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 A B S T R A C T

Thermodynamic aspects of the void formation process are considered in detail on the basis of molecular 
dynamics simulation results. As an example, the comprehensive stretching of Cu64.5Zr35.5 and Ni62Nb38 at 
different supercooling levels is considered. Comprehensive stretching was performed by applying a constant 
negative external pressure. Within the framework of classical nucleation theory, new expressions have been 
obtained which correctly reproduce the critical size of voids and the Gibbs free energy as functions of 
supercooling. For the first time it was found that the critical size of the voids takes extremely small values 
— it is comparable to the size of the point defects, and the waiting time for the appearance of these voids 
does not exceed hundred picoseconds. General regularities of void formation have been revealed, suggesting 
the possibility of developing a unified theoretical description of void formation processes in supercooled melts 
and amorphous solids.
1. Introduction

The end of the 19th century can be considered as the beginning of 
a new era in the study of the nature of the void formation processes in 
materials. The active development of the transport industry, especially 
marine transport are significantly increased the interest in studying the 
mechanisms of bubble formation, growth and dissolution in liquids [1–
4]. Essentially, research at the time was aimed to solving the problem 
of cavitation in ship propellers: the formation of bubbles around the 
rotating propeller leads to significant power loss and rapid blade wear. 
Lord Rayleigh’s pioneering work [5] in the early 20th century about 
the collapse of spherical bubbles is clarified the understanding of 
the erosive effects of collapsing bubbles on propellers (see Fig.  1). 
The development of technologies for the refining petroleum products, 
manufacturing polymers, rubber and metal alloys for the construction 
of civil and military transport in the 30–40s of the 20th century are 
caused a rapid increase in theoretical and experimental works devoted 
to synthesis of soft and solid materials with porous structure [6–8]. 
During these years, the main attention was paid to the study of the 
fundamental problems of void formation in soft materials (rubber, gel, 
foam, etc.) as well as to the study of the mechanisms of nucleation and 
propagation of cracks in metal alloys.

The development of high-precision experimental techniques and 
their computerization in the 1980s and 1990s contribute to significant 
progress in understanding the initial stages of void formation, where 
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the linear size of the voids is only a few nanometers [13–15]. The 
results of these studies provide the basis for various methods of foaming 
metal melts, including powder metallurgy methods. In the early 21st 
century, these methods were used to produce the first metal foams with 
both crystalline and amorphous matrices [19].

The research of the last decades is relevant for the development 
of experimental methods to control the crack formation process in 
solid materials [16,17,20,21]. For example, by Fokin et al. [16] it was 
found that phase transitions associated with crystallization can promote 
homogeneous void formation in supercooled melts. The reason for the 
appearance of such voids is the density mismatch between the initial 
amorphous phase and the forming crystallite, which leads to elastic 
stresses and disruption of the sequence of different crystalline phases 
occurrence. The results obtained by Mauro et al. [17] have been shown 
that crack formation and crack propagation in metal alloys can be 
controlled by nanoindentation: by indenting an object with rounded 
wedges into material. In addition, experimental and simulation results 
were obtained by Richard et al. [18] as well as Galimzyanov and 
Mokshin [22], where it was shown that the fracture of amorphous metal 
alloys under uniaxial and comprehensive stress is initiated by nucle-
ation of nano-sized cracks. Theoretical studies performed by Kukushkin 
et al. [23,24] have provided phenomenological models to describe the 
evolution of micro-sized voids in materials under external stress. These 
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Fig. 1. Major milestones in the study of cavitation in soft and solid materials. This scheme is based on information taken from [5–19].
results reveal that the process of void growth in solids has much in 
common with the dendritic crystallization in supercooled metal melts.

Despite the achieved progress, very little attention has been paid 
to study the initial stages of void formation in supercooled melts 
and amorphous solids. The results of recent studies indicate that the 
void formation in such systems can occur under different scenarios. 
First, molecular dynamics simulation results of Falk et al. [25,26] 
reveal that the void nucleation in the amorphous Zr50Cu50 alloy can 
follow a heterogeneous scenario. As found, nucleation always occurs 
at the same location in the sample, where there is a high struc-
tural susceptibility to plastic deformation. On the other hand, void 
formation in supercooled melts and amorphous solids can follow a 
homogeneous scenario without favored regions, when a system does 
not contain crystalline inclusions that can act as seeds for structural 
transformations [27–31]. Therefore, the aim of the present work is the 
quantitative characterization and theoretical description of the initial 
stages of void nucleation on the example of Cu64.5Zr35.5 and Ni62Nb38
alloys during comprehensive stretching initiated by external negative 
pressure [32–34]. The applicability of the classical nucleation theory 
to describe the thermodynamic characteristics of the void nucleation 
in these systems is verified.

2. Void nucleation in solids: theoretical aspects

From point of view of thermodynamics, the process of void forma-
tion in solids has much in common with the processes of crystallization 
and condensation [35–37]. In all these processes, a system may be far 
from thermodynamic equilibrium either due to supercooling or due to 
the action of a constant external mechanical stress. Ray and Ashby were 
probably the first to point out that the concept of classical nucleation 
theory can be applied to describe the process of void formation in 
solids [11,38]. According to this, the general expression for determin-
ing the Gibbs free energy 𝛥𝐺(𝑟) required for the formation of a void 
with the curvature radius 𝑟 can be expressed in the following form [11]: 

𝛥𝐺(𝑟) = −𝐶𝑣(𝜃)𝑟3𝜎(𝑝, 𝑇 ) + 𝐶𝑠(𝜃)𝑟2𝛾(𝑝, 𝑇 ) − 𝐶𝑏(𝜃)𝑟2𝛾𝑏(𝑝, 𝑇 ). (1)

Here, the contribution 𝐶𝑣(𝜃)𝑟3𝜎(𝑝, 𝑇 ) determines the free energy re-
quired to form a void; the contribution 𝐶 (𝜃)𝑟2𝛾(𝑝, 𝑇 ) is the surface free 
𝑠

2 
energy of a void; the contribution 𝐶𝑏(𝜃)𝑟2𝛾𝑏(𝑝, 𝑇 ) defines the surface 
free energy of the void walls, where 𝑝 and 𝑇  are the pressure and tem-
perature, respectively. In Eq. (1), the quantity 𝛾(𝑝, 𝑇 ) is the interfacial 
tension between a solid phase and a void, while 𝛾𝑏(𝑝, 𝑇 ) defines the 
interfacial tension of a solid phase. The quantities 𝛾(𝑝, 𝑇 ) and 𝛾𝑏(𝑝, 𝑇 )
are related by the Young-Dupre equation [39,40]: 
𝛾𝑏(𝑝, 𝑇 )
𝛾(𝑝, 𝑇 )

= 2 cos 𝜃, (2)

where 𝜃 is the angle between the tangent plane and the normal to the 
void surface [see Fig.  2(a)]. The dimensionless coefficients 𝐶𝑣, 𝐶𝑠 and 
𝐶𝑏 characterize a shape of the void and are defined as follows: 

𝐶𝑣(𝜃) =
2𝜋
3
(2 − 3 cos 𝜃 + cos3 𝜃), (3)

𝐶𝑠(𝜃) = 4𝜋(1 − cos 𝜃), (4)

𝐶𝑏(𝜃) = 𝜋 sin2 𝜃. (5)

In the case of a spherical void, the radius of curvature 𝑟 coincides with 
the radius of the void at all points on the surface, as shown in Fig.  2(b). 
Here we have the angle 𝜃 = 90◦ and Eqs. (2), (3)–(5) take the following 
forms: 

𝛾𝑏(𝑝, 𝑇 ) = 0, 𝐶𝑣(𝜃 = 90◦) = 4𝜋
3
, 𝐶𝑠(𝜃 = 90◦) = 4𝜋, 𝐶𝑏(𝜃 = 90◦) = 𝜋.

(6)

Then it follows from (1) and (6) that the Gibbs free energy 𝛥𝐺(𝑟) for 
the formation of a void with spherical shape and of the radius 𝑟 under 
the comprehensive tensile stress is determined as 

𝛥𝐺(𝑟) = −4𝜋
3
𝑟3𝜎(𝑝, 𝑇 ) + 4𝜋𝑟2𝛾(𝑝, 𝑇 ). (7)

According [11], the quantity 𝜎(𝑝, 𝑇 ) in Eq. (7) is the tensile stress. 
This tensile stress is the driving force of the void nucleation process 
at pressure 𝑝 and temperature 𝑇  [40,41]. Here, the quantity 𝜎(𝑝, 𝑇 )
is similar to the difference in chemical potentials |𝛥𝜇(𝑝, 𝑇 )| between 
the initial parent phase and the forming daughter phase for crystal 
nucleation or condensation processes [35–37]. The quantity 𝜎(𝑝, 𝑇 ) is 
directly determined by the diagonal components of the stress tensor 
𝜎 (𝑝, 𝑇 ), where 𝛼 = {𝑥, 𝑦, 𝑧}, i.e. 𝜎(𝑝, 𝑇 ) ≡ 𝜎 (𝑝, 𝑇 ), which are equal 
𝛼𝛼 𝛼𝛼
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Fig. 2. (a) Schematic representation of a lenticular void with the curvature radius 𝑟. (b) View of a spherical void whose radius coincides with the curvature radius 𝑟.
to each other when a system is stretched in all directions: 𝜎𝑥𝑥(𝑝, 𝑇 ) =
𝜎𝑦𝑦(𝑝, 𝑇 ) = 𝜎𝑧𝑧(𝑝, 𝑇 ). In the present work, we consider the mechan-
ical stress as the average of the diagonal components, i.e. 𝜎(𝑝, 𝑇 ) =
[𝜎𝑥𝑥(𝑝, 𝑇 ) + 𝜎𝑦𝑦(𝑝, 𝑇 ) + 𝜎𝑧𝑧(𝑝, 𝑇 )]∕3. The quantitative characterization of 
𝜎𝛼𝛼(𝑝, 𝑇 ) can be performed by the Irwin-Kirkwood method based on the 
results of molecular dynamics simulations [42,43]: 

𝜎𝛼𝛼(𝑝, 𝑇 ) = − 1
𝑉 (𝑝, 𝑇 )

( 𝑁
∑

𝑖=1
𝑚𝑖[𝑣𝑖𝛼(𝑝, 𝑇 )]2 +

𝑁
∑

𝑖=1

𝑁
∑

𝑗>𝑖
𝑟𝑖𝑗𝛼𝐹𝑖𝑗𝛼

)

. (8)

Here, 𝑣𝑖𝛼(𝑝, 𝑇 ) is the 𝛼-component of the velocity of the 𝑖th atom with 
the mass 𝑚𝑖; 𝑟𝑖𝑗𝛼 and 𝐹𝑖𝑗𝛼 are the distance and the interaction force 
between atoms of index 𝑖 and 𝑗 in projection on the 𝛼-axis; 𝑉 (𝑝, 𝑇 ) is 
the volume of a system; 𝑁 is the number of all atoms in a system.

In Eq. (7), it is assumed that void formation is an activation-type 
process: when the average void radius reaches the critical radius 𝑟𝑐 , 
a void becomes capable of further growth. The formation of such a 
void occurs with some waiting time 𝜏𝑐 necessary for the formation of 
a critically sized void after the system is removed from the thermo-
dynamic equilibrium state. In this case, the values of the free energy 
𝛥𝐺(𝑟) become maximal at 𝑟 = 𝑟𝑐 , which can be taken into account by 
the following condition: 
𝜕𝛥𝐺(𝑟)

𝜕𝑟

|

|

|

|

|𝑟=𝑟𝑐

= 0. (9)

From Eqs. (7) and (9) we obtain the following equation: 
− 4𝜋𝑟2𝑐𝜎𝑐 (𝑝, 𝑇 ) + 8𝜋𝑟𝑐𝛾𝑐 (𝑝, 𝑇 ) = 0. (10)

Here, the quantity 𝜎𝑐 (𝑝, 𝑇 ) characterizes the ultimate tensile strength 
of the system at which a void of the critical radius 𝑟𝑐 with the surface 
tension 𝛾𝑐 (𝑝, 𝑇 ) is formed. The critical radius 𝑟𝑐 is determined from 
Eq. (10) as 

𝑟𝑐 =
2𝛾𝑐 (𝑝, 𝑇 )
𝜎𝑐 (𝑝, 𝑇 )

, (11)

whereas the free energy 𝛥𝐺𝑟𝑐  of a void with the critical radius 𝑟𝑐 is 
determined by the equation 

𝛥𝐺𝑟𝑐 =
16𝜋
3

[𝛾𝑐 (𝑝, 𝑇 )]3

[𝜎𝑐 (𝑝, 𝑇 )]2
. (12)

As known by now, such the characteristics of critical grains of a new 
formed phase as the critical size and the appearance (or waiting) time 
are correctly determined by the statistical method developed on the 
basis of the mean first-passage time approach [44,45]. According to this 
method, a set of trajectories characterizing the sizes of the largest voids 
in the systems at successive time points from independent experiments 
is analyzed. For each trajectory, a set of times of the first appearance 
of a void of a certain radius is determined, and the distribution 𝜏(𝑟) for 
each experiment is evaluated. The obtained distributions 𝜏(𝑟) are av-
eraged and the most probable void appearance times of different radii 
3 
are determined. In this approach, it is not necessary that a separately 
considered trajectory characterizes the evolution of a single grain of the 
new phase (in our case, this is a void). Next, the critical radius 𝑟𝑐 and 
the average waiting time 𝜏𝑐 are determined from the analysis of the 
resulting distributions 𝜏(𝑟), and the first derivative of this distribution, 
𝜕𝜏(𝑟)∕𝜕𝑟. The point of extremum (maximum) in the derivative 𝜕𝜏(𝑟)∕𝜕𝑟
corresponding to the location of the inflection point in the distribution 
𝜏(𝑟), determines the critical radius 𝑟𝑐 , while the time 𝜏(𝑟 = 𝑟𝑐 ) ≡ 𝜏𝑐 is 
directly related to the average waiting time for a critically sized void 
to appear.

3. Void nucleation in supercooled Cu64.5 Zr35.5 and Ni62Nb38 melts

Molecular dynamics simulations of void nucleation under compre-
hensive stretching have been performed on the example of Cu64.5Zr35.5
and Ni62Nb38 systems. Each system consists of 31 250 atoms: 20 156 Cu 
atoms and 11 094 Zr atoms in the case of Cu64.5Zr35.5; 19 375 Ni atoms 
and 11 875 Nb atoms for Ni62Nb38. This number of atoms is sufficient to 
minimize finite size effects when simulating the formation of nanoscale 
voids in these systems. The interaction between the atoms is given by 
the EAM type potential with Mendelev’s parameterization [46,47]. As 
found before [46,47], the potential correctly reproduces the atomic 
dynamics and structure of these systems in liquid and amorphous states. 
The integration of the equations of motion for all atoms is performed 
with the time step 2 fs. First, we consider the samples with different 
supercooling 𝑇 ∕𝑇𝑙: at 𝑇 ∕𝑇𝑙 = 0.24 (in the case of Cu64.5Zr35.5) and 
𝑇 ∕𝑇𝑙 = 0.19 (in the case of Ni62Nb38) corresponding to the room 
temperature 𝑇 = 300K. The systems with the supercooling 𝑇 ∕𝑇𝑙 =
0.48, 0.72 and 0.96 are also considered. According to the known 
phase diagrams of these systems [48,49], the liquidus temperature 
of Cu64.5Zr35.5 is 𝑇𝑙 = 1250K and 𝑇𝑙 = 1550K for Ni62Nb38 on the 
isobar 𝑝 = 1 atm. The external negative pressure is realized in the 
NpT ensemble is realized by the Nose–Hoover thermostat and barostat 
with the parameters 0.25 ps and 2 ps, respectively. We have used the 
constant negative pressure 𝑝 = −12 GPa, which allows us to simulate the 
comprehensive stretching under which the considered systems would 
be in a metastable state. This pressure was chosen so that the waiting 
time for void nucleation was less than the structural relaxation time 
of the system under external tensile stress. Thus, these considered (𝑝, 
𝑇 )-conditions will favor the homogeneous void nucleation inside the 
systems on the time scales available for molecular dynamics simulations 
[see Figs.  3 and 4]. For the statistical treatment of the obtained results, 
ten independent simulations were performed for each system.

The process of structural change in Cu64.5Zr35.5 and Ni62Nb38 under 
stretching occurs in several stages. In the first stage, the stretching 
leads to a decrease in the average density of the samples and the 
formation of excess free volume. The density of Cu64.5Zr35.5 decreases 
from 7.5 g/cm3 to 6.5 g/cm3, while the density of Ni62Nb38 decreases 
from 8.8 g/cm3 to 7.4 g/cm3. The attractive forces between the atoms 
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Fig. 3. Snapshots of supercooled Cu64.5Zr35.5 and Ni62Nb38 melts at different stages of void formation during comprehensive tensile stress: (I) formation of a critically sized void, 
(II) void growth and (III) void coalescence. These snapshots were obtained at the supercooling 𝑇 ∕𝑇𝑙 = 0.48 that corresponds to the temperature 𝑇 = 600K.
Fig. 4. Snapshots of four different samples for supercooled Cu64.5Zr35.5 melts, where the system contains the voids. Here, the supercooling is 𝑇 ∕𝑇𝑙 = 0.24. The void formation 
process follows the homogeneous scenario.
prevent the interatomic bonds from breaking. As a result, both the 
systems exhibit elastic response, and the structure of these systems 
is restored without any visible defects when the external stress is 
removed. In the second stage, the interatomic bonds are broken and 
stable voids of relatively small size are formed due to the redistribution 
of local stresses. The third stage is associated with the stable growth of 
voids and their coalescence. For example, as shown in Fig.  3, the coa-
lescence of voids leads to the formation of percolation tunnels/cracks. 
The visualization of these voids was performed using the method of 
Stukowski [50].

For the identification of voids, including critically sized voids, we 
used the method of filling voids with virtual particles [22]. According 
to this method, a three-dimensional grid is constructed, which divides 
the simulation cell into cubic segments with the same edge length 𝜎∕2, 
where 𝜎 is the effective average diameter of the real atoms in a system. 
In the case of the considered systems, the number of such segments is 
more than 150 000. A virtual particle with the diameter 𝜎 is placed in 
each segment of this grid. If this particle does not intersect with real 
4 
atoms of the system and with other virtual particles, the position of 
this virtual particle in the selected segment is fixed. Otherwise, the 
virtual particle is removed. This procedure continues until all voids 
are filled with virtual particles. Furthermore, the number of virtual 
particles inside the voids is determined at each time point of the 
simulation. Each virtual particle is characterized by a coordinate and a 
unique identification number, which allows us to determine the growth 
trajectory of each individual void in the system (i.e., the dependence 
of the void size on time). Here, the size refers to the volume of a void, 
which is calculated as the sum of the volumes of the virtual particles 
located in this void. Considering that the shape of voids at the stage of 
nucleation is close to spherical [as it is shown in Fig.  4], the linear size 
(i.e. radius) of a void is determined from its known volume.

The growth curves of the largest voids obtained at different super-
cooling levels and reduced by the critical radius 𝑟𝑐 and the waiting time 
𝜏𝑐 are similar [see Figs.  5(a) and 5(b)]. This suggests a common physical 
mechanism of void formation in supercooled Cu64.5Zr35.5 and Ni62Nb38
melts. The dependence of the reduced radius 𝑟∕𝑟  on the reduced time 
𝑐
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Fig. 5. Reduced radius 𝑟∕𝑟𝑐 of the largest void as a function of the reduced waiting time 𝜏∕𝜏𝑐 calculated at different supercooling 𝑇 ∕𝑇𝑙 for the comprehensive tensile stress of 
supercooled (a) Cu64.5Zr35.5 and (b) Ni62Nb38 melts. The quantity 𝑟𝑐 is the critical radius of the void, whereas 𝜏𝑐 is the nucleation waiting time for the critically sized void. Stress 
𝜎 as a function of the quantity 𝜏∕𝜏𝑐 calculated by Eq. (8): (c) for Cu64.5Zr35.5 and (d) for Ni62Nb38. Here 𝜎 = (𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧)∕3. Yellow arrows show the inflections that occur due 
to the formation of nano-sized cracks.
𝜏∕𝜏𝑐 has two regimes, which become pronounced as the supercooling of 
the systems decreases. The first regime is associated with void surface 
formation, while the second regime is associated with void coalescence. 
Figs.  5(c) and 5(d) show that the internal stress 𝜎 as a function of 
the reduced waiting time 𝜏∕𝜏𝑐 has a linear regime, which is related 
to the elastic behavior of the systems. The maximum in the function 
𝜎(𝜏∕𝜏𝑐 ) corresponds to the ultimate tensile strength 𝜎𝑐 , at which the 
system starts to destroy. This maximum is reached exactly before the 
appearance of the first nucleation event associated with the formation 
of a viable void, and the formation of this void provokes the release 
of internal stress. It is, therefore, quite understandable that in the 
statistical treatment the most probable time of reaching the maximum 
stress practically coincides with the most probable appearance time 
of the first critically sized void. At the same time, as can be seen 
from the results (Fig.  5), the stress is not released instantaneously, 
but decreases according to a time-dependent law. The quantity 𝜎𝑐
depends on the supercooling: the higher the supercooling (i.e. the lower 
𝑇 ∕𝑇𝑙), the higher the value of the tensile strength. In particular, for 
Cu64.5Zr35.5 the maximum stress decreases from 𝜎𝑐 ≃ 11.9 to 6.65GPa 
with decreasing supercooling, while for Ni62Nb38 the decrease is from 
𝜎𝑐 ≃ 14.6 to 7.93GPa.

Note that the evaluation of void nucleation characteristics is carried 
out at the initial stage, when the volume of the formed voids is signifi-
cantly smaller than the volume of the simulated systems. For example, 
at the stage of void nuletaion, the average volume of the Ni62Nb38 and 
Cu64.5Zr35.5 systems is 𝑉 ≈ (3.7±0.4)×105 Å3 and 𝑉 ≈ (4.8±0.3)×105 Å3, 
respectively, whereas the total volume of all voids (averaged over the 
considered supercooling range) is 𝑉𝑝 ≈ (2400 ± 300) Å3 and 𝑉𝑝 ≈
(8500 ± 1000) Å3 for these systems, correspondingly. Thus, the fraction 
of critically sized voids is only 𝑉 ∕𝑉𝑝 ≈ 0.6% of the total volume of the 
Ni62Nb38 system and 𝑉 ∕𝑉𝑝 ≈ 1.8% in the case of Cu64.5Zr35.5. Thus, the 
finite size effects should not appear at such the correspondence between 
the volumes 𝑉  and 𝑉 .
𝑝

5 
4. Thermodynamic aspects of the void nucleation

4.1. Surface tension of critically sized voids

The estimation of the surface tension 𝛾𝑐 ≡ 𝛾𝑐 (𝑝, 𝑇 ) of a void with the 
critical radius 𝑟𝑐 is performed using Eq. (11). In this equation, values 
of the quantities 𝑟𝑐 and 𝜎𝑐 are determined from molecular dynamics 
simulations [see Table  1]. Fig.  6(a) shows the resulting dependence 
of the surface tension 𝛾𝑐 on the supercooling 𝑇 ∕𝑇𝑙, which follows the 
empirical Eötvös rule [51]. According to this rule, the quantity 𝛾𝑐 as a 
function of temperature 𝑇  follows a linear dependence and decreases 
with temperature: 

𝛾𝑐 (𝑇 ∕𝑇𝑙) = 𝛾1

(

𝛾2 −
𝑇
𝑇𝑙

)

. (13)

Here, the coefficients 𝛾1 and 𝛾2 take only positive values and depend 
on the material composition. In the case of Cu64.5Zr35.5, we have 𝛾1 ≃
0.0194 eV/Å2 and 𝛾2 ≃ 5.5, while for Ni62Nb38 the coefficient values 
are 𝛾1 ≃ 0.0382 eV/Å2 and 𝛾2 ≃ 3.25. The coefficient 𝛾1 ≈ 𝑇𝑙𝑘∕𝑉

2∕3
𝑚

is the Eötvös constant, where 𝑉𝑚 is the molar volume and 𝑘 = 2.1 ×
10−7J/(K⋅mol−2∕3). The values of the coefficient 𝛾1 were determined 
on the basis of the known molar volumes of the chemical elements 
of the considered systems (𝑉𝑚 ≈ 21.1 cm3/mol for Cu64.5Zr35.5 and 
𝑉𝑚 ≈ 17.4 cm3/mol for Ni62Nb38) and the liquidus temperatures (𝑇𝑙 ≃
1250K for Cu64.5Zr35.5 and 𝑇𝑙 ≃ 1550K for Ni62Nb38). The found value 
of the coefficient 𝛾2 corresponds to the reduced temperature 𝑇𝑐∕𝑇𝑙, at 
which the surface tension becomes zero. According to these results, the 
assumed critical temperature 𝑇𝑐 for Cu64.5Zr35.5 is 𝑇𝑐 ≈ 6880K, and for 
Ni62Nb38 we have 𝑇𝑐 ≈ 5040K.

4.2. Ultimate tensile strength for critically sized voids

Currently, there are a wide variety of models for the temperature 
dependence of the ultimate tensile strength 𝜎𝑐 , including the empirical 
relationship proposed by Dureja et al. for metal alloys [52], the regres-
sion models proposed by Lee et al. and Wang et al. for steel [53,54], the 
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Fig. 6. Void nucleation characteristics as a function of supercooling 𝑇 ∕𝑇𝑙 : (a) surface tension 𝛾𝑐 of the critically sized voids, (b) tensile strength 𝜎𝑐 of the system when the critically 
sized voids are formed, (c) critical radius 𝑟𝑐 and (d) Gibbs free energy 𝛥𝐺𝑟𝑐  for the critically sized voids. These results were obtained by molecular dynamics simulations for 
supercooled Cu64.5Zr35.5 and Ni62Nb38 melts using Eqs. (8), (11) and (12). The dashed lines are the results of Eqs. (13), (15), (16) and (17).
piecewise fitting formula obtained by Ban et al. for metal alloys [55], 
the temperature-dependent model with piecewise fitting parameters 
suggested by Chen and Young [56] and the model based on the force-
heat equivalence energy density principle proposed by He et al. for 
metallic materials [57]. In general, according to these models, the 
quantity 𝜎𝑐 can be represented as a function of the supercooling 𝑇 ∕𝑇𝑙
in the polynomial form: 

𝜎𝑐 (𝑇 ∕𝑇𝑙) =
𝑛
∑

𝑖=0
𝜎𝑖

(

𝑇
𝑇𝑙

)𝑖
. (14)

Here, the values of the parameters 𝜎0, 𝜎1, ⋯, 𝜎𝑛 and the exponent 𝑛
depend on the composition of the system and are determined by fitting 
to the experimental data. As can be seen from Fig.  6(b), full agreement 
between the simulation results and Eq. (14) is achieved in the case of 
a second degree polynomial: 

𝜎𝑐 (𝑇 ∕𝑇𝑙) = 𝜎0 + 𝜎1

(

𝑇
𝑇𝑙

)

+ 𝜎2

(

𝑇
𝑇𝑙

)2
. (15)

Here, 𝜎0 ≃ 13.3GPa, 𝜎1 ≃ −5.18GPa, 𝜎2 ≃ −1.814GPa for Cu64.5Zr35.5
and 𝜎0 ≃ 16.4GPa, 𝜎1 ≃ −8.83GPa, 𝜎2 ≃ −0.0935GPa for Ni62Nb38. 
The found values of the parameters are comparable to those previously 
obtained for other metallic materials. For example, according to the 
model of Lee et al. the values of these parameters for steel are 𝜎0 ∼
0.7GPa, 𝜎1 ∼ −2.37GPa, and 𝜎2 ∼ −9.5GPa [52,57].

4.3. Critical radius and activation energy as functions of supercooling

Using Eq. (13) for the surface tension 𝛾𝑐 and Eq. (15) for the tensile 
strength 𝜎𝑐 , we present Eqs. (11) and (12) in the following forms: 

𝑟𝑐 (𝑇 ∕𝑇𝑙) =
2𝛾1

(

𝛾2 −
𝑇
𝑇𝑙

)

∑2 𝜎
(

𝑇
)2

, (16)

𝑖=0 𝑖 𝑇𝑙

6 
𝛥𝐺𝑟𝑐 (𝑇 ∕𝑇𝑙) =
16𝜋
3

[

𝛾1
(

𝛾2 −
𝑇
𝑇𝑙

)]3

[

∑2
𝑖=0 𝜎𝑖

(

𝑇
𝑇𝑙

)2
]2

. (17)

Figs.  6(c) and 6(d) show that Eqs. (16) and (17) correctly reproduce the 
dependence of the critical radius 𝑟𝑐 and the activation energy 𝛥𝐺𝑟𝑐  on 
the supercooling 𝑇 ∕𝑇𝑙. At extremely deep supercooling (i.e. at 𝑇 ∕𝑇𝑙 →
0), the critical radius tends to the size of the point defects [see Fig. 
6(c)]. The activation energy is 𝛥𝐺𝑟𝑐 ∼ 3 eV, which is comparable to 
the energy for vacancy (crystal defect) formation in Ni- and Cu-based 
alloys [58]. On the other hand, an increase in the critical radius 𝑟𝑐 and 
the activation energy 𝛥𝐺𝑟𝑐  is observed with decreasing supercooling. 
This is due to the fact that the system becomes less viscous with 
increasing temperature and such a system relieves internal stress. Thus, 
a large work 𝐴 = 𝛥𝐺𝑟𝑐  is required to break the interatomic bonds and 
form a void with a relatively large critical radius [see Fig.  6(d)].

4.4. Comparison of Cu64.5 Zr35.5 and Ni62Nb38

Comparison of the results obtained for supercooled Cu64.5Zr35.5 and 
Ni62Nb38 melts shows that the appearance of the voids and local frac-
ture zones in the samples follows a common homogeneous nucleation 
scenario. The thermodynamic characteristics of void nucleation are 
correctly described by Eqs. (13), (14), (16) and (17) obtained in the 
framework of the classical nucleation theory. The critical radius 𝑟𝑐 and 
the activation energy 𝛥𝐺𝑟𝑐  are slightly larger in the case of Cu64.5Zr35.5
than in the case of Ni62Nb38 under thermodynamically identical condi-
tions. Such a difference in the values of the nucleation characteristics is 
mainly due to the specificity of the interatomic interaction and the com-
position of these systems. Both the systems Cu64.5Zr35.5 and Ni62Nb38
are able to form a distorted icosahedral structure in the supercooled 
state [59–61]. The Ni Nb  system is less sensitive to the change in the 
62 38
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Table 1
Thermodynamic characteristics of the critically sized voids at the different supercooling 𝑇 ∕𝑇𝑙 : temperature 𝑇 ; critical radius 𝑟𝑐 ; waiting time 
𝜏𝑐 ; tensile strength 𝜎𝑐 when critically sized voids are formed; Gibbs free energy 𝛥𝐺𝑟𝑐  and surface tension 𝛾𝑐 .
 System 𝑇 ∕𝑇𝑙 𝑇 , K 𝑟𝑐 , Å 𝜏𝑐 , ps 𝜎𝑐 , GPa 𝛥𝐺𝑟𝑐 , eV 𝛾𝑐 , ×10−2eV/Å2 
 0.24 300 2.75 ± 0.34 22.0 ± 2.3 11.92 ± 0.95 3.24 ± 0.25 10.2 ± 0.85  
 Cu64.5Zr35.5 0.48 600 3.01 ± 0.32 21.2 ± 2.4 10.42 ± 0.92 3.71 ± 0.32 9.78 ± 0.72  
 0.72 900 3.61 ± 0.35 19.7 ± 2.1 8.572 ± 0.74 5.29 ± 0.42 9.67 ± 0.75  
 0.96 1200 4.31 ± 0.41 18.7 ± 1.8 6.654 ± 0.55 6.96 ± 0.48 8.94 ± 0.64  
 0.19 300 2.64 ± 0.36 26.7 ± 2.5 14.59 ± 1.2 3.52 ± 0.25 12.0 ± 1.0  
 Ni62Nb38 0.48 745 2.79 ± 0.31 25.9 ± 2.1 12.44 ± 1.1 3.54 ± 0.25 10.8 ± 0.7  
 0.72 1115 3.05 ± 0.32 24.8 ± 2.3 9.594 ± 0.85 3.55 ± 0.32 9.13 ± 0.6  
 0.96 1490 3.47 ± 0.35 22.3 ± 2.0 7.929 ± 0.62 4.31 ± 0.35 8.57 ± 0.6  
fraction of distorted icosahedra with increasing supercooling compared 
to Cu64.5Zr35.5 [61]. The relatively high content of such icosahedra 
in Cu64.5Zr35.5 may lead to a decrease in the binding energy between 
interacting atoms due to the presence of interatomic voids [62]. This 
favors the formation of large voids and increases the free energy of 
void formation during the comprehensive stretching of the system, as 
observed from the obtained results.

5. Conclusions

In the present work, using the amorphous metallic systems Ni62Nb38
and Cu64.5Zr35.5, the thermodynamic characteristics of the process 
of homogeneous void nucleation have been determined for the first 
time in the wide supercooling range: the critical void radius 𝑟𝑐 as 
well as the surface tension 𝛾𝑐 and the Gibbs free energy 𝛥𝐺𝑟𝑐  for 
critically sized voids. New expressions (16) and (17) for 𝑟𝑐 and 𝛥𝐺𝑟𝑐
are obtained, which correctly reproduce the simulation results and 
give correct asymptotics in the limiting cases as 𝑇 → 0 and 𝑇 → 𝑇𝑙. 
Such results have not yet been reported in the scientific literature. The 
correctness of the obtained expressions is confirmed by the fact that 
they are based on known empirical rules and relationships (e.g. equa-
tions of the classical nucleation theory, empirical Eötvös rule, empirical 
relationship of Dureja et al. regression models proposed by Lee et al. 
and Wang et al.) for the temperature dependences of surface tension 
and tensile strength. In addition, it is shown in the present work that 
critically sized voids play an important role in the fracture of materials. 
The appearance of critical voids initiates crack formation and thus the 
process of material fracture. This conclusion is in good agreement with 
the results of previous studies on the fracture mechanisms of solids [25,
63–65]. Thus, the obtained results can be extended to other types of 
materials and contribute significantly to the existing knowledge of the 
physics of material fracture processes.

It should be noted that, most of the experimental scientific works are 
aimed at consideration of macroscopic mechanisms of crack formation 
and very rarely touch upon the initial stages of nucleation of nanoscale 
voids. This is due to the difficulty of detecting their presence in the 
bulk of a material due to their extremely small size and extremely 
low concentration at the nucleation stage. Nevertheless, nucleation 
of voids in metal alloys has been studied in several experimental 
works [18,40,66,67]. For example, in the work of F. Meixner et al. [40], 
a model based on the classical nucleation theory and complemented 
with existing models of nucleus growth was proposed. This model has 
demonstrated its applicability to Ni-based alloys during creep tests and 
correctly determines the size and shape of voids and their growth 
trajectory. The empirical results obtained by D. Richard et al. [18], 
L.-Q. Shen et al. [66] and B. Sarac et al. [67] show that the fracture 
of amorphous materials under tensile strain can be initiated after the 
formation of nano-sized voids (or critical length cracks). The results of 
our study support and extend the conclusions presented in these works.

The study of the initial stages of the fracture process of materials 
and, in particular, amorphous metal alloys, is an important task both 
from a fundamental scientific point of view and from a practical 
one. So, at present there is no generally accepted theory describ-
ing the initial stages of fracture formation centers [9,15,16,25]. The 
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development of classical nucleation theory, which was originally devel-
oped to describe the initial stages of the first-order phase transitions, 
seems promising. This is especially true for such isotropic systems as 
amorphous metal alloys. It is obvious that in crystalline materials the 
processes of formation of local fracture centers will be different due 
to the structural anisotropy of these materials. From a practical point 
of view, there is a need to develop the methods that would make it 
possible to control or prevent the formation of voids (cracks) in order 
to extend the service life of materials. The study of the mechanisms by 
which voids can ‘‘self-heal’’ is promising. The results of recent studies 
show that pure metals and their alloys can ‘‘heal’’ nano-sized pores 
under certain conditions [68–70]. This is important for the design of 
fatigue resistant materials.
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