAHUS CTATUBAIOTCA B y3€Jl T, (popMyJia NPUHH-
MaeT BUJI:

F@) = Fa0) + (o = 20)f o) + (@ — o L0
) (g o)
+ (z — xo)”—n(! ) + (2 — m)"" —Jzn n S'),

rie & — HEKOTOpasi TOUKa, JIeyKalast MexKLy & 1 Tg, T. €. (4.6) mepexoutT B
obbrunyto popmysty Teitsiopa ¢ ocraTouHbIM 4ieHOM B (hopMe Jlarpanzxa.

5. OnTuMaJIbHBII BBIOODP y3JIOB MHTEpIIOJHpoBaHus. MHO-
rowienbl ebbirieBa. 113 onenkn (4.3) ciejpyer, 9TO MOTPENTHOCTD
MHTEPIOJINPOBAHNST 3aBICUT OT PACIIOJIOKEHHS Y3/I0B.

EcTecTBeHHO MOMBITATHCA PEIIUTH CJIEIYIONLYIO 3a/ady: PN 3a/aH-

HOM T DACIOJIOKHUTD Y3JIbl X(, L1, - . ., Ty TaK, 9700 MUHUMU3HPOBATH
BEJTUIUHY
max |[(x —zo)(x — 1) -+ (x — xy,)). (5.1)
a<e<d

[Ipu perenne 31oit 3aa4n Oy/IeM HCIIOJIB30BATH MHOTOUIEHBI Je0bl-
eBa, omnpe/iessieMble TIPU TTOMOIITN POPMYT:

To(z) =1, Ti(x) =z, (5.2)
Tk+1 = 2$Tk($) — Tk_l(x), k = 1, 2, ce (53)

31ech k — creneHb MHOrO4JICHA.
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Herpyno sugers, uro Ty(x) = 28 12% + . ... Muorounenst Ty (x) =
= 21T} () co crapimn Ko duImenToM, paBHBIM eINHIIE, HA3LIBAIOT
HOPMUPOBAHHBIMU MHOrOYIeHaMu ebbiiesa.

[Tocrpoum saBuyio dopmyny g noguHoMoB HebbimieBa. Byjaem
pasbickupath sHauenne Tj(z) B uge Ti(z) = AF. Hcnonnsys s1o npe-
crapyienne B pexyppentroii popmyie (5.3), momyamm AP = 2z \F - \F-1
OTKy/ia, Ipejnosarast, 970 A # 0, NPUXOJAUM K KBaJIPATHOMY YPaBHEHUIO
A2 — 22\ + 1 = 0 s onpenesenns napamerpa A. KopHnu sroro ypasHe-

Hust: A2 = ¢ + Va? — 1, nosromy dynkimn T,gl)(x) = (v + Va2 — 1),
T,gZ)(a:) = (v — V22— 1)* a crenosarensio, u dynxmum Tj(r) =

1 2
= clTk( )(:C) +CQT]§ )(x), k=0,1, ..., r1e ¢y, ¢a — HPOU3BOJILHDIC IIOCTO-
SIHHDIE, YJIOBJIETBOPSIIOT PEKYppeHTHOMY coorHomenuio (5.3). Boibepem
C1, C TAK, 9TOOBI OBLIN BBIIOJHEHBI HaYa/IbHbIe yeaosust (5.2):

Cl+62:1,

(Cl + CQ)CE + (Cl — 02)’\/ 2 —1=nux.

Orcrofa ¢ = ¢o = 1/2, 1. e. OJIUHOMBI

1 ko1 k
Tk(:c):§<a:+\/a:2—1> +§<:z:— :U2—1>, k=0,1,2, ...

VJIOBJIETBOPSIOT PEKYPPEHTHOMY COOTHOIIEHIIO (5.3) 1 HAYATBHBIM YCJI0-
BusiM (5.2). Ilpu |x| < 1 nosmnomam Yebpimena MOKHO HpHIATEH OoJiee
KOMTaKTHBIN Bu. [loioxkuM B 9TOM cimydae x = cos . Torma,

1 1
Ti(x) = 5 (cos @ +isin )" + 5 (cos ¢ — isin )",
OTKYy/Ia, ncrosb3ys dopmyiisl Myaspa, noayaum Ty (x) = cos ky, mwin

Ti(z) = cos k arccos x. (5.4)

[Ipencrasienne (5.4) M03BoJISIET HANTH BCe KOPHE MOJMHOMa eObl-
mesa. B camoMm Jieste, u3 ypasaenust cos k arccos z = 0 cpasy HoJIydaeM,
aro karccosx = (25 +1)/2, j = 0,£1, 42, ..., cienoBaresbHO, TOUKH

(25 +1)
2k 7
ecTb KopHHU mojimHOoMa 1) ().
Haijimem Tak:ke TOYKH 3SKcTpemMyMma mojnHoMa Ti(r) Ha oTpeske
[—1,1]. feno, aro — 910 Te TOUKNM, B KOTOPLIX |1)(x)| = 1. Omn ompee-
JITIOTCSE COOTHOTIIEHUSIMU

i=0,1,2, ... k-1,

Z; = COS

’x\k:cos%, j=0,1, ...k,
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npuiem 15(7;) = (—=1)7, j=0,1, ... k.
[Tounomer Yebbliesa sB/ISIOTCS ITOJIMHOMAME, HAUMEHEEe YKJIOHSIIO-
IUMUCST OT HyJist Ha oTpeske [—1,1]. A umenHo, cripaseinBa

Teopema 5.1. /Jlaa ao06020 nosunoma Qr(x) cmenenu k co cmap-
wum Koapduyuenmom, pasHvim eQuHuye, CNPABEINUBO HEPABEHCMEO

_ax, |Qr(x)| > max, T ()],

ede Ti.(x) — mopmuposarnwi noaurnom ebvuuesa cmenenu k.

JTOKABATEJILCTBO. llpenmnonokum npoTuBHOE, W IYCTh Qk(x) —
IIOJINHOM cTeneHn k co crapmuM KodMUIMeHTOM, paBHbIM €IUHUIIE, JIJIsT
KOTOPOTIO

_ -
‘max [Qr(z)] < max [Ty(z)],

Scno, wro nommmom R(z) = Ti(z) — Qr(x) mmMeer cremeHb He BbI-

me k — 1. [Ipoamanusupyem smadenus mosmaoMa R(T) B TOUKax 9Kc-

tpemyma nosuHoMa Tj(x). Io ompenenenmio mommuoma Ty (x) nmeem
Te(Z;) = (=1)727% a Besescreue BLUIBAHYTOrO HAMU [IPEIIOIOKEHUS
1Qr(T;)| < 217, nosromy R(To)=0, R(71)<0, R(Zy) > 0,. .. Takum o6-
pasoM, Ha KaxK/1oM orpeske [T;, Tj11], [ = 0,1, ... k — 1, nommnom R(x)
FMeeT 10 KpaifHeil Mepe 1Mo OJTHOMY KOPHIO, HO 9TO IPOTHBOPEYUT TOMY,
aro R(x) — nosmHoM crenenu He Bbime, dem k — 1. [0

Ucrosib3yst 110/IydeH bl Pe3yIbTAT HETPYIHO MOCTPOUTH MOJIMHOM,
HalMeHee VKJIOHSIIOIUICS OT HyJIsi Ha IPOU3BOJILHOM OTpe3ke [a, b].
C 9Toi1 1eIbI0 BBITOJTHIM JIMHEHHYIO 3aMeHy MepeMeHHOMN, TTepeBO/IAIITYIO
orpe3ok —1 <t < 1 Borpe3ok a < x < b:

_a+b_a—b
2 2

T t.

[Ipu ykazannoit 3amene mognHoM Tj(t) mepexouT B MOJTMHOM
20 —(b+a
7 ( b+ )> |
b—a

Kosdduruent npu ¥ y aroro nommmoma pasen 22871 /(b—a)*, a kopusavn
SIBJITIOTCST TOUKHI

a+b b—a w2j+1)
= =0,1,...,k—1.
2 _'_ 2 COs 2]{: Y ._7 07 ) )

Lj
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[ToHsiTHO, YTO TOJIMHOMOM, HAMMEHEee YKJIOHSIONNMCSA OT HyJIs HA OTPE3-
Ke [a, b], cpen Beex MoJIMHOMOB cTerieHn k co crapiinM Ko3hhUIuenTom,
PABHBIM €JIMHUIIE, SIBJISIETCSI TTOJTMHOM

MTk (293— (b—|—a)) |

22k—1 b—a

Takum 0Opa3zoM, ONTUMAIBLHBIMU Y3JIaMU WHTEPIOJIUPOBAHIS, MIUHI-
MuBHpyomuMe Bejimanny (5.1), SBJISIOTCS TOUKH

a+b b—a (2j+1)m .
= =0,1, ..., n. 5.5
'Tj 2 + 2 COS 2<n+1)7 j i 7” ( )

Pemenne 3ajaqm 00 ONTUMAaJIBLHOM PACIOJIOKEHIH Y3JI0B HHTEPIIO-
JmpoBaHud ujoctpupyer puc. 1 CrutoniHoit jumHIeH 371ech n300pazkeH
rpacduk GyHkunn wo(x) #a orpeske 0 < x < 1 npum paBHOMEPHOM
pacIpe/ie/IeHnl Y3108 NHTEPHONPOBaHus, rpaduk (DYHKINN wq(x) npu

Puc. 1. Iorpemuocts HHTEPIIOIUPOBAHUSI.

ONTUMAJLHOM PaCIpeJIe/IeHN y3/70B B cooTBeTcTBUE ¢ (5.5) momedeH
3HAUKOM ~ X 7. BujiHO, 4TO PN paBHOMEPHOM PACIIPEIeICHIN Y3108 MH-
TEPIOJINPOBAHUST TOTPEITHOCTD CHJILHO BO3pACTaeT BOJIN3HM IPAHUI] OTPE3-
Ka.
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6. VInTepnosmpoBaHue ¢ KpaTHBIMU y3JIaMu. byjeMm mpemno-
JIaraTh Terepb, YTO HApSAy CO 3HAYCHUAMEU (PYyHKIUN [ B y37aX HHTEp-
MOJINPOBAHUS 3a/IaHbl 3HAUEHUS TPOM3BOIHBIX 9TOH (DYHKINH BILJIOTH JI0
OIpeJIeJIEHHOIO TIopsijiKa. TouHee roBops, TpedyeTcs HafiTh Takoil moJm-
HoMm P, (z) crenenu m, 9to

PP(x) = fD(), §=01,...,m—1,i=0,1,...,n.  (6.1)

m

Yucao m; > 1 HasbIBaeTcsd KPaTHOCTBIO y3ja x;. [loHATHO, 9TO ecym
m; = 1lupui = 0,1, ...n, T e Bce y3/bl IPOCTHIE, TO MOJTYyIaeM OOBITHYIO
38149y UHTEPIOJTUPOBAHMSI.

Teopema 6.1. [lycmo

m+1l=mo+mi+ ... +m,. (6.2)
Tozda noaunom P, (x) cmenenu m, ydosaemsoparowuil yeaosuam (6.1),
npu mobvix snavenusr f9(x;), §=0,1,...,m;—1,i=0,1,...,n,

cywecmsyem u onpedesaemcs 00HO3HA4HO.

JTOKABATEJILCTBO. Yciosus (6.1) mpemcraisiior coboit crcTemy
JINHEWHBIX aJreOpandecKnX ypaBHEHUI OTHOCUTEJIHHO KOI(MDPUINEHTOB
nosimaoMa Py, (x). Yernosue (6.2) mokasbiBaer, UTO YHUCJIO ypaBHEHUI u
YUCJI0 HEM3BECTHBIX B 9TOI CHUCTEME OJIHO U TO Ke, MOITOMY JIJIs JI0Ka3a-
TeJILCTBA TEOPEMBI JIOCTATOTHO YOEUTHCs, ITO COOTBETCTBYIOIIAS OJTHO-
poJiHas cucreMa ypaBHeHNIl

PD(z)=0, j=0,1,...,mi—1,i=0,1,....n (6.3)

MMeeT TOJBKO TpUBHAIbHOE perenne. Papencrsa xke (6.3) o3HAUAIOT, UTO
TOYKN x; — KOPHU nosimHoMa P, (x) ¢ KpaTHOCTSMU My, T. €. MOJTUHOM
P, (z) cremenn m umeer m + 1 KOpeHDb, ITO MOYKET OBITH BBLIOJIHEHO,
JIMIIb B TOM CJIydae, Korjia Bce ero Ko uiueHTsl paBHbl Hyso. [

Kak 1 B citydae HHTEPIIOJHPOBAHNS € TIPOCTBHIMU Y3JIaMI, MOZKHO BbI-
nmucath ABHBI B nosnHoMa P, (), mubo B dopme, aHATOIMIHON MH-
TeproJAnonnomy nosmuoMy Hoiotona, sin6o B dhopme, aHATOTHYHOM Hi-
TepHoJIInoHHOMY TtoJinHoMy Jlarpanzka. B mocseanem cirydae mpuxomsT
K TaK Ha3bIBAEMOIl HHTEPHOJISINOHHON (hopMyste DpMmuTa:

Ho(w) = 305" £9 ()i (). (6.4)
i=0 =0

Bnech ;(x) — Gasucuble GYHKIMT DPMATA, a UMEHHO HOJHHOMBI CTe-
IIEHU 1M, YAOBJIETBOPSIOIINE YCIOBUSIM:

0, (I—1i)>+(j—k)*#0;
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K cozkasenuio, sIBHBII BHJT ITIOJIMHOMOB ;5 () B IPOM3BOJILHOM CJIydae
OKa3bIBACTCS BEChbMa I'POMO3AKAM. OrpaHnduMCs II03TOMY PACCMOTPEHH-
eM CJICYIOIIErO IPUMEPA.

B Toukax xy < x1 < x9 3amanbl 3uadenus f(xg), f(x1), f/(x1), f(x2).
Tpebyercst TOCTPOUTH MOJMHOM TpeTheil crenenu Ps(x) Taxoii, 9To

Py(wo) = f(x0), Ps(x1) = f(x1), Py(21) = f'(21), P3(w2) = f(x2). (6.6)
Bynem uckars nosmuom Ps(z) B dopme Dpmura:
Py(z) = H3(x) = f(zo)oo(z)+f(21)e10(x)+f (21) @11 (2)+f (22)p20(z).

[Ipu sToMm TpedyeTcst MOCTPOUThL Da3ucHbie PYHKIUN IPMUTA, T. €. TOJIU-
HOMBI TPETheil CTeneHn, YI0BIeTBOPAIOININE YCIOBUSIM:

woo(0) = 1, woo(z1) = 0, o(z1) =0, woo(x2) =0, (6.7)
¢10(z0) = 0, pio(z1) = 1, 9010(%) =0, p10(22) =0, (6.8)
p11(zo) = 0, @i(r1) =0, ¢iy(v1) =1, pu(x2) =0, (6.9)
20(0) = 0, pao(z1) = 0, wg(z1) = 0, pao(z2) = 1. (6.10)

Yesosust (6.7) OKA3BIBAIOT, YTO X1, To — KOPHU TOJIHMHOMA, (0, TIPHYEM T
ecThb KOPeHb KPaTHOCTH JBa, 1109ToMy @oo(x) = A(x — x1)*(x — 29),
rjge A — mocrostHHAsI, KOTOPYIO ONPEIe/INM, UCIO/IL3YS IePBOe U3 yCJI0-
Buit (6.7). Taknm obpazom,

2

(x — x1)*(x — x9)

)*(
(z0 — 21)* (20 — 2)
), (6.

poo(z) =

Anajiornano, ucnosb3yst yesiosust (6.10), (6.9), mosryuaem

(x — o) (x — 21)?

)
(22 — o) (w2 — 1)

p(z) =

(x — x)(z — 1) (T — x2)

(21 — @2) (21 — o)
Yesosust (6.8) onpeJIe/isioT TOJIBKO JiBa KOPHsI HOJIMHOMa ©10( L), TI0O9TOMY
v10(x) = (x —20) (x — x2) (x4 ). IlocTosinubie o, § Haiigem u3 yciopuit

pi0(x1) = (21 — o) (21 — 22)(az1 + 5) = 1,
Po(z1) = (z1 — mo) (21 — 22)a + () + §)(221 — 29 — x2) = 0.

() =

Pemas 9Ty CHUCTEMY ypaBHeHMﬁ, I1OJIy91M
2%1 — Xy — T2

(21— 20)* (21 — 22)

o = 5
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= (71 — xo)1(931 ) (1 " ((jfl_;ox)o(;l xj)ﬂil)) |

Takum obpaszom, Bce GasucHble DYHKIME IPMUTA, &, CAEJOBATEJ]HHO, U
nosimHoM H3 () OCTPOEHHbI.

O1eHKY HOIPEITHOCTH MHTEPIOJIANNOHHOIO MOJNHOMa ¢ KPaTHBIMU
y3JIaMU JIaeT

Teopema 6.2. [Iycmo [a,b] — ompesox sewecmsernoti ocu, codep-
orcauyuti 8¢e Y3Abl UHMEPNOAUPOBAHUSA Lo, T1, - . . , Tn, PYHKUUA [ Henpe-
puero duddepenuupyema m + 1 pas na ompesxe |a,b]. Hycmo, danee,
mouka x npunadasexcum [a,b] u ne cosnadaem wu ¢ 00HUM U3 Y3406
unmepnoauposarus. Tozda cywecmeyem mouka £ € [a, bl maxas, wmo

Frmh(e)

w(z), (6.11)
2de P,, — noaunom cmenenu m = mg + mq + m, — 1, onpedessemuiti
yeaosuamu (6.1), w(x) = (x —xg)™ -+ (x — ).

JlokazaTe/IbCTBO 9TOI TeopeMbl aHAJOIMYHO JI0KA3aTEeJIbCTBY Teope-
MbI 4.1.

§ 2. CpennekBagpaTudHOe Npud/IMkKeHne (PyHKITHAIA.

1. DeMeHT HaUIyYIIero CpeHeKBaAPATUYHOrO IPUbImKe-
uusg. losopar, uro dynkmun [ u ¢ OIM3KE B CPEAHEKBAJAPATUIHOM
CMBICJIE Ha OTpe3Ke [a, b], ecim Mas mHTErpas

b

/p(x)(f(;c) — ¢(x))*d.

a

31ech p — 3ajlaHHas TMOJIOXKUTEbHAsT HA OTpe3Ke [a, b] dyHKIns, Ha3bl-
BaeMasl BECOM.

[lycts p1(x), p2(x), ..., @n(x) — 3aganubIe HA OTpPE3KE [a, b] dyHK-
. Oyuximst () = c191() + copa(x) + ... + chpn(x) HA3BIBaETCS
9JIEMEHTOM HAWIYUIIErO CPEJHEKBAJAPATUIHOIO HPUOINZKeHNd K (PYyHK-
nuu f(x), ecou ducaa Cq, ..., C, JOCTABJSIIOT MUHUMAJILHOE 3HAUEHUE
MHTErPaJLy

1=1

b n ,
/ p(x) (f(a:) - chgok(a:)> dz.
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[Tpu nccnemoBanny CynecTBOBAHNUS U €INHCTBEHHOCTU dJIEMEHTa Hal-
JIyqIIIero mpubJInzKeHus U Mpu OIUCAHUN CIIOCOOOB €ro MOCTPOeHUs OyIeT
MI0JIE3HO BBECTU HEKOTOPbIE HOBBIE TIOHATHUSA 1 0003HAYUEHUS.

Bennunny
b

(f.9) = / pla) f(2)g(x)da

a

Ha3bIBAIOT CKaJIsIPHBIM NponssenerneM yukiuii f, g. CkaisipHoe mpo-
u3BejieHne (pyHKIM 00J1a/1aeT CBOMCTBaAMM, aHAJOTMIHBIMU CBOWCTBaM
CKAJISIPHOI'O [IPOU3BEEHUST BEKTOPOB:

1) (f.9) = (g, f),

2) (f, f) > 0 ayist r060it pyHKINE f, HE paBHOIT TOXKIECTBEHHO HYJIIO.

3) (alfl + 042.]0279) = Cl{l(f17g) + @2(][2,9) HJIA JTHOOBIX beHKHHﬁ f17
fo, g m aucen aq, as.

Yucio || f|| = (f, f)Y/? nasbisaerca nopmoit dynxmuu f. Hopma 06-
JaJiaeT CBOMCTBAME, aHAJOIMMIHBIMU CBONCTBAMU JIJTMHBI BEKTOPA.

Hamomuum onpejienienne JuHeiiHoi nesaBucuMocT pynkinii. OyHkK-
i p1(z), ..., @,(r) HA3BIBAIOTCA JMHEHO HE3ABUCHMBIME Ha OTPE3-
Ke [a, b], ecin paBeHCTBO

c1p1(x) + crpe(x) + ...+ cpon(x) =0 Vo € [a,b]

BBITIOJIHEHO JIUIIH IIPU YCJIOBUU, UTO €] = Co = ... = ¢, = (.
BrejieM B paccMOTpeHHE BEIIeCTBEHHYIO (PYHKIINIO

2

F(c) = Hf - zn:Cz’SOz'
=1

N HE3aBUCUMBIX TEPEMEHHBIX Cp, ..., Cp. 3aJlada MOCTPOCHUS dJIEMEHTa,
HAMJIYUIIETro CPeHEKBAIPATUIHOIO TPUOJINKEHNsT SKBUBAJICHTHA 3a/1a4e
MuHuMu3anu yukmnun F'.

Beimmiiem Heobxo/iuMble yesioBug MuHUMyMa, (pynaknun F'. [Ipensa-
PUTETBHO, UCIOJb3YS CBOHCTBA CUMMETPUN W JIMHEWHOCTH CKAJISIPHOTO
IIPOU3BeEJICHNUs, TIpeodpa3yeM ee K BULY:

Fle)=(f.f) + Z cici(pi, pj) — QZCi(fv ©i)-

t,7=1

Beranciisas mepsble TPOU3BOIHBIE, TTOJTYIUM

OF (¢ n _
a—c(.) =2 (i) —2(f,0), i=12...,n
) =1
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Takum obpa3oM, cucTema ypaBHEHUI JIJIsT OTBICKAHISA KOMIIOHEHT BEKTO-
pa ¢, J0CTaBJIAIONIEr0 MUHUMAJIbHOE 3HaUeHne pYHKIMN [, nMeeT BuI

n

ch(@jﬂpi):(f,wi), i:1727 ..o, n. <11)

j=1

[ (%3 (Y] _ . . n
Marpuna sToit cucrems! Jjuneiinbx ypasuenuit A = {(¢;, ¢;) i1
Ha3biBaeTcsd Marpuileil ['pama cucrembl yHKIUNR 01, ..., ©,. Marpu-
a A, 09eBUIHO, CUMMETPUYHA.

Teopema 1.1. Jlaa moeo, wmobwvr mampuua ['pama 6viaa noao-
AHCUMENLHO onpedesera Heobxodumo u docmamourno, wmobvl GyHKkuuL
D1y« vy Op OBLAU AUHETHO HE3ABUCUMDL.

JIOKABATEJILCTBO. BrimosiHeHHBIE BbIIIE MPeodpa3oBaHus (PYHK-

z": CiPi 2

> 0. Ecm dynkmnun
i=1

01, « .., Y, JUHEHHO HE3aBUCHMBI, TO PABEHCTBO B IOCJIEIHEM HEepaBEH-
CTBE JIOCTUTAETCS JIUIIb 1P ¢ = ¢ = ... = ¢, = 0, 7. e. MmaTpuma A
OJIOYKUTEILHO ofipejiesiena. OOpaTHOoe yTBEPXKIEHNE TeOpeMbl JOKA3bI-
BaeTcd aHajorndno. [J

I3 TOJIBKO 9TO JOKA3aHHON TeopeMbl, OYeBU/IHO, BBITEKAET, 9TO eC-
i GYHKIUA @1, . . ., ©, JAHEHHO HE3aBUCUMBI, TO JIEMEHT HAMJIYUIIEro
npubJIzKeHus 17151 JTI000# PYHKIN f CyIecTBYeT U ONpeJIesdeTcs e InH-
CTBEHHBIM 00Pa30M.

Haubosiee mpocTo s/1eMeHT HaWIydIero mpudIMKeHUsT CTPOUTCH B
TOM Cilydae, Korja Marpuna A junaronaibHa, T. e., Korga (@i, ;) = 0
upu ¢ # j. Cucrema (GyHKIUN 01, ..., Q, HA3BIBAETCI B ITOM CJIydae
OpPTOrOHAJILHOM, & 9JIEMEHT HAMJIYUIIEro MPUOINKEHIST IPUHUMACT BU/I

o) =3 %w)

nun F' nokaseiBaior, ato (Ac,c) =

Yare Bcero, Ha NnpakTUKe MPUMEHSAIOTCA OPTOTOHAJIBHBIE CHCTEMbI
dyHKIMiI, cocTodInme U3 TPUTOHOMETPUIECKIX (DYHKINNA WM U3 TOJIH-
HOMOB.

Hanpumep, Herpyano mpoBepuTh, 9TO

27 27
/sinkxd:c:O, /cosk:xdx:O, k=1,2, ...
0 0
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2
/sinkxcosl:z:dx =0, k,[=1,2, ...
0

2 2T

sin kx sinlz dx = 0, k71 . [ coskxcoslydr = 0, k#L;
7-(-, k — l 7'['7 k — l
0 0
[Tosromy dyaknum 1,sinz, cosz,sin 2x, cos2x, ... sinnx,cosnr 0pu

o6oM n > 1 06pasyioT opToroHaibHyto cucteMmy Ha orpeske [0, 27].
DJIEMEHT HaWJIy4IIero CpeHeKBaIpATUIHOrO PUOJINZKEHNs 110 9TOI
cucreMe PYHKIUI MMeeT BHJ

() = ag + Z(ak cos kx + by, sin kx),

k=1
rie
2 2T 2
— o [ @)ds, an=— [ @) coskade, b=~ [ fa)sinkad
a0—27r T x,ak—w x)cos kx dr, k_ﬂ' x)sin kx dx,
0 0 0
k=12 ...,n.

DOyHKINO () HASBIBAIOT B 9TOM CJIydae OTpe3koM psija ypbe st
byukiun f(x), aucna ay, by — kosdbdurnuentamu Oypbe Gyukiuu f(z).

2. OproronaJjbHble IOJUHOMBI. [logpobHeEe paccMOTpUM Op-
TOrOHAJIBHBIE CHCTeMbl (DyHKIM, obpasoBaHHble mojuHOMaMu Fy(x),

Pi(x),..., P,(x).

Teopema 2.1. Jlasa w6020 3adannozo ompeska [a,b] u seca
p(x) > 0 cucmema opmo2OHANLHLT NOAUHOMOS CYUWELCTMEYEM.

JTOKABATEJIBCTBO. [locTponm nckomyto cucreMy moJnHOMOB FPy(x),
Pi(z), Py(x),..., P,(z), npumensis mMeTos oproronaimsarnun ['pama —
[IIMuaTa K cucTeMe CTeleHell He3aBIUCHMOil mepeMenHoit: 1, z, 2, ..., z".
[Tonoxkum Py(x) = 1. IHomuuom Pj(x) Oynem pas3biCKUBaTh B BHJIE
Pi(z) = x — aypPy(x). Tlocrosiaayto (v OTPEIEINM U3 YCJIOBUST OPTOTO-
nasabroctu (P, Py) = 0. Homyanm: aqg = (x, Py)/(Po, Py). Boobme, econ
nosinHoMbl Py(z), Pi(x), .. ., Py(x) yxe mocrpoenst, To mosuHoM Pyy(x)
OyJileM pa3bICKUBATH B BHUJIE

k
Py (z) = 2 — Z i1, Pi(),
i=1



58 I'maBa 2. HucjieHHBIE METOJIBI AHAJII3A,

OTIPE/IEJIsAs TOCTOSTHHDIE (Yot ; U3 YCJIOBHI OPTOrOHAIBHOCTH ( Py1,)=0,
i=1,2, ...,k B pesynbrare noayunm agy1,; = (¥ P/ (P, P). O
OTMeTUM HEKOTOpbIe CBOWCTBA OPTOrOHAJIBHBIX IMOJTHHOMOB, HEIIO-
CPEJICTBEHHO BLITEKAIOIINE U3 OIPEIE/IeHNs] OPTOrOHAIBLHOCTH.
1. IpowusBosbubil mommuHoM Rj(x) crenenn k OIHO3HATHO MPECTa-
BUM B BUJIE JIMHEHHON KOMOMHAIINN OPTOrOHAILHBIX MOJIMHOMOB:

rae a; = (Rkapl)/(PhPl)7 1= 07 17 sy T

2. OpTroroHaJjibHbII IIOJIMHOM CTeIleHH k OpTOrOHAJIEH JIFOOOMY IIOJIH-
HoMy ¢; Menpineii crenenu: (P, q) =0,i=0,1, ..., k— 1.1

3. Bajanue Beca U OTpPE3Ka OPTOIOHAJILHOCTH OIPEJIEIAET CHCTE-
MY OPTOTOHAJILHBLIX HOJTMHOMOB ¢ TOYHOCTBIO JI0 MHOXKHUTEIS, T. €. €CJIN
Qo(x),Q1(z), ... oproroHanbHbl, Kak u mojguHoMbl Py(x), Pi(x),..., ¢
BecoM p(x) Ha orpeske [a,b], To Q;(z) = a;Pi(z), i =0,1, ..., t1e a; —
HEHYJIeBbIE TI0CTOAHHDIE.

4. OpTOroHAJIbLHLIE OJIUMHOMBI YJIOBJIETBOPAIOT TPEXIICHHOMY PEKY -
PEHTHOMY COOTHOIICHUIO:

(@ = Bry1.k) Pe(z) = Br1 k1 Prg1 () + Brgr p—1Pe—1(2), (2.1)

k=1,2, ...

JokaxkeM JiuIb 1ocjieanee yreepzxaenne. OcraabHble JTOKA3bIBAIOT-
cst iportie. [peacraBum onmaoM Py, () B Bujie pa3jioyKeHust o OPTOro-
HAJILHBIM TTOJIMHOMAM:

rPp(x) = Brs1 k41 Prs1 (@) + Brs1.1Pi(2) + Brrr k-1 P () + ...+
+ Brr1.0P0(2),

rie Bpi1i = (P, B) /(P P), i = 0,1, ...,k + 1. BanuceBas 6oJiee

HO,B;pO6HO qUCJ/IUTEJIb IIOCJIEAHETO BblpazKeHUsd, I10JIYIUM
b

(2P, P) = / p(2)2Po(2) Py() dx = (Peogisn),

a

e gi+1(x) — mosunom crernenu i+ 1. Orcrofa BeiecTBIe CBOMCTBA 2) BbI-
TeKaeT, 4To (41, = 0 npu i<k — 1. U

DHerpyauo yGeauThes, 9TO 9TO CBOMCTBO MOMKHO IIPHHATE 33 OIPE/eJeHHe OPTOrOHATBHOIO MO-

JIMHOMaA..
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Teopema 2.2. [lycmv P,(x) — noaunom, opmozonaivivil na om-
peske |a,b]. Toeda 6ce e20 KopHu 6eusecmeertbl, Pa3AUYHbL U NPUHAOAE-
orcam urwmepeary (a,b).

JTOKABATEJBLCTBO. O603HaunM Uepes Ty, X, . . . T TOIKH, IPUHAJ-
nexariue (a,b), B Koropbix nojguaoM P, (z) mensier 3uak. [Ipemmnosoxe-
HHe O TOM, 9TO kK < n HPUBOJAUT K nporusopeunio. /lefictBuresnsio, B
srom carydae P (x) = (x—z1)(x—22) . . . (v —x%) Qn-i (), 1€ Qpt(T) —
noJinHOM crerniennt n — k. flcno, 1To KopHAME mosHOMa Q) (X) 10 TI0-
CTPOEHUIO SIBJISIIOTCA KOpHE Tosnnoma P, (z), npunasiexanye (a,b) u
HMEIOIIIe YeTHYI0 KPATHOCTD, & TakzKe KOpHU mosmuoMa P, (z), ne npu-
maprexkanme (a,b). [losromy nosmunom Q,—r(x) He MeHsier 3HaKa Ha OT-
peske [a, b]. Tonoxum q(x) = (x — z1)(x — x2) . .. (x — x3). Torga

b

(Povar) = / p(@)2(@)Qu_i(z) d £ 0,

a

IOCKOJIBKY IOJIBIHTErPAIbLHOE BhIpaykeHne He MeHsIeT 3HaKa Ha HHTepBa-
ne (a,b) w JuIIb B KOHEYHOM dUHCJIEe TOUeK obparmaercss B Hy/b. Ho, ¢
apyroit croponbl, (P,,qr) = 0, rak kak nosurom P,(x) oproronalse,
ak<n. U

KopHu opToroHaJIbHBIX MOJHHOMOB 00J1a1a10T BEChbMa BayKHBIM CBO-
cTBoM IepeMexkaemoctu. Cdopmymupyem ero 6e3 J1oKa3aTebCTha.

Teopema 2.3. [lycmo P,(z), P,11(x), n = 1 — noaunomol, opmozo-
(n) (n) (n)

nasvnvie na ompeske [a,b]. Obosnavwum wepes xy < Ty < ... < Ty,
(n+1) (n+1) (n+1) To20
T, < Ty < ... <ux, . uzrxopru. Tozda
1 1 1
a<x§n+)<x§n) <xgn+)<a:§”)< o<z <x7(;f1) < b.

[IpuMepbl OPTOrOHAIBHBIX MOJHHOMOB.
1. IMosmrombr HebblieBa opToroHabibl Ha orpeske [—1, 1] ¢ Becom
p(r) = 1/v/1 — 22, HdeiicTBUTeNbHO, NCHONB3Ys TpecTasienue (5.4), mo-

JIYUIM
1

cos(k arccos ) cos(l arccos &
mm) = [ ) cost L
Nipr

[Tonorast x = cos , HETPYHO MOACIUTATDH, YTO

X.

-1

s s

1
(T, T7) = /cos kp coslydp = 5 /(cos(k + 1)+ cos(k —1)p)dp =0
0 0
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upu k # 1.

2. Tlommaowmer Jlexxanapa. [locTponm momHOMBI, OPTOTOHAIBHDBIE C
BecoM p(x) =1 Ha orpeske [—1,1]. Takue moJMHOMBI HA3BIBAIOT TTOJIITHO-
mamu Jlexkanapa. Obo3HauNM UCKOMBIH ToinHOM 1epes3 Ly, (x),n > 1. I1o
OTIPEJICJICHUTO

/Ln(x)qn_l(x) dx =0 (2.2)

Jist JTI060r0 ToJinHOMa, Gy, —1(x) crenenu n — 1.

n I
[Tonoxkum Ly, (x) = Q;n)(x), rie (o, () — HEKOTODBIi MOJMHOM CTe-
meHn 2n, 1 mpeobpasyeM HHTErpasl B paBoii dacTu paBeHCTBa (2.2) mpu
rioMorii hOPMYJIbI HHTErpUpoBanust 1o dactam. [lomyamnm

/Q% o (@ /@ (2)d, (@) do + Q0 (@)guri (1)

-1

n
[Ipoo/rzkast aHaIOrTIHbIE TPEOOPA3OBAHNS I YIUTHIBASI, ITO %(1—)1 (x) =0,
MOYKEM HalllCaTh:

1 1

1
[ @@ dr = Q5 @) - @5 @]+

-1 -1
1 1

+ Q0 @)l (2)] = o+ (D) Qunl@)gl L ()

Yesosue (2.2) 6yj1eT BBIIOJHEHO, €CJIH TOJIOKUTh, ITO

Qu(1) = Qi (1) = - = Q57 (1) =0, (23)
Qu(-1)=@(-1)= .. =@ "(-)=0. (24
Pagencrsa (2.3), (2.4) osnavator, 1T0 TOUKH —1,+1 — KOpHH KpaTHO-
cru n nonunaoMa Qo (), T. €. Qop(x) = A(x — 1)"(x + 1), rie A —

IIPOM3BOJIbHAS TIOCTOsIHHAS. TakuM oOpa3oM, mouHoM JIexkanapa mpeji-
CTaBUM B BHJIE

Ln(z) = —— (1—2%)". (2.5)

[Tonydennyto popmysty HasbBatoT gpopmystoit Ponpura.



§ 3. Ilpub/mm>keHHoe BBIYHC/ICHHE HHTErDAJIOB 61

§ 3. IIpubam>keHHOE BBhIYHNCJI€HNE MHTETrPAJIOB

B sToMm nmaparpade OyayT paccMOTPEHbI METOAbI TPUOJIMKEHHOTO BbI-
YUCJIEHUsI OIIPEJICJIEHHBIX NHTEIPAJIOB

/bf(:z:)dx

JIUIIb B HCKJIIOUNTE/IBHBIX CJIyUasx yIaeTcs HailTu nepoobpasuyio F(z)
dbyukimn f(x) u npecTaBuTh UHTErPaT B BH/IE

Kak npaBnjio, /i BEIYUC/IEHUS THTETPAJIOB ITPUXOINTCA TPUMEHATD
npubIKEeHHbIE METOJ/IBI, W Yallle BCero MPUMEHSIOT TaK Ha3bIBacMble
bopMy/IbI MEXaHMYIECKUX KBaJAPaTyp, T. €. Pa3bICKUBAIOT MPUOJIUKEHHOE
3HaUYeHNe UHTerpaJia B BUJIE

n

/bf(ﬂf)dx ~ Y onf ().

k=1

Yucita ¢, Ha3bIBAIOT BecaMi, Il Ko DuineHTaMm, KBaJapaTypHoii hop-
MYJIBI, T} — y3JIaMI KBaJIpaTypPHOl (pOPMYJIbI.

Konkpernbie KBagpaTypHbIe (POPMYJIbI OTINIAIOTCSA, TAKIM 00Pa30M,
BBIOOPOM KO DUIIMEHTOB U Y3JI0B.

1. NuTepnonsaiinoHHabie KBaApaTypHble dopMyJabl. [Ipu omnu-
CaHNM 9TOr0 KJiacca KBaJIpaTypPHBIX POPMYJT HHTErpaJj Oy1eT ya00HO 3a-
IUCHIBATH B BUJIE

b
1(f) = / p() f (),

riae p(x) — moJoKuTeIbHAS Ha OTpe3Ke [a, b] GyHKINs, Ha3bIBaeMas Be-
COM.

Bribepem Ha orpeske [a, b] Toukn a < x1 < xo... < x, < b. [TocTpo-
1M oJImHOM Ly, 1 (2) crenenn n — 1, nuarepnosupyioniuit dyukimo f(z)
0 YKa3aHHDLIM y3JIaM, 1 IPUMEM 32 IPUOINKeHHOe 3HaAUYCHIe NHTEerPaia
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BEJIMYNHY

B nasbueiimem GyieM MOIb30BATBC TAKZKE CACAYIONAM 0003HAUCHIEM
muist orpertoctn kBagparypuoit dopmysst R(f) = I(f) — S(f). Benn-
anay R(f) OymeM Ha3bIBATD TaKyKe OCTATOTHBIM UJICHOM KBAPATYPHOI
dbopmyJbl. 3armcbiBast I/IHTepHOJIHLLI/IOHHbIﬁ TTOJTTHOM Ln_l(x) B opme

Jlarpamxa (cm. (2.3), §1): Zf xy )k (x), moayanm

n

S(F) = enf(n), (1.1)

rjie
b

crL = /p(a:)gok(x)dx, k=1,2,...,n. (1.2)

a

3nech @i(r) — basucubie dyukimu Jlarpamxa, omnpemensembie Ghopmy-
gamu (2.2), §1.

Kgajparypuast opmyita suja (1.1) ¢ kosdbdurmentamu, Boauc/sie-
MbIME 110 hopmysiam (1.2), Ha3BIBAETCS MWHTEPIOJISIITUOHHON KBAIPATYP-
HOIT (POPMYJIOIL.

Crenyiomas TeopeMa JaeT JIpPyroe, SKBUBAJICHTHOE, OITUCAHNE HHTEp-
HOJIAIIMOHHBIX KBAPATYPHBIX (DOPMYII.

Teopema 1.1. Jlasa mozo, umobv. keadpamyphas Gopmysa 6u-
da (1.1) 6viaa urmepnosauuorHot HEoOTOIUMO U OCMAMOYHO, 4MOObI
oHa OvLAa Mounot Ha a0bom nosunome cmenenun—1, m. e. R(P,—1) =0
das 1106020 nosuroma P,_1(x) emenenu n — 1.

JTOKA3ATEJILCTBO. Ilycrs dopmyiia (1.1) siBjisiercst HHTEPHOJISITIN-
ounoit. Torma aist siroboro nosmuoma P, 1 (z) umeem R(P,—1)=1(P,-1)—
—S(P,—1)=1(P,—1) — I(Ly—1), tae L,_1(x) — nommnom crenenun n — 1,
MHTEPIOJMPYIONINi mojinHoM P, 1 10 y3/1aMm X1, o, . . ., T,. Berejacrue
teopembl 1.1,81, L, 1(x) = P, 1(x), 1. e. R(P,_1) = 0. ﬂOKaX(eM obpart-
Hoe yTBepKienne. [lockonbky OGasuchast dynkmust Jlarpamxka @ (x) mpn
mobom k = 1, 2, ...,n ectb nojmuoM crernern n — 1, to I(pr) = S(pp),

Ho S(r) ZCM/« z;) = c;. O
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2. YcroiiumBOCTh KBaJIpaTypPHBIX opmyil. BaxKHbIM CBOIi-
CTBOM KBaJPaTyPHBIX (DOPMYJI SABJISIETCS UX YCTOWYMBOCTD 10 OTHOIIIE-
HUIO K OIMNOKAM BBIYUCJICHUS MOJIbIHTerpaabHoil dpyukimuu. ITpn Branc-
JleHnn 3HadeHnit hyHKiun [ Hen30eKHO BOSHUKAIOT OIMIMOKHU, HAIIPUMED,
3a cuer OKpyriieHuii. B pesynbrare, BMecTo 3HadeHuil f(xy) mosydaem

snadenust f(xy) = f(xr) + €k, u, coorsercrenno, Bmecto S(f) 3naue-
n

aue S(f) = S(f) + D cker.
k=1
Kpagparypnas GpopMy/ia Ha3bIBACTCA yCTONYINBOM, €CJIU CYIIECTBYET

n
nocrosinaast C' Takasi, 4T0 paBHOMEPHO 10 4uciy y3ioB » . || < C.
k=1
Ec/ npeanosoKuTh, 4T0 paBHOMEPHO [0 YHCIY Y3JI0B KBaJIpaTyp-

HOM (DOPMYJIbI BBITIOJTHSIETCSI OIIEHKA || < €, TO Jiist yCTONINBOl KBaI-
parypuoit dopmyser [S(f) — S(f)] < Ce, 7. e. HOrpemHOCTb BBIUHC-
nennst S(f) ompenesisieTcst UMb TOMPEITHOCTHIO BHIYUCICHUS 3HATCHUIT
MOJIBIHTETPAJILHOM (DYHKITNN.

CupaBeJJ/IuB CJIeAYIONil IIPOCTOl, HO IPAKTHIeCKH OUYeHb BarKHBII,
JOCTATOYHDIN HPU3HAK YCTONYNBOCTU WHTEPIIOJIAIMOHHLIX KBaJpaTyp-
HBIX (DOPMYIL.

Teopema 2.1. Ecau npu awbom n = 1 ece woaduuuernmo, un-
MePNoAAYUOHHOT KEadpamyprot BOPMYAbE HEOMPUUAMENLHBL, TO OHA
ycmolvuea.

JITOKABATEJBLCTBO. Ilo onpejnenennto mnpu jaodoM n > 1 UHTEpIIO-
JIINMOHHAsT KBaJipaTypHasi (bopMyJ/ia TOUHA Ha, IIOJMHOME HYJIEBOIl cTere-
HU, CJIeIOBATEIbHO, YUUTHIBasd HEOTPUIATEJIHLHOCTL KOI(MDPUINEHTOB C,

[IOJIY YUM
b

/p(x)da: = ch = Z]cﬂ O

. k=1

3. KBaaparypnbie popmyiibi Heiorona — Koreca. Tak na-

3bIBAIOT MHTEPIIOJISAIMOHHBIE KBaIparTypHble (hopmysibl ipu p(x) = 1 u
PaBHOMEDHO PACIOJIOZKEHHBIX Ha oTpeske [a, b| yanax: z; = x1+ (i — 1)h,
i=2,...,n, h = const. BomoJusist 8 popmyiie (1.2) 3ameny repeMenHoit

xr = x1 + th, HETPYTHO MOJIYIUTH, YTO
ck:(b—a)/c\k, k’:LQ,...,n,

rJle 4NCJIa ) 3aBUCAT TOJBLKO OT k U n.
[IpuBejieM npumepbl mIpocTeimmx KBajparypHbiX dopmyn Helo-
TOHa — Koreca.
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1. KagparypHas ¢popMyia JIEBBIX IPSIMOYTOJbHIUKOB. B 9TOM cirydae
n=1 r =a,

/f(x)dx% (b—a)f(a). (3.1)

2. Ksajparypnast dopmysia npaBbIX HpPIMOYTOJLHUKOB, N = 1,
T = b,

b
/f(x) dx =~ (b—a)f(b). (3.2)

3. Ksajparyphast hopmyiia HeHTpaJIbHBIX IPAMOYTOJbHUKOB, 1 = 1,
r1=c=(b+a)/2,

b
/f(x) dx ~ (b—a)f(c). (3.3)

4. Kpayparypnas dpopmysa Tpanenuii. B sTom ciydae n = 2, v = a,

vy = b, h=b—a, pi(x) = (b—12)/(b—a), pz) = (a —=)/(a =),
cg=cy=(b—a)/2,

b
[ rtwrie ~ CS 5@ + o), 3.4

5. Keagparyprast dopmysta Cummncona (mapabos). B srom ciaydae
n=3x1=a23=c=(a+0b)/2,z3=0,h=(b—a)/2,

_(c=z)(b—1) ) R
)= o= PO o= AT W)

cg=c3=(b—a)/6, co=2(b—a)/3,

[0~ 0@ @+ g0y, 89

Dopmyitbl (3.1)—(3.5) UMeroT MPOCTYIO TEOMETPUIECKYI0 HHTEPIIPETa-
nuto. [Tpumensist popmysty (3.1), MbI 3aMeHsieM ILIOIMIA/H KPUBOJIMHEHHO

Tpallelyin, T. €.
b
/ f(x) d,
a
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IJIOMIA/IHIO TIPSIMOYTOJIbHIKA € OCHOBaHIeM b— a 1 BbICOTOI, paBHoil f(a),
IPU UCHOJIb30BAHUN POPMYJIBI (3.2) — IIOMAJIBIO IPSIMOYTOJIbHUKA C TeM
JKe ocHOBaHueM 1 Bbicoroil, pasuoit f(b). Ilpu ucnosnbzoBanun (hopmy-
Jibl (3.3) BBICOTA IpsiMOyTOJIbHUKA paBHa f(c). B caydaae dopmyiist (3.4)
ILJIOIIA/Ib KPUBOJMHENHON Tpamenun 3aMeHsAeTCs ILJIONIAJIbI0 TTPSMOJIH-
HeilHoil Tparnenun, OrpaHnvYeHHoOl MPAMON, MIPOXOJLIIeil depe3 TOYKU
(a, f(a)), (b, f(b)), u, HakoHeI, pu ucHOIL30BaHNU (HOPMYJIbL (3.5) BbI-
YUCJIFeTCs ILIOMA/ b KPUBOJIMHEHON Tpalenny, orpaHuueHHoi mapabo-
JI0f, TIpoxo/tedi uepes tpu Touku: (a, f(a)), (¢, f(c)), (b, f(b)).

['eoMeTpuyeckn 09eBUIHO, UTO IPU JOCTATOYHO ILJIABHO MEHSOIeiics
Ha oTpeske [a, b] dyukimn f(x) nanbosee TOUHOI 10KHA OBITH (DOPMYJIa
11apado.i.

Popmyasl Hoiorona — Koteca npu n > 4 peko UCIOIB3YIOTCS Ha
npakTuke. eno B ToM, 9TO yiKe 1npu n = 8 cpean kKoddduineaToB hop-
MYJIbI BCTPEUAIOTCsI OTPUIlATE/IbHBIe, U CyMMa MOJyJ/eil KoadduimeHTon
HeOrpaHUYeHHO BO3pACTaeT ¢ yBeandeHueM n, T. e. (popmysibl HproTona —
Koreca neycToitunBbl.

4. OmeHK”u TOYHOCTU MPOCTeMINMX KBaApaTypPHBIX (HhopMyJT
Hurorona — Koreca. B stom myHkre, npejmosarast, 4to (pyHKIus f
muddepernupyeMa Ha 0TpesKe [a, b| j1ocTaToqHOe YHCI0 pas, MOJIYdnM
MpeJICTaBICHNIA /I MTOTPENTHoCTel KB pPaTypPHLIX (POPMYJI, MOCTPOEH-
HBIX B IPEJIBLIYIINEM ITyHKTE.

1. KBajgpatypuble (GOpMyJIbl IPaBbIX U JIEBBIX IPSIMOYTOJHLHUKOB.
st pOpMyJIBI JIEBBIX HPSIMOYTOJILHIUKOB I10 MTOCTPOEHUIO

[Ipumensiss bopmyJly KOHEUHBIX Ipupailienuil Jlarpan:xa, moyanm

f(@) = f(a) = f'(¢(2))(z — a),
HerpynHo BujieTh, 4T0 (DyHKIINA

f(x) = f(a)

r—a

F1(¢(x)) =

HelpepbiBHA Ha oTpe3ke [a, b]. [lpu x # a 970 cirenyer u3 HelpepbIBHOCTH
dbynkiun f. OcobeHHOCTH IPU T = @ yCTPaHUMa, ITOCKOJIbKY

lim £/(¢(x)) = lim 2 = /()

T—a T—a T — a

= f'(a).
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Takum obpaszoM, HoJIydaeM, ITO

b
- / F(C(2) (@ — a) da.

DyHKIUST  — @ He MeHsieT 3HakKa Ha oTpeske |a,b]. [losromy, mpumensis
TEOPEMY O CPEJHEM, IIPUXOANM K IIPeCTaBIEHNIO OCTATOIHOIO WIeHA JJIs1
KBaIpaTypHOil (OPMYJIbI JIEBBIX IPSIMOYTOJILHIKOB

b
R = 1@ [e-aar =@ 5 ge@wn. @

a

CoBepIleHHO aHaJOrnIHbIe PACCYZKJIECHUS TPUBOAAT K TPEICTABICHUIO
OCTATOYHOTO YJieHA KBaJIPATYPHON (POPMYIIBI MTPABBIX MPIMOYTOJILHIKOB

R = 1@ [ @-tyr =T cc@n. (1

a
2. Kpagparypnas dpopmyna tparenuii. B aTom ciaydae

b

R(f) = / (f(2) - Ly(2))da,

a

rae Lq(x) moMMHOM TEpBOil CTemeHH, yIOBIETBOPSIONINT YCIOBUSIM:

Li(a) = f(a), Li(b) = f(b). Ucnonnzyst dopmymy (4.1), §1, anst ocra-
TOYHOTO WIEHA WHTEPIOJISIIHOHHOTO TTOJTMHOMA, OyIeM MMeTh

b
O e L

a

npraeM dyHKIms (r — a)(x — b) He MeHsieT 3HaAKa HA OTPE3Ke MHTEerpu-
poBanus, a dyuknus f”({(x)), KAk HETPYJHO MPOBEPUTH MPU MTOMOIIH
npasusi Jlonuras, HenpepbiBHa Ha 9TOM OTpe3Ke. BHOBb IpUMeHsist Teo-
PEMY O CPEJIHEM, TIOJIYUNM

-5 / r—a)a—tydr = L4 a, €e(ab). (43)

2 12
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3. KBajgparypruasg ¢dopMmysia MEeHTPAIbHBIX MPIMOYTOJILHUKOB. Pac-
cyKJlas cHadaJla, KaK U B Caydae KBaJIpaTypHOHl (hOPMYJIbI JIEBBIX IMTPsi-
MOYTOJIbHUKOB, TIOJIYYUM

RU%Z/f@@D@—ddm

HO (DYHKIIUST & — ¢ MEHsIeT 3HaK B TOYKe ¢. [[09TOMYy MpUMEHUTH Tepemy
O CpeJHeM 3/1eCh He yaaeTcsd. B CBA3HM ¢ 9THM BBEJIEM B PACCMOTDEHHE
nosiHoM tepsoit crenenn Ly (z) = f(c¢)+a(x —c). [Ipn mobom snatennn
IIOCTOSIHHOM ¢

b
/ Li(x)dr = f(c)(b - a),

cjieJJoBaTeJIbHO,
b

R(H) = [ (1) = Lifa)) da.

a

Bribepem reneps o Tak, atobst L (c¢) = f'(¢). fcno, aro ms sroro mocta-
Touno mosoknTh @ = f'(c¢). [Ipn TakoM a ToUKa ¢ OKa3bIBAETCS Y3II0M
MHTEPIIOINPOBAHIS KPATHOCTH [IBa, CJICJIOBATEIbLHO, MPUMEHss GhopMy-
ay (6.11), § 1, MmoxKHO HAITICATD

£o) ~ Lol = TS ooy
npuaem, bysakiust f”(((x)) nenpepsiBHa 1o x Ha [a, b]. Teneps Teopema

O CpeJIHEM IIPUMEHMMA, TOITOMY

b

R(f) = fﬂz(f) /(:13 —c)?dr = f;(f) (b—a)®, &€ (a,b). (4.4)

4. ®opmyna Cummcona. B satom ciydae
b
R() = [ (1) = Lata) da,

rie Lo(z) — HOJIMHOM BTOPOI CTEeHH, YIOBI€TBOPSIIONINTT YCIOBHSIM

Ly(a) = f(a), La(c) = f(c), La(b) = f(D).
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Ha ocroBanuu dopmyser (4.1), §1, umeem

b

R(f) = /W(x —a)(z — o)z — b) da.

a

Oyuknus f(¢(x)) wenpepbisaa no x, Gyukius (x — a)(x — ¢)(x — b)
MEHsIeT 3HaK B TOUKe ¢. BHOBb, Jijisl TOr0, 9TO0bI MOy YUTh BO3MOKHOCTh
IPUMEHNTH TEOPEMY O CPEJIHEM, MOBBICKM TOPSIOK MHTEPIOJSIIIHOHHOTO
IOJINHOMA, & UMEHHO, BBEJIEM B PDACCMOTPEHHUE MOJTMHOM

Ls(z) = Lo(z) + a(x — a)(x — ¢)(x — b).

Herpyao nmpoBeputs, ato dbyukims (r — a)(x — ¢)(x — b) HeueTHA OTHO-
CHTEJILHO TOUYKH ¢, CJIEJJOBATE/IBHO,

[IO3TOMY

R(f) = / (f(2) - Lo(x)) de.

[Tpu sr060m 3nadenun o umeem Lz(a) = f(a), L3(c) = f(c), L3(b) = f(b).
Bamerum tenepnb, uto ((z — a)(x — ¢)(z — b))'|.=c # 0, caenoBarennbho,
IOCTOSTHHYTO (¢ MOYKHO BBIOpaTh Tak, arodnl Ls(c) = f/(¢). Ho Torma na
ocHoBarun (opmysibl (6.11), § 1, momyanm

b

IV T
r = [ 0 - Pt - 0 do-

a

M
= ~asg (0~

5. CocraBHble KBaJipaTypHble popmyiibl. Ha npakrtuke dop-
myJibl (3.1)—(3.5) garre Bcero MCHOIB3YIOT KAK COCTABHBIE, T. €. TIPe/Ba-
PUTEILHO OTPE30K [a, b] pasdmBaioT HA YACTUIHBIE OTPE3KH JTOCTATOTHO
MAJION JIJTMHBI, 3aTeM Ha, KayKI0M JaCTUIHOM OTPE3Ke MPUMEHSIIOT TY I
MHYIO KBajpaTypHyio dbopmyny. Beegem HeobxouMmbie obosnadenus. [lo-
JOXKUM a6 = g < 11 < ... <axy=0b h,=x,—2;_1,2=1,2, ..., N,
h = max hj, x;_1/9 = x; — h;/2.

1<i<N

€ € (a,b). (4.5)
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1. ®opmyna J1eBBIX MPIMOYTOJIbHUKOB:

if(f)d$=§;7f(w i flxi)h

Ucnonbayst (4.1), nomyanm

L N
/f Ydx — f(zi_1)h 52 (&)h

& € (Tio, ), i=1,..., N, oTKysa
N
My My
|R(f)| < Thzhi = Th(b —a),

riae My = £3§b|f(a:)\

2. @opMmyJia TPaBbIX MPIMOYTOJIbHIKOB!

b N
[ sy =3 st

Ucnonbayst (4.2), mosyanm

1 N
R(f) = _§Zf/(§z)
=1
& € (i1, x;),i=1,...,N, orkyua
R < 50— )

3) @opmysia MEHTPAIbHBIX TTPSIMOYTOJIbHIKOB:

b N
/f(x) dx ~ Z f(@iz1y2)hi.
4 i=1

Ucnonbays (4.4), nomyanm
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gi € (xi—lyxi)a 1= 17 - '7N7 OTKYHa

R(F)| < Z2K2(b - a), (5.6)

24
e My = max | f"(x)].

a<z<b
4. @opmMmysta Tpamneruii:

b N
/f(w) dr =~ ; f(x@_1)2+ fri)y, (5.7)
Ucnonbayst (4.3), nosyanm
| N
R(f) = =15 D_1"(&)
i=1
& € (xioq,x;),i=1, ..., N, orkyna
My,
RO < 221206 - a) 55)

5. @opwmyna CuMrcoHa:

b N
/ f(z)d Z flaiy) +4f (gz ) + f(w), (5.9)

Ucnosb3yst (4.5), mosyamm

N
R(f) = —ﬁ > MNEn
i=1

& € (xioq,x;),i=1, ..., N, orkyya
M4

rae My = max |/ (z))
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6. KBagparypnubie dpopmyiibl Tuna I'aycca. VHTepnossimoH-
Has KBajparypHas popMysia ¢ 1 y3JaMi IpU JIOO0M PacIoIOKEHNN Y3~
JIOB TOYHA Ha JIIOOOM moJinHOMe crerienn n — 1. OjHako, npu yJ1adHoM
PACIIOJIOKEHNN Y3JI0B TOYHOCTH MOXKET IOBBIMATHCs. Tak, KBajaparyp-
Hasg popMyJia IMEeHTPAJbHBIX IPAMOYTOJbHIKOB OKA3bIBAETCsl TOYHON HA
JIIOOOM IIOJIMHOME IIepBOil cTemenu, a KBajpaTypHas dgopmysaa Cumiico-
Ha — Ha JIIOOOM TTOJITHOME TPEThell CTeeH! (CM. COOTBETCTBYIOIINE MTPE/I-
CTaBJICHHsT OCTATOUHBIX wWieHoB (4.4), (4.5)). B cBa3u ¢ 9TUM BO3HHKaET
3aJlada; yKa3aTh TaKoil Cliocod pacioJIoXKeHN y3JI0B UHTEPIOIAIIMOHHOM
KBa/IpaTypHOIl (DOPMYJIbI, IYTOOBI CJeIaTh e TOYHONH Ha MOJMHOMAX BO3-
MOKHO 00Jiee BbICOKOI crerneHu. [[oHSITHO, 4TO, NMest B PACIOPSIKEHIH N
CBOOO/IHBIX ITApaMeTPOB, & UMEHHO, T, T2, ..., Ty, MOYKHO IOIBITATHCS
IOCTPOUTH (DOPMYJIy, TOUHYIO Ha JIF0OOM IojimHoMe crenieHn 2n — 1. Kak
MOKA3bIBAET CJIe/IYIONIAs TeopeMa, O0JIbIIeil TOUHOCTH JIOONThCsA He yIacT-
csl.

Teopema 6.1. Hu npu xaxom pacnosorcenuu y3noe xeaopamypHas
popmy.ra 6uda (1.1) ne Motcem ovms mounotl 1a A1000M NOAUHOME CThe-
nenu 2n.

JIOKABATEJILCTBO. Ilycth Po, (1) = (x—x1)* (2 —22)% - - - (x—2,) %
Tora
b n
/p(x)Pgn(x) dr >0, a chPgn(a:k) =0. O

. k=1

Crenytoiasi TeopeMa rapaHTHUPYeT CYIIeCTBOBaHHE KBaJIpaTypHOIl
dopMyIIbI ¢ N y3JIaMH, TOYHOI Ha JIFOOOM IOJIMHOME cTerneHun 2n — 1,
u, OoJiee TOrO, YKa3bIBaEeT CIIOCOD €e MOCTPOEHNUS.

Teopema 6.2. /Jlaa mozo, wmobv, keadpamypHas Hopmyia

n

10) = [pa)f@de = 5(0) = af) (6

k=1

OvLAG MOYHG HA A1000M noaurome cmenenu 2n — 1, nHeobxrodumo u do-
CMAMOYHO, YMOoObL:

1) xeadpamypran Gopmyaa Gviaa UHMEPNOAAUUOHHOT,

2) yaavl keadpamypHot Gopmysvs, co8nadait ¢ KOPHAMU NOAUHOMA
cmeneny n, opmoz2onasvrozo ¢ eecom p(x) na ompeske [a, b.

JTOKABATEJIBCTBO. Ilycrs Beimosmensr yeiosus 1), 2). [okaxkewm,
aro KBajiparyphasi dpopmysia (6.1) Touna Ha Jr060M mosHHOME Poyy 1 ()
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crertern 2n — 1. [pencraBum nosmuom Py, 1(x) B BHIE

Py, _1(z) = wp(@)gn-1(x) + 1 (), (6.2)

rie wy(r) = (r—x1)(x—29) - (T — 1), & gn_1(x), 7—1(T) — HOTUHOMBI
crerern n— 1, OIHO3HAYHO OIpeiessieMble 10 MouHOMY Pay, 1 (). [To mo-
CTPOEHUIO MOJIMHOM Wy, () opTroroHasen ¢ Becom p(x) Ha orpeske |a,b],

[IO3TOMY
b b

/p(f)Pznq(x) dr = /p(x)rn_l(as) dz.

a a
Dopmyita (6.1) HHTEPHOJIAIMOHHAS, TIO9TOMY OHA TOYHA HA JIDOOM MOJIU-
HOMe cTelleHu 1 — 1, cjejoBaTesibHO,
b n

/p(ﬂf)fnl(x) dr = Zcﬂ’nq(%k),

. k=1

Ho, yuntbiBas (6.2), umeem r,_1(xy) = Pop_1(xg), k = 1,2, ...,n. Ta-
KM 00Pa3oM,
b
n

/p(x)Pgn_l(x) dr = chPQn_l(a:k).

p k=1

ObparHo, ecin KBaJpaTypHasi (hopMysia TOUHA Ha JIIOOOM IIOJIMHOME CTe-

neHu 2n— 1, To OHa TOYHA U Ha JI0OOM HojimHoMme crerieHn n— 1. Ocrajioch

[I0KA3aTh, UTO y3JIbl TAKON KBaIpaTyPHOI (hOPMYJIBbI COBIAIAIOT ¢ KOPHSI-

MU TIOJINHOMA CTEIeHH 7, OPTOTOHAJILHOIO ¢ BecoM p(r) Ha oTpeske [a, b].

JeiicTBUTENILHO, TOMUHOM W, (2)qy—1(T), T1€ ¢y—1() — TPOU3BOJILHBII

IIOJIMHOM CTeIleHn 1 — 1, eCTh MOJIMHOM CTelleHn 2n — 1, cjiegoBaTeabHo,
b n

[ P (0) e = 3 ) a) =0

. k=1

TaK Kak wy(zg) =0, k=1,2,...,n. O

Taxum obpaszoMm, MocTpoeHne KBaJapaTypHOl (OpPMYJIbl, TOYHON Ha
JIIOOOM TIOJIMHOME cTeleHn 2n — 1, CBOAUTCS K CJIEIYIONIEMY.

CHadaJia BBIYHUC/ISIIOTCA KOPHU T1, L9, . .., T, HOJUHOMA CTEIEHHU 7,
OPTOrOHAJILHOTO ¢ BecoM p() Ha oTpeske [a, b]. 3arem KOahDUIHEHTBI ¢
BBIUHCJIAIOTCS 110 (pOpMYyJIaM

b

CL = /p(:z:)gpk(x) de, k=1,2,....n,

a
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rie ¢r(xr) — Gasucuble dyHKIMN Jlarpamxka, MOCTPOEHHBIE MO y3J1aM
T1,T2y «..,Tp.

Kpajgparypubie hopMy/bl, TOUYHBIE Ha JIIOOOM IIOJMHOME CTEIeHH
2n —1, HAa3BIBAIOT KBa,IpaTypPHBIMEI (pOPMYyIaMi HaUBBICIIEH ajredpantde-
CKOIl cTereHn TOYHOCTHU, WM KBaJpaTypHbIMEI hopMmyiamu Tuiia [aycca.

3aMeTuM, 4YTO U3 J0Ka3aTe/bCTBa TeopeMbl 6.2 U cBOICTBa €JMH-
CTBEHHOCTU OPTOrOHAJILHBIX IOJIMHOMOB BbITEKaeT €IUHCTBEHHOCTH KBa/I-
paTypHoii (bopMyJIbl HAUBbICIIEH aaredpandecKoii CTelleHd TOYHOCTH.

Teopema 6.3. Kosgpduyuenmor rxeadpamyproti dopmyav, muna
Taycca noaoscumensvo.

JITOKABATEJBLCTBO. Ilycrs 1 < k < n. Ilonoxxum

Yr(r) = (v — $1)2(33 - 332)2 (= $k—1)2(37 - $k+1)2 e (= ﬂin)Q-

Acno, uro Yp(x) > 0 — nosnunom crenenn 2n — 2, upudem Yi(x;) = 0
upu j # k, ciegoBarebHO,
b n
/p($)¢k($) dr =) ehil(a;) = cxtbp(an),

a J=1

T. e. ¢ > 0, Tak KaK Yy (xy) > 0. O

13 s1oit Teopembl n TeopeMbl 2.1 BbITEKaET, YTO KBaJIpaTypHbie (hop-
MyJibl Tuna [aycca ycTondnBhbI.

[Tostyaum 1ipejicTaBjienne Jjijiss OCTATOYHOTO dUJieHa KBaJpaTypHOIl
dopmybl Tuna Faycca.

Teopema 6.4. Ilycmov dynxuyus [ Henpepwvisro dudpepenuyupyema
2n pas na ompesxke |a,b]. Toeda das ocmamounozo wiena KeadpamypHot
dopmyav, muna [aycca cnpasedisuso npedcmasaerue

b

Rip=T5 [poi@an ce@n. 69

a

JTOKA3ATEJIBCTBO. [locrponm mostom Lo, —1(x) crenenu 2n — 1,
VJIOBJICTBOPATIOIINIA YCJTOBUAM:

Lon_1(x1) = f(21), Lop—1(w2) = f(x2), ..., Lon—1(xy) = f(xn),
b1 (1) = (1), Ly, y(x2) = fl(@2), ..., Loy, 1 (@n) = f(20),

a Takyke MoJuHOM L, 1 cTenienu n — 1, yJIOBJIETBOPSIONIUI YCIOBUSM:

Lyi(21) = f(21), Lnoa(z2) = f(22), ... Loca(za) = f(za).
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ITo onpenenenuio

BremoHuM oueBuIHOEe IIpeobpasoBaHue
b

R(f) = / D) (@) = Lonr(2) + Lo () — Tna () d.

a

BHOBB ncno/b3y4 olpejiesieHne KBaJapaTypHoit dpoopmysta Tuia [aycca, 1mo-
JTYIIM
b n
/p(x)Ln—l(x) = cnf (),

k=1

a
a TOCKOJILKY 3Ta (popMyJia TOUHa Ha JIIOOOM TOJIMHOME cTeneHu 2n — 1,

TO
n

p(x)Lop—1 () dv = Z ckLon—1(xk),
k=1

S —

1O Lon_1(zk) = f(xg), k=1,2, ..., n, nosromy
b

R(f) = / p(e)(f (&) — Loy () e

a

Ucnosb3yst Tereps opmyy (6.2), §§ 1, mosryanm:

Cn) (¢ (r
) = Lava (o) = S5 Sz o),
[Tpumenss npasuio Jlomurans, nerpyano yodeauTbcsd, 9TO (DYHKIUS
f@"(¢(x)) menpepnisra mo x Ha orpeske [a,b]. s 3aBepiicHus Ji0-
Ka3aTe/JIbCTBa TEOPEMBI JIOCTATOYHO YYeCTh HEOTPUIATETbHOCTD (PYyHK-
mun p(r)w?(z) Ha orpeske [a, b] 1 IpUMEHUTHL TeopeMy o cpejHeM. []

[IpuBesieM npuMepsl KBaIpaTypHBIX popmys Tuia [aycca.

1. @opwmysa Dpmura. Tak HasbiBaoT dopmyiay Tuma [aycca npu
a=—-1,b=1, p(xr) =1/v1— 22 TlosuHOMBI, OPTOTOHAJTLHBIE C YKa-
3aHHBIM BecoM, — nosnHoMbl deboimesa T, (x). [losromy y3mbl kBajpa-
TYpHOI (POPMYJIBI IPMUTA BBIUUCTIAIOTCS 110 AIBHBIM (DOPMYJIaM:

(2k — 1)m

rp=cos———, k=12 ... n.
2n
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Koaddurmentsr KBaapaTypHOil POPMYyIbIl DPMUTA TOXKE YIAETCs BhIPa-
3UTh B IBHOM Bujie: ¢y = 7/n, k = 1,2, ..., n. OTMernm, 9T0 KBaIpa-
TypHas GopMy/ia IPMUTA — ITO eJIMHCTBEHHAs KBajpaTypHast (hopMyJia
HAWBBICITIEH aJiredOpanvecKoil cTereHn TOYHOCTH, Y KOTOPOit 1pu JIroboM 7
Bce KOO MUIMEHTHI PaBHbI MEXKTy CODOIl.

2. Kagparyprast hopmysa [aycca (qacto HasbiBaeMasi TakxKe KBaJI-
parypuoii dopmysoit Faycca — Jlexkanapa). B stom ciyuae a = —1,
b = 1, p(r)= 1. CoorBeTcTByIOIIIE OPTOrOHAJIbHBIE MOJTMHOMBI — TIO-
oMbl Jlexkanapa Ly, (z). VIX Hysn B sIBHOM BUJIE yJIaeTcsi HARTH JINITH
IPU MaJIbIX 3HAYEHUSIX 7.

[Tosib3ysich dopmyiioii Poapura (2.5), § 1, jerko mojcanrtars, 9to (¢
TOYHOCTBIO IO MOCTOSHHOTO MHOYKUTEJIS] )

Li(x) =z, Ly(x) = 32% — 1, L3(x) = 5z® — 3u.

Tenepb HETPYAHO BBIUYHUCJIUTL y3JbI U KOI(PMUIMEHTH KBaJIpaTypHOIl

dbopmynbl [aycca Ipu COOTBETCTBYIONMX 3HAYCHUAX T
Dn=1,21=0,¢ =2;

2)n=211=—-1/V3 20=1/V3,c1 =y = 1;
3)n=3,x1=—+/3/5, 10 =0,23=1+/3/5,¢1 =c3=15/9, co =8/9.

[Ipu Gosbiix n y3ibl u KoaddunnenTbl hopmMyJibl ['aycca BbIUMCI-
torcs npubszkerto. V3Becrher Tabiuiibn (cM., Hapumep, [3]), comepka-
III1€ COOTBETCTBYIOIINE 3HATCHUSI.



[VIABA 3

YHucennble MeToAbl penienns anuddepeHnnabHbIX
ypaBHeHU

§ 1. YUmciernable MeTO/IbI perneHus 3agadmn Komm

B sTrom naparpade OyIyT pacCMOTPEHbI METOIbI TPUOINZKEHHOTO Pe-
meHust 3aga49n Kotm Jiist 0ObIKHOBEHHOTO TP hepeHInaIbHOIO ypaBHe-
HISI IIEPBOIO TOPSIIKA,

/ _
u(x) —f(.CU,U), T > Zo, (1)

u(zo) = uy, (2)

[Ipu mocTpoeHnn HnPUOINZKEHHBIX METOJ0B BBOJUTCS CETKa, T. €.
JUCKpPETHOE MHOXKECTBO TOYeK oy < T < T9 < ... Ha IOJYy-

ocn T = xp. B KadecrBe MpubIMIKEHHOIO PEIIEHUsT PA3BICKIBAETCS Ce-
tounas (yHkuust y(x), T. e. QYHKIMs, ONpeaessieMasi COBOKYITHOCTHIO
suadenuii y(xg), y(ry), ... s mpocToThl M3I0KEHUs B JAJbHENIeM
OyieM OrpaHIIUBATHCS JIUIIb CJIYIaeM PABHOMEDHON CeTKI: T; = Xo+ih,
h — mar cerku. Bynem Takxke HCOJIb30BaTh obo3HadeHUe: Yr = Y(xy),
k=0,1,....

1. Meton, ocunoBanHubIii Ha dopmyne Teitopa. Ilpejmnosa-
rag, dro pemenne 3agaqdn (1), (2), 1. e. dbynknusa u(z), nveer n + 1
HEIPEPBIBHYIO MTPOU3BO/IHYIO, MOYKEM HalUCATh, 9TO

h? h3
u(ry) = u(zo + h) = u(wo) + hu'(zo) + gu"(xo) + gu”'(l‘o) + ...+
hn (n) hn—H . (nt1) . .

[Tokazkem, a0 ecu byHKIUS JABYX HepeMeHubiX f(x,p) auddepen-
nupyema JIOCTATOYHOe YHUCJI0 Pas3, TO 3HAUYEHUs TPOU3BOIHBIX (DYHKIUHI U
B TOYKE T( MOTYT OBbITh BBIUUC/IEHBI 110 UCXOJHBIM JIAHHBIM 3aja4u. [leii-
CTBUTEJIBHO, BCJIEJICTBHIE ypaBHeHus (1) u HadaabHOro yeioBust (2) mveeM

u'(20) = f(xo, u(wo)) = f(x0,u0) = Li1(z0, up).

Hautee,

u"(x) - (f(x7u))/ - fx(x7u) + fU(x7u)u, - fx(xa u) + fu(x; u)f(x7u)a
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cJj1eJ0BaTeJILHO,

UII(IO) = fx(ﬂf(), U()) + fu<£170, UQ)Ll(xo, U()) = LQ(ZE(), UQ).

To4yHO Tak Ke

u(@) = (folz,u) + fulz,w) f(z,u) =
= fro(z,u) + 2 fru(z, u) f(2,0) + fuu(z, u)(f(x,u))2 + fulz, u)u”(ac),

[IO3TOMY

u"(x0) = foo(x0,u0) + 2fru(xo, uo) L1 (x0, ug)+
+ fuu(o, w0) (L1 (20, 1u0))? + fulo, wo) La(20, u) = L (0, up).
Amnajiorngnble BbIpasKeHus MOXKHO HOJIYUUTH /I IIPOU3BOAHON JII0OOI0O

nopska: u*) (xg) = Li(20, up).
Taxum obpaszom,

h? h"
u(:z:l) = u(af()) + hLl(ZCO, ’LLO) + §L2($07 U()) + ... + an(l‘o, Uo)—l—
. hn+1 (nt1) .
+ (n_|_ 1)'11, (5)7 5 € (x07x1)

OTOpacbiBast B 9TOM PaBEHCTBE OCTATOYHBIN wieH dpopMysibl Teiiyiopa u
obo3Hauast moJrydaeMoe npubizkenne K u(ry) yepes3 y(x1), MOKeM Halll-
caThb
2 hn
y(x1) = u(zo) + hLi(xo, uo) + ng(xo, up) + ... + an(ajo, up).

Tenepb ecTecTBEHHO CUUTATDH, YTO BOOOIIE

Yier = Yi + hF (25, 95), 1=0,1, ..., 1o = uo. (1.2)
31ech
h (=1
F(xi,y) = Li(xi,y:) + ELQ(%,%) + ...+ . Lyn(xi,y:).  (1.3)

Takum 00pa3oM, MOCTPOEH METOJ[ BBITHCJICHHUs TPUOJMZKEHHOTO pe-
mennst 3aa4u (1), (2). [pn peanuzanuun meroja (1.2), (1.3) Heobxo11mMO
BBIUNC/IATE YacTHBIE TPOU3BOAHbIe GyHKIWN f(z,p), IpHUeM ¢ yBeJi-
YeHHEM TOYHOCTH METOJIa, T. €. C YBEJIMYEHHEM 7, MOPSAJIO0K TpeOyeMbIX
POM3BO/IHBIX BO3pACTaeT, & GOPMYJIbI, 110 KOTOPBIM BBIYHC/SIOTCS Bbl-
paxkennst L;(x;,y;), cranossarcs Bce Oosiee rpomosakumu. [losromy wme-
TOJ], OCHOBaHHBIN Ha dhopmyse Teilsiopa, TOBOJIBHO PEIKO HCIOIb3YETCs
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Ha npakTuke. [IpaBja, B mocjenHee BpeMsi B CBA3HU C MOABIeHNEM 3D deK-
THUBHBIX KOMITBIOTEPHBIX IIPOrPAMM AHAJUTHIECKIX BBIUNC/IeHNUI (HampH-
mep, Maple) orHoreHre K 9TOMy METO/y MeHsieTcsi. 'TeM He MeHee, HAH-
6oJ1ee pacrpocTpaHeHbl TaKue MpUOJINKEHHbIE METO/Ibl PeIleHUs 3a1a9n
Korm, KoTopble TpeOYIOT [IJIsl CBOEIl peasin3aliiil yMeTh BbIYUC/IATD JIUIITh
sHavernst byHKImn f(x, p) 1Mo 38 aHHBIM 3HAYEHUSIM apryMeHTOB.

2. Meroast Tuna Pyure — Kyrra. Ilycrs u(x) — perrenue 3a-
naqan (1), (2). [IpounTterpuposas pasenctso (1) mo oTpesky [zg,x1], 1m0-
JIyUUM

() = (o) + [ fw,ulz))ds 1)

HanbHeiiee, pakKTUYIECKH, OCHOBAHO HA TOM HIJIM MHOM CII0CO0E TIpuO/In-
YKEHHOT'O BBIUMC/IEHUs YIACTBYIOIIEro 3/1eCh NHTEerpaJia.

1. Ucrnionb3yem cHavasa caMyto MpocTyio (hopmysry — hOpMYITy JIeBbIX
PAMOYTOJBHIKOB. [Tosryanm

u(xy) &~ ug + hf(xg,up).

DTO HPUBOJNT K CJIEYIONEeH pacueTHoit popmyie:

Y1 = yo + hf(xo, vo)-
Boobiie,

Yi+1 :yz—}_hf(xlayz)a i2071727 -+ Yo = Uop. (22)

Meros (2.2) HasbIBAETCs IBHBIM METOJIOM Diiepa (Jalre, mpocTo MeTo-
J10M DiiIepa) MM METOIOM JIOMAHBIX.

D10 — cambiii mpocroit BapuanT Meroga Pynre — Kyrra. Meron
FIMECT TIPOCTYIO ¥ TOJIE3HYI0 TeOMETPUYeCKyo nHTepuperanuio. V3 Tod-
K (T, %) BBIIYCKAETCA TIPsIMast 110 KACATEJIBHON K MHTErpasbHOf KpH-
Boii ypasrennus (1), mpoxogsiieit uepe3 ToUKy (xg, ug). U3 Touxn (z1,y1)
npsiMasi WIeT yKe M0 KacaTeIbHOIl K MHTErPASbHON KPUBOM, MPOXOJIsi-
meit gepes ToUKy (x1,y1), U Tak jgajgee. B pesyibraTe mosrydaeTcst JoMa-
Hasl, AIPOKCHMUPYIONasd MCKOMYIO HHTErpaibHyio kpusyio. [lonsrmo,
9TO 9TOT METOJ] He MOYKET 0OECIIEeUNTh BHICOKON TOTHOCTH, €CJIH Al CeT-
KI He CJIUIIKOM MaJI, TeM He MeHee, OH IPUMEHSIETCSI JIOBOJBHO YacTo.

2. Hegsubiit meroy Diisepa. cnosnbsyem it mpub/imzKeHHOTO Bbi-
qHCICHNST MHTErpasa (hOPMY/Iy HPABBIX IPSIMOYTOILHIKOB

u(zy) = ug + hf(xy,u).

DOmu COBITQJIAET C METOJIOM, OCHOBaHHBIM Ha (opmyste Teitmopa pu n = 1.
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B pesysnbraTte mpuxoanM K CJIEAYIONEMY METOIY:

Yir1 = Yi + hf(iv1, yis1), 1=0,1, ..., yo = uo.

ODTOT MeTOJ] Ha3bIBaeTCsl HESIBHBIM METOJIOM Jiljepa. 3HaUYeHHe 1,11 He
MOKeT OBbITh sIBHO OIIPEJIEJIEHO 110 U3BECTHOMY ¥;, & Pa3bICKMBAETCS KakK
peleHne ypapHeHusI

Yi+1 — hf(%ﬂ; yi—H) = Y- (2-3)

[Ipu 9T0M TpUMEHSIFOTCS TPUO/INZKEHHbBIE (UTepAIlMOHHbIE) METOJIBI.

Kak mpaBujio, ncnojb3yercs MeTo/] IPOCTON UTepalun, COCTOAIINN B CJie-
0

nytorieM. Bribupaercs HeKOTOpoe HadaJibHOE HPUOINKEHNEe yl( +)1 K Yit1-

(0) (0)

OOBIYHO HOJIATAIOT ¥, = ¥; WIN OIPEIECISIOT §;, "} HPU IOMOIIU sIBHOIO
MeTo/la Ditiepa O U3BECTHOMY ¥;. 3aTEM CTPOAT TOCTIEI0BATETLHOCTD
pUOJIZKEHU i

yfﬁl) =Y + hf(:ciﬂ, yfi)l), k= O, 1, R
DTOT UTEPAIMOHHBI MeTOJ OBICTPO CXOJIUTCSI, ecau h JJOCTaTOYHO
maJio. Ha mpakTuke pejiko BBITIOJIHAIOT OOJIbINE JABYX-TPEX UTEPAIHil.
3. @opmyJia [EHTPATBHBIX MPSIMOYTOJBHUKOB (METOJ| IPenKTOD-
KOPPEKTOP). YBEJIMINM TOUYHOCTH NPHUOJIMKeHNsT nHTerpaja. Jist aroro
MCTIOJIb3yeM (DOPMYITY TEHTPATLHBIX MPAMOYTOJIHHIKOB:

U(.flfl) ~ U(ﬂfo) + hf(xl/Za U($1/2)),
rie o1/ = (wo + 1) /2. Snavenne u(x)/y) NPUOIMZKEHHO oIpejiessaeTca
1Py IOMOIIA BHOIO MeTOoIa JDiiaepa

u(y ) = u(xo) + gf(xo, up)-

PacuerHbie (hopMyJibl TAKOBBI:
Yie1 = Yi + hf(Tiv1/2, Yig1/2), 1= 1,2, ..., (2.4)
rje
Yir1/2 = Yi + gf(fﬁz', Yi)y  Tip12 = (Ti + Tiv1)/2. (2.5)

Bee Bbraucsiennst npoBojsiTes 1o siBHbiM opmysiam. [lar (2.5) Ha-
3BIBACTCST TIPEJAUKTOPOM, Tar (2.4) — KOPPEKTOPOM, TO €CTh CHAYAJIA 110
dbopmyiie (2.5) MbI BBITIOJTHSIEM, Kak Obl, pejicKazanue (to predict — mpesi-
CKa3bIBATH), a 3aTeM 10 dopmysie (2.4) yrounenue (to correct — ucmpas-
JISITh, YTOUHSATD) 3HAYEHUS ;1 1. 3/ECh B OTJIMUUE OT sIBHOIO METOJIa Iie-
PEXOJL OT ¥; K ¥;41 TpeOyeT BLIYUC/ACHUS JBYX 3HadeHuii pynkuun f.
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4. Tlpauso tparmenuii. Mcnoab3yem st MpuOJINKEHHOI'O BBIYHCIE-
HUsT THTerpaJja GopMy/Iy Tpalleriii:

u(er) = o) + o (o, u0) + Flan, ule)

Orciojla BeITEKaeT pacueTHasds popMyJia:

h .

Vir1 =Yty (f(@i,yi)+ f(ivn, vir)), 1=0,1,2, ..., yo =up. (2.6)
DTO0 — HesABHBIN MeToj. [To MOBOJIy ero peajmsaluun MOXKHO CKa3aTb TO
JKe, 9TO ¥ 110 MTOBOJLY peasin3alliil HesTBHOTO MeTojia Difaepa.

KoMOuHupyst mpaBu/io Tpamemuii ¢ siBHOI (popMmyJsioit Ditjiepa, MOJIY-
YUM ellle OJMH BapuaHT METOJIa IMPEJINKTOP-KOPPEKTOP:

h .
yi+1:yi+§ (f(xlnyl)—l_f(xl-l—layz—kl)) y L= 07 17 2? -y Yo = Uo, <27)

e

Yiy1 = Yi + hf (i, vi). (2.8)
CravaJta BBIIOJTHSIETCS TIpejicKazanue 1o (opmyste (2.8), a 3aTeM KOppeK-
nust 1o opmyie (2.7).

5. Metosi Pynre — KyrTta geTBepToro nopsijaka TouHOCTH. B ocHoBe
9TOT0 MeTOJIa JIeKUT KBajparypHas dhopmysaa Cumicona. Vcemoab3yror-
cd TaKxKe IpejcKazaHus 1o gopmysie ditnepa. He ocranapiuBasich Ha
0/IpOOHOM BBIBOJIE, JIa UM OKOHUYATEIbHbIE PACUCTHDBIC (DOPMYJIBL:

1
yi—i—l:yi+6(kl+2k2+2k3+k4)a i=0,1,2, ..., yo=1up, (2.9)

rie

h kq
ki = hf(zi,vi), ko= hf(%‘ + 5 Vi + 7)7

h k
k3=hf($i+§,yi+52>, ky=nhf(xi+h,yi +ks).

Dot MeTo (¢ HEOOMBIUMU MOJAUMUKAIINIMI) Ha MPAKTUKE TIPIMe-
HSETCS, TTO-BUIIMOMY, HanboJiee 4acTo.

3. DJjieMeHTBbI TeOpuM OJHOINATOBBIX METO/IOB PENIeHusd 3a-
gagn Komm. Meros, ocnoBannbiit Ha dopmyie Teitnopa, a Takxke me-
Toanl Tuna Pynre — KyrTa MoryT ObITH TIpe/icTaB/IeHbI B OOIIIEM BHJIE

WZF(xiahayiayH—l)a 7::0717 <5 Yo = Uo- <31)
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3necb F(x;, h,yi, yiy1) — HEKOTOpasi QYHKINsA, BHIOOD KOTOPOW n
orpeJiesisieT TOT WK WHOM MeTo . Hampumep, /s HessBHOTO METO/1a THTIa,
Pynre — Kytra, ocnoBannoro na ¢opmysie Tparenuii,

1
F(xi, h,yi, yiv1) = 5 (f (@i, yi) + f(i + h,yisr)) -

[Tongrno, 4To 3HAYEHUS U;, U;1q TOYHOTO pelleHus 3ajadn Korm
He yaoBieTBopsioT pasenctBy (3.1). Ilocie ux 1mojcTaHOBKH BO3HHKAET
HEBSI3KA,

Ui+l — Uy
Py = 1 F (2, hy wiy uiga) (32)
KOTOPAas Ha3bIBAETCS IIOIPEHIHOCTHIO allllPOKCUMAIIIN.

VIHTYUTUBHO SICHO, YTO YeM MEHBIIE IMOIPEITHOCTD AIlllPOKCUMAIINH,
TeM TouHee MeTo. Hurke Oy/eT moKa3aHo, 4TO IIPU OIIPE/Ie/IEHHBIX YCJI0-
BHUSIX 9TO JICHCTBUTEIBHO TaK.

Mcciegyem ropejeHne mOrPEITHOCTH AIllIPOKCUMAIINN B 3aBUCUMOCTH
OT BEJIMUMHBI 1Iara CEeTKU JJIsI IIOCTPOEHHBIX BBIIIE METO/OB.

1) Meron, ocroBanubiit Ha dopmyse Teitopa. B sTom ciaydae u u3
crocoba MOCTPOeHNsT MeTO/Ia cpa3y BbiTekaet, uto 1; = O(h").

2) dBHblit MeTO Diijiepa. DTOT METOJ €CTh YaCTHBIN cIydail MeToj1a,
ocHOoBaHHOTO Ha ¢opmyie Teittopa, mpu n = 1.

3) Hessmbrit MmeTon Ditrepa. B stom caydae
A

vi=—7

Vcronb3yst olleHKYy TOTPEITHOCTH KBaIpaTypHOil (DOPMYJIbl TTPaBbIX ITPsi-
MOYT'OJIbHUKOB, MOZKEM HaIINCATh:

- f(xiJrl) Uz’+1)-

LTi41 Ti41

bf@iersuinn) = [ foula)) o+ 002) = [ al(a)da+ O02) =

= (u(wis1) — u(w;)) + O(h?),

caegosaresnvio, ; = O(h).
4) Meton 1mpeKTOP-KOPPEKTOP, OCHOBAHHBIN Ha (opMyse Tparte-
nuit. B coorBercTBun ¢ dhopmyranvu (2.4), (2.5)

i+1 — Uy h
i+1 — Uj h
— u Jrlh U . f(xi+1/2, U(l'z) + EU (ZBZ)> .
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h
[To dopmyie Teitnopa u(z;) + §u'(afz) = u(zi41/2) + O(R?), no3romy
Uir1 — Uy
Y = % — f(@ig1/2, u(Tig1)2)) + O(h?).

crob3yst Tenepb OIEeHKY MOTPEMHOCTH (POPMYJIbI IEHTPAJIBLHBIX ITPAMO-
YTOJIbHUKOB, TIOJIYYUM

Ti41

B (@it ul@iss2) = / f (o u() dz + O(?) =

= (u(zir1) — u(z;)) + O(h?),

u, ciegosarenbno, ¥; = O(h?).

5) st HestBHOTO MeTofa (2.6), 0OCHOBAaHHOTO Ha (bOPMYJIe Tparennii, u
METOJIa MPETUKTOP-KOppeKTop (2.7), (2.8) coBepIieHHO aHAJOTHIHO TIPO-
BepsIeTCsl, YTO [OIPEIIHOCTD AllIIPOKCHMAIIN €CTh BeJUINHA O IKa h2.

6) OrMmernm, HaKOHEIl, 9TO, UCI0Jb3ys dhopmyiy Teilopa n oneHky
norpernoct popmysbl CUMIICOHA, HETPYJIHO JOKA3aTh, UYTO JJId METO-
7a (2.9) HorpenHocTh ammpOKCUMAIIT eCTh BeInunHa opsaaka ht,

VKazkeM Terepb OOILYyI0 KOHCTPYKIIMIO, BKJIOYAIONIYIO B cebs Bee
PAaCCMOTPEHHBIC BBl BapuaHThl aBHOro Meroga Pynre — Kyrra kak
gacTHble ciaydan. [lycTs 3ajannl ncia ag, o, - .., Qg, P1,D2s - - - Pgs Bijs
1 <5 <1< g, rue g — 1enoe MOJOXKUTEILHOE YNUCI0, OIpee/dioliee
CJIOZKHOCTB MeToza. 1o u3BecTHoMy 4; BBIYUCIINM

k(i hyys) = k1= fxi, y3),
ko(xi, h,y;) = ko = f(x; + agh, y; + Barhky),

ko(wi, h,yi) = kg = f(i + agh, yi + B hky + Bpphks + ... Bgg—1hky—1),
3aTEM g

F(zi hyyi) = Y piki
1 ITIOJIOZKMNM -

Yir1 = Yi + hF(xlv h7 yl) (33)

IIpu mocTpoennn MeTOJOB yKa3aHHOI'O BHJA I1apaMETDBl oy, Pi, Bij
€CTeCTBEHHO BHIOMPATH TaK, YTOOBI ITOI'PENTHOCTD allllPOKCUMAITIH 1); ObI-
JIa BEJTMINHON BO3MOXKHO 00JIee BHICOKOT'O TIOPSIKA MaJIOCTH OTHOCUTE b~
HO I11ara CeTKHU.
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[Ipusesem obmmii pe3yabraT O CXOAUMOCTU OJHOIIATOBBLIX METOI0B
B (3.3). [lpeamomozxkum, aro 3aada (1), (2) permaercs Ha 0Tpeske Ty <
r < xog+l. Iycrs h = /N, N — niejioe moJiozkKuTeibHOE TUCII0, T; = T+
th, 7 =0, ..., N. Byjem obo3nauaTh yepe3 y MPUOJIMKEHHOE pelleHne,
OCTPOEHHOE 10 MeToy (3.3), uepes u — TouHoe perienue 3aaqu (1), (2),
zi = z(x;) = y; — u(x;) — MOrPENIHOCTD METO/IA.

Teopema 3.1. IHycmov ¢ynruyua f(x,p) nenpepvisho duddeperiyu-
pyema no p,

|fp(z,p)] < M =const Va € [xg, 20+ 1], p € (—00,00), (3.4)

NOZPEWHOCTID ANNPOKCUMAUUL MEMOIG eCb BEAUNUNAG NopAdka h®.

Torna
|zi| < Ch®, C =const, i =0,1,...,N. (3.5)

JIOKA3ATEJ/ILCTBO. [lokazkem, mpexkje BCEro, 9To BBINOJIHEHIE
yesoBust (3.4) obecriedrBaer cyriecTBOBaHme Takoil mocrosiaaoit My > 0,
aro mist dbysxiun F(x, h,y) cipaBejmsa olleHKa

st sroro yeranosum, aro |0k, (z, h,y)/0y| < ¢, tae ¢, = const, r = 1,
2, ...,q. lIpu r = 1 570 HEMOCPEJCTBEHHO BbITEKAET U3 yCaoBus (3.4).
IIpu r = 2 nmeem
ak2(x7 h7 y) _ 8f(:z: + O@ha Y + BQIhkl(xa h7 y))
dy dy
= fp($ + thv Y+ 521h]€1($, hu y))(l + ﬁthkly(x, h7 y))7

craeposarenvio |0ky(z, h,y)/0y| < M (14 Barher) < M (14 Parler) = co.
st 7 > 2 OIeHKN MPOBOJSITCA aHAJIOrHTHO. Vcmomb3ys Tenepsb orpejie-
JIEHNE TOrPEITHOCTH alpoKcuManu, st joboro ¢ = 0,1, ..., N — 1
MOZKEM HAINCATH

Uit1 = w;i + F(zi, hyw;) + hap;. (3.7)
Berauras mousenno u3 paseHcTBa (3.3) paBeHctso (3.7), mosyanm
Zi+1 = %4 + h(F(l'l, h7 yl) - F(xla h7 ul)) - hq/)za

OTKY/1a BCJie/IcTBIE (DOPMYJIbI KOHEUHBIX IpupaliieHnn Jlarpanrxka n oren-
ki (3.6) mmeeM |z;41] < (1 + Mih)|z| 4+ hl;|. Touno tak xe mosydaaen,
aro |z;| < (1 + Mih)|zi_1| + hli_1], cienosarensho,

ziv1] < (14 Myh)? 2| + h(1 4+ Myh)|w;_1 + hla).
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[IpomoJizkast aHAJIOrHIHBIM 00Pa30M, ITOJIYINM:

|z ] < (L4 Myh) ™ 2o + h Y (14 Myh)™F .
k=0

3aMeTuM Terepb, 4To i Jioboro megoro r, 0 < r < N,

Tr—x(

(L Mih)" = (14 Mih) 7" = (14 My ) (1 dyfyy i,

Ho, Kak xopoIo n3BecTHo,
1
(14+v)» <e mpuobom v > 0,

IIO9TOM
Y 5 Ml Ml
(1 + Mlh) Myh < et s

1, cjaeaoBaTeJIbHO,

ziv1| < M|z + €M max |Ylh(i + 1) < eM(|20] + Imax |¢p]).

0<k<N 0<k<N
Bemomunast Tenepn, ato 29 = yo — ug = 0, || < ch®, ¢ = const,
oJIyanM, 9To it Jjiroboro ¢ = 0,1, ..., N cupaBeyinBa OleHKa

|zi1| < eMillch®. O

4. Metoapl Tuna Amamca. B oriimane oT ogHOIIArOBBIX METOL0B
B MeTOJ/IaX TUIla AJlaMca IPY BLIYUCICHIN KayKI0r0 HOBOTO 3HAUCHUS ;41
HCIOJIB3YIOTCs HE TOJILKO ;, HO ¥ 3HAYCHUsI HPUOJIMIKEHHOTO PelleHus B
HECKOJILKUX MPEILIIYINIIX TOUYKAX CeTKU. Biiaromapst 3TOMy METOJIbI TH-
ma, AJ1aMca OKa3bIBAIOTCS SKOHOMUYHEE OJJHOIIATOBLIX METOJIOB.

Omnmiem €11ocod mocTpoeHnst MeTo0B Tuia Agamca, OCHOBaHHDI Ha
MCIOJIL30BAHIK UHTEPIOJISIIIMOHHBIX MHOMOUIeHOB. [IpeinonoxKum, 9To
HaAM HM3BECTHBI 3HadeHus pernennd 3agadn (1), (2) B ToUkax ceTku x,
Ty, ..., Tx—1. Iarerpupys ypasuenne (1) mo oTpesky [xi_1, Tk], momyanm

u(zy) = u(xg_1) + / f(z,u(x)) dzx. (4.1)

[Tpounrepnosmpyem dyukiwo f(z, u(x)) no ee 3HAYEHUSIM B TOYKAX T,
X1,..., Tp_1, T. €. MIPEJICTABUM 3Ty (PYHKIINIO B BU/JIE

k—1

[z, ue) =Y fla,u(z)pi(@) + Ri(x), (4.2)

=0
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rie gi(z), [ =0,1, ..., k—1— 6asucueie dyukunu Jlarpamxa, Ry(z) —
OCTATOYHBI WIEH HHTEPIOJISIIMOHHOTO osmHoMa. [lojicTaBiss Bopake-
rne (4.2) B pasenctso (4.1), mosyunm

k—1
u(wy) = wlwy1) + Y af(z,u(@)) + Ry, (4.3)
1=0
rje
c = / wi(x) dx = hey, Ry = / Ry (x) dx. (4.4)
L1 Th-1
Baech koapdunuentsr ¢, [ = 0,1, ...,k — 1, 3aBucat ToabKo or k 1 [

(Cp. ¢ COOTBETCTBYIOMIUME BBIKJIAIKAMI, BBIIOJHEHHBIMU [IPU MOCTPOE-
HUM KBajipaTypHbix dhopmys Heiorona — Koreca). Ot6pacbiBast B paBeH-
crBe (4.3) 0CTATOYHBII UJI€H, €CTECTBEHHO CYMTATH, YTO PUOJIMKEHHbIE
3HAYEHUS PeIenns 33 a9l B TOUKAX Lo, T1,- .., Tk, T € Yo, Y1, - - -, Yk
CBSI3aHBI COOTHOIIEHUEM

k—1

e = Yp1+h Y af ()
=0

1, BooOIIIE,
k—1
Y; = Yi—1 + hz/c\lf<xi—/€+l7 yi—k+l)7 1= ka k + 17 S (45>
1=0
Eciu canrars 3HaUeHusT Yo, Y1, - - -, Yp—1 U3BECTHBIME, TO dopmyiy (4.5)

MOZKHO pPACCMATPUBATL KaK PEKYPPEHTHYIO JIJisl OLPEJIEICHUs BCEX II0-
CJICJIYIONINX 3HAUEHUH TPUOJINKEHHOro perennst. HavaibHble 3HaAUEHMS]
Yos Y1, - - - » Yk—1 BBIUUCIISIIOT, OOBIYHO, IIpU ITOMOLIM MeToa Pynre — Kyt-
TA.

Meros (4.5) HA3BIBAIOT SBHBIM WM JKCTPAIOJIAIIMOHHBIM METO-
qoM Agnamca. Iociennee nazpanue oObACHSIETCS TEM, UTO WHTEPIIOJIs-
[UOHHBIN TOJIMHOM, TIOCTPOeHHBIH Jyist dyukiuu f(x, u(x)) mo ysiam
xo, L1, - - -, Tk_1, IKCTPAIIOJUPYETCS HA OTPE3OK [Tf_1, Tk).

[Ipubmmkas dynkmmo f(z,u(z)) na orpeske [Tp_1,xr|, MOXKIO
HCIIOJIL30BATL UHTEPIOJIAIMOHHBINA IIOJMHOM, IOCTPOCHHBIH 10 y3/1aM
X, T1, - .., Tk, B pesynbrare, BmMecto (4.5) mojrydaemM COOTHOIIEHUE BU-
112

k
yi=vyir+h Y af@i i viown), i=kk+1,...,  (46)
1=0
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OIIpe IeJIsTIoNIee NHTEPIIOISAIIMOHHBI MeTor A tamca.
JI1s1 OTBICKaHUS 9; TI0 U3BECTHBIM Ui 1, Yi—2, - - -, Yi_k TPUXOIUTCS pe-
aTh HeJIMHEIHOe, BOODIIEe roBOPsI, YPaBHEHHE

k

Yi — hegf(zi, vi) = yio1 + h Z'Cvlf(ﬂfzekﬂa Yikt1)- (4.7)
=0

[Tosromy meroj (4.6) 4acTo HA3BIBAIOT HESIBHBIM METOJIOM Ajamca.

[IpoBesieM cpaBHEHHE 110 TPYJOEMKOCTH MeTOA0B Tuila, Pynre — Ky1-
Ta ¢ IBHBIM MeTOI0M AtaMmca. fICHO, 9TO P BBIYUCIEHNN 3HAYCHHS 1j; 110
MeToty (4.5) IPUXOIUTCS BBIYUCISITH JIUITH OJJHO 3HaUeHne QyHKIA f, a
umenHo f(x;_1,y;—1). Bee ocrasibhble 3Hauenust GyHKIWU f, yIacTBYO-
e B (hopmyiie (4.5), yrKe MOJCINTAHBI HA TPEJbLIYIINX Iarax peKyp-
PEHTHOI'O IIpoIiecca, U MOTYT OBITh COXPAHEHBI B IAMSITH KOMIIbIOTEPA.
[Ipm npumenennu Metoma Pynre — KyrTa 1714 mepexoia oT ;1 K y; Tpe-
Oyercsi (B 3aBUCHMOCTH OT TOPsIJIKA METOJ[a) BBIUUCIUTD HECKOJIBKO 3Ha-
yenuit pynxknun f. Takum obpazom, ecin pyHKIUs f TOCTATOUYHO CJIOXK-
Hasd, TO MeTo/bl Tuila PyHre — KyTTa cyIecTBeHHO yCTYHAIOT B CMBIC/IE
TPYAOEMKOCTH SIBHOMY MeTOy Amamca.

TpynoeMKoCTb HESIBHOIO MeTo 1a A anMca OlpeIesgeTcs KOJTMIeCTBOM
UTeparuii, 3aTpainBaeMbIX JIJIsI EleHns HeJIMHeHOTo ypaBHeHust (4.7).
OOBIYHO € 9TOI LEJIBI0 NPUMEHSIIOT MeToJ IpocToil urepanun. [Ipu jo-
CTATOYHO MAJIOM Iare CeTKu h JiIst JIOCTUKEHUsT IPUEeMJIEMOIl TOYHO-
CTH Yallle BCEr0 OKa3bIBAETCs JOCTATOUYHBIM IIPOBECTH JABE-TPU UTEPAIIN
1 COOTBETCTBEHHO JIBa-TPHU pasa 00paTUThCsS K IPOIEIypPe BbIUUC/ICHUS
dyukmun f. Takum obpasom, n HesiBHBIN MeTon AjgamMca, Kak MIPaBUIIO,
SKOHOMHUYHee MeTonoB Tuna Pynre — Kyrra.

[ToHsITIIE TIOTPEIIHOCTH AIIPOKCUMAIINN JIJIsT METOI0B Tuia Ajgamca
BBOJIMTCSI 110 aHAJIOTHHU C OJHOIIAIOBBIMU MeTogamu. Hanpumep, mist sB-
HOrO MeTojia Ajytamca (4.5) MOrpeImHOCTh AIMPOKCHMAIINN €CTh

k-1
Uip1 — Uj .
= ——-— ; L — E CLf (Ti—gst, Wimgtr)-

l:

Ornenkn morperHocTedi ammpokcnmann Metogos (4.5), (4.6) merpy/Ho
[OJIY YU Th, UCIIOJIb3Ysl [IPEJICTABIEHIE OCTATOYHOIO YJIeHa MHTEPIIOJIAI-
OHHOT'O IIOJIMHOMA.

MorKHO IOKa3aTh, YTO €C/M HAYAIbHBIC YCIOBUS OLUPEIEJICHBI ¢ TOY-
HOCTBIO TTOPSIJIKA, OTPEITHOCTH AIPOKCUMAINH, TO eCTh Y; = u; + O(h?)
misti=0,1, ..., k=1, ¥;=0(h*), i=k, k+1, ..., byakuus f(z,p)
yioBaeTBopsier yesosuio (3.4), to |z = O(h®), i = 0,1, ..., ubbMH
CJIOBAMM, METOJ[ UMEET TOYHOCTHL Mopsika h’.
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B sakiioueHne nmpuBemeM IpUMEPhI METOA0B Tuia Ajamca ¢ yKas3a-
HUEM TIOPSIJIKA MOTPENTHOCTH alllIPOKCUMAIIUN.
1) fBHble MeTOIBI:

i1 —Yi 3 L
% =5f @iny) = 5f @i, yi-1), 5=2,

i+1 — Yi 1
Y +1h Yi _ o (23f (zi,yi) — 16f (21, yi-1) +5f (wi_2,yi2)), s=3,

i1~y 1
W =21 (55f (@i, yi) — 59f (wi—1,9i-1) +
+ 37f (zi—2,Yi—2) — 9f (xi—3,9i-3)), s = 4.

2) HesBmble MeTOIBI:

Yirr — Y 1
Hh ) (f @it1, yis) + f (@i 0i) s s =2,
Vi1 —Yi 1
% 12 (5f (ir1,Yir1) +8f (@i, yi) — [ (®im1,9i-1)), 5 =3,

Yit1 — Yi 1
% =51 (9 (@ig1, Yir) +19f (i, vi) —
= 5f (w1, yi1) + f (T2, 9i2), s=4.

§ 2. MeToapl penieHns ypaBHEHUIl ¢ YaCTHBIMU ITPOU3BOIHBIMU

1. CeTroyHble MeTOJZIbI pPeNieHns KPaeBbIX 3aJa49 AJsd OObIK-
HOBEHHBIX AnddepeHInaabHbIX ypaBHeHUil. Paccmarpubaercs
0ObIKHOBeHHOE JnbdepeHIina bHoe ypaBHenne BTOPOro MopsiiKa

—(pu') +qu=f, 0<wz<l, (1.1)
C PPAHUYHBIME YCJIOBHUSIMU
u(0) = u(l) =0, (1.2)
rie, p(x), q(x), f(r) — 3amanable DYHKINN, TPHIEM

p(x) = ¢g = const > 0, q(z) > 0. (1.3)
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Bagada (1.1), (1.2) MoxkeT OBbITH, HAPHUMED, HHTEPIPETHPOBAHA KAK
3a/1a4a O CTAIIOHAPHOM PACIpeIe/JIeHIN TeMIIePaTyPbl B CTep:KHe, Ha 60-
KOBOI1 MOBEPXHOCTH KOTOPOI'O HPOUCXOAUT TEILI00OMEH 110 3aKkony Hbio-
TOHa CO CPeJIoit, MMeloIell 3aJaHayo TemmepaTypy. Harn narepec K 3Toii
3aj1a4e 00YCIOB/ICH HE CTOJILKO BAsKHOCTHIO COOTBETCTBYIONIUX [IPUIOZKE-
HIil, CKOJIbKO TeM, uTo 3ajgada (1.1), (1.2) MoxkeT paccMaTpuBaThCs Kak
XopomIas MOJeJb I OTPabOTKKM METOJIOB UYUCJICHHOIO pelieHus: GoJiee
CJIOZKHBIX JIBYMEPHBIX U TPEXMEPHBIX 3JUINITUYCCKIX YPABHEHUII.

[Toctpoum Ha orpeske [0, 1] paBHOMEpHYIO CETKY

w={x;=1ih, i=0,1,2,...,N, nh =1}

¢ marom h. Ecim u(z) — auddepennupyemast hyHKIHsI, TO O OMpPeie-
JIEHUIO ITPOU3BOJIHOI

u(w; +h) —u(z;) w1 —
h B h

IpU JO0CTATOYHO MaJjioM h. BbipakeHme, crosiiee B IpaBoii 9acTU 9TOTO
HPUOJINZKEHHOTO PaBEHCTBA, HA3bIBAETCsl Pa3HOCTHBIM OTHOIeHneM. ITo-
HSITHO, YTO 9TO HE €IMHCTBEHHBIN CIIOCOO NPHUOJIMYKEHUsT ITPOU3BOIHOIN.
Touno Tak ke

u'(z;) ~

(1) ~ u(x;) —u(z; — h) U= Ui

h h

HpI/IHHTbI cjleayromnue HaunMEHOBaHA U 0003HATYEHIS:

Ui+l — Uy
. = Uy,; — Pa3HOCTHOE OTHOIIEHUE BlepeJ,
WJI IIpaBO€ Pa3HOCTHOE OTHOIICHUE,
U — Uj—1
— = Uz,; — PaA3HOCTHOE OTHOLIEHUE Ha3a/l,

WJIN JIEBOE PA3HOCTHOE OTHOIICHUE.
Bropyto npoussosnyio v’ (x;) ecrecTBeHHO PUOINKATH BHIPAYKEHIEM

B L fupp g ug—ui ) Wi — 22U uy
ras = () = - - -

h h h h? ’

Uz i HA3bIBACTCA BTOPOI pas3ieJIeHHON Pa3HOCTHIO MJIM BTOPBIM Pa3HOCT-
HBIM OTHOIIIEHUEM.

Bostee cinoxuoe muddepenimaibioe Boipazkerne (pu’)’ Oymnem mpu-
OJIMKATH — PA3HOCTHBIM (auz),, Tie a(x) — cerounast (byHKIUsI, B OIIPe-
JeseHHOM cMbicse OmsKas p(x). Kak mmenno ciemyer Boibupars a(x),
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Oy/IeT cka3aHo Iy Th mo3ske. Takmm obpasom, ypasrennio (1.1) ecrecTBen-
HO [IOCTABUTH B COOTBETCTBUE HPUOINKEHHOE PABEHCTBO

o

—(auz), +bux p, z€w,

rie W = {z; =1ih, i=1,2,...,N — 1} — MHOXKeCTBO BHYTPEHHUX TO-
qek cetkd, a(x), b(x), p(x) — ceTounbie QYHKIMT, BLIUUCIIEMBIC HEKO-
TOPBIM 00pa3oM 1o u3BecTHbIM QyHKIHAM p(x), q(x), f(x). Hame Bcero
0JIATaI0T

a(x) = p(x —h/2), blx) = q(z), ¢(r) = f(z). (1.4)

Ormpejieinm Tenepb ceToanyo GyHKIWO y(x) Kak perieHne CHCTeMbI JTH-
HEeMHBIX aJredpanvecKux ypaBHEHUIL:

[e]

—(ayz). +by =@, x€w. (1.5)
[IpuBenem 6osee OAPOOHYIO 3aIIUChH TOI CUCTEMBI:

_a¢+1(y¢+1 —yi) — ai(yi — Yi-1)

—|—biyi=g0i, i=1,2,...,N—1,

12
Y1
Ayisvi — By + Cyi1 = —pi, i=1,2, ..., N —1, (1.6)
rie
Ai = ai1/R?, Ci = a;/h?, B; = b+ (ai1 + a;)/h* (1.7)

fcno, aro cucrema (1.5) coep:KuT ypaBHEHHI Ha J[Ba MEHbBIIE, TeM
HeM3BeCTHBIX. 11t TOro, 4To0bl MOMOJHATH €€, BOCIOIb3YeMCs TDAHIH-
HBIMH yeaoBusMu (1.2) u mostonm

Yo =yn = 0. (1.8)

CosokymHoctb ypasrennii (1.5), (1.8) obpasyer moJsiHyto cucreMy Jin-
HeHBIX ajirebpaniecKuxX ypaBHEHUH OTHOCUTENIBHO Yo, Y1, - .., YN U Ha-
3bIBACTCST PA3HOCTHOM cxemoit jiyist 3ajaqu (1.1), (1.2). st perenust 91oii
TPeX/IMaroHaJIbHOMl CHCTEMbl YDaBHEHHU{T 4alle BCEro MPUMEHSIOT METO/
nporouku (cm. ¢. 17). Yeaosus (1.3) BIGKYT BBIIOJIHEHNE HEPABCHCTB

A+ |G < B, i=1,2...,N—1. (1.9)

menno orm obecriednBaioT Peam3yeMOCTh MEeTO/1a ITPOTOHKH.
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BajimeMcst Tereph MCCIeI0BAHIEM [TOTPENTHOCTH AIPOKCHMAINT I
noctpoennem dyuximit a(z), b(x), ¢(x). Kak n panee, mos norperrto-
CTBIO ANPOKCUMAINH Oy/IeM OHIMATEH HEBSI3KY

VY = —(augz)y; + bu; — ¢,

BOBHUKAIOIILYIO MPU TOJCTAaHOBKe B ypasHenue (1.5) TOYHOro pereHust
sajaan (1.1), (1.2). Bosee 11o1po6HO:

_ai—i-l(uz'—i—l - Uz) - ai(ui - ui—l)

Yi = 73 + biyi — @i
Bocnosezyemest popmystoii Teitopa:
h h 1 (h\* ,
Uitl = U | Tiy1/2 + 5 ) = Uit1/2 + o Yit1/2 + 2\ 9 Uity /ot
1 h ’ "
+ a1\ ) Wit +

CJIeJI0BATEILHO,
Ui+ — Uy 2 h2 4
T Uii1jo + 3l g“ﬁm + O(h").
AnaJjioruvso,
Ui — Uj—1 2 h? 4
- 7 : :ugil/Q—i—g?U;/il/Q—l‘O(h )

Orcrojia ¢ O9eBWIHOCTHIO BBITEKAET, UTO €CJIN BLIOPATh a, b, (0 B cOOTBET-
crunt ¢ (1.4) To, ¢ ofHON CTOPOHBI, yeaoBus (1.9) Oy/IyT BBIIOIHEHBI, a,
C JPYTroil CTOPOHBI, IIOIPEIIHOCTL AIIPOKCUMAINN OYIeT UMeTh BTOPOI
IOPAJIOK MAJIOCTH OTHOCUTEJIBLHO IIara CeTKHI:

Vi = O(h?). (1.10)

Acno, KoneuHno, 4To MpU 9TOM HYXKHO TPeOOBATL, YTOOLI (PYHKITUN
u(x), p(xr) uMesn 10CTaTOIHOE TUCIO HEITPEPBIBHBIX MTPOU3BOIHBIX.



§2. Merospl perrieHnst ypaBHEHHE ¢ 9aCTHBIMH ITPOU3BOJHBIMH 91

Hy»Ho oTMeTuTh, 9T0 KO3I(DPUIMEHTHI PA3HOCTHON CXEMbI MOXKHO
BBIUNC/IATH U JAPYruMU criocobamu. Hampumep, 9acTo UCIob3yIoT COOT-

HOIIIECHU A

x; -1

Di + Pi—1 1 / 1
@ =——"——, wma; = |- [ —=d§
2 h ) p()

Ti—1
[Ipu sTom omnenka (1.10) coxpamsercs.

2. Bapuanmonnbie MeToabl. Hapsiy ¢ pasHocTHBLIMU METOIaMK
JIUIs1 pellleHnst TPAHUYHBIX 3aa4 JJIs SJUIMITHIECKUX YPaBHEHUI MIHpPO-
KO NPUMEHSIIOTCS BapUAllMOHHbIE METOAbl. MexKy pasHOCTHBIMU 1 Ba-
PUAIMOHHBIMU METOJIAMHU CYIIECTBYET JIOBOJILHO TeCHasl CBA3b, HauboJee
SIPKO TIPOSABJISIIONIASCS B METOJIE KOHEUHBIX 3JIEMEHTOB. BHOBbL MBI Orpa-
HUYIUMCST TPOCTEIeit s/mnTudeckoil rpannanoii 3amadeii (1.1), (1.2).
Paccmorpum Hapamy ¢ 9Toit 3ajadeil TaK Ha3bIBACMBbIN SHEPreTUIeCKHil
dbyuximonast (dyukruonas Jlarpanxka)

l l
F(u) :% / (pu”* + qu*)dz — / fudz. (2.1)
0 0

Ormernm, 9To ecyin mHTEpIpeTnpoBath 3aa4dy (1.1), (1.2) kak 3a/1a~
94y 0 paBHOBecHH CTPYHBI (¢(2) MOXKHO TIPH 9TOM TPAKTOBATH KaK KO3(]-
(UIIEHT YKECTKOCTH YIIPYTOro OCHOBaHUs (ITOCTEIN), Ha KOTOPOM HAXO-
aurest crpyHa), 1o F'(u) — noreHiuaibHas SHEPIUsi CUCTEMbI CTPYHA —
BHEIITHUE CHJILL.

Teopema 2.1. [Tyemo dynryus u(x) docmasasem MUHUMAADHOE
sravenue Pynryuonary F na mmoocecmee dynkyuil, yoosiemeopaouyus
eparunvm yeaosuam (1.2). Toeda u(x) — pewenue sadavwu (1.1), (1.2).

JIOKA3ATEJILCTBO. Pacemorpum Hapsiiy ¢ dbyukiumei u(x) dbyHK-
uio u(x) +tn(x), rae n(x) yaoBreTBOpsieT rpaHnIHbIM yCaoBHsM (1.2), a
t — BelecTBeHHOe YNCI0. SICHO, U4TO OCKOIbKY Ha yHKIMN u(x) dDyHK-
[UOHAJT JIOCTHTAeT MUHUMAJIBHOTO 3HAYEHHS, TO

Flu+tn) = F(u), (2.2)
3HAYUT PYHKINS BEIMECTBEHHOTO MEPEMEHHOTO
p(t) = F(u+1n)

JIOCTUTaeT MUHUMaJIbHOTO 3HadYeHns 1npu t = 0, cjiejoBaTeIbHO,

o' (0) = 0. (2.3)
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[Toxcunraem ¢’ (0). s sroro 3ammmem F(u+tn) 6osee mogpodno. Nme-
eM:

l l l

1
F(u+tn) = 5/ pu'2 - qu2> dx — /fudx +t/ (pu'n" + qun) do—
0 0

l l
t2
—t/fnd:ﬂ+§/ pn +cm
0 0

l

l
= / (pu'n’ + qun) dx — / fndz,
0

0

cjie10BaTeJILHO,

1 ycaoBre (2.3) npuHuMaeT BHT:

l

l
/ (pu'n' + qun) dv = / fndz. (2.4)
0

0

Ypasuenne (2.4) 9acTo HA3BIBAIOT BAPUAIIMOHHBIM YPABHEHUEM, COOTBET-
crytonM dyukimonany F(u). Ouo npeacrabisier coboit Heobxoganmoe
yCJIOBHE MUHUMYMa, (DYHKIIMOHAJIA.

[Tokaxkem, uro ypasuenue (1.1) Boirekaer u3 (2.4). JlefictBurebHo,
HCII0JIL3Y S (POPMYIIY HHTEIPUPOBAHUSI 110 YACTAM U YINTHIBASI IPAHUIHDIE
yestoBus 7t QyHKIUE 7)(X), TOTydnM

! I !

l
/ pu'n'dr = — / (p) ndx + pu'n | = — / (pu') dz,
0 0

0 0

l

/ (— (pu') + qu — f) ndx = 0.

Hcnonn3ys Tenepsb 1o, 9To GyHKIMs 1) B paBencTse (2.4) npoussosbHa,
nokazkeM, uto ynxius ((z) = — (pu') +qu— f = 0 na unrepsaie (0,1).
JelicTBUTEIBHO, €CIN MPEIOJIOKHITD IIPOTUBHOE, TO MOXKHO YKA3aTh Ta-
Kyto Touky o € (0,1), uro ((xg) # 0. Jlus onpejeseHHOCTH MOXKHO
cuntarhb, 4To ((g) > 0. Ciryuail IPOTUBOIOJIOKHOIO 3HAKA UCCIIEILYeTCsT
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TOYHO TaK Ke. Besescrsre HenpepblBHOCTH ((X) Hafiiercsi OKPeCTHOCTh
(xo—e, xo+¢) C (0,1), ma koropoii dbynkius ((x) coxpamsger 3HaK. Boioe-
pem Terepb GyHKIUO 7)(x) Tak, 9ToObl OHA ObLIA TTOJIOKUTETHHON BHYT-
pH YKAa3aHHOH OKPECTHOCTH U PaBHA TOXKJICCTBEHHO HYJIO B OCTAJBLHDLIX
toukax uaTepsasa (0,1). IIpu Takom Bbibope dyHKINMN 7)(x) UHTErPAT B
JIEBOIl YaCTU PaBEHCTBA €CTh

To+e

/ C(@)n(x)dz > 0,

910 HEeBO3MOKHO. Ocraercst npuHsTh, uTo () = 0, T. e. ypasuenue (1.1)
BBITTOJIHEHO. [

Ypasuenue (1.1), Bozunkaroree Kak HeoOX0OIIMOE YCJIOBIE MIHIMYMa,
dbyskimonaia F(u), 9acTo HA3BIBAIOT ypaBHEHHeM Diljepa.

Jlokazannas HaMi TeopeMa M03BoJIeT 3aMeHuTh 3ajady (1.1), (1.2)
3a/1adeil MuHnMu3anun Gynkiponana Fona muoxecrse QyHKIHMI, y10-
BJIETBOPAIONNX I'PaHnIHBIM yeaoBusM (1.2). OcHoBanmble Ha Takoil 3a-
MeHe MpuOJIMKeHHbIe MeTo bl perernst 3aga4an (1.1), (1.2) naspBaior Ba-
PUATIHOHHBIM.

3. Metroa Purna. 910 — ucTopuvecKu NnepBbIil U BecbMa, pacipo-
CTpaHeHHbIl BapUAIIMOHHBIII METO/T PeIIeHNd SJINIITUYICCKIX YPaBHEHUIA.
OruirieM ero, Mo-MpekKHeMy UCTOJb3yst Kak mpumep 3agady (1.1), (1.2).

[Iycte 3amanbl dysxiun ¢1(z), @o(x), ..., @u(r), Takwme, uTO
0i(0) = i(l) =0, i = 1,2, ..., n. D1 HYHKIUN HA3BIBAIOT KOOPJIU-
HATHBIMU M1 Oa3ucHbIMU (PYHKIUSAMU MeTojia PuTiia.

[Tpubmmkennoe perrenne 3aja9u 0 MUHIMyMe (DYHKITHOHAIA, OyeM
HCKaTbh B BHJE JIMHEHHON KOMOMHAIIUN

n
un() = Y erpil),
i=1
K03 uImeHTs KOTOPOil U OJI/IeXKaT OlpeiesieHnio. A IMEHHO, OHI Ha-
XOJISITCSI TaK, YTOOBI (DYHKIINS 71 BEIECTBEHHBIX [1€PEMEHHBIX

n

(13(01,62, ...,Cn) =F ZQ%

1=1
IIpuHuMaJla MHUHHUMaJIbHOE 3Ha4dY€HUE. Sammuiiem HeO6XOﬂI/IMbI€ YCJI0BUA
MHUHUMYMa:

(3.1)

=1 =0, k=1,2

der J2, .., m.
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Cucrema ypasrennii (3.1) HasblBaeTCsA CHCTEMON ypaBHEHUIT METO/A,
Purna.

Buro, uro cama GopMympoBKa MeToja PuTiia HUKAK He IpuBsi3a-
Ha K KOHKDETHOMY BHJY (DYyHKIMOHa a F', u, jeficTBUTeIbHO, 00J1aCTh
IPUMEHEHNST TOTO METOJIa IPE3BBIYAiiHO MNPOKA.

B paccmarpuBaemom Hamu cirydae cucremy ypasHenuit (3.1) merpy/i-
HO 3a1mcaTrhb 6ojiee moapodHo. Mmeewm:

n ; n 2 n 2

l n
F Y cp :%/ p( D ad| +a| D cw dx—/chigoida:.
A"

i=1 o i=1 i=1
Jlerko HaxoauTcs, 9TO

l

l
oF (u, - -
a%,j:/ Py cidigh a4 cipipn dw—/fsokdx-
=1 =1 0

0

CrenoBaresbho, cucteMa (3.1) mpuHIMaeT BHT:

Zakici - bka k= 17 27 <N, <32)
i=1

rjie

l
s — / el + aprpr] de, (3.3)
0

!
b, = | ferdr. (3.4)
/

[TonsiTHO, 9TO haKTHIECKOE TTOCTPOEHHNE CUCTEMBI TPEOYeT yMEHUs Bbl-
aucsiath uarerpasst (3.3), (3.4). Ha npaxkrtuke jijist 517010, 0ObIYHO, MPU-
MEHSIOT KBaJIpaTypHbIe (GOPMYJIbI.

CaoiicTBa cucremsl (3.2) U ITOCTPOEHHOTO € €€ TIOMOIIBIO TPHOJIIZKEH-
HOT'O DEeIeHHUs Uy, KOHETHO, OIPEJIeJISTIOTCsT BLIOOPOM KOODIMHATHOM Cl-
CTEMBI (01, P2, . . ., Pp. ECIN KOOPIMHATHASI CHCTEMA BBIOPAHA YIAIHO, TO
C YBEJIMUEHNEM 1. TOYHOCTH MPUB/IMZKEHHOI0 MeTojia yiydrnaercs. Mox-
HO TIOKA3aTh, 9TO €CJIN KOODJUHATHAS CHCTEMa, JINTHEHHO He3aBHCHMA, TO
MAaTPUIA CHCTEMbI JINHEHHBIX ypaBHeHNiT (3.2) MOJI0KUTEIbHO OIpeieie-
ra. OTcro/ia, B 9aCTHOCTH, BBITEKAET OJJHOZHAYHAS PA3PEIINMOCTh CUCTE-
MBI MeToJ1a Puria.
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B xadecTBe MIpMEpPOB KOOPAMHATHBIX CUCTEM MeToAa PuTia yKaxkem:
a) MOJIMHOMUAJIbHYIO CUCTEMY

wo(r) = z(l — ), p1(x) = 2(l — )z, Po(x) = 2(l — 2)2?, ...

pn(x) = x(l —2)2", ..
0) TPUTOHOMETPUIECKYIO CHCTEMY

k
sok(x)=sin7rl—x, k=12, .. ..n, ...

[Ipu ncrnonb30BaHNN yKa3aHHBIX, WK aHAJOTTIHBIX, KOOPANHATHBIX CH-
cTeM MaTpuIlla MeTo/a PuTiia oka3biBaeTcs 3all0JIHEHHOI, T. €. BCe ee dJie-
MEHTBI OTJIMUHBI OT HyJIs. DTO NPUHIUINAIBHO OT/IMYaeT MeToj, Puria
OT PA3HOCTHOT'O MeTOjIa, IIPU UCIIOJb30BAHIU KOTOPOI0 MaTpPHUIla CHCTE-
MBI JINHEITHBIX YpaBHEHNT — pa3perkeHnas MaTpuiia. [Ipasma, nmpn ymgad-
HOM BBIOOPE KOODJIMHATHOI cHCTeMbI MeToda PHuTiia MOXKHO OrpaHmINTh-
csl HEOOJIBIIMMU 3HAYEHUIMU N1, T. €. CHUCTeMa OylieT UMeTb HeOOJIbIIne
pa3Mephl 1 ee PelleHre He BbI3bIBaeT 3aTPYTHEHUI.

4. Metoa KOHeYHBIX 3jieMeHTOB. B 1943 rony P. KypanTtom ObI-
JIO 3aMedeHo, YTO IPHU CIlelnaJIbHOM BbIOOpe 0a3MCHBIX (DYHKIINH METOI
Putna npuBoanT K cucteMaM JIMHEHHBIX YpaBHEHNIT, 10 CBOHCTBAM BeCh-
Ma OJIM3KUM K Pa3HOCTHBIM ypaBHEHUsM. B mpocTeflimx ciydastx MeTo/1
COBIAJIAET ¢ pasHOCTHBIM. Brioceacrsun (B 50-X rojgax) MeTo1, mpejio-
»KeHHbIIT KypaHTOM, OBLT TIEPEOTKPBIT MHXKEHEpaMU, CYIIECTBEHHO pas3-
BUT 1 000011IeH. B HacTosdIee BpeMst 3TOT METOJI, Ha3bIBaeMblii METO/IOM
koHeuHbIX vj1eMenToB (MKD), npunaie:kur K dnciy Hanbojee pacipo-
CTpaHEHHBIX METOJIOB PEIleHus SJUIMITUIeCKUNX YPaBHEHUN W CUCTEM, B
YaCTHOCTH, BO3HUKAIONINX ITPU MaTEMAaTHIECKOM MOJCTUPOBAHUN YIIPY-
rux KOHCTpyKiuii. Mbl onuimem mpocTeimmii BapuaHT MeTo a KOHEIHBIX
9JeMeHTOB Ha rpumepe 3aga4an (1.1), (1.2).

[Toctpoum Ha orpeske [0, (] ceTky (BooOIie roBOpsi, HEPABHOMEPHYTO)

w={rg=0<z1 <33 < - <axNny=1}.

CBazkeM ¢ KazK 10l BHYTpEeHHEe TOYKOIT CEeTKN '), HelIPepbIBHYIO (DYHKIUIO
or(x), nuaeitnyto Ha KaxkjgoMm nHTepBase (r;_1,%;), ¢ = 1,2,...,N, u
TaKyI0, 9TO

1, 1=k,

k@) =19 i#k i=0,1,...,N.

Jlerko HammcaTh aHAJUTHYECKOE BbIpakeHue Jyist @k (x), HO B JabHEli-
meM OHO Ham He norpebyercs. OyHKIUN Qg () TPUHATO HA3bIBATH Oa-
3UCHBIMU (PYHKITUSMU C JIOKAJbHBIM HOCHUTEJIEM, TTOCKOJIBKY MHOYKECTBO



96 ImaBa 3. /Iugpcpepenimaibapie ypaBHEeHUST

Touek, rie ¢r(x) # 0 (Hocurens DyHKIWN @ (x)) — Masblil nHTEpBAT (B
PaACcCMATPUBAEMOM CJIydae — JBa Iara CETKH), COJEPKAINNil TOUKY Tj.
Oyukinu @ () nHoraa HasbiBaoT GyHkunsmu Kypanra.

Bysem nckaThb pererne 3aja4qn Ha MUHIMYM QyHKIMoHaIa F' B Bujie

N-1
y(z) =) crprle).
k=1
Herpynto y6emurbesi, uro y(r) — KycouHO JiMHeHHast (DYHKINSA, paB-
Hasi HYJI0 Ha KoHmax orpeska [0,l], mpuuem ¢, = y(xg) = yr, k =
1,2, ..., N — 1, T0 ecTb MOXKHO HAIINCATD

N-1
y(x) = Z Yrpr(T).
k=1

Cucrema meroja Puria, mo-npexnemy, umeer Buj (3.2). Diemen-
TBI Aj; MATPUILI 3TOH CUCTEMBI, OYEBUJIHO, OTJINYHLI OT HYJIsI JIAIIL IIPU
yeJIoBIH, 9TO HOcHTesm (BYyHKIWH @k (x), ;(x) mepecekatoTcs, TO eCTb
|k —i| < 2. 910 03HAaUAET, YTO MATPUIA CUCTEMBI TPEX[HaroHaIbHA, KAaK
1 B CJIy4ae PasHOCTHOIO METOJIA.

Pacemorpum cambrii mpocroit gactaeiit coydait. [lyers p(x) = 1,
q(z) = 0, cerka paBHOMEpHA. DJIEMEHTHI MATPHUIIBI CHCTEMbI MeTo/1a Put-
11a OyIyT IPU 9TOM PaBHBI

l
Qi = / @ (x), @i (z)dz.
0

@ukcupyem HekoTopoe k, 2 < k < N — 2. HenynesbiMu KoddduiienTa-
MU B k-M ypaBHEHUU CUCTEeMbI MeTosa Putia OyayT Juiib

[ l
%H:/%@mp@mumzfﬁwm,
0 0

l
mﬂz/%@w@uma
0

[Toncunraem nx snadenus. flcHo, 9To

T

%Hzfmm%mm,

Tk—1
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npudeM

1 1

©p(x) = PRUSIEAS (Tr_1, 1), @p_q(x) = —p upH T € (1, 78).

OTMeruM, 9TO JJIsi BBIYMCJIEHUs] NPOM3BOJHBIX HET HY Kbl BBIINCHI-
BaTh aHAJMTHIECKUE BbIparkeHust OaszucHbix dyHkIiuit. Jloctarouno 3a-
MeTUTDb, 9TO OHM JIMHEHHBI Ha pPACCMATPUBAEMOM WHTEpBaJe U, CJIeJI0-
BaTEJIbHO, UX MPOM3BOIHBIE COBIAJAIOT C PA3HOCTHBIMI OTHOIIEHMSIMII,
BBIUMCJICHHBIMU, HAIIPUMED, 110 TOYKAM T 1, Tk. LaKuM oOpas3oM, ode-
BUJIHO, agx—1 = —1/h. Touno rak xe agr1 = —1/h. Hamnee

Tp41 Tk41
akk:/ dx—/—dx—i—/—dx—
Tr—1

Th+41

bk—/f@k dx—/f@k

Boruncaum nocjejHuit nuTerpast HpI/I6JH/I>KeHHO, nonarast f(x) ~ f(z).
Torna

Tk4+1

b = f(z2) / or(x)dz = hf (),

1, CJIeJIOBATE/ILHO, k-€ ypaBHEHUE CUCTEMbI MeTo1a PUTIa NIpuHIMAaeT BU/T

Yk+1 — 2Yk + Yp-1
_ h2 - fk‘?

T. €. COBIIAJIAET ¢ PA3HOCTHOII anmpokcnmanueil ypasaerust (1.1).

5. MeToJ KOHEYHBIX 3JIEMEHTOB A JIJIUNITUIECKNX ypaB-
HeHuil. Omuinem 3TOT MeTO/I Ha IpuMepe 3ajaadu Jdupuxie st ypas-
nenus Ilyaccona:

—Au=f, (x,y) € Q, (5.1)
JL71sT IPOCTOTHI IIpeoaaraeTcss, 9To 001acThb 2 — eUHUYHbBI KBaJIpar:
Q=100 < z,y < 1], ' — rpanumna 2. MeTon KOHEUHBIX 3JIEMEHTOB

(MKD) ocnoBan wa Bapmanuonuoii dpopmysmposke 3ajgaqn (5.1), (5.2).
Paccmorpum dpyHKIIMOHAT

1 ou\ ou\”
F(u) = 5/ <%> + (8_3/) dxdy — /fudxdy.
Q Q



98 ImaBa 3. /Iugpcpepenimaibapie ypaBHEeHUST

SBAMEYAHUE 5.1. Ecmu 3amaay (5.1), (5.2) unreprnpernpoBarh Kak
3ajlady O paBHOBecun MeMOGpanbl, To F'(u) — moreHIuajbHas SHEPrust
cucTeMbl MeMOpaHa — BHEIIHHE CUJILI Ha IIepeMeIeHun .

MoxkHo mokazaTh, 9To eciau u — pemienne 3agaan (5.1), (5.2), To
u JIOCTABJISIET MUHUMAJIbHOE 3HadeHne (byHKIMOHaTy F' Ha MHOMXKeCTBe
JIBaZK /bl HEIPEPBIBHBIX (DYHKIHI, YI0BJIETBOPSIONINX TPAHUIHOMY YCJIO-
Brto (5.2), 1 Ha060pOT, (PYHKIUS, JIOCTABJISIONIAST MUHIMAIBHOE 3HAUCHUE
dbyukiponay F Ha MHO)KeCTBe (DYHKIN, YII0BJIETBOPSAIONIIX IPAHUIHO-
My yesosuio (5.2), — permenne 3agaan (5.1), (5.2). Ilpu sToM ucmonb3y-
FOTCsI, MO CYIIECTBY, TOYHO TAKKE YK€ DACCYKJICHUs, KaKue ObLIM HAMU
IPOBEJIEHBI J1Jisl OOBIKHOBEHHOTO [T PEPEHITATBLHOIO YPABHEHUST BTOPO-
o TIOPsi/IKA.

Taxum 0O6pa3oM, MOXKHO CTPOUTH HPUOJINYKEHHOE PEIeHne, OTIIPaB-
JISISICh OT 3ajia9u MuHIMu3aiu yHKimonata F. Hare Bcero st 91oro
HCIIOJIb3YeTCst MeTO)i Putia: npub/iizkeHHOe pellieHne PasbICKUBAeTCs B

BIJIE
n

un = crpr(a,y),
k=1

rie ok (T, y) — HEeKOTOpbIe 3ajiaHHbie (DYHKIINH, YI0BIETOBOPSIONIHE IPa-
HUTHOMY yeJI0BHiO (5.2) (MX HA3BIBAIOT — GA3UCHBIMN), & KOIDDUINEHTHI
Cr TOJIJIEXKAT OmpejiesieHnto. [Ipu 9ToM ux moaduparoT Tak, YTo0bl JoCTa-
BUTH (pyHKIMOHATY F(1,) Murnmaibaoe 3nadenue. [omyanm mogpobroe
BhIpazkenue st F'(u,). Umeem:

n

0 dpr,
;ck 9 + ch Dy dxdy

= [ > vensdudy -
0 k=1

1y 0o Dp1 | O Dy B
_2/chcl(8x o dy Oy dedy

Q k,lzl
—/chkfdxdy:
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1 n n
= 5 Z QariCrCl — chfk: = (I)(Cl,CQ C. ,Cn),
k=1

k=1

Oy 0 Oy 0
Q Q

rjie

Oxr Ox Oy Oy

3anuireM HeoOXOIMMbIE YCJIOBUA MUHUMYMa (DyHKITHH P:

00 O
?%:Zakzcz—szoy k=12,...,n

=1

B pesyiibrare nojydaeM CUCTEMY JIMHEHHBIX aJredpandecKuX ypaBHEHUil
JUI onpejiesieHns: KoadpdunneHnTos ¢, k= 1,2,...,n:

n

Zaklcl = fk, k‘: 1,2,...,n. (5.4)

=1

[Tocrpoenne cucrembr (5.4) CBsI3aHO € BBIYHC/IEHHEM HWHTErPAJIOB, OIpe-
JIEJIAIOMNX Ay, fr. DTa Ipoleaypa OKa3blBaeTCs 0oJiee I MeHee TPY-
JIOEMKOI B 3aBUCUMOCTH OT BBIOOpa (PYHKIWIT Q.

Kiraccmaeckue mpuMepbl BbIOOpa 0a3MCHBIX PYHKITHIL:

1) kal(a%y) = x(l - Jf)y(l - y)xkylv k7l = 1727 L

(epBble MHOMKUTEIH 3/1eCh CIyKAT [IJisl YIOBJIETBOPEHUST TDAHIIHbBIM
YCJIOBUSIM),

2) wu(z,y) =sintkrsinnly, k,1=1,2 ... n.

OrmeTnM, 9TO JIJId yI00CTBa 3/1eCh IIPUHSITA JIBOMHAsT HyMepalius 0a3mc-
HBIX (PYHKIINIA.

MeTo/1 KOHEUHBIX 9JIEMEHTOB OCHOBAH Ha HCIIOJb30BAHUH CIIEIa/Ib-
HbIX OasucHbIX QyHKIUil. [Ipn sTroM mMaTpuia cucrembl Meroja Putia
OKa3bIBAETCSI Pa3PErKEHHOM, T. €. OOJIbIIMHCTBO €€ 3JIEMEeHTOB — HYJIN.
AHajiornaHoe nMeeT MeCTO H JIJIsl CYIIECTBEeHHO OoJjiee OOIIIX /LU TIIe-
CKUX ypaBHeHMiT, yeM ypaBHenue Ilyaccona.

[Toctpoum Ha obsactu {2 KBaJpaTHYIO CeTKY ¢ marom h. Kaxkiyio
s9IeiiKy CeTKN pasjie/IuM Ha, JIBa TPEYTOJbHUKA JTUATOHAJIBIO, Mapaslie/b-
HOIT OMCCceKTpuce MepBOTro KoopnnaTHoro yria. [logyunm pazbuenue o6-
jgactu {2 HAa TPEYrOJILHUKH, T. €. TPUAHTYJISIIII0 00JIacTH.
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PaccMoTpuM pOnM3BOJIBHYIO BHYTPEHHIOI) TOUYKY CETKH (Tj,Y) =
= (kh,lh). Obo3uaunm depes 2y 0ObeINHEHNE BCEX TPEYTOTBHIKOB TPU-
AHTYJISIIINE C BEPIIUHON B 9T0il Touke (ux — mrectsb). Obo3HAUNM Jasiee
qepe3 pr(x,y) dyHknmo, paBuyio Hysm0 BHe obacTu (g, PABHYIO €/11-
HUIE B TOYKe (X,Y;), HENPEPBIBHYIO Ha Yy U JIMHEHYI0 Ha KaXKIOM
TpeyroJIbHUKe TpUaHTyadAnun. Takas (pyHKINs Ha3blBaeTCsd (QyHKIUEH
Kypanra («manoukoit Kypanras). Ucnonbsyem 31i GyHKIUE TPU 10
CTPOEHUN TTPUOJINYKEHHOTO PellleHns 1Mo MeToy Purna:

N-1

u(z,y) = Z CriPr (T, Y).

k=1

3aMeTuM, 4TO

N-1
uh(ivi,yj) = Z cupr(Ti, Yj) = cij,
k=1

TO €CTb
N-1

uh(x,y) = Z Uh(xk,yl)QOkl(%y)-

k=1

DTO 3HAYUT, YTO KOIDPUIMEHTAMU B PABIOKEHIH TPUOJTMKEHHOTO Perlie-
HUST CJIY2KAT 3HAYEHUsT TPUOJIMZKEHHOTO PellleHnsl B ToUKaxX ceTKu. Kpome
TOrO0 OTMETUM, UTO HPHUOJIMZKEHHOe pelleHne — JInHeliHass (GYHKIS Ha
Ka K I0M TPEyTroJIbHUKE TPUAHTYIAINN.

TTocTpomM cicTeMy ypaBHenwuit f/1s onpeesnenus suadenuit u” (g, yr).
JlJist 9TOro Hy»KHO TOJIBKO TOJCYUTATH KOI(MMUIMEHTH U MPABYIO 9acTh
B cucTeme MeTojia Putia, a nmMeHHo,

Qi = / ok Oppr +5’90k1890m,
klk'l or Ox oy Oy

)dwdy, fu = / o fddy.
Q

[TongaTHO, YTO Qipry MOXKET OBITH HE HYJEM TOJBKO B TOM CJIydae, KO-
rjia obsactu (2, Qpp umeror obmue Touku. st 3ajgaHHbBIX K, [ TaKnx
obsiacreit (2 1M1€CTh, 8 UMEHHO:

Qe1zs Yemr—1, Qea—1, Qerrgs Qe 1, Qs

[Ipu BeIYmCIEHIN KOHKPETHBIX 3HaAYeHI i KOA(DDUINEHTOB Ak TOTPEOY-
I0TCS 3HAYEHUsT TPOU3BOIHBIX (PYHKINU (k. [[poHyMepyem TpeyrobHu-
ki, npunajyiexkaiiie gy [TockoabKy OYHKIS () JUHEHHA HA KayKIOM
13 yKa3aHHBIX TPEYTOJbHUKOB, TO €€ IepPBble MPOU3BOIHBIE TOCTOSIHHDI
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Ha KazKJIOM W3 9TUX TPEYTOJBLHUKOB, IIPUYEM IIPOU3BOAHAA 110 X PABHA
PA3HOCTHOMY OTHOIIEHHIO, BLIYMCJICHHOMY 110 JIOOLIM JBYM TOYKAM, Jie-
JKalllIM Ha, IIPSMOIl, apasuleIbHON OCH 2; aHAJIOTNYHO BLIUUACIACTCS [IPO-
M3BOJHAS 110 .

CaejieM pe3y/IbTaThl 9THX OYEBUHBIX BBIUUC/ICHU B Tadbauiy (n —
HOMEp TPeyTOJIbHIKA).

1 0 [=1/h
2 =1/n| 1/h
3 —1/h| 0
40 [—1/h
5] 1/h |—1/h
6| 1/h | 0

Tenepb coBepIieHHO OYEBUJTHO, UTO

. _ / (990k5380k_1,z—1+590k18%0k—1,z_1 Drdy —
klk—1,1—1 I I By By Y

Ag Ay

h? (1 -1 h? -1 -1

osicuum, uro h%/2 — 1mwtomans TpeyroibHuKa Ay; 3HAYEHUs 11PO-
U3BOJHBIX (DYHKIMN @k_1,—1 Ha Ag COBIAJAIOT CO 3HAYEHUAME ITPOU3-
BOJIHBIX () Ha Ay 3HaYeHHUs IIPOM3BOAHBIX (QPYHKIUH (Qp_1;-1 Ha A\
COBIAIAIOT CO 3HAYEHUSIMU IIPOU3BOJHBIX () Ha As.

Touno Tak ke mnojrydaeM ay g g+1,1+1 = 0,

00k Opki—1 Ok Opr -1
1 = : : d d — _1
Ak 1k1—1 / < 9 Or + oy dy xay ;

A1 A

r k-1 = —1, apipi+1 = =1, aprp+10 = —1,

001 Opr1 — Opr Opr
- ’ ’ — 4
Akl k.l / < 9 Or + 9y 0y dxdy

Qi

DTo o3HAYAET, YTO ypaBHeHue ¢ HomepoM k, [l cucrembl Putia 3arm-
ChIBAETCS B BUJIE

h h h h h
Aug ) — up_q = Upyy g — U g — U h (5.5)

B2 — gk,l7




102 ImaBa 3. /Iugpcpepenimaibapie ypaBHEeHUST

1
rie gr = W / [z, y)on(z, y)dvdy.

Qi
3amMeTuM, 9TO 1P MaJjoM h CIpaBeInBO HPUOJIMKEHHOE PABEHCTBO

/f(l’, y)er(z,y)drdy ~ f(xr, y) / oz, y)dzdy = f(zr, y)h*.

le Qk‘l

[TostcHuM, 9TO JiJIsi BBIYUC/IEHUsT HHTErpaja oT @i (T, y) 1o y jgocra-
TOYHO 3aMETUTh, 9TO OH paBeH 00beMy HNUpaMUIbl ¢ OCHOBaHueM ()i,
IJ101a/1b, KOTOporo pasHa 6 - h?/2 = 3h?, u BbICOTOH, paBHOil ejUHMIe.
Takum obpasom, ypasaenue (5.5) mpub/iyKeHHO MPEJCTABIISIETCS B BHIE
4“2,1 - UZA,Z - UZJrl,l - Uz,zq - uZ,Hl
2 = S

O4eBUIHO, TOYHO TAKOE K€ ypaBHEHUE MOJIyUYaeTcsd IIPU 3aMeHe B ypaB-
wernn [lyaccona (5.1) MpOU3BOIHBIX pa3/IEIEHHBIMU PA3HOCTSIME

0%u ulwpo1yg) — 2u(zpg) + u(Tryn)

oz h? ’
2
0w u(wpy1) — 2u(ry) + ul(Trio)
Oy? h? '
BarmiceiBast ypaBaerust (5.5) BO BHYTPEHHUX TOYKAX CETKH, T. €. MPH
k,l=1,2,...,N — 1 u upucoeinHsisg K HUIM I'DaHUYHbIE YCJIOBUSI, COOT-

BercrByormue (5.2):

uh(ovyl) - 07 uh(layl) - 07 [ N — 17 <5 6)
u(xy,0) =0, u'(23,1)=0, k=1,2,...,N —1, '

MOJIYIUM TOJTHYIO CHCTEMY JIMHEHHBIX aJredpandecKnxX ypaBHEHUI s
OTBICKAHWA TMPUOJIMZKEHHOTO PEIICHUS B TOYKAX CETKH.

SAMEYAHUE 5.2. CoBepIlieHHO aHAJOIMYHO CTPOUTCS CHCTEMa Me-
TOJ/la KOHEYHBIX ypaBHEHUI I ITPOU3BOJIBHBIX O0JIacTeil: cHavasa 00-
JIACTH AITPOKCUMUPYETCST MHOTOYTOJTBHUKOM, 3aTeM MTPOU3BO/IST TPHUAH-
IYJISIIIO, T. €. pa30ueHre MHOTOYTOJbHUKA Ha JIOCTATOYHO MAJible Tpe-
YTOJILHUKH, JIaJIee OIPeIeITIOTCd ODa3ucHble PYHKITNHT Py, TP ITOM, KO-
HeJIHO, obstacTu {2y MOTYT UMETh JIOCTATOYHO CJI0YKHOE CTPOEHHE.
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6. TepanmmoHHble MeTOJbI PeIleHNs CeTOYHBbIX ypPaBHEHMIA.
st perennsi cucrembl ypasHenuit MKD (cerounbix ypasHeHwuit) mpu
YMEpPEHHbIX 3HaUeHUAX YNCIa HEM3BECTHBIX Yallle BCETO MPUMEHSIOT TPsi-
MbI€ METOJIbl, 00BIYHO MeToj ['aycca m ero momudukaruu. Ilpu odenn
OO0JIBIIIOM YHCJIe HEM3BECTHBIX OoJiee 3(DPEKTUBHBIMU CTAHOBATCSI UTEPa-
1uoHHbIe MeTobl. OnuiieM IpocTeiilie n3 HUX, UCIOJIb3Ysd B KadecTBe
npumepa cucremy (5.5).

6.1. Merog Axobu (meros mpocroit ureparmn). st cokpareHust
3aIlceil UCIOJIb3yeM 00O3HAYEHUS Yk = uh(xk, y1), ber = g,}jl. SaJ1a M
HEKOTOPBIM HavaJbHBIM IPUOJINZKEHTEM ygl, k,l=0,1,..., N, ynoBe-
TBOPSIIOIINM TpaHnYIHbIM yesoBusaM (5.6). Harre Bcero mosaraior y,gl = 0.
OTHpaBIAsCh OT YY), CTPOMM TMOC/IEI0BATELHOCTD CETOUHBIX (DYHKIINIL
Yy, S=1,2,..., 10 peKKypPeHTHBIM (POPMYyJIaM:

S 1 S S S S
v = 1 (Whsra + Uiy + Vs + Vi1 + hobw)
ki=1,2....N—1, (6.1)
yo =0, it =0, 1=1,2,...,N -1,
gl =0, it =0, k=1,2,...,N—1,

s=0,1,2,...
B xojie BbIUnC/IEHUIT KOHTPOJIUPYETCST HEBA3KA

S S S S S
AWt = Yic1g — Vi — Yri—1 — Yiis b
— Ol

2
Breramcsennst ocTaHABINBAIOT, €CJIU IIPU HEKOTOPOM § 3HAYEHUSI HEBSI3KI
npu Beex k,l = 1,2,..., N — 1 110 MOIyJ/II0O HE NPEBBLINAIOT 33 aHHOM

BEJIMYNHLBI £, OHpe,B;eJIHIOHIGfI TOYHOCTDb BBIYUCJICHUIA.

6.2. Meros 3eiiens. [Tpu Boranciennsix mo gpopmyse (6.1) mopsiaok
nepedbopa TOUYEK CeTKH, 110 KpailHeil mMepe TeopeTHdyecKu, MOKeT ObIThb
IIPOU3BOJIbHBIM. YCJIOBUMCS Telepb Iepeduparh TOUKH B IIOPSIIKEe BO3-
pacranusi uHAeKCcoB k, [ n Moudurmpyem hopmysbl (6.1) ciremyroniim
obpa3zomM:

s+1 __

T (yZH,z + ?/Zﬂ,z + Yrip1 y;f;ﬁl + h2bkl> ,

kil=1,2,...,N—1, (6.2)
yo =0, yiit=0, 1=1,2,...,N—1,
gt =0, gy =0 k=1,2...,N—1,

s =0,1,2,... DTOT METOJ CXOAUTCA HE MeJJICHHee, 4eM MeTol SIkobu
(Ha mpaKTHKe, KaK PABUIIO, ObICTPEe).

AN
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6.3. Meto BepxHeil pejakcalui. SHAUYUTEIbHOIO YCKOPEHUsT CXO-
JUMOCTH MeTOJa 3eiijiesiss MOXKHO JOOUTHCs, HECKOJbKO MOIUMUIUPY
dhopmyiibl (6.2) BBEIEHIEM UTEPAIMOHHOIO TTapaMeTpa;

s+1
oL (6.3)
= (1 - w)y}, +w;i (?JZH,Z Y Y Tt hzbkl) y
k,l=1,2,...,N—1,
yo =0, yiit=0, 1=1,2,...,N—1,
yidt =0, yiit =0, k=1,2,...,N —1,
s = 0,1,2,... lousitro, uro npu w = 1 merox (6.3) npespaiaercsi B

metos 3eitaesss. OnrumalibHoe 3HAUCHHIE ITapaMeTpa w 3aBUCUT OT CETKH.
Ha npakTtuke, 0ObIYHO, w IoJaratoT 0Jiu3kuM K 1, 8.

7. Pa3zHocTHBIEe MeTOJbl peHieHns HecTallMOHAPHBLIX 33134
MareMarndeckoii dpusmku. PaccMoTpuM IepByl0 KpaeByio 3aJiady
JJI ypaBHEHNs TEIJIOIPOBOIHOCTI CTEPIKHS:

%z%(p%)—unrf(az,t), O<xz<lI, t>0, (7.1)
u(z,0) =up(x), 0<z<l, (7.2)

u(0,t) =u(l,t) =0, t>0. (7.3)

7.1. dsnag cxema. [Tocrponm na obmactu 2 = [0 < x <[, t > 0]

CeTKY w ¢ maramu h 1o ocu x, T — 10 ocu t. 3HaveHne ceTouHoi PyHKImn
y = y(z;,t;) B Touke (x;,t;) = (ih,tj), 0 < i < N,Nh =1, j >0
o6osHaunM uepes y; . Kak n panee, mycrb

i Y@ ty) =yl ty)
ya:,z' - h

— Pa3HOCTb BIEpE 10 X,

i iat' - i— 7t'
v, = y(@ity) — y(rity) Pa3HOCTb Ha3aJl 10 .

h

[Tosozkum ere

i y(witi) =y, t))
yt,i - h

— Pa3HOCTb BllepesI 1o T.

JeficTBys Terepb 10 aHAJOIMK ¢ OOBIKHOBEHHBLIM (b depeHnnaibHbIM
ypaBHeHHeM, 3aMeHIM B TOouKax ceTKu (z;,t;) ypasnenue (7.1) — pas-
HOCTHBIM

= (e, — byl +¢l, 1<i<N-—-1,j20 (7.4)
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B pesysibTare, MOJydINM CUCTEMY JUHEHHBIX aareOpaniecKnx ypaBHEHMUI .
OTa cucremMa, ojJHaKo, HenoJyiHasg. Hy»KHo ele y4uecTbh HadabHBIE U T'Pa-
HUYHbIE YCJIOBUS:

y(x;,0) = up(z;), 0< i< N, (7.5)
y(0,t;) = y(zn,t;) =0, 5 =0. (7.6)

COBOKYITHOCTD JTUHEHHBIX asrebpanteckux ypasuennii (7.4)—(7.6) ma-
3BIBACTCS PA3HOCTHOM cxeMoit st 3agadn (7.1)—(7.3). Dro — sBHAS cXe-
Ma. Bbrauciienust 1o sToit cxeme HpOBOJATCs TaK. SHAYeHUs Y PH Beex 1,
0 < ¢ < N, u3BecTHBI, TaK Kak 3aJlaHo HadajbHOoe yeaosue (7.5). [Ipemo-
JIOXKKM, 9TO y2Ke Hafigenbl 3nadenus y), 0 < i < N. COBOKyIHOCTb TOUYEK
cetkn (2, 1;) Ipu PUKCHPOBAHHOM j HA3BIBAETCH j-M BPEMEHHDBIM CJIOEM.
Harmmmem ypasuenne (7.4) Bo Bcex BHYTPEHHIX TOYKAX j-I'O BPEMEHHOTO
CJI0s1 9yTh DoJiee Mo IPOOHO:

vl =yl
i i (o) J J -
— = (ayp)e, — by t i, 1SESN -
TLTH
J+L__ J J J J ;
Yy, =y o+ T [(ayx)zi —by; + @i} , 1<i<N-1L (7.7)

B mpaBoit wacTu mocseHero ypaBHEHUS TOJBKO M3BECTHBIE BEJTMINHBI.
[TosTomy 3Ha"enuns y BO Bcex TOUKaxX j+1 BpeMEHHOTO CJIOS BBITUCISTIOTCS
110 SAIBHBIM (POPMYJIaM.

7.2. Hesasnag cxema. [To anamorun ¢ (7.4) MOXKHO HammcaTh pas-
HOCTHOE ypaBHeHne

vl = (s, — byl el 1<i<N -1, j>0. (7.8)
HpI/ICOG,ZH/IHHH Ha4daJIbHbIC 1 I'PaHUIYHBbIC YCJIOBUA

y(24,0) = uop(r;), 0<i<N, (7.9)

y(0.%) = y(an,t;) =0, j >0, (7.10)

BHOBD IIOJTY UM HOJIHYIO CUCTEMY JIMHEHHBIX airedpandecKuxX ypaBHeHHil.
DTa cucTeMa Ha3bIBAETCS THCTO HEsIBHOM (dalle, MpocTo, HesIBHOI) pas-
HOCTHOI €XeMOM Jijisi ypaBHeHusl TerionposogrocTu. [locTrpoenne pere-
HU 3TOH CHCTEMBbl KAPAMHAJLHO OTIMYAETCA OT CJIydasl SBHOH CXEMbI.
BarmmieM pasHocTHOe ypaBHenue (7.8) mojpobHee B TOUKaX j-TO BPEMEH-
HOT'O CJIOS:

g+

el G R R R
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nJjim
v = r(ay e A byl =yl el 1<K N -1

B cuy rpanndHbIX yeJI0BUi

+1 +1
W =yN =0.
BoJiee nojipodHast 3anmch MorydeHHol CUCTeMbl YpaBHEHNT TaKOBa:
Ally = Byl + Clly = —F, (7.11)
+1 +1
w=yN =0,
rje
Tij41 TAa; ; ;
A= R C; = EE Bi =1+ Ai+ Bi+bi, F; = (y] + 7).

(7.12)
Cucremy (7.11) MOXKHO pemiaTb METOIOM IIPOTOHKHU. YCJIOBHE Peasi3ye-
MOCTH METO/I8 IIPOIOHKHU BBLIIIOJIHEHO, TaK KaK, OYeBU/IHO,

Ai—|—C’Z~<BZ-, 1<i<N -1

7.3. Cxembl ¢ Becamu. [lo aHajiornu ¢ 9BHON 1M HEIBHOII cxeMaMu
MOKHO HAIINCATDL IeJI0€ CEMEHCTBO CXEM (aTo TaK Ha3bIBACMbIC CXEMbI C
BECAMI ):

o= (@), — by + ¢, 1<i<N—1,j=0.  (7.13)
y(r:,0) = up(x;), 0<i<N, (7.14)
y(0,t5) = y(zn,t;) =0, j =0, (7.15)

rje yﬁ”) = Jy‘frl + (1 - J)yg, 0 — YHCJI0, Ha3bIBAEMOE BECOM CJIOH.
[Ipu 0 = 0 Kak 4YacTHBINH ciyuail Mbl IOJIydaeM dBHYIO CXEMY, a
npu ¢ = 1 — umcro HesBHYIO cxeMy. Bee cxembl npu o # 0 Hess-

Hbie. VX peleHust cTposaTcs Ipy MOMOIIU MeToja mporoukn. Cpein cxem
¢ BecaMn 0co0O BbLiesisieTcst cxeMa ¢ 0 = 1/2. DTa cxema Ha3bIBACTCS
CUMMETPUIHOI cxeMoii ¢ Becamu, uian cxeMoit Kpanka — Hukoabcon. Ec-
JIN TIPOBECTH BIIOJIHE YMECTHYIO aHAJIOTUIO ¢ OOBIKHOBEHHBIMU JTnpdepen-
IUAJILHBIMU YPaBHEHUSIMU, TO SIBHAs CXeMa aHAJIOTMIHA, STBHOMY METO/LY
Ditnepa, HedBHAS cXeMa — HEesIBHOMY MeToJia Jdiljiepa, a cxema Kpanka —
Huko/IbcoH — MeTOoJLy Tpareruii.

[Torpemninocts arnmpokcuMmalum cxembl ¢ Becamu. OCHOBHOI XapakTe-
PUCTUKOIN CXEMbI SIBJISIETCSI IOTPEITHOCTD AIIIPOKCUMAIINH, T. €. CeTOTHASsI

dyHKIMIA | ‘ ‘
o] = uly — (), +0u® — o],
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riae u — Tovnoe perenne 3agadn (7.1)—(7.3). [lousiTHo, 9TO OHA 3aBHCHUT
oT 0 u crocoba BwIOOpa qyuknuii a, b, . Ilokaxkem, aro ecimm a, b

BbIGpaHbl B coorBercTsun ¢ (1.4), a ¢! = f(x;, t; + 7/2), 10

. JO(*+71), o#1/2,
¢g{0(h2+72), o=1/2, (7.16)

T. €. Cpe/IM BCEX CXEM C BecaM! HaWIydIIyI0 OIEeHKY TOTPENTHOCTU all-
IpoKcuMaInu nMmeet cxema Kpanka — Hukonbcona.
Vcnonb3yst TOXK1eCTBO

Jj+1 J Jj+1 J
ul?) = O'U‘g+1 +(1— 0)u§ _ W T 2+ Y (a — 1) o
w4l 1 j
=—t— " —|o—=|Tu,.
2 2 '

[IPEJICTABUM IOT'PEIIHOCTD AlllIPOKCUMAIINN B BUJIE w‘z = wi’(o) + wf(l)

5O = @) 40—

%j(l) =T (O’ — %) [(awz), — bu] .

OueBuHO,

wj(l) _ O(T)v o # 1/27
! 0, o=1/2.

Ouenum wg O 116 dopmyite Teittopa nmeem:

j4+1/2 9 /a2, \ J+1/2
L2 Ou 1(7\? (Ou NN CAT
heoTwm Ty (875) +2(2> (aﬁ)i +oon (117)
gtz T (Ou j+1/2+1(1)2 FuNT (7.18)
Lo 2\ 0t ), 2 \2 o2 ), ’ ’
TO €CTb

u(1/2) _ uj+1/2 + 0(7_2)'

Ucnosbayst erme pas pasioxkenust (7.17)—(7.18), HeTpy/IHO TPOBEPUTH, UTO

I i o\ 2
- - 7 _ == ) 7.19
w = ( 8t)l_ L o) (7.19)
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[ToBropsst Tenepb BBHIKIAIKY, IPOBeAeHHbIe Ha ¢. 90, oIy duM:
—(au(fl/Q))xi — buz(-lm = —(au?lﬂ)xi - bu‘gﬂ/2 + 0(72) =

= —(pu) (tj41)2, i) + b (tj1 2, 73) + O(R) + O(77),

OTKY/Ia, OUEBHJIHO, BBITEKAET, UTO 1] 0 — O(h? + 7%). Taxum obpasom,
orerka (7.16) nokasaHa.

MaJiocTh MOrpentHocTy apoOKCUMAIUK eIlle He rapaHTupyeT OJ1130-
CTH TOYHOTO U PUOJIMKeHHOTO pertiernst. Hy»KHo errie, 9T00bI pasHOCTHAST
cxeMa ObLia yeroituuba. VccsenoBanue yeToanBOCTH PA3HOCTHBIX CXEM
JJIsI YPaBHEHUST TEILIOMPOBOHOCTH TPOBEJEM JIHIIb B YACTHBIX CJIyYastX.
Byuem npejnonarars, aro ¢(z) = 0 (370 BjieueT BBIIOJHEHUs YCJIOBUS
b(x) = 0) u paccMoTpuM TOJIBKO siBHYTO (00 = 0) 1 YncTo HesBHYIO (00 = 1)
Pa3HOCTHBIE CXEMBI.

1. NccnenoBanne ycTOMIMBOCTI IBHON PAa3sHOCTHON cxeMbl. Bocmosb-
3yeMcst paBeHcTBoM (7.7). 3amuinem ero 6oJiee o IpoOHO:

T . T . T . .
= (1 s (aiy1 + Cli)) y; + ﬁaiﬂyfﬂ + ﬁaiyg—l + 74,

1=1,2, ..., N — 1, orkyna

: T
v/ < ‘1 — o5 (aiy1 + a;)

- Wﬂ+ﬁ%HMHH

7_ . . .
b Salyly 4 rlell, i=12 N =1 (720)

[Ipemonoxxmm, 910

T .
l—ﬁ(aiﬂ—kai)}O, 221,2,...,]\[—1.
9TO ycJ0BUE, OUEBUHO, OYJIET BBIIIOJIHEHO, €CJIH
h2
TS 5o 7.21)
> (7.
mmax p(z)

B sTOM ciayuae 3HaK MO/ B IEPBOM MHOMKHUTE/IE IEPBOTO CIAraeMoro
cripaBa B (7.20) MOKHO yOpaTh, U, CJieJl0BaTEIbHO,

< J g+l
i < max fyi| + 7 max ;. (7.22)

Bripazkenue B mpaBoii yactu (7.22) He 3aBUCHT OT 4, IOITOMY

j+1 < j j+1
&ﬁgm \£ﬁ§WA+ngﬁﬁwzk

(7.23)
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Hepagenctso (7.23) BeIOIHEHO 1151 J1I000T0 j = 0, CJI610BATEIHHO,

j—1
7| < Ty k
max [y;| < max |y;| +7 2 A @i

Yeunupast rmocJjsieJJHee HepaBeHCcTBO, MOKHO HalllCaTb:

max Jy]| < max yf] 41, max - max ] (7.24)
Hepasencrso (7.24) o3Hauaer yCTONYMBOCTH SIBHON DPA3HOCTHON CXEMBbI
(Ha KoHeuHOM OTpeske Bpemeni). OTCIoia cpa3y BBITEKAET CXOIUMOCTh
pas3HoCTHOI cxeMmbl. /leiicTBUTEbHO, ecin 2 = Y — U — IOTI'PENIHOCTH
Pa3HOCTHOI CXeMbl, TO TOJCTaBJsAsA Y = 2z + u B ypaBHenusi (7.4)—(7.6),
HOJIYYUM PA3HOCTHYIO CXEMY JJIsI IIOIPEIIHOCT.

2 = (azz)s + 9,

0 _
z; =0,

J_ )
zp=zy =0,

OTKY/Ia TIPU BBITIOJIHEHUs yCa0BusA (7.21) cpady moJydanm

max |z/| <t;_; max max [¢F] = O(1 + h?).
0<i<N 0<k<j—1 1<i<N-1
2. UccnemoBanue ycToitanBocT HessBHOM cxembl. ObpaTuMcs K ypab-
weruio (7.11). Beseacrie KOHETHOCTH THC/Ia TOYEK CETKH HA BDEMEHHOM
cjoe HafijeTcs Takoit Homep 2o, 1 <19 < N — 1, guro

+1 +1
gl " | = max [y "], (7.25)

0<i<N

Barmiiem ypasuenue (7.11) mpu i = 4g. [Ipu 9moMm cjreBa octaBuM TOJIBKO

+1
cjaraeMoe, cojieprkaliiee yfo , & OCTaJIbHbIe — TepeHeceM B JIEBYIO YaCTh:

j+1 i+1 141 ] j
BiOyZ"]() = AiOyZ'?(H-l + Oioygo—l + (ijo + 7_90.270) )

OTKY/a . , , _ .
Byl < Ayl i + Ciolyl ™+ L | + 7l |,

; i1
caenoparesbo (. (7.25)),

| < (A + O j+1 j j
Biy max |y7 | < (A + Ciy) max Jyf ™| + max [y7| +7 max |i7].
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Ucnonb3yst reneps pasenctso B, — A, — C;y = 1+ b;, (em. (7.12)) u

yesioBue b; > 0, moyryanm

0

max [y < max Jy]| + 7 max ],
OTKY/Ta TOUHO TaK JKe, KaK I B CJIydae sBHOIl PA3HOCTHO! CXeMbI BBITEKAET
HEPaBEHCTBO yCTONYNBOCTI HESIBHON Pa3HOCTHOI CXEMbI 1 €€ CXOJIMMOCTh
co ckopoctbio O(T + h?).
1. Ilpu orcyrerBun BHemHUX HCTOIHUKOB Terta (f(xz,t) = 0) nepa-
BeHcTBO (7.3) mpUHIMAaeT BU/I

max |77 < max [¢/].

0<i<N 0<i<N
Ero MoxkHO TpaKToBaTh KakK HMPUHIMI MaKCUMyMa JJIs PA3HOCTHOMN CXe-
MBI: TeMIlepaTypa CTEPYKHSA B OTCYTCTBUM MCTOUYHUKOB TEIJIa He BO3PaC-
TaeT ¢ POCTOM BpPEMEHH.

2. YcToiMMBOCTHL SBHON pa3HOCTHOW cXeMbl ObLIa HaMU JIOKa3aHa
JIATIB TIPH YCJIOBHUHU, 9TO IIATH CETKHU YIOBJIETBOPSIIOT HepaBeHCTBY (7.21).
DTO yCJOBHWE Ha IMArn CeTKM, KaK MOXKHO MPOBEPUTD, SBJSIETCS HEOOXO-
nuMbIM. [Ipu ero Hapyienun perieHne siBHOM pa3sHOCTHO CXeMbl OBICTPO
«paszbasrbiBaercsi». Yeaosue (7.21) Ha NpakTHKe OKA3bIBAETCS OCOOEHHO
00peMEeHUTETbHBIM, ecJiu KO3 PUIMEHT p ObICTpo MeHsieTcs. Torma mmar
10 BpeMEHU MPUXOJUTCA OpaTh CAUINIKOM MaJIeHbKIM, BO3MOYKHO CYIIIEe-
CTBEHHO MEHBIIINM, YeM 3TO JIUKTYETCs COOOPaKEHUAMHI TOYHOCTH. ITO
BeJIeT K HEOlPaBJIaHHOMY YBEJMYEHUIO BLITUCIUTE/NHHOM padoThl. Hess-
Hasl CXeMa yCTONINBa, KaK MbI TOKA3aJIi, IPH JTFOObIX Iarax ceTku (abco-
JIFOTHO yeroiuuBa). [Ipu ee nCoib30BaHNN AT CETKH MOXKHO BHIOMPATD
JIUITH U3 COOOparKeHN TOYHOCTH.

3. HpI/IMeHﬂelﬂaH HaMM METOJUKa (OCHOB&HH&H Ha JUCKPETHOM IIPDUHIIUIIC MaKCI/IMyMa)
He MOYKeT OBITH UCIOJb30BAHA JIJIsT AHAJIN3a YCTOWINBOCTH CXeM ¢ Becamu 1ipu 0 # 0, o # 1.
Hpyruvu, 6osee CI0KHBIMA, METOJAMU MOXKHO IIOKa3aTh, 9TO BCE CXEMBI Ipu o > 1/2 ab-
COJIIOTHO YCTOIL/'I‘H/IBI)I. B JaCTHOCTHU, a6COJHOTHO yCTOI';I‘{I/IBa n CXeMa KpaHKa — Hukoabcona.
Bcee cxembl ipu 0 < 1/2 ycJIOBHO yCTOWYMBBI, TO €CTh YCTONYUBBI, €CJIU 1T 110 BPEMEHU

JO0CTaTOIHO MaJI IIO CpaBHEHUIO C h2.



[JIABA 4
HpaKTI/IKyM IO YMCJICHHBIM MeETO/JaM

§ 1. Cucrembl JIMHENHBIX yYpaBHEHUA

Pemnmuth cucreMy JMHeHHBIX aJrebpandecKux ypaBHeHuit
(a1 4 a2 + hPg1)y1 — agys = fLh?*,
—aiYi—1 + (a; + aiv1 + PGy — aipryicn = fil?,
(anfl + a, + h2gn71)yn71 — Qp—1Yn—2 = fnfth-
Buecy a; = p(ih), g = q(ih), f; = f@ih), f(x) = —(p(x)u/'(z))'+
+q(x)u(x), h=1/n, p, q, u — 3ajanuble QYHKIN.

Jlanmayio cucrTeMy pemnuTh METOAOM ITPOTOHKN U UTEPAIMOHNHBIMU Me-
TOJIAMMU:

1) fxobu,
2) Beiters,

3) peJlakcalyn,
4)

HANCKOPEHIIIEro CILyCKa.

BO BCeX I/ITepaL[I/IOHHbIX METOLaX BbIYUCJICHNA HpOﬂOﬂ)Ka,Tb J10 BbI-
IOJIHEHNUST YCJIOBHUSI
max | rf | <e,
1<i<n—1
7 — BEKTOD HeBSA3KHU, € — 3aJaHHoe YUCJIO.

1. Ucxonuble maHHBbIe. DBo Bcex Bapmantax n = 40, & = hS.
u(z) =21 —2)", p(r) =1+2a7, g(r) =2+ 1L

2. OtyeT JOJI2KEH COAepKaTh:
® [IOCTAHOBKY 3aJ/la4il U MCXO/IHbIC JIAHHDIC,;
® OINCAHIE METOJIOB PEIIeHUsT 1 pacdeTHble POPMYIIBI;

® [IPOBEPKY YCJIOBUIl yCTONYNBOCTUA METO/Ia IPOTOHKU U YCJIOBUIT CXO-
JIMMOCTHU UTEPAIMOHHBIX METOJI0B;
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e TabJINIILI U IpadUKN 3HAYEHUIT 1; 1 yf C YKa3aHUeM Yucja UTeparmii,
OTPEOOBABIINXCS JIJIST JIOCTUYKEHNA 3a/IAHHON TOTHOCTH;

e OlpeeIeHre ONTUMAJILHOIO APAMETPA W JIJISI METO/A, PEIAKCAIIIH
(rpaduKi 3aBUCHMOCTH YHUCJIa UTEPAIHil 0T w);

e rpacdukn yObIBaHWUS MTOI'PENTHOCTEN B 3aBUCUMOCTH OT YUCJIa UTEepa-
Uil 1 TPUMEeHsieMOT0 MeTOJ[a Ha OJIHOM PUCYHKE;

® JINCTUHT IPOrpaMMBbl.

3. BapuaHTbI 3a/1aHMIA.

. a=1, p=1, vy=1.
2. a=2, f=1, y=1.
3. a=1, =2, v=1.
4. a=1, =1, y=2
b, a=2,0=2,7v=2

6. a=3, =1, y=1.
7. a=3, =2 v=1
8. a=3, f=1, v=2
9. a=3,=2, v=2.
10, a=4, =1, y=1.

§ 2. Henmmmeiinble ypaBHEHUsI

Ha orpeske |[a, b] 3agana dhyHKINA BrijIa

f(z) = Zan(x).

n=0



§ 2. Hesmneiinple ypaBHEHHST 113

1. IToctpouTh Tabumiy obparHoii K f(x) dbyaknun, F = f~!

Fr F F ... F,
20 21 29 Zn,

periasi ypaBHEHU

f(@a) = flao)

f(z) =F, F;= f(xo)+1
b—a

n
Hesmneiiabie YpaBHCHHUA PEHNINTDL UTEPATMOHHBIMI METOJaMM:

3jgecb r; =a+1-h, h=

1. KacaTeJIbHBIX,
2. Xopa,
3. CEeKyIIUX.

Bo Bcex UTEPallMOHHBIX METOdaX B Ka4de€CTBE€ Ha4YaJIbHOI'O HpI/I6JII/I)K€HI/IH
K TOYKE Z; B34Tb I; 1 BbIYUCJICHU A ITPOJOJIZKAaTh 1O BbIIIOJIHEHNA YCJIOBUA

[ <e,
r — HeB#A3Ka, £ — 3a/[aHHOe YUCJIO.
2. OTt4eT JOJI>KEH COAepXKAaTh:
® [I0CTAHOBKY 3aJ[a4ll U UCXOJIHbIE JAHHbIE;
® OINCAIIEe METOJIOB PEIeHNs;
e rpadukn Gyuknunit f(z) u f~1(x) na ogHom pucynke;
® JIICTHHI TIPOIPAMMODL.

3. BapuaHTbl 3aaHMiA.

L. i(—l)”w, a=0, b=3.

n=0 (TL')2
2 i 2n+1
— =0, b=2.
ﬁ rt )(2n + 1)
x2n—|—1

3. —0, b=4.
LV g a0

\_/
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n=1
00 (77./2)271 x4n+1

5. —1)" =0, b=1.5.
nzzo( ) (2n)! (4n+ 1) ’
00 (7T/2)2n+1x4n+3

6. —1)" =0, b=1.2.
nz_o( ) (2n + 1)1(4n + 1)’ ’
o0 L =1)"

7. n;l(—].) T, CLZO, b:2

8.§§ipqw4fzg; a=0,b=3

— nl(n+ 1)l
J. (3)2 20(— )nm(i/i);)v’ 0, b=4
0 () B 0o
1w (5) S e=s 0=

o)

4. 3ameuanne. llpu Beramciaenun psjia » | a,(x) ydIectb, UTO
n=0

Ka KTl TTIOCIICIYIONTHI WICH PSJIA Gpy1 TOJYIACTCS U3 MPEJIBIIYIIEro

qJI€Ha a, YMHOXK€HMHEM Ha BCJINYUHY (,, T. €.

Anp41 = AnQn-

DTO TO3BOJUT M30eKATh IEPEIoJHEeHNsT P BbIYUCICHUN (haKTopra-
JIOB.
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§ 3. NureprnionmmpoBanmne PpyHKINIT

Ha orpeske [a, b] 3ajana dyHKIms Buja

= Zan(x

n=0

1. BeruucinTb 3HadeHust JaHHONH YHKIMN U €€ IPU3BO/IHOI ¢ TTOMO-
IBI0 MHTEPIOJISIINOHHOTO nosimHoMa Jlarpanzka Ly, (). B kauectse y35108
UHTEPIOJISAINHA B3STh:

1) paBHOMEpPHO pacipejieJieHHbIe TOUKN Ha OTpe3Ke [a, b,
2) gebbieBcKuii HAOOP Y3JI0B HA OTpe3Ke |a, b].

[Ipu TabymrpoBanni GyHKIH BHIUUCIATH PAJ ¢ TogHocThio 1070,

2. BpramcamTb TOrpenrHocTb NHTEPIIOJIMPOBAHMIST

e1(z) = |f(z) — Lp(x)|, €1, = max g1(x),

x€(a,b)

eo(x) = |f(x) — L (x)|, €2, = max ez(x).

x€(a,b)

3. UccnenoBaTh 3aBUCUMOCTD MOT'PENTHOCTH E;y, OT YUCJIA Y3JI0B WH-
TEPIOJISIIIN.

4. OT4er JI0/2KEH COJEP>KATh:
® [I0CTAHOBKY 3aJIa4l U UCXOJHbIC JAHHBIE;
® OIINCAHNE METOJIOB PENICHHA;
e rpadukn Gynkuit f(l'), Ln(x)v f/(x)a ng(x)a Sm(l');
e rpaduK 3aBUCUMOCTH E;, OT YHUCJa y3J0B UHTEPIIOJISIIN,;
® JINCTUHT TTPOIPAMMBI.

5. BapmaHTbl 3a/1aHnMii.
N . A

2n+1

n=0
N a = = 4.
ﬁ n!)(2n+ 1)’ ’

nzO
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5 §<‘1)n(2n +§2; S TR b=4
4, é(— )n%x(?;n)!’ a=04, b=4.

5. é(_l)n((;f)zl)zsiﬁl)’ —0, b= 15.
T
7 2(—1)7%(”3;—21)71, a=0, b=2.

8 g i(n”%, a=0,b=3.

o (5) Sy o0 =
0. (5) S0y o= b=
11, (2)42( 1)nn!(f(i/ji>z)', a=3,b=7

0

6. 3ameuanwue. Ilpu BbrumciaeHUn psiga » | a,(r) ydIecTb, UTO
n=0

KayK/Iblil TOCJACAYIONUIT YJIeH PAdd Apy1I10JIyYaeTCd U3 IIPEbIIYIIero

4ieHa @, YMHOXKEHUEM Ha BEJIMYUHY ¢, T. €.

Anp4+1 = AnQn.-

ODTO MO3BOJUT M30€KATh IEPENOJHEHUS MPU BBIYUCICHUN (haKTopHa-
JIOB.
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§ 4. YucsieHHOE MHTErpUpOBaHUE

Boraucaurh 3nadenust HHTErpaJioB Buaa

b

I(z) = / fodt, I(z)= / F(x, t)dt

a

B TOUuKax T; = a+i-h, i =0,1,...,n, tae h = (b — a)/n, ucnosb3ys
COCTABHBIC KBaJAPATypHbIE (DOPMYJILL:

1. eBBIX MPAMOYTOTHLHUKOB,
2. TIEHTPAJILHBIX MPSIMOYTOJILHITKOB,
3. Tpalleluu,

5. Cumiicona,

6. laycca ¢ nByms y3mamu.

aTerpast BBIYUCINTE ¢ TOYHOCTHIO € = 1079, TounocTs BLIMMCICHTA
UHTerpaJia oupejeadercsd cpaBHeHNeM Pe3yJIbTaToB IIPU Pa3aInIHOM YHC-
Jle pa3buenns OTpe3Ka MHTerpupoBannsd. IMenno, TOUHOCTbL € CYNTAETCS
JIOCTUTHYTOM, €CJIu

|SY(f) = SN () <e,

3neck SV 3HaueHme cocraBHOIl KBaJpaTypHOil GOPMYIIBI IpH pasdie-
HUU OTpe3Ka MHTerpupoBanus Ha N dacTeil.

1. OTver HOJIKEH co/iep2KaTh:
® [I0OCTAHOBKY 3a/laull U UCXOJHbIe JIaHHbIE;
® OINCaHNe MeTOJIOB PEIeHus U pacdeTHble POPMYIIbI;

e TalbJINIIbI 3HAYEHUII MHTErpaJioB ¢ yKa3aHueM 4uc/ia pas0oueHuil, 1mo-
TPeOOBABIINXC I JIOCTHYKEHUS 3aJaHHOI TOYHOCTH;

® JINCTUHI IIPOT'PaMMBI.

2. BapuaHTbl 3aJaHMIii.

s

1

L. —/cos(xcost)dt, a=0, b=3.

7r
0
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/e dt, a =0,b=2.
0

int
t

%\w

dt, a =0, b= 4.

&
O\H
wn

t—1
4. /%dt, a=04, b=14
0

5./005( 2)dt a=0, b=1.5.
0

6/8 —)dt, a=0, b=1.2.

7. —
1 —

oo

1
— [ cos(xsint —t)dt,a=0,b=3.
s

©

1

T
1

10. — [ cos(xsint — 3t)dt,a =2,b = 6.
T

1
11. — [ cos(xsint —4t)dt,a =3,b="17.
s

/
2
/c vsint —26) dt,a = 0,b = 4.
/
/
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§ 5. Bamaua Komm aj1g cucTeMbl OOBIKHOBEHHBIX
anddepeHInaIbHbIX YPABHEHUI

Pemuts 3aauy Komm jyisg cucreMbl n3 IByX guddepeHImasbHbIX
ypaBHEHWIT IePBOTo TOpsIKa BU/IA

y' = ft.y), y(0) =y, y(t)€ R

Ha OTpeske [a, b|, ncmosb3yst Metosbl Pyrre-KyTra ¢ moCTOSHHBIM Iarom

h:
1. 2-To mopsaka TOUYHOCTH

kl - f(tnayn)a
ko = f(tn + h,yn + hky),

Ynt+1l = Yn + h(kl + k2)/2;

2. 3-10 NopsiIKa TOYHOCTHU

kl — f(tnayn)a

ko = f(tn + h/?), Yn + h/?)kl),
ks = f(tn + 2/3h, Yn + 2/3hk2)>
Un+1 = Yp + h(kl + 3%3)/4,

3. 4-ro mopsKa TOYHOCTU

kl = f(tnayn)7

ks = f(tn + h/zayn + h/2k2)7

ky= f(t, + h,yn, + hky — 2hks + 2hk3),
Ynt1 = Yn + h(ky + 4k + ky)/6;

4. 5-10 nopsJIKa TOYHOCTU

kl — f(tTL)yﬂ)?

ko = f(tn + h/3,yn + hk1/3),

ks = f(tn + h,y, + h/le — 3/2hl€3 + 2hl€4),
Yn+1 = Yn + h(kl + dky + k5)/6

1. OT4yer HOJI>KEH COJIEPKATh:

® JIOCTaHOBKY 3aJda4l U NCXOAHbIC HaHHDbIC,
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OIlMCaHne METOJ0B PEIICHIA]

IOCTPOUTD TpadUKN 3aBUCUMOCTI MAaKCUMAJILHOM ITIOIPEIIHOCTH Pe-
menns e u e/h* or BLGpanHoro mara h a1 Kazkaoro mMerona (k —
OPSJIOK TOKHOCTU METOJIA);

caeJiaTb CpaBHI/ITeﬂbelﬁ aHaJIu3 METOIOB.

2. Bapuantbl 3agaHmMii.

Yy = —y2 + 3/1(29% +2?J§ — 1),
Yy = y1 + vy (yi + 5 — 1),

a =0, b=>5, TouHoe perienue:

yr = cos(t)/(1+ )2 yy = sin(t)/(1 + e*)H2,

Y= —ayr — By2 + (a+ B —1)e ™,
Yy = Byr —oys + (o + —1)e ™,

a =0, b =4, TouHoe pelleHue:

y=p=c', a=2 (=3

V=1 v =201(1 — 4tPy),
a =0, b =5, Tounoe perienne: (mposepbTe!)

y1=1/(1+1%), yo=—-2t/(1+1%)"

Y, = —sin(t) /(1 + )2 4y (12 + 93 — 1),
yh = cos(t)/(1+ )2+ yo(yf + 43 — 1),

a = 0,b =5, TOUHOE PEIICHHE:

Y = COS(t)/(l + 621&)1/27 UYs = Sin(t)/(l + €2t)1/2.

yi = —sin(t)/(1+ )2 + yi(yf +v3 — 1),
yh = cos(t)/(1+e*)V2 + yo(y? + 93 — 1),

a = 0,b =5, TouHoe pelreHue:

= cos(t)/(1+ )2, gy =sin(®)/(1+ ¢)'%
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Y1 =y1/(2+2t) = 2y, yy = ya/(2+ 2t) + 2ty,

a =0, b =2, TouHoe pelieHue :

y1 = cos(tH)V1+t, o =sin(t?)V1 + L.

Y =~y + 3+ 6t + 1,
yh = y1 — 32+ 3t + 1,

a =0, b =3, TouHoe penieHue:

y1 = 3t —t — 1+ cos(t) +sin(t), yo =1t*+2 — cos(t) + sin(t).

YL =12, ys=2yi(1 — 4t?y),

a =0, b=>5, Tounoe perenne:

y1=1/(1+1%), y=-2t/(1+)

yp = —sin(t)/(1 + )2+ yi(yf + y3 — 1),
yh = cos(t)/(1+ )2+ yo(yf +y3 — 1),

a = 0,b =5, TouHoe peleHue:
g1 = cos(t)/(L+e)V2, gy = sin(t)/(1+ ¢H)1V2

10.
yp = —sin(t)/(1 + )2+ y1(yf + y3 — 1),
yh = cos(t)/(1+ e*)V2 + yo(yf +y3 — 1),

a =0, b =5, TouHoe pelieHue:

y1 = cos(t) /(1 + th)l/Q, ys = sin(t) /(1 + €2t)1/2.
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