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a b s t r a c t

In this paper we shall study the evolution of cosmological gravitational waves in the context of Chern–
Simons axion F (R) gravity. In the case of Chern–Simons axion F (R) gravity there exist spin-0, spin-2
and spin-1 modes. As we demonstrate, from all the gravitational waves modes of the Chern–Simons
axion F (R) gravity, only the two tensor modes are affected, while the spin-0 and spin-1 modes are
not affected at all. With regard to the two tensor modes, we show that these modes propagate in a
non-equivalent way, so the resulting tensor modes are chiral. Notably, with regard to the propagation
of the spin-2 graviton modes, the structure of the dispersion relations becomes more complicated
in comparison with the Einstein gravity with the Chern–Simons axion, but the resulting qualitative
features of the propagating modes are not changed. With regard to the spin-0 and spin-1 modes,
the Chern–Simons axion F (R) gravity contains two spin-0 modes and no vector spin-1 mode at all.
We also find that for the very high energy mode, both the group velocity and the phase velocity are
proportional to the inverse of the square root of the wave number, and therefore the velocities become
smaller for larger wave numbers or even vanish in the limit that the wave number goes to infinity.

© 2020 Published by Elsevier B.V.

1. Introduction

The presence of a dark component of matter in the Universe
was assumed early after the first galactic rotation curves ap-
peared. Since then, theoretical physics studies were focused on
proposing massive particles weakly interacting with luminous
matter, the so-called WIMPs (Weakly Interacting Massive Parti-
cles), and there exist examples coming from various theoretical
contexts, see for example [1–6]. To be honest, for the moment
only indications exist that support the particle nature of dark
matter, such as the observational data from the bullet cluster.
However, nearly two decades of searches did not result in finding
any WIMP. A crucial point to stress is that all the dark matter
searches focused in mass ranges from a few MeV up to hundreds
of GeV’s. However, only recently the experimentalists focused
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their interest in searching WIMPs having masses a few eV or even
sub-eV.

String theory is up to date the most prominent theory that
may describe in a consistent way the quantum theory of gravity.
One of the interesting predictions of string theory is the existence
of low-mass axion [7–10] particles, other than the QCD axions.
The axions are particularly appealing as dark matter candidates,
since the mass range that these may have, is not investigated
yet, and only the last 5 years experimentalists turned their focus
on the axions. There is a plethora of experimental [11–19] and
theoretical proposals related to the axions [20–68]. Axions can
induce particularly interesting effects in the phenomenology of
gravitational theories, since Chern–Simons terms of the form
U(φ)R̃R are allowed in the theory [69–82]. The Chern–Simons
terms produce non-equivalent polarizations in the tensor modes
of the underlying gravitational theory [83,84], and in the lit-
erature there exist timely studies on chiral gravitational waves
[85–92].

In this paper we shall study a general Chern–Simons Axion
F (R) gravity [93–99], by mainly focusing on the possibility of
generating non-equivalent polarizations in the tensor modes of
the gravitational waves. We shall be interested in the primordial
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5. Summary

In summary, we have investigated the gravitational wave in
the context of Chern–Simons axion F (R) gravity. For the spin-0
scalar mode and the spin-1 vector mode, we demonstrated that
for these modes, the situation is not changed from the standard
F (R) gravity coupled with quintessence type scalar field, and
in addition, the Chern–Simons axion term does not affect the
propagation of these modes. This result was also known for the
case of Chern–Simons axion Einstein gravity, as it was shown in
Ref. [83]. Actually, the Chern–Simons term does not affect the
scalar perturbations at all, and it affects solely the tensor pertur-
bations. As a result, we have two propagating scalar modes and no
propagating vector mode. With regard to the propagation of the
spin-2 graviton mode, the structure of the dispersion relations be-
come more complicated in comparison with the Einstein gravity
with the Chern–Simons axion, but the qualitative features of the
propagating modes are not changed, and actually non-equivalent
polarization modes occur in both Einstein Chern–Simons and F (R)
gravity Chern–Simons theory. Our study is focused mainly on
primordial gravitational modes, so in a future work we shall
address several related issues, such as the conservation of the
amplitude of gravitational waves at large scales, and the effect of
the function U(φ) and of the F (R) gravity itself on the polarization
asymmetry of the primordial gravitational waves.

Although the dispersion relation (30) tells that the qualita-
tive structure of the tensor modes is not extensively changed
in comparison to that corresponding to the Chern–Simons axion
Einstein gravity, there appear rather strange behaviors in the very
high energy mode where k ≫ H and k ≫

F ′

U̇
. In the mode the

frequency ω is always complex and proportional to the square
root of the wave number k. Therefore an amplified and a decaying
gravitational wave mode always occur, and also both the group
velocity and the phase velocity are proportional to 1

√
k
. Then both

the group velocity and the propagating velocity become smaller
for larger k, and even vanish in the limit of k → ∞.

Finally let us note that in the present work we have found two
propagating scalar modes, with the one being the scalar mode
which appears commonly in the context of higher derivative
gravity [102], and with the other being the pseudo-scalar mode
corresponding to the axion scalar. Usually the scalar mode does
not mix with the pseudo-scalar mode, but if the parity symmetry
is broken by the non-trivial value of the Chern–Simons term, a
mixing can occur in general.
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Appendix. Detailed form of perturbed Einstein tensor compo-
nents

In this Appendix we present the detailed form of the tensor
expressions needed in the text, but have quite extended form. The
full expression of the perturbed Einstein tensor is,
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