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I'maBa 1

DJjieMeHTapHOe BBeJIeHUe

1.1 Bseaeunne

BozuukHoBEHUE TEOPUU BEPOSITHOCTEH CBS3AHO ¢ KOMOMHATOPDHBIMHU 3a/1a9a-
MM a3apTHBIX urp. OTiaeabHbIe 33/a49i IAHCOB BbIUIPATH B a3apTHON UI'De
paccMaTpuBaanch emé B XV-XVI Bekax B 3M0XY UTATLIHCKOTO PEHECCAHCa
(Tx. Kapnano, H. Tapranbs, JI. Ilagosn). Tlepsbie obuime MeTob1 pelneHmust
TaKUX 33/ia4 ObLIM JAHbI, [I0-BUIUMOMY, B meperucke mexy b. [lackanem
u II. @epma, mauapmeiicsa B 1654 rony, a Takyke B TIepBOI KHUTE IO TEOPUHN
BeposttHOCTEl «O pacuérax B azapTHOI urpey, omybankoBanuoit X. ['rofiren-
coMm B 1659 Tomy.

Wcrunanas uctopusa Teopun BepOATHOCTEH HAUnHAeTCs ¢ paboTsl . Bep-
Hyanu «MckyceTBo mpeanomoxKenndy, onyoankosamuoii B 1713 roxy. Haan-
Heilllee pa3BUTHe WA U METOL0B TeOPUH BEPOATHOCTEHN CBA3aHO ¢ UMEHAMU
A. Myaspa, I1.-C. Jlammaca, C. /. Ilyaccona, K.®. I'aycca (XVIII-XIX B.B.).

Crenyrommii BaXXHBIH 3Tall PA3BATHS TEOPUU BEPOSITHOCTEN CBSI3aH C
nMeHaMn pyccknx maremarnkoB XIX sexa I1.JI. Hebwnrmésa, A.A. Mapko-
Ba, A.M. Jlamymosa.

Ocuopormosararornas paboTa mo Teopun BepoarHocTell « OCHOBHBIE TTOHSI-
THST TEOPUN BEPOATHOCTEN» Oblta omybamkosana B 1933 roay A.H. Koamoro-
poBbiM. XX BEK MOYXKHO CINTATH BEKOM B3/IETA HAYIHON MBICJIN, B TOM UUCJIE
¥ TIPOTPECCa TEOPUN BEPOATHOCTER.
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1.2 Cayuaiinble gSBJ€HUs, 9aCTOTA COOBITUA

Bce siBeHust oOKpyzKaoIiero Mupa (Ipupojia Wik COIUYyM)MbI OyIeM mpe-
CTABJIATh KAK PE3y/JIbTAT HEKOTOPOrO (MHUMOTO) SKCIepuMeHTa. KoHedHo,
[IpU TTPOBEJIEHUN SKCIEPUMEHTA MBI BCEr/Ia 0DecrednBaeM HEKOTOPBIH KOM-
IJIEKC YCJIOBHII M HE MEHseM ero OT SKCIEPUMEHTa K dKcrepuMmenTy. byrsem
pasnvaTh JiBa BUJA TAKUX SBJIEHUIl IO TAKOMY HPU3HAKY: HEKOTODPHIE U3
HUX IPH BIOJIHE OILPEJIEJIEHHBIX YCJIOBUX DKCIEPHUMEHTa BCErJa IIPOMCXO-
JISIT, IPYTHUE 2Ke TTPOUCXOIAT He Beerjya. llepBbie m3 HUX MBI HA30BEM JleTep-
MUHUPOBAHHBIMHU, BTOPBIE — CTOXACTUIECKUMU (OT TPEUECKOro CJI0BA CTOXOC,
O3HAYAIONIETO XAa0C) WJIN HEJEeTEPMUHUPOBAHHLIMA. [IpeMeToM Teopun Be-
POSITHOCTEH, OJTHAKO, ABJISIOTCS HE BCE CTOXACTUIECKUE COOBITHS, a TOJBKO,
TaK Ha3bIBAEMbIE, CAyYaliHble COOBITHS, KOTOPbIE XapaKTEPUBYIOTCH CJIeTy-
IOIMAMHM CBOMCTBAMMU:

1. OrcyrcTBHE TETEPMUHUCTHIECKO peryasspHOCcTH (HAOIOCHUS 38, HU-
MW B HEM3MEHHBIX YCIOBULAX HE BCErIA MPUBOIAT K OJHUM U TEM XK€ Pe3yJib-
TaTam);

2. Hasmaume CTaTUCTUYIECKON PErysipHOCTH (OHA TPOSABIISIETCS B CTATH-
CTUYECKOH yCTONYUBOCTH YaCTOT).

IIpumepaMu JeTepMUHUDPOBAHHBIX COOBITHIl ABJSIOTCS, HATTPUMED, CJIe-
JLYIOIIHE: eCJIN TOAOPOCHTH KAKOe-TO MaTepHabHOE TEI0, TO OHO HEN3DeXKHO
yOAAET Ha 3eMJI0, U MBI JIa2Ke 3HAEM, UTO 3TO ITPOUCXOIUT TOJ, JeHCTBU-
eM CHJIbl TAXKECTW; eCJW HarpeTh BOJy J0 cra rpajycos lleabcusa, To ona
[IPEBPATUTCS B TIAP.

Knaccuaeckumu npuMepamu CJIydailHbIX COOBITHIT SIBJISIFOTCS TIOSBJIEHUS
«repbay M «pEIKu» TPU MOAOPACHIBAHUN MOHETHI W IOsiBJIEHHE TP 0T
€JMHUIIBI JI0 MIECTU [PU TT0A0PACBIBAHUU UTPAJIBHON KocTu. C MOCJIeIHUME
COOBITUSIMU MBI 4aCTO OYJIEM BCTPEYATHCH B JHAJIbHENIIEM.

Emé Bo Bpemena anTu4anoil pumocodun HAMETUIUCE B MOAX0JA K 10~
HaTuio cayuaiinoctr. OQWH U3 HUX CBSI3aH ¢ mMeHeM JleMOKpuTa, KOTOPBIi
CUYUTAJI, UTO MHUP CTPOTO NETEPMUHUPOBAH, & «CJIYyJIaHHOE» OTOKJIECTBIISLI
c Hero3HaHHBIM. «J1o7u coTBOpUIN cebe KyMmMupa U3 Caydas KaK IPUKPbI-
THE MPUCYIIEr0 UM HEJOMBIC/Us», — T'OBOPUJI OH. DIUKYP Ke U €ro 1ocie-
IOBATENM CUYUTAIU CAydaiiHOCTh Oo0bexkTupHOM. Touka 3penus emokpwura
rocrojicTBoBaJia B hustocodun BiioTh 110 XIX Beka.

Bepnémcs K yrnoMgHyTON YCTOWYMBOCTH YAaCTOT W IOSCHUM 3TO IIOHS-
THe Ha TpocToM mpuMepe. [lycTs «decTHO» MoAOpPAChIBACTCS «IIPABUILHAS Y
MoHeTa. Mbl, KOHEYHO »Ke, OTHECEM PE3y/IbTaT TOT0 SKCIEPUMEHTA K CTO-
XACTUYECKUM SBJICHUSM, TO €CTh 3apaHee He CMOXKEM OJHO3HAYHO YKa3aThb
pesynbTar ombiTa. OHAKO, KaK OBLIO 3aMEUEHO, €CJIU MPOBECTH OOJBITIOe
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YUCI0 «HE3aBUCUMBIX» MOA0PACBIBAHNUIL, TO 9aCTOTa BBIIAIEHHUA, K IIPUME-
py, «repbay Osmska k 1/2:

nr 1
Mn<r) = §a

n
Ijie np — YUCJO0 OIBITOB, NPU KOTOPBIX BbIaJ «repby», n — obliee 94uciio
OIIBITOB. B 9TOM M 3aKJ/JIHYaCTCAd CTATUCTHNYICCKaA YCTOfIqHBOCTb JaCTOT, KO-
TOpas ¥ JieJiaeT MPaBonofobHoil TUIoTe3y 0 BOBMOKHOCTH KOJNYECTBEHHON
OIEHKHU «CJOyYaiiHOCTH». B ncTopum M3BECTHO HECKOJBKO MPOBEIEHHBIX Ce-
pwit Takux onbitoB. Hampumep, 2Kopx-JTyun ge Brodbdon (XVIII sex) 6poca
monety 4040 pas, npu srom nosyumi 2024 «repbas, K. [lupcon B 24000 omnbi-
Tax moayumsa 12012 «repboss. Herpyawuo BumeTh, 9TO YaCTOTHI BHITAIEHUS
«repbay B 3TUX CEPUSX JOCTATOYHO OJIM3KO TOJXOMAT K OJIHON BTOPOI.
OxasbiBaercsi, 910 siBjeHre HocuT GoJiee 001t XapakTep: 4acrora fi, (A)
CAYIaHOTO COOBITHS A B TIOC/IETOBATEILHOCTH TTOBTOPSIEMBIX B OTHHAKOBBIX
YCJIOBHUSIX OUBITOB «pubsnKkaercs» K HekoropoMy gucay p € [0, 1]. Cuurars
9TO YUCJIO BEPOATHOCTHIO cOObITUS ObLIO npemioxeno P. ¢dorn Mwuzecom B
nagasie XX Beka.
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1.3 Kuaccudeckoe omnpegejeHne BEPOITHOCTU

Briosine ecTecTBeHHO KaXKeTcsi ujiest BbIIEIEHNS B SKCIEPUMEHTE CO CIIydail-
HBIMU UCXOJaME (COOBITUSIME ) TAKMX UCXOJ0B, MOCPEACTBOM KOTOPBIX MOYKHO
6bLI0 OTyunTh JH000# ucxon sKcnepumMenTa. [Ipu 9TOoM, KOHEYHO, HYKHO,
9TO0BI 3T UCXO/bI ObLIN OBl TPOCTERIITHMU.

Onpegnesnenne 1.1. Muootcecmsom saemenmaproiz ucxodos (cobvimuii) onvi-
ma Q) = {w} nasvieaemca mnogcecmeo ucrodos, 06AAAIOUUT CACOYIOULUMU
c60lcmeamu:

1) 6ce amu anemenmaprvie cOGBIMUA PA3AUNHDL;

2) nacmynaenue 001020 U3 UCTOJ0E UCKAIOUAETM HACTMYNACHUE GCET OCTNAND-
HOLT;

3) 6 xode sKcnepumenma 00O U3 IMUL COOLIMUT HEUSOENCHO HACTYNAEM.

Sameuanne 1.1. Muoocecmso ssemenmapuui cobwmud, xax A0boe dpyzoe
MHOHCECTNEO, MOAHCEM BBIMY KOHEUHBIM, CUEMHDBIM UAU HECUEMHBIM.

Bameuanmne 1.2. [lodmnosicecmeo A mmuooicecmesa 0 (cmpozo 2o6opa, e
BCAKOE 6 OBULEM CAYUGE) HA3LBAEMCA CAYwalHbIM coObimuem. Bydem cuu-
mamov, ¥mo npoucrodum cobvmue A, ecau NPOUCTooum KaKoe-mo 4eMeH-
mapnoe cobwmue w € A. Fcau w € A, mo zogopam, wmo asemenmaproe
cobvimue w baazonpuismemeyem cobumuro A.

IIpuBeném mpocThie TPUMEPHI TPOCTPAHCTE 3JIEMEHTAPHBIX COOBITHI.

IIpumep 1.1. Cummempuunas monema 6pocaemes odun pas. B smom cay-
wae 0 = {wr,wp}.

IIpumep 1.2. IIpasuavhas uzpasvras xocmyv Gpocaemcs odun pas. Tozda
Q ={w1,...ws}, 2de w;, (i = 1,6), osnanvaem ewnadenue i 04K06.

Ilpumep 1.3. Ilpasuavras monema Gpocaemes mo MeT Nnop, NoKa HE Gbi-
nadem <zepb». Toeda Q0 = {wr,wpr,wppr, ...}, 2de, ¥ npumepy, wpr 03Ha-
yaem 6nnadeHue 6HAYAAE <PEWKUS, G 3amem «2epbas.

IIpumep 1.4. Ha ompeske [0,1] cayuatinvm obpasom svibupaemcs mouxa.
Tozda Q2 = [0, 1].

Bo MHOTHX 9KCIIEpUMEHTAX C KOHETHBIM TUCJIOM 9JIEMEHTAPHBIX COOBITHI
w3 COOOpaKeHU CUMMETPUHN MOXKHO TTPEIITOI0KUTE, ITO BCE JIEMEHTAPHDBIE
COOBITHST PABHOBEPOSITHBI (MOXKHO TP STOM MPUBJIEYb YaCTOTHBIN MTOIXOT).
Nraxk,
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Ounpenenenue 1.2. [fycmo
1. |2 = N < 0o (3decv |A| osnanaem wucao snemenmos mmoscecmea A);
2. Bce anemenmaprvie ucToovl pasHOBEPOAMHYL.

Tozda xasrcdomy cobvimuro A € Q) cmasumcs 6 CoOOMBEMCMEUE HUCAO

P(4) = g1

HA3BIBAEMOC GEPOATIIHOCITNBIO cobwmusa A.

IIpumep 1.5. Bpocatomca dse uepasvrvie xocmu. Kaxosa eepoammnocms
MOo20, 4MO HA 00eUT KOCMAT 6uinadem 00UHAKOB0E YUCAO 0NK0G 7

Pemenne. Kak 1plit 31 MeHTapHDIA NCXO MOXKET OBITH IPEJICTABIECH Ia-
poit uncen Q = {(i,7) : i, = 1,6}. I3 coobpaKeHuii cuMMeTpun siCHO, 4TO
BCE 3JIEMEHTAPHBIE UCXO/Ibl PaBHOBEPOATHEL 1 |{2| = 36.

IIpu srom cobbrtne A = {(i,7) : i = j;i = 1,6}. OueBugno, uro |A| = 6.
Torna

O

C ueBbITOIHEHVEM TPeGOBAHNS PABHOBEPOSITHOCTH 3JIEMEHTAPHBIX COOBI-
TUH CBsSI3aH M3BECTHBIN mapa oke ae Mepe.

IIpumep 1.6 (TTapagoxc me Mepe). B pesyavmame mHo20Kpammubix Habato-
denuti uepvt 6 Kocmu wesaave de Mepe noomemun, 4mo npu 00HOBPEMEHHOM
nodOPACHIBAHUY MPET ULPAALHUT Kocmed bosee 4acmo 6unadaem Komoura-
yus, darousas 6 cymme 11 ouwxos, wem wombunayus, dawwas 6 cymme 12
OMKO0B, TOMA, C €20 MOYKU 3PEHUA, IMUL KOMOUHAUULT 00UHAKOBOE KOAUYE-
€Mmeo.

Pemmrenme. [le Mepe paccyzknan tak: 11 0UKOB MOXKHO TOJTYUIUTH ITECTLIO
pasubivu criocobamvu (6-4-1, 6-3-2, 5-5-1, 5-4-2, 5-3-3, 4-4-3), u cToabKUMU
JKe crocobaMu MOXKHO moJTyduTh 12 oukos (6-5-1, 6-4-2, 6-3-3, 5-5-2, 5-4-3, 4-
4-4). Omubky ne Mepe 3amerun B.ITackaib, KOTOpBIH yKaszas, 4To paccmar-
pUBaeMbIe UM UCXO/Ibl He ABJISIOTCH paBHOBeposiTHbIMY. Hanpumep, kombu-
Haryst (6-4-1) ¢ y4éroM TOro, Ha KAKWX MMEHHO KOCTSIX BBIMAJIAET OTpeie-
JIBHHOE KOJMUYIECTBO OYKOB, BBITIAIAET, KOTJIA HACTYIAET OJWH W3 IECTH WC-
xoj08 (6,4,1), (6,1,4), (4,6,1), (4,1,6), (1,6,4), (1,4,6), a komOunarms (4-4-4)

BBITAJIAET TOJNBKO B OmHOM cayvae (4,4,4). O
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1.3.1 DaemeHTHI KOMOMHATOPUKH

IIpaBusio cymmbl u npousBenenus. Fcau obsexm A moocho evibpams n
PABAUYHBEMU CTIOCObaMU, 06BEKM B MOMCHO 8B16DAMB T PASAUNHBLMU CNOCO-
bamu, mo obsexm A uau B M0CHO 8616pamsd N+M PASAUNHBIMU CROCOBAMU,
obsexm A u B mooicho ébibpams M - M PASAUMHBLMU CNOCOBAMIU.

[Iycrs o7 = {aj,as,...,a,} — MHOXKECTBO, COJIEDKAIIELE 1 JTEMEHTOB.
O6osnaunm uepe3 w = (i1, 19, ...,4,) HAOOP U3 I' HJIEMEHTOB MHOKECTBA 7 .
[IpenmosoxkuM TakzKe, 9T0 BCe TaKue HADOPHI paBHOBepodaTHLI. Ilomoxkum

Q= {w=(ir,ig,...,ir) 1ip € A, k=1,r},

Q:{w:(il,z’Q,...,iT):iked,kzﬁ, 11,02, « -« bp }

MuozkecTBO ) TIpu 5TOM GyleM Ha3bIBaTh CXeMOil CJIyUailHOro BBHIGOpa
C BO3BpAIllEHWEM, a8 MHOXKeCTBO {) — cxemoii caydaitnoro Beibopa 6e3 BO3-
Bparenud. [ mHTepIpeTanny STUX ¢XeM 6yIeM HCIOIb30BAThL «YPHOBYIO
CXeMYy», C KOTOPOI NpUAETCS UMETh 1ea0 u B bymayrmem. UTak, B HEKOTOPOit
YPHE COMEePKATCS OTMHAKOBBIE MMAPhl, MPOHYMEPOBAHHBIX OT €IUHUIHI JI0 1.
9KCHepI/IMeHT COCTOUT B CJACAYIOIIEM: MbI ITOCJIEH0BATE/IbHO BBIHUMACM U3
YPHBI 7 MIAPOB ¥ PUKCHpPYyeM ero Homep. Eciam mpym 9ToM KakIbIil BBIHY-
ThIH 1ap OyAeT BO3BPAIIEH B YPHY, TO MbI IOJYyYUM CXEMY Q, B IIPOTUBHOM
cayuae — cxemy §.

Onpenenenne 1.3. PasmeweHuamu ¢ noSmMoOpeHUAMU U3 N INEMEHITOE T
INEMERTNOE HA3VLEAEMCH YNOPAIOUEHHOIT HAOOD OAUHBL T, 6 KOMOPOM dae-
MEHMDBLE MOYM NOBMOPAMBCA.

IloHsgTHO, YTO B 9TOM CJIy4ae UCIIOJIb3YETCst CXeMa, CAy9YailHOTO BhIOOpA C
BO3BPALIEHHEM. 3aMETUM, YTO 3J1eCh MOXKET ObITh, 4TO T 2> M. Uuc/I0 TaKux
pa3MelnieHuil paBHO

Onpenenenne 1.4. Pasmewenuamu 6e3 noemopenuds u3 n ACMEHMOG T
INEMERNOE HAZVBUEMCA YNOPAJONEHHBIT HAOOP OAUHBL T, 6 KOMOPOM 6CE
INEMEHMDBL PASAULHBL.

B 371oMm cayuae ucnosib3yercs cxeMa CydaiiHOro BbiGopa 0e3 Bo3Bpalie-
oug. Uncao Takux pasMerieHunit paBHo
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Ounpenenenue 1.5. Posmewenus 6e3 nosmopenuli u3 n oAEMEHINOE N0 T
INEMEHMO8, 20e T = N, HA3BLIGAEMCA NEPECMAHOSKAMY U3 M.

Ywuemo TakKux MEePecTAHOBOK PABHO nl.

Fcin B ompenenennsax 1.3 u 1.4 6pars meymopamovueHnbie HAOOPBI, TO
TOBOPAT O COYETAHUAX C TOBTOPEHUAMHI U 0€3 IOBTOPEHMUH.
Yucao coueranuit 6€3 TOBTOPEHUT W3 N SJIEMEHTOB I” 9/IEMEHTOB PABHO
n!

Cn = rl(n —r)!

Hucno coueranwnii ¢ IDOBTOPEHUAMMN M3 7 SJIEMEHTOB 7" 9JIEMEHTOB PaBHO

AT o
Cn - Yn4r—1-
IIpumep 1.7. V 4enosexa 6 wapmane narodumces n kaoued, U3 KOMOPHLL
moavko 00un nodxrodum x samxry. On nuimaemcsa nodobpamos Ka04, NPUYEM
npogepenmble KA0uU on youpaem 6 dpyeol wapman. Kaxosa eepoammnocms
Mo20, 4Mo HYAHCHBIT K104 noasumcea npu k-om (k= 1,n) useaeuenuu?

Pemenue.

DIeMEHTAPHBIME COOBITHSIMI 37€Ch SIBJISTIOTCS TIOCTE0BATETEHOCTH JJTH-
HBI 711, COCTOAIINE N3 PA3JINIHBIX 1 HEITOBTOPATIOIIUXCA Kﬂ}oqeﬁ, TO €CTb, IIe-
pectanoBkr u3 n. 3HadnT, |2] = n!l. IlocrenoBarenpHOCTH, B KOTOPBIX HA
]C-OM MeCTe CTOUT Hy}KHbeI KJIIOY ABJIAIOTCA 6ﬂaFOHpI/IHTCTByIOH_H/IMI/I Hallie-
My uckoMoMmy cobbituio A. Slcro uro |A| = (n — 1)!. Torga

n—1! 1
by =D L
n! n
MuTepecto, 94To 9Ta BEPOATHOCTH HE 3aBUCHUT OT k. O

IIpumep 1.8 (runepreomerpuueckoe pacupeneneane). B yphe muamesbHo
nepemewaro N odunakoewr wapos, cpedu komopwx M 6eawxr u (N — M)
weépnor. Haydawy usesexaemes xomnaexm us n wapos (6e3 yuéma nopao-
Ka u36aeHenUA). Boruucaumo 6epoammocms mozo, 4mo cpedu u3GAeUuEHHbIT
WaAPO8 OKAINCEMCH POBHO T, DEABIT.

Perrenne.

OLIQBI/I,ZI;HO7 YTO JIEMECHTAPHBIMHA CO6]:)ITI/IHMI/I 3J€Ch ABJIAIOTCA COYCTaHUA
6e3 mosropennit u3 N 1o n. Taxum obpasom, [ = C}. Baaronpusrcrsyio-
mue 3JIeMEeHTapHbBIe CO6]:)ITI/I$[ COCTOAT B TOM, Mbl BEIHUMaEeM POBHO M 6eJ_H:)IX
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u3 M u poBHO n —m 4é€pHbIX mapos u3 N — M. Yucjio Takux ucxo10B paBHO
Cyp - Cv_ "y~ Torga BeposiTHOCTH HCKOMOTO COOBITUSI paBHA

m n—m
CM "YN-M

Pm=——7—, 0<m < min(n, M).
CN

HaGop BeposTHOCTEH (P)y) OyIE€M HA3BIBATH TUIIEPrEOMETPUIECKUM PAC-
IPEIeICHUEM. O
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1.4 T'eomerpuveckue BepOATHOCTU

Curestyst KJIACCMYECKOMY OIIPEJIEJIEHUIO, Mbl HAXOUM BEPOSITHOCTH COOBITHUSI
KaK JIOJII0 TeX 3JeMEHTAPHBIX COOBITHUI, KOTOPBIE IPUBOAAT K HACTYILICHUIO
COBBITHSI, CPETN BCEX MEMEHTAPHBIX COOBITUH. AHAJTOTHUHBIN MOIXOT MOMK-
HO IPUMEHSTH B 60JIee CJIOKHO CUTYAIINHT, KOTJ/Ia TIPOCTPAHCTBO SJIeMeHTap-
HBIX UCXO0B HE SIBJISIETCST KOHEUHBIM WM CUETHBIM MHOMKECTBOM. Y TOUHUM
ITOCTAHOBKY. Hych Q ABJIAETCA OTPaHUYCHHBIM IMOAMHOZKECTBOM N-MEPHOTO
eBKJIN0BA MPOCTPAHCTBA, B KOTOPOM 3ajaHa KOHedHas Mepa p. Pacemor-
puM B ) cECTEMY TIOJMHOMKECTE .% , W3MEPUMBIX OTHOCHTEIHHO 3TOH Meph
c cmeicae ZKopnana. Torna jqis VA € F paccMoTpuM COOBITHE, COCTOSAIIEE
B TOM, 9TO HayJady B3aTad ToUka u3 {2 momaaét B A. 310 cobuitue Oymem
obozHagaTh TOH Ke OykBoOit A. I[Tomoxum

p(4) = 14
1(9)
B sTom ciywae roBopsT, 9To Ha MHOXKeCTBE () 337]7aH0 PABHOMEPHOE pacipe-
nesierne (HeKOTOPBIH aHAIOT PABHOBEPOSITHOCTH 3JIEMEHTAPHBIX COOBITHIl B
KOHEYHOM MHO)KeCTBe). CMBICJ'[ 7K€ TaKOT'o orpegesienud COCTOUT B TOM, 4TO
COBBITHST UMEIOT OJMHAKOBYIO BEPOSTHOCTH, €CJH OHH MUMEIOT OJHHAKOBYIO
reoMeTpUYecKyio Mepy. EcTecTBeHHO, UTO TAKO! Cxeme BBIOOP MaTeMaTude-
CKOI MOJIEJTN y2Ke He CTOJIb OUYEBHJIEH, KaK 9TO ObLIO B KJIACCUIECKOIT MOJIETH.
Jlasee MbI TpUBEAEM TpPUMEp, U3 KOTOPOro OyaeT Cae0oBaTh, 9TO BEPOST-
HOCTBb COOBITUS Oy/IET 3aBUCETH OT BHIOPAHHON MaTeMaTUIecKol MOJIEIN.

Ipumep 1.9 (TTapamokc Beprpana). B xpyze paduyca R cayuatino npose-
dena zopda. Obosnawum wepes & eé dauny. Hatimu eepoammnocmos P{¢ < R}.

Permrenme.

PaCCMOTpI/IM Tpu Cjry4dad TOTrO, KaK MbI 6y,ZLeM IIOHMMATHL BBIPDazKeHUE

«CIAYIafHO TPOBEJEHa XOp/ay. ITO JacCT HAM TPH PA3INIHBIE MATEMATH-
TECKHUE MOIIEJIN.
Curyuaii 1. Cepeiuny X0Op/ibl COBMECTUM CO CJIy4YaiiHO BBIOPAHHOH TOYKON B
Kpyre (4acTo rOBOPSIT IIPU 9TOM, UTO CEPEJIMHA XOP/Ibl UMEET PABHOMEDPHOE
pacnpesiesienne B kpyre). B stom ciyuae Q = {(z,y) : 2% +y?> < R?},
{¢ <R} ={(z,y) : 3R* < 2 + y* < R?}. Buauur,

P{{ < R} =1/4.

Cayuaii 2. Hampasyienne xop/bl (bUKCUPOBaHO, a €€ cepeIuHa paBHOMED-
HO paclpejiesieHa Ha JuaMeTpe, TEPIeHINKYTAPHOM HAMPABIEHUIO XOPIHI.
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B srom caygae = [0,2R)]. Pemas Hecq0XKHYIO TeOMETPUIECKYIO 331249y,
1OJLY 4UM

P{¢ <R} =1-+3/2.

Cayuaii 3. Oqun KoHel| Xop/ibl (PUKCUPOBAH, & BTOPOIl KOHEI| PABHOMEPHO
pacrnpesienén Ha oxpyxuHocTH. 37ech ) = {(z,y) : 22 + y? = R?}. Jlerxo
BUJIETH, 9TO B 9TOM CJIyUae

P{¢ < R} =1/3.
O

IIpumep 1.10 (Urna Brodbdona). Iliockocmsy pacuepuena napaisenvhoi-
MU NPAMUMUY, PACCNOAHUE MedHcdy Komopumu pasho 2a. Ha neé naydauy
bpowena ueaa daunv 21, (I < a). Hatimu eepoammocmov mozo, wmo uzaa
nepeceuém KaKy0-mo npAMYo.

Pemenne.

Ilyctb u — paccrodHue OT cepe/inHbl UIVIbL 10 OJKaiiiiei mpaMoi, ¢ —
VYroJI HAaKJOHA WUTJIBI K TIOJOKUTETHLHOMY HampaBjeHmto npamoit. Ilapa um-
cern (u, ) 3a7aéT MOJOKEHNE TIPSIMOI ¢ TOTHOCTHIO /IO KOHKPETHOM MPSIMOI.
Torga B KauecTBe TPOCTPAHCTBA 3JIEMEHTAPHBIX COOBITHI BO3BMEM

Q={(u,9):0<u<a0<p< 7}

[Tepecedenue uribl ¢ npsiMOi IPOU30HAET TOTAA, KOoraa u < [ sin . MaTepe-
CyIoIlee HAC CODBITHE

A={(u,p): 0<u<lsing,0 <o <7}

Herpynao BEMUCAUTE, ITO

2
- wa’

P(A)

DTOT IpUMEpP HHTEPECEH TEM, UTO II03BOJIAET, 00beANHsIsT YaCTOTHYIO HH-
TEPIIPETAIUIO BEPOSTHOCTH U TEOMETPUYIECKYIO BEPOSTHOCTD, NPUOIM3UTE b=
HO IIOCYXATATH 3HadeHne uncaa 7. C 3Toi mernio uria opocaercd n pas. Ilycrs
B m caydasx npousoniio cobertue A. Torma uz npub/imkeHHOr0 paBeHCTBA

P(A) = % MOJTY YUM

n
m.

SHES
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1.5 IloHs"ATHEe BEepPOATHOCTHOI'O IIPOCTPAHCTBA

Temeps Mb1 006001TIMM BCE T€ MHTYUTUBHBIE MPEICTABICHUA O CAYIANHBIX CO-
OBITHSX U UX BEPOSITHOCTSX.

Onpenenenue 1.6. IIpocmpancmeom ssemeHmaptuir cobvimuti ) Ha3066ém
NPOUBONDHOE HENYCMOE MHONCECTBO. IAEMEHMBL IMO20 MHOdCecmea 6Y-
dem HA3bIBATND IAEMERTNADPHBEMU COOBIMUAM.

3ameuanue 1.3. Hanomrum, 4mo 6 peaibHOM ONbME SAEMEHMADHHIM CO-
OBIMUAM COOMBEMCMBYIOM, 83AUMOUCKAIONAIOULUE IpY2 OpY20 UCTO0bL IMO20
onvima.

B nanpmetinmiem Mbr OyeM pa3udaTrh ABA TUIA BEPOSTHOCTHBIX IIPO-
CTPAHCTB — JUCKPETHBIE U HeIpePbIBHBIE.

[. IuckpeTHoe BEepPOATHOCTHOE TIPOCTPAHCTRO.

Iycrs Q = {w1,wo,...,wWn,...} — KOHEYHOE WM CYETHOE MHOXKECTBO,

[e.9]

F — MHOXECTBO BCEX TTOAMHOXKeCTB MHOXKecTBa (2. Ilycre mamee (pp)02, —

HEOTPUIATE/IbHbIE YHUC/Ia, TAKUE 9TO

00
an =1
n=1

[Tpu aTOM KAKIOMY W,y MBI TOCTABUM B COOTBETCTBUE UUCIO Pp, N = 1,2, .. .,
nosaras p, = P({wy,}). Teneps nms xaxmoro A € F mo0KIM

P(A) = Z DPn-

{nwnecA}

B srom cirywae Tpoiika (£2,. %, P) Ha3bIBAETCS JUCKPETHBIM BEPOSITHOCTHBIM
TPOCTPAHCTBOM.

I1. HenmpepbiBHOE BEPOATHOCTHOE MPOCTPAHCTBO.

ITycts B 061eM coryuae 2 = R — n-MepHOe €BKJIUI0BO MPOCTPAHCTBO,
p = p(x1,x9,...,x,) — HeOTpUNATE bHAS H3MepuMas 110 Pumany dbyHKIms
na . Bygem npejiosarars CynecTBOBaHIE N-MEPHOIO MHTErPAJia 0T (PYHK-
nun p = p(T1,T2,...,Tn) A

/---/p(:z:l,wg,...,mn)dz:l...d:cn:1.
R'IZ
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Yepes .# 00603HaIMM HEKOTOPDIH KJI1ACC MOJIMHOKECTB MHOYKeCTBa ), siB-
asrompxcst namepumbivu 1o 2Kopapany. Tlosoxkum s mroboro A € %

P(A):/"'/p(:rhilig,...,xn)dxl...da:n.
A

Tpoiika (€2,.#,P) B 9T0M ciydae Ha3BIBAETCS HEIPEPHIBHBIM BEPOSIT-
HOCTHBIM TIPOCTPAHCTBOM.

3ameuanue 1.4. Kax 6 cayuae Juckpemnozo 8eposmMHOCIMHO20 NPOCIpPaH-
CMBa, MAK U 8 CAYUGE HENPEPHIEHOZ0, INEMEHMDBL KAGCCA F NOOMHONCECTNE
MHooHcecmea ) HA3BBAIOMCA CODBIMUAMU.
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1.6 Omnepanuu HaJ COOBITUIMU

st abCTPaKTHOTO BEPOATHOCTHOIO IIPOCTPAHCTBA, BBEICHHOIO B HPEIbITY-
mem naparpade, aaredpandeckue Oreparuu HaJl COOBITUSIMU COOTHECEM C
aIrebpanvIecKUMHU OneparusaMu HaJl MHOXkecTBamu. IlpuBeném 3mech cooT-
BETCTBYIOIILYIO TabJIHITy.

Teopusa Teopus Be-
P P . Haszpanne WNurepnperalyst
MHOKECTB | POSTTHOCTEMH
0 0 HocroepHoe Henzb6exuo
cobbITHE HaCTyTaeT
0 0 Hesozmoxxnoe Hukorna
cobbiTHE He HACTylaer
IIpouseegenne Hacrymator
ANB A-B P ’ Y
cobeITHI BMeCTe
AUB A+ B, Cymma Hacrymaer aubo A,
AUB CcOOBITHIA ambo B, mubo oba BMecTe
. B macrynaer Bcakuit pas
ACB ACB A Breuér B Y bas,
Korda Hacrymaer A
Pasnoctn Hacrynaer A u me
A\ B A\ B .
coOBITHI HacTymaer cobbiTie B
A—B A—B Cobobrtns A macTymaer ToTa u TOJBKO
9KBUBAJIEHTHBI TOT/Ia, KOT/Ia HAacTymaeT B
q i [Iporupomonoxk- | A HacTymaeT TOrja U TOJIbKO
HOe cOOBITHE Tor/a, KOraa He Hacrymaer A

Beenénm 31ech emé Heckoabko monarnit. Eciu A - B = (), To cobeitua A
1 B Ha3nIBalOTCS HeCOBMECTHLIMHE. B 3ToM ciydae It 0003HaUeHIs CyMMEI
Bcerga Oyaem mucats A + B.
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1.7 AxkcmoMBI TeOpuUu BEepPOATHOCTE

[Tyctb ) — npou3BOJIBLHOE HEIYCTOEe MHOXKECTBO, # — HEKOTOPas CUCTeMa
IIOAMHOZKECTB MHOKecTBa 2.

Omnpenenenne 1.7. Cucmema F nodmnosicecms muoosicecmaa ) HA3b68a-
emcs aneebpoti, ecau

Al Qe F;

A2 Ecou A€ F, moAc F

AS8. Feau Ae F,Be %, moA-Be.ZF;

V3 3THX aKCHOM HEMEIJIEHHO CJEIYIOT CJIEIYIOIIUE CBOMCTBA AareOpsl:
1. 0 e F;
22EcmAe F, Be F,10 AUBe %, A\ Be Z.

Oupenenenne 1.8. Cucmema F nodmmoocecms mmoocecmsa 0 HaA3b6a-
emcs o-aa2ebpot, ecau

SA1. Qe F;

SA2. Ecau A€ F, moAc F

SA3. Ecau Ay, Ag,--- € F,, mo (o, A€ F, Uey Ai € F;

Sameuanune 1.5. Bciody dasee anzebpy (o-aneebpy) F 6Gydem nasvieamo
an2ebpoti (o-anzebpoti) cobmmud.

Onpegnesnenne 1.9. ITapa (Q, F) Ha3vi6aemces U3MepuMbLM NPOCMPAIHCIMEOM.

Paccmorpum mamepumoe npocrpancrso (R, Z(R)), rme R — uaucnosas
npsivast, B(R) — Gopenesckas o-aarebpa ducg0BoH mpsamMoit. OCTaHOBHM-
cs Ha CBOMCTBAX OOpPENEBCKOi o-aaredphl, KaK OJHOM M3 HAMOOJIee BaXKHBIX
MOMEHTOB JIJTsI HAIEro Kypca.

Hamomunm, aro 6opesieBckast o-ajarebpa 9ucaoBOi mpsaMoit TOpPoxK 1aeTcst
cremytomedt cucremoit mogmuoxects By = {0, (—oo, x) : z € R}. Scwo, uro
9TO Jayke He aaredpa, HO ¢ € MOMOIIBI0 BO3MOXKHO MOCTPOEHNE o-aareOpHI:

BR) :=o0(Bo) = F°,

«

re ¢ — o-anrebpa, copepxkaimada cucremy 4, a nepecedenune 6epércs 1o
BceM TakuM o-anrebpam. [Ipu srom o-anrebpa o (%) 0ka3piBaeTCsd HAUMEHD-
et Takoit o-aaredbpoit u Ha3BIBAETCs, 0-aaTedPOl, TTOPOKAEHHON cucTeMOoit
Py, — GopesieBCcKoit g-anredpoit. OTMETHM 37eCh, UTO 3Ty Ke 0-aaredpy MbI
MOy INM, €C/IA B KAIEeCTBE CUCTEMBI () BO3BMEM CHUCTEMY BCEX HHTEPBAJIOB
WJIX OTPE3KOB YUCJIOBOM IIPAMOI.
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Ecnu rosoputh 00 onpejiesieHnu BEPOATHOCTH Ha CHCTEME %, TO TIPOIIE
CIETATh 9TO Ha 0OJIee TPOCTOM OObEKTE, KAKOBBIM SIBJISIETCA aredpa coObl-
tuit. Tak mbl u moctynum. Ho dacTo B Bo3HHKarONX 3a1a9ax (0COOEHHO, B
3a/1a9ax, CBA3AHHBIX CO CJYYARHBIMU MPOIECCAMU) TpeOyercs, 9ToObl Bepo-
SATHOCTH ObLTa 33/aHa Ha o-ajaredpe. DTOT BOMPOC MbI OOCYAUM UyThH MO3KE.

Oupegesienne 1.10 (A.H. Komvoropos). Yucaosaa dynkyus, onpedeséin-
naa na aszebpe cobumull ¥, HA3BIEAEMCA GEPOAMMHOCTIGIO UAU 6EPOAM-
HOCTNHOT MEPOTI, ECAU BBINOAHEHD CACOYIOULUE AKCUOMbL:

P1. (axcuoma neompuyamesvrnocmu) P(A) > 0 daa VA € F;

P2. (awcuoma nopmuposru) P(Q) = 1;

P3. (axcuoma xonenwnol addumuernocmu) Ecau AB = (), mo

P(A+ B)=P(A) +P(B);

Pj. (axcuoma cuwémmnot addumusnocmu) Ecau nocaedosamenrvrocmv coboi-
muti {Ap}, makosa, wmo A;A; =0 (i #j) ud ;o) A € F, mo

P A=) P
=1 =1

ITpu sToM Tpoiiky (2, .Z, P) 6yaem Ha3bBaTh a0CTPAKTHBIM BEPOSITHOCT-
HBIM TTPOCTPAHCTBOM.

CdopmynupyeM emgé oaHy akCHOMYy — aKCHOMYy HenpepbiBHOcTH. OHa
PACIIUPUT HAITHA TPEICTABJIEHNS O BEPOSITHOCTH.

P5. (axcuoma nenpepwvienocmu) as 410600 nesozpacmarowet nocaedo-
samenvrocmu cobumuti A1 O As D -+ D A, D ..., makoli, ymo ﬂflozl A, =
A (npu smom unozda 6ydem nucamv A, N\ A, n — o00) umeem mecmo pa-
B8EHCMBO

lim P(4,) =P(A).

n— o0
Teopema 1.1. Qynryus mnoorcecme P =P(A), A € F, cuémmno-addumusta
moezda U MoAvKO Moada, ecalt OHG KOHEYHO-adoumueHa U HenpepuieHa.

Joxasamesvcmeo. pyrumu cioBaMu, HAJIO0 J0KA3aTh, YTO akCHOMbI P4 n
(P3+ P5) sksusasnentasl. [lycrs Beimosaena akcnoma P4 caéTHOM a1 uTuB-
HocTHU. A, 3HAuUNT, BBIOJHEHA U akcuoma P3. BozbMém moc/ie1oBaTeibHOCTh
cobbrTnit (Ay,), yIOBIETBOPSIONIYIO yCIOBIAM aKcHoMbl P5: Ay D Ay D -+ D
Ay D ... w2, Ay = A ObpasyeM HOBYIO HOC/IEI0BATEIBHOCTE COOBITHIL,
ojraras

Cr = ApAps1, (k=1,2,...).
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Samernum, aro Bce C) u A mecopmecrunl. Torma ajs oboro n

A, = A+ Gck.

k=n

B uacraocru, A1 = A+ Jp—; Ck. B cuny akcuomsr P4 umeem:
P(A;) =P(A)+ ) P(Cy).
k=1

Tak kak B J1€BOI YaCTH TTOCAETHErO PABEHCTBA CTOUT YUCJ0, TO PAL B TPABOiT
YaCTH PAaBEHCTBA CXOAUTCH, U, CJEIOBATETHHO, XBOCT STOrO PAJIA CTPEMUTCS
k Hyso. Torga

n—oo n—o0

lim P(A4,) = P(A) + lim (i P(Ck)> — P(A).
k=n

O6partHo, IyCcTh BHITIOJIHEHB! akcuoMbl P3 u P5. Paccmorpum mocienosa-
TesbHOCTh cobbituit (Ay), yaosrersopsionmx akcuome P4: A;A; = 0 (i # j)
uy .oy A € 7. Torna B cuty akcuomsl P3

0o n 0o
1=1 =1 i=n-+1
C Apyroii CTOPOHBI, UCIOIL3YS MOCTEIHEE PABEHCTBO, NMEEeM

;P(Ai) :JE&;P(AQ = lim P (ZAi) =

=1

i (Se) r(S0))

Tak Kax TocIe0BaTENbHOCTE CoObITHiE By = ) 0 | A; He Bo3pacraer

[e.@]
u ().~ Bn =0, o u3 akcuomer P5 ciemyer, 910

(1.1)

lim P ( i Ai> = lim P(B,) =P(0) =0.

n—o00 ) n—o00
1=n—+1

(To, aro P(()) = 0, MbI obcyauM 4yTh 103Ke). 3uadnt, u3 dopmymnt (1.1)

CJAEAYEeT, 4TO
P (Z Ai> = P(4).
=1 =1
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Cso

:c

CTBAa BEPOATHOCTU

o
Né

(
P 1 pa)
cim A C B, o P(A) < P(B).
(A) < 1 s Beex A € F.
(AuB)=P(A)+P(B) - P(AB).
(U1 Ar) = 22p P(Ak) = 2250 P(ARAD) + 2pcicm P(ArA1Ar) —
—|— )n 1P(A1A2An)
7. Ecnm mocteoBaresHOCTS cobbITHIL (A;,) He yOBIBAaeT, TO €CTh

AlgAQQQAnQ I/IU;.LozlAn:A,TO

N
A'-uwhu

lim P(A,) =P(A).
n—oo
JlokaxkeM HEKOTOPBIE U3 3TUX CBOMCTB.
1. U3 pasercrBa 2 = Q) + () m akCHOMBI KOHETHOH a/IATUBHOCTHU IIOJIY-
qaem: P(Q) = P(Q) + P(0). Orcrona P() = 0.
2. Touno Takske u3 papercTsa ) = A + A 1 aKCHOMBI KOHEUHOW A/ /In-
tusrocTH mosyunm: 1 = P(A) + P(A). Orciona P(A4) =1 — P(A).
3. Mycts A C B. Torma B = A + BA. 3uaunt, P(B) = P(A) + P(BA)
u, Tak kak P(BA) > 0, To P(B) > P(A).
4. OueBuaHO 3 3) M AKCMOMBI HOPMUPOBKH.
5. Bamumem AU B = A+ (B\ AB). Ho P(B\ AB) = P(B) — P(4B).
Crnenosarensuo, P(AU B) = P(A) + P(B) — P(AB).

Kak wmbl yxKe ormedasu, Kjacc ajredp 3HAYUTENHHO INMUpPE KJIACCA O-
aredp, BO MHOIMX 2K€ 33/1a9aX TEOPUM BEPOSTHOCTEH HPUXOIUTCS HAK/IA-
JIBIBATH JOMOJHUTEIBHBIE YCJIOBUA — TPeb0BaTH, YTOOBI KJIACC COOBITHI ObLI
o-anrebpoit. Ecnu % apmsercst anrebpoii, Ha KOTOPOH 3a1aHa BEPOSATHOCT-
Has Mepa, TO HeJb3s JIM MePeHeCTH 9Ty Mepy Ha o-aaredbpy, mopoKIAEHHYIO
sroit anrebpoii? IlosoxuTesbHBI OTBET HA 3TOT BONPOC JAAET CJIETYIOIIAs
TeopeMa M3 aHanu3a, IPUBOANMAL 371eCh 663 J0Ka3aTeIbCTBA.

Teopema 1.2 (Teopema Kapareogopu). ITyemv P — sepoammnocmov wa as-
eebpe cobwmul F, o(F) — o-anzebpa, noposcdénnas smoti areebpoti. To-
2da cywecmeyem eJuHCMBEHHAA eeposmuocmuas mepa P*, onpedeaénnan
na o(F), npuuém

P*(A) =P(A)

oaa ecex A € F. Bepoamnocms P* nasgvisaemes npu amom npodosdrcenuem
sepoammnocmu P ¢ anzebpvr na o-anzebpy.
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1.8 VYcaoBHag BeposaTHOCTh. He3zaBucumocTsb
Haurém ¢ mpocToro mpumepa.

Ipumep 1.11. ITycms onvim 3aKA0MGEMCA 6 MOM, WNO MPU Pasa 6poca-
emca monema. Bepoammnocms mozo, wmo npu smom <zepby ewvinadem poéHo
0dun paz 6 Kaaccuuweckol cxeme pasra 3/8. Obosnaywum amo cobvimue ue-
pes A. Ipednososcum daaee, wmo 06 ucrode sxcnepuMerma ONOAHUMEAD-
HO U3BECTIHO, WMO NPousowao cobwmue B = {wucao swnaswur «zepboes
newémmno}. Kaxosa eepoammnocmsv cobwmus A ¢ yuémom smot ungopma-
yuu? ITocmpoum Ho60E NPOCTPAHCMBO IAEMEHMAPHBLL UCTO006 C YUEMOM
mozo, wmo cobwmue B npousowno: Q|B = {T PP, PTP, PPT,TTT}. Tozda
CO2AACHO KAQCCUMECKOT CTeMe 6EPOATIHOCTIL cobvimua A npu ycio6uu, 4mo
npousowno cobwmue B, pasna P(A|B) = 3/4. Hasoeém amy sepoammnocmo
YCAOGHOL GEPOATNHOCTIIDIO.

13 sToro mpumMepa MBI MOXKEM Ce/IaTh HEKOTOPhIE BHIBOJIBI. BO-TIEPBHIX,
B HETPUBHUAIBHOM Cjydae cOObITHA A u B JOJKHBI ObITH COBMECTHBIMH.
Bo-BTOpBIX, HHTYUTHUBHO TOHATHO, 9TO HA 3HAYEHNE YCJIOBHONH BEPOSTHOCTH
BJIUSIET BEPOATHOCTH COOBITHSE B (TP BBIMUCAEHUY N0 KJIACCUIECKOH CXeme
MBI uctosb3oBasn ()| B). Beeném crporoe ompeesenue.

[Tycts (2,.%,P) — npon3BoJibHOE BEPOSITHOCTHOE MTPOCTPAHCTEO.

Onpenenenne 1.11. Paccmompum A, B € %, P(B) > 0. Yeaosnan eepo-
Amrocms coboimua A npu ycaosuu, wmo npousouwso cobwmue B, onpede-
AAEMCA N0 POpMYAe

P(AB)

P(AIB) = 55y

Tenepb MBI JaJAUM UHTYUTUBHO TTOHATHOEC ONpEeaejieHrne HE3aBUCUMOCTHU
COOBITHI — OIHOIO M3 BAsKHEUINNX B TEOPUH BEPOSTTHOCTEIA.

Onpenenenne 1.12. [Tycmv A, B € %, P(B) > 0. Cobwmus A u B na-
BUEAIONCA HE3ABUCUMBIMU, ECAL

P(A|B) = P(A).

3ameuanne 1.6. Kaowcemcsa, wmo 3decv ecmov kakol-mo nodeoxr — 6 onpe-
desenun 1.12 2060pumcea moavko o nesasucumocmu cobmmus A om B. Ho
Ha camom dese, ecau cobmwmue A we zasucum om B, mo u cobumue B we
sasucum om A, ecau P(A) > 0.
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Heiicrsurensho, nycts P(A|B) = P(A). Ilo onpeenenuto ycioBHOi Be-
POSITHOCTH % = P(A). Orciona P(AB) = P(A)P(B). Torna P(B|A) =
P(AB) _ P(A)P(B

TR MR

CMBICJT 9TOT0 OIpPEIC/ICHHS JIEXKUT Ha TOBEPXHOCTH: HACTYILJIEHHE OIHOTO
CO6bITI/IH HE BJIMIET Ha BepOHTHOCTb HaCTyH.HeHI/IH ,ZprI‘OFO, HO OHO HE CUM-
METPHIHO OTHOCUTEILHO coOnIThil. [1peapayinme paccy K IeHusl IPUBEIH HaC
K CJIEAYIOIIEMY, YAOOHOMY JIJIsl UCIIOJIB30BAHUS, OMPEIETEHUI0 HE3ABUCUMO-
CTU COOBLITHUI.

Onpegnenenune 1.13. lycmv A, B € %, P(A) > 0, P(B) > 0. Cobuwmua
A u B na3u6aiomcesa He3a6uUcCuUMbMY, €CAU

P(AB) = P(A)P(B).

Mg yxxe mokazasm, uTo u3 onpeneaennd 1.12 cregyer onpenenenne 1.13.
Ob6parHoe 6oJjee, 4ueM OYEBHUIHO.

3ameuanue 1.7. Onpedesenue 1.13 He MOABKO CUMMEMPUYHO, HO U UMEET
CMBICA MAKINCE U OAA HE603MOICH020 cobvimua (), mo ecmbv 6 smom onpe-
deaenuu donyckaemcs, wmo cobvimus A u B mo2ym umems 6EpoAMHOCT®,
pasuyto Hyato. 1Ipu amom, nesoamoscroe u docmoseproe cobbimus He 3a6u-
CATM OM A06WT OpY2uL coOLMUL, 8 MOM YUCAE, OM cebs CAMUL.

1.8.1 CsBoilicTBa HEe3aBUCUMBIX COOBITUI

IIpennoxkenue 1.1. 1. Ecau cobomusa A u B nezasucumvt, mo He3a6UCU-
Mot maxoice cobwmus A u B, A u B, A u B;

2. Hycmws cobwmua A u By nesasucumot, cobvimus A u Bo nezasucumbl,
npu amom coboimusa By u By necosmecmun.. Toeda neszasucumdvt cobvlmus
A u (B1 + Bg)

3. Hycmy cobvimua A u B necosmecmun, u P(A) > 0,P(B) > 0. Tozda
cobumusa A u B sa8ucumbt.

Jloxasamenvcmeo. 1. IIpoBeprM HE3aBUCHMOCTH, K IpUMepy, cOObITHT A I
B.
P(AB) = P(B\ AB) = P(B) — P(AB) = P(B) - P(4A)P(B) = P(B)(1 —

2. P(A(B1+ By)) = P(AB, + ABy)) = P(AB,) + P(AB,)) = P(A)P(B) +
P(A)P(By)) = P(A)(P(B1) + P(B2)) = P(A)P((B1 + B2))
3.0=P(AB) # P(A)P(B) > 0. 0
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Hapsiny c norsiTneM He3aBUCUMOCTH COOBITHI CYIIECTBYET €IIE U TOHATHE
YCJIOBHOM HE3aBUCUMOCTHU.

Omnpenesenune 1.14. Cobwmus A u B Ha3ui6a10Mea YCA08HO HE3GEUCUMDI-
Mmu omuocumesvno cobomus C, ecau

P(AB|C) = P(A|C)P(B|0).

B rmeopun MapKOBCKEMX 1€l MMEHHO ITO CBOMCTBO BBIMOJHAETCS JIJIsI
«IIPOHLIOro» u «Oymymrero» mpu (PUKCHPOBAHHOM «HacTosieM». O6 sTom
MBI TIOTOBOPUM B KyPCe CJYIAWHBIX TPOIECCOB.

1.8.2 BepodaTHOCTh TPOU3BEAEHNS COOBITUIT

Pacemorpum A, B € Z, P(B) > 0. 3anuceiBast (bOpMyIy YCIOBHOI BEPOSIT-
HOCTH B HECKOJBKO APYTOi (popme, moayanm hopMy Ty

P(AB) = P(B)P(A|B).

[To waAyKIMY MOXKHO TOKA3aTH CAEAYIONTyIo, 6osee 0b1yo hopmysry, HA3bI-
BaeMyto emié (popMy/Ioli YMHOKEHHS BEepPOSITHOCTEI:

P(A1 Ay Ay) = P(A1)P(As] AP (As| A1 Asg) - P(Ap| Ay ... An_y).

1.8.3 ®opmyna noanoii BepoaTHocTu. ®opmyna Baiieca

Oupegnenenne 1.15. IIycmo (Q,.7,P) — npoussoavnoe sepoammocmioe
nPOCMPAHCMBE0, Mmoz0a 400604 KOHEwHaA U beckoneunan cucmema ugd N
(2 < N < 00) cayuatinwr cobwmuii Hy, Hy, ..., Hy € F nasweaemca noa-
Hoti cucmemoti (uau 2pynnoti) cayuwatinbx cobvmul (noanot 2pynnot 2uno-
me3), ecalu 6HNOANENDL CACOYIOULUE MPU CEOTUCMEA:

1. P(H;) >0,i=1,2,...,N;
2. HiH; =0 (i # j);
3.8 H=Q.

Teopema 1.3 (Popmyna nosnnoit Bepostraoctu). [ycms na npouseosvnom
sepoammocmuom npocmpancmese (Q, F,P) onpedeaena noanas epynna co-
6umudi (H;)N.,. Tozda daa aobozo cayuatinozo cobwmua A € F ezo bes-
YCAOBNAA BEPOAMHOCTID DAGHA
N
P(A) =) P(H;)P(AlH;).

=1
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Jokasamenvcmeo. Tockonsry Q@ = SN | H;, o A= SN (AH;). Tlosromy

N
P(A) =) P(AH;) =Y P(H;)P(A|H,).
; i=1

O]

Teopema 1.4 (®opwmyna Baiteca). ITycmb ewnosnens ycaosus meopemoe
1.3. Toada dasn awbozo cobwmus A € F P(A) > 0 cnpasedausa caedyrowsasn

dpopmyna:
P(H;)P(A|H;)
Sy P(H)P(AH;)

P(H,|A) = (j=1,2,....N).

Hoxazameavemeo. OdeBugaHO caenyer u3 (GhoOpMYJIbl YCIOBHON BEPOSITHOCTH
u POPMYJIbI TTOJHOM BEPOSTHOCTH. O

3ameuanmue 1.8. Bepoamnocmu 6 popmyaax noinot seposmuocmu u Bati-
€ca HA3bIEAIMCH COOMEEMCMEEHHO ANPUOPHOT U ATOCTNEOPUOPHOT, 6EPOATT-
HOCTAMU.

IIpumep 1.12. llycmov 6 wramyare HaTo0AMCA 08€ MOHEMbL, U3 KOMO-
POLT 00HA cummempusHas (eepoamuocmy <zepbas paswa 1/2), a dpyean —
Hecummempuunas (6epoamuocmov seepbay pasna 1/3). Haydawy ewbupaem-
ca u nodbpacuieaemcs 00Ha monema. IIpednosoocum, wmo evinas <zepbs.
Kaxosa sepoamnocms mozo, 4mo 6ubpaHHaAs MOHEMG CUMMEMPUYHAE T

Permenmne.
Ob6o3HauuMm uepes

H, = {Bbibpannag MOHETA CUMMETPUYHA},

Hy = {BpIOpanHasi MOHETA HECHMMETPHUYHA },
A = {upu noabpaceiBanun BHIOPAHHONW MOHETBI BbINAL «Ie€ph» }.

Cobbituss Hy u Hy 06pasytor nosnyto rpymny cobbrruit, npuaém, P(Hp) =
P(Hy) = 1/2. Berancaum BepoaTHOCTH cobbiTust A 1mo dbopmyse MOTHOM
BeposirHocTu. VI3 yesosuit 3a1aun uveem: P(A|Hy) = 1/2, P(A|Hz) = 1/3.
Torna
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Teneps, ucnonb3ys dopmysy Baiteca, umeem:

3
P(H;|A) = ==

D[ —
N

5

12

O]

IIpumep 1.13 (3agaua konrposs kadectsa). Hasecmmuo, umo 90% ewinyc-
Kaemur 3a600om usdeaul omeevaem cmandapmy. Cywecmeyrowan cucme-
MG KOHMPOAA (66100POUHAA) NPUSHAEM CMARIAGPMHYIO NPOOYKUUIO 200H0T C
sepoamnocmoio 0,95, a necmandapmuyro — ¢ sepoamuocmeoio 0,03. Hatimu
BEPOAMHOCTG MO20, MO U3JEAUE NPUSHAHHOE 200HIM, OMEEYAEM CMAH-
dapmy.

Pemenne.
Ob6oznaunM uyepes

H, = {w3aesue oTBEYAET CTAHIAPTY },

Hy = {w3enune He OTBEYALT CTAHIAPTY },

A = {m3genme IPU3HAHO TOTHBIM }.

Mo ycaosusiv 3aaun umeem: P(Hy) = 0,9, P(H) = 0,1, P(A|H;) = 0,95,
P(A|Hz) = 0,03. Buauut, no dopwmyne Baiteca

0,95-0,9

P(H{|A) = ~ 0,997.
(F]4) 0,95-0,9+0,1-0,03
O
1.8.4 He3aBucuMOCTh B COBOKYITHOCTU M MOIIApPHAHA
Onpenenaenne 1.16. Coowmusa Ay, As, ..., Ay HA3BI6AOMCA HE3AEUCUMDL-
MU 6 COBOKYNHOCTIU, ECAt OAA 4100020 Habopa undekcos (i1,1a, ... i), k =
2,3,...,n:

P(Aj Aiy -+ Ayy) = P(A;)P(Ay,) - P(Ay).
B mom cayuae, %0200 k = 2, maxas neaasucumocms Ha3veaemes nonaprot.

Sameuanne 1.9. Samemum, wmo us nonaproti He3a6UCUMOCTIU, 60006ULE
2060DA, €U He cAedyem He3aGUCUMOCTU 6 cosoxynHocmu. IIpusedém us-
secmuwili npumep, nodmeepsciarouull 3mo ymeeporcierie.
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IIpumep 1.14 (ITupavuaka Bepummreitaa). Bpocaemcesa npasusvhuid mem-
Paadp, MPu 2parY KOMOP020 OKPGUEHD, 8 KPAcHbIt, CUHUT U 3eaénoil yce-
ma, a ocrosanue 6o ece mpu ysema. Cobwmusn K, S, Z umerom mecmo, ecau
MO 2PAHY MempPasdpa, Ha KOMOPYI0 OH YNaa, UMEEMCA COOMEEMCMEYOULUT
yeem. IIposepums He3a6UCUMOCTL (6 COBOKYNHOCTIU U NONAPHYIO) COBMMUT
K,S, Z.

Perrenwe.
Hemnocpencreento npopepsiercs, uro cobeitus K, S, Z nomapHo He3aBuU-
CHMBI, U B TO K€ BpeMd

P(KSZ) = | # = PK)P(S)P(2),

TO €CTh, HE ABJIAIOTCA HE3aBUCHUMBIMU B COBOKYIITHOCTH. L]

1.8.5 HezaBucumocts o-aaredp. Cxema BepHymaan

[Iycts (2, .7, P) — npon3BosibHOE BEPOSITHOCTHOE TIPOCTPaHCTBO. LlycTh ma-

aee F1, %o, ..., Fyn — o-noganarebpol o-anredpol 7 .
Onpepenenue 1.17. o-anzebpoe F1, Fo, ..., Fn HA3BIGAIOMCA HE3ABUCU-
MBMU, ECAU OAR M10001L cobumutll Ay € F1,As € Fo, ..., An € Fp,

P(A1As - Ay) = P(A)P(4) - P(A,).

3ameuanne 1.10. Jrwbonwvimmo, 4mo dobaska «8 COBOKYNHOCTUY 0KA3LEA-
EMCA 6 IMOM CAYUAE USAUWHET, MAK KAK U3 9M020 0NPEdeseHUs CAedyem
He3a6UCUMOCMb 6 cosokynnocmu cobomut A;(i = 1,2,...,n). Mwu mpebyem
BHINOAHEHUA AUULD OOHO20 PABEHCMNEA, HO OAA 6CET HAOOPOS, COCMOAULUL U3
001020 cobvimus 6 Kancdotli u3 o-anzebp.

B cBere mocieaHero ompejesieHns PacCMOTPUM CJIEJIYIONLYI0 KIacChHde-
CKYI0 MOJIEJTb.

[TpeamomokuM, 9T0 HEKOTOPBI 9KCIIEPUMEHT (OMBIT) IPOBOJUTCA N Pas3,
npuaéM Mbl (PUKCUPYEM [IPU 3TOM HACTYILIEHHE HEKOTOPOro cobbitus A. Ec-
JIU B PE3YJLTATE OMBITA MPOUCXOIUT CoObITHE A, TO GyZeM TOBOPUThL, 9TO
IIPOM3OIIEN «YCIIEX», eCM He TIPOM3OIILI0, — «Heymaaday. OBG03HAUNM Uepes
p = P(A) (BeposiTrHoCTh «yciexay), yepe3 ¢ = 1 — p (BEpOSITHOCTH «Heya-
qmy» ). Pesysbrar n-KpaTHOTO HOBTODEHHUsI OMBITA 3alUIIEM B BHJE YIIODS-
noderHoro Habopa (wi,wsa,...,wy), THe w; = 1, €CIu IPOU30IIEN «yCHexy,
w; = 0, ecin pon30ILIa «HEYAad9ay. [[pOCTPaHCTBO JIEMEHTAPHBIX UCXOI0B
TOTIA, UMEET CJIeYTONLYI0 CTPYKTYPY:

Q={w:w=(wi,way...,wn),w; =0;1,i=1,2,...,n}.
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[IpumnumeM KaxK/I0MY 3JI€MEHTApHOMY COOBITHIO W = (W1, w2, ... ,W,) BEPO-
ATHOCTH

n

p(w) = p&i=1 Wi .q”—Z?:1 Wi

TTokazkem, 9TO TAKON CIIOCOD 33MaHNsA «BECOB» p(w) ABAAETCA KOPPEKT-

uHbiM. Jlyist 9TOTO mOCTATOYHO mpoBepuThH, uTo », p(w) = 1. Pacemorpmm
weN
n
BCe Te 3JIeMeHTapHble COOBITHSA W = (W1, w3, .. .,Wy ), A KOTOPBIX » | W; =
i=1
k,k = 0,1,2,...,n, TO eCTh, B CEPUU N WCIBITAHWI TPOU3OIIJIO POBHO k

«ycrexoBy. lloaaTHO, UTO k «yCIIeXoB» MO M MeCTaM MOYKHO DAacCIOIOKHThH
C* cnocobamu. TTosromy

n

Y opw) =Y ChFeF=(p+q" =1

weN k=0

Jlanee B ) paccmorpuM anrebpy BCEX MOJMHOMXKECTB %, U IS KaXKJ0TO
A € F nonoxuMm

P(A) = Y plw).

wEA

TakuMm 06pa3oM, MBI TOJIYUHIN HEKOTOPOE JUCKPETHOE BEPOSITHOCTHOE MPO-
crpauncrso (2,.7,P).
Pacemorpum B anrebpe & creayionine COOBITHA:

A ={w = (w1,wa, ..., wy) 1wk = 1}, Ap = {w = (w1,w2,...,wn) : wg = 0}.

Od4eBUIHO, ITO 3TU COOBITHS 3aBUCAT TOJLKO OT k-T0 mcHbiTanng. PacecMmor-
puM gasee noganredper %1, o, ... Fp, T

LO}\IC - {®7Ak7A7kv Q}

[Tokazkem, 9T0 TOT/IA ITH AATEOPHI HE3ABUCUMEI.
fcno, 9To

P(Ax) = Z p(w) = Z pzzlzl wi -qn_zfﬂ Wi —

{wwk=1} {wwr=1}
p- Z pZ#k wi | qn*Zi;ﬁk Wi

(W1 ey W — 1 WE 15 5Wn )

(1.2)

n—1
Py Crapmg " =plp+ 9" =p.
m=0
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Amnasormano (1.2) mokaseaerca, uro P(Ag) = q, P(Ai4)) = p?, (k #
1), u Tax masnee. Takum obpasom, anredbpol F1, .%o, . . . %), HE3ABUCUMBI.

Bcé sro gaér maMm ocHOBalNe HA3BIBATEH IIOJIydeHHyIO Mojxens (2,.#,P)
MOJTIETHIO, OTBEYAIOIIEH «7 HE3ABUCUMBIM UCTIBITAHUSIM C JIBYMS WUCXOJIAMU W
BEPOATHOCTBIO «YCIIEXay P». DTy MOJETb cucremMarwdeckn usydayn 7. Bep-
HYJUIN, B CBSA3U C UeM e€ Ha3BIBAIOT cxeMoit bepuysiu.

FcrecrBenubiv 0bobiernnemM 3TO# MOJEIN CIYKUT TAK HABIBAEMA «II0-
JINHOMUAJIbHAST CXEMa» — MOJIE/Ib, OTBEYAONIASA 1 HE3ABUCUMBIM UCIBITAHU-
AM C ™ UCXOJAMW M BEPOSITHOCTSIMM ITUX WNCXOHOB P1, P2, .- ., Pm, TAKAMU,
uro » it p; = 1. IloapoGHee 06 910}t cXeMe MBI [OMOBOPUM II032Ke.
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1.9 IlpenenbHble TeopeMbl B cxeMe BepHy/in

Paccmorpum BBesiéHHY10 panee cxemy beprysu (2, %, P) u o6o3naunm ue-
pe3 [l — YHUCJIO «YCIIEXOB» B N HE3ABUCUMBIX UCIBITAHUSIX C BEPOSITHOCTHIO
«ycnexa» p. Pamee Mbl oKaszaiu, 9To

P{yn =k} = Cspkqn_k-

Bo mmornx 3agatax IpuxoguTCs CTAJKABATHCS C TEM, ITO THCIIO UCIIBITAHMTH
N JOCTATOYHO BEJNKO, TIO9TOMY HEOOXOIUMBI ACUMITOTUIECKHE (DOPMYJIBI
JUTA TTOACYETA ITON BEPOATHOCTH. PAacCMOTPUM 371€Ch HECKOJIBKO TEOPEM.

Teopema 1.5 (Jlokanbuas reopema Myaspa-Jlammaca). Hyems 0 < p < 1,

k—
nocAedosamensbHOCIb {\/%} PABHOMEPHO 02paruvera non u k npun — oo.

Toz0da . ) .
(k—np)
Plu, =k} = ———e 2 14+0(—= .
=M= Tt < i (ﬁ))

Hoxazamesvemeo. J1okazaTeabCTBO TEOPEMBI CYIIIECTBEHHO OTIMPAECTCS HA W3-
Becrayo dopmysty CTupsuHra: mpu n — 0o

n 1
n! ~ V2mn (E) ee(n), e [0(n)| < ——.
e 2n

Ob6osnauum x = \];;T’;”q. Torna k = np + xp/npq, n — k = ng — xp/Npq.
Paccemorpum

InP{u, =k} =1In (Cfb”pkq”_k> =InC*+klnp+ (n—k)Ing. (1.3)
Nuveem: CF = ﬁlk)' Toaszysicy hopmynoit CTupnHra, 3amuInemMm
Inn! =Inv2mn+nlnn —n,

Ink! = InvV271k + (np + xp/npq) In(np + xx/npq) — np — xp/Npq,
In(n—k)! = In\/27(n — k) + (nqg—xk\/npq) In(nq— xx\/npq) —ng+xp/npq.

[Ipeobpazyem mociemanue jsorapudmMbl

In(np + zx/pq) = In {np . <1 + xk\/jp)] = In(np) + In <1 + xk\/n7p> .

Touno Takxke

In(ng — rx/npq) = In(ng) + In <1 - xk\/ZJ) .
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Ilpun — oo @y nip — 0, g /n% — 0. TToaromy, npumMenss Gpopmy.ly
Teitnopa x dynxmua In(1 + 2) = 2 — 22/2 + O(23) B okpecTHOCTH HyId K
MOCIETHAM JIorapuddMaM, U MOACTaBIsdsd B popmyay 1.3, moaydnm

2

InP{u, =k}~ —% —In V27 — In\/npq.

Orcrona

Plu, =k} = ———e Zwa . (1.4)
O

3ameuanme 1.11. [lpun — 00 CYMMa 0OCMAMOYHVT YAEHOE CTNPEMUNCA K
HYAI0 NPU MOOWT PUKCUPOSAHHMT 3HA%EHUAT D U ¢, 0 < p < 1. Odnaxo, npu
KOHEUHBLE (HO BOADWIUL) BHAMEHUAL T CYMMA OCTNATNOYHBLL YACHOE MONCEM,
Ovimsb JoCTamouno 6oAbLULOT, €CAU D U § MAADL.

Xopowee npubausicenue dopmyaa 1.4 daém npu p = q¢ = 1/2. 3decw
MOJCHO MOKG3GMDb, OUCHUBAA CYMMY OCMAMOYHLT YAEHO8, MO NOPAJOK
ocmamounozo waena 6ydem O(1/n).

Teopema 1.6 (Uurerpasbuas Teopema Myaspa-Jlammaca). ITyems 0 < p <
1. Tozda 6 ycaosusx npedvidyweti meopemo

T2 2
P{k; < pn < ko} — / e 2dx, (n— o)

pasromepro no Ty u T2, 20e x; = (k; —np)//npgq, (i =1,2).

Zloxazameavcmeo. fcHo, 9TO

ko
Pl < pin <k} = > P{un =k}
k=k1

Ucnonp3ya mokanbmyio TeopeMy Myaspa-Jlamtaca, nmeem

kg 2 2
1 ] 1 1 T4
k=kq wie[ml,mg] 27T npq .’L‘Z'G[:El ,a?z} 27T

e Az; = 1/,/npq. llosromy S,, mpencTaBiseTcss Kak HHTEIPaJbHAsT CyMMa
2
_z
st PyHKIMN \/%e 2 Ha oTpeske [ry,T3]. 3Haunr,

1 €2 2
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TO €CTb,

1 T2 I2
P{ki < pn < ko} = \/T/ e 2 dx.
T 1

PasromMmepHast cxouMoCTh Sy, K CBOEMY TPEIeNy MOXKeT OBITh TOKA3aHA CXO-
JIUMOCTBIO K HYJIIO OCTATOYHOI'O YJIEHA

1 €2 w2
R, = —— e 2 ap(z)dr + pp,
rie
lim max ay(z) =0,

n—00 r1<TLT2

prn — Geckoneuno Masas (oApobHee MOXKHO MOCMOTPETH B [3]).

Beenéwm cnemytoree obo3uatenue:

1 z 22
O(x) = \/ﬂ/ e Zdx.

Torma maTerpanpuyio Teopemy Myaspa-Jlaniaca MOXKHO 3ammucarh B BUIE:

ko — k1 —
P{klgﬂnglﬁ}%q’<2np> —@(1”1’>.
ALy \/1Pq

Buavenus dbyuxpn O (z) MOKHO B3Th n3 TabnI| TaK Ha3bIBAEMON HOP-
MabHOM DyHKITME pacupeaenenrusd. OTMETUM 3/1eCh, YTO UHTErPaJIbHAS TE0-
pema Myaspa-Jlammaca nmeer 60s1ee 0biuit xapakTep, HO 00 9TOM MBI TIOT0-
BODHUM IIO3/IHEE.

O npumenumMocTn npubaInKEHHBIX hopMmyt Myaspa-Jlamiaca Mbr yKe T0-
BOPWJIH BBITIE. DTH JIBE TEOPEMBI, CKOPEe, MMEIOT Ka9eCTBEHHBI XapaKkTep, 1
UMU HAJIO TIOJIB30BATHCS C OCTOPOKHOCTBIO. 3HAUNTE/TbHBIN KPYT 33a4 CBs-
3aH ¢ BerauciaenneM sepositaocTr P{pu, = k} npu 3mavenunsx BeposiTHOCTH P
OAM3KUMHU K HYJTIO Win efuHuie (Torga 6Ju3Ko K Hymwo Oyaer ¢). Ecan mpu
9TOM YHCIO WCIBITAHUN TOCTATOYHO BEIUKO, TO TPUOMMKEHHYI0 DOPMYyITy
mammén 1lyaccon.

PaccMoTpumM mocieioBaTeIbHOCTE Cepril UCTIBITAHUN, B KOTOPO# «ycITe-
XUy OFHON Cepum B3AWMHO He 3aBUCAT MEXKIY CODO MMEIOT KasKI0€ BEPOsIT-
HOCTB Pp. depes p, obo3nagaeTcsd 9ucjio (GaKTUIECKN TTOSIBUBIIHXCS «YCITe-
XOB» N-# Cepuuu.
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Teopema 1.7 (Teopema Ilyaccona). Ecau p, — 0 npu n — 00, npuuém
np — A, A >0, mo das kasicdoeo k =0,1,2,...

)\kz
P{u, =k} — ﬁe_’\ (n — o0).

Zoxasameavcmso. 1lo mpeanonoxeHnsIM TEOPEMBI

s ()
P=pp=—+o0o|—].
n n

Torma masa Kaxka0ro GUKCHPOBAHHOTO k 1 JTOCTATOIHO OOJIBIINX 7

P{in =k} = CRprdn-r =

_ n(n—l)..].{!(n—k’+1) <2+0<i>>k<1_2+0<i>>""“_
n(n—1)..];:!(n—/€+1)711’€()\+0(1))k <12+0(;>>H:

:mo(l))k@_l)...@—k;:l) <1—2+o<i>>nx

k! n

A IR N LA
X<1_n+0<n>> = e (n — ).

IIpumep 1.15. Bepoamnocmsd nonadarus 6 Uead Npu KaHCOOM 6bICIPEne
pasna 0,001. Hatimu sepoammnocms nonadarus 6 yeav dsyma u 6oaee 6bi-
cmpeaamu npu 3asne H000 svicmpenos.

Permrenme.
Nmeem p = 0,001, n = 5000, A = 5. Tak Kak BeposTHOCTH p OJIM3KA K
HYJII0, TO BOCIIOJIB3yeMca npubnanxkénnoit popmyoit [lyaccona.

6
Plun>2}=1-P{u, =0} P, =1} =1—- —

ed’
O
IIpumep 1.16. Haiimu eepoammocms mozo, 4mo 4ucao ebtnadenuti <6 npu

12000 6pocanuar npasusbnol uzparvrot Kocmu 3axarweno mencdy 1900 u
2150.
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Pemenne.
ITo ycnosuto p = 1/6,n = 12000, np = 2000, npg ~ 1667. Bocnoab3yemcs
unrerpanabuoit popmynoit Myaspa-Jlamiaca.

P{1900 < i, < 2150} ~ ®(15/4)—D(—5/2) = ®(15/4)—(1—D(5/2)) = 0,937.

O



I'1aBa 2

Ciydaiible BeJIMYNHbBI 1 X
pacipeaeieHus

2.1 Cay4aiiHble BeJUYNHBI 1 (PYHKIINKN pacrpe/ie-
JIEHU 4

2.1.1 Cayuaiinas BeJUIUHA

Mycts (2, #,P) — HekoTopoe BepositHOCTHOE TpocTpancTBo, (R, Z(R)) —
GopesieBckast mpsiMast (IUCI0Basi IpsiMast ¢ 6OPEIEBCKOl o-airebpoi).

Onpenenenue 2.1. Yucaosan pynxuyus £ :  — R nasweaemen cayuatinot
seausunoti, ecau oaa arbozo B € B(R)

¢ YB)={w:{(w) € B} € Z.

pyeumu cro6amu, CAyHaGHOT 8EAUNUHOT HA3DIBAEMCA USMEPUMAA PiYHK-
yua £ : = R.

Bameuanue 2.1. Jlaa xomnaxmmuocmu dopmya 6ydem wacmo nucamo {€ €
B} smecmo {w : {(w) € B}, {£ <z} emecmo {w : {(w) < z}, u m.0.

IIpumep 2.1. Monema Gpocaemca odun pas. IIpocmparcmeo snemenmap-
Nl ucrodos codeporcum dsa anemenma: € = {wr,wp}. 3adadum na @ omob-
pasicerue & caedyrowum obpasom: E(wr) = 1, E(wp) = 0. Iokaswcem, wmo
3adanHoe Makum o6pasom omobpastcenue ABAALMCA CAYHAUHOT 8eAULUHOU.

Pemenue.
ITousitao, uTo anrebpa cOOBITHIL B HAIEM CJIyYae COCTOUT M3 UETHIPEX
ssnementos: % = {0, {wr}, {wp}, Q}. Paccmorpum nponsBoisHOE MHOKECTBO

35
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B € #A(R). Ecm mHOXKecTBO B HE CONEPKUT HU HYJIs, HU €JIUHUIIBL, TO
¢ YB) =0 € .F; ecim copepxur Tosbko eaunuiy, o £ H(B) = {wr} € .F;
eCTH COJIEPKUT TOABKO Hyab, 10 £ H(B) = {wp} € F; ecm comepxuT n
Hy/Ib, U equHuIy, To £ 1(B) =Q € 7.

]

IIpumep 2.2. Touka caywatino Gpocaemces na xeadpam {(z,y) : 0 < x <
1,0 < y < 1}. B xauecmee npocmpancmsa diemenmapiux coboimutl 30ect
sviemynaem cam xeadpam Q = {w = (z,y) : 0 <z < 1,0 <y < 1}, F
— cyorcenue Gopeaesckoti o-anzebpvs R? na xeadpam. Ioaoowcum ora arobo-

20w = (x,y) € Q: &w) = Va2 +y? Toeda 3adannoe marum o6pazom
omobpasicerue ABAACMCA CAYHATUHOT BEAUNUHOT.

st roro, ¥Tobbl yTBEPK IeHNE TPUMEPA 2.2 CTAJIO OYEBUIHBIM, JOKAYKEM
CTIETYIOTIYIO TEOPEMY.

Teopema 2.1. Jlaa mozo, wmobo. omobpasicerue £ : 2 — R w110 cayuatinot
BEAUNUHOT, HEODTOOUMO U JOCMAMOUHO, %MobbL Oas Awbozo x € R

£ ((~o0,x)) = {<at e 7.

Aoxasamenvcmeo. HeobxonnmocTs oueBHIHA, TOCKOIBKY (—00,x) € ZA(R).

Hocraroanocts. O6oznaunm 2 = {(—o0,z) : © € R}, % = {B €
B(R) : £Y(B) € Z}. Tak Kax omepalys «B3ATHS TPooGpa3a» COXPAH-
er Bce ajrebpanvecKie ONepalun, B TOM YHUCJIe W CYETHBIE, TO cucTeMa P
SIBJIAETCS 0-aJrebpoit u

91 C Py C B(R).

Torma
0'(91) g 0(@2) = @2 g %(R)

Iockoneky 0(21) = B(R), T0 D2 = B(R). O
Bozepamasics k mpumepy 2.2: u3 Teopemsr 2.1 HEMOCPEACTBEHHO CJIEIYET,

aro muoxectBo {(2,y) : /2?2 +y? <t} € .F nna seex t € R.

2.1.2 @yHKIUU OT CIAyYANHBIX BEJIUIYUH

[Iycrs dbyukima ¢ : R — R geasierca 6opesckoii (n3mepumoii mo Bopesno)
dbynkumeit, £ = {(w) — HEKOTOpad CaydaiiHag BEJIUINHA.

Teopema 2.2. Bopeacsckas PyHruus om CAY4atiHOT EAUNUHDL ECTND CAY-
YaliHas 6EAUNUHA.



2.1. CJIVUYANMHBIE BEJIUYNHBI I ®YHKIINI PACIIPEJE/IEHIIS37

Aoxasamenvcmeo. llycts B € A(R). O6oznatum qepes n(w) = p((w)).
Paccymorpum

{neB}={p(€) e B} ={¢cp ' (B)} € Z,

Tak Kak @ 1 (B) € B(R). O

2.1.3 DyHKUUA paciIpeaeJeHns

Onpenenenue 2.2. Qynkyus
Fe(z) =P{{ <z}, zeR,
Hasvieaemca Pynkyuets pacnpedesenus caywatinol eesunuvs .

IIpuBeném npuMepsbl HETOCPEACTBEHHOTO MOCTPOeHUs (DYHKITUN PACIIpPe-
JeJICHU .

ITpumep 2.3. Bosvmém cayuatinyro sesuvurny us npumepa 2.1. fHcno, umo

P{¢=0}=P{=1} =1/2.

Permmenmne.
Tloctpoenne dbyHKINY pacnpeseseHns OUeBUIHO CIeayeT u3 pa3bopa mpu-
Mepa 2.1:

0, x<0;
Fe(x) =43, 0<z<l;
1, x>1

O]

IIpumep 2.4. ITycmo na ompesox [a,b] wucaool npamol caywaiino 6po-
caemes mowka. 3decv Q = [a,b], F = B([a,b]) — bopeaescran o-anzebpa
ompesxa [a,b], 6 kauecmee P paccmompum 2eomempuyeckyro epoammocms
(pasromepnoe pacnpedeserue). Onpedesum CAYMaTHYI0 BEAUNUHY

¢(w) =w, w € |a,b.

Permrenme.

OueBumno, uTo (DyHKIHUS & UIMEPUMA, TO ECTh, ABJISIETCS CAyIaiiHONl Be-
suanuoit. [loctponm dbyHKINIO pacupeaenenns STOH Cay IOl BEIUINHDI.
fcro u3 ycmosnit 3amaun, 4ro ecam ¥ < a, 70 Fe(x) = 0. Ecoim > b, 1o
F¢(x) = 1. Iycrs Teneps x € (a,b]. Torma coberrme {{ < x} o3mauaer, 4o
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TOYKa Tomnaja B uaTepBan (a,x). I3 reomerputdeckux coobpazkeHuii BeposaT-
HOCTBH 3TOTO COOBITHSA PaBHA,

r—a
P{{ <z} = —
Nraxk,
0, r < a;
Fe(r) = 72, a<z<b;
1, x > b.

O

Sameuanue 2.2. Muozue asmopu. (nanpumep, A.H. [Hupsaes, [0, 7]) npeo-
NOYUMAIOM HA3BEAMb PynKyueld pacnpedesetus CAyHatinot Geausunst £ Pyrk-
yuro P{& < x}. Omauvue omoti dynryuu om 66edénnots namu panee Gymnr-
YUV AUWD 8 MOM, 4MO MEHAEMCA 00H0 U3 eé ceoticms. Obpamume 1a Mo
BHUMAHUE.

2.1.4 CsoiicTBa (pyHKIINN paciIpeaeJeHNd

[ycts Fe(x) — dyHKIuU pacupeeeHns caydaifHoli BeJuInHbl &.

1. Oynkims Fe(r) He yObiBaer;
2. Oynkims Fg(r) nenpepbisHa ciaesa s Beex o € R;
3. lim Fe(z) = lim Fe(z) = 1;
L Fel@) =0, lm Fe(@) =1;
4. Oyuxuusa Fg(x) nmeer He Oosiee, 4eM CYETHOE YHCJIO TOYEK PA3PHIBA.

Jokasamenvemeso. 1. Ilycrs 21 < 2. Torga serko sugers, aro (—oo,z1) C
(=00, x9) m €71 ((—00,71)) C £71((—00,x2)). Ucnombsys CBOHICTBO BEpoAT-
wocru 3, mmeem P{{ < x1} < P{{ < x2}. Crenosarensuo, Fe(r1) < Fe(xa).

2. Bo3sMéM xg € R m mocyie1oBaTeIbHOCTD Xy MOHOTOHHO CXOJIATIIYIOCS
K T cnesa: T T xg. Obosnagum

Ag={{ <z}, Apn={{<zp}, n=12,...

o0
dcno, aro mpu stom A C Ay C---C A, C...u |J A, = Ap. Torna u3 ak-
n=1
CHOMBI HETIPEPBIBHOCTH cieayeT, uto lim Fe(x,) = lim P(4,) = P(A) =
n—oo n—o0
Fy (wo).
N3 monoronnoctn dyuknun Fg () u mojryYeHHOl BBIIIE CXOMMOCTH CJIe-
JIyeT, 9TO COOTBETCTBYIONIAS CXOIUMOCTL €CTh Il IIPOU3BOJILHON OCIe/10-

BATEBHOCTH Ly — L0~ ligclo_ Fe(xpn) = Fe(xo).
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3. Ilokaxkem, nanpumep, uro lim F¢(x) = 0. Bospmém meBozpacTao-
T—r—00
IV TOCJIEIOBATENIEHOCTD Ty, | —00. Torma, B Tex e 0603HAUEHHsIX, 9TO U B
[e.e]
nyukre 2, A; D Ay D - DA, D...,u [\ A, = (. U3 menpepwisHocTn Be-
n=1
posiraocti caegyer, 410 Fe(—oo) = lim Fe(z,) = lim P(A,) = P(0) = 0.
B cuny monoronnoctn dynkimu Fe(x) 3akmodaem, aro lim  Fg(z) = 0.
T——00

4. Nmeem 0 < Fe(x) < 1. O6oznaunm gepe3 M,, MHOXKECTBO TOYEK pa3-
pbiBa yHKImu Fe () ¢ BeMYUHOM CKadyKa B TOYKAX Pa3pblBa > % Slcno,
YTO TOrAa MHOXKECTBO M, KOHEYHO W COIEp:KUT He Gojee, 4eM 1 TOUeK. A,
3HAYNUT, MHOXKECTBO TOYEK pa3phia Gynknun Fe(r) ne moxer 6wITH Goslee,
YeM CUYETHBIM. OJ

Bameuanue 2.3. U3 onpedesenua u ceoticme dynryuu pacnpedeenus Fe(x)
AE2KO BUBECTU POPMYABL OAA BVINUCAEHUS BEPOAMHOCTET

Pla < & <b} = Fe(b) — Fe(at); Pla<€<b} = Fe(b+) — Fe(a);
Pla <&<b}=Fe(b) — Fe(a); Pla<€<b}=Fe(b+)— Fe(at).

2.1.5 Pacunpenenenue ciayvaiiHOIl BeJIUNINHBI

Onpegenenne 2.3. Yucaosan pynkyus G = G(z),z € R,G : R - R
nasweaemca gynxyuet pacnpedesenus, ecau ona 0baadaem ceotcmeamu:
1. G(x) ne ybwsaem;
2. G(x) nenpepuena caesa;

3. G(~00) = 0, G(+00) = 1.

Teopema 2.3. Ilycms G = G(x) — dynryus pacnpedeserua. Tozda cywe-
cmeyem eepoammuocmuoe npocmpancmeo (2, % P), cywecmeyem cayuai-
nas seauvuna § = {(w),w € Q, marue, wmo Fe(r) = G(x),r € R,

Zoxasameavcmeo. B kagecTse () BO3bMEM UHCI0BYIO IpsaMyio R, B KauecTse
o-anrebphl COOBITH . paccMoTpUM OOPESTEBCKYTO o-anredpy IuCI0BOi -
moit Z(R).

Ocraéres 3a7aTh BEPOATHOCTH. 331aJMM BHaYaje BEposaTHOCTH Py Ha
HHTEpBaIaX BUAA (—00, ) CIEAYIONIM 06pa3oM:

Po((=00,2)) = G(z).
[ponozkum pyrKImo MHOXKECTB P Ha anrebpy &7, TOPOKIEHHYIO UHTEP-

BajgaMu Buja [a,b), no caenyiomeii dopmyie:

n

Po(A) =) [G(br) — G(ar)],

k=1
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n
rne A= 3 [ak,br), [ak, bx) N [ar, b)) =0, (k #1).
i=1
Torma Py ompenenser KOHEUHO-aIUTUBHYIO (DYHKIIUIO MHOXKECTB, 3a-
Jannayio Ha aarebpe of . Ecim ke moKazaTh, 9T0 Ta PYHKIUST K TOMY Ke
CUETHO-AIAUTUBHA, TO CYIIECTBOBAHUE NCKOMON BEPOSATHOCTH OyIeT caemo-
BaTh u3 Teopembl Kapareomnopn.
IMTokaxkem, uro dbynkuus Py nenpepbisia B (). BozbMéM HeBo3pacTaromnyo
oo
nocaegosareabHocts Ap O Ay D - D A, D ..., () Ap = 0 u nokaxkewm,
n=1
gro lim Pg(4,) =0.
n—oo
IIpenmonokum BHaYasE, 9TO BCE STU MHO2KECTBA COJEPIKATCA B HEKOTO-
pom 3amkHyToM uHTepsase: A, C [-N,N|,N < oo, (n=1,2,...)
U3 wenpepeiBaocT dyuknnn G(x) caeBa umeeMm

Po([a, b)) = G(') — G(a) —» G(b) — G(a) = Po([a, D))

upu b’ 1 0.

Tax xax MHOXKecTBa A, OPENCTABIAIOT U3 cebsd KOHEUHLIE CYMMbI HH-
TepBaIoOB Buja [a,b), To mus Kaxkgoro A, cymecrsyer MHOXKecTBO B, € o
Takoe, 4To 3aMbikanue (B, C A, u

PO(An) - PO(BTL) < 277

e € — HEKOTopoe Hanep'ég 3aJdaHHOEe IIOJIOZKUTEC/IbHOE YHCJIO.

o o0
IMockosbry (| Ay, =0, ro u () [By] = 0. Muoxecrsa [B),] 3aMxHyTHI,
n=1 n=1
CJIeJIOBATEIbHO, HAMAETCA TaKOe KOHEUHOE YUCIO Ng = Ng(€), 410

[Mocnennee caexyer u3 toro, uro [—N, N| siBisiercsi KOMIIAKTOM, & CHCTEMa
muoxKecTB {[—N, N| \ [Bn]}n>1 06pasyer oTKpbITOE MOKPBITHE ITOTO KOM-
MaKTa. XOPOIIO U3BECTHO, YTO TOT/A HANIETCA KOHEUHOE TTOATOKPBITHE:

ng

U([_NvN} \ [Bn]) = [-N, N].
n=1

Orcrona crenyer, aro () [By] = 0.

n=1
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Tak kax Ap, € Apy—1 € --- C Ay, TO

Po(An,) = Po (Ano\ ﬁ Bk;) + Po (ﬁ Bk) =Py <Ano\ ﬁ Bk)
k=1 k=1

k=1

ng no no
€
<Py (U(Ak\Bk)> <) Po(Ap\Bp) < oF S €
k=1 k=1 k=1

CrenoBarenbHO h_}n;o Po(A,) =0, a, saaunt, byukims Py sBageTcss CIETHO-
n

AU TUBHOMN.

Orraxkemcst Terephb o1 ycaosus, 9to Bee A, C [N, N] misa vekoroporo
N. Bagagum mpousBosibHoe € > 0 u BoiGepem takoe N, uro Po([—N, N]) >
1 —¢/2. Tak kak

A, =A,N[-N,N|+ A, N[-N, NJ,

TO

Po(An) = Po(A,N[=N, N]) +Po(A, N[=N, N]) < Po(A,N[~N, N]) +£/2.

Paccyxnas kak u Bbie, 3amenss npu 3rom A, wa A, N[—N, N|, nony-
YUM, 4TO I JocTarodHo Gonbumx n Po(A, N[—N, N]) < £/2. Tem cambim
n—oo

Tenepb HENPEPBIBHYIO (C/I€10BATEIHLHO, CUETHO-QIUTUBHYO) (DYHKIIUO
muO)KecTB P 1mo Teopeme Kaparteogopu mpooKuM 0 BeposTHOCTH P,
3a/JaHHOI Ha Beell g-aaredbpe 6OPEIEeBCKUX MHOYKECTB.

Jasee, B KayecTBE WCKOMOil cjydaiiHoil BeInYuHBI & BO3BMEM TOXKJE-
CTBEHHOE 0TOOparKeHue IUCI0BOi mpsimoii Ha cebst: {(w) = w. Torma

Fe(z) =P{w: {(w) <z} =P{w:w <z} =P(—00,z) = G(x).
O

3ameuanmne 2.4. Ilocmpoennas 6 meopeme 2.8 sepoamuocms Ha 6opeses-
cKoti o-aszebpe Yuca080tl NPAMOT

P(B) =: P¢(B) = P{¢"\(B)}, B € A(R),

HG3DIBAETNCSA PACTIPEICACHUEM UAU 3AKOHOM PACTPETEAEHUS GEPOATIHO-
cmeti. Imo pacnpedesenue Moxcem bumb C8A3GHO € KAKOU-MO CAY%aTiHOT
geAuMUHOT, 6 Mmooicem bouimo u ne ceasano. Ho 6 nocaednem cayuae, caedys
meopeme 2.3, Mol 6C€206 MONHCEM TNAKYIO CAYNGURYI BEAUNURY YKA3AMDb.
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2.2 Tunsl pacrpejejieHU

[Iycts € = {(w) — mpom3BoJIbHAS CIydaiiHasi BeJUINHA HA BEPOATHOCTHOM
npocrpanctse (2,.%7,P), Py — eé pacnpesenenne BeposSTHOCTEI Ha 9HCIIO-
BOit ipsiMoii. MHOroobpazue MaTeMaTuuecKux MojIesieit CaydaiiHbIX BETUIHH
ecTb MHOro0obpasue nx (QYHKINH PACIPEIe/ICHIs, IT09TOMY TPOBEIEM K1aC-
cudUKANNUIO CIyYafHBIX BEJUYUH U PACIPEEIeHII BEPOSTHOCTEN, KIaCCH-
duiupyst QyHKIME PACIPE/IC/ICHU.

CymectByer cienyromast Kiaaccudpukarus HyHKITIE pacipeie/eHus .

1. Jduckpernble GhyHKIMH pacipe/iesennst (INCKPETHbIE PACIpeIeIeH st
BEPOATHOCTEM, CIIydaiiHble BEJIMYMHBI JUCKPETHOTO THIIR).

2. AGcosmoTHO HempephiBHBIE (OYHKITUN pACTIpeieieHust (aOCOTTHO HEPe-
PBIBHBIE DACIIPEJICJICHUST BEPOATHOCTEN, CIIyYaifHble BeJIMUYMHBI HEITPEPBIBHO-
ro THUIIA).

3. Cunryssipable bYHKIUHA PACIpEIeIeHust (CHHTYISPHBIE pacripeiesie-
HUsI BEPOATHOCTEHN, CIyvaiiHble BeJTMYUHBI CUHTYISIPHOTO THIIA).

Mp1 y2ke roBopuin, 910 Jito00€e PACIIPe/Ie/IEHIE BEPOSTHOCTEN MO2KET pac-
CMaTPUBATHCA KaK PaCIPeIesicHue BEPOATHOCTEN HEKOTOPOU CiydaiiHoi Be-
smansbl. [loaToMy ganuM ompeiesieHnst TUTIOB PACTPEEeHI T Ha sI3bIKE CITy-
YaMHBIX BEJIWYNH.

2.2.1 JIuckpeTHbIE pacIpeie/ieHus BepOATHOCTe

Onpenenenne 2.4. Craosrcem, wmo cayuatinas seavuuna & = (w), onpede-
Aéunaa na sepoammuocmmuom npocmpancmee (2, F,P), umeem duckpemmnoe
pacnpedeserue GEPOAMHOCMEN, ECAU CYULECMBYEM KOHEYHOE UAU CHEMHOE
MHONHCECTNBO T1, L2, ..., Ty, ... (063 NPEICALHBT MOYEK) MAKUT, 4MO

(o]
P{¢=xz,}=p,>0,n=1,2,...; anzl.
n=1

fcro, uTo QyHKIMS pacupeseaeHs TAKON cIyuaiiHoll BeTUIuHbI Oyer
TepreTh Pa3pbiBbl B TOYKAX T U pp = Fe(wp+) — Fe(xp) — 310 cradox
dbynkimn Fe(r) B Touke xp, k = 1,2,.... IlonsaTHO TakXKe, 4TO eciu T —
TouKa HempepbiBHOCTH (yHKIEn F¢(x), To P{{ =2} = 0.

IIpwBeném mpuMepsl TUCKPETHBIX paclpeeseHnti.

1. BerpoxkenHoe pacnpenesieHue. Fcian caydaiinas BeTUMYIWHA TaKOBA,
qTo

P{{=C} =1, C— const,
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TO pacupejeseHue 3TON cay4daliHOl BeJMYUHbl HA3bIBAETCH BbIPOKIEHHDIM,
" cama ciaydaiiHasl BeJIMUMHA Ha3blBaeTCs BBIPOXKIEHHOM.

2. Pacupenenenune Bepuysuiu ¢ napamerpom p € (0,1): £ ~ B(p).
31ecn

P{{=1}=p P{{=0}=1-p.

DTy CAyIaliHyIo BeJUYUHY Mbl MOTJIM HAO/IONATh B €IMHUYHOM OlbiTe Bep-
Hyn (cxema Beprysim) ¢ BepoaTHOCTBIO «ycmexay p > 0.

3. BunomuasibHOe pacnpejesienue ¢ napamerpavu n u p: & ~ B(n,p).

ChydailHyto BeJIMUMHY C 9TUM PaCIpeJieeHHeM MBI YK€ BHIEIN B CXEME
Beprymmn. 910 — 9HCI0 «yCIEXOB» B N HE3ABUCUMBIX UCIBITAHNAX BepHyi-
JIN:

P{¢=k}=Cip'¢" ™", k=0,1,....,n, p+q=1
4. Teomerpuyeckoe pacrpesesnenne ¢ napaverpom p > 0: & ~ G(p).

P{c=k}=¢"1p, k=1,2,....

B sTom ciyuae sHadenus cy9ainoil BEIMIHHBI — 3TO HOMED OIIBITA B IO~
CJIe/TIOBATETHFHOCTH HE3ABUCHMBIX UCIIBLITAHNH BepHYIIN, B KOTOPOM BIIEPBLIE
BBITAJT YCITEX>.

5. Tuniepreomerpudeckoe pacupejesienue: & ~ Gg(N, M, n).

C’m‘ n—m
P{¢=m} = w m =0,1,...,min (M,n).
N

DTy CJAyUARHYI0 BEJIMUUHY MBI MTOJy9u/iu B npumepe 1.8.

6. Pacuipenenenne Ilyaccona ¢ napamerpom A > 0: & ~ P()).

Ak N
P{¢ =k} = ge_ , k=0,1,2,....
DTO pacipe/iesieHue MOABUIIOCH y HAC B pejesibHoi Teopeme Ilyaccona.

2.2.2 AO6cCoa0THO HempepbIBHBbIE pacHpeae/ieHusi BEPOATHO-
creit

Onpenenenue 2.5. Pacnpedesenue cayuatinot seaununvt £ HA3068GEMCA
a6CONIOMHO HENPEPBIGHBIM (UAU CAYUATHAA BEAUNUHE UMEEM, AOCOMOTMHO
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HENPEPLIGHBIT MUN PACTPEIEAEHUA), ECAU CYUECTBYEM HEOMPUYATEALHAA
pynryus pe(r) maras, wmo dasn ecex r € R

T

Fe(a) = / pe(t)dt.

—0o0

Dynryus pe(x) npu smom Hasvieaemces GYHKYUUed NAOMHOCTIU pacnpe-
deaenus seposmuocmedi.

Bynem nasee mpeanosararh, 4To GYHKIUA Pe () MOXKET UMETb TOJIBKO
KOHEYHOE YHCJI0 TOYEK Pa3phiBa.

CroiicTBa (PYHKIIUU TIJIOTHOCTU

L. pe(x) 20, z € R;
“+oo

2. [ pe(z)dx =1,
—0o0

3. F{(x) = pe(x) nna peex TOUeK HempepbIBHOCTH DYHKINK Pe(T).

Zoxasameavcmeo. llepBoe m BTOpOE CBOMUCTBA OYUEBUIHLI M3 OIpe/Ie/IeHU.
Jokaxkem Tperbe cBoiicTBO. Ilycth & — TOdYKa HEmpepbIBHOCTH (DYHKIINH
pe(x). Torma, ucmonp3ysa cBoiicTBa (QYHKIUN PACIPEIEJICHAS U TEOPEMY O
CpeJHeM, IOJLyYuM

r+Ax

P{z <{ <a+Ax} = Fe(a+Ax)—Fe(x) = / pe(t)dt = pe(c)Az+o(Ax),

xT

e ¢ < ¢ < x + Az. Bnauur,

. Fe(z+ Ax) — Fe(x)
/ . £ 3 _
Felo) = b Ax = pel®).

IIpumepsbr abBCOJIIOTHO HEIIPEPBIBHBLIX PacCIIPeAeIeHuil

ScrHo, 910 ADCOMOTHO HEMTPEPBIBHOE PACTTPEETEHNE OMHOIHATHO OTTPeIesIs-
ercs nubo yHKIMEH pactupegesenns, anbdo dbyakmuei mioraoctu. Mbr 6y-
IeM 3aJaBaTh TaKWe pacupeseaenns (hyHKIUIMA IOTHOCTH.
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1. PaBHoMepHOe pacrpesesienue Ha orpeske [a,b]. Byjem nucars B 9T0M

ciyuaae & ~ U([a, b]).

2. HopmasbHoe pacmpefesnenne ¢ mapaMerpaMu i o2: & ~ A (u,0?).

1 _ (e=pw)?
e 22 | zxzelkR.

plz) = 2mo

Ecmu p = 0,02 = 1, To TaKoe pacipe/ieleHue Ha3blBAIOT CTAHIAPTHLIM
HOpMasbHBIM pacipejenernem A4 (0,1). Hopmasnbhoe pacnpejenenue
TaK:Ke Ha3LIBAIOT paclpeneaenneM laycca WIM rayCCOBCKHM pacIpe-
JIe/ICHUEM.

3. IlokazarespHoe (SKCIOHEHIINATBHOE) PACTIPEICTIEHIE C TAPAMEeTPOM v >

0: £ ~ E(a).
0, z <0
p(x) = { .

ae” x> 0.

1

Tr a2 z e R.

5. Pacmpenenenne [lapero ¢ mapamerpom (a, a):

0, r < a;

p(z) = {3 ) (g)a—l—l’ r>a.

2.2.3 CuHryJagpHBIl TUII pacipeaeJeHns

DTOT THII pACTIPeIeIeHnT XaPAKTEPU3YeTCst TeM, uT0 (DyHKITHS PaCIpesesie-
uus F'(x) HenpepbiBHA, HO TOYKH pocTa F'(z) 06pa3yiorT MHOKECTBO HYJIEBOT
Mmepsnr Jlebera.

HanoMHuM 9TO TOYKA & Ha3BIBAETC TOYKON pocra dyukimu F(x), ecan
s Ve >0 F(x+e)— F(x—e)>0.

MpbI paccMOTPUM 3/I€CH JIWIITH MPUMEP CHHTYJISPHOTO PACTIPEIETEHIs Ha
YUCI0BOI IPAMOil ¥ MOCTPONM KpHuBYI0 KaHTopa, KOTOpas CIyKUT IIPUME-
poM Takol bYHKIMH PACITPEIeICHUSI.
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IIpumep 2.5. Jlecmnuuya Kanmopa.
Honoorcum F(x) = 0, ecau x < 0; F(x) = 1, ecau © > 1. Ha ompes-
ke [0,1] xpusas cmpoumca caedyrowum obpasom: ompesox [0,1] pasbusa-

)
12 12
eM MmouKaMu 3,35 Ha mpu paswvie wacmu. Ha unmepsane (3,3) nosazaem

F(z) = 1.
i 1/2, x€(1/3,2/3),
F(x) =<0, x =0,

1, z = 1.

B mouxaz, ne npunadaesncawur enympennemy ceemenmy, F(x) onpedens-
emcsa O HENPEPLLEHOCTI.

Ocmaswuecs d6a ompesxka cHo6a padobbém Ha MPU PAGHBIE YACTU U Ha
srhympennur unmepsasax dynkyus F(x) onpedeanemes kar nocmosnnas,
PAGHAA CPEOHEMY GPUPMEMUYECKOMY MedCAY cocednumu, yoice onpedené-
nomu 3navenuamu F(x):

1/2, =€ (1/3,2/3),
1/4, x€(1/9,2/9),

F(z) = {3/4, 2 €(7/9,8/9),
0, =0,
1, z=1.

B mouxaz, ne npunadiescauur maxum enympennum ceemenmanm, F(x)
ONPEOEAAEMCA NO HENPEPHIEHOCTNIU.

Imom npoyecc npodosncaemcs Jo bECKOHEWHOCTIU.

Hcro, 4mo cymMmapHas OAUHG «SHYMPEHHUTS CE2MEHMOE, Ha KOMOPLT
F(z) nocmosnna, pasna % + 2 + 2% +---=1

B smom cayuae 2o06opam, wmo mepa Jlebeea wa [0,1] u eepoammocmy,
3adannas nocpedcmeom Kanmoposol kpusot F(x), cuneysapuve uaiuw opmo-
20HAALHBL.

He ocranasinuBasice 6ojiee Ha BONPOCE O BO3MOXKHBIX THUIAX (DYHKITHI
pacIpee/ienns, OrPAHUINMCS JIUITb 3aMeTaHreM O TOM, ITO Ha CAMOM JIe/1e
VKa3aHHBIMU TPEMsi THIAMH HCUYepHbIBatoTCs Bee Takue dhyukmmu. Todunee,
npou3Bo/ibHAA (DYHKIU PACIPEICICHUT MOXKET ObITH MPEICTABICHA B BUIE
a1 F1 + agFy + asFs, riae Fy — auckpernast, F5 — abcosiioTHO HellpepbIBHAS,
F5 — cunrysigapras QyHKIUN PacipeieieHus, (; — HEOTPUIATEIbHBIE YUC/IA,
a1 +as+ a3z =1.
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2.3 YwuciaoBble XapaKTePUCTUKU CJIyYUaNHBIX
BEJINYUH

2.3.1 3ameuanus o6 murerpaJje Jlebera

[Iycts (2, #,P) — HEKOTOPOE BEPOSITHOCTHOE TMPOCTPAHCTBO. 31ech P siB-
JIAETCS CIETHO-IAUTUBHON KOHEIHON MepOoil Ha %, 3HAYUT, MBI MOXKEM PAaC-
cMoTpeTh uHTerpan Jlebera

/ 9(E(w))P(dw)
Q

Jist 060l n3mepumoit no Bopento dynkumu g = g(x) u a060it coryuaiinoii
Besmunibl £ = £(w). Beimne mbl Bugenn, aro ciaydaitnas sesnunHa & = &(w)
HHIYIAPYET BEPOSTHOCTh P¢ Ha 4MCIOBOI MPsSMON PaBEHCTBOM:

P¢([a,b)) = P{¢ € [a,b)} = F¢(b) — Fe(a).

[TocpeacTBOM 9TOM BEPOSTHOCTHA MCXOAHBIM MHTETPAJ MOYKHO 3aNCATh B BU-
ne (mpomssest 3aMeny ¢ = {(w) B uHTerpase Jlebera):

/ 9(E(w))P(dw) = / 9(x)Pg(da).

Q R

MuTerpas B mpaBoii 9acTr HasbiBaeTcs maTErpasom Jlebera-CruabThecca oT
dbynkiun g(x) no dynxuun Fe(x) u 3anucesaerca

/g(x)ng(:C).

R

DTO BBIpAYKEHNE UMEET CMBICJI, €CTH
/ 9()|dFe(z) < oo.
R

W3 onpenenenus naterpaga Jlebera-CTuabrhecca JIETKO BHIBECTH CJIEY-
rorrme (hOpMYJTBI /I8 BRIYUC/IEHUST HHTErpaJsa Jlebera B 1Byx 0co60 BaXKHBIX
CAYIAIK:

a). Ciyuail [UCKpeTHOro pacmnpejeseHus.
B sTom cityvae dyukuusa pacupenenerns Fe(x) nMeer cTyleHYaThli BUI.
Torna
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/g(l‘)dFs(ﬂf) = glan)(Fagp +0) = Fay) = Y g(ar)P{¢ = a1},
2 k i
TA€e &1,%2,...,Tn,... — TOUKH paszpbiBa dyHKImME F¢(T).
b). Cay4ait HENPepPHIBHOTO PACIIPEAEJICHUS.
xX
B srom ciyuae Fe(z) = [ pe(t)dt.
—0oQ
Ecmu 3aece pe(x) n g(x) narerpupyemst no Pumany, To
[ s@iaFe@) = [ gwme(oyia.
R R
2.3.2 MareMmaTrudeckoe OXKIIaHIE

[Mycrs (2,7, P) — BepositHOCTHOE npocTpancTBO, & = &(w) — HEKOTOPAs
cJIydaiiHasd BeJIM4YnHa.

Omnpenenenne 2.6. Mamemamuseckum 0AHCUOGHUEM CAYHATHOT BEAUNUND
& Has3vBaEMCA YUCAO

EE = [ §(w)P(dw),
/

ecAu urHmezpan 6 npaeoﬁ wacmu cywecmeyem.

YauThIBas TpeIblIyIIne 3aMedaHns,
E¢ = /xng(x),
R

¥ MbI MO2KEM KOHKPETHU3HUPOBATH TO ONPEICICHNE HA CAydail IUCKPETHOTO
U HEIIPEPBIBHOT'O PACIIPE/IEJIEHUA.
JAucKpeTHbIil TUI

3/ech 3aaHbl BEMIECTBEHHBIE TUCTA L1, L2, ..., Ty, .. U pp = P{{ = z1},
upuaém » pg = 1.
k

B sTom cayuae

E¢ = Z!EkP{ﬁ =} = Exkpk-
i s
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HenpepbiBHbIiT TR

Coryuaiinasi BeJIMUMHA HEIPEPBIBHOIO THMA 33JaTCsi ¢ TOMOMIBIO (hyHKIHN
mwiotHoctH pe(x) > 0. Torga

400

Ee = / wpe(x)da.

—00
CpoticTBa MaTeMaTUYeCKUX OXKUIAHUNI

OcHoBHEBIE CBOMCTBA MATEMATHYECKNX OXKUIAHNN COBIAIAIOT CO CBOMCTBAMN
CYMM W WHTErpPaJIOB.

E1) Ecau ¢ — const, To Ec = ¢;

E2) E(c& + &2) = cE& + Ey, ecnm Bce MHTErpabl CYIMIECTBYIOT (¢ —
const);

E3) Ecmn a < € < b, 70 a < E§ < b, B wactHoctn, EE < E¢];

E4) Ecim £ > 0 u E€ = 0, To £ = 0 ¢ BepositHOCTBIO 1, TO ecTh P{¢ =
0} =1;

E5) BepositHOCTb cOOBITHST A MOXKeT ObITH 3aIllMCAHA B TEPMHHAX MaTe-
MaTHUYECKUX O)KI/I,ZL&HI/Iﬁ:

P(A4) = El4(w),

rae [4(w) — maaukaTop cobbitust A.

JlokazareabcTBa 3TUX CBOMCTB OYEBUIHBI.

IIpuBeieM mpuMepBI HEMOCPEICTBEHHOTO BBIYHCIEHUS MaTeMaTHIeCKUX
OKUJAHUI PA3/IUYHbIX C1Y4YaiiHblX BEJIUYUH.

1. Cayuajinag Benum4mHAa C pacIpeneacHrneM bBepHyim:
P{¢=1}=p, P{{=0}=1-p.

Torma
E€=1-p+0-(1—-p)=p.

2. CayuaiiHas BeJIWYNHA, UMEOIIAs TEOMETPUIECKOE PACIIPEIeIeHNE:

P{g:k}:qk_lp7 k:1727"'7q:1_p'
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Torma, nCIOIBL3ys MeTOI NMHTErPUPOBAHNS MO 3HAKOM CYMMBI, TIOTY-

quM
o0 o @] d oo
_ k=1, __ k—1 __ k—1 _
EE=> k-¢"'p=p) kq —p[de/kx da;] -
k=1 k=1 k=1 r—q
d & k B d x B P 1
p[dxz”’] el ey
k=1 1y z=q
Urak, E§ = 1/p.

3. ChyuaiiHast BeIMUNHA, HMEKOIAd ONHOMUAJIBHOE PACIIPeIeIeHIe ¢ M-
paMeTpaMu n U p:

P{{ =k} =Ciph¢" ™" k=0,1,...,n

Torma

n
B = 3 k- Ol = k- Ch=n-Ci7l] =
_Zn ipkqn k_npz 1k 1nk_np(p+q)n71:np.

4. Caydaitnas BeJManHa, UMerOIas pacnpenenenne [lyaccona ¢ mapamer-

pom A > 0:
k:

P{f—k}——e"\ k=0,1,2,...
Torna

& )\k—l

_ A _ “A N _
E¢ = Zk fe A=e )\kz(k—l)!_/\.e et =\
=1

5. CuyuaiiHas BeJmumHa, MMEIOIIasi DPABHOMEPHOE paclpejiesenue Ha [a, bl:
Baech

1
pe(x) = m-’[a,b} (z).

Torma

b
1 b
E§=/x-b_adm:a;_ :



2.3. UHCJIOBBIE XAPAKTEPUCTHUKHN CJIYYAIHBIX BEJIUYIH 51

6. CaydaiiHas BeJMYMHA, UMEIOIAsd HOPMAJbHOE DACIPE/Ie/IEHUE C TTapa-

METPAME [t 1 02

3mech
1 (z—)?
pe(x) = e 207 , x€R
2mo
Tornma
+oo 9
1 _(z—p) —
-
2o o
— 00
+oo —+o00
—1 /t *ﬁdt—i— 71 / *ﬁdt
o e 2 e 2dat = p.
v 2T 'u\/27r a
— 0o —Oo

7. CaydaitHag BeTUIWHA, TMEIOTIAd TOKA3aTEIHLHOE PACTIPETETEHIe C mMa-
pameropm « > 0:

pe(w) = O4‘3_(M:I~{a:>0}-

Torma
+o00o
1
E¢ = /aa:eamdx =

«
0

8. CayuaiiHas BeJMUMHA, UMEROIIAs CTaH apTHOE pacupeaesenne Kormm:

1 1
)=~ — rER
pe(w) 14 22

Kak m3BecTHO, B 3TOM CIydYae HHTErpaJl

+oo

T
——dx
/ 1422
—00

pacxomuTcd, &, 3HAUNT, CAydaiiHas BeJudWHA HE MMeeT cpegHero. B
3TOM CJydYae MOXKHO F'OBOPUTH JIUIIb O CyIIECTBOBAHUY MOCJIEHErO UH-
TerpaJa B CMBICE TJIABHOTO 3HaueHust Kormm:

+oo

1 xdxr 0
v.p.— —— =0.
pﬂ' 1+ 22

— 00
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2.3.3 ucnepcusga

Onpenenenue 2.7. Jucnepcueti cayualinot eAuNUHbL & HA3BIBAEMCA HUC-
A0

D¢ = E(§ - E¢)?,

ECAU UHMERDAA 6 NPABOTE HACMU CYULLCTNEYEM.

SaMeTnM cpazy, YTO MOXKHO HaiTu Apyryr HOPMYIY /8 BBIYUCTCHUS

D¢ -

D¢ = E(6—E€)? = E[¢* —26EE +(B€)?] = B —2BEEL + (BE)? = BE — (EE)*.

CroiicTBa gucnepcun

DI.DE > 0; DE =0< P{{ =c} =1,c— const.
D2. D[cg] = 2D¢, D(E + ¢) = DE.
D3. D¢ = mbinE(g —b)2.

Joxazameavcmeso. D1. Sleno, uro DE = E(€ —EE)? > 0. damee nyers P{¢ =
c} = 1. Torma E¢ = ¢, E¢2 = ¢2. 3maunr, DE = 0.
O6parno, mycte D¢ = 0. Tak kax (& — E€)2 > 0, To mo coiicTBam
CpeJiHero:
P{¢-E£=0}=1cP{=E¢} =1.

D2. OueBugno cieayer u3 OnpeaeeHus .
D3. Paccmorpum

E(¢ —b)? = E(&% — 26b + b%) = EE? + b — 20EE.

OueBngHO, ITO TOYKON MUHUMYMA 9TOH dyHKINN gpiagerca Touka b = EE.
Torna
minE(¢ - b)2 =E(¢ — EE)? = DE.

O]

Onpenenenne 2.8. Beauuuna o = /D€ nazweaemes cmandapmuvim om-
KAOHEHUEM CAYUOTHOT eeaudurbt &.

Ormernm 31ech, uto auctepcns DE nan /D€ XapakTepU3yOT BETHIN-
Hy paccestHus (pa3bpoca) 3HAUeHHUil CIyJailHOl BEJUINHBI OTHOCHTEIBHO €€
MaTEMaTHICCKOTO OKHUIAHUI.
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2.3.4 MoMeHTHbIE XapaAKTEPUCTUKN CJIYYaNHBIX BEJIUIYUH

Omnpenenenne 2.9. Momenmom nopadka k, (k > 0) cayuatinoti eesuurivl
£ Ha3vBBAEMCA YUCAO
oy, = EEF.

Beauvuna
e = B(6 — E&)F

HA3BIGACTNCA UEHMPAAOHBIM MOMEHTTIOM nopm?mz k.

Od4eBUIHO, YTO MOMEHT IMEPBOIO MOPHAJIKA — ITO MATEMATHYIECKOE OXKU-
JaHWe, 8 NEHTPAJbHbIA MOMEHT BTOPOrO HOPAAKA — AUCIICPCHUSL.
IIpuBemem HEKOTOPBIE APYyTHE XAPAKTEPUCTUKN CAYIANHBIX BEJIUIWH.

Onpenenenue 2.10. Yucao

~ M3

1= —
o3

HA3BLEAEMCA KOIPPUUUCHIMOM GCUMMEMPUY CAYHGTHOT Seat 4 UHbL .

Yucno
_ M4

ot
HA3BIBAEMCA KOIPHUUUEHMOM IKCUECCH CAYHATHOT seAusurby €.

V2

U3 onpenenenns y; (wu pg) BUIHO, 9T0 ecyin 1 = 0, TO TOJOKUTETHHBIE
u orpunarensube sactu (& — EE)3 «ypaBHOBETTeHbI» OTHOCHTETLHO HYJIS.
DTO O3HAUYAET, UTO 3HAYEHUHA CAYUANHON BEIUUUHBI & «OJIUHAKOBO pa3bpo-
CAHBI» OTHOCUTEIHHO €8 MATEMATHIECKOTO OXKUTAHMS.

Y106bI BBISICHUTH CMBIC/T BEJUYUUHBI Yo TOJACYUTAEM MOMEHTBI JIJIst HOD-
Masbaoro pactpenenenns N (p, o2).

fcHo, aTo
E(& —E&* 1 =0, (k=1,2,..).
Brraucaum
1 +0o0 (== )2 —
i =B(E-BY = [ (o e do = | “:t’:
270 J—oo o
2k +o00 2 2k +o00 2
e e Taqr = -7 2h-1g(e= %) =

:\/27r o0 V2T J

2k 2 14 +0o0 2
-7 <t2k—1€—2 Y (2k - 1)/ t2k_2e_t2dt> =
Var — o

2k 2k —1 +oo 2
— O-(\/Qi)/‘ t2k72€77dt: :UQk(2k—1)"
™ —00
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B wactroctn, py = 30, u, 3madnt, yo = pyg/0*—3 = 0. 1o o3magaer, 4TO
KpUBas IJOTHOCTA HOPMAJIGHOTO PACIIPEIE/IEHUS SIBASIETCS CBOECOOPA3HBIM
«3TAJIOHOM», II0 KOTOPOMY CBEPSIOT <«IUKOOOPAa3HOCTH» KPHBOH YHKIUN
TUIOTHOCTHU APYTHUX PACIpeIeTeHmii.

Omnpegnenenne 2.11. ITycmo Fe(x) — dynryus pacnpedesenusn caysatinod
seaununst §, 0 < p < 1. p-weanmuavio T, pacnpedeienus cayuatinot esu-
YUH € HA3DBAEMCA YUCAO, onpedeasemoe no Popmyae

xp = inf{z : Fe(x) > p}.

SaMeTuM 371€Ch, UTO eCin Fg(:):) — CTPOr0 MOHOTOHHAs (PYHKIIMSA Pac-
TpefiesieHns CIy9IaiHON BeJIMIUHBI £, TO

Tp = Fgl(p),

TO €CTb, fBJISETCS PelneHneM ypasHerns Fe(x) = p.
Ecsu B onpesenennn 2.11 p = 1/2, 10 p-KBaHTHIb HA3BIBACTCS MEIUAHOIA.
Hakowneri, BBejieM eIi¢ 0J[HO 110JI€3HOE HTOHSATHE.

Omnpenenenne 2.12. ITycmo pe(x) — Pynryusa naomuocmu cayuatinot ee-
augunst € Henpepusrnozo muna. Modotd x,, pacnpedesenusn cayswaiinot eesu-
YUH £ HO3VBAEMCA MOUKA JOCTMUNCEHUSA AOKAADHO20 MAKCUMYMO HYHKUU-
eti naommnocmu pe(x):

Ty = arg mgxpg(x).

FEcam takoit MakcuMyM eIWHCTBEHEH, TO TOBOPAT, UTO PACIPEeIeHne
CIyvIaifiHON BeMYINHBI £ YHUMOATbHO.

Ecmn £ — cayuaiinag BeswmynHa AUCKPETHOTO THITA, MOJION HA3BIBACTCS
Takoe (MOYKET, U HE CYIIECTBYET) 3HAUCHUE Xy, CJOYUIANHON BEJHIUHBI £, UTO

P{{=uz,}= m’?XP{g = Ty}

Mona urpaer HEKOTOPYIO POJIb I CHMMETPAYHBIX YHUMOJAJIBHLIX Pac-
npeeeHnii, KOTOPble MOTYT HE UMETh MaTEeMAaTUIeCKOr0 OXKUIaHus. Boirre
MBI BHJEIN, 9TO cJydailiHas BeJWIWHA, UMEIoIas pacnpeienenne Komn c
dyHKIMel IoTHOCTH

1 1
pe(z) =———, R
e(2) = —7 ipny ,
He MMeeT CpeaHero. JIerko BUAeTh, 9To Touka xr = 0 sBjsteTcs Moo pac-
MIpeIeIeHns U XapaKTePU3yeT, KaK JIETKO MOHSATD, IIEHTP «MAacC» ITOTO pac-
peiesIeHus.
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2.3.5 HepasencrBo Yeobniména. IIpaBuio «Tpéx curm»

Teopema 2.4. ITyemo £ = £(w) — HEOMPUUAMEALHAA CAYHATHAA BEAUNUHGA.
Tozda dasa awbozo € > 0

E
Ple> e < 2
19
Hoxazamenvemeo. 3amerum, 4To ciaydaliHas BeJnunHa £ MPEJICTABIISETCS B
BUJIE
§=Eleze) + 8l {ecey 2 Eljgney 2 €lieze)

[Tosromy u3 CBOMCTB MATEMATUIECKOTO OXKUIAHUST

E¢ > eE(I¢sey) = eP{¢ > €}.

CrenoBarebHO,
E
Pie>ch < 2
€
O
Caencrue 2.1. /aa npouseoivholi caywatinot eeausuns & = &(w)
D¢
P{l{ —E{ > ¢} < 2
Joxazamenvcmso. Tlonoxum n = (§ — EE). Ilo Teopeme 2.4
En?
:E){'I’]2 2 52} NS gT
Ho ( 2
E(¢ — E¢ D¢
P{l¢ —E¢| > e} =P{l¢ B¢ >’ < =5 =
O

13 nepaBencTBa YeOnIéBa JIETKO BHIBECTH TAK HA3LIBAEMOE «ITPABUJIO
TPEX CUTM»:

Teopema 2.5. Jlaa npoussosvroti caywatinot seauwuno £ = {(w) sepoam-
Hocms nonadarusa €€ snavenuti 6 unmepsan (u — 30, u + 30) boavuwe uau
paena 8/9, 20e u = E¢ 02 = DE.
Zoxasameavcmeo. HenocpencTsenno caenyer u3 ciaeactsud 2.1
P{u—3c<&<pu+3c}=P{{—pul <30} =
D¢ o2 8

=1-P{l{—p|=23c}21—-———==1—— = —.
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2.4 Cayduaitabpie BeKTOpbl. He3aBucumocTb

[Tycrs (2,.#,P) — nekoropoe BepositrocTHOE npocrpancrso, (R™, Z(R™))
— M-MepHOe eBKJIMI0BO IIPOCTPAHCTBO C OOPEJIEBCKON 0-aaredpoit.

Onpepenenne 2.13. Ynopadowennvts nabop &(w) = (&1(w), &2(w), ..., &n(w))
CAYUATHOLT BEAUNUN, HAZ06EM TL-MEDHYM CAYHATIHYM 6EKTMOPOM.

CoriacHo oTpefesieHnto CayJIaliHbIil BEKTOD CTABUT B COOTBETCTBUE JIHO-
Hoit Toure w € () HEKOTOPYI TOYKY N-MEPHOTO EBKJIMUI0BA MPOCTPAHCTBA
R™.

AH&J’[OFI/I‘{HO TOMY, KaK 3TO ObLIO JJIA CﬂyqaﬁHbIX BEJIMYUH, MOXKHO J0-

kKazarb, ato & = (£1,8&2,...,&,) ABIAAETCA CAYYIAfHBIM BEKTOPOM TOTIA W
TOJILKO TOrAIa, ecam aig awodoro B € B(R™)
¢YB)e 7.

Touno Takke, KaK caydailHad BeJUUNHA 330a€T paCIpeeseHie Ha Ynuc-
JIOBO# IPAMOT, CTydafiubiil BEKTOP 334361 pacupenesnenne B R™ : mig s1r060r0

B € B(R")

P¢(B) = P{¢"(B)}
Ounpenenenue 2.14. Oynxyus

Fe go en(@ 20, .. 2n) = P{& < 21,6 <29,...,& < xn}

nasweaemca Pyrryuets pacnpedeaenus caysatinozo sexmopa (1,8, ...,&).
Sameuanue 2.5. Qynxyuro Fe ¢, ¢, (21,22, ..., Tp) HACMO HAZBIBAIOM, COG-
mecmnoti pynryuets pacnpedesenus caywatinme seausvur £1,€2, ..., &n.

Oupegnesnenne 2.15. Cayuwatnwt eexmop (£1,&2...&,) nazweaemea cay-
YOUHOIM BEKMOPOM JUCKDEMH020 MUNG, ECAU CYWecmeyem He bosee, “em
cuémmnoe mroocecmeo (x5), (i = 1,2,...,n; j = 1,2,...) sewecmeennos
wucen, maKoe 4mo

P{& = zij} = piy >0, sz‘j =1
i,J

Onpegnenenne 2.16. Cayuatnwt eexmop (£1,&2...&,) Hasweaemen cay-
YATHDM BEKTNOPOM HENPEPHIEHO20 TRUNG, ECAU CYUWECTEYEM HEOMPUUATNEAD-
naa PYHEYUA P, ¢, (1, .., Tp), MaKas ¥mo

1 Tn
F&,m’gn(l'l,...,:[}n) = / / pél,.‘.,gn(tlw--;tn)dtl---dtn-
—00 —00
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Dynruyua pe, . ¢, (T1, ..., Tn) NPU IMOM NAZBGAELTNCA N-MEPHOT PYHKUU-
eti naommuocmu cayuatinoezo eexmopa (&1, - . ., &) uau coemecmuots pynryued
NAOMHOCTIU CAYSATHOL sesudun &1, ..., E,.

CroticTBa n-mMepHO#t PYHKIINU pacripeaeaeHus
1) xllLrJnroo Fe e(@,...xp) = Fey ¢, (22,...,20);

D) lim Py e, (1, = 0

Tr1——00
To, uT0 K HECKOHETHOCTH CTPEMUTCH T, HECYIECTBEHHO, 37I€Ch MOXKET

OBITL J1I06asT KOOPAMHATA.
3) C BEPOATHOCTBIO €IMHUIA UMEET MECTO PABEHCTRO:

8”F§1_“§n(x1, e ,.Z‘n)
0xy...0xy, = s (T1 o ).

JlokazaTeabCTBO 3TUX CBOMCTE TOYHO TAKOE YKe, KaK W B OJHOMEPHOM
caydae.

ITo mHOrOMepHON (PYHKIME IIOTHOCTH MOXKHO BOCCTAHOBUTE OJHOMEp-
Hble (DYHKIUHU [JIOTHOCTU KOMIIOHEHT CJIyYailHbIX Beaudud &1, .. .,&,.

JleiicTBUTEIBHO,

1 +o0o + T

F§1($1):/ / /p&’m,g"(tl,...,tn)dtg...dtn dt; = /pgl(tl)dtl.

-0\ 00 —00
3HAYUT,
—+00 “+oo
pgl(fL‘l) = / / pgl_._gn(tl,...,tn)dtg. L dty,.
—00  —00

Onpepesienne 2.17. ITycmo § = {(w) — npoussosvhas cAyualiHas GeAt-
YuHa. o—aszebpa

¢ = ¢ (BR) = {¢\(B): Be BR)}

HA3LBAEMCA T —aN2e0p0ti, NOPONHCIEHHOT cayuatinot sesuvunol & = &(w).

Onpenenenue 2.18. Cayuatinoie seaununn, €1, &, . .., £y HA3BIBAIOMCA HE3A-
BUCUMBLMU, €CAU T—anzebpo, F&, F . . Fé nesasucumot.
Jpyrumu cmoBamu, caydaiinbie Bemauubl €1, £, . . ., €, HE3ABUCHMBI, €C-

g Jutst i00eix By, Be, ..., B, € Z(R)

P{& € B1,& € By, ..., &n € Bn} = P{& € Bi}P{& € By} ... P{&, € Bn}
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Teopema 2.6. /Jlaa mozo, wmobsi cayyatinoe seaudunst 1,82, ..., &, Oviau
He3a6UCUMbBL, HeOOL00UMO U JOCTAMOUHO, 4Mobb 0As 6cex (X1, X, ..., XTy) €
Rn

F&__gn (l’l, ey fEn) = F§1 (1'1) e an (.CEn)
Jloxasameavcmeo. HeobxoanmocTh OUeBMIHA, TaK KAaK JTOCTATOUYHO B3SITH
B; = (—00,z;), i =1,n.

Jocrarounocts. Jlokaxkem 3TO yTBEpKACHHE s CAydasg N = 2, TO
ecTb, TO, uTO u3 yciaosud Fg ¢,(x1,22) = Fg (1) - Fe,(v2) caeayer, uro
P& € Bi1,& € By) = P{& € Bi} - P{{ € By}. [lna mpomsBoIbHOTO N
IOKA3aTE/IHLCTBO MOKET ObITH TMPOBEIEHO 10 WHAYKITUH.

JoxaykeM BHaJaJe, 9TO

Pla1 <& < bi,02 <& < bo} = Fe, g (b1+, bat) — Fe g (a1, bot) -
—Fy¢, ¢, (b1, a2) + Fg, ¢,(a1, a2).

HettcTBUTETBLHO,

{a1 <& <bryan <& <ba} ={& <b1,& <bo} \ [{& < a1, <b}U
U{&1 < b1,& < az}]U{& <ar, & < azl.

Torma

P{al Sé <bhazs &< b2} = F517£2(b1+>b2+) - F517£2(a1762+)_
—Fe, 6, (b1+, a2) + Fe, ¢, (a1, a2).

Urak, aas npsimoyrosibHukoB B = By X By, e B; = [a;,b;), (i = 1,2)
nMeeM
P{({1,62) € B} = P{a1 <& < by,ap <& < b} = Fey (bi+) - Fey(bo+)—
_F& (al) : F§2 (b2+) - Ffl (b1+) ) Ffz(a2> + Ffl (al) ) F€2(a2) =
= [Fe, (i+) — Fgy (a1)][Fe, (bo+) — Fi,(a)] = P{&1 € B} - P{&{ € Ba}.

Torma mo Teopeme 0 TPOIOIKEHUY BEPOATHOCTH € anredPhI, TTOPOKICH-
HO# TPAMOYTOJbHUKAMU, HA OOPEJIEBCKYI0 o-ajirebpy Mbl MOXKEM DPacIpo-
CTPAHUTH PE3Y/IBTAT HA BCIO BOPEJIEBCKYIO o-aurebpy Ha R2. O

Caeacrue 2.2. [Tycmo (£1,82) — duckpemunili cayuatinod sexmop ¢ pac-

npedeaeruem P{& = x1;, & = xo5} = pij, Y pij = 1. Cayuainse seauuns
,J

&1 u & HesasucuMbE MO206 U MOABKO M020a0, eCAt

P{& =215, § = w95} = P{& = w1} - P{&2 = @95}
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Canencrsue 2.3. [lyemo pe, . ¢, (T1,...,2n) — n-mepras ynryua naom-
nocmu cayuatinozo eexmopa (&1, ...,&,). Cayuatinoe seauswunve 1,82, ... &y
HEZABUCUMDL 0206 U MOALKO M020a, eCAU

Py, kn (mb s ’xn) = P& (CL‘1) © P, (xn)

IIpumep 2.6. B xpye O, paduyca v 6pocaemcs mouka. Koopdunamuv (z,y)
amoti mouku 6 Hexomopoti cucmeme Koopdunam npedcmasaarom cobot pea-
audauywro caywatinozo eexmopa (&1,&2). Ilposepum nesasucumocms Koopou-
HAM 9MO20 6EKMOPA.

Perrenne.
Borancnnm BHadaste hyHKINO pacipe/iesieHns CrydaiiHoro BekTopa (€1, £2):

F61,£2($1>$2) =P{& < 21,8 < 22}

enTp xpyra coBMecTuM st yA006CTBA ¢ IIEHTPOM KOOPJAWHAT. 3aMETHUM
cpasy, 4To ecyu Touka (r1,Z3) HE COIEPKUTCA B Kpyre, TO (DYHKIUS PAC-
npejesienns Oyaer 3aBUCeTh TOJBLKO OT OJHON KOOPAMHATHI, UM BOODIIE OT
HUX HE 3aBUCETH. 3HAYNUT, BHE KPYyTa (DYHKIHs IIOTHOCTH (KAK BTOPAst IPO-
U3BOMHAA IO X1 U X2) Oymer pasHa (.

ITycrs Touka (z1,z2) cogepskurcs B kpyre. Torna, npumeHsist reoMeTpu-
YecKne BePOATHOCTH, NMeeM:

S(:L’l, 1'2)

mr2

Fe gy(21,m0) = P{& < 21,8 < 22} =

Haiinem reneps S(x1,x2).

+ / du / dv = z172 + f1(z1) + f2(72).
_\/TQ_J% —VrZ—u?

Torna dysKIMS I0THOCTH OYIeT paBHA:

82F§17§2 (z1,22) _ L
2’

Pey g, (T1,T2) = (z1,22) € O,.

011012 r
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Ilonyuennas dpyukmus spasgeTcs GpyHKIIMeH IIOTHOCTH TaK HA3bIBAEMOT'O
PaBHOMEPHOI'O PACHPEJIEIEHUs B KPYyTe.
OTcroia JIerKO BUIETH, UTO

+o0 1 \/m
pe (z1) = /p£1,£2 (21, 22)dz2 = —5 / dry =
oo e
2
=3 r2 —az? @ € [-r, 7).

Touno Tak xe

2
Pe, (T2) = W”Tz — x%, x9 € [—1,7].

SIcHo, 9TO KOMTIOHEHTHI caydaiiHoro Bekropa (£1,£2) B 9TOM cjydae He siB-
JISTFOTCST HE3ABUCUMBIMH. O
Ob6parmmvcs K CBOHCTBAM HE3ABUCHMBIX CJIy9aiHBIX BEJMYIWH.

Teopema 2.7. llycmov caywatinwie seauvunvs &1, nesasucumot. Tozda

1) Jan aobwx 6opeaescruxr dynwuui g1 = g1(x),g92 = g2() cayuaiinvie
seaununvt M1 = g1(£1) u N2 = g2(&2) nesasucumot.

2) E(&1&2) = E§ES,.

3) D(&1 + &2) = D(&1) + D(&2)-

Aoxazamenavcmeo. 1) Ilycts &1, €2 nesaBucumel, By, By € #(R). Torna

P{m € B1,m2 € Ba} = P{g1(&1) € B1,92(&2) € Ba} =
P{¢ € g (B1),& €95 (Ba)} =P{& € g7 (B1)} - P{& € g, ' (Ba)} =
=P{m € B1} - P{n2 € Ba}.

2) Tax Kak ciydaiiHble BeJUYUHBI 1, & HE3ABUCUMBI, TO P, ¢, (T1,%2) =
1231 (1‘1) " Pey (.%‘2)
Torna
+00 400

E(&1,&) = / /9613621?51,52(371,372)61371673962—

— 00 —O0

+o00 +o00o

= / /11:11321?51(961)'psz(@)dfcldm—

—00 —O0

+oo +oo

= /961]951(901)61961' / Tope, (v2)dry = E& - E&o.

—0o0 —0o0
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3D +&)=EG +& -E& + &) =E[(&G —E&) + (& —E&))P =
=E[(& —E&)? +2(& — E&G) (&2 — E&) + (& — E&)?] =
=D& + D& + 2E(§ — E&) - E(&e — E&e) = D&y + DEo.

O

dAcno, uTO 3TA TeopeMa pacIpOCTPAHIETCI HA TPOM3BOIBLHOE YUCTO CITy-
YaliHbIX BEJINYUH.

IIpumep 2.7. C mouxu 3peHUs HE3ABUCUMBIT CAYHAUNDIT GEAUNUH DAC-
CMOMPUM CAYHATIHYIO BeAUUNY &, UMETOULYI0 OUHOMUAALHOE DACTIPEOCACHUE
¢ napamempamu (n,p) : & ~ B(n,p).

Muv sudenu, wmo & — 2mMo “UCAO <YCNETO6» 6 N HE3AGUCUMDLEL UCTHLTIA-
nusaz Bepnyaau. ITyemo &, (i = 1,n) — nesasucumuvie cayuaiine 6eauu-
not, umerowue pacnpedeacnue Bepryaaiu ¢ napamempom p > 0:

P{& =1} =p,P{& =0t =1-p(=q), (i=1n).

Tozda caywatinas seaununa & moocem bvimsd npedcmasicha 6 sude

=& +&+ -+

Bowwe mor sudeau, wmo BE = np. Ezo0 M00icho 0bia0 8bivuciums u mak:

E¢=E) & =Y E&=np.
=1 =1

Bunucaum ducnepcuro DE. Ilo meopeme 2.7
n n
DE=DY &= D& =npq.
i=1 i=1

2.4.1 Ilonatme CBEPTKHU pacipeaeeHni

IIpencraBaenne caydafiHBIX BEJIMYWH KaK CYMMBl HE3ABUCUMBIX CIyTIaifHBIX
BeJIMYMH MMEET PACIPOCTPAHEHNE BO MHOI'MX 33/la4aX TEOPUU BEPOATHOCTEN
1 MaTeMaTHdeckoll crarucTuku. llosTomy ocranoBuMces noapobHee Ha UcCTe-
JIOBAHWW PACTIPEIeSIEHNIt CYMM HE3aBUCUMBIX CIYyYalHbIX BEJTHIUH.

Ilycts &1,& — HE3aBuUCHMBIE CyYaliHble BeJIMYUHBI C (DYHKITMSIMH Pac-
upegenenusa Fe, , Fg, coorBercTBenHo. 13 He3aBUCUMOCTH CTydaiiHbIX BeJIN-

unn &1, & caenyer, aro Fy, ¢, (21, x2) = F¢ (21) - Fe,(22).
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Paccmorpum

F§1+§2(t) = P{fl + 52 < t} = / ngl@(xl, 1’2).
{z1+z2<t}

BocrniosibzoBasiuchk Teopemoit Pybunn, mosyanm

+oo t—x1

Fepre,(t) = // dFe, (71)dFg,(z2) = /ngl(xl) / dFe,(12) =
{271+1'2<t} —00 — 00
+oo
_ / Fe,(t — 21)dFe, (21).
Nrak,
—+o0
Fore(t) = [ Falt - a)dFe (o)

U Ha3bIBaeTCA CBEPTKOM dynknun pacupenenenus Fe (x) u Fe,(x) u 06o3Ha-
qaerca Fg, x Fg,(t).

OTrMeTuM 371eCh, 9TO ecam XoTd Obl ofHA U3 (DYHKIUN pacipeieneHust
WMeeT TIJIOTHOCTH, TO W CBEPTKA TAKIKE €€ NMMeeT.

IIycTh, HanpuMep,

x

Fey(z) = / Pe, (u)d().

Torna
oo g; 400
Fove, (1) = / dFe, (1) / pe, (u — £)du = / du / pey (1 — H)dF%, (1),
Suaqur,
+o0
pesaln) = [ pelutdFy ()

B wactrOCTH, eciim 0ba pacnpemeseHust UMEIOT IIOTHOCTh, TO
400
pese) = [ pelu—tpg (B

—00
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DyHKIUA D¢, +¢, (1) HA3BIBACTCA CBEPTKOH DYHKINIA IVIOTHOCTH P, () U P, ()
1 0003HAYAETCS Pg, * De, (U).

IIpumep 2.8. Ilycms cayvatinve seauvunv £1, &y HE3ABUCUMBL U PAEHOMED-
no pacnpedesenvs na ompeske [0,1], mo ecmo, onu umerom odny u my owce
Pynryuro naommuocmu:

p(x) =

1, z€]l0,1]
0, z¢]0,1]

Tozda Pynryus nAOMHOCINU CYMMbBL CAYHATHDT sesusun & + Eo pasha

0, z ¢ [0,2]
Pei+&o (x) =3\, T e [O, 1]
2—z, z€]l,2]

Permrenme.

Bocnonb3yemcst BoiBeentoit pamee popMyIoit A1t BHIYUCIEHUS CBEPTKH.
[Ipu ucnosibzoBanuu 10l HOPMYIBI HAJIO YUECTb, YTO MOIUHTETrPAIbHAS
dbyukims Oyaer OTIUYHE OT HYJId B TOM CAydae, eCau

Torna

O]

YeTofiYynBOCTh HEKOTOPHIX paclpeaesieHuii OTHOCUTEIbHO CBEPTKU

Ounpenesnienne 2.19. Qynxuyua pacnpedeaenus F(x) naswsaemesa yemoti-
YuBotl, ecau daa A0OBEL a1, az,b; > 0,by > 0 natidymes marue a u b > 0,

maxue 4mo
r—a x — as r—a
F F =F .
< b1 >* ( ba ) ( b )

JpyruMu ciioBaMu, pacripeiesiene CaydaiiHoil BeTuauHbl € Ha3bIBaeTCs

YCTOWYUBBIM, €CJIN Ciaydaitible Beanannbl € u &1 + 2 NMEIOT OJIUH U TOT 2Ke
Tun (3aKOH) pacmpesenenus, riae £, s — HE3aBUCUMBIE OJIMHAKOBO PACIIPEe-
JleJIeHHbIe CIyYaliHble BETUYNHBI.
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Ipengnoxenne 2.1. Tycmy & ~ A (a1,0%), & ~ A (az,03). Tozda
&+ & ~ A (a1 + az,07 + 03).

Loxasameavcmeso. Nmeem

1 leap? 1 _(z=ag)?
pe(e)=———c "1 pyle)=———c >
G V2moy » P V2mos
Torna
=y | Gmep? etap)?
20 20
Dey+ (:U):/ . e i o.e > dt =
St V2mor N 2moo
—0o0
oo _o‘%(t—al)2+d%(m—t—a2)2 _(m—al—a2)2
1 2_2 1 2 2
20705 dt:: ﬁe 2(01+02) .
27r01c72700 2n(o7 + 03)

IIpengoxkenme 2.2. ITycmov & ~ B(ni,p), & ~ B(ng,p). Tozda

&+ & ~ B(ni + na,p).

Joxaszamesvcmeo. J1ocTaTouHO BCIOMHUTE, YTO CIyUafiHbIE BEIMIWHBI C OH1-
HOMHAJIBHLIM PaCIpeIe/eHNeM IPEICTABISIOTCS B BHUIE CYMMBbI HE3aBHCH-
MBbIX OJMHAKOBO PaCHpPENEeNEHHBIX CAYYaiiHbIX BEJIMYWH C PacCIpejiesIeHUeM
Beprynnm. [

2.4.2 KoBapuanus u €€ cBoiicTBa

[Tycrs (2,.7, P) — HEKOTOPOE BEPOSTHOCTHOE TIPOCTPAHCTBO, &1 = &1(w), §2 =
&2(w) — ciydaifHble BEJTMINHBL.

Ounpenenenue 2.20. Kosapuayueld cayuatinox eeauvun £ u & HA3bL6A-
emces YUCAO

Cov(&1,&) = E[(&1 — E&) (& — Eo)]
Toumo Tak:ke, Kak 9T0 OBLIO I AUCTEPCUN &, MOy INM
Cov(&1,&) = E&1& — E& Eés.

OueBujHO, 9TO

Cov(&,6) = DE.
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CsoiicTBa KOBapuanumn

1. Cov(&1,&2) = Cov(&a, ).

2. Cov(c-&1,&) = c-Cov(&1,&2), ¢ — const.

3. Ecnu cayuaitabie sesmunnbt &, & nesapucumbl, 10 Cov(£1, &) = 0.
4. Ecim &1, &9 — npousBoJibHBIE CAYyYalHbIE BEJIUIMHBI, TO

D& + &2) = D& + Do + 2Cov(&1, &2).

JloKa3aTeabCTBa ITUX CBOUCTB OUEBUIHO W3 OMpPE/IeIeHN.

MMycts panee (&1, &2, ...,&,) — CaydaiiHbIi BEKTOD.
Paccmorpum

)\lj = Cov(giaé'j)v (Za] =1, ,TL)

Matpuria A = (\;;) Ha3bIBAETCSA KOBAPUAMOHHON MATPUIIEH CIIydaitHOro
BekTopa (£1,&2,...,&n).

Teopema 2.8. Jlaa moeo, wmobs. mampuya A = (N;j) nopadka n x n v
K0BAPUGLUOHHOT MAMPUYET Hekomopozo cayuatinozo eexmopa (§1,82, ..., &n),
HEOOL00UMO U JOCMamMOUHo, YMobb, OHG OVLAG CUMMEMPUHHOT U HEOTNPULG-
meabvHo onpedesernot.

Joxasamenvemso. Tlycrs (€1, ...,&,) — caydaiinblii BekTop, (Ajj) — ero
KOBapHAIMOHHAs MaTpHIa. IlokaykeM, 9TO OHa HEOTPHLIATEILHO OIpeIesIe-
Ha, TO €CTh, JJid JIIOOBIX C1, C2, ..., Cp

E cicj)\ij 2 0.
2
JeticTBUTEIHHO, 0003HAYNM

Nn = lel + ...+ Cnfn.
Torna

Dnp, = E(n, — Enn)2 =
2

=E | ) cici(& —E&) (& —EE) | =

,J

= Z CiCjE(&; — Efz)(gj — Egj) = Z CiCjCOU(fi, f]) = Z Cicj)\ij-
1,J

1,J 1]

=E ci(& — E&)

n
i=1
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Tax kak B JIEBOH YacTH PABEHCTBA CTOUT JUCIEPCHUS, TO JJId JIHOOBIX

Z )\ijCiCj = 0.
i)j

3naunt, marpuna A = (\;;) SBISETCS HEOTPHUIATETHHO OTIPEIeIEHHOT.
CUMMEeTPHYHOCTL MaTpUlbl A caenyer u3 cBoiicTBa 1 KoBapualny.

Ob6parno, nycrs A = ();j) — cuMMeTpUYHAs, HEOTPHUIATEIBHO OIIpeJie-
JIEHHast MaTpulia. U3 Teopun MaTpuI ©3BECTHO, YTO TOA CYIIECTBYET TaKas
oproronagbHas Marpuna @ (to ecth, QQ* = FE, rne E — equandnas mar-
DHIIA), 9TO

Cl, ..., Cp, UMEEM

Q"AQ =D,
rjae
dy 0
D=1|.. .. ..
0 .. d,

— IWAroHaJIbHAsS MAaTPHUIA C HEOTPUIATEIbLHBIMHA djIeMeHTaMu di, ds, ..., dy.
SHAUUT,
A =QDQ" = (QB)(B"Q") = (@B)(@B)",

rie B — amaronasnbHas MaTpuia ¢ sgementamu b; = /d; (i = 1,...,n).

IMomoxxum A = @QB,. Tornqa A = AA*.

ITycts nasee 01, 02, ..., Pp — TOCTETOBATETHHOCTD HE3ABUCHMBIX OJTMHAKO-
BO PaCIPe/IeIEHHBIX CJAYYaitHbIX BesmanH ¢ pactupenenennem 4 (0, 1). Torma
CJIyYaiHBIA BEKTOP

§= (&) = Alm) = An

¥ €CTh UCKOMBIH BeKTOD. /leficTBuTe/1HHO,
EEE* = E(An)(An)* = AE(nn*)A* = AEA* = AA* = A.
O

Tak xax Marpuna A = ()\;j) HEOTPUIATEJLHO ONpeeIeHHa, TO 0 KPH-
repuio CUabBecTpa BCe €€ IIaBHble MUHOPHI HEOTPULIATEAbHBI. SHAYNAT, IIPU
n=2

D¢, Cov(&1,&2)

2= 0on(ea, ) Dés

= D& D& — Cov® (&1, &) > 0.

CremoBaresibHO,

|Cov(é1,&)| < /DEDEs.
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dcno, aro ecmu &1, & Hezasucumbl, 10 Cov(£1,&2) = 0. B cayugae, ec-
m Cov(&1,&2) # 0, To cny4vaiinbie Benmannbt €1, o 3aBucuMbl. B kauecTse
KOJIMIECTBEHHON XapaKTEePUCTUKN TAKOH 3aBUCUMOCTHU CIy9aiHbIX BeTMIUH

&1, & ucnogpsyercst koaddurment koppensiun p(&1,&2)

) - )

CaoticTBa Ko3dduiimeHTa Koppeadaimn

L |p(&, &) < 1.
2. Ecnm &, & nmesaBucumbl, o p(&1,&2) = 0.

3. [p(&1,&2)| = 1 Torpa u ToBLKO TOrMIA, ecam CymecTBytOT Takue a % 0 u b,
YTO C BEPOATHOCTLIO €IMHUIIA

§2 = a&y +0b.

CsoiicTBa 1,2 09eBUIHBI U3 OIPEACTICHUSI.
Joxaxkem cpoiictBo 3. Ilycts & = a&y + b ¢ BEPOATHOCTHIO €IWHUIIA.
Honoxum E& = m, DE = o2, Torna

Eéy = E(aéy + b) = am + b, D& = D(aé; + b) = a’Dé; = a’0?,
Cov(&1, &) = E[(& —m)(& — (am +b))] =
=E[(&1 —m) (a1 + b —am —b)] = aB(&; —m)? = aDé; = ac?.

SHaquT,

Cov(é1,&)  ao? a gn(a)
= = = — = sign(a),
Vo2a202 lalo?  lal
TO ecth, |p(&1,&2)| = 1.
OBpatio, niycrs |p(¢1,&)| = 1, nanpuyep, p(€1, &) = 1. Tora

D <€1 -“E& & —D§2) _D <€1 —E&) D <€2 —E§2> B
vD& VD& VD& VD&

p(&1,&2)

1 1 1
—2WCOU(£1,£2) = F&Dfl + %Dg2 —2=0.

1o o3navaer (O CBOHCTBY MUCIEPCHH), UTO

G —B&H & —-EBH
VD& VD&
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C BEPOSTHOCTBIO IUHUIA, TIe ¢ — HEKOTOpasd KOHCTAHTA.
Orcronma cieayer, uro &1, & MUHENHO 3aBUCUMBI, @ W b HECJIOXKHO BBIUKC-

JINTH U3 [OCJIEIHEr0 PABEeHCTBA.

Nrak, kosdpdunuenT KOppeadain BbIPAXKAET «TECHOTY» JTHHEHHON 3aBu-
CUMOCTH C/IYIafHbIX BETUIHH.

Ormernm 37ech, ato ecam p(&1,&2) = 0 (HEKOPPETUPOBAHHOCTS ), TO TO
eré He o3HAYaeT, uTo &1, &y SBISIOTCH HE3ABUCUMBIMHU.

DTO MOKA3BIBAET CACAYIOMINI TPUMED.

IIpumep 2.9. Ilycmo cayuatinod sexmop (€1,&2) pasnomepro pacnpedenér
6 kpyee O, paduyca . Umeem:

p ($1 mg) = T#’ ('I17$2) € CQT,7
€162\ Z1, 0, (x1,22) ¢ Qp.

Mu sudeau, wmo

2 2
pe, (21) = ﬁ\/ r? — 1’%7 Pey(22) = g} r? — x%

Toz0a das (x1,x2) € O,

Pey &2 (71, 72) # pey (21)pey (2),

mo ecmv, £1,&2 ABAAIOMCA 306UCUMBLMU.
Buwucaum Cov(&1,&2).

Cov(&1,82) = E[(§1 — E&1) (&2 — ES2)] = E(§162) =

1 1 r r2—a?
= // 72371.%'2 d.%'ldl’g = 2/ $1d$1/ .’L'dez =0.
o, Tr r —r _ /7"2—33%

Caedosamenvro, p(£1,&2) = 0, mo ecmo, caywatinve seausunvs {1, o HEKOP-
PEAUPOBAHDL.

IMycrs panee (&1,&2,...,&,) — cayuvaiinbiii Bexkrop. O603HAUUM

COU (§17 5]) A
e ) i) = Y, 7/7 :17
pij = p(&i, ;) %Dfinj (4,J
Marputia R = (p;;) Ha3bIBaeTCs KOPPEIALHOHHON MATPHUIIEH CIIy TaitHoro

BekTOpa (1,82, ...,&,). dcHo, uro Marpuna R Takyke CHMMETPUYHA U HEOT-
PHUIATEHHO OTIPeIeTeHa.

).
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PaceMoTpuM Jjajiee TOJOKUATETHHO OIPEIEEHHYI0 CHMMETPHYHYIO MaT-
puny A. Torpa eé onpeaeuresinb
|A| = det A >0,
CJIe/I0BaTe/ILHO, OlIpejie/IeHa obparHas MaTpuia A~ = (aj;)-

Ounpenenenune 2.21. Qynxyus

_1
= ‘A| i 6_%Zazj(mi_mi)(£€j—m]‘)’
(2m)

Pr(x1, ..y

N

2de m; € R, (i = 1,...,n), nasweaemca Gynxyuetd niomuocmu n-mepHozo
HOPMANDHOZ0 PACTIPEIENEHUA C BEKMOPOM CPEOHUT 3HAUEHUT T = (T, ..., My
U KOBAPUAUUOHHOT Mmampuyel A.

B BexkTopHOi#l dopme eé MOXKHO 3amucaTh B CAeAYIONEl BHUAE: Jd T =

(1, ey Tp)

N

lAr
(27)
B wacrtaOM ciywae, mpu n = 2 QyHKIUA IIOTHOCTA HOPMAJJILHOTO Pac-
NpejleSIeHUs IPUBOJIUTCS K CJEAYIOIMEMY BULY:

1
e 2

@-m)*A~ (@ -m)_

pn(T)

w3

(01,22) ! PR {2l Vs
D , I1,x2) = eXpPy— —
s1.42 2wo1094/1 — p? 2(1 - p?) ot

(z1 —ma) (2 — m2) n (z2 — mz)z]}.

0109 O'%

—2p

TIpocroit moaACYET PACKPBIBAET CMBICT BCEX BXOJAAIIMX B MOCAETHEE pa-
BEHCTBO ITAPAMETPOB:
my = E&, mo = E,

o = D&, 03 = D&, p=p(&1,&).

IMycts p = p(&1,&2) = 0. B sToM coryuae GyHKOUS MIOTHOCTH g, ¢, (T1, T2)
caydaitHoro sekropa (£1,&2) Oymer paBHa

1 _(@1-mp)?  (z9—mg)?

x1,T2) = e > e 2
pfhéz( 1, 2) Imo109
Torna
+o00 1 7(951*7'211)
T1) = T1,22)dxe = e 2y
p£1< ) /oo p€1,£2( ) \/%0'1
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400 1 _(362*"52)2
p§2($2) = / pihfz(xlﬂxQ)dxl = e 273 )
oo 2moy

TO €CTb,
Pes (11, B2) = Py (21)pg, (22)-
3uaunT, cayJdaiiabie Bemnanibl £, £y HE3aBUCUMBI.
Utak, MBI TOKa3aJIM CIEYIOILYI0 TEOPEMY.

Teopema 2.9. Cayuatinvie 8eAUHUHDL, UMEIOULUEC COBMECTMHOE HOPMAADHOE
pacnpedeserue, He3GEUCUMbL 0200 U MOABKO M0206, K0204 OHU HEKOPPEAU-
POBAHL.

2.4.3 TloamHOMUaABbHOE pacrnpenesaeHne. CXoanMOCTh
K MHOI'OMEPHOMY HOPMAaJbHOMY pacupeneieHUuIo

O06061mas GUHOMHUAIBHYIO CXEMY, MPETOJI0K UM, 9TO TPOCTPAHCTBO IJIEMEH-
TapHBIX UCXOI0B {) UMeeT CAeHYIONIYI0 CTPYKTYPY:

Q={w:w=A{a1,...,an},a;=0b;, i=1,...n, j=1,...,r}

rae by, ..., by — 3amannbie gncia. Iycrs vj(w) — 9rCI0 9/1€MEHTOB B 110C/IE-
JOBATEILHOCTH W = (a1, . . ., Gy) PABHBIX ;.
TTonoxum
p(w) = pyp ) p ),

rnep; 20, (j=1,....r),m 3 pj=1
3aMeTnM, 94TO IPHU ITOM

Zp(w) = Z Cn(nlﬂ"'vnT)p?l p?r>

weN {n1+-+n,=1}
riae Cp(ny,...,ny) — 9UCI0 TAKUX YHOPSAJOYEHHBIX [OCIE0BATEILHOCTEN
(ai,...,a,), vIe 9JA€MEHT by BCTpEYaeTCs Ny pas, ... , JEMeHT b, BCTpeda-

ercsa n, pas. JIerko BugeThH, UTO

Cn(ni,...,n,) =Cmcr2, - C"" _

n—mni n—(ni+no+--+n,._1)
B n! (n —ny)! 1= n!
Cngl(n—n1)! nal(n —ng —no)! Congleeen!

SHAUUT,

n!
I OIED DU R
! !

we {n;=0,n1++n,=1}
=1+ +p)" =1
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ITocsreqnee paBeHCTBO — 3TO MOJRHOMHAILHAA (popMmyaa HeroTona.
Iycrs Ay, ,.ony = {w :v1(w) = nq,..., 0 (w) =n,}. Torna

|
mn. n1 Ny
P<An17---7nr) = ‘.”n |p1 Py
! -

ni
Hab6op seposrnocreit (P(Ay, . n,)) Ha3bIBAETCA ITOJHHOMHUAIBHBIM PACIIpPe-
JIeTICHUEM.
NurepnpernpoBaTh 5TO PACHPEIEIEHHE MOKHO CJIELYIOMMM 00pa3oM.
[IycTh IPOM3BOUTCST N HE3ABUCUMBIX OJHOTUIIHBIX OIBITOB, B JIOOOM 13 KO-

TOPBIX MOXKET IIPOU30HTH COObITHE A1 C BEPOATHOCTHIO P1, . .., A — C BEpo-
ATHOCTBIO Dy, TAKHE, 9TO p1 + - - - + p, = 1. Torna Ay, . . — 9T0 cobwITHE,
COCTOMITEe B TOM, 9T0 COOBITHE A1 TPOM30NLIO Ny Pas, ..., A, TPOU3OILIO
n, pas.

Pesynbrar onbiTa ecTh r—MepHbIi caydaitabiii BekTop § = (€1, &2, ..., &),
rne & ~ B(n,p;), (j =1,...,7). DTO0 JI€TKO BUAETH, ECIIU PE3YILTAT OTIEJIb-
HOro mcnbitanust npejacrasuth B Buge: (0,...,0,1,0,...,0), rae vHa j-TOM
MecTe CTOUT efuHuIa (mpousorwio cobeitue Aj, j =1,...,7).

Toruma

Ef] :npjv(j = 1,...,7’), Df] = np;q;;

rne g =1—p;,(j=1,...,7).
ITocunTaeM KOBAPHANMOHHYIO MATPUILY CIy9ainoro Bekropa &. usa ¢ # j

Cov(&;, &) = E&i§j — BGEE;.

Yunreisast, 910 §§ = > o &k (J=1,...,7), (30€ch k — 5T0 HOMED UCIBITA-
Hust), &, — OepHYJIEeBCKIe C/IydaiiHble BETMYHHBI C TAPAMETPOM Pj, HMEeM

Cov(&i, &) =E Y & (Z i | —nPpip; =Y Bl — n’pip; =
k=1 =1 Kl
=Y Bta&i+ > Bl — n’pip;.

k=l k£l

Ilockobky mpu k-OM HCHOBITAHHU TOJBKO OAHA W3 CAYIAMHBIX BEJTHTHH
§lks - -+ &k paBra equrMne, To §xér = 0, n, snaunt, K&;1&;, = 0. Torma u
IepBoe cIaraeMoe B TOCJETHEM PaBEHCTBE PABHO HYJIIO.

Nrax,

Cov(&,&5) = n(n — Vpipj — n’pipj = —npipj,i # J.
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3HAK «MWHYC» 3JIECh €CTECTBEHHBIM 00pa30M CJIeJyeT U3 YCJIOBUS CBSA3U:
&+ ...+ & = n. Torma koadpdunuerT KOPPEIAIUY A0 CAYyIadHBIX BEJUINH

&, &; pasen
—npip; [Pip;
pij = p(&i, &5) = 7 —_ /=T,
\/TWPidinpP;q; qiq;j
Marpmuna

R = (pij)
Ha3BLIBAETCS KOPPEIIIIHOHHON MaTPHUIEH MTOINHOMAAILHOTO PACIPEICICHHUS.
Cdopmyaupyem teopemy Tuia Teopembl Myagpa-Jlanmaca mis mogwsHo-
MHAJILHOTO PACIpPEIe/ICHHS.

Teopema 2.10. ITycmo & = (&1, ..., &rr1) — (r+1)-meproili cayualinwd 6ex-
mop, UMEULUT NOAUHOMUAALHOE pacnpedeserue ¢ napamempom (r+1,n,D),
2de p = (p1,...,pr). To2da npun — o0 daa aobuir ay,by,az,ba, ... ... , dp, by

. &1 —npy & —npy }
Iim Pqag < >———<by,...,a, < >——=< b,y =
{ N T VT

by by .
/ / —3e"R” xd:vl,.. , dxy,

ede x = (x1,.. :L‘r) x* — eexmop-cmoabey, R = (pij) — Koppeasyuonnas
MAMPUUQ 0npec9eﬂeHHaﬂ swLLe.

m\»—t

IRI

l\)\*

Bepuemcs k jBymMepHOMY Cjydal0 HOPMAaJILHOTO pacipejesienus. Pac-
CMOTPUM 3JLIUTICHI

1 [(xl —mq)? B 2p($1 —mq)(xg — mg) n (2 — ma)? _ 2
p?) '

2(1 - a% 0109 O‘%

3BecTHO, Y4TO OHM CyTh IPOEKIUH CEYCHUIl HOBEPXHOCTH 2z = pPg¢, ¢, (1, T2)
ILJIOCKOCTSIMH, TTapaJsLIebHBIMHU I0CKOCTH X10 X5, OHEU XapaKTepu3yIoT 11o-
BEPXHOCTB 2 = pg,¢, (21, T2) H0CTaTOYHO X0poro: ecan p = 0 u 01 = 02, TO
9TO OKPYZKHOCTH; IIPA p — 1 OHM «BBITATHBAIOTCS» BIOIL KOODIMHAT.

B cayuae = 2 paccvarpuBaemblit SJLIHIC TMPEACTABIICT n3 cebd Tak
HA3BIBAEMBIil SJIJIUIIC PACCESHUA: BEPOATHOCTD Mo anus 3Hadenuit (£1,&2)
BHYTPb 3TOI'0 3Juiniica odensb Oosbiias =~ 0,98. Ilo ero Buj1y MOXKHO CyuTh
0 XapakTepe 3aBUCUMOCTH MEXKJly CaydaillHbIMU BesuduHamu &1, &o.

JIByMepHOEe HOPpMAJIBLHOE pACOpeeseHre WIPAeT BaykKHYI0 POJb B TEO-
pun crpesinb: pacnpejesienne KOOpAMHATE (X1, Tg) TONAJAHNS B [1€Jb TPH
cTpenbOe U3 3aKPErIEHHOr0 CTBOJIA XOPOIIIO COTJIACYETCs C IBYMEPHBIM HOD-
MaJIbHBIM PACIIPE/IeJIEHNEM.
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2.5 3akonbl bosabmux unucesa Yedowrnmépa u Bepuys-
JIn

[Iycts (2, .7, P) — HEKOTOPOE BEPOSITHOCTHOE MIPOCTPAHCTBO, £1,&2 ... &y, . . .
— HIPOU3BOJIbHLIC CﬂyqaﬁHbIe BEJIMYUHBI.

Teopema 2.11. Ecau cayuatinve seausunvt 1,82, ..., &n, ... NONGPHO HE3A-

<5}:1.

. Torma yTBepKAeHTE TEOPEMBI

n
sucumes u lim L S D€ =0, mo das a06ozo € > 0
n—oo 7 =1

fi+ & E&+---+EE,
n n

lim P {
n—oo

Hoxazamesvcmeo. O603HAUNM 1)y, = gﬁ'ni—%"

MOZKHO 3alliCaThb TaK:

lim P{|n, —En,| >} =0.

n—oo

n
Tax kak &1,&3. .. &, momapHo HE3aBUCUMBI, TO Dn, = n—IQ > DE.
k=1

TTo nepaBencrBy Yebniména nmeem:

Dny, 1 @
P {|n, —En,| > e} < -2 = W;ka — 0, (n — o0).
O
Teopema 2.12. Fcau cayuatinve seausunvs £1,82 ... &, ... NONAPHO HE3A-

sucumn, u D, < C, (k=1,2...), 2de C — nexomopasa xKoncmanma, mo oia
a106020 € > 0

nmp{&Jr o B& o B <5}—1.
n—o00 n n
Hoxaszameavemeo. OdaeBugnHO ciaeayer u3 reopemb 2.11. ]

Teopema 2.13 (3BY Bepuymm). ITycmo p, — 4ucio <ycnexos» 6 n wesa-
BUCUMBLT UCHHIMAHUAT Bepryasiu, p — 6ePoAMHOCTIL «YCnexas 8 KaHcooM
omdeavhom ucnvimanuy. Tozda das awbozo € > 0

lim P{‘@—p‘ <5}:1.
n

n—oo
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Hoxaszameavcmeso. llpencraum cirydaifinyr BeJuduny fn, = &1 + -+ + &,
rie & — He3aBUCUMbIE OJMHAKOBO PACIIPEIe/ICHHBIE C/IyIailHbIe BEIUYUHEI C
pacupeneneruem Bepuymim: P{¢; =1} =p, P{{; =0} =¢q, (i=1,...,n).
OueBunno, E& = p u DE; = pg < 1. Torma yTBep:KIeHne TeOPEMbI CJie-
ayer u3 TeopeMbr 2.12. O

IIpuBeném mpuMep, TOKA3BIBAIONINN, YTO B HEKOTOPBIX 3aJavaX, CBA3aH-
HBIX C TIJIAHUPOBAHUEM KCIIEPUMEHTA, JOKA3aHHBIE BBINIIE TEOPEMBI UTPATOT
HEKOTOPYIO POJib.

IIpumep 2.10 (Ornenka ommbKu TpubIHzKEHHOTO 3HAYCHIA HEM3BECTHOM Be-
JIMYUHBI IPU HEOJHOKPATHBIX U3MepeHusixX). [lycms npoussodamcea n nesa-
BUCUMDIT USMePEeHUT Hexomopol Heudeecmuot seauutvl a. Ouwubku usme-
penus 01,09, ...,0, Oydem CUUMAMb HE3ABUCUMBLMU CAYYATHLMU GEAUHU-
HaMU U nosodcum s ecexr i: Bo; = 0 (omeymemeue cucmemamuneckot
owubru) u D§; = b? (mounocms npubopa), i = 1,...,n.

30 3HaueHUue OWUOKU USMEPUMOTE BEAUNUHDL 4 ECTNECTNEEHHO 83AMY CAY-

n
YATUHYIO GEAUNUHY Ty = At [Ty amom En, =0, Dn, = # > D¢ =
i=1

n

b2

n’

IIpednonooicum, wmo nam Heobrodumo, wmobvl OUWUOKE USMEDEHUA HE
nPesocroduns 6esutunv, A ¢ docmamouno 604bwWol 8EPOAMHOCBIO, HANPU-
mep,

P {|n.| < A} > 0,99,

uAY, 11O TNOo IHCE camoe,
P {[m| > A} <0,0L

Kaxo60 wucao ne3asucumslr uamepenud n, 4mobvl y0oeaemeaopums 3momy
Ycaosu0?
U3z nepasencmea Yebvruiéoa

b2

> < —.
P{im|> A} < -

2
Bravum, nawe ycaosue 6ydem 603modcHo, ecat —g < 0,01. Tozda
nA ’

b2
> -
n > 100 Az
Taxum 06pasom, Mot OUEHUAY YUCAO USMEPERUT, HEOOTOOUMBIT OAA NOAYYE-
HUA Hy{)fC’HO’lj movyHocmu.
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Herpymmo Bumerh, 9To mosydeHHas OIEHKA SIBJASIETCS JOCTATOYHO I'PY-
0oi1, OHa OCHOBaHAa TOJIBKO Ha HepaBeHcTBe Uebwimépa. HecomueHnHO, eCcTh
0oJ1ee TOYHLIE OIEHKI.
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2.6 CxoamMoCTh IIOCJIeJOBATEJIbHOCTEM

[Tycts (2, .7, P) — BeposaTHOCTHOE MPOCTPAHCTBO, &,&1,€2, ..., &ny . oo — CITY-
YallHbI€ BEJIUINAHBI.

Onpenenenune 2.22. [locaedosamenvrocms caywalnme seausun &1,€2, ...
CTOOUMCA % CAYHAGHOG Geausune £ No 8EPOATMHOCTU, eCAt OAA 4106020 € > 0

Jim P{l&, — ¢ <e}=1.

OTOT BHJ CXOAUMOCTU HaM y2Ke BCTPedaJICsd B 3aKOHAX OOJIBIINX THCE.
Bysem obo3znavars 31y CXO/UMOCTH TaK:

0 5 €.

Onpenenenue 2.23. [locaedosamenvrocms caywalnme seausun £1,&2, ...
CTOOUMCA NOYWMU HABEPHOE K CAY%a ol seaunute € (UAU ¢ 8EPOAMHOCTIDIO
edunuya), ecau

P{w: &, (w) 4 &(w),n — oo} = 0.
Ty cX0AuMOCTh OyjieM 0603HAYATE

II.H.

§n = &.

Hpennoxenue 2.3. Crodumocmsd nowmu Ha8EPHOE GALUEM CTOOUMOCTD
N0 6EPOATMHOCTU.

Aokazamenvcmeo. Ilycrs mocienoBarenbHOCTh (£,,) CXoAUTC K € TOYTH Ha-
BepHOE. 3HauuT, A1 jtoboro € > 0, Haitgéres rakoe N = N(w), uro uveer
MECTO HEPABEHCTBO

sup €, — €| < e.

n=>N

Torma:

UN{&-¢<er=a-r,

N n>=N

riae P(A7) = 0. CneposarensHo,

P =P (U {l&—¢=er] =0

N n>N
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DTO 03HAYAET, YTO

Jlim P {l6n—¢l=e) | =0

n>N
Orciona n
lim P{|¢, — & > e} =0,
n—oo
TO €CTh, MOCIEJOBATENIBHOCTD (&) CXOAUTCSA K & TIO BEPOSITHOCTH. ]

I/ITaK, CXOAMMOCTH TTOYTHU HaBEPHOE BJICYET CXOANMOCTDH IO BEPOATHOCTH.
Ob6parHoe yTBEPXKIEHUE HEBEPHO. DTO MOKAZBIBACT CJEIYIOIINH TpUMep.
IIpumep 2.11. Tycms Q = [0,1),.F = HA([0,1)), P — wmepa Jlebeza na
A(]0,1)). Onpedeaum Oas 6cex HAMYPAAOLHOET N CAYHATIHBIE BEAUUHD §£Lk),
kE=1,...,n, na noayunmepsase [0,1) caedyrowum obpazom:

k—1 k
gék)(w):{lv T<w<ﬁi

0, 0aa scex ocmarvnmzr w € [0,1).

THepenymepyem smu cayatnvie EAUNUNHDL CALIYIOUUM 00PA3OM:

59% 551)7 552) ) 52(31)’ 5?(,2)7 55(53)7 )

! / /
U 0603HAMUM NOAYUEHHYIW nocaedosamerbrnocmd &1,y ..., &y, ...
Has arwbozo € > 0

/ 1
fn—0‘>€}: lim —— = 0.

n—00 n(k;)

lim P{

n—oo

!
Ho 6 mo oice epems nocaedosamesvnocmo (§,) He cxrodumcsa & HYa0 Hu 6
0010U mouxke.

Aeticmeumenvhno, 603vmém npoussoavroe w € (0,1]. 3adadum ¢ = %
Toz0a das awbozo N' cywecmeyem maxoe n' > N', umo w € [kg,l, %), mo

ecmw, £ ,(w) = 1. Bnavum, |€, (W) =1 > :.

Taxum obpasom nocaedosamenvrocmo (£,) He CLOOUMCA K HYAI0 6 MOUEKE
w € [0,1). B cuay npoussoabrocmu w onag e CTOOUMEA K HYA0 N 6 00HO0l
mouke w € [0,1).

Onpenenenue 2.24. ITycmos £1,8,...,&n, ... — NOCAJOBAMEALHOCTNG CAY-
walnor seaunun, Fe, Fe,, ... Fe ... — coomeemcmeyrowas nocaedosa-
meavrocmsd Gyrxuut pacnpedesenus. Iocaedosamenrvrnocms cayuatinms ce-
ausur £1,82, ... &y ... cxOOUMCA K CAYUaTHOT seaunune & no pacnpedene-
nuro, ecau Fg (x) — Fe(x),(n — 00) 6 Kascdoti mouxe HenpepbeHocmu

pynryuu Fe(x).
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CxomumocTs nocsegoBaTesnsrocTa Gyuknuii pacupenenenns {Fe, (x)} mpu
9TOM HazbiBaeTcsd ¢1aboit. OB03HAYAETCS 9Ta CXOUMOCTD TAK: JjIs CJydaii-

d "
HBIX Beqmdaud — &, — &, JJI1s COOTBETCTBYIOMNX (DYHKIUN PACTPEIETICHNUST
— F;, 5 F.

Teopema 2.14 (Kpurepuii cnaboii cxomumocru, Xenn). Ilocaedosamenn-
HOCMb CAYNATHDT seauntun £1,E2, ..., &n, ... cxOdUMCA K CAYHATHOT GeAU-
yune £ No pacnpedescnulo mozoa u MoAbKO mozoa, ecau OAf A060T Henpe-
poienoli oeparunennol gynrkyuu g = g(x),x € R,

+oo +o00o
i [ ga)aFe, @) = [ glo)dFe(o).

n—o0
—00 —00

uAY, HTNO o IHCE camoe,

lim Eg(¢n) = Eg().

n—oo

Joxasamesvcmeo. IlycTh BBITTOTHEHO YCIOBUE TEOPEMBI, U & — TOYKA HETIPE-
pbiBHOCTH F¢ (). DTo 3HAUUT, uTO 1 a060ro € > 0 cylecTByeT Takoe
d = d(e, ), aro mna Beex y € Us(z) (To ects, |y — x| < §)

[Fe(y) — Fe(o)| <e.

[Tokazkem, ¥To B 9T0it TouKe Fg, (x) = Fe(x) (n — 00). BossMém 1Be Hempe-
PBIBHBIE OTpaHuYeHHbIe (DYHKITNN, TTOIarasd,

1, t<x,
ht)=4-55+1, z<t<az+9,
0, t>ax+0.

1, t<x— 94,
ft) = -5%, z-6<t<ua,
t>uwx,

0,
Hpn sTom fl(t) < I(foo;eré) (t>7 fQ(t) > I(foo;xfé) (t>
Paccmorpum

T “+oo

+oo
Fo@) = [ r,0) = [ 1amire, 0 < [ n0ar, 0.

—00 —00
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N3 cxopuMocT HHTErpaJioB OT HENPEPBIBHBIX OIPAHUYEHHbIX (PYHKIINN CJie-
JIYeT, 4TO

+oo +oo +0oo
[ fir® > [ H0dF® < [ T ©OdF) -

46
= [ r) = Reo +6) < Felw)
—00
Buaunr, Fg, () < Fe(x) + . C apyroit croposs

x —+00

Fe,(z) = / dFe, (1) = / I souny (D) dFe, () >

—00

+00 +oo +oo
> /f2(t)dF§n(t)—> /f2(t)dF5(t)> /I(—oo,x—a)(t)ng(t):

x—6
= / ng(t) = F£($ - (5) > Fg(l’) -5,

To ecth, Fg () > Fe(x) —e. Obbeaunss ABa 10Ty deHHBIX HEPABEHCTBA,
noiayunM |Fe, (x) — Fe(x)| < €. Dro 3naunr, uro Fe, (r) — F¢(x) B Touke .

O6parno, ycts F,(z) — F(z) B Toukax menpepbisHOCTH DyHKIUNA F ().
Bo3bMéM MPOM3BOJILHYIO HEPEPBIBHYIO Orpannvennyio dyukimo f = f(z).
Buavase goxaxkem paBeHCTBO

b

b
lim [ f(2)dF, () = / F(2)dF (x),

n—0o0
a

rae a u b — rouku HenpepwiBHOCTH QyHKIMU F(1).

Tak xak ¢ynknus f(r) HenpepblBHA HA OTpe3Ke [a,b|, TO oHA paBHO-
MEPHO HENPEPBIBHA HA ITOM OTPE3Ke. 3HAUUT, OTPE30K [a, b] MOxKHO pas3buTh
TOUKAMHI

a=x0,T1,-.-,TN-1,ZN = b,

tak, aro |f(z) — f(zk)| < € ang Bcex x € [xg, Tp41]| was Beex k u mo6oro
Hanepén 3aganuoro € > (. Kpome Toro, smu TOUKM MOXKHO BbIOpATH TaK,
4106B! OHUM OblLTM TOUKaMu HenpepbiBHocTH dyHKIMU F(1).
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O6oznaunm M = max |f(z)|. Paccmorpnm
a<z<h

/f )dF (z /f )dE,( /f )dF (z /f(xk)dF(x) +
/f 2i)dF (z /f 21)dF,( /f i) dF,( /f(x)an(x) .

OreHuM KaxKj0e U3 cjlaraeMbix B IocjiaenneM HepaBeHcTse. OUeBUIHO, 4TO
IiepBoe cjaaraeMoe OlleHUBaeTCd

b b b

/ f(x)dF(z) - / f(ar)dF(z)| < / (@) — flan)ldF(x) <

a a a

b

< ;/dF(x) = S(F () - F(a) <

a

oo ™

TpeTbe CJaraeMoe OeHUBaCTCAd TOYHO TaK>Ke:

b b
/ Flar)dEa(z) — / F(@)dF(z)| < S(Fu(b) - Fo(a)) < %
O1eHuM BTOpOE CJaraeMoe.
b b
/ x)dF (x) —/f(a:k)dF =
N—1 ' N—1
= Zf(xk)[F(xk_H f mk—f—l) F, (l'k)] =
k=0 k=0
N—1 N—1
= > f@)F (i) = Falwren)] = ) flan)[Far) = Fala)]| -
k=0 k=0

w
Tak xkak Fy,(r) — F(z) B Toukax HempepbiBHOCTH byHKINH F(T), TO MOK-
HO BRIOpATH JOCTATOYHO OOJBITIOE N TaKUM 00pa3oM, 9ToORI st BeeX k

5
AMN"

|F(2k) — Fu(zp)] <
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Torna

/kadF /f:cde <
/f )dF (z /f )dE,( <%.

OtnennM Terepb Pa3sHOCTh WHTETPAJIOB HA BCEH UHUCIOBON TPAMOIL.

= M

3uagur,

/f o /f VAF (2)| < I + I + s,

e

/ F(2)dF (z / F(2)dEF(
I = / F(2)dF (z / Fx)dFy(
+o0 +oo
/ f@dF@) - [ f@)dF@).
b

Ouesngno, aro [} < M|F(a)—F,(a)|. Tak kak lim F(a) =0wu lim F,(a) =
a——00 n—r00

F(a), To MmoxxHO mOA06paTh @ B N TakuMHA, 9T00w! I1 < §.

Touno Takxe I3 |[M[1 — F(b)] — M[1 — F,,(b)| u, nonbupas, n u b, MOKHO
caenath I3 < §.

Mar yxe mokazamm, aro Iy < 5.

Taxum 06pazoM, TIPU AOCTATOYHO OOJBITNAX 7

/de /de <e.

IIpennoxkenue 2.4. Hycmo &, P, &. Tozda &, 4, £.
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Ilycts f(x) — menpepbiBHas orpanuyentas dyukuus, |f(z)] <.
Bajaanm npousBosibHOe € > 0 u BeiOepem N Tak, 4T06bI

P{lg| > N} < o

Brifepem takzxke § > 0 takuM, 9T0 aid Beex T, [z < N, u |z — y

@)= )l < .

D10 BCerga MOXKHO CIETATh, NOCKOIBKY (dhyHKImus f(x) paBHOMEPHO Hempe-
peiBHA Ha oTpeske [—N, N]. Torma

/ F(2)dE / F(@)dF(z / F@)d[Fa(z) — F(z)] +
{l€n—€|<6;|€I<N}

+ / f(@)d[Fo(x) — F(2)] + / f(@)d[Fo(x) — F(z)].
{lén—€I<83EI>N} {1gn—¢I>0}

WNam B TepMUHAX MATEMATHIECKUX OXKWIAHUN OXKUTAHWI:

E(1£(&n) = FOI <EF(En) = FO]: 1€n — &l <6, [E] < N)+
TE(1f(&n) = (€)|7|§n | 6, 1€] > N) + E(|f (&) = F(E)];|&n — & > 6) <

< Z + 1 +20P{\§n — & > 6=+ 2CP{|¢, — &| > 0}.
Ho, 13 ¢x0QuMOCTH 110 BEPOATHOCTH CJIy9ailHBIX BEJIMYUH MOXKHO MOI00pATh
TaKoe ng, 9To ans scex n > ng P{|{,—&| > §} < §. Buaunt, nua nocrarouno
OOJIBIINX 1

Elf(&n) — F(E)] <&,

d
TO €CTh, &, —, (n — 00).
O6parHOe yTBepXK/IeHNE HEBEPHO. DTO MOKAZBIBAET CJIEIYONINI TPUMeEp.

IIpumep 2.12. [Iycmo Q = [0,1], .F = A([0,1]), P — wmepa Jlebeza na
([0, 1]).

Honosicum

m
—~
(Sl

—
[

n(w) = {(_1)7117 w

Toz0a sce my%aﬁm;te BCAUHUNDL UMEIOM 0OHO U O HCE pacnpedeﬂenue:

P{fn = 1} = P{&n = _1} = %
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3Hnanum, coomsememeyousue GYRKUUY PacnPedeseHus npu n — 00 CLOOAM-
cA % moti oice GYHKUUY PACNPEJENeHUSA.

Ho cayuatinwve sesununst £, we crodamea ¥ cayyalnot seauvumne & no
BEPOAMHOCTIU, KAKAA Obl HU OBAG CAYNATHAA BEAUNUNG &, TOCKOADEY NOCAE-
dosameavrocms {(—1)"} ne umeem npedeaa.

Teopema 2.15. Ecau nocaedosamesvHocmv cayualinmr eeausun (&,) cro-
dumca € 8upodAcIennott CAYHatiHOT BEAUNURE NO PACNPEICAECHUIO, MO OHG
cxodumca % Heth No GEPOAMHOCTIU, MO eCMb

& - o=¢, B

Joxasamesvcmeo. Paccmorpum GyHKITNIO paCpeae e Hnst BEIPOXK IEHHOH CITy-
vaitnoii Besmannbl £ = &(w):

<
F(m) — O) X ~ C?
1, z=z>C.

Omna uMeeT eIMHCTBEHHYIO TOYKY paspbiBa = C. B kaxo0it touke z # C
10 oupejesaenuto umeem: Fp(r) — F(z), (n — o0), tae Fy(z) — byakuus
pacrpesiesiennst caydaitnoit Beanaunst &y, (n = 1,2,...). 3agaanm mpouns-
BoJbHOE € > 0 U pacCMOTPUM

P{l¢hn —Cl<e}=P{—<e<& —-C<e}=P{C—-—ec< & <C+el.

[Mockoawky Toukn C — e u C' 4+ € — Toukn HenpepbiBHOCTH byHKIWN F (),
TO

P{l¢, — C| <&} = Fp(C+¢) — Fo(C —¢) — F(C+e)— F(C—¢) = 1.
L]

Teopema 2.16. Ecau nocaedosamervrocms dynryut pacnpedeaenus F(x)
cxodumes caabo ¥ dynrkyuu pacnpedesenus F(x), u dPynxyus F(x) nenpe-
poieHa 6cr0dy, mo nocaedosamenvnocms F () cxodumea pasnomepro x @ymx-
yuu F(x):

Fu(z) = F(x) = Fy,(z) = F(2), (n = ), z€R.

Jlokasamenvemeo. Tlockonbky dyHKImst F'(2) MOHOTOHHA ¥ OPAHMYEHA, TO
JUIsT JTI000T0 € > () MBI MOZKEM [T0JI00PATh KOHEYHOE YUCIO TOUEK L1, L2, . . ., TN
TAK, YTO Ha KaXKJIOM WHTEpBaJje

(—OO,IBl), {1'1,.1‘2), [.’I;’Q,mg), ceey [xN,+OO>
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npupamenne ¢yukiun F(x) 6yger mensie €/5. Ilycrs x € [k, xx11)- Pac-
CMOTPHUM

|Fo(2) = F(z)] = |(Fa(z) = Fu(2r)) + (Fa(ar) — F(ag) + (F2x) — F(2))] <
< |Fn(x) = Fo(xp)| + [Fu(er) — Fap)| + [F(z) — F(2)].

O]_[eHI/IM KaxKa0€ 13 CjlaracMbIX B IIOCJACAHEM HEPaBEHCTBE.

|En(x) — Fo(ag)| < [Fo(zr1) — Fo(or)| <
S | Fn(@ha1) = Fap)| + [F(xr) — Fa(@e)| + [F(2p41) — F(a)|
fcwo, aro
|F(zr) — F(z)| < |F(2p41) — Fzi)].

Orcroma ipu n > ng(k)

|Fo(w) — F(2)] <
|Fn(2r41) — F(@kg1)| + 2| Fn(2r) — F(ap)| + 2| F (2 41) — Fag)| <e.

Ionoxxum

= k).
0 = gy, o)

Torma mpu n > ng
|F(x) — F(z)| < e.
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2.7 XapakKrepuctuieckmne pyHKIINN

Brenem mpeasapuTeIbHO TOHATHE KOMIIEKCHOZHATHON CIyIafiHON BeInIn-
woel. Ilycrs &1, 2 — HEKOTOPBIE CydaiiHble BeIUIWHBL. Torga

{(w) = &1(w) +i62(w)

Ha3BIBAETCSI KOMILJIEKCHO3HATHON ciyvaitnoil Besuannoit. [Ipu aTom caydaii-
Has BeJM4uHa £ HA3BIBAETCH BEIECTBEHHOM 4YacThio &, a ciayvaiinas Bejin-
quHa {5 — MHEMO# 9acThbio . KcTecTBEHHO IOJT0KUTH

E¢ = B¢ + iE&,.

Onpegenenue 2.25. Xapaxmepucmuueckol pynryued sewecmeenodnay-
ROl CAYHaiHOT 6eAuNUNbL & HAZBIEACTNCA KOMNAEKCHOSHAUHAA (8000We 20-

60pA) PynKUUA

+oo
pe(t) = Ee''t = / e dF;(z), t €R.

—0o0

Ecrn GyHKnus pacnpeenenus nMeeT IIOTHOCTE Pg (), TO XapaKTepu-
cTuveckasi (PyHKIUS paBHA

+oo
ee(t) = [ epe(x)da

u Ha3BIBAETCs mpeobpazosanmem Oypre dynkmm pe(z).

2.7.1 CsoiicTBa xapakTepuctunieckunx (pyHKITH

1. g nr060it coryyaiiHOi BeTUYHHBI £
e <1, @e(0) = 1.
2. Eciin n = aé + b, T0o
on(t) = e (ta).
3. Eciu &1, &9 — me3aBucuMbIe CIydaiiHble BEJIUIWHBI, TO

Pé1+&2 <t> = ¥4 <t>§0£2 (t)
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4. Xapakrepucrudeckas QyHKIUA @¢(t) paBHOMEPHO HenpepbiBHa Ha R.

5. Eciu cymecrByer k-biit abCOJTIOTHBI MOMEHT CJIydafiHON BeauawHBI &
(E|€¥| < 00), k > 1, To cymecrByer HenpepbiBHas k-ad OPOU3BOAHAS (DYHK-
wun @e(t) u

e®)(0) = *EEF.
6. De(t) = pe(—t) = p_¢(t).
Hoxaszameavemeso. okaxkeMm IpruBeéHHBIE CBOCTBA.
1. 3ameruM cuepsa, 4T0

—+00

jvelt)] =| [ ear() / €] dF () / dFe(z) = 1,

o0

Tak Kax €| < 1. feno, uro pg(0) = 1.
2. JleficTBUTEIBHO,

SOa§+b(t) — Eeit(aerb) — Retitalpitd — eithei(ta)£ — eitbg05(at).

3. 9T0 CBOHCTBO CJIEAYET U3 CBOHCTB MATEMATHICCKOTO OXKHTAHUS:
_ it(E1+E€2) ity Lit€a it&1 it€a __
90§1+§2(t) = Ee't(617€2) = Feité1¢t2 = BeltC1Eeite2 = Pé (t)s%(t)-
CBOHCTBO pacpoCTpaHsercsa Ha JI000e KOHEIHOE YUCIO0 CAraeMbIX.

4. BozbMmém npoussosibHyo Touky t € R u 3aja/mum nponssosibhoe € > 0.
PaccMorpum

T( i(t+h)x _ itx)ng( ) _

lpe(t + h) — pe(t)] =

— /eit:v(eiha:_ dFE /’ezhx 1|dF§ )
_ / 6% 1|dFy () + / 6" _1|dFe() = I + Io.
|z|<N |z|>N

Boibepem N rtak, urober Iy < £/2; 3arem BoiGepem h Tak, urober I; < £/2.
Torma s gt Beex t € R

pe(t+h) — pe(t)] <e.
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5. Tak xak
| [izedFe(z)| < [ |z|dFe(z) = E¢| < oo,

TO WHTErpaJl f ia:emng(x) CXOTUTCS paBHOMepHO 10 t. IlosTOMy MOXKHO
muddepeHImpoBaTh 001 3HAKOM HHTErPaJIa;

pe(t) = i [ze™dFe(z), ¢'(0) = iEE.
JlabHeiiee 10Ka3aTeIbCTBO HAST 1O WHIYKIAHN

p(t) = iF [ ahetdFe(x), u o (0) = PEEF.

6. [Toxkaskem mocJiernee CBOMCTRO.

De(t) = E(e®) = E(eit€) = E(cos(t€) + isin(tf)) = E(cos(tf) — isin(tf)) =
— E(cos(—t€) + isin(—t€)) = Be ™€ = pe(—t) = (1)

OTcioga caeayer, 9TO €CAH CAyJaiHasl BeINIHHa £ NMEeT CHMMETPHIHOE
pacmpeesienne, TO €€ XapaKTepucTuIecKasi (PyHKIUS BEIECTBEHHA. ]

2.7.2 IlpumMepsl BBIYNCJAEHUS XapaKTEPUCTUIYECKNX (PYHKITIIA

1. BeipoxxaeHHOe pacipegeneHne:
P{{ =a} =1, a — const.

Toraa A ‘
pe(t) = Ee''t = ¢fte,

2. Pacnpenenenne Beprnynnu ¢ mapamerpom p > 0:
P{{=1}=p, P{{ =0} =1—p.
B sTom ciryuae
ve(t) = E(e™) = pe' + (1 — p)e’ = pe' + (1 —p) = ple” — 1) + 1.

3. BunomuasbHoe pacipesesienie ¢ mapaMerpaMu n u p:
31ech it BEITUCACHUS XapaKTePUCTHIECKOMH (DYHKITNN UCTTOTB3yeM CBOM-
CTBO 3 XapaKTEPUCTUICCKUX (DYHKIWH U MPesCcTaBIeHNe

=& +&+ -+,
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rae &, (1 = 1,...,n), HE3aBUCHMBI U WMEIOT pachpeneseHue Beprymm c
TapaMeTpPoOM P.
Torma

pe(t) = [ vei(t) = (1 +p(e” —1)™
i=1

4. Pacupenesienne llyaccona ¢ mapamerpom A > 0:

DL
P{&zk}:ge , k=0,1,2,...
Torma
i > i 67/\)\k _ > )\eit k _ eit i
@e(t) = Ee'™t = ZetkT =e )‘Z ( k'> = e e = exp[A(et—1)].
k=0 ' k=0 '

5. PaBromepnoe pacnpesenenne Ha orpeske [0, 1]:

1, x€]0,1];
pe(z) =
0, x¢10,1]
Baech
1 itx | et — 1
eelt) /0 T T T a
6. Hopmasnbaoe pacnpenenenue N(0,1):
1 —x2/2
T) = e ,rzeR
pe(z) Nors
Torma
v v
t) = —— T 2y — / cos(tx e_IZ/de—i—
el =—= [ = [ costen)
—c0 —0
+00 +o0
1 2 1 2
+ 1 sin(tz)e ™ 2dy = —— / cos(tz)e ™ 2dz.
V2T / ( ) V2T ( )
—00 —00
Nrak,

400
we(t) = \/127 / cos(t:c)e_x2/2da:.
—0o0
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Tak kKak mociaeannil WHTerpasg CXOAUTCSI PABHOMEPHO IO t, TO €ro MOYKHO
muddepeHImpoBaTh 001 3HAKOM HHTErPaJIa;

oo 400
sell) = _\/12? wsin(tz)e " 2dy = \/12? / sin(tz)d(e™*/?) =

—+00
1 2 /o | TO0 1 2
= sin(tz)e ™ /2‘ t/cos tx)e " 2dr = —tpe(t).
27 ( ) — 0 \/ﬂ ( ) ‘PE( )

— 00

Takum obpazom, s pelieHus 3aJad9u Mbl TOJyIuIn JuddepeHinaIbHOe
YpaBHEHHUE:

@i (t) = —twe(t).

Permrast mocieinee ypasrenue, moaydaem g (t) = Ce /2. U3 yeiosus e (0) =
1 monyunwm, aro C' = 1. Torga

pe(t) = e V2.

2.7.3 Teopembl 0 XxapakTepuCTUIECKNX (PYHKIUAX

Teopema 2.17 (Qopmyna obpamenus I1. Jlesu). Ilycmo F(x) — dymnx-
yus pacnpedeserus cayalinot seauuunn &, p(t) — eé rapaxmepucmuveckasn
dynxyua. Tozda daa a0bvix mouex nenpepwernocmu ,y dynkyuu F(x) 6o
NOAHAECNCA PAGEHCMBO
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AHoxaszameavcmeo. dnsg y > x paccMoTpuM

A .
1 efztx _ efzty

Ip=— t)dt =
A= o5 it ()
—A
A +4oo .
1 e—ztz e—zty it
= / —C—etdF (u)| dt =
—A —o0
A H4oo
1 eitu—z) _ it(u—y)
27 [/ it (u)]
—A —©
4o A
1 eit(u—:c) _ eit(u—y)
= — dt|dF(u).
o [ / it } (u)
—oo —A

Buyrpennuit naTerpas pa3obbéM HA ABE YACTH W MPOU3BEAEM BO BTOPOM
nHTerpasie 3ameny t — —t. lleperpynnupoBeiBas ciaaraeMble, MOy INM:

+o0o0 A

1 eit(ufx) _ efit(uf:p) _ eit(ufy) + efit(ufy)
L= [/ - dt}dF(u) -
—oco 0
1 too A )
_ 1 / [/ sin(t(u — x)) — sin(t(u — y))dt} AF(u) =
™ t
—oo 0
) 400 A(u—zx) -
sin
o0 A(u—y)
ITockobKy

A
1 [ sint
lim /Smdtzl,
A,B—oo T t
—-B

¥ MHTErPAJ [IOJT 3HAKOM MPEIeia paBHOMEPHO orpanudern mo A u B, ciejo-
BaTeJIbHO, PAaBHOMEDHO OI'DAaHUYeH M MHTEI'PaJl

A(u—zx)
1 sint

Salu) = / Y

A(u—y)
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3uaqur,
+00 +oo
Jim Ly = Jim / Sa(u)dF(u) = / Jim S4(u)dF ()
[Ipencrapum
T Yy —+00
4= / Sa(u)dF(u) + / Sa(u)dF (u) + / Sa(u)dF (u).
. / /

3aMeTuM cpasy, uTo g u < & U U > Y-
lim S4(u) =0,
A—o0

TO €CTh TEPBBIN U TPETUil WHTErPAJIBI CXOAATCA K HYJIH0 1pu A — 00.

Hamee
0, u<zx,u>y;
lim Sa(w) =41, ué (zy);
A—o0 1
5, U=T, U=y.

Tak Kak = u y — TOUKM HempepbiBHOCTH F'(), TO

Y

/AlgréoSA(u)dF(u) = /dF(u) = F(y) — F(x).

T

O

Caencraue 2.4. Xapaxmepucmudeckan GYHKUUA CAYIGTHOT BEAUNUNDL 00-
HOSHAYWHO onpedeanem eé PyHKYU0 pacnpedeserus.

Teopema 2.18 (Teopema nenpepsisuoctu). ITyemo (F(z))5%; — nocaedo-
sameavrocmv Pynryul pacnpedeseru, (pn (1)), — nocaedosamenvrocmo
coomeemcmeylowur rapaxmepucmuieckur gynrsyud. Tozda

1) Ecau F,(x) ﬁ F(z) u F(x) ecmv pynxyus pacnpedeserus, mo on(t) —
o(t) (n = 00), npuwém p(t) — zapaxmepucmuyeckas ynryus pacnpedene-
nua F(x).

2) Ecau on(t) — o(t) (n — 00) das scex t u @(t) nenpepvisha 6 mouke t = 0,
mo p(t) ecmv rapaxmepucmuveckas GYHKUUA HEKOMOPORO PACTIPEIEACHUA
F(z), npuuém F,(x) ﬁ F(z).
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IIpex e geM HOKa3BIBATL ITY TeopeMy, TOKAYKEM JIBA BCIIOMOTATENHHLIX
YTBEPKJICHUS.

JIemma 2.1. Jlas mozo, umobu nocaedosamesvrocms dyrryud pacnpede-
aenua Fp(x) caabo cxoduaace k& neybusarowets pynxyuu F(x), docmamoy-
no, umobv Fy(x) — F(x) npu n — 00 Ha KaKOM-HubYyds 6¢100y NAOMHOM
muoocecmee D 6€ueCEEHHBIT HUCEN.

Jlokazameavemeso. Ilycrs x — mouka HenpepbiBaocTH byHKImu F(x). st
mobeix o' 2" € D 2 < o < 2" semommeno F,(2') < Fu(x) < F,(2").
CrenoBaresbHO,

lim F,(2') < lim F,(z) < lim F,(z) < lim F,(z").

n—o0 n—o00 n—o0 n—o0

SHAUUT,
F(2') < lim F,(z) < lim F,(z) < F(2").
n—00 n—00
[Monaras Teneps ' T x n 2” | x no mHOKecTBY D, M yuyuThIBad, 4YTO T —
TouKa HempepbiBHOCTH F'(), moxydnm:

lim F,(z) = F(x).

n—o0

O

Jlemma 2.2. I[Ipouseoavhasa nocaedosamesvrocms dynryuli pacnpedesenus
(Fn ()02 codepoicum nodnocaedosamenvrocmv { Fup ()}, caabo cxodauy-
1ca K nexomopot neybuwsarowed Gynryuu F(x).

Joxasamesvcmeo. Iycrs D = {z],} — nupousBosbHOe CuérHOE, BCIOY MLIOT-
HOC MHOXKECTBO BCHICCTBCHHBLIX YHCEJI. BO3])MéM TOYKY .I'{l n pacCMOTPUM
nocsieioBaTebHOCTE { Fyy(2))}. OHa orpannvena, a, 3HAUNT, COAEPKUT CXO-
JSIIYFOCST TIO/IIOCIeA0BATENbHOCTD { Fp (7))} 1

n—oo

Paccmorpum gasiee mopnocsenosareabHocTh { Fip(25)}. Touno takxke, Kak
U paHee,
[Ipu sTom nh_}ngo Fop(2)) = F(x)).

IIpomonkas sTOT MpoItece, TOAYIUM K TOATOCIEIOBATEIHHOCTEN

{Fln(xll)}v {FQH(xé)}W SRR {Fkn(‘r;c)}’
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takux, uro lim Fy,(z}) = F(2}), (i = 1,k).
n—oo
PaceMorpuM AHaroHaIbHYTO MOCTE0BATENbHOCTD { Fyyy (27,) }. Torma ms

mo6LIX =), € D TosbKO k — 1 mepBbIX wieHoB mocaenosaTensnoctn { Fp(x))}
MOTYT He TIPUHAJJIERATH TOCIeA0BATETLHOCTH { Fyy (7). TTosTomy

. N /
nlgn;o Fon(zy) = F(x),).

[Ipwaém oueBugno, uro F'(x) 3amama na muoxkecrse D u He yObiBaer. IIpo-
TOJKUM €€ 110 HeyOBIBaroIeil (pyHKIMN Ha Beeil uncaoBoit mpsamoit. Teneps
Mbl HaXOAUMCH B YCJIOBUAX JOKA3aHHON IIPEAbIAYIIeH JIeMMBL. ]

Tlepeitném kK m0Ka3aATEILCTBY TEOPEMBI HEIIPEPHIBHOCTH.

Aoxazamenvcmeo. Hacrb 1) creyer u3 Kpurepus c1aboii CXOAUMOCTH (DY HK-
nwit pacnpeenenns s Gynaxnuit Re(e?) u Im(e?), xoropbie orpammte-
HBI ¥ HEIPEPBLIBHBI.

Jokaxewm gacrs 2). U3 gemmbr 2.2 cpasy Caeyer, 9To noCIeA0BaTETbHOCTh
{F(x)}52, comepKuT TaKyio IOALIOCAeN0BATETBHOCTD { Fp(x)} 52, 9To

[Mokaxewm, uro F'(x) asrserca dyHkumed pacupeenenus.
Omna me y6piBaeT u orpanndena. [Ipennosokum mpoTuBHOE, TO €CTh, UTO
F(x) ne aBnsiercsa byHknuei pacupeaesenus. 11010Knm

0 =VarF(z) =sup F(z) — inf F(x) < 1.

Bosbmém € < 1 — §. Bamerum, uro ¢(t) unrerpupyema Ha J0O0OM KOHEY-
HOM OTpe3Ke [—T, 7] Kak npejesn naTerpupyembix pyuknuii. Tak kak ¢(0) =
1i_>m ©n(0) =1, T0 B crty HempepBIBHOCTH MYHKITAN 0 JIJTst 3 JaHHOr0 £ > ()
ZyHiOQCTByeT 7> 0:

T

1 € €

T

OrmeHnM 9TOT Ke WHTErpas CBepxy. Mmeem

T +oo T
/cpnk (t)dt = / /eitxdtank(x) =

_ / / ¢t dtdF, (x) + / / ¢t dtdF,, (z).

{lz|<A} =7 {lz|>A} =7
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Torna

T T

/ On, (t)dt| < / / e dtdF,, (z)| + / / e dtdF,, (z)) .
{

-7 |z[<A} =T {lz[>A} =7

g nocrarouno 6osbiiux k umeeM:

8 = Foy (A) — Fp, (—A) < 5+ Z

.

Tak xak | [ €"dt| < 27, 10 HepBoe cilaraeMoe OLEHUBAETCS YUCIOM 27O
—T

Hautee

eit:c T __ ,—ITT

T e

e

<=
X

—T

1T 1

.
/ et dt| =
.

3HaUUT, BTOPOE CIATaeMOe OIEHUBACTCS CBEPXY UHMCIOM %. ITosromy BbIOU-
4
pag A > —, monydaem

T

1 15 5 €
— Nt <s+S+S =545
or /90”'“() SOt T TS

—T
[Tepexoms x mpeesry npu n — 00, MOy IUM

T

/gp(t)dt <O+ %

1
2T

—T

Ho aro nporuBopeunt (). 3uaunt, F'(z) ecrb dbyHkims pacupesenenus. Beé
OCTAIBHOE CJIeJlyeT U3 dacTu 1). O
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2.8 CxoamMOCTh pda0B

Bynem mpemnonarars, qro £1,&2,... — MMOCIEI0BATE/IFHOCTD HE3ABUCUMbIX
caydadiubIX Besmand, S, = £ + ... + &, 1 A — MHOXKeCTBO TeX 3/IeMeH-
TApPHBIX UCXOJOB w, Iie psad » | &y (w) cxoauTest K KOHeTHOMY Tipeseny. Llenn
HACTOSIIEro Taparpada — JaTh KPUTEPUH, TO3BOJISIIONINE OMPEIeIATh, CX0-
JIATCST WA PACXOJUTCS PSAJT U3 HE3ABUCUMBIX CJIYyYafiHbIX BEJTUYUNH.

Teopema 2.19 (Koamoropos, Xunuun). a) I[Tyems EE, = 0,n > 1. Tozda,
ecau

Y EE < o, (2.1)

mo pad Y &, cTodumca ¢ 6ePOAMHOCBIO eOUNUYQA.

b) Ecau x momy orce cayuatinve sesusunv, &n,n > 1, pasromepro ozpa-
nusenv. (P €, < ¢ =1 daa nexomopozo < ¢ < 00), mo eepro u obpammoe:
u3 crodumocmu pada Y &y ¢ 6epoAMHOCTILIO edunuya caedyem ycaogue 2.1.

JlokazaTeabCTBO 3TOH TeOpPEMBI CYIIECTBEHHO ONMPAETCd Ha CIeTYIONIne
HEPABEHCTBA.
Hepasencra Kosnmoroposa

a) Ilyers &1, o, . . ., &, — HE3aBHUCHMBIE CIyUaiiHble Bequannbl ¢ EE = 0, Eég <
o0, 1 <1 < n. Torma arsg Beskoro € > 0

ES?
P{max |Sk|>6}< °

1<k<n g2

b) Eciau x Tomy e P{|&| <c}=1,1<i<n, 10

2
P{max |Sk’>6}>1_(c+s)

1<k<n ESTQL

Jokasamenvcmeo. a) ObosHauNM

A:{max |Sk| 25}, A ={|Sil<e,i=1,...,k—=1,|S| =>¢}, 1<k<n.
1<k<n

Torma A=) 72 Ay m

o
ES) >ESiIa =Y ES:iIa,
k=1
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Ho

ES2Ia, = E (S + (Eps1 + .. + &) I, =
=ESELay, + 2ESk (i1 + .+ &) Lay + E (G + ... + &) La, > ESPa,
IIOCKOJIbKY

ESk (€kt1+ .-+ &) La, =ESkIa, E(pr1+...+&) =0

B CIJIYy MpPEJIIIOJIOKEeHHO# HezaBucumocTu u yesosuit E& = 0,1 < ¢ < n.
[TosTomy

ES) > > ESils, >e>> P(A;) =<"P(A)

9TO W JIOKA3LIBAET TTEPBOE HEPABEHCTBO. L1 J0Ka3aTeIbcTBa BTOPOTO HEPA-
BEHCTBA 3aMETUM, 9TO

ES214 = ES? —ES2I; > ES2 — *P(A) = ES? — 2 + 2P(A)
C npyroit ¢cTOpOHDI, Ha MHOXKeCTBE Ay
1Sk—1] <&, Skl < |Sk—1 + &l <e+c
W, 3HAYUUT,
ES2Ls = Y ESPLa, + Y Ly (Su - 5)?) <
k k
n

< (€+C)QZP(A1¢)+§P(A/€) > EE<
K k=1

j=k+1

<P(A) [(e+0)* + Zn:Eﬁjz =P(4) [(¢ +¢)* + ES7]
j=1

N3 momyseHHbIX HEPABEHCTB HAXOIUM, ITO

2 _ 2 2 2
P(4) > ES: — ¢ 1 (e +c¢) 21_(84—6)
(e4+¢)?+ES2 —¢2 (e+c)2+ES2 —¢2 ES2
Hepagencrso b) mokazamo. O

Zoxazameavcmso. JlokaxkeM Temeph TEOPEMY.

a) CX0aInMOCTh TTOCIEI0BATETLHOCTH CTyIaifiHbIX BEJIMIWH TTOYTH HABED-
HOe 3KBUBAJEHTHA (DYHIAMEHTAJBHOCTH 3TOI TOCIEI0BATEJBHOCTH TOUTH
HaBepHOe (OCTABMM 3TO yTBEpXKJeHne 6e3 M0Ka3aTeahCTBa, OHO JIOCTATOIHO
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npocto). Ho nocieroarensnocts (Sy),,», dynnaventanbna (P-m. 1.) B TOM
U TOJIBKO TOM CJlydae, KOLJa

P {sup |Sntk — Sn| = 5} — 0, n — oo.
k=1
B cuny mepasencrsa Koamoroposa a)

N
L SrvEe v me

<
= N—o0 52 52

0, n— oo.

TToaromy psizg Y &k CXOAUTCS C BEPOATHOCTHIO €NHUIIA.
b) Ilycts pan Y & cxomurced. Torma B cuity ycaoBus (byHIaMeHTATIBHO-
CTH Il TOCTATOYHO OOJILIIUX 70

1
P {Sup | Stk — Sn| = 5} < - (2.2)
k>1 2
B cuny mepasencrsa Kommoroposa b)
(c+¢e)?
P ¢sup|Spak — S >z—:}>1—.
{M SR R v .
[TosroMy, ecii JOLyCTUTb, 9T0 » oo Efi = 00, TO HOJIYYUM
P {sup |Sn+k - Sn‘ = 5} =1
k=1
YTO MPOTUBOPEYUUT HEPABEHCTBY 2.2 JJisd HOCaenoBaTeasHocTr (Sy,). 0
ITpumep 2.13. Ecau £1,&s, ... — NoCAEdo8aMEABHOCTND HEZGEUCUMBLL OED-
HYAauesckux cayvatmnne eeauvun ¢ P{§, = +1} =P {, = -1} =1/2, mo

pad Y Enan, 20e |a,| < ¢, cxodumes ¢ eepoammuocmovio eduruya mozda u
moavko mozda. xozda Y a2 < 0o
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2.9 IlpenesbHble TeOpeMbl TEOPUN BEPOSATHOCTEM

3/1eCb Mbl PACCMOTPUM PsiJi IPEJIEJbHBIX TEOPEM B «KJIACCUUECKON» MOCTa-
HOBKeE, & TaKKe U HeKOTOopble ux 00obimenus. [Ipu nokazaresbcrBe 3TuX TEO-
PEM CYIITECTBEHHYIO POJIb UTPAET AIMMAPAT XaPAKTEPUCTUIECKUX (PYHKIIHN.

Teopema 2.20 (3axon Gonbmux uaucen Xununna). [Tyemo {£,}5°, — no-
CAEOBAMEABHOCTID HEZABUCUMDBLT OOUHAKOBO PACIPEIEACHHBT CAYUATIHDIT Ge-
AUYUH, UMEOWUL nepebil momenm: EE, = u, n = 1,2,3,.... Obosnawum
Sp=&+ - +&,. Toeda
Sn Py,
n
npu n — 00.
Joxasamesvcmeo. Tak Kak Bce £ OMUHAKOBO PACIIPEIEIEHBI, TO XapPAKTEPH-
crudeckne ¢yskmun & oxuHaxosbl. ObozHadnM ¢¢, (1) = ¢(t). llockombKy
ciIydaiiHble BEIMYIWHBI UMEIOT T1ePBbIil MOMEHT, TO

(t) =1 +itu + o(t).

Torma,
vs, (t) = [1 +itp + o(t)]™.

v (O] - bt Q)]

[Tpu n — oo BesMUMHEL % — 0. Torma

SHAUUT,

"
1 — 1 ) — e H

Kax Mbl Buiesin Bolire, €M ecTh XapakTepucTauecKas (DYHKIINS BBIPOK TeH-
HOTO pactpejiesienus (p — const). 3HAYNT, 110 TEOPEMe HEelPepPbIBHOCTH

Snd

— = W
n

npu (n — 00), u U3 TEOPeMbI 0 CIabol CXOUMOCTH K KOHCTAHTE, UMEEM

S
—ni,u, (n — 00).
n
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Teopema 2.21 (LenrpasbHas npenenbHas teopema). [Tyemv {£,}00, —
NOCAEAOBAMEADHOCTID HEZAGUCUMBLL 00UHAKOBO PACTPEOCAEHHBIT CAYUGTHDIT
BEAUMUN, UMENUUT 6TNOPOTE Kore bt momenm. Obosnavum i = K&y, 0% =

D& (k=1,2,...). Toeda

P{S’;\}“ <m} — B(z)

pasromepro no T € R npu n — 0o, 2de

o= [ o

Joxasameavcmeo. O6o3HaUNM

nn_S —nH ka—

Paccmorpum ¢, —,(t). Tak kak cymecTsyer BTopoit MOMEHT, TO
: t?
Pe-n(t) = 1+itE(G — p) = SE(G — 1) + o(t?).
Hockombky E(& — p) = 0, E(& — p)? = 02, To

t2
Pe—ult) = 1= 0% +o(t?).

3uagur, , , .
oo (1) = [1—;n+o<;2 )} .
Torna
: _ ﬁ " _ —t%/2
im0 = Jim 15| =
JJIST BCEX t.

_42
Kak Mbl Bujie/n Bbiiie, e /2

MaJstbHOTO pactpeaenenus A (0, 1). Orciona mo TeopeMe HemPepbIBHOCTH HMe-
eM

eCcTh XapakrepucTuveckas (HYHKIUS HOP-

Haunee, rak kak dyukimsa ¢(x) = \/% / e /2dy HEIOPEPLIBHA B KAXK 0
—00

TouKe * € R, TO CXOIUMOCTH 9Ta PABHOMEDHASI. O
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2.9.1 VYcujeHHBI 3aKOH OOJIBIIINX 4YUCEJ]I

yCI/IJ'[eHHbIM 3aKOHOM 60.HBH_II/IX gucesl Ha3bIBa€TCAd YTBEPZKJICHUE, B KOTOPOM
B TeopeMe 2.20 CXOIUMOCTH IO BEPOSITHOCTH 3aMEHSIETCS Ha CXOIUMOCTD TI0-
aTtn Hapepuoe. [IpuBeaém UMb HEKOTOPHIE PE3YIbTATHI.

Teopema 2.22 (Y3BY Kosnmoroposa). ITyemw &1,&2, ... — nocaedosamenn-
HOCTMb HEZABUCUMDBLT CAYUGUHDIL BEAUNUH C KOHEUHDIMU SMOPLIMU MOMEH-
MAMU, NOAOAHCUMEAbHDIE YUCAa by, makosvl, umo by, T 0o u

o0

D&,
j{:4§;f<ioo. (2.3)

n=1 "

Toz0a

B wacmuocmu, ecau

—0(P—.).

Joxasameavcmeo. Jjis moka3aTebCTBA ITONW TEOPEMBI, 8 TAKXKE HEKOTOPHIX
IPYTUX YTBEPXKJICHUN HAM MOHAJ00ATCS JBa BCIIOMOTATEIBHBIE YTBEPKIe-
HUdAg.

Jemma 2.3 (Téwmm). Ilycmo (an),-; — nocaedosameavnocmo neompu-

yameavnox wucea, b, = > a;, by = a1 > 0 u b, T oo,n — oco. ITyemo

maxoice (Tp), >, — NOCAEOOBAMEALHOCTVD YUCEN, CLTOOAUAACA K HEKOMOPOMY
=

wucay x. Tozda
1 n
— E a;Tj; — T
by, 4
J=1

B wacmwuocmu, ecau a, =1, mo

r1+ ... +x,
n

— .

Jlokasameavemeo. Tlycrs € > 0 u ng = ng(€) TakoBo, 9TO 115 BCEX N = Ny
|zy, — x| < /2. Boibepem ny > ng tak, 4ro

1 &
—Za-]xj—ﬂ <<
bny 2
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Torpa miass n > ng

1 n 1 n 1 no
b—Zaj:pjfx éb—Zaﬂxjfﬂ:b—Zaﬂxj—x\Jr
n

- 1 & 1
+i- Y. ajlzj—al< fzaj|xj—x\+; > ajle—a| <
" j=no+1 ™Moj=1 " j=no+1
€ by, — b,
) by,

I
/!
)

O

JIemma 2.4 (Kponekep). ITycms (by,),~; — NOCAEO08AMEALHOCTI TOAOHCU-
=
MeAbHbT 803pacmarouwur wuces, b, T o0o,n — 00 u (xy),5; — nocaedosa-
=
MEADPHOCTD YUCEA MAKUT, 4Mo Pad Y, Ty cxodumcs. Tozda

|~

n
ijxj —0, n— oo
Jj=1

=

n

B wacmuocmu, ecau by = n, Ty, = yn/n u pad Y L cxodumca, mo

y1+---+yn_)
n

0, n— oo.

Hoxasameavemeo. Ilycts bg = 0,50 = 0,5, = Z?:l xj. Torma («cymmmpo-
BaHUE 110 JACTIM> )

D by = b (S~ Sj-1) =bnSn —b0So — Y _ Sj1(bj —bj_1)
j=1 j=1 Jj=1

1, 3HQ4UT, Hostarad a; = b; — b;j_1, momyuum

1 & 1 &
Fijxj :Sn—FZSj_laj -0
’I’Lj:1 nj:1

TaK KakK eciau S, — &, To 1o jeMmme Termauia

1 n
bf Z Sj_laj — X.
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HokazareabcTBO TeopeMbl 2.22. ITockoabKy

Sp—ES, 1 ¢ &, — E&,
b ‘bnkzlb’“< b >

TO B cuIy JeMMbl KpoHeKepa Ijs JOKA3aTeIbCTBA TEOPEMBI HOCTATOTHO,
—E. .
q10661 (P-11. H.) cxomumIcs psig Y %. Ho sToT panm meiicTBUTEILHO CXO-

JIUTCSI B CHJIY ycaoBud 2.3 u TeopeMbl 2.20). O

2.9.2 IlenTpanbHasd npeqejbHasa Teopema JImagebGepra

[Tycts wa BepositHOCTHOM npocTpancTee (2, .7, P) onpenenena nocremnosa-
TeJBHOCTH HE3aBUCHMBIX B COBOKYITHOCTH CJIYyIaitHbIX Besqndnd & = Ekx(w), k =
1,2,..., umeromux pynknun pacupesaenenus Fe, (), KOHEUHBIE MATEMATHIE-
ckue oxupanng K&, = uj 1 KOHedHbIe IUCIIePCHI a,% = D¢.

PacecmorpuM mocsie ToBATEIBHOCTh YACTAIHBIX CYMM CIYYAWHDIX BEJTH-
YUWH:

n
S”:Z&“ n=12....
k=1

OmpemeanM COOTBETCTBYIOIIEe MaTeMaTudeckoe oxumanue A, = ES, =
n 2 _ _\"n 2
> heq ik 1 guctepento B = DS, =0, 0.

Paccmorpum yemosue Jlunmebepra:

1 n
B2 / (t = ) dFe, (£) = 0,n — oo, (2.4)
PRl B

s aoboro T > 0.
Beeném caemytomme obo3nagenus:

&k — Mk
gkm - Bn .

Torma
2

g

k —
BiTQL, k‘—l,...,n.

PaccemoTpryM masee HOpMUPOBaHHLIE YACTUYIHLIE CYMMBI:

- S, — A
0 _ _~n n
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nmeem

ES? =0, DSY = 1.

B dbopmyne 2.4 cnenaem 3ameny nepementbix: (t— k) /By = & w nogyunm

n

Z / ?dFy, (z) = ZEginIﬂgkm} —0, n— 00
"=l >r} h=l

nidg Beex T > 0.

OKa3BIBAETCS, UTO TPU YBEJTWIEHHH N pacupeneneHue £ {Sg} npubJu-
JKAETCA K TAYCCOBCKOMY DPACIIPETETICHUI0, XOTSA CJIaraeMble NMEIOT TPOW3-
BOJIBHOE PacIpeiesieHne BEPOITHOCTEH. DTO siBJIEHUE HA3BIBAIOT «Iya0M Jla-
IJjIaca» OCHOBHbIM YCJI0BHUEM BBIIIOJHEHNA 3TOTO Y9yda {ABJAAETCA YCJIOBUE
Jlunnebepra 2.4. BeigcHUM €10 BEPOSITHOCTHBIN CMBICI.

JIemma 2.5. ITycmo na sepoammnocmuom npocmpancmee (2, %, P) onpede-
AEHA NOCAEAOEAMEADHOCTD HEZABUCUMDBLE 6 COBOKYNHOCTNU CAYUATIHVIT GEAlU-
wur & = Ep(w), k=1,2,..., UMEOWUL KOHEYHBIE MATMEMATMUNECKUE 0MHCU-
danus BE, = pup v xorewnne ducnepcuu 013 = D¢, Toeda ecau svinoarneno
yeaosue Jlundebepea 2.4, mo cnpasediusv CACOYOULUE YCAOBUA:

1. Juenepcuu caywatinos eesunwun Egn = Ekn(wW) pasHomepno maavi, mo

ECcmas

0.2

k
max —= = max D&, — 0, (n = o0).
1<k<n B2 1<k<n Sn =0, ( )

2. 0aa caywatinux seaudun g, = Ekn(W) 6BNOANACTICA COOMHMOWENHUE

vr >0, P {1ma<x |Ekn| > T} — 0, (n— ).

<k
Aoxasameavcmeo. 1) Ilo nocrpoenuto {&gy, } nmeem

_ 2 _ 2 2
max Déy, = max BE, = max (B, e, <) + BEinlfjge, >r)) <

2 9 ,
ST 1?;?§HE§1€"I{IEW>T} — 7%, (n — 00).

Orcrofa B cHJTy MPOU3BOJBHOCTH T (MOXKET OBITH BBIOPAHO CKOJTH YTOJTHO
MAJTBIM ) TOTyYaeM TTEPBOE YCJIOBHUE.
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2) Ilo cBoiicTBaM BEPOSTHOCTH MMEEM

P { a6l > b =P U el 7} <

1<k<

ZP{I&WA >T)= 2/ dFy,, (z) <

|z|>T

1
ng E Eégnl{\&mb‘r} — 0, (n — OO) V1 > 0.
k=1

O]

B nanpmeiiniem HAM TPUTOIATCS HEPABEHCTBA, TPUBOINMbBIE B BUIE CJTE-
AYIOIIEH JIEMMBI.

JIemma 2.6. [as awobwxr o € R, B € C,|B| < 1/2 cnpasedausv nepasen-
cmea: e
io] <

le' — 1] < |al; !ei —1-
e — 1 —ia+ 2| < 28 1+ 8) - 8] < |82

oxasameavcmaso. 1IpoBoauTCs HETOCPEACTBEHHO C MCIIOIL30BAHKEM (hOp-
vyl Teityiopa m mpeacraBienueM OCTATOIHOTO wiena B dopme Jlarpan-
2Ka. [

Teopema 2.23 (LIIT Jluagebepra). [lycmo na 6epoammocmmuom npocmpars-
cmee (Q, F,P) onpedeaena nocaedosamesbHoCb HE3ABUCUMBLE 6 COBOKYN-
nocmu caywatnux eeauwun & = Ep(w), k = 1,2,..., umerowuz Koneunsie
mamemamuueckue oncudanus B, = pp u Koneunne ducnepcuu O‘l% = D&;,.
Tozda ecau svinoaneno yeaosue Jlundebepea 2.4, mo

Ve e R FSQL(:U):P{5’2<:(:}—><IJ \ﬁ/ *2du n — 00.

3ameuanue 2.6. [locaednas crodumocms sxeusasenmna caaboti crodumo-
w .
cmu Fgo(-) = ®(-), aneusarenmnot, 6 c6010 ouepedv, crodumocmu no pac-

0 d .
npedeseruro S, — (, ede ( — CAYHATUHAA BEAUNURG, UMENUWAH CMARIGDMHOE
HOPMAALHOE pacnpedeseHue.

Joxasamesvcmeo. JlokarxkeMm KBUBAJIEHTHOE YTBEPKICHUE O CXOANMOCTH
IIOCJIEIOBATEILHOCTH COOTBETCTBYIONINX XapPaKTEPUCTUICCKIX (PYHKIIHIA:

+2

pso(t) — @(t)=e 2, teR.

n—oo
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B cBoio o4epe/ib, MBI MOYXKeM IOKa3aTh SKBUBAJIEHTHYIO CXOJIUMOCTH IIOCJIE-
JloBaTesibHOCTH (DYHKIUI

2
ln(psg(t) — —5, tGR

n—oo

[TocTporM acUMITOTHYECKOE pasyiokeHue i GyHKIwn In pgo (£) B mpoms-
n

BOJIBHOHM TOUuKe t € R, nCmosbp3ysa CBOWCTBA XapaKTePUCTUYECKOH hyHKIUN

u yciaosue Jlungebepra:

mpgo(t) =1 ][ eerny = D (1 + Agu(t)) (2.5)
k=1 k=1
Tae '
Apn(t) = ey, (t) — 1 = Ee'Sn —1

Paccmorpum acumnroruky Ap,(t) npu n — oco. VMcnoss3ys HepaBeHCTBa
JeMMHI 2.6, mMeeM

i . t2 2 o
B0 = (e~ 1 it <E{ G b | =5 - 7E.

Orciona n ycJI0OBUsT PABHOMEPHOH MaJIOCTH JUCTIEPCHE UMeeM

12 a,%
max |Ap,(t) < — max =% — 0.
1<k<n| en(B)] < 2 1<k<n B2 n—oo

3HaUNT, CYMECTBYeT Takoe ng < 00, UYTO JJIsI BCeX N > Mg, s Bcex k €
{1,...,n} BbosHeHo HepaBeHCTBO |Ag, ()] < 1/2.
B dopwmyie 2.5 Bocnonbsyemes ureitHON hopmyoii Teitnopa

n
ogo(t) =D Apn(t) +ra,t €R
k=1

TJie 771 OCTATOYHOTO WJeHa CHpPaBeJINBA CAEMYIONIas OleHKa!

[l = | (14 A (t)) = A ()} < D 1Ak ()] [Aka(t)] <
k=1 k=1

2 o2 2
< max [Ap, (1)) 5 - Y = = max [Ag, ()] =0

1<k<n 2 & B; 2 1<k<n

Taxkum obpaszom, r, — 0, (n — 00) mia Beex ¢ € R.
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OrnienuM Ternepb

Ay, =

t2 - : ,
Inpgo(t) — <2> ‘ = |rn + > E(e™n — 1 — it&,)+
k=1

£ § S (t€n)?
+3 DB Slral + DB e — 1 —itg, + =
k=1 k=1

2
Buibepem npousposbroe 7 > 0 U BOCTIO/IB3yeMCsT JIEMMOI 2.6:

|M+ZE{ \fkny\r}Jr
}

Wpn 1 _ itEhn + ( Ekn)

(t€kn)”
2

etehn — 1 — itéy, +

+y 5 { el > 7
k=1

t*r £;m
’rn"i_ZE ’§ n|\T
(té’kn) |3

n
+3 e : ]|5n\>7}<3,

i jiioboro n > ng u g aoosix t € R 7 > 0. 31ech MbI BOCIIO/IB30BAJINCH
ycnosueM JIuHebepra u mpeabIAyIeit omneHKoii |1, |. B pesyabrare mosryamm

etern 1 —it&y,, +

[tP°r

lim A, <
n—oo
mia ai00ex ¢t € R, 7 > 0. B cumy mpou3BOIbHOCTH T OPUXOAUM K BBIBOIY,
110 A, — 0, (n — 00).
O

2.9.3 Mogenu pocta

PaccmoTpuM HemocpecTBEHHOE IPUMEHEHNE TeHTPATBHON Ipeae bHON Teo-
PEMBI B TaK Ha3BIBAEMBIX «MOJEJSIX POCTay Ha TpuMepe pocTa gepesa. Ha
CaMOM JejIe, 9TH MOMEJN MOTYT YCIEITHO OMUCHIBATEL POCT MOMYJIATHi OaK-
TEpUit, TOMYJIANNN NTUL], PACIIPOCTPaHEHNE TToXKapa U TakK JlaJee.

Ilycts g — pocT nepeBa B MOMEHT TOCAJIKM M MBI TTPOM3BOIUM €3Ke-
TOMHBIN 3aMep BBICOTHI AEPeBa T1, L9, . .., Ty. Hac Oyaer nHTepecoBaTh POCT
nepeBa X B HEKOTODHIN «Tad€KNiTy MOMEHT BpeMeHH. fICHO, UTO POCT JiepeBa
3aBUCHAT OT MHOXKECTBA (PAKTOPOB, TIOITOMY MPOTHO3 OyIeT BePOSTHOCTHBIM:
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C HEKOTOPO#l BEPOSTHOCTBIO BBICOTA, JiepeBa Oy/ieT He MEHBIIE YeM CTOJTHKO-TO
MerpoB. Takoe 3akjIOUeHNE HEJIb3s, KOHEYHO, UCII0/Ib30BAThH, YTOOBI MIPEI-
CKa3aTh POCT OJHOI'O JIEPEBA, HO OHO MOXKET OBbITh YCIEIIHO HUCIO/IH30BAHO
JJIsI HEKOTOPOT'O JIECHOTO MaCCUBa, MOCA’KEHHOTO B OTHO BpeMd.

WNrax, mycts 21,29, ...,T, — Peaan3anud u3ydaeMoil CAydaiinoil Besn-
unHbl X B NPENOJOXKEHNN He3aBucUMOcTH m3meperuit. Oboznaanm

Al‘k =Tk — Tk-1

— IpUPOCT JepeBa 3a roj. Ilpemmosnokum, 410 «cyMMapHbIil hakTop pocTray
&L BJIMSIET HA BEJIMYMHY POCTA JIMHEHHO, TO €CTh

Azxy, = oy,

e £, — He3aBUCHMBIE OJUHAKOBO pacIpeIeéHHbIe CIydailHble BEIUINHDI.
Honoxum E€;, = a, D€, = b%. EcrecTBEHHO MPEAIONIOKUTD, ITO

ar = g(zr-1),

rie g(x) — wenpepoisaa u g(z) > 0.

Torma
Axy,

g(xp—1)’
[IpocymMmmupyem obe dactu 1o k:

Z & = Z Az
=1

el g(zr—1)

& =

B mpaoit qacTu paBeHCTBA CTOUT MHTEIPAJIbHAS CYMMA, 3HATUT

" T
kz_lﬁkNJg(t)-

Tak kKak B JIeBO#l 9ACTU CTOUT CYMMa HE3aBUCUMBIX OJIMHAKOBO PACIIPEe/IeTEH-

HBIX CJIYIafHBIX BEJIUUNH, TO TI0 MEHTPAJIBHON NPEeIeIbHON TeopeMe Cydaii-
n
N 2
Hag BeJMUMHA Y { CTPEMHUTCH K HOpMaJbHOMY pactpeseneruto N (p, %),
k=1

rie 4 = na, o2 = nb?. O6o3HAIIM

Tn

dt
/g(t) = h(z).

zo
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dcno, aro h(x) — neyboBatomas dynkius. Tormga

P{X <z} = P{h(X) < h(z)} ~ ® (fb(”““zj_“) 2> 0.

EcrecTBenHO 37€Ch IPEIIONOKNUTE, 910 ¢(t) = t. B sTOoM cayuae

F(x):¢<m>,x>o.

g

Pacnipenenenue, coorBeTcTBYOMIEE 3TON (PYHKIIUN PACIPEICTCHIST, HA3BIBA~
eTCst JOTHOPMAJIBHBIM pacupegenenneM. Hazpanme ciemyer u3 TOr0, 9TO

In(X) ~ N(u,0%).
OyHKNUS IOTHOCTH OYIEeT paBHA

1 _(nz—p?

xr) = ——e 202 y T > 0
p(z) oV 2tz
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2.10 3agadya perpeccun. YCJIOBHOE MaTEMATHIECKOE
OXKHJIaHUE

[TycTe mMmeroTcs JBe cydaiiible BeJIMauHbl £ U 1), TPUIEM 3HAUEHUS CITydaii-
HOIl Besmumabl § Habmomaembl. Tpebyercs naiitn dyHkuuio g = g(x) Tax,
9T00BI
2 .
E(n —9(£))” — min.

Dra 3a7aua HA3BIBACTCS 3aJ1a9eil perpeccuu.
Kak naiitu dynknmio g = g(z)? Hauném ¢ camoro npocroro Ciaydas.

1. Ilycts € = {(w) — BLIpOXK/eHHAs CIydaiiHas BEJHTHHA, TO €CTh, CyIIle-
crByer Takad Koucranta ¢, uro P{{ = ¢} = 1. Torga nam myx#O Haiitu
b = g(c), Takyto, 94T0

E(n — b)* — min.

DTy 337249y MBI Perrajn KOTa PacCMaTPUBAJIN CBOMCTBA, JIUCITEPCHH:

b=g(c)=En.

2. llycTh Temepnb £ — caaydaiiHasl BeIUTINHA JUCKPETHOTO THUMA ¢ KOHETHBIM
YUCJIOM 3HAYCHUN, TO €CTh,

§w) =Y eala, (W),

n

e A, = {w: &(w) =cpt.

Creném perrrenne 9To# 331891 K MPEIbIAYINe. 3adukcupyeM 3HATEHNT
n ¥ HainEM ¢(§) upu ycaosuu, uro cobbirue { = ,,} npousomuwio. Ilomoxum
9(n) = by. Torma vHaM HYKHO MUHUMH3UPOBATH

E(n—g(©)? =3 / (1 — by)?P(dw).
n A,

Ob6o3naunMm uepes

P, () = P(14,) =

— YCJIOBHYIO BePOSATHOCTH. Torja u3 MpebIAyIIero ciayydas CJelyer, 4To

[ee]

bp =Enn = /nPn(dw) = P(zn) / nla, P(dw) =

— 00

P(Zn) E(nIAn)‘

n
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3HAYUT,

9(&) = glea)la, = bula, =Y P(zn)E(nIAn)fAn-

[locnennee BRIparkeHWe HA3BIBAETCS YCAOBHBIM MATEMATHYIECKUM OXKWTAHHU-
eM CIyJaifiHoil BeMUYIHHBI 1) OTHOCUTENBHO caydaiinoit Beanyanust £. O6o3Ha-
qaeTCA 3TO TaK:

B0l = 3 prayEa) .

3. Ilycrb, nakonerr, £ — ciayuaiinas BenauHa HEIPEPBIBHOrO Trma. Ham 661
XOT€JIOCh ITPUMEHUTH TOT K€ IIOJIX0J, 9TO U B CJydae JUCKPETHOI'O paciipe-
JeJIEHNsT, U BLIYUCIUTD YCJAOBHOE MaTEMATHIECKOe OYKUTAHNE OTHOCUTETHHO
cobbitust {{ = x} muag Beex z. Ho MbI 3HAaem, 4T0 B ciydae HENmpepbIBHOTO
pacnpenenernst P{{ = x} = 0. Tem He MeHee, HalWIEM YCIOBHYO (DYHKITHO
IJIOTHOCTH CJIyYaiiHOW BEJIMYMHBI 1) OTHOCUTENBHO coObiTust {€ = x}.

IlycTsb pe y(x,y) — coBMecTHasT DYHKIMA IOTHOCTH CJIy9aitHOM BeIndn-
ubl € u 1. Bragase 3anuiiem ycJoBHYIO QyHKIUIO PACIpPEeIeHIs:

Frg(yle) =P{n <yl¢ =a} = lim P{n<ylo < <o+ Au}=

Y T+Ax

dt t,s)ds
. Pp<y, x<E<a+ Ax} i _{O {pgm( )

T Ars0 Pz <&é<z+ Az} Ars0 a+Aw
pg(t)dt

T

[Tpumensia TeopeMy 0 CpeaHEM i MOCAEIHNX UHTEIPAJIOB, MOy INM

y y
[ pen(t,d)Axdt | pen(t,x)dt

Pl <yle ==} = Alrlpgo pe(c’)Ax - pe(x)

(x < d <z4+Az, 2 < " < x+Ax). Buauur, ycnosuas QyHKIMS ITIOTHOCTH
Hyser paBHa:

pf,n(ma y)
poe(yle) = =2——=.
ulf3 pg(fL’)
Torma, cneqyst aHAJIOTUIHBIM PACCYXKIEHUAM, ITO U BBIIE, TTOTYIAM
“+o00
g(z) =Emn = /ypmg(ylx)dy
-0

Takum obpazom, Mbl Harm Bug, dyHknnu ¢ = g(x). 910 — yCI0BHOE Ma-
TEMATHYIECKOE OYKUIAHUE CIYUIARHON BEJMUNHBI 7) OTHOCHTENBHO COOBITHSI

{& ==}
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Cutyyaii HOpMAJIBHOIO pacipeesIeHUs

Ocobo Bbiiennm caydaii, korga (£,7) — HOPMaJIBHbIA BEKTOD.

Teopema 2.24 (o HopMaIBHO# Koppesanun). [Tycms (€,m) — nopmaivhvid
CAYUATHOIT 8EXMOP, ¢ BEKMOPOM CpeOHUT 3naxerut (M1, ma) U K08aPUALU-

OHHOU Mampuyeri
A ( I Oov(f,m)
Cou(§,m)  Dn

npuswém DE > 0. Tozda onmumaavras ovenka g(&) cayuatinot eesunumos 1
no & ecmo

9(6) = Elale) = By + “0e ¢ — B,
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