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Filtering of weak pulses through a medium with infinite periodic structure in the absorption and/or trans-
mission spectrum is analyzed. Two types of filters are considered. The first, named harmonic frequency crystal
(HFC), is the filter whose periodic structure is harmonic and described by the sine or cosine function of frequency
with the fundamental period. The second, named anharmonic frequency crystal (AHFC), also has a periodic
structure with one fundamental period but it is described by the function containing many harmonics of the
fundamental period. AHFC demonstrates properties quite similar to those of a high-finesse atomic frequency
comb (AFC) with a limited number of absorption peaks separated by transparency windows. Filtering of the
pulse through AHFC produces a prompt pulse accompanied by a few delayed pulses. Time spacing T of the
delayed pulses is inversely proportional to the comb period. On the contrary, HFC transforms the input pulse into
a train of many delayed pulses, generated at times nT , where n is an integer. Maximum amplitudes of the delayed
pulses follow a wide bell-shaped envelope. Both HFC and AHFC are extensions of AFC, which was proposed
to implement quantum memory protocols for single photons. In this paper, it is proposed to create time-bin
qubits with the help of a short pulse filtering through HFC. HFC is also proposed to implement tomography of
these quantum states. Another promising application of HFC is the optical detection of ultrasound in biological
tissues for ultrasound-modulated optical tomography. Since HFC allows one to generate pulses with longer delay
with respect to the excitation pulse, one could obtain higher discrimination between weak acoustically generated
sidebands and the carrier.
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I. INTRODUCTION

Infinite periodical structures in space, time, and frequency
are models, which allow simple analytical solutions. Ideal
crystals infinite in space are nice models to predict electron,
phonon, and thermodynamical properties of real crystals. A
time crystal or space-time crystal, which is a structure that
repeats in time as well as in space, recently was proposed
to create objects with unusual thermodynamical properties
never reaching thermal equilibrium [1–7]. Frequency crystals
with a periodic structure in the absorption spectrum of the
electromagnetic field were proposed as a quantum memory for
repeaters [8–12]. These crystals were not ideal since they have
finite length in a frequency domain with decreasing depths of
the transparency windows at the edges of the spectrum. They
were created in an inhomogeneously broadened absorption
spectrum of crystals with rare-earth-metal impurity ions by
the spectral hole-burning technique. Therefore, these fre-
quency crystals were named atomic frequency combs (AFCs).

In this paper, the ideal crystals are considered with infi-
nite periodic structure of transparent holes in the absorption
spectrum. The sequence of transmission and absorption win-
dows follows harmonic law and can be described by the sine
function. Therefore, the absorber with such a structure can be
named harmonic frequency crystal (HFC). The harmonicity
allows one to derive an exact solution with a very simple struc-
ture, which discloses the physical properties of the generated
pulses at the exit of the HFC. In contrast to an AFC, a HFC
generates a series of pulses whose maximum amplitudes build

a bell-shaped envelope with much longer duration than the
interval T between pulses, which is the inverse value of the
frequency period of the comb. Numerical simulations confirm
the validity of the exact solution. It should be noted that an
infinite spectrum of the HFC is necessary only for derivation
of the solution, while the result perfectly describes the case
if one truncates in numerical simulations the spectrum of
the HFC to finite boundaries where the pulse spectrum has
noticeable power.

A HFC has a remarkable potential to create time-bin
qubits, which are single-photon quantum states. Single pho-
tons are ideal information carriers for quantum communica-
tion and computing. In the vast majority of quantum protocols,
photon polarization is used as the information carrier [13].
Time-bin qubits, proposed and implemented in Refs. [14,15],
were practically the first examples of how the time domain
can be involved in the information coding by splitting a single
photon into two pulses with a fixed phase difference and
controllable amplitudes. The information carried by such a
photon is well protected during its propagation in optical fiber
since cross talk, which usually influences the polarization
states of a photon, is excluded. Time coding of information
is implemented in [14,15] by the unbalanced interferometer
having different lengths of the arms and a phase shifter placed
in the long arm. Unbalanced three-path interferometers were
used in [16] to create three-state quantum objects (qutrits).
Recently, new methods to process time-bin qubits [17,18]
and to create time-bin qubits, qutrits, and ququads [19] were
reported.
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In this paper, we propose to create time-bin qubits by
filtering a weak short pulse through the HFC. By shifting
the carrier frequency of the pulse with respect to the central
frequency of the HFC, it is possible to introduce a phase shift
of the pulses growing with the number of the delayed pulse.
This phase shift can be detected by transmitting the train of the
delayed pulses though the next HFC with the shifted central
frequency of the periodic spectrum. Instead of the second
HFC, one can use only one HFC transmitting the pulse train
in a backward direction through the same HFC by placing a
mirror at its exit and shifting in a controllable way the carrier
frequency of the pulses using an acousto-optic modulator
(AOM). For a particular frequency shift, the amplitudes of
the delayed pulses are exactly zero. The contrast between the
intensity of the delayed pulses and the case when they collapse
is incredible. This opens a way for tomography of the states
generated by HFC.

Results for HFC are compared with numerical simula-
tions and analytical calculations for anharmonic frequency
combs (AHFCs). Two examples are considered. In one, the
transmission windows follow the law sin10(πν/2ν0), where
ν = ωc − ω is the frequency difference between the central
frequency of the light pulse ωc and its spectral component
ω, and ν0 is the distance from the center of the transmission
window and the nearest absorption peak. The second example
is a sequence of Lorenzian absorption peaks whose width
could be much smaller than the distance between them. Such
a structure is equivalent to an AFC with high finesse [8–12].
It is shown that an AHFC demonstrates large contrast in the
tomography protocol if we detect photons in a predefined
short-time window.

Recently, the transformation of a long pulse with a comb
spectrum into a train of coherent short pulses by filtering
through a single-narrow-line absorber was proposed and ex-
perimentally implemented with single γ photons [20–22]. In
this paper, the transformation of a short pulse into a long train
of coherent pulses by filtering through a comb structure is
proposed.

Another promising application of the HFC is optical de-
tection of ultrasound in biological tissues for ultrasound-
modulated optical tomography. It was shown that the AFC
allows high discrimination between the sidebands and the
carrier [23,24]. The carrier is split into sidebands by ultra-
sound modulation in a biological tissue. The scattered light
is transmitted through a filter with a broad transparent dip in
its spectrum for the carrier and two AFCs for the generated
sidebands. They are delayed in time with respect to the carrier,
which leads to high discrimination (about 49 dB) of the central
frequency with respect to the sidebands. One could expect that
the HFC could appreciably increase this discrimination due
to the lengthening of the delay time and consequent increase
of the signal-to-noise ratio.

The paper is organized as follows. In Sec. II, the definition
of the harmonic frequency crystal is introduced. With the
help of Kramers-Kronig relation, the transmission function
of the HFC is derived. In Sec. III, an exact solution for the
pulse propagating in the HFC is obtained. The properties of
the exact solution are discussed in Sec. IV. The application of
the HFC to generate time-bin qubits is discussed in Sec. V.
The properties of the anharmonic frequency combs are dis-

cussed in Secs. VI and VII. Their application for tomography
of time-bin qubits is discussed in Sec. VIII. The results are
discussed and summarized in Secs. IX and X.

II. HARMONIC FREQUENCY CRYSTAL

We start with a very general consideration of the propaga-
tion of a radiation pulse through a medium whose response is
described by

P = ε0χE, (1)

where E is an electric field, P is polarization density, ε0 is the
electric permittivity of free space (below we set ε0 = 1 for
simplicity), and χ is the electric susceptibility, which is

χ = χ ′ + iχ ′′. (2)

The imaginary part of susceptibility χ ′′ describes the field ab-
sorption. We suppose that χ ′′ is a harmonic periodic function,

χ ′′
h (ν) = χ0

2

[
1 − cos

(
πν

ν0

)]
, (3)

which is infinite in frequency space. Here, index h means
harmonic, χ0 is the value, which depends on the interaction
constant with the medium and its density, and ν = ωc − ω is
the frequency difference between the central frequency of the
light pulse ωc and its spectral component ω.

Equation (3) describes a periodic structure of transmission
windows and absorption peaks with a distance between cen-
ters of the transparency windows and nearest absorption peaks
equal to ν0. The widths of the peaks and windows are equal the
same value ν0. Meanwhile, finesse F of the comb structure,
defined in Ref. [9] as the ratio of the distance between the
absorption peaks �a and the width of the individual peak wa ,
i.e., F = �a/wa , is equal to 2 for the harmonic frequency
crystal since its parameters are �a = 2ν0 and wa = ν0. The
transmission windows of the HFC are ideal, i.e., there is no
absorption at the window center.

The sequence of the absorption peaks and transmission
windows (3) is similar to that, which is burnt in the inhomoge-
neously broadened absorption spectrum of atoms by the pulse
pairs separated by time T = 2π/�a = π/ν0; see Ref. [25]
and the Appendix. These pairs are repeated many times with
a dwell time much longer than the homogeneous dephasing
time T2. The transmission windows, created by such a pulse
trains, are not ideal since the remnant absorption at their
bottom is usually not zero.

To satisfy causality, the dispersion relations or, more gener-
ally, Kramers-Kronig relations must be fulfilled that describe
the frequency dependence of the wave propagation and atten-
uation. According to them, the real part of the susceptibility,
responsible for a group velocity dispersion, satisfies one of the
Kramers-Kronig relations,

χ ′(ν) = 1

π
P

∫ ∞

−∞

χ ′′(ν ′)
ν ′ − ν

dν ′, (4)

where P denotes the Cauchy principal value. Calculating the
integral, we obtain

χ ′
h(ν) = χ0

2
sin

(
πν

ν0

)
. (5)
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The unidirectional wave equation, describing the propagation
of the plane-wave field E(z, t ) = E0(z, t ) exp(−iωct + ikz)
along axis z (see, for example, Ref. [26]), is(

∂

∂z
+ n

c

∂

∂t

)
E0(z, t ) = i

2πωc

nc
P0(z, t ), (6)

where E0(z, t ) is the pulse envelope, k is the wave num-
ber, P (z, t ) = P0(z, t ) exp(−iωct + ikz) is the polarization
induced in the medium, and n is the index of refraction (below
we set n = 1 for simplicity).

By the Fourier transform,

F (ν) =
∫ +∞

−∞
f (t )eiνtdt, (7)

Eq. (6) is reduced to a one-dimensional differential equation,
whose solution is (see Ref. [26])

E0(z, ν) = E0(0, ν) exp

{
iν

z

c
− αpz

2χ0
[χ ′′

h (ν) − iχ ′
h(ν)]

}
,

(8)
where E0(0, ν) = Ein(ν) is a spectral component of the field
incident to the frequency crystal, and αp is the Beer’s law
attenuation coefficient describing absorption of a monochro-
matic field tuned in resonance with one of the absorption
peaks.

For the harmonic frequency crystal of physical length l, we
have

E0(l, ν) = E0(0, ν) exp

{
iν

l

c
− dp

4
+ dp

4
eiπν/ν0

}
, (9)

where dp = αpl is the absorption depth (optical thickness)
of the medium for the monochromatic radiation field tuned
in resonance with one of the absorption peaks. Below, for
simplicity, we neglect small value iνl/c in the exponent,
which is responsible for the small delay due to the pulse
traveling the distance l with a speed of light c (td = l/c).

We note that according to Eqs. (8) and (9), inten-
sity I0(l, ν) = |E0(l, ν)|2 of the monochromatic radiation
field with a single frequency ωc + ν transmitted through
a thick filter is described by the function Tint (ν, l) =
exp[−αplχ ′′

h (ν)/χ0], i.e., I0(l, ν) = Tint (ν, l)I0(0, ν). This
function is quite different from the harmonic absorption func-
tion χ ′′

h (ν), which is defined for a single atom or a thin slice
of the filter. With increase of the optical thickness αpl of
the filter, the transmission peaks narrow and absorption dips
broaden; see Fig. 1.

III. EXACT SOLUTION

Infinite periodical structures in the absorption and disper-
sion, given by Eqs. (3) and (5), allow one to find an exact
solution (ES), which simply follows from the Taylor series

e(dp/4)eiπν/ν0 =
+∞∑
k=0

(dp/4)k

k!
eikπν/ν0 . (10)

Then, the Fourier transform of the ES is

E0(l, ν) = Ein(ν)e−dp/4
+∞∑
k=0

(dp/4)k

k!
eiπkν/ν0 . (11)

FIG. 1. Comparison of the frequency dependencies of the trans-
mission function Tint (ν, l) of the intensity of monochromatic radi-
ation through the HFC (solid red line) and imaginary part of the
susceptibility χ ′′

h (ν )/χ0 specifying the absorption by a single atom
or a thin slice of the filter (dotted blue line). The optical thickness of
the filter, dp = αpl, is (a) 2, (b) 4, and (c) 8.

The inverse Fourier transformation of E0(l, ν),

E0(l, t ) = 1

2π

∫ +∞

−∞
E0(l, ν)e−iνt dt, (12)

gives the solution

Eout(t ) = e−dp/4
+∞∑
k=0

(dp/4)k

k!
Ein

(
t − πk

ν0

)
, (13)

where Eout(t ) = E0(l, t ) is the field at the exit of the HFC.
Pulse sequences, given by Eq. (13), generated at the exit of
the HFC for different values of optical thickness dp are shown
in Fig. 2. For simplicity, as the input field, a pulse with a
Gaussian envelope is taken, which is Ein(t ) = E0 exp(−r2t2).
Parameter r of the pulse is equal to 5ν0, which means that the
spectral width of the pulse covers more than ten absorption
peaks. With increase of the optical thickness dp of the absorp-
tion peaks, the line, which links maximum amplitudes of the
pulses, generated at the exit of the crystal, forms a bell-shaped
envelope, shown by the blue dotted line in Fig. 2(d). The
time dependence of the envelope will be discussed in the next
section.

The ES (13) is derived for the pulse whose central fre-
quency ωc is tuned in the center of one of the transparency
windows. If there is a frequency shift δs of ωc with respect
to the transparency window center ωT c (ωc = ωT c − δs), the
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FIG. 2. Time dependence of the output field from the harmonic
frequency crystals of different optical thickness dp , which is (a)
2, (b) 4, (c) 6, and (d) 30. Timescale is in units of π/ν0 and the
field amplitude is normalized to the maximum amplitude Ein (0) of
the input pulse. The input pulse has a Gaussian shape, Ein (t ) =
E0e

−r2 t2
, with r = 5ν0. The dotted blue line shows the net envelope

of the pulse train, which is described by Eq. (25); see Sec. IV and
discussion there.

solution (13) is modified as

Eout(t ) = e−dp/4
+∞∑
k=0

(dp/4)k

k!
Ein

(
t − πk

ν0

)
eiπkδs/ν0 . (14)

When the central frequency of the pulse is tuned in resonance
with one of the absorption peaks, for example, δs = ν0, we
have exp(iπkδs/ν0) = exp(iπk) and the pulses, generated at
the exit of the HFC at times tk = πk/ν0, have the phase
opposite to the phase of the input pulse if k is odd; see
Fig. 3(a).

The infinite spectrum of the frequency crystal is necessary
only for the derivation of the exact solution. Below we show
that the numerical solution, where the spectrum of the pulse,
transformed by the crystal, is integrated in the limited domain,
coincides with the ES. The numerical solution is obtained by

FIG. 3. Comparison of the exact solution (solid red line) with
the numerical solution (blue dotted line), where the integration
boundaries ±�b are limited by ±10ν0. The optical thickness of the
absorption peaks is dp = 8. The pulse central frequency is tuned
(a) in one of the absorption peaks and (b) in the center of one of
the transparency windows. Parameter r of the input pulse spectrum
is equal to 2ν0. The pulse amplitude is normalized to the amplitude
of the input pulse E0. (c) Absorption χ ′′(ν ) and dispersion χ ′(ν )
components of the HFC are shown by the dotted blue line and thin
solid black line, respectively. Both are normalized to χ0. The input
pulse spectrum (multiplied by ν0 to make it dimensionless) is shown
by a bold red line.

calculating the integral in the equation

Eout (t )

= 1

2π

∫ �b

−�b

Ein(ν)e−iνt−(dp/4)[1∓cos (πν/ν0 )∓i sin (πν/ν0 )]dt,

(15)

where Ein(ν) is the spectrum of the input pulse, �b and
−�b are the boundaries of the numerical integration, and
the ∓ signs in the exponent correspond to tuning the central
frequency of the pulse in the center of one of the transparency
windows (sign minus) or in the center of one of the absorption
peaks (sign plus). A comparison of the exact solution with
the numerical results is shown in Figs. 3(a) and 3(b) for
the Gaussian pulse Ein(t ) = E0 exp(−r2t2) whose spectrum
is Ein(ν) = (

√
π/r )E0 exp(−ν2/4r2). Parameter r is taken

equal to 2ν0. Integration boundaries (±�b = ±10ν0) include
the contribution of 10 absorption peaks; see Fig. 3(c).

IV. PROPERTIES OF THE EXACT SOLUTION

According to the exact solution (13), the maximum in-
tensity of the pulse, transmitted through the HFC with no
delay, Iout(0) = |Eout(0)|2, is Im0 = Im exp(−dp/2) or Im0 =

043851-4



APPLICATION OF HARMONIC AND ANHARMONIC … PHYSICAL REVIEW A 98, 043851 (2018)

Im exp(−dp/F ), where Im = |Ein(0)|2 is the maximum in-
tensity of the input pulse and F = 2 is the finesse of the
HFC. Thus, the maximum intensity of this pulse decreases
according to the Beers’ law, Im0 = Im exp(−deff ), with in-
crease of the effective optical thickness (optical depth) deff =
dp/F . This thickness is reduced F times with respect to the
optical depth seen by the monochromatic radiation, which is
tuned in the center of the absorption peak. This is because of
transparency windows present in the spectrum.

The maximum intensity of the first pulse, delayed by
time t1 = π/ν0, is Im1 = Im(deff/2)2 exp(−deff ), where Im1 =
|Eout(t1)|2. The intensity Im1 takes maximum value Im1 =
e−2Im = 0.135Im when deff = 2 or dp = 4. The maximum
amplitude of the first pulse for this value of the effective thick-
ness is Em1(t1) = e−1E0 = 0.368E0, where E0 = Ein(0); see
Fig. 2(b). Here and below, numbering of the pulse intensity
Imk and amplitude Emk (tk ) follows the number k in the pulse
delay, tk = kπ/ν0.

The area of the output pulse train, shown in Fig. 2,

Sout =
∫ +∞

−∞
Eout(t )dt, (16)

is conserved, Sout = Sin, (where Sin is the input pulse area)
if the central frequency of the input pulse is tuned in the
center of one of the transparency windows. For the input
pulse, whose central frequency is tuned in resonance with
one of the absorption peaks, the pulse-train area reduces as
Sout = Sin exp(−deff ). These results follow from the ES (13)
and (14) since

+∞∑
k=0

(±deff/2)k

k!
= e±deff/2. (17)

The time-integrated intensity of the output pulses,

〈Iout〉t =
∫ +∞

−∞
|Eout(t )|2dt, (18)

decreases as

〈Iout〉t = e−deffI0(deff )〈Iin〉t , (19)

irrespective of the pulse central frequency ωc, since

+∞∑
k=0

(±deff/2)2k

(k!)2
= I0(deff ), (20)

where 〈Iin〉t is the time-integrated intensity of the input pulse
and I0(x) is the modified Bessel function of zero order; see
Ref. [27]. When deff ≥ 3.75, Eq. (19) is approximated as

〈Iout〉t = 0.4√
deff

〈Iin〉t . (21)

For 0 ≤ deff ≤ 3.75, Eq. (19) is approximated by the expres-
sion

〈Iout〉t = (
1 + 0.25d2

eff + 0.016d4
eff + 0.0004d6

eff

)
e−deff〈Iin〉t ;

(22)

see Ref. [27]. A graphical illustration of the dependence (22)
on deff is shown in Fig. 4.

If the effective thickness is large (deff 
 1), the maximum
amplitudes of the pulses form a bell-shaped envelope [see

FIG. 4. Dependence of the time-integrated intensities of the
pulses (net intensity) at the exit of HFC (normalized to 〈Iin〉t ) on
effective thickness deff. The solid red line is the exact dependence,
described by Eq. (19). The dotted blue line is the approximation,
given by Eq. (22).

Fig. 2(d)]. The envelope can be described analytically if we
use Stirling’s formula for the factorial, which is

k! =
√

2πkk+1/2e−k+θ/12k, (23)

where k > 0 and 0 < θ < 1. This formula helps one to derive
the approximate dependence of the maximum amplitude of
the kth pulse, Emk (tk ), on k as

Emk (tk ) = e−dp/4 (dp/4)k

k!
E0 ≈ e−dp/4 (edp/4k)k√

2πk
E0; (24)

see Eq. (13). Taking into account that the kth pulse reaches its
maximum amplitude at time tk = πk/ν0, we express number
k through time tk , i.e., k = ν0tk/π , and obtain

Emk (tk ) ≈ e−dp/4 (πedp/4ν0tk )ν0tk/π

√
2ν0tk

E0. (25)

Then, we allow time tk to evolve continuously in Eq. (25)
and obtain the function Em(t ), where index k is omitted. The
plot of this function is shown in Fig. 2(d) by a dotted blue
line. For large dp, the function Em(t ) clearly describes the net
envelope of the pulse train. The maximum of this envelope
takes place at time tmax = π (dp − 2)/4ν0, which is found
from the condition ∂Em(t )/∂t = 0. In the example, shown in
Fig. 2(d) for dp = 30, the envelope maximum is formed when
ν0tmax/π = 7.

For large deff, the maximum of the envelope, Emax, at time
tmax, is described by equation

Emax =
√

1

πdeffF (deff )
E0, (26)

where

F (deff ) = e

(
1 − 1

deff

)deff

. (27)

According to the notable special limit,

lim
deff→+∞

(
1 − 1

deff

)deff

= e−1, (28)
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the function F (deff ) tends to 1. This function differs from 1
very little if deff � 10 [i.e., F (10) = 0.891] and takes values
not very different from 1 for smaller deff. For example, we
have F (5) = 0.758.

The half width at half maximum of the function Em(t ) is
found from the equation Em(tmax ± th max) = Em(tmax)/2. Its
solution gives the full width at half maximum tw = 2th max,
which is approximated as

tw = 2π

ν0

√
deff ln(2) (29)

for large value of the optical thickness deff.

V. TIME-BIN QUBITS AND THEIR TOMOGRAPHY

Suppose that we have two harmonic frequency crystals
with identical periods, ν0, and optical thicknesses, dp, but
the frequencies of their central transparency window ωT c are
differently displaced with respect to the central frequency of
the incident pulse. In this section, we consider the case when
the incident pulse contains only one photon.

At the exit of the first HFC, the probability amplitude of
the radiation field is

|a1〉 =
+∞∑
k=0

eiπkδ1/ν0ck|bk〉, (30)

where |bk〉 is a single-photon pulse centered at time πk/ν0, δ1

is the frequency shift of the central transparency window of
HFC with respect to the frequency of the incident single-
photon pulse |b0〉, and ck = e−dp/4(dp/4)k/k! is the probabil-
ity amplitude of the kth photon state. The probability of the
state |a1〉 is described by the equation

+∞∑
k=0

c2
k = e−dp/2I0(dp/2), (31)

whose functional dependence on the HFC thickness, dp, is
shown in Fig. 4; see Sec. IV.

We send state |a1〉 to the second HFC whose shift of the
central transparency window is δ2. To derive the resultant
state |a2〉, we turn to Eq. (9) for the Fourier transform of the
radiation field passed through a single HFC, which helps to
find that the field transmitted through two HFCs is described
by

E0(l, ν)

= E0(0, ν) exp

{
−dp

2
+ dp

4
eiπν/ν0 (eiπδ1/ν0 + eiπδ2/ν0 )

}
.

(32)

Then, the photon state at the exit of the second HFC can be
expressed as

|a2〉 =
+∞∑
k=0

eiπkδ+/ν0Ck|bk〉, (33)

where Ck = (dp/2)k cosk (πδ−/ν0)e−dp/2/k! and δ± = (δ1 ±
δ2)/2. If δ1 = δ2, the probability of state |a2〉 is Ptotal =∑+∞

k=0 C2
k = e−dp I0(dp ). When δ2 = δ1 ± ν0, this probability

is
∑+∞

k=0 C2
k = e−dp . For a particular values of optical thickness

FIG. 5. Dependencies of the probabilities Ptotal (dotted blue line),
Pprompt (dashed black line), and Pdelayed (solid red line) on the optical
thickness of the HFC, dp .

dp, these probabilities are very different. Actually, when δ2 =
δ1 ± ν0, the field at the exit of the second HFC contains
only the prompt state |b0〉 whose probability decreases as
Pprompt = C2

0 = e−dp , while on condition δ1 = δ2, all delayed
states |bk〉 are present. Their probability is described by the
function Pdelayed = ∑+∞

k=1 C2
k = e−dp [I0(dp ) − 1]. Dependen-

cies of the probabilities Ptotal, Pprompt, and Pdelayed on the
optical thickness dp are shown in Fig. 5. If, for example, we
take optical thickness dp of each HFC equal to 6, then we
have that Pprompt = 2.48 × 10−3 and Pdelayed = 0.164, which
means that almost all of the radiation field is concentrated
in the delayed photon states. The tomography of these states
whose probability amplitudes depend on cos(πδ−/ν0) can be
implemented as follows. For an arbitrary value of δ−, the prob-
ability of state |a2〉, P (δ−, dp ) = ∑+∞

k=0 C2
k , is P (δ−, dp ) =

e−dp I0[dp cos(πδ−/ν0)]. The dependence of this probability
on δ− for dp = 6 is shown in Fig. 6, which demonstrates
a large contrast between the probabilities for δ− = nν0 and
δ− = (n + 1/2)ν0, where n is a positive or negative integer.
Thus, the phases of the probability amplitudes eiπkδ1/ν0ck of
state |a1〉, created by the first HFC, can be found by the second
HFC whose detuning δ2 is varied with respect to δ1.

To simplify the tomography, one can use a mirror at the
exit of the first HFC and place the AOM on the way back
of the photon to this HFC. Then the use of the second HFC is
not necessary. Changing the frequency of the reflected photon,
one can find the phases of the probability amplitude of state

FIG. 6. Dependence of the detection probability of the photon,
P (δ−, dp ), transmitted through two HFCs with optical thickness
dp = 6 on the detuning of central frequencies of the HFCs, δ−.
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|a1〉. Any phase shift acquired at the mirror and on the way
back to the HFC will not affect the probability P (δ−, dp ).

VI. ANHARMONIC FREQUENCY CRYSTAL

Another example of the atomic frequency comb is an
anharmonic frequency crystal (AHFC). It has also a periodic
structure in the absorption spectrum with a period 2ν0, but
many multiple frequencies kν0 (where k is integer) contribute
to the spectrum. Below we consider the crystal with the
imaginary part of the susceptibility, which is described by the
function

χ ′′
ah(ν) = χ0 sin10

(
πν

2ν0

)
= χ0

25

[
1 − cos

(
πν

ν0

)]5

. (34)

Similar to the HFC, this periodic structure can also be created
by a particular pulse sequence repeated many times; see the
Appendix.

The real part of the susceptibly, χ ′
ah(ν), is found from the

Kramers-Kronig relation, given by Eq. (4), which gives

χ ′
ah(ν) = χ0

29

4∑
k=0

(−1)kCk
10 sin

[
(5 − k)πν

ν0

]
, (35)

where Ck
10 is the binomial coefficient,

Ck
10 = 10!

(10 − k)!k!
. (36)

This result follows from the binomial theorem,

sin10

(
πν

2ν0

)
=

(
i
e−iπν/2ν0 − eiπν/2ν0

2

)10

= −2−10
10∑

k=0

(−1)kCk
10e

i(5−k)πν/ν0 . (37)

Frequency dependencies of the absorption ∼ χ ′′(ν) and dis-
persion ∼χ ′(ν) of the anharmonic frequency crystal are
shown in Fig. 7(a). The width at half maximum of the ab-
sorption peaks is 4.27 times smaller than the distance between
them, which gives finesse F = 4.27.

The function describing the frequency dependence of
the intensity attenuation of the monochromatic radiation,
transmitted through this AHFC, which is Tint (ν, dp ) =
exp[−dpχ ′′

ah(ν)/χ0], is shown in Fig. 7(b) for dp = 4. Even
for this moderate value of thickness dp, the absorption dips
of this function are broadened and their centers are flattened
compared with χ ′′(ν).

The functions χ ′(ν) and χ ′′(ν) have a periodic depen-
dence on frequency ν with a period 2ν0. However, according
to Eqs. (35) and (37), in addition to the oscillations with
frequency ν0, they also have contribution of the harmonics
2ν0, 3ν0, 4ν0, and 5ν0.

The complex dielectric constant in the exponent of Eq. (8)
gives the following expression for the transmission function
of the AHFC:

Tah(ν) = dp

2χ0
[χ ′′

ah(ν) − iχ ′
ah(ν)], (38)

FIG. 7. (a) Absorption χ ′′(ν ) (red solid line) and dispersion
χ ′(ν ) (blue dotted line) components of the anharmonic frequency
crystal, described by Eqs. (34) and (35). Both are normalized
to χ0. (b) Frequency dependence of the intensity attenuation
of the monochromatic radiation, transmitted through the AHFC
with dp = 4.

which can be expressed as

Tah(ν) = dp

210

[
C5

10

2
+

5∑
k=1

(−1)kC5−k
10 eikπν/ν0

]
. (39)

With the help of the expansion of the exponent in the
equation

E0(l, ν) = E0(0, ν) exp [−Tah(ν)], (40)

in a power series of Tah(ν) and inverse Fourier transforma-
tion, given by Eq. (12), one can derive the analytical time
dependence of at least the first four pulses at the exit of the
anharmonic frequency crystal, i.e.,

Eout(t ) = e− 63
512 dp

∞∑
k=0

eiπkδs/ν0Ak (dp )Ein

(
t − πk

ν0

)
, (41)

where A0= 1, A1(dp ) = 105
512dp, A2(dp ) = − 15

128dp + 1
2 ( 105

512 )2

d2
p, A3(dp ) = 45

1024dp − 105
512 × 15

128d2
p + 1

6 ( 105
512 )

3
d3

p, . . .. Other
parameters have the same meaning as for the HFC. A compar-
ison of the time dependencies of the numerically calculated
Eout(t ) with the help of Eqs. (12), (40), and the analytical
approximation (41), where only the first four pulses are taken
into account, is shown for δs = 0 in Fig. 8. The coincidence
for the first four pulses is excellent. The exact expression
for the maximum amplitude of the pulse with no delay is
E0 exp(−63dp/512), which gives E0 exp(−dp/2Fexc), where
Fexc = 4.063. This value is slightly smaller than finesse F =
4.27, estimated from the structure of the absorption spectrum.

The exact expression for the maximum amplitude of the
first delayed pulse is Em1 = E0A1(dp ) exp(−63dp/512). Its
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FIG. 8. Time dependence of the Gaussian pulse transmitted
through the AHFC with optical thickness (a) dp = 4 and (b) 8.
Parameter r of the Gaussian pulse is 2ν0 and δs = 0. The solid red
line corresponds to the numerical integration according to Eq. (12)
with the transmission function, defined in Eqs. (39) and (40). The
dotted blue line is plotted according to the analytical result, given in
Eq. (41), where only the first four terms are taken into account. The
pulse amplitude is normalized to the amplitude of the input pulse E0.

dependence on the optical thickness dp is shown in Fig. 9.
The maximum amplitude of this pulse, 0.613E0, is achieved
when 63dp/512 = 1, which gives dp = 8.127. For this value
of thickness, we have Em1 = 105

63 e−1E0 = 1.67e−1E0.
For the HFC, the maximum amplitude of the first delayed

pulse is Em1 = E0(dp/4) exp(−dp/4), whose global maxi-
mum Em1 = e−1E0 is achieved when dp = 4. A comparison
of the results for the HFC and AHFC shows that narrowing of
the width of the absorption peaks with respect to the crystal
period 2ν0 increases the attainable maximum amplitude of
the first delayed pulse. However, since finesse of the comb
spectrum increases from F = 2 for the HFC to Fexc = 4.063
for the AHFC, the optical depth dp providing maximum am-

FIG. 9. Dependence of the maximum amplitude of the first de-
layed pulse (normalized to the amplitude of the input pulse E0) on
the optical thickness dp .

plitude of the first delayed pulse must increase proportionally
from dp = 4 to dp = 8.127.

VII. HOLE-BURNING TECHNIQUE

Frequency filters with a periodic spectrum could be re-
alized, for example, with the help of the combination of
the system of many minicavities interacting with a com-
mon broadband cavity coupled with the external waveg-
uide [28,29]. However, the most common technique is the
hole burning, which allows one to create a periodic sequence
of the absorption lines and transparent windows in a wide
inhomogeneously broadened absorption spectrum [8–12]. In
the preparation stage, the periodic dependence of the popu-
lation difference n(ωA) of the ground and excited states on
resonance frequency of atoms ωA is created. Below, the real
and imaginary parts of the atomic susceptibility are derived
for the HFC and two types of AHFCs.

For a weak pulse, the linear response approximation (LRA)
is applicable for the description of the density matrix evolu-
tion of atoms in the medium, ρmn(z, t ). The population change
of the ground g and excited e states is neglected in LRA and
only the equation for the nondiagonal element, ρeg (z, t ) =
σeg (z, t ) exp(−iωct + ikcz), is considered in the form

∂

∂t
σeg (z, t ) = (i� − γ )σeg (z, t ) + i�(z, t )n(�), (42)

where ωc and kc are the frequency and the wave number of
the input pulse, z is the propagation distance, counted from
the input face of the medium inside, γ is the decay rate
of the atomic coherence responsible for the homogeneous
broadening of the absorption line, σeg (t ) is the slowly varying
part of the nondiagonal element of the atomic density matrix,
� = ωc − ωA is the difference of the frequency ωc of the
weak pulsed field and resonant frequency ωA of an individual
atom, �(t ) = μegE0(z, t )/2h̄ is the Rabi frequency, which
is proportional to the time-varying field amplitude E0(z, t )
and dipole-transition matrix element between g and e states,
μeg , and n(�) is the long-lived population difference, created
by the hole burning. If the atom is in the ground state, then
n(�) is equal to unity. If the atom with the frequency ωA =
ωc − � is removed by the hole burning to the shelving state,
then n(�) is zero.

With the help of the Fourier transform, Eq. (42) is reduced
to the algebraic equation whose solution is

σeg (z, ν) = −�(z, ν)n(�)

ν + � + iγ
. (43)

In the slowly varying amplitude approximation, the wave
equation is reduced to

L̂E0(z, t ) = ih̄αpγ σeg (z, t )/μeg, (44)

where L = ∂z + c−1∂t , αp = 4πωcN |μeg|2/γ h̄c is the ab-
sorption coefficient, and N is the density of atoms. After
Fourier transformation, the wave equation is reduced to[

∂

∂z
− iν

c
+ A(ν)

]
�(z, ν) = 0, (45)
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where

A(ν) = iαpγ /2

ν + � + iγ
. (46)

The solution of Eq. (45),

E0(z, ν) = E0(0, ν) exp[(iνz/c) − A(ν)z], (47)

coincides with Eq. (8).
Below, the HFC and two examples of AHFCs will be

considered.

A. Harmonic frequency crystal

We consider the case when the population difference fol-
lows harmonic frequency dependence, i.e.,

n(�) = 1 − cos(π�/ν0)

2
. (48)

For simplicity, we suppose that before the hole burning, the
frequency distribution of atoms was infinite and uniform. This
assumption corresponds to a broad and flat inhomogeneous
broadening, which is valid if the inhomogeneous width is
much larger than the period 2ν0. Then the averaged atomic
coherence is

〈σeg (ν)〉� = 1

π�

∫ +∞

−∞
σeg (ν)d�, (49)

where � is the width of inhomogeneous broadening. This
expression cannot be used to estimate the exact value of the
optical thickness dp since it does not contain the informa-
tion about the width and shape of the initial inhomogeneous
broadening and how the periodic structure in the absorption
spectrum was created. However, it allows one to find the
actual frequency dependencies of χ ′(ν), χ ′′(ν) and derive the
solutions (9) and (11) for the case of the hole burning.

Analytical calculation of the integral (49) within adopted
approximation gives

〈σeg (ν)〉� = i
�(ν)

2�
(1 − e−πγ/ν0+iπν/ν0 ). (50)

From this result, it follows that if the population difference
has harmonic frequency dependence, given by Eq. (48), then
the Fourier transform of the field at the exit of the medium is
described by

E0(l, ν) = E0(0, ν) exp

{
iν

l

c
− dp

4
+ dr

4
eiπν/ν0

}
, (51)

where dr = dp exp(−πγ/ν0); cf. Eq. (9). Thus, harmonic
frequency dependence of the population difference results in
a decrease of the parameter dp to dr in the expression for all
the time-delayed pulses and does not affect the amplitude of
the pulse with no delay, i.e.,

E0(l, ν) = Ein(ν)e−dp/4
+∞∑
k=0

(dr/4)k

k!
eiπkν/ν0 . (52)

If γ � ν0, this decrease is negligible.

B. Anharmonic frequency crystal I

For the anharmonic frequency crystal, considered in
Sec. VI, the population difference has a frequency depen-
dence,

n(�) = sin10(π�/ν0). (53)

After averaging the atomic coherence in accord with Eq. (49),
one obtains

〈σeg (ν)〉� = i
�(ν)

210�

[
C5

10 + 2
5∑

k=1

(−1)kC5−k
10 ekπ (iν−γ )/ν0

]
,

(54)
which gives

Tah(ν) = dp

210

[
C5

10

2
+

5∑
k=1

(−1)kC5−k
10 ekπ (iν−γ )/ν0

]
. (55)

This transmission function allows one to derive the time
dependence of the field at the exit of the AHFC. Similar
to the harmonic frequency crystal, the produced pulses are
described by almost the same equation as in Sec. VI [see
Eq. (41)], but with the reduced amplitudes of the delayed
pulses, i.e., A1(dp ) = 105

512dr, A2(dp ) = − 15
128dr + 1

2 ( 105
512 )

2
d2

r ,
etc., since thickness dp in these amplitudes decreases as dr =
dp exp(−πγ/ν0).

C. Anharmonic frequency crystal II

In this section, a periodic structure of Lorentzian peaks
is considered. It can be classified as the anharmonic fre-
quency crystal or AHFC II. This structure is possible to
construct by repumping a set of Lorentzian peaks into a
broad absorption dip, created initially by the hole burning; see
Refs. [10–12] where such an AFC was considered. For the
numerical analysis, we consider the finite sequence of the
Lorentzian peaks in the population difference, which is de-
scribed by

n(�) =
100∑

n=−101

�2
L

[� + νL(2n + 1)]2 + �2
L

, (56)

where �L is a half width of the Lorentzian peak and 2νL is
a distance between two neighboring peaks. The limits in the
sum are chosen such that the absorption peaks are symmetri-
cally placed around the central transparency window.

Calculating the integral in Eq. (49), one obtains

〈σeg (ν)〉� = −�(ν)

2�

100∑
n=−101

�L

ν − νL(2n + 1) + i(�L + γ )
.

(57)
This result allows one to express the Fourier transform of the
pulses at the exit of the medium as

E0(l, ν) = E0(0, ν) exp [−TL(ν)], (58)

where

TL(ν) = dp

2

100∑
n=−101

i�0

ν − νL(2n + 1) + i�0
, (59)

and �0 = �L + γ .
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FIG. 10. Comparison of the absorption peaks, which are de-
scribed by the imaginary part of the susceptibility, χ ′′(ν ), for the
AHFC II consisting of the Lorentzian peaks (red solid line) and
AHFC I described by the function sin10(π�/ν0) (dotted blue line).
Absorption χ ′′(ν ) is normalized to χ0. The frequency dependencies
are plotted for νL = ν0 and �0 = 0.157νL.

To compare the AHFC consisting of the periodic sequence
of the Lorentzian absorption peaks (AHFC II) with that con-
sidered in the previous section (AHFC I), we select such a
value of �0 when the absorption spectra of both are very
similar. This condition is more or less satisfied when �0 =
0.157νL and the period of both structures coincide, i.e., ν0 =
νL; see Fig. 10.

The time dependence of the field, Eout(t ), at the exit of the
medium for the AHFC II is shown in Fig. 11. It is calculated
numerically (solid red line) for the Gaussian input pulse with
the help of the equation

Eout (t ) = 1

2π

∫ +∞

−∞
Ein(ν)e−iνt−TL(ν)dt. (60)

Analysis of the numerical results shows that when �0 =
0.157νL and νL = ν0, the maximum amplitude of the pulse
with no delay, Em0, taking place at t = 0, has the same

FIG. 11. Time dependence of the field Eout(t ) (normalized to E0)
at the exit of the medium for the AHFC II with (a) dp = 4 and (b)
8. The results, obtained by numerical integration in Eq. (60), are
shown by a solid red line. Analytical results, which are described
by Eq. (63), where δs = 0 and only the first four terms in the sum are
taken into account, are shown by a dotted blue line. Parameter r of
the incident Gaussian pulse is 2ν0.

FIG. 12. Dependences of the maximum amplitude of (a) the
pulse with no delay and (b) the first pulse with delay td1 = π/ν0

on optical thickness dp . The solid red line corresponds to AHFC II
with �0 = 0.157νL, νL = ν0 and the dotted blue line to AHFC I. The
amplitude is normalized to E0.

dependence on the optical thickness dp as for the AHFC
I; see Fig. 12(a). This contradicts the finesse concept of
the frequency combs, which predicts the amplitude Em0 =
E0 exp(−dp/2F ), where F is the comb finesse. For the AHFC
I, the value F was estimated as Fexc = 4.063 (see Sec. VI),
while for AHFC II, its finesse can be estimated as νL/�0 =
6.37, which is π/2 times larger than that following from
the dependence Em0 on the optical thickness dp, shown in
Fig. 12(a) by a solid red line.

The maximum amplitude of the first delayed pulse, Em1,
is obtained for both AHFC I and AHFC II at the same value
of the optical thickness, dp � 8; see Fig. 12(b). However, for
AHFC II, this maximum is smaller. This difference could be
explained by nonzero absorption at the center of the transmis-
sion windows due to the contribution of the Lorentzian wings
of the absorption peaks; see Fig. 10. Remnant absorption
at the centers of the transmission windows also reduces the
amplitude of the pulse with no delay more than it is predicted
by the exponent exp(−dp/2F ).

To estimate the amplitudes Em0, Em1 of the first two
pulses with no delay (t0) and delayed (t1), we express the
transmission function as follows:

TL(ν) = dp

2

+∞∑
k=0

ake
ikπν/νL, (61)

where the coefficients in the sum are

ak = 1

2ν0

∫ ν0

−ν0

2

dp

TL(ν)e−ikπν/νLdν. (62)
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Then, the amplitude of the radiation field at the exit of the
medium is described by

Eout(t ) = e−a0dp/2
+∞∑
k=0

(−1)kBkEin

(
t − πk

ν0

)
eiπkδs/ν0 , (63)

where δs is a frequency shift of the central transparency
window of AHFC II with respect to the frequency of the inci-

dent pulse, B0(dp ) = 1, B1(dp ) = a1dp

2 , B2(dp ) = 1
2 ( a1dp

2 )
2 −

a2dp

2 , B3(dp ) = 1
6 ( a1dp

2 )
3 − a1a2( dp

2 )
2 + a3dp

2 , . . ..
The coefficients ak can be easily calculated. For

example, for the infinite sum of Lorentzians [infinite sum in
Eq. (59)], the coefficients are a0 = π�0

2νL
and ak = (−1)k π�0

νL

e−kπ�0/νL , where k = 1, 2, . . .. If we introduce the effective
thickness deff = a0dp = π�0

2νL
dp, then the coefficients Bk (dp )

can be expressed as B1(dp ) = −deffe
−�0t1 , B2(dp ) = (d2

eff/2
− deff )e−2�0t1 , B3(dp ) =−(d3

eff/6 − d2
eff + deff )e−3�0t1 , where

tk = kπ/νL. Comparison of the results of the numerical
integration of Eq. (60) with the analytical result of Eq. (63),
where only the first four terms are taken into account and
δs = 0, is shown in Fig. 11. The coincidence of the results for
the first four pulses is excellent.

Effective thickness gives us the value of the exact finesse,
which is Fexc = 2F/π if the finesse is estimated as F =
νL/�0.

The structure of the solution (63) is such that the maxi-
mum amplitudes Ekm of the pulses generated at times tk are
attenuated by the factor exp(−�0tk ). This makes a difference
with a stimulated photon echo whose attenuation is described
by the factor exp(−γ tk ), where γ = 1/T2 is defined by the
homogeneous dephasing time T2. In contrast to the stimulated
photon echo, the pulses generated by AHFC II with a delay
time tk decay as exp(−tk/T ∗

2 ), where T ∗
2 = 1/�L can be con-

sidered as inhomogeneous dephasing time, which is defined
by the half width of inhomogeneously broadened Lorentzian
absorption peaks.

In the numerical example, shown in Fig. 11, the parameter
characterizing the absorption peaks is �0 = 0.157νL. For this
relation between �0 and νL, one can find that for AHFC II,
a0 = 0.246 and a0dp/2 = 0.123dp, which coincides with the
argument of the exponent for the prompt pulse in the solution
for AHFC I, i.e., 63dp/512 = 0.123dp. Therefore, attenuation
of the prompt pulse with increase of dp, shown in Fig. 12(a),
is the same for AHFC I and AHFC II if �0 = 0.157νL. Also,
the coefficient a0 = 0.246 gives the exact value of the finesse
for this comb Fexc = a−1

0 coinciding with the numerically
found value 4.063.

The maximum amplitude of the first delayed pulse, Em1,
is achieved when dp = 2/a0 = 4νL/�0. For this value of the
optical thickness dp, we have

Em1 = −e−a0dp/2B1(dp )E0 = 2e−1−π�0/νLE0. (64)

In the numerical example, shown in Fig. 12(b) for �0 =
0.157νL, the maximum amplitude of the first delayed pulse
is achieved when dp = 2/a0 = 8.13. For this value of optical
thickness, the amplitude Em1 is estimated as E0e

−1(a1/a0) =
0.449E0.

According to Eq. (64), the amplitude of the first pulse with
a delay t1 cannot be larger than 73.6% of the amplitude of

the input pulse since 2e−1 = 0.736. This maximum amplitude
is achieved if the condition π�0/νL � 1 is satisfied. Since
the optimal value of thickness is dp = 4νL/π�0, we have
dp 
 1. Thus, the maximum intensity of the first retrieved
pulse, which is 4e−2 = 0.54 of the intensity of the incident
pulse, can be achieved only for an AFC with very narrow
absorption peaks and large thickness satisfying the condition
dp = 2/a0 = 4νL/π�0.

For the HFC, the maximum amplitude of the first de-
layed pulse is achieved when dp = 4. Its value is Em1 =
e−1E0 = 0.368E0, while intensity is Im1 = e−2I0 = 0.135I0,
i.e., four times smaller than the maximum attainable intensity
for AHFC II, which is Im1 = 4e−2I0 = 0.54I0 for very large
values of dp and finesse F . Meanwhile, if we take AHFC
II with dp = 4 and �0 = 0.157νL, which gives finesse F =
νL/�0 = 6.37, we obtain the same maximum amplitude of
the first delayed pulse Em1 = 0.368E0 as for the HFC with
dp = 4. Thus, a moderate value of optical thickness dp does
not allow one to achieve large amplitude Em1 and hence large
efficiency of quantum memory based on the AFC.

In Ref. [11], the efficiency of the quantum memory based
on the AFC, consisting of Lorentzian peaks, was calculated
(see Eq. (2) in Ref. [11]). If we reconstruct from this efficiency
the maximum amplitude of the first delayed pulse, we obtain

Em1 = dp tanh(π/2F )e−dp tanh(π/2F )/2−π/F E0. (65)

If finesse F of the AFC is defined according to Ref. [9]
as F = νL/�0, then from this expression we can recon-
struct the corresponding values of the coefficients a0 and
a1 in the analytical solution, given by Eq. (63), which are
a0 = tanh(π�0/2νL) and a1 = −2 tanh(π�0/2νL)e−π�0/νL .
For high finesse when νL 
 �0, these coefficients almost
coincide with those calculated with the help of Eq. (62) for an
infinite number of Lorentzian peaks. They are a0 = π�0/2νL

and a1 = −(π�0/νL)e−π�0/νL .
If instead of infinite number of the Lorentzian peaks

we take only two Lorentzians and calculate the integral in
Eq. (62) for a0, we obtain

a0 = π�0

2νL

[
1 − 2

π
tan−1 �0

2νL

]
. (66)

For large F , this function of F = νL/�0 almost coincides with
function a0 = tanh(π�0/2νL), derived in Ref. [11]. Their
comparison is shown in Fig. 13.

It is interesting to note that a0, calculated for
two Lorentzians, tends to 2, when F → 0, while
a0 = tanh(π�0/2νL) tends to 1, and a0 = π�0/2νL,
calculated for infinite number of Lorentzians, tends to
infinity. The limit F → 0 corresponds to the case when
spacing between Lorentzians tends to zero. Then one could
expect that for two Lorentzians, a0 in this limit must tend to
2, while for infinite number of Lorentzians, a0 must tend to
infinity. These arguments give a hint that a0 = tanh(π�0/2νL)
was calculated for a single Lorentzian in Ref. [11]. However,
Lorentzian peaks have quite long wings of noticeable
value for both χ ′′(ν) and χ ′(ν). Therefore, calculating the
coefficients a0 and a1, one has to be careful in the estimation
of the contribution of the neighboring Lorentzians wings
to the integration interval (−ν0, ν0) in Eq. (62). This is
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FIG. 13. Dependence of the coefficient a0 on the finesse of the
comb, consisting of Lorentzians, which is F = νL/�0. The solid red
line corresponds to the result obtained in Ref. [11]. The dotted blue
line is calculated for two Lorentzians.

especially important for moderate values of finesse. For
example, for F = 2, the formula a0 = tanh(π�0/2νL) gives
a0 = 0.656, while for infinite number of Lorentzians, we
have a0 = 0.785. The difference is as large as 20%. The
same difference of 20% is present in the coefficients a1,
calculated by formulae a1 = −2 tanh(π�0/2νL)e−π�0/νL and
a1 = −(π�0/νL)e−π�0/νL . We can expect that this difference
is the reason for the underestimation of the storage efficiency
observed in experiments and reported in Ref. [10].

VIII. TIME-BIN QUBITS GENERATED BY AHFC II

In this section, we consider the generation of time-bin
qubits by AHFC II. The state of the single-photon pulse
transmitted through AHFC II can be expressed as follows:

|a1〉 =
+∞∑
k=0

eiπkδ1/νLCk|bk〉, (67)

where Ck = (−1)kBk (dp )e−a0dp/2. Here and below, the nota-
tions are the same as in Secs. V and VII. We send state |a1〉
to the second AHFC whose shift of the central transparency
window is δ2. Then, the state at the exit of two crystals can be
found with the help of the function

Tah2(ν) = dp

+∞∑
k=0

ak cos(πkδ−/νL)eiπk(ν+δ+ )/νL , (68)

which gives

|a2〉 =
+∞∑
k=0

eiπkδ+/νLCk|bk〉. (69)

The coefficients Ck are calculated following the
solution given in Eq. (63). They are C0 = e−a0dp , C1 =
−a1dp cos(πδ−/νL)C0, C2 = [ (a1dp )2

2 cos2(πδ−/νL) − a2dp

cos(2πδ−/νL)]C0, C3 = [− (a1dp )3

6 cos3(πδ−/νL) + a1a2d
2
p

cos(πδ−/νL) cos(2πδ−/νL) − a3dp cos(3πδ−/νL)]C0, . . ..
When δ− = 0, we have the same state as |a1〉, but obtained

by the filtering through AHFC II of the double thickness
2dp. When δ− = νL/2, the probability amplitudes C1 and C3

become zero, while C2 = a2dpC0. This is a quite obvious
result since with the assumption δ− = νL/2, we form out of
two AHFC II one of the same thickness dp but with a reduced
period, which becomes �a = νL. Then, the first delayed pulse
is generated at time t2 = 2π/νL, which is two times longer
that t1 = π/νL. The amplitude of this pulse is proportional to
a2, which is the Fourier transform of TL(ν) with the exponent
ei2πkν/νL . Therefore, this coefficient is reduced by a factor of
e−π�0/νL compared to a1.

Such a filtering with the help of the second AHFC II or by
use of the mirror and AOM could provide information about
phases eiπkδ1/νL of the components of state |a1〉. This could be
implemented if we detect photon only in a short-time window
centered at t1. By changing δ−, we will observe oscillation of
a number of photon counts with large contrast.

IX. DISCUSSION

Time-bin states, discussed in Secs. V and VIII, are quan-
tum states if they contain one photon or less distributed among
their components (time bins). Detection of a single photon in
one of the time bins secures that no photon can be detected in
any other time bins of the state.

These quantum states have properties quite similar to the
time-bin qubits considered in Refs. [14,15]. For example,
filtering a single-photon pulse through AHFC II creates state
|a1〉 [see Eq. (67)], which can be approximated as consisting
of two time bins, i.e.,

|a1〉 ≈ C0|b0〉 + eiπδ1/νLC1|b1〉, (70)

where probability amplitudes of the other time bins, Ck ,
with k > 1, are neglected since for AHFC II they are small;
see Fig. 11. Filtering this state through the second AHFC
whose shift of the central transparency window is δ2 can be
considered as an interference phenomenon. For example, if
δ1 = 0 and δ2 = νL, a single pulse transmitted through the
first AHFC is split into prompt |b0〉 and delayed |b1〉 pulses
having the probability amplitudes C0 and C1 with the same
phase as the input pulse. After filtering the state |a1〉 through
the second AHFC, each pulse in this state is split again into
two, i.e., C0|b0〉 is transformed into C0(C0|b0〉 − C1|b1〉), and
C1|b1〉 is transformed into C1(C0|b1〉 − C1|b2〉). The phase
change by π of the delayed pulses is due to the frequency shift
δ2 = νL of the second AHFC. The result of the interference
of these states gives

|a2〉 = C2
0 |b0〉 + 0|b1〉 − C2

1 |b2〉, (71)

where the probability amplitude of the state |b1〉 becomes zero
due to the interference of the prompt pulse transmitted through
the second AHFC with the time delay T and the delayed pulse
transmitted through the second AHFC with no delay. These
pulses interfere destructively since they have opposite phases.
For arbitrary values of the detunings δ1 and δ2, the probability
amplitude of the state |b1〉 in |a2〉 is C0C1(eiπδ1/νL + eiπδ2/νL ).

It should be noted that actually the probability amplitude of
the state |b2〉 in Eq. (71) is not correct since in the derivation
we did not take into account the presence of this state, created
by the first AHFC, and transformation of the prompt pulse |b0〉
to the state |b2〉 in the second AHFC. Simple consideration
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of these processes gives the correct value of this probability
amplitude, which is 2C0C2 − C2

1 .
In general, it is easy to vary the phase πδ1/νL gained by

the photon between the two time bins in the state |a1〉 by the
AOM, while it is much more difficult to vary the amplitudes
C0 and C1, which are fixed for a given AHFC. Therefore,
state |a1〉 covers only a subset of all possible qubits. To
simplify operations with this quantum state, it is preferable
to create state |a1〉 with |C1| = |C2|. For AHFC II, such a
state is produced if the finesse of the comb F = νL/�0 is
equal to π and optical thickness dp is 5.4. Then we have
|C1| = |C2| = 0.257.

The AHFC is capable to substitute interferometers in the
protocol producing pulsed energy-time entangled twin pho-
tons, which was proposed and implemented in Ref. [14]. If
we have two AHFCs with identical frequency periods, finesse,
and optical thickness but having different central frequencies,
i.e., one is centered at the frequency of the pump laser and
another is centered at a half of this frequency, then the first
AHFC splits the pump pulse into two pulses, prompt pp and
delayed pd , which propagate through the nonlinear crystal
where degenerate twin photons are created by spontaneous
parametric down-conversion. Each photon from the pump
laser, split in two parts, is transformed into twin photons,
i.e., pp into sp and ip, and pd into sd and id . Here, s and
i mean signal and idle photons, respectively, and indexes
p and d mean prompt and delayed photons. Then, these
twin photons are send to the analyzer, which is the second
AHFC with central frequency equal to the frequency of the
twin photons. We consider particular paths or time of arrival
to the detectors, which are sp → spd, ip → ipd , sd → sdp,
and id → sdp, where index pd means that the prompt twin
photon is transmitted with a time delay and dp means that the
delayed photon is transmitted without time delay through the
second AHFC. Since these quantum paths are indistinguish-
able, one can observe two-photon interference in the photon
coincidence-count measurements.

Comb structures of arbitrary shapes in the transmission
spectra can be created experimentally by persistent hole burn-
ing in the absorption spectrum of organic molecules doped in a
polymer matrix. These structures have almost infinite lifetime
at liquid-helium temperature [30,31].

X. CONCLUSION

The propagation of light pulse in a medium with the
periodic structure in the absorption spectrum is analyzed.
Two periodic structures, harmonic and anharmonic, are con-
sidered. Both are idealized as having an infinite spectrum
consisting of absorption peaks separated by transparency
windows. Frequency-dependent complex dielectric constants
are derived for these periodic structures with the help of
the Kramers-Kronig relation and solution of the Bloch equa-
tions. The method of solution of the Maxwell-Bloch equation
describing the pulse propagation in the frequency periodic
medium (frequency crystal) is proposed. For the harmonic
frequency crystal, the exact solution is obtained in a simple
form. For the anharmonic frequency crystal, a simple ana-
lytical solution describing the first four pulses in the pulse
sequence at the exit of the crystal is derived. Filtering a short

pulse through the harmonic frequency crystal allows one to
generate a pulse sequence separated by long-time intervals.
These pulses are coherent and could be applied to create time-
bin qubits since the phases and amplitudes of the pulses can
be manipulated by adjusting the parameters of the frequency
crystal. Tomography of time-bin qubits is proposed. The HFC
and AHFC can be created in the inhomogeneously broadened
absorption spectrum of crystals with rare-earth-metal impurity
ions by the hole-burning technique or by constructing the
system of many mini- or microcavities interacting with a com-
mon broadband cavity coupled with an external waveguide.
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APPENDIX

In [25] [see Eq. (5) in the reference], it is shown that
pumping by pulse pairs,

Epair (t ) = Ep(t ) + Ep(t − T ), (A1)

where Ep(t ) is a short δ(t )-like pulse, in the medium with
inhomogeneously broadened absorption spectrum and long
lifetime of the excited state, creates the absorption and/or
transmission profile, which is described by the function pro-
portional to 1 + cos(νT ). This is because the Fourier trans-
form of the pulse pair is

Epair (ν) = Ep(ν) + Ep(ν)eiνT , (A2)

or Epair (ν) = 2eiνT /2 cos(νT /2); see Eq. (6) in Ref. [25].
Since the change of the population difference of the atomic
states in the medium is proportional to the radiation intensity,
Ipair (ν) = Epair (ν)E∗

pair (ν) (see Eq. (4) in Ref. [25]), which
is Ipair (ν) = 4I0(ν) cos2(νT /2) = 2Ip(ν)[1 + cos(νT )], the
frequency grating in the atomic population, n(�) ∼ 1 +
cos(�T ), is created by such a pulse pair. Here, Ip(ν) =
|Ep(ν)|2 is the intensity of the individual pulse. The center
of the grating contains the absorption peak. If we detune
from the center to the nearest dip in the absorption spec-
trum, �s = � + π/T , then n(�s ) ∼ 1 − cos(�sT ), which
coincides with a structure inherent to the HFC with ν0 = π/T .

It is possible also to create AHFC I by the sequence of
weak pulses repeated many times. For example, six pulses,

E6(t ) = Ep

(
t − 5T

2

)
10

+ Ep

(
t − 3T

2

)
2

+ Ep

(
t − T

2

)
+Ep

(
t + T

2

)
+ Ep

(
t + 3T

2

)
2

+ Ep

(
t + 5T

2

)
10

,

(A3)

have the spectrum, which is

E6(ν) = 16

5
Ep(ν) cos5

(
νT

2

)
. (A4)
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The power spectrum of this pulse sequence is

I6(ν) =
(

16

5

)2

Ip(ν) cos10

(
νT

2

)
. (A5)

Thus, such a pulse sequence is capable to produce the pop-
ulation grating n(�) ∼ sin10 (�T/2), which gives χ ′′

ah(ν) ∼
sin10 (πν/2ν0).
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