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The assumption proposed in [U. Balucani et al., Phys. Rev. B 47, 3011 (1993)] that the space and time depen-
dences of the characteristics of the microscopic structure and dynamics for the group of liquid alkali metals
are reduced to a common general form through scaling transformations has been discussed. It has been found
that such description is possible when scale units are (i) the effective size of a particle corresponding, in par-
ticular, to the experimentally measured position of the main peak in the static structure factor, (ii) the char-
acteristic time scale of the thermal mean free path of the particle, and (iii) the parameters of the “liquid”–
“crystal” phase separation (in particular, the melting temperature). This conclusion follows directly from the
comparative analysis of experimental data on X-ray diffraction, as well as on the inelastic neutron and X-ray
scattering data. This work develops the ideas proposed in [A. V. Mokshin et al., J. Chem. Phys. 121, 7341
(2004)].
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The statement that microscopically structurally
dynamic features of liquids of a certain type (groups of
liquefied inert gases Ar, Ne, Kr, Xe; groups of liquid
single-component semiconductors with the same
coordinate number, e.g., Ge, Si; liquid alkaline earth
metals Be, Ca, Mg, Sr; liquid alkali metals; etc.) are
universal for this type appears to be not so unambigu-
ous as one could expect. This is most clearly seen in
the case of ambiguous treatment of experimental data
and results of molecular dynamics simulation for liq-
uid alkali metals, which are typical representatives of
the class of simple liquids [1–3].

According to the general concepts of the molecular
kinetic theory, it is reasonable to expect that the gen-
eral character of the interaction between particles in
systems of a certain type in identical (equilibrium)
thermodynamic phase states should generate a similar
structure as well as the single-particle and collective
dynamics of a similar character. These concepts
underlie the development of theories (usually micro-
scopic) for the description of microscopic dynamics,
where one of the key input parameters is the potential
of interaction between particles (as was done, e.g., for
liquid alkali metals in [4]). It is remarkable that the
molecular dynamics simulations [1] for liquid alkali
metals (Na, K, Rb, and Cs) near the melting point
with the Price–Singwi–Tosi model pseudopotential
also indicate that static and dynamic structural cor-
relations for all alkali metals are universally scaled.
Earlier attempts at testing the manifestation of such

“universality”1 with theoretical and molecular
dynamics considerations were reported in [5–9]. Nev-
ertheless, the most reliable evidence of correctness of
these considerations and conclusions could be their
confirmation by experimental data. This became pos-
sible owing to the development of technique of inelas-
tic X-ray scattering [10]. This technique allows obtain-
ing the corresponding experimental data for liquid
lithium [11], sodium [3, 12, 13], and potassium [14,
15] and, thereby, supplementing previous experimen-
tal results obtained with the inelastic neutron scatter-
ing for liquid potassium [16], rubidium [17], and
cesium [18]. It is noteworthy that all these measure-
ments provided the dynamic structure factor ,
which contains information on the structure and col-
lective dynamics of particles with the characteristic
time  and spatial  scales (here, 
and  are the frequency and wavenumber, respec-
tively). Furthermore, an important feature of these
experiments is that they were performed for melts at
temperatures near the melting point (see Table 1). For
this reason, the thermodynamic phase state of systems
can be characterized by only the reduced temperature

, where  is the melting temperature of the cor-
responding system (see Table 1).

Comparing experimental spectra of the dynamic
structure factor [2, 3, 19] and features of these spectra

1 Corresponding to the so-called “principle of corresponding
states” [1].
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[20] for liquid alkali metals, different researchers
arrived at different conclusions. In this work, in order
to resolve existing contradictions, we analyze in detail
existing experimental data on both the microscopic
structure and dynamics of liquid alkali metals. It is
obviously important to choose the corresponding
parameters for scaling. It is reasonable to take the spa-
tial scale unit in the form , which corre-
sponds to the effective size of particles in the system;
here,  is the position of the main maximum of the
static structure factor. Further, it is reasonable to take
the time scale unit in the form ,
where  is the mass of the particle. In other words, 
is the time of the thermal mean free path of the particle
at the spatial scale . Correspondingly, the fre-
quency scale unit is .

Microscopic structure. The static structure factor
 is the zeroth frequency moment (normalization

condition) of the dynamic structure factor [21]:

In the case of simple liquids, results for the static
structure factor related to the radial distribution func-
tion of particles  through the sine or cosine Fou-
rier transform,

can be directly compared because the static structure
factor  is measured in neutron and X-ray diffrac-
tion experiments (  is the density). In particular,
Fig. 1a shows experimental data for the static structure
factor of liquid lithium, sodium, potassium, rubidium,
and cesium near the melting point [22]; in this case,
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the static structure factor is represented as a function
of the reduced wavenumber k/km. According to Fig. 1,
experimental data for all considered systems can be
described by a single dependence on k/km, which is
quite expected. The intensities of peaks of the static
structure factor , as well as their positions, in rel-
ative units are the same for all systems.

The radial distribution functions of atoms recon-
structed from experimental data for  and recalcu-
lated with the reduced argument r/rm are shown in
Fig. 1b. These radial distribution functions for all sys-
tems are also reproduced by a single curve. It is
remarkable that the function  does not manifest
any crystal structure, including a structure with a bcc
lattice typical of crystalline alkali metals [23]. The
shape of the principal maximum of the function 
does not include any features in the form of broaden-
ings and “sholders.” This property is typical of simple
liquids where the interparticle (interatomic, ion–ion)
interaction is correctly described by a spherical poten-
tial [24]. It is noteworthy that calculations with spher-
ical pseudopotentials for liquid alkali metals are in
better agreement with experimental data on the struc-
ture and dynamics than those with ЕАМ many-body
potentials [25–27]. The ratio of the so-called right to
left half-width of the main maximum at the height

 gives the coefficient of asymmetry of the peak
with the value . The heights of the corre-
sponding maxima  are the same for all systems,
and for the first three maxima, we have

The positions of the first three maxima  character-
izing the first three pseudocoordination spheres (see
Fig. 1b) are determined by the values

With an increase in the index of the pseudocoordina-
tion sphere, the width of the corresponding layer
decreases. This is typical of a disordered system, where
directional bonds in the interaction between particles
are absent [28]. In particular, the widths of the first,
second, and third coordination spheres, which are
defined as the distances between the corresponding
minima in the radial distribution function, are

, , and , respec-
tively (see Fig. 1b).

Microscopic collective dynamics. The dynamic
structure factor  for the inelastic neutron scat-
tering can be extracted directly from the experimental
data [21, 29]. At the same time, the intensity of inelas-
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Table 1. Some physical parameters near the melting tem-
perature : density , mass , and effective size  of the
atom, reduced temperature of the considered states ,
and spatial  and time  scale units

Parameter Li Na K Rb Cs

Tm (K) 453.70 371.00 336.35 312.64 301.55

ρm (g/cm3) 0.534 0.971 0.856 1.532 1.873

m (10−24 g) 11.5 38.2 64.9 141.9 221.0

σ (Å) 2.65 3.34 4.15 4.41 4.8.0

T/Tm 1.021 1.019 1.019 1.002 1.005

rm (Å) 2.51 3.14 3.93 4.19 4.36

tm (ps) 0.05 0.13 0.23 0.37 0.51

mT ρm m σ
m/T T

mr mt
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tic of X-ray scattering  defined as is the convo-
lution of  with the experimental resolution
function  [30]:

(1)

The intensity, as well as the dynamic structure factor,
is measured in units of time (e.g., in seconds). Since
the deconvolution of the integral expression in Eq. (1)
and the extraction of  values are quite labori-
ous, experimental data in this case are usually treated
in terms of the scattering intensity  whose form
(dependences on  and ) completely corresponds to
the form of . Such approach was implemented
in [3] when comparing experimental data on inelastic
X-ray scattering in liquid lithium and sodium (and
aluminum).

For liquid alkali metals (lithium, sodium, and potas-
sium) near the melting temperature, the experimental
spectra of the intensity of scattering of X rays  [3,
11, 31] corresponding to different regions of the wave-
number , but with maximally close  values, were
selected and reduced to the dimensionless form

. Figure 2 shows these spectra for liquid lith-
ium at a temperature of T = 475 K ( ),
sodium melt at a temperature of T = 390 K
( ), and liquid potassium at a tempera-
ture of T = 343 K ( ).

According to Fig. 2, the spectra coincide with each
other within the experimental errors. The shapes of
the central and inelastic components of the intensities

 for melts are almost identical. All these fea-
tures indicate that the microscopic dynamics of liquid
alkali metals in the corresponding states is universal
and the collective atomic dynamics of liquid alkali
metals can be theoretically described with general
scaling laws.

As is known, the position of the high-frequency
peak  in spectra of the dynamic structure factor

 correlates with the position of the high-fre-
quency peak in the spectral density of the longitudinal
flux  and, thereby, corresponds to the disper-
sion law of acoustic vibrations with longitudinal polar-
ization [32, 33]. Following [20] and assuming that the
positions of high-frequency peaks in the spectra of the
intensity  and the spectra of the dynamic struc-
ture factor  are close to each other, one can esti-
mate dispersion laws for liquid alkali metals using data
on inelastic X-ray scattering (for lithium [11], sodium
[3], and potassium [31]) and on inelastic neutron scat-
tering (for rubidium [17] and cesium [18]).

The dispersion curves  for liquid alkali metals
are shown in Fig. 3a. This figure clearly demonstrates
similarity in the dispersion laws and the following
property: as the atomic number increases, the position
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of the maximum  is shifted toward lower  values
and the height of the maximum  of the dispersion
curves decreases. Furthermore, as is seen in the insets,
the quantities  and  directly correlate with the
scale units  and  estimated for liquid alkali met-
als. This correlation indicates a universal character of
the dispersion law inside this group of liquids (see also
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ωmax

maxk ωmax

mk ωm

Fig. 1. (Color online) (a) Static structure factor  versus
the reduced wavenumber  and (b) radial distribution
of particles  versus the reduced distance  in liquid
alkali metals [22].
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Fig. 5 in [20]). The dispersion curves recalculated in
reduced units  and  are shown in Fig. 3b.
Although these curves in this representation have a
blurred maximum at very low wavenumbers

, which is unusual for dispersion
laws, the common character of dispersion laws for
these melts is obvious. Moreover, this maximum in the
dispersion curve  correlates with the
effect of so-called positive sound dispersion well
known in the microscopic dynamics of liquids [34].
Small differences in the low-k region are significantly
due to errors of experimental data, which complicate

mk ωm

. ± .�m/ 0 2 0 05k k

ω ωm m( / )/k k

the estimation of exact  values. This result has an
important consequence. For example, for the low-k
limit, we obtain

(2)

where  is the adiabatic speed of sound.
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Fig. 2. (Color online) Spectra of inelastic scattering of
X rays for liquid lithium at a temperature of T = 475 K,
sodium melt at a temperature of T = 390 K, and liquid
potassium at a temperature of T = 343 K [3, 11, 31] at dif-
ferent wavenumbers . The experimental errors of the
intensity are shown only for liquid lithium.
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Fig. 3. (Color online) (a) Dispersion relation of the high-
frequency peak  in the scattering spectra of liquid
alkali metals. The upper inset shows the correlation
between the position of the maximum  in the disper-
sion relation and the scale unit . The lower inset shows
correlation between the maximum in the dispersion rela-
tion  and the frequency scale unit . (b) Dispersion
relation of the high-frequency peak in reduced units. The
vertical dashed straight line at  corresponds to
the boundary of the first Brillouin zone.
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Then, taking into account that  and
, where  is the ratio

of specific heats, we find

(3)

Here, the first equality means that the ratio of the adi-
abatic speed of sound  to the thermal velocity of par-
ticles  for liquid alkali metals in the corresponding
thermodynamic states is the same. In particular, using
the known  values for liquid lithium, sodium, potas-
sium, rubidium, and cesium (see, e.g., Table 1 in
[30]), we obtain . The second
equality in Eq. (3) makes it possible, in particular, to
determine the static structure factor in the low-k limit,

, with known  values, which for
liquid metals are presented, e.g., in [30]. For example,

 for liquid lithium,  for
liquid sodium,  for liquid potassium,
and  for liquid cesium.
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