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HEKOTOPLIE CBOMICTBA ®YHKIIIOHAJIOB HA
MHO2KECTBAX YPOBH#{

P.I. CAJIAXYINHOB

Annoramusa. B crarbe paccmarpuBaioTcs crenuasbHblie PYHKIHOHAJBI obnactu G Ha
IJIOCKOCTH, IIOCTPOEHHBIE IIPU IOMOINY (PYHKIMH PACCTOSIHUS JI0 TpaHullbl O0G u KJjac-
crdeckoil pyHKmun Hampszkenusd. OyHKINOHAJBI, 3aBHCAIINE OT (PYHKIUN PACCTOSHMUSI,
pPaccMaTpPUBAIOTCS B CJIydae OJIHOCBA3HBIX obsiactTeii. V3ydenbl Takke QpyHKIHMOHAA, 3a-
BHUCAIIME OT (DYHKIIMU HAIPsKEHNsT KOHEYHOCBsI3HOU obsactu. JlokaszaHo, 9TO CBOWCTBO
M30IIEPUMETPUIECKONl MOHOTOHHOCTH IO CBOOOIHOMY ITapaMeTpy MHOPOKIAeT JPYTYI MO-
HOTOHHOCTD, & MMEHHO, MOHOTOHHOCTH (PYHKITHOHAJIOB, PACCMATPUBAEMBIX KaK (DyHKITIH
MHOZKECTB, OIpPeJIe/IEHHBIX Ha IOJIMHOXKeCTBax obacTu. Hekoropble yacTHbIE Cilydau Hepa-
BEHCTB paHee mojrydenbl [leitHoM. OTMeTHM, UTO HEpPABEHCTBA OBLIU YCIEITHO TPUMEHEHDI
117151 0OOCHOBAHMS HOBBIX OIIEHOK »KECTKOCTH KPYUEHHsI OJIHOCBA3HON M MHOI'OCBSI3HOM 0014~
creit. B wacTHOCTH, TOCTPOEHBI HOBBIE (DYHKITNOHAJIBI 00JIACTH MOHOTOHHBIE IT0 0OOUM CBOUM
aprymeraTam. Kpome Toro, HaifeHbl TOYHBIE OIEHKN CKOPOCTH M3MEHEHUsT PyHKIIMOHAJIOB,
T. €. TIOJIyI€HbI TOUHBIE OIEHKHU ITPOU3BOTHBIX.

KirouyeBbie ciioBa: QyHKIMsT PACCTOSIHUS JIO T'PAHUIIBI, (DYHKIUS HAIPSI2KEHUsI, HEPABEH-
cTBO THIla llefina, n3onepuMeTpuyecKoe HEPABEHCTBO, U30IIEPUMETPUIECKAs] MOHOTOHHOCTD.

Mathematics Subject Classification: Primary 28A25, 35A23; Secondary 30A10

1. BBEAEHUE

st 3deKTUBHOrO pereHns HeKOTOPBIX TPOoOJeM MaTeMaTHYecKOi (hU3MKU 0Ka3aJI0Ch
HEJIOCTATOYHO TAKUX KJIACCHYECKUX T'€OMETPUYECKUX XapaKTEPUCTUK OOJACTH KaK ILIONIAb,
o0beM, ILIOMIAJIh TIOBEPXHOCTH, JIJTMHA TPAHUIIBI, TUAMETD, MAKCUMYM PaJINYyCOB KPYTOB, COJIEP-
xaruxesd B obsiactu. Bostee ToHKMM 1 9phDEKTUBHBIM HHCTPYMEHTOM IIPHU PEIEHNN HEKOTOPBIX
3a/1a4 OKa3aJIUCh €BKJIMJIOBbIE MOMEHTBI 00/IACTH OTHOCUTETHLHO CBOEH I'DaHUIIbI.

[Iycte G — ommocBsizHast 06J1aCTh HA IJIOCKOCTH. EBKJIMIIOBHIM MOMEHTOM IOPSIJIKA (v OTHO-
CUTEILHO TpaHuiibl objiacT G HA3BIBAETCA PyHKITHOHA

L(G) = /G o, G)dA, (1.1)

rie p(x, G) — byukus paccrosaust or Touku z(€ G) mo rpanuipl 0G, a > —1 1 dA — nudde-
PEHIUAJIBHBIN 3/1eMenT 1iomma . 13 paborsl [1] ciemyer, uro B cooTBeTCTBYOIIEH HOPMUPOBKE
dbyuaxmmonan (1.1) mexkur B rpaHUnax, 0O6pPa3OBAHHBIX JIIMHON TPAHUIIBI OOJACTH U MAKCHUMY-
MOM PaJINyCOB KPYT'OB, COJIEPKAIIUXCS B 00J1aCTH, 60JIee TOro, JTI060e 3HAUCHNE U3 YIIOMSIHY TOTO
MHTEPBaJIa MOKET OBITH JIOCTUTHYTO IPH HAJIEZKAIIEM TI000Pe MapaMeTpa.
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EBK/INI0BBI MOMEHTBI TIOSABJISIIOTCST B MAaTeMaTHIeCKON (PU3UKE MPU OLNEHKH Pa3JInIHbIX (-
sudeckux QyHKnnonagos obaactu. Hampumep, kak 6b110 mokazano ®. I'. AsxammesbiM [2],
eBKJINJIOBBIE MOMEHT mHepImu obsactu (o = 2) W KECTKOCTh KPYUeHUsT OOJACTH SBJISIIOTCS
CPaBHUMBIMU BeJIMUMHAMU B KJIACCE OJHOCBA3HBIX 00JacTel, T. €. oTHOmeHnne (PyHKIMOHATIOB
OIPaHMYEHO CBEPXY U CHHU3Y TOJIOKUTETLHBIMU KOHCTAHTAMMU, HE 3aBUCSIIUMU OT O0JIaCTH U He
0OpAIAIOIIIMUC B HyJIb 1 OECKOHEUHOCTD. TaKkzKe eBKJINI0BBI MOMEHTBI PA3IMIHbIX MOPSIKOB
HOSBJIAIOTCA [IPU U3y9YEeHUW HEPABEHCTB THUIA Xap/d B MHOIOMEPHOM €BKJIUJIOBOM IIPOCTPAH-
crBe (cMm., Hanpumep, [3]). Ormernm, ¥To u MHOrOMepHbIe aHasoru dyHkimonana (1.1) Toxe
HAXO/AT IIPUMEHEHNE [IPU PEIeHNN BapHAIMOHHBIX TTpobiieM (cMm. [4, 5]).

[Tpumenerre n30MepUMETPUIECKIX HEPABEHCTB HA MHOXKECTBAX YPOBHS 3a9aCTYIO IPUBOJUAT
K PElIeHnIo TOi mjn MHOH 1pob/ieMbl, 6ojiee TOro, K HOBBIM METOJaM HCCJIeA0Banus. Aprum
[IPUMEPOB TAKOTO POJia sIBJISETCs PUMEHEHNe KJIACCHIECKOr0 N30IepUMETPHIECKOr0 HEPaBEH-
CTBa B T€OPUHU KPYUYEHUsI W TEOPUU TeUeHUsI BI3KOM KuakocTr (cM. [6]), a TakKe, ero BazKHOI
poJI B MeTojiax cuMMmerpusanun (eum. |7, 8]).

OpHOI 1esteit Halelr pabOThI SBJISIETCS MCCJIEIOBAHASA CBOMCTB (DYyHKIIMOHAIA (1.1) Ha TOJI-
muoxkecTBax G. Ormernm, uro B pabore 9] cranuoHapHbie eBKIMIOBbI MOMEHTHI (o = 1) u
eBKJIMJIOBBIC MOMEHTBI MHEPIUHU 10100 acTell ObLIM IIPUMEHEHBI JIJIsi OLEHKN JKECTKOCTH KPY-
vyenust obsiactu. C JApyroil CTOPOHBI, TPeJIe/IbHBII TIepexo;] ¢ MHOXKECTB YPOBHS MMO3BOJISIET Pac-
CMaTPUBATDH OIICHKH Ha 9TUX MHOXKECTBaX KaK 00OOIIeHNe HEPABEHCTE MEXK Ly (OyHKIIMOHAIAMN
obsiactu. Hanpumep, u3 HaIuX OCHOBHBIX YTBEPXKJICHUMN CJIEJLYET, YTO PsJl KJIACCUIECKUX HEPa-
BerncTB (HepasencTBo Cen—Benana — [losma, [lefina u apyrux) MoryT ObITH TOJIyYeHBI IyTeM
PEJIEJIBHOTO MIEPEX0/Ia ¢ MHOYKECTB YPOBHS KJIACCHYECKON (DYHKIMK HAIPSAXKEHUA U (DYyHKIUN
PaCCTOSTHUS JI0 TPAHUIIBI O0JIACTH.

B paborax [1, 9, 10] mokazaHo, 9TO €BKJIMIOBBl MOMEHTHI TOPSIKA U LP—HOPMBI QyHK-
[IUK HANPSKEHUsT 00JIaCTH 0OJIQIAI0T MEJIbIM PSJIOM CXOKHUX H30TMEPUMETPUIECKUX CBOWCTB.
[Ipomomkas 3Ty anajoruio, B pabore Oy/IyT pacCMOTPEHbI aHAJIOTUYHBIE BOIIPOCHI JIJIA CIyYasd,
korja dyukius p(x, @) B (1.1) 3amensieTcs Ha KiaccuiecKyio DyHKIuIO Hanpskenus u(z, G),
[pUYeM, B 9TOM ciiydae 001acTb G yKe sIBJIAeTCsl KOHEIHOCBSI3HON 00JIACTHIO HA ILJIOCKOCTH.

OcHOBHOIT njeeil MoIydeHrsi HEPABEHCTB JIJI (DYHKIIMOHAJIOB SABJISIETCsI IPUMEHEHNEe Hepa-
sercts tumna [leitna [6, 11| Ha MHO)KecTBax ypoBHS BYyHKIHI.

2. OBCy)KZLEHI/IE SAJAY U ITPEABAPUTEJIBHBIE PE3YJ/IBTATBI

Bsejiem HeoOxomuMBbIe [T JaIbHERINEro n3okenus obo3nadenusd. [Iyctsb

G(n) == {a € G| pla,G) > u},

a(p) =a(G(p) == [ dA.
GZ) (2.1)
() = L(G(p)) = / ds.

OG(p)

B nanbreiimem Gyem HasbiBaTh G (1) MHOXKecTBaMu ypoBHst DyHKIWMU p(z, G).
Paccmorpum citerytomuii reomeTpudecKuit (pyHKIIMOHA

fo(p) = Ta(G (1)), (2.2)

rie 0 < p < p(G), p(G) := sup,eq p(r, G) 1 o — BemecrBennbiit mapamerp. CpoiicTBa DyHK-
muu f, (1) B 3aBucuMocTH OT apamerpa v Ipu GUKCUPOBAHHOM fi HOCUT M30IIEePEMETPUIECKUil
xapakrep. Hac B nanbHeiiem GyayT unTepecoBaTh cpoiictsa dynkuuu f,(u) npu dbukcupo-
BaHHOM 3HadYeHMM Tapamerpa. Huke Oyjer mokaszaHO, 9TO 3HAUYEHUEM IapaMeTpa BMeCTe C
reomerpueit obaact G BO MHOTOM ONIpeedioT cBoiicTBa dyHakimm £, (1).
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[Iycts I,,(G) < 400 1t HEKOTOPOTO (g > —1 (IIPH 9TOM MBI CUUTAEM, UTO JIJISI MEHBIITIX
3HavYeHN mapamerpa (yHKIMOHA HEOTPAHWYEH), TOTJIa BCe MHOXKeCTBa ypoBHs G([1) HMEOT
OIpPaHMYEHHYIO ILIONIA/b, 38 UCKJIIOUYEHHEeM MOXKET ObITh MHOXKECTBa HYJIEBOI'O YDOBHSI, T. €.
wiormau obsact G (eM., Harpumep, [12]). U3Bectro, uro eciu miomaapb 06J1acTH OrpaHIIeHa
u o > 0, TO crpaBeJ/IMBO HEPABEHCTBO

L(G) < — A"

S rel(a+ 1) (a+2) (2:3)

Eciin npumennTs nocse/iaee HepaBeHcTBO K G(1), Toraa dyraknus £, (41) KOpPEKTHO ompeiesieHa
u Koreuna upu p € (0, p(G)] n a > 0.

IIpu 0 > oy > —1 mioma/p 06/aCTH KOHEYHa, TeM 0oJiee, ILJIONa /b MHOXKECTB yPOBHSI.
Ho, kak Oymer nmokasamno nuke, Bbraucienue byuknus f, (@) s oTpunaresbHbIX 3HAYCHUI
rapaMerpa TeCHO CBsI3aHO cO coiicTBamu dyHKImoHama 1(1) Kak byHKIMI 0T .

OrMernM, 94TO OrpaHMyYeHre Ha IapaMerp « > —1 gBJISeTCs eCTeCTBEHHBIM IIPU PACCMOTPe-
mun ynknnonana 1, (G), npu stom yeaosue 1,,(G) < +00 onuckiBaeT BIOJHE OIPeIeIeHHbII
KJ1acc obJiacTeil Ha IJIOCKOCTH, DOJIee TOro, Pa3IMUHbIM 3HAYCHUAM IIapaMeTpa COOTBETCTBYIOT
Pa3/IMIHbIE KJIACCHL.

Hastee, Oyzer ecrecTBeHHO paccMarpuBarh 3Hadenue dyukimn f,(4) nmpu p = 0 Kax pesyiib-
TaT IpeeabLHoro mnepexoia. Torjga Touky g = 0 mpum a > MOXKHO BKJIIOYHTH B 00JIaCTh
omnpejiesieHnst, a npu o < ag 1moyoKuTh £, (0) := +00. Kak ormedaniocs Bbliiie, B Ipyrux TOYKAX
3HAYEHME [apaMeTpa o = qq He urpaer Takoii posn st £, (u).

C apyroii croponsl, yeiaosue p(G) < +00 sIBIIseTCsT HEOOXOIUMBIM [T HCCJIEIOBaHUS (DYHK-
monasta (1.1), a Takske u jyist uccsenopanus pyukiwn (2.2). B cBoto ouepeib, ciaydaii o = 400
cooTBeTCTBYeT Kiaccy obsacteit ¢ p(G) < +oo. [IpuMeps! OIOCH! U MOJIYIOIOCH! Pa30IapOBBI-
BAIOT, TaK KakK QyHkIws f, (1) ToxKIecTBeHHA paBHa OECKOHETHOCTH Ha BCeil 00J1acTH oIpeiee-
ausi. OHAKO HETPYIHO IIOCTPOUTDH IIPUMEPHI, KOT/IA TOJBKO ¢ HEKOTOPOTO 3HAYEHUS [iy ILIOTIA~
JI MHOKECTB YPOBHSI CTAHOBSATCA HeOIpaHudYeHHbIMU. [Tpocreiiimmii npuMep MOXKHO IIOCTPOUTD,
0ObeINHSIS TI0JIOCY U KPYT, IMaMeTp KOTOPOoro 6oJbiie mupuHbl os1ockl. CoorBercTBeHHO, £, (1)
OyjieT Takke OTJIMYHA GECKOHETHOCTH Ha [1g, p(G)]. VI3 HepaBeHCTBA

4
L(G) > mp(G)
6
cJIeJIyeT, 9To KJacc obJacreil, momanHeHHbIx yeaosuio p(G) < 400, gBisercsa HanboJiee Mupo-
KUM KJIACCOM Tpu KoTopoM dyHKIws (2.2) u dyrkimonas (1.1) onuceBalOT HEKOTOPBIE T€O-
MeTpUYECKIe CBOcTBa 00/IacTH.

Hanee, tak kak MHOxkecTBa ((11) MOHOTOHHO BJIOJKEHBI, U3 3TOr0 cjeiayer, uro f,(u) mpu

a > 0 gsisieTcst He Bo3pacTaromieii dbyuknueir. B pabore [9] 66110 10Ka3aHO paBEeHCTBO

fo(p) = ia(p) — 2pia (1),
e
p(G)
i,(p) :==¢ / tla(t)dt, q=1,2.

I
U3z sToro IIpeacTaBJICHUA BBITEKaIOT paBEHCTBa

(fo(p)) = —2i1(p), (f2(n)" = 2a(p). (2.4)

Taxum o6paszom, o) sBisiercs jaBazxibl qud epeHIupyeMoii, MOHOTOHHO YOBIBAIOIIEH U CTPO-
ro BBITYKJIOH BHU3 yHKImed. OTMeTnM Takxke, 910 y dbynknun fa(¢) moarun Beiogy cyrectByer
TpeThs npoussoHas (cM. [8]).

[TokazkeM, 9TO aHAJIOTUIHBIME CBOficTBaMu obsaaeT u dyuriusa £, (u).
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Jlemma 2.1. Ilycmv G — 00H0C8A3HAA 06AGCTND, € 02DAHULEHHBIM €6KAUIOBDIM MOMEHMOM
nopaodka ag(> —1). Toeda f,(p) asasemes monomonno yowsarowet dynkyued npu o > 0,
a Mmaxoce cmpozo 8vinyKrAol enu3 npu a > 1. Ima dynryua ecrody dupdepenyupyema npu
a > 1, abconrommno nenpepwera npu o € (0,1), a maxorce ecau 1(s) — Pynryus ozpanusernot
sapuayuu, mo f,(1) nowmu ecrody dudgepenyupyema v npu 0 > o > —1.

Jlokasameavcmso. Crenys [9], samernm, aro B obactu G(p) cymectByer cBosi (hyHKIUS pac-
CTOSTHHSI JIO0 TPaHUIIBI 00JIACTU, IIO9TOMY B JaJibHeileM OygeM pas3jindaTh JIMHHU YPOBHSA 00-
nacreit G u G(p). Kak HerpynHo BujieTh, dbyHKImed paccrosguus 10 rpaHulpl obmactu G(p)
asisercs Gynxuus p(z, G) — p, ciegosarensro, a,(s) = a(s+p) (0 < s < p(G(n))), rue a,(s)
— Ioma b MHOXKecTBa ypoBHs dyukiuuu p(z, G(u)). Hanee, mpumensist onpejeieHne nHTErpa-
na 1o Jlebery m MHTErpupoBaHue IO YacTAM, HeTPYIHO HOIYIUTh CICAYIOIee IIpeICTaBIeHue

a(u) p(G(n))

f.(1) = / s(a,)%da, = « / s*la,(s)ds =
0 0

p(G)—p p(G)

=« / (s+u)*ta(s+u)ds=a / (s — p)* ta(s)ds,

m

rie « > 0. U3 sToro npejcrasienus cienyior muddepeHnupyeMocTb GyHKIuM mpu « > 1 u
CYTIECTBOBAHNE BTOPOI MTPOU3BOIHON IIPU v > 2, a TaKyKe PABEHCTBA
p(G)

(1)) = —a(a— 1) / (s — 1)*2a(s) ds = —afu_ (1),

(fa ()" = ala = Dfa_a(p).

(2.5)

YHacTHBIME CJTydasiMi [IOCJIETHIX paBeHCTB sBisiercs (2.4). Takum obpasom, f, (i) MoHOTOHHO
yOBIBAET IIPU (v > 1 U CTPOro BBIMYKJIA IPU (v > 2.

[Tokazkem, 4TO MPUBEJICHHBIE (POPMYJIbI CIIPABEJIMBLI IIPU 0OJIee OOIIUX MTPEIITOTOKEHUX.
O6oznaunm vepes 1,(s) namny suaun ypous dynkimu p(z, G(jt)), TOrna HOYTH BCIOLY CLPa-
BeJJTNBO PaBeHcTro &), (s) = —1,(s). Orciona, mpumenss dbopmysy kormontamm [13] aia bynx-
U PACCTOSIHUSI JIO TPAHMIIBL, TIOJIYIUM

p(G(1)) p(G)
f.(p) = / s*1,(s)ds = / (s — p)*1(s)ds, (2.6)

riae « > —1. 13 mocsesinero npejicraBiiennsi BbITeKaeT MOHOTOHHOCTH f, (1) y2ke pum v > 0, a
TakKe Jpyras popMyJia Jiis TPOU3BOIHO:

p(G)

0 = ~a [ (5= 0" 1(s) ds. 2.7

o

13 nosydeHHOro mpeJIcTaBIeHNsI M BBIPAYKEHUsI [IPOU3BOIHO CJIe/IyeT, 9T0 paBeHCTBa (2.5)
cripaBeIUBLI Ipu @ > 0 1 @ > 1, COOTBETCTBEHHO.
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Ncnonb3yst HEOTPUIATEIHLHOCTh U U3MEPUMOCTD HOJAMHTErPaIbHON (DYHKIMA U IPUMEHsIS
reopemy Pybunn o mopropHoM mHTerpupoBaruu, ipu o > 0 u 0 < v < p(G) nonyaaem

v

/f&(u)du =—a ] du 70)(3 —p)*M(s) ds =

0

=- a]l(s) ds/s(s —p)* dp—a 7)1(8) ds /V(s — ) dp =
— Jewass ] [t - e

o(C) s
= / (s — v)°1(s) ds — / $*1(s) ds = fo(v) — £a(0).

Taxum obpazom, dyukiws f, (1) sBiasiercs abcoTIOTHO HEITPEPBIBHOI pu o > 0.
Hanee, npeanosnoxum, aro 1(p) sasisercst dbyHKImeii orpannyeHHoil Bapuanuu. Toraa mpu
a > —1, upumensisg B (2.6) dhopmy/ly HHTErPUPOBAHKE 10 YACTSM, [OJIY UM

. p(G)—p ) p(G)
fali) =~ / I(s + p) ds**! = a+1 / 1(s) d(s — p)** =
p(G) '
I(p(G)(p(G) =)t 1

[ (= urans),

I

a+1 _a—i—l

riae HOCJIG,HHI/Iﬁ nHTEerpaJl IOHUMaETCA B CMbICJIE Pumana — Cruibrbeca u

I(p(G)) == lim 1(p).
p—=p(G)
N3 ycioBuii ieMMBbI 1 TIOJTyY€HHOT'O TIPEJICTABJIEHUs CJIELyeT CYIIeCTBOBAHHUE ITOYUTHU BCIOJLY ITPO-
U3BOJIHOM

p(G)

£(0) = ~Up(C)(P(G) )" + [ (s = e dlls)

npu 0 > a > —1. B wacrnocru,

HOYTH BCIOJLY.

B sak/iodennn goKa3aTe/bCTBa IPUBEIEM IIPOCThIE TIPUMEPHI 001acTell /s KOTOPBIX (DyHK-
st 1(p) we menpepsiBHa. O6/IACTD ¢ KOHEYHBIM YUCJIOM CKadKOB (byHKImE (1) HETPYIHO 1T0-
JYYIUTH C TIOMOIIBIO XOPOINO M3BecTHOH obiactu B Buje “ranrermn’ (em. |7, crp. 313|). Heii-
CTBUTEJILHO, PACCMOTPUM 00JIACTh, SABJIAIONIYIOCS 00bEJINHEHUEM JBYX OJMHAKOBBIX KPYIOB U
PAMOYTOJIbHUKA, MMUPUHA KOTOPOrO MeHbIe JuaMerpa Kpyros. HerpyaHo ybeantbes, 9To B
9TOM CJIydae paccMarpuBaeMas (DYHKI OyJeT UMeTh POBHO ojinH ckadek. O0acTh ¢ KOHEU-
HBIM YHCJIOM CKAQIKOB MOXKHO IMOJIYIUTH O0BEIUHAST TAHTE/N, TaK 9TOObI OHHU TEPECEKANCH 10
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pydKaM pasHoii mupuHbl. Eé 60s1ee mpocTbIM MPUMEPOM BJIIeTCs 00beIMHEHNE JIBYX IIPSIMO-
YTOJIbHUKOB PA3/IUIHON MUPUHBI, 00PA3YIONNX “JIECTHUILY  C JIByMs CTYyIIeHAMU. B 3TOM cirydae
TaKKe MOJIYIUM POBHO OJINH CKa4uoK y dbyHKuu 1(4). YBesmdauBas 9UCI0 CTYIEHUN IOy IuM
KOHEYHOI NN OECKOHEYHOE YHCJIO CKAIKOB (DYHKIIHM. [

YacTubiMU cIydasgMu CBOWCTB MOHOTOHHOCTHU M BBIITYKJIOCTH SBJISIOTCS JIBYCTOPOHHUE OTIEH-
ku st bysximn fo(p) n eé mpoussognoil. OHAKO, TH OIEHKH SABJSIOTCS CIIEIUATbHBIM CITy-
JaeM J[BYXCTOPOHHUX HEPABEHCTB, MOJIyYaeMbIX C IIPUMEHeHueM HepaseHcTBa Tuna [leiina [9)

@) < 2 (16 - 220

eficTBUTEIBHO, YUUTHIBAS IEPBOE U3 PABEHCTB (2.4), IPUMEHUM TI0CTIE/IHEE HEPDABEHCTBO Ha
MHO)KecTBax ypoBHs (G(11), Torma mosydnm jiuddbepeHiuaabHoe HepaBEeHCTBO

fo(p) < 2(p(G) — ) ((fQ(,U))/ n (p(G) — #)3> |

3 2 12

C IIOMOIIIBIO HECJIOZKHDBIX a.HI‘e6paI/ILIeCKI/IX BBIKJIaJOK MO2KHO IIOKa3aTb, 9TO IIOCJIE/[HEE HEpa-
BEHCTBO 9KBUBaJICHTHO HEPABEHCTBY

(e ) <5 2

[IpounTerpuyem mostydenHoe sepaBeHcTBO 110 [0, 1] u [, p(G)], mOTyInUM IBYCTOPOHHIOI OIEH-
Ky

SUPENPE) =+ F0(6) = < () < (i~ 1) (6lG) = )

rie [(p(G)) — pmua nuann yposus dbyakimn p(z, G), Haxofdmasics na paccroganu (= p(G)
oT rpamuis! obsactu. Jlasee, mpnMenss pasencTsa (2.4), u3 HOCIeAHero HepaBeHCTBA HETPY/IHO
nostyauTh jBycroponune onenkn st f5(p) n £5(p). B wactnocrn, u3 9THX ONIEHOK Ciejyer
nosimHOMuasIbHOE roBesienue f5 (/1) u e mpon3BoAHBIX.

H106BI 0600ITUTH TIOCTIE/HEE HEPABEHCTBO, [IPABOE HEPABEHCTBO 3AIUIIEM B BUJIE

;))3 (fz(u) B 7rp(G(u))‘*) ot E (f2(0> _ M), (2.9)

p(G(p 6 ~ pG 6
Bamerum, 9TO
4
mr
(D)= "5
rjie D — kpyr pajguyca r. [losTomy ecTecTBeHHBIM SBJIIETCS PACCMOTPETh (DYHKITMOHA
1 2mp(G(p)*"? )
Fo(p) = —— (fa 1) — . 2.10
W= g W~ D+ (210)

Bo BesieHHBIX 0003HAYEHUAX, HEPABEHCTBO (2.9) MpUHUMAeT OYeHb IIPOCTOi BUJL
Fy(p) < F2(0).

Takum 061)&30M7 €CTECTBEHHOU SBJIETCA T'MIOTE3A O TOM, 9YTO aHaJIOTUIHOEC HEPABECHCTBO UMeEET
MECTO M OJIA Fa(,u) Paccyx,uaﬂ aHaJIOTUYIHO, IIOJIy9a€eM OIECHKY CHU3Y

Fy(p(G)) < Fa(u)

1 COOTBETCTBYIOIIYIO Turnioresy st Fo,(u).
[TokazkeM, 9TO MOCJIEHUE JIBA HEPABEHCTBA TAKIKE ABJIAIOTCS YACTHBIMU CJIy9IasiME CBOCTBA
monoronHoctu yuknuu F, (u).

Teopema 2.1. [lycmv G — o0dnoceasnas 064acmyb, ¢ 02PAHUYEHHBM €BKAUIOGHIM MOMEH-
mom nopadka a(> 0). Tozda F, (1) asasemes monomonno yowearowed dynruued npu o > 0.
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Caencreue 1. B ycaosusz meopemot 2.1 dynnuus £,(10) p(G (1))~ @Y monomonmo y6uisa-
em na [0, p(G)], wacmnocmu, cnpasedauso Hepasencmeso

i) < (1- ﬁ) L(G)

ede i€ (0, p(G)).

JpyruM BazKHBIM CJIEICTBUEM TeopeMbl 2.1 sBjsiercsi CBOHCTBO O CTENEHHOM IOBEJCHUN
dbyuxmonana f,(u).

CaencrBue 2. Ilycmo G — odnoceasuasn obracms u o« > 0. Toeda cnpasedauswv, nepaser-

falu) = (I“(G*(zﬁffﬁ)go(“ﬁ)wl’ 21

L) = PO (oo + TR (1R )

20e 0 < u < p(G). Oba nepasencmea 06pawLaIOMCEsA 6 PABEHCMEO MOo20a U MOAVKO mozda, K020
G — obaacmv muna Bonnesena.

IIpu @« = 0 mw o = 1 moc/eHIE HEPABEHCTBA JOKa3aHbI B |9] M NpUMEHEHBI JJIsi ONEHOK
JKECTKOCTH KPYYeHHS U eBKJIUIOBBIX MOMEHTOB 0OJIACTU OTHOCUTETHHO I'DAHUITHI.

OueBn/tHo, uTo HepaBeHCTBO (2.11) obobimaer caencrue 1. C Apyroif CTOPOHBI, CIIEICTBHEM
(2.12) siBAsieTCst U30IEPUMETPHYECKOE HEPABEHCTBO

2rp(G)*2 (0 p \M
O N ) (1 p<G>) ’ (2.13)

SIBJISAIOIINECS TIPOTUBOIIOJIOXKHBIM K HEPABEHCTBY M3 CJIEJICTBUA 1, npudeM HepaBeHCTBO (2.13)
obpalaTcs B paBEHCTBO TOTJIA U TOJBKO TOrIa, Koraa G — KpyT.
YV TBep:KIeHNEe CIEJICTBUS 2 MOYKHO IIPEJICTABUTH B BUJIE CJIEIYIONIETO JIBOWHOTO HEPABEHCTBA

Lp(G))p(G)**! _2n(p(G) = w)**?
a+1 (a+1)(a+2)

2mp(G) a+1

BBLIEJIAIONIEM CTEIIeHHOE IOBEJCHUEe B dBHOM BHJIE, Ije 00JIaCTh W IapaMerpa (v SBJISIOTCA
dbUKCHpPOBAHHBIMH.
Haee, onenkn npon3Bogubix GyHKnu £, (41) MOIydaoTes ¢ HCHOIb30BaHIEM PaBEHCTB (2.5).

(p(G) — ) < £,(n)

(LGpc) -

CrnencrBue 3. [lycmo G — odnoceasnas obaacmo u « > 1. Toeda cnpasediuévs Hepasen-

- f(n) > —a (LH(G) - M) (1 - L)

ala+1) p(G)
fi(n) < —p(G)° (l(p(G))—k%_'_)l_’u)) <1_%> |

20e 0 < 1 < p(G). Oba nepasencmea 06paULAOMCA 6 PABEHCMBO MO0204 U MOALKO Mo20a, K020
G — obaacmov muna Bonnesena.
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CaencrBue 4. I[lycmov G — odnoceasnan obracms u o« > 2. Toeda cnpasediucwv, nepasen-

200 < ala—1) (L@ - 22O (1 ﬁ) ,

. 21 (p(G) — ) p O\
f'(n) > a—lpGal(lpG +— |1 = —F== ,
() > (0 1p(@)1 " (Up(c) + T2 e
20e 0 < pu < p(G). Oba nepasencmea 06pawLaIOMEsA 6 PABEHCME0 MOo204 U MOAVKO Mozda, K020
G — obaacmv muna Bonnesena.

U3 [10] u reopemsbr 2.1 ciemyer, 9o DyHKIMOHAT
E(a, p) == (+ DFa(p) (2.14)

SIBJISIETCSI MOHOTOHHO yObIBatomeit byukiueir mo oboum coum aprymentam. [Ipu srom momno-
TOHHOCTB TI0 TIEPBOMY apryMeHTy Ha3bIBAETCS M30TEPUMETPUIECKON MOHOTOHHOCTBIO TIO TIapa-
MeTpy «. [leficTBure/ibHO, (DUKCUPYS [i, MBI TIOJIyIaE€M CBSI3b MEXK/IY PA3JIUIHBIMU N€OMETPHUIE-
CKUMHU XapakTepuctukamu MuoxkectBa G(u) B opme Hepasenctsa. C Apyroit cTOpoHbI, (UK~
CUpPys (v, MBI TIOJIydaeM HEPABEHCTBA aHAJOTUYIHBIE MOHOTOHHOCTH, HAIpuMep, (pyHKIHOHAIA
a(p). B meiictBuresnbnocTu, ciefcTBre 3 BbIPaXKaeT KOJTMYECTBEHHOE M3MEHEHHE ITPOU3BO/HOIN
dyHKIMOHAIA.

Eciau Bmecto dyuknuu p(z, G) paccMOTpeTh KiaccudecKyio (byHKIMIO HAIPsKeHUs obJa-
CTHU, TIPU ITOM OT KJIACCA OJIHOCBSI3HBIX 00JIacTeil MOXKHO HEePeiTH K KJIaCCy KOHETHOCBSI3HBIX
obJlacTeil Ha IJIOCKOCTH, TO OKA3bIBAETCHA, UYTO MOXKHO JIOKA3aTh YTBEP:KJICHUS aHAJIOTMIHBIE
BBIIIEN3/I0KEHHBIM. B aHHOM ciiytae 6a30BBIME SBJISIOTCA PE3Y/IbTAThI, TOJTyIeHHbIE B pabo-
tax [1, 11, 14]. dasnee copmyaupyem pe3y/IbTaThl, OIyCKasi UX MOAPOOHOe 00CYKIeHHE.

[Iycts G — KoHEUHOCBsI3HAS 00/1acTh Ha 10ckocT. Obo3naumM depe3 [y BHEITHIO rpannd-
HYIO KOMIIOHeHTY rpanuibl 0G, a yepes ['1, ..., ', BHyTpeHHIe KOMIIOHEHTHI I'PaHulbl. DyHK-
el HanpsizkeHust obacTu G HA3BIBAIOT eIMHCTBeHHOe perenne u(z, G) ciemytomeil KpaeBoii
3aJ1a9u

Au=-2 BG,
u=20 Ha Fo,
u=¢ wHaly,, 1=1...,n,
rje KOHCTAHTBI ¢; OIPEIEIAIOTCS U3 YCJIOBHUS
%dS: 2a;, i =1,...,n,
r; 877/

31ech 0/0n 0bo3HAYAET BHYTPEHHIOK HOPMAaJbh U a; — IJIOIIa b, OTPaHNYeHHast KpuBoii [';.

Ob6oznaunm uepe3 Gy 0b1acTh T'paHnIa KOTopoil coBmamaer ¢ I'g um comepxxkarryio G. IIpo-
JIOJIZKUM 110 HENPEPBIBHOCTH KOoHCTaHTaMu u(x,G) B MHOXKeCTBa OrpaHWYeHHble KPHUBBIMU
(i = 1,...,n). Ilpu 5170M CcoxpaHuM 3a IIPOJIOJIZKEHHEM 0bo3HadeHne. Paccmorpum ciesy-
IONINI UHTErPAJIbHBIN (DYHKITMOHAJ 00/1aCTH

Ts(G) ::/G u(x, G)PdA,

e 3 > —1. B ciayaae omHocBsI3HOM obstactn ipu § = 1 mocsegauit GyHKIMOHAT ¢ TOYHOCTHIO
JI0 KOHCTaHTBI COBIIQJIAET C YKECTKOCTBIO KpydeHus: obaactu G.
O6o3Haunm depes G(v) MHOKecTBO ypoBHs byHkImn u(z, G), T. e.

Gv) ={r e Golu(z,G) >v}.

3ameTnm, 9TO YacThiO TpaHuIlbl MHOKecTB G(v) MoryT BhicTynarh Kpusble [;. [lns obmactu
¢ orpanndenusiM dynknnonanoM Tg(G) (8 < +00) Bce MHOXKECTBa YPOBHSI HMEIOT KOHEYHYIO
mwioma s npu v < u(G) (em. [14]), rae u(G) := sup,eq u(z, G).
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[To anajoOruy ¢ eBKJIMIOBBIMU MOMEHTAMU PACCMOTPUM (PyHKIUOHA
Ps(v) == Tp(G(v)),
re 0 < v <u(G), > —1.
JIemMma 2.2. ITyemv G — Koweunoceasnas 00AACTL, € O02PAHUMEHHBIM  PYHKUUOHANOM

Ts(G) (B > 0). Toeda ¢ps(i) aAsasemea mornomonno yousarowed npu B > 0 dynkyued u
cmpozo ewinykAol enus npu > 1, a maxorce abcorrommo nenpepuishot npu > 0.

Jlokazamenvemeo. U3 onpenenennit byukiuu u(x, G) u muoxecrs G (), HETPYIHO yCTAHOBUTH
PaBEHCTBO

u(z,G(v)) =u(z,G) —v (z € G(v)), (2.15)

B qactaoctH, U(G(v)) = u(G) — v. Ilpumenss onpesenenne unterpasa no Jlebery, mosryamm

A(G(v)) u(G)
b= [ tada,= [ =i + Y (e
0 v

c; >V

Hanee, npumensig dhopmyity Korwtomau [13|, npumenénnoii k dbyukun u(z, G), nmeem

u(G)
%(V):/ (t=v)let)dt+> (¢ —v)’a;, (2.16)

ci >V

rje

ds
oo = /mt) Vulz,C)

ul'(t) = {z € Glu(z,G) = t}. Uz nomyuennoii GopmyIbl ciietyeT MOHOTOHHOE yObiBamme ¢g(v)
upu 5 > 0.
Taxxke, u3 GopmyJsl (2.16) cieayer paBeHCTBO

G)
v)=—p / D)t — BY (e — ) e = By (v).  (217)

ci>v

OTcrofa BRITEKaeT cTporas BBITYKJIOCTh BHE3 Pg(v) mipu 3 > 1.

AbcosroTHasT HEITPEPBIBHOCTD (DY HKITHH qf)ﬁ(y) JIOKa3bIBaeTCA TaK Ke, KakK U B ciaydae Jlem-
MbI 2.1. O

Hanee, anagmsupysi pesyabrarsl paboTs! [14], no anamoruu ¢ onpejgesneruem (2.10) paceMor-

puM pYHKIITOHA . - ) QWU(G(V))ﬂH
o= gt (#4005 —).

rje § > 0. B ciyuae korjya obsiacth (G oOrpanndeHa KOHIEHTPUIECKUM KOJIBIIOM, TO XOPOIIO 13-
BECTHO, 9TO BbIpaskeHne B CKOOKax 0OpaIaeTcst TOXKIECTBEHHO B HYJIh, & B OCTAJIbHBIX CJIyYasiX,
Kak 1okasas Ileiin [6], cTporo moIOKUTEIBHO.

Naeer mecto ciremyromnuii anaaor TeopeMbr 2.1.

Teopema 2.2. [lycmv G — KoneunocsasHas 06AACMb, € 02PAHUMEHHBM PYHKUUOHAAOM
Ts(G) daa nexomopoeo (> 0). Toeda Ps(v) asasemcsa monomorno yovsarowed dynryued
npu > 1.

[IpuBesieM TakzKe CIEACTBUSA, UJLTIOCTPUPYIOININE CTEIEHHOE ITOBeeHUEe (DYHKITUN qbﬁ(l/).

CaenacrBue 5. B ycrosuar meopemol 2.2 cnpasediussv. HepaseHcmaa

0<@slv) - 27“;(?15+1 (1 N U(VG)Y+1 = Tal) (1 N u(VG’))ﬂj

2de 0 < v < u(@). Oba nepasercmea 06paUAIOMCA 6 PABEHCMBO MO020a U MOALKO Mo2da, Ko20a
G — KOHUEHMPUYUECKOE KOABUO.
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CaencrBue 6. I[lycmo G — koneunocsasnas ooaracmv u [ > 1. Toeda cnpasedausvl nepa-
8EHCMEBA,

v -1
qb%(l/) > — (BTﬁ_l(G) — QWVU(G)’B_I) (1 — m) ,

Ps(v) < —2m(u(@)-v)",

2de 0 < v < u(@). Oba nepasercmea 06paWAIOMCA 6 PABEHCMBO MO020a U MOALKO Mo2da, Ko2da
G — KOHUEHMPUYECKOE KOABUO.

CaenctBue 7. [lycmov G — xoneunocesasnas obaacms u 5 > 2. Toeda cnpasediusovr Hepa-
8EHCMBA

v A2
dh(v) < B((B—-1)Ts2(G) — 2mu(G)"?) (1 — u(G)) ,

Ph(v) > 2mB (@) —v)",

20e 0 < v < u(G). Oba nepasencmea 06pawLaIOMEA 6 PABEHCME0 Mo20a U MOALKO mozda, K020
G — KONUEeHMPUUECKOE KOALUO.

3. JIOKA3ATEJIbLCTBO OCHOBHBIX PE3VJ/IbTATOB

Jokasameavcmeo meopemuv, 2.1. VI3 yrBepxaerns Jlemmpr 2.1 06 abcoIOTHOI HETPEPBIBHOCTI
dbyuxmmm £, (1) caenyer, uro yowiBanne F,(u) sxkBubanentro nepaserctBy F/ (n) < 0 mia
nouru Beex 4 € (0, p(G)). [ocnennee nepasenctso, BBuy Toxkaecrsa p(G(u)) = p(G) —p n
onpeseserns (2.10), paBHOCHIBLHO OIEHKe

fo (1) ' B o2
((P(G> - W“) = T+ D@+ (3.1)

D10 HEpPABEHCTBO NpH @ = 2 coBnajaer ¢ (2.8), ciieoBaTeIbHO, YTBEPKICHIE TEOPEMbI B
9TOM YaCTHOM CJIydae 0OOCHOBAHHO HAMU pamee.

B pa6orax [9, 10] 6buin usyvenn! coiictsa dyuknnonana (o + 1)F,(0) kak dbyuxiun ap-
ryMeHTa «. Bymaem HasbBaTh 00/1acThIO THIIA BOHHE3eHa BBIMYK/IYIO 00JIACTD, SBJISIONLYIOCH
00beJIMHEHNEM JIBYX MOJIYKPYTOB W MPSMOYIOJbHUKA, B YACTHOCTH, IIPU BBIPOKIEHUU TIPSIMO-
YTOJIbHUKA TOJy4daeM Kpyr. Tak Kak yTBepzKJEHUE sABJISIeTCd OJHUM U3 KJIOYEBLIX B Jl0Ka3a-
TEJILCTBE, Mbl MPUBEJIEM €ro (DOPMYJIMPOBKY, UCIIOJIb3ys ODO3HAYEHMsI BBEJEHHDbIE B JIAHHOI
pabore.

Teopema A. [10] IIyemo G — odnoceasuaa obaacmo u 1, (G) < +oo das mexomopozo
po € [—1,00). Tozda

1) ecau G me cosnadaem ¢ axcmpemanvio 6 nepasencmee Bonnesena, mo (o + 1)Fo(0) —
CcmpPo20 YoueaULas GYHKUUL OMm «,

2) ecau G cosnadaem ¢ 00noti us sxempemanets 6 nepasercmee Borwnesena, mo (a+1)F,(0) =
1(p(G)), das a € [—1,400).

B wacTtHOCTH, CcIIpaBe/INBO HEPABEHCTBO
(a+ 1)F,(0) < oF,_1(0).

HepaencTBo obpariaercss B paBeHCTBO TOIJIa U TOJIBKO TOrja, Korjga G sBisieTcs 00/1acTbhio
tuna bonnezena. BaxkubiM gBjsieTcs TOT (DaKT, 9TO BCE JIUHUU YPOBHA (DYHKIIUU PACCTOTHUSI
obnactu Tuia BoHHe3eHa TakKe OrpaHMYMBAIOT 00JIaCTh THIIAa BoHHe3eHa.
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[Ipumenum 1oc/Ie/IHEE HEPABEHCTBO Ha MHOYKeCTBaX ypoBHs G(f1). YUIUTBIBas OIpeIeIeHus
(2.2), HEpABEHCTBO IIPUMET BUJT

ap(G() 2 p(G(1))
folp) < Ca+1 for(p) = (a+1)2(a+2)

YuureiBast paBeHcTBa (2.5) u mpojesaB HeCJIOXKHbIE ajaredbpandeckue mpeodpa3oBaHuUsl, MMOJIY-
JaeM, 4TO TOCTIe/[Hee HEPABEHCTBO SKBUBAIEHTHO HepaBeHCTBY (3.1). D10 3aBepinaer JoKa3a-
TEJIbCTBO TEOPEMBI. O

Jlokazamenvecmeo caedemeus 2. HepaBercrso (2.11) 9KBUBAJIGHTHO HEPABEHCTBY

Fa(p) < Fa(0),

SABJIAIONIEECH TPSIMBIM CJIEJICTBIEM TeopeMbl 2.1.
Cuosa Bocnosbsyemes TeM, 9To dyuximonat (a+ 1)F,(0) asasgercsa MOHOTORHO yObIBaIOIIEH
dbyuximeit aprymenrta o. C sipyroii croponsl B padore [9, ¢. 2952] nokaszano, 4ro

. al,(G)
QLHEOO W = l(p(G)).
CiieicTBIEM 3TUX JIBYX YTBEPKIEHU SIBJISIETCS CJIELYIONIEe N30IEPUMETPUIECKOE HEPABEHCTBO
p(G) 2mp(G)
I.(G) > ——— | l(p(G — .
(©) 2 27 (Upten) + 2B
[Tpumensist moJtyIeHHOE HEPABEHCTBO Ha MHOXKecTBaX ypoBHs G(1), a Takxke p(G(u)) = p(G) —

{, TOJIyIuM HepaBeHCTBO (2.12). O

Joxazamesvcmeo meopemor 2.2. VI3 yrBepxaenud JleMmbl 2.2 00 aDCOIIOTHO HENTPEPBIBHOCTU
bynkmm ¢g(v) crenyer, uro yopisanne ®g(v) SKBUBATEHTHO HEPaBEHCTBY (I)/B(V) < 0 jist
noutn Beex v € (0,u(G)). ocnennee nepasenctso, BBy ToxaectBa u(G(v)) = u(G) —v n
COOTBETCTBYIOIIUX OIIPEIEIeHNIT, PABHOCUILHO OIEHKE

/
v 27
d),B—() < — . (3_2)
(u(G) —v)p B+1
B namnoM ciydae KJIIOUEBBIM B JIOKA3aTE/ILCTBE SABJIACTCA YTBEPXKICHUE U3 pabOThI [14]. Mur
IPUBEJIEM YTBEP:KJICHNE aallTUPOBAHHOE K BBEJIEHHBIM 0003HAYCHUSIM.

Teopema B. ITycmv G roneunocesasna obaacmov, T, (G) < +0o das mekomopoeo py €
[0,00). Then
1) Ecau G ne asasemea xonuenmpuueckum xoavuom, mo ®5(0)(u(G))™ sasasemesa cmpozo
yovsarowet gynrkyuets om 5 s 5> py.
2) Ecau G — xonuenmpuueckoti koavyo, mo ®5(0)(u(G))™' =0 das B € [0, +00).

B wactHOCTH, MMeeT MECTO HEPABEHCTBO
®3(0) < ®3z_4(0). (3.3)

HepagencTBo obpalaeTcss B paBEHCTBO TOJBKO B CJIydae KOHIIEHTPHIECKOTO KOJIbIA. 3aMEeTUM,
YTO JIMHUM YPOBHA (DYHKITUU HAIPIKEHUS KOHIIEHTPUYECKOTO KOJIbIIA TAKXKe OTPAHUIHBAIOT
KOHIIEHTPUYIECKOE KOJIBIIO.

[Tpumensist oc/ie/IHee HEPABEHCTBO HA MHOXKeCTBaxX ypoBHs G (1), mOIydnM

_ 2mu(G(v))
BB +1)

[Tpumensist (2.17), HETPYIHO YCTAHOBUTHL, YTO HepaBeHCTBO (3.4) SKBUBAJIEHTHO HEPABEHCTBY
(3.2). Teopema 2.2 nokasaHa. O

bs(v) < u(G(v))ps_.(v) (3.4)
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Jokxazamesvcmeo caedcmeus 5. JleBoe HEpaBEHCTBO B yTBEPXKJIEHUU CJIEJACTBUS ITPEICTABIISA-
er coboii HepaeHcTBo Ileitna st G(v), a npaBoe HEPABEHCTBO IKBUBAJEHTHO HEPABEHCTBY
B5(v) < B5(0). 0

B saksroueHnn orMeTnM, 9To aHaJaoroM gyHknnonasaa (2.14) B qanHoM ciaydae 6y/er GyHK-
ITIOHAT
R(ﬁv V) = (I)ﬁ(y)v
SIBJIAIONINNCS MOHOTOHHBIM 110 obeuM repeMeHHbIM. MoHOTOHHOE TOBEeHME 110 CBOOOIHOMY
napamerpy [ mokasana B pabore [14], kak u B ciydae ¢ yHKIHEl pacCTOSHUS 70 TPAHUIIbI,
9Ta MOHOTOHHOCTb M30IIEPUMETPUIECKA.

ABTOp BbIpazkaer 0J1ar0JapPHOCTL AHOHUMHOMY PEIEH3EHTY 3a IeHHbIe 3aMeYaHusd U PEKO-
MeHJAIul K padore.
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