Kazan Fedetal Lecture 4. Oscillations &
D) | UNIVERSITY Waves

Periodic Motion

Periodic motion of some source object is necessary to produce a sustained musical
sound (i.e., one with definite pitch and quality). For example, to produce a standard
musical A (440 Hz), the source object must sustain periodic motion at 440 vibrations
per second with a tolerance of less than 1 Hz -- the normal human ear can detect the
difference between 440 Hz and 441 Hz. The conditions necessary for periodic motion
are

1. elasticity - the capacity to return precisely to the original configuration after being
distorted.

o a definite equilibrium configuration

g restoring force to bring the system back to equilibrium

2. A source of energy.
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Periodic Motion

Elasticity is the property of an object or material which causes it to be restored to its original
shape after distortion. It is said to be more elastic if it restores itself more precisely to its original
configuration. A spring is an example of an elastic object - when stretched, it exerts a restoring
force which tends to bring it back to its original length. This restoring force is generally
proportional to the amount of stretch, as described by Hooke's Law.

One of the properties of elasticity is that it takes about twice as much force to stretch a spring
twice as far. That linear dependence of displacement upon stretching force is called Hooke's law.

unstretched
spring
| S
Hooke's Law: X It takes twice
F — _kx _t as much force
spring tostretcha  2X
Spring constant k F l spring twice l
as far.

2F |
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Description of Periodic Motion

Motion which repeats itself precisely can be described with the following terms:
e Period: the time required to complete a full cycle, T in seconds/cycle
* Frequency: the number of cycles per second, f in 1/seconds or Hertz (Hz)

 Amplitude: the maximum displacement from equilibrium A

and if the periodic motion is in the form of a traveling wave, one needs also
* Velocity of propagation: v
 Wavelength: repeat distance of wave A.

In a plot of periodic motion as a function of time, the period can be seen as the repeat
time for the motion. The frequency is the reciprocal of the period.

f = % f- frequency T = % T- period
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I)escription of Periodic Motion

amplitude
K /\ )
- time
| =— period
AN T The amplitude A is the
Mass shown at maximum displacement
equilibrium m| | from equilibrium, not

X Eqmllbnu
postion. the total swing.

time
—_—
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Simple Harmonic Motion

When a mass is acted upon by an elastic force which tends to bring it back to its
equilibrium configuration, and when that force is proportional to the distance from
equilibrium (e.g., doubles when the distance from equilibrium doubles, a Hooke's Law
force), then the object will undergo simple harmonic motion when released.

A mass on a spring is the standard example of
such periodic motion. If the displacement of the
a’“p'"“de /\timﬂ mass is plotted as a function of time, it will

1 trace out a pure sine wave.
I-'— period —-—I

\V
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Energy of an Oscillator

A mass on a spring transforms energy back and forth between kinetic and potential
energy. If there were no dissipation, conservation of energy would dictate that the
motion would continue forever. For any real vibrating object, the implication of the
conservation of energy principle is that the vibrator will continue the transformation
from kinetic to potential energy until all the energy is transferred into some other form.
To set the object into motion, a net external force must do work on the mass to initially
stretch the spring, that amount of work being 2 joules in the example below.

\ PE =0
KE + PE = 2J

KE=2J
PE=0

The numbers on the diagram assume
that 2 joules of work was done to set
the mass into motion. The sum of the
kinetic and potential energies must
then always sum to 2 J, neglecting
dissipation.
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The Newton's 2nd Law motion equation is
ma+cv+kx=0

d?x

d
dt2+cd—f+kx=0

m

This is in the form of a homogeneous second order differential
equation and has a solution of the form

Spring

force x = el

—— Equilibrium
position

Substituting this form gives an auxiliary equation for A
mi2+ci+k=0

Linear
+_w damping  The roots of the quadratic auxiliary equation are
force

1= —c +VcZ — 4mk
viscous Jv Velocity Zm
damping v The three resulting cases for the damped oscillator are
c? —4mk >0 Overdamped
c2—4mk =0 Critical damping

c2—4mk <0 Underdamped
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When a damped oscillator is subject to a damping force which
is linearly dependent upon the velocity, such as viscous
damping, the oscillation will have exponential decay terms
which depend upon a damping coefficient. If the damping

Sprin .
Ffmf force is of the form
-4— Equilibrium
position Fdamping = —Cv
X Linear then the damping coefficient is given by
E— + damping c
-CV __c
force 14 >
viscous Jv Velocity

damping v
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Underdamped Oscillator

The underdamped response of the oscillator
Overdamped is described by the equation:

=¢ "’acos wr—a]

/\ Time

s 0.6 0 | 6 (sec)

One-half of
critical
damping

Oscillator with resonant

One-tenth
of critical
damping

frequency 10 rad/s
started from rest.
After Barger & Olsson

Lecture 4. Oscillations &

Waves

For any value of the damping coefficient y less than the critical damping factor the mass will
overshoot the zero point and oscillate about x=0. The behavior is shown for one-half and one-tenth
of the critical damping factor. Also shown is an example of the overdamped case with twice the

critical damping factor.

Note that these examples are for the same specific initial conditions, i.e., a release from rest at a
position x0. For other initial conditions, the curves would look different, but the behavior with time
would still decay according to the damping factor.
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Underdamped Oscillator
1 When a damped oscillator is underdamped, it approaches
o4 —yt zero faster than in the case of critical damping, but
x| 8 oscillates about that zero.
X0

The equation is that of an exponentially decaying
sinusoid.

p2 o4 [ 06 w12\ s
Time
-7 {se)

Inthis case (0, =10and }'=1.The The damping coefficient is less than the undamped
-6 undamped period is 0.628 s and the

period of the damped motionisonly  Fresonant frequency . The sinusoid frequency is given by

marginally longer, 0.632 5.
— 2 42
W1 = W1 Y

but the motion is not strictly periodic

x = e "tacos[w t — a]
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Driven Oscillator

If a damped oscillator is driven by an external force, the solution to the motion equation has two
parts, a transient part and a steady-state part, which must be used together to fit the physical
boundary conditions of the problem.

Spring )
cnnitam HG&?: taw The motion equation is of the form
m _
kx d’x  dx
-~ m—+ ¢— + kx = Fy cos(wt + ¢q)
—CV < and has a general solution
Damping
force x(t) = Xtransient + xsteady state

In the underdamped case this solution takes the form

Transient solution  Steady-state solution
x(t) = Ape "t sin(w't + @) + Acos(wt — @)
Determined by Determined by

initial position driving force
and velocity



Kazan Federal Lecture 4. Oscillations &
D) | UNIVERSITY Waves

Wave Graphs

2_ | - ?’b I-l
dlstance Waves may be graphed as a function of time or

\/ distance. A single frequency wave will appear as a
.2 \/‘ sine wave in either case. From the distance graph the
?L wavelength may be determined. From the time graph,

wavelength meters the period and frequency can be obtained. From both

together, the wave speed can be determined.

| e T —
- /\ time
N4

period (seconds)
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Traveling Waves

|-— A _..,| Waves may be graphed as a function of time or distance. A

distance single frequency wave will appear as a sine wave in either

\/ case. From the distance graph the wavelength may be

2} M determined. From the time graph, the period and frequency

wavelength metefs can be obtained. From both together, the wave speed can
be determined.

2r l T _-PI , | «<—— Wavelength —— | Velocity of
- time propagation
! ‘ \_/ AmplitudTe _—V
Pt = o NN oy
period (seconds) v T = Period

The motion relationship "distance = velocity x time" is the key to the basic wave relationship.
With the wavelength as distance, this relationship becomes A = vT. Then using f=1/T gives the
standard wave relationship

v=fA
Wave velocity = frequency x wavelength

This is a general wave relationship which applies to sound and light waves, other
electromagnetic waves, and waves in mechanical media.
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Resonance

In sound applications, a resonant frequency is a natural frequency of vibration determined by the
physical parameters of the vibrating object. This same basic idea of physically determined natural
frequencies applies throughout physics in mechanics, electricity and magnetism, and even
throughout the realm of modern physics.

It is easy to get an object to vibrate at its resonant frequencies, hard at other frequencies.

A child's playground swing is an example of a pendulum, a resonant system with only one
resonant frequency. With a tiny push on the swing each time it comes back to you, you can
continue to build up the amplitude of swing. If you try to force it to swing a twice that frequency,
you will find it very difficult.

But can you swing it at some other
frequency?

Swinging a child in a playground
swing is an easy job because you are
helped by its natural frequency. '




Kazan Federal Lecture 4. Oscillations &
D) | UNIVERSITY Waves

Picking out resonant frequencies

A vibrating object will pick out its resonant frequencies from a complex excitation and vibrate at
those frequencies, essentially "filtering out” other frequencies present in the excitation.

If you just whack a mass on a spring with a stick, the initial motion may be complex, but the main
response will be to bob up and down at its natural frequency. The blow with the stick is a
complex excitation with many frequency components, but the spring picks out its natural
frequency and responds to that.
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Vibrating String

The fundamental vibrational mode of a stretched string is such that the wavelength is twice the
length of the string.

Applying the basic wave relationship gives an expression for the fundamental frequency:

fi=

Vwave on string

2L

Since the wave velocity is given by v = /mL/L the frequency expression can be put in the form:
T = string tension
m/L m = string mass

2L L = string length



Kazan Federal Lecture 4. Oscillations &
™) | UNIVERSITY Waves

Harmonics

An ideal vibrating string will vibrate with its fundamental frequency and all harmonics of that
frequency. The position of nodes and antinodes is just the opposite of those for an open air
column.

The fundamental frequency can be calculated from

Vwave on string

fi= 2L L
—— Fundamental . ——= |
—
3
4
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Nodes and Antinodes

Lecture 4. Oscillations &
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The standing waves produced by wave motion in strings or air columns can be used to
establish the values for wavelength, frequency and speed for the waves in accordance

with the wave relationship, v = f\.

The term antinode is used
to describe the point of
maximum vibration.

A node is a place
where the medium
does not move.

S

- -
1-"""-‘- -
- = -
- -

N .--"'-h..- ..'.-P"-...i"" N
NU‘}‘EE and Open ends are antinodes Stretched string
antinodes for for air columns.
displacement Y/

The existence of nodes e Cylindrical air

and antinodes is inherent s column with both

in the standing waves - »- /'f/ ends open.
which constitute the -

resonant modes of // Plot c-f vibrational

a":t”“'c ike | The center is a node for the irl?ﬁ ";;gti:g da;‘i?ilﬁggy

g' ems 1K€ | fundamental mode of an open .

a;l;gfc;st::f;ir ended air column. Cylindrical air

column with one
mrumns, and A closed end is ond closed
others. constrained to
be a node for the
air motion.




Kazan Federal

UNIVERSITY

.eps to Produce String Resonance

A single frequency wave For a fixed length of string L, consider
in a string takes the form a sine wave of wavelength 2L at a certain
instant when two adjacent nodes of the

of a traveling sine wave.
wave are at the end of the string.
——
& If the wave could

But the reflected wave from . .
the end of the string undergoes Eﬂ':':;;':'ﬂﬁ:ﬂu'd
a 180 phase change upon N -
reflection, and adds to the /'—\": R
incoming wave. The - N o e
constructive interference T == N )
leads to a standing wave. N

“‘-\ YQ Since the wave cannot continue

past the end of the string, you

~ Q*"'\ . might expect it to reglect in such
Phase + i :vaay as to cancel the incoming
change : :
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Overtones and Harmonics

Lecture 4. Oscillations &
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The term harmonic has a precise meaning - that of an integer (whole number) multiple of the
fundamental frequency of a vibrating object. The term overtone is used to refer to any resonant
frequency above the fundamental frequency - an overtone may or may not be a harmonic. Many of
the instruments of the orchestra, those utilizing strings or air columns, produce the fundamental
frequency and harmonics. Their overtones can be said to be harmonic. Other sound sources such as
the membranes or other percussive sources may have resonant frequencies which are not whole
number multiples of their fundamental frequencies. They are said to have non-harmonic overtones.

Open cylinder Cylinder with one Rectangular membrane
closed end
. —— 100 Hz —— 100 Hz —— 100 Hz
All harmonics are Y _ | _ O“E'“’:‘f—'s A rectangular
armonics armonics
overtones for an . - membrane
open air column 2000z | gy o 2OHZ | that are_ 20082 1 produces
or a string and ot ot — harmonics, but
— 300 Hz — —— 300 Hz = —— 300 Hz also some other
overtones overtones -- ove rtones
400 Hz - @Hz harmonics 400 1z

Closed air columns
produce only odd
harmonics.
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Air Column Resonance

The resonant frequencies of air columns depend upon the speed of sound in air as well as the
length and geometry of the air column. Longitudinal pressure waves reflect from either closed or
open ends to set up standing wave patterns. Important in the visualization of these standing waves
is the location of the nodes and antinodes of pressure and displacement for the air in the columns.

A cylindrical air column with both ends open will vibrate with a fundamental mode such that the
air column length is one half the wavelength of the sound wave. Each end of the column must be
an antinode for the air

Fundamental
| | = 2L
A
i} -_——_ —
- 2

motion since the ends are open to the atmosphere and cannot produce significant pressure
changes. For the fundamental mode, there is one node at the center.

The open air column can produce all harmonics. Open cylinders are employed musically in the
flute, the recorder, and the open organ pipe.
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Harmonics of Open Air Column

Fundamental
An open cylindrical air column can produce all harmonics of the
fundamental. The positions of the nodes and antinodes are reversed
compared to those of a vibrating string, but both systems can produce
all harmonics. The sinusoidal patterns indicate the displacement nodes

and antinodes for the harmonics. A pressure node corresponds to a _ 3

displacement antinode, and the harmonic patterns can also be

visualized in terms of air pressure or density patterns. 4
N A N
s T Open end experiences
Harmonic .f:f.f'-,;-’i:-&.’_q. maximum air motion, S
1 7 r "'-' but pressure stays
SeRRLY . the same (pressure node).
2 This is a depiction of air pressure and
density variations for first five standing
3 wave modes of an open cylinder. The ends
are constrained to be nodes of pressure,
4 being essentially at atmospheric pressure.
Nanda A half cycle later, all the high pressure
oo represent — points would be low pressure points, and
5 :.%. <2 nodes and

1% antinodes  ViCe versa.
S+, forair
A N pressure.
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