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Ïðåäèñëîâèå

Ïîñîáèå íàïèñàíî íà îñíîâå îïûòà, íàêîïëåííîãî â òå÷åíèè ðÿäà ëåò âåäåíèÿ ëà-

áîðàòîðíûõ çàíÿòèé ïî óðàâíåíèÿì ìàòåìàòè÷åñêîé ôèçèêè â èíñòèòóòå âû÷èñëè-

òåëüíîé ìàòåìàòèêè è èíôîðìàöèîííûõ òåõíîëîãèé Êàçàíñêîãî ôåäåðàëüíîãî óíè-

âåðñèòåòà.

Â ïåðâîé ãëàâå ðàññìàòðèâàåòñÿ êëàññèôèêàöèÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ, ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé ãèïåðáîëè÷åñêèõ, ïàðàáîëè÷åñêèõ

è ýëëèïòè÷åñêèõ òèïîâ, ïðèâîäÿòñÿ ïðèìåðû êàê äëÿ óðàâíåíèé ñ ïîñòîÿííûìè êî-

ýôôèöèåíòàìè, òàê è äëÿ óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

Âî âòîðîé ãëàâå ïîäðîáíî ðàññìàòðèâàåòñÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøå-

íèÿ ðàçëè÷íûõ êðàåâûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ, ñîäåðæàòñÿ ïðèìåðû ðåøåíèÿ îñíîâíûõ çàäà÷, ïðèâîäÿòñÿ ïðèìåðû äëÿ ñàìî-

ñòîÿòåëüíîãî ðåøåíèÿ.

Ïðåäïîëàãàåòñÿ, ÷òî ÷èòàòåëü çíàêîì ñî ñòàíäàðòíûìè êóðñàìè ìàòåìàòè÷åñêîãî

àíàëèçà, ëèíåéíîé àëãåáðû, îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé(Íàïðèìåð

[2], [4]).

Ïîñîáèå ïðåäíàçíà÷åíî äëÿ ñòóäåíòîâ Èíñòèòóòà âû÷èñëèòåëüíîé ìàòåìàòèêè

è èíôîðìàöèîííûõ òåõíîëîãèé, îáó÷àþùèõñÿ ïî íàïðàâëåíèÿì �Èíôîðìàöèîííûå

ñèñòåìû è òåõíîëîãèè�.

Ìíîãèå âîïðîñû, çàòðîíóòûå â ïîñîáèè, îáñóæäàëèñü ñ ñîòðóäíèêàìè êàôåäðû

âû÷èñëèòåëüíîé ìàòåìàòèêè Êàçàíñêîãî ôåäåðàëüíîãî óíèâåðñèòåòà. Àâòîðû âûðà-

æàþò èì ñâîþ èñêðåííþþ áëàãîäàðíîñòü.
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Ãëàâà 1

Êëàññèôèêàöèÿ è ïðèâåäåíèå ê

êàíîíè÷åñêîìó âèäó óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ âòîðîãî

ïîðÿäêà

Óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè 2-ãî ïîðÿäêà ñ n íåçàâèñèìûìè ïåðåìåííû-

ìè x1, ..., xn(ñì. [1], [3], [5]), íàçûâàåòñÿ ñîîòíîøåíèå ìåæäó íåèçâåñòíîé ôóíêöèåé

u(x1, ..., xn) è åå ÷àñòíûìè ïðîèçâîäíûìè äî 2-ãî ïîðÿäêà âêëþ÷èòåëüíî:

F (x1, ..., xn, u, ux1 , ..., uxn , ux1x1 , ..., uxixj
, ...uxnxn) = 0, i, j = 1...n.

Ìû ïîëüçóåìñÿ ñëåäóþùèìè îáîçíà÷åíèÿìè äëÿ ïðîèçâîäíûõ

uxi
=

∂u

∂xi
, uxixj

=
∂2u

∂xi∂xj
, è ò.ä.

Óðàâíåíèå íàçûâàåòñÿ ëèíåéíûì îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ, åñëè îíî

èìååò âèä:

n∑
i,j=1

aijuxixj
+ Fn(x1, ..., xn, u, ux1 , ..., uxn) = 0, (1.1)

ãäå aij, i, j = 1, ..., n ìîãóò áûòü ôóíêöèÿìè x1, ..., xn. Åñëè êîýôôèöèåíòû aij, i, j =

1, ..., n çàâèñÿò íå òîëüêî îò x1, ..., xn, à ÿâëÿþòñÿ, ïîäîáíî Fn , ôóíêöèÿìè x1...xn, u,

ux1 , ..., uxn , òî òàêîå óðàâíåíèå íàçûâàåòñÿ êâàçèëèíåéíûì.

Óðàâíåíèå íàçûâàåòñÿ ëèíåéíûì, åñëè îíî ëèíåéíî êàê îòíîñèòåëüíî ñòàðøèõ

ïðîèçâîäíûõ uxixj
, i, j = 1, ..., n, òàê è îòíîñèòåëüíî ôóíêöèè u è åå ïåðâûõ ïðîèç-

âîäíûõ uxi
, i = 1, ..., n:

n∑
i,j=1

aijuxixj
+

n∑
i=1

biuxi
+ cu+ f = 0, (1.2)
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Ãëàâà 1. Êëàññèôèêàöèÿ è ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

ãäå aij, bi, c, f, i, j = 1, ..., n - ôóíêöèè òîëüêî x1, ..., xn. Åñëè êîýôôèöèåíòû óðàâíåíèÿ

(1.2) íå çàâèñÿò îò x1, ..., xn, òî îíî ïðåäñòàâëÿåò ñîáîé ëèíåéíîå óðàâíåíèå ñ ïîñòî-

ÿííûìè êîýôôèöèåíòàìè. Óðàâíåíèå íàçûâàåòñÿ îäíîðîäíûì, åñëè f(x1, ..., xn) = 0.

Çàïèøåì êâàäðàòè÷íóþ õàðàêòåðèñòè÷åñêóþ ôîðìó óðàâíåíèÿ (1.1)

Q(λ1, ..., λn) =
n∑

i,j=1

aijλiλj. (1.3)

Â êàæäîé ôèêñèðîâàííîé òî÷êå x ∈ D êâàäðàòè÷íóþ ôîðìó Q ïðè ïîìîùè àô-

ôèííîãî ïðåîáðàçîâàíèÿ ïåðåìåííûõ λi = λi(ξ1, ..., ξn), i = 1, 2, . . . n, ìîæíî ïðèâåñòè

ê íîðìàëüíîìó(èëè êàíîíè÷åñêîìó) âèäó

Q =
n∑

i=1

αiξ
2
i , (1.4)

ãäå êîýôôèöèåíòû αi ïðèíèìàþò çíà÷åíèÿ 1,−1, 0.

Êàíîíè÷åñêèì âèäîì óðàâíåíèÿ (1.1) íàçûâàåòñÿ âèä, â êîòîðîì åãî õàðàêòåðè-

ñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà ïðèíèìàåò íîðìàëüíûé (èëè êàíîíè÷åñêèé) âèä:

n∑
i=1

αiuxixi
+ F̄n(x1...xn, u, ux1 ...uxn) = 0. (1.5)

Ãîâîðÿò, ÷òî ëèíåéíîå óðàâíåíèå (1.1) â êàæäîé òî÷êå x ∈ D

ýëëèïòè÷åñêîå - åñëè êîýôôèöèåíòû αi êàíîíè÷åñêîé ôîðìû âñå îòëè÷íû îò íóëÿ

è îäíîãî çíàêà,

ãèïåðáîëè÷åñêîå - åñëè êîýôôèöèåíòû αi êàíîíè÷åñêîé ôîðìû âñå îòëè÷íû îò

íóëÿ è íå âñå îäíîãî çíàêà,

ïàðàáîëè÷åñêîå - åñëè õîòÿ áû îäèí êîýôôèöèåíò αi êàíîíè÷åñêîé ôîðìû ðàâåí

íóëó(íî íå âñå).

Ðàññìîòðèì ëèíåéíîå óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçà-

âèñèìûìè ïåðåìåííûìè

a11uxx + 2a12uxy + a22uyy + F2(x, y, u, ux, uy) = 0. (1.6)

Çàïèøåì êâàäðàòè÷íóþ õàðàêòåðèñòè÷åñêóþ ôîðìó óðàâíåíèÿ (1.12)

Q(λ1, λ2) =
2∑

i,j=1

aijλiλj = a11λ
2
1 + 2a12λ1λ2 + a22λ

2
2 (1.7)

è äèñêðèìèíàíò êâàäðàòè÷íîé ôîðìû

∆ = −

∣∣∣∣∣ a11 a12
a12 a22

∣∣∣∣∣ = a212 − a11a22. (1.8)

Ãîâîðÿò, ÷òî ëèíåéíîå óðàâíåíèå (1.2) â êàæäîé òî÷êå (x, y) ∈ D

ýëëèïòè÷åñêîå - åñëè ∆ < 0;

ãèïåðáîëè÷åñêîå - åñëè ∆ > 0;

6



Ãëàâà 1. Êëàññèôèêàöèÿ è ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

ïàðàáîëè÷åñêîå - ∆ = 0.

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ ïåðåìåííûõ

ξ = φ(x, y), η = ψ(x, y), u(x, y) = v(ξ, η). (1.9)

äîïóñêàþùåãî îáðàòíîå ïðåîáðàçîâàíèå, ìû ïîëó÷àåì íîâîå óðàâíåíèå, ýêâèâàëåíò-

íîå èñõîäíîìó.

Ïðåîáðàçóÿ ïðîèçâîäíûå ê íîâûì ïåðåìåííûì, ïîëó÷àåì:

ux = vξξx + vηηx,

uy = vξξy + vηηy,

uxx = vξξξ
2
x + 2vξηξxηx + vηηη

2
x + vξξxx + vηηxx,

uxy = vξξξxξy + vξη(ξxηy + ξyηx) + vηηηxηy + vξξxy + vηηxy,

uyy = vξξξ
2
y + 2vξηξyηy + vηηη

2
y + vξξyy + vηηyy.


(1.10)

Ïîäñòàâëÿÿ çíà÷åíèÿ ïðîèçâîäíûõ èç (1.10) â óðàâíåíèå (1.1), áóäåì èìåòü:

ā11uxx + 2ā12uxy + ā22uyy + F̄ (x, y, u, ux, uy) = 0, (1.11)

ãäå

ā11 = a11ξ
2
x + 2a12ξxξy + a22ξ

2
y ,

ā12 = uξξxηx + a12(ξxηy + ηxξy) + a22ξyηy,

ā22 = a11η
2
x + 2a12ηxηy + a22η

2
y.

Çàìåòèì, ÷òî åñëè èñõîäíîå óðàâíåíèå (1.1) ëèíåéíî, òî è óðàâíåíèå (1.11) îñòàåòñÿ

ëèíåéíûì è åñëè ïðåîáðàçîâàíèå ïåðåìåííûõ ëèíåéíî, òî F̄ = F , òàê êàê âòîðûå

ïðîèçâîäíûå îò ξ è η â ôîðìóëàõ (1.10) ðàâíû íóëþ è F̄ íå ïîëó÷àåò äîïîëíèòåëüíûõ

ñëàãàåìûõ îò ïðåîáðàçîâàíèÿ âòîðûõ ïðîèçâîäíûõ.

Ãîâîðÿò, ÷òî ëèíåéíîå óðàâíåíèå (1.2) â êàæäîé òî÷êå (x, y) ∈ D

ýëëèïòè÷åñêîå - åñëè åãî êàíîíè÷åñêèé âèä

uξξ + uηη + b̄1uξ + b̄2uη + c̄u+ f̄ = 0,

ãèïåðáîëè÷åñêîå - åñëè åãî êàíîíè÷åñêèé âèä

uξξ − uηη + b̄1uξ + b̄2uη + c̄u+ f̄ = 0,

uξη + b̄1uξ + b̄2uη + c̄u+ f̄ = 0,

ïàðàáîëè÷åñêîå - åñëè åãî êàíîíè÷åñêèé âèä

uηη + b̄1uξ + b̄2uη + c̄u+ f̄ = 0.
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1.1 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

1.1 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîñòî-

ÿííûìè êîýôôèöèåíòàìè

Â ýòîì ïàðàãðàôå ìû áóäåì ðàññìàòðèâàòü óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ 2-ãî

ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è n íåçàâèñèìûìè ïåðåìåííûìè.

Àëãîðèòì

1. Ïðèâîäèì õàðàêòåðèñòè÷åñêóþ êâàäðàòè÷íóþ ôîðìó ê êàíîíè÷åñêîìó (íîð-

ìàëüíîìó) âèäó (1.5) (ìåòîäîì âûäåëåíèÿ ïîëíûõ êâàäðàòîâ). Âûïèñûâàåì

ìàòðèöó ïðåîáðàçîâàíèÿ, îñóùåñòâëÿþùóþ ýòîò ïðîöåññ:


µ1

µ2

...

µn

 =


α11 α12 · · · α1n

α21 α22 · · · α2n

...
...

. . .
...

αn1 αn2 · · · αnn


︸ ︷︷ ︸

A


λ1
λ2
...

λn

 , detA ̸= 0.

2. Íàõîäèì ìàòðèöó Γ çàìåíû ïåðåìåííûõ ïî çàêîíó

Γ = (AT )−1.

3. Ïðîèçâîäèì çàìåíó ïåðåìåííûõ:


ξ1
ξ2
...

ξn

 =


γ11 γ12 · · · γ1n
γ21 γ22 · · · γ2n
...

...
. . .

...

γn1 γn2 · · · γnn


︸ ︷︷ ︸

Γ


x1
x2
...

xn

 .

Ðåçóëüòàòîì ïðîèçâåäåííîé çàìåíû áóäåò êàíîíè÷åñêèé âèä (1.5) óðàâíåíèÿ (1.1).

Çàäà÷è äëÿ ñàìîñòîÿòåëüíîé ðàáîòû ìîæíî íàéòè [6], [7], [8]. Ðàññìîòðèì íåêî-

òîðûå èç íèõ.

Ïðèìåðû. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèÿ.

Ïðèìåð 1. Ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ

uxy − 2uxz + uyz + ux +
1

2
uy = 0.

Õàðàêòåðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà äàííîãî óðàâíåíèÿ èìååò âèä

Q(λ1, λ2, λ3) = λ1λ2 − 2λ1λ3 + λ2λ3.

8



1.1 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Ïðèâåä¼ì å¼ ê êàíîíè÷åñêîìó âèäó:

Q(λ1, λ2, λ3) = λ1λ2 − 2λ1λ3 + λ2λ3 =


ν1 = λ1 + λ2

ν2 = λ1 − λ2

ν3 = λ3

 =

1

4
(ν21 − ν22)− (ν1 + ν2)ν3 +

1

2
(ν1 − ν2)ν3 =

1

4
(ν21 − ν22)−

1

2
ν1ν3 −

3

2
ν2ν3 =

=
1

4
(ν21 − 2ν1ν3 + ν23)−

1

4
(ν22 + 6ν2ν3 + 9ν23) + 2ν23 =

=
1

4
(ν1 − ν3)

2 − 1

4
(ν2 + 3ν3)

2 + 2ν23 =

=
1

4
χ2
2 −

1

4
χ2
2 + 2χ2

3 = µ− 12 − µ2
2 + µ2

3.
µ1 =

1

2
(λ1 + λ2 − λ3),

µ2 =
1

2
(λ1 − λ2 + 3λ3),

µ3 =
√
2λ3,

òî åñòü

 µ1

µ2

µ3

 =

 1
2

1
2

−1
2

1
2

−1
2

3
2

0 0
√
2


︸ ︷︷ ︸

A

 λ1
λ2
λ3

 .

Íàéä¼ì ìàòðèöó çàìåíû ïåðåìåííûõ Γ:

Γ = (AT )−1 = − 2√
2

 −
√
2
2

−
√
2
2

0

−
√
2
2

√
2
2

0
1
2

−1 −1
2

 =

 1 1 0

1 −1 0

−
√
2
2

√
2

√
2
2

 .

Îñóùåñòâëÿåì çàìåíó ïåðåìåííûõ:

 ξ

η

ζ

 =

 1 1 0

1 −1 0

−
√
2
2

√
2

√
2
2


 x

y

z

 , èëè


ξ = x+ y,

η = x− y,

ζ = −
√
2

2
x+

√
2y +

√
2

2
z.

×òîáû ïîäñòàâèòü íîâûå ïåðåìåííûå â èñõîäíîå óðàâíåíèå, ïîëîæèì

v(ξ, η, ζ) = u(x, y, z).

è íàéä¼ì ux, uy, u−xy, uxz, uyz êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè: v(ξ(x, y, z) ,η(x, y, z),
ζ(x, y, z))

ux = vξ + vη −
√
2

2
vζ , uy = vξ − vη −

√
2vζ ;

uxy = vξξ + vξη · 1− vηη +

√
2

2
(vξζ · 2 + vηζ · 2)−

√
2

2
(vζξ − vζη +

√
2vζζ) ⇒

uxy = vξξ − vηη − vζζ +

√
2

2
(vξζ + 3vηζ);
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1.1 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

uxz =

√
2

2
(vξζ + vηζ)−

1

2
vζζ ;

uyz =

√
2

2
(vξζ − vηζ) + vζζ .

Ïîäñòàâëÿÿ íàéäåííûé ïðîèçâîäíûå â ëåâóþ ÷àñòü èñõîäíîãî óðàâíåíèÿ è ïðè-

âîäÿ ïîäîáíûå, ïîëó÷àåì:

uxy − 2uxz + uyz + ux +
1

2
uy =

(
vξξ − vηη − vζζ +

√
2

2
(vξζ + 3vηζ)

)
− 2

(√
2

2
(vξζ + vηζ)−

−1

2
vζζ

)
+

(√
2

2
(vξζ − vηζ) + vζζ

)
+

(
vξ + vη −

√
2

2
vζ

)
+

1

2

(
vξ − vη −

√
2vζ

)
=

= vξξ − vηη + vζζ +
3

2
vξ +

1

2
vη.

Îòâåò: Óðàâíåíèå èìååò ãèïåðáîëè÷åñêèé òèï

vξξ − vηη + vζζ +
3

2
vξ +

1

2
vη = 0, ãäå


ξ = x+ y,

η = x− y,

ζ = −
√
2

2
x+

√
2y +

√
2

2
z.

Çàìå÷àíèå. Ïîñêîëüêó ïðåîáðàçîâàíèå, ïðèâîäÿùåå êâàäðàòè÷íóþ ôîðìó ê íîð-

ìàëüíîìó âèäó, îïðåäåëåíî íåîäíîçíà÷íî, òî è çàìåíà ïåðåìåííûõ, ïðèâîäÿùàÿ óðàâ-

íåíèå ê êàíîíè÷åñêîìó âèäó, òàêæå îïðåäåëåíà íåîäíîçíà÷íî, ïîýòîìó ïðàâèëüíûõ

îòâåòîâ ìíîãî. Íî ñòàðøèå ÷ëåíû ïðè ëþáîé çàìåíå, ïðèâîäÿùåé êâàäðàòè÷íóþ

ôîðìó ê êàíîíè÷åñêîìó âèäó, â êàíîíè÷åñêîì âèäå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

íå ìåíÿþòñÿ, ìîãóò èçìåíèòüñÿ òîëüêî ìëàäøèå ÷ëåíû.

Ïðèìåð 2. Ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ:

uxx + 2uxy + 5uyy − 32u = 0.

Õàðàêòåðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà äàííîãî óðàâíåíèÿ èìååò âèä

Q(λ1, λ2) = λ21 + 2λ1λ2 + 5λ22 = (λ1 + λ2)
2 + (2λ2)

2 = µ2
1 + µ2

2, ãäå

{
µ1 = λ1 + λ2,

µ2 = 2λ2,
òî åñòü

(
µ1

µ2

)
=

(
1 1

0 2

)
︸ ︷︷ ︸

A

(
λ1
λ2

)
.
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1.1 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Íàéä¼ì ìàòðèöó çàìåíû ïåðåìåííûõ Γ:

Γ = (AT )−1 = −1

2

(
2 0

−1 1

)
.

Îñóùåñòâëÿåì çàìåíó ïåðåìåííûõ:(
ξ

η

)
=

(
1 0

−1
2

1
2

)(
x

y

)
, èëè

ξ = x,

η =
1

2
(−x+ y).

×òîáû ïîäñòàâèòü íîâûå ïåðåìåííûå â èñõîäíîå óðàâíåíèå, ïîëîæèì

v(ξ, η) = u(x, y).

è íàéä¼ì ux, uy, uxx, uxy, uyy êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè v(ξ(x, y), η(x, y))

ux = vξ −
1

2
vη, uy =

1

2
vη,

uxx = vξξ − vξη +
1

4
vηη, uxy =

1

2
vξη −

1

4
vηη, uyy =

1

4
vηη.

Ïîäñòàâëÿÿ íàéäåííûé ïðîèçâîäíûå â ëåâóþ ÷àñòü èñõîäíîãî óðàâíåíèÿ è ïðè-

âîäÿ ïîäîáíûå, ïîëó÷àåì:

uxx + 2uxy + 5uyy − 32u =

(
vξξ − vξη +

1

4
vηη

)
+ 2

(
1

2
vξη −

1

4
vηη

)
+ 5

(
1

4
vηη

)
− 32v =

= vξξ + vηη − 32u.

Îòâåò: Óðàâíåíèå èìååò ýëëèïòè÷åñêèé òèï,

vξξ + vηη − 32u = 0, ãäå

ξ = x,

η =
1

2
(−x+ y).

Ïðèìåð 3. Ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ:

uxx − 2uxy + uyy + 9ux + 9uy − 9u = 0.

Õàðàêòåðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà äàííîãî óðàâíåíèÿ èìååò âèä

Q(λ1, λ2) = λ21 − 2λ1λ2 + λ22 = (λ1 − λ2)
2 = µ2

1 + 0µ2
2, ãäå

{
µ1 = λ1 − λ2,

µ2 = λ2,
òî åñòü

(
µ1

µ2

)
=

(
1 −1

0 1

)
︸ ︷︷ ︸

A

(
λ1
λ2

)
.
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1.1 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

(Â êà÷åñòâå µ2 ìîæíî áûëî âçÿòü ëþáóþ ëèíåéíóþ êîìáèíàöèþ λ1 è λ2, òàêóþ ÷òîáû

ìàòðèöà çàìåíû ïåðåìåííûõ áûëà íåâûðîæäåíà.)

Íàéä¼ì ìàòðèöó çàìåíû ïåðåìåííûõ Γ:

Γ = (AT )−1 =

(
1 0

1 1

)
.

Îñóùåñòâëÿåì çàìåíó ïåðåìåííûõ:(
ξ

η

)
=

(
1 0

1 1

)(
x

y

)
, èëè

{
ξ = x,

η = x+ y.

×òîáû ïîäñòàâèòü íîâûå ïåðåìåííûå â èñõîäíîå óðàâíåíèå, ïîëîæèì

v(ξ, η) = u(x, y).

è íàéä¼ì ux, uy, uxx, uxy, uyy êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè v(ξ(x, y), η(x, y))

ux = vξ + vη, uy = vη,

uxx = vξξ + 2vξη + vηη, uxy = vξη + vηη, uyy = vηη.

Ïîäñòàâëÿÿ íàéäåííûé ïðîèçâîäíûå â ëåâóþ ÷àñòü èñõîäíîãî óðàâíåíèÿ è ïðè-

âîäÿ ïîäîáíûå, ïîëó÷àåì:

uxx − 2uxy + uyy + 9ux + 9uy − 9u =

= (vξξ + 2vξη + vηη)− 2 (vξη + vηη) + (vηη) + 9 (vξ + vη) + 9 (vη)− 9v =

= vξξ + 9vξ + 18vη − 9v.

Îòâåò: Óðàâíåíèå èìååò ïàðàáîëè÷åñêèé òèï,

vξξ + 9vξ + 18vη − 9v = 0, ãäå

{
ξ = x,

η = x+ y.

Ïðèìåð 4. Ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ:

2uxx + 3uxy + uyy + 7ux + 4uy − 2u = 0.

Õàðàêòåðèñòè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà äàííîãî óðàâíåíèÿ èìååò âèä

Q(λ1, λ2) = λ21 + 3λ1λ2 + λ22 = (
3

2
λ1 + λ2)

2 − (
1

2
λ1)

2 = µ2
1 − µ2

2, ãäå
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1.1 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè


µ1 =

3

2
λ1 + λ2,

µ2 =
1

2
λ2,

òî åñòü

(
µ1

µ2

)
=

(
3
2

1
1
2

0

)
︸ ︷︷ ︸

A

(
λ1
λ2

)
.

Íàéä¼ì ìàòðèöó çàìåíû ïåðåìåííûõ Γ:

Γ = (AT )−1 = −2

(
0 −1

2

−1 3
2

)
=

(
0 1

2 −3

)
.

Îñóùåñòâëÿåì çàìåíó ïåðåìåííûõ:(
ξ

η

)
=

(
0 1

2 −3

)(
x

y

)
, èëè

{
ξ = y,

η = 2x− 3y.

×òîáû ïîäñòàâèòü íîâûå ïåðåìåííûå â èñõîäíîå óðàâíåíèå, ïîëîæèì

v(ξ, η) = u(x, y).

è íàéä¼ì ux, uy, uxx, uxy, uyy êàê ïðîèçâîäíûå ñëîæíîé ôóíêöèè v(ξ(x, y), η(x, y))

ux = 2vη, uy = vξ − 3vη,

uxx = 4vηη, uxy = 2vξη − 6vηη, uyy = vξξ − 6vξη + 9vηη.

Ïîäñòàâëÿÿ íàéäåííûé ïðîèçâîäíûå â ëåâóþ ÷àñòü èñõîäíîãî óðàâíåíèÿ è ïðè-

âîäÿ ïîäîáíûå, ïîëó÷àåì:

uxx − 2uxy + uyy + 9ux + 9uy − 9u =

= 2 (4vηη) + 3 (2vξη − 6vηη) + (vξξ − 6vξη + 9vηη) + 7 (2vη) + 4 (vξ − 3vη)− 2v =

= vξξ − vηη + 4vξ + 2vη − 2v.

Îòâåò: Óðàâíåíèå èìååò ãèïåðáîëè÷åñêèé òèï,

vξξ − vηη + 4vξ + 2vη − 2v = 0, ãäå

{
ξ = y,

η = 2x− 3y).

Çàäà÷è äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ.

Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó óðàâíåíèÿ

1. uxx + uxy − 2uyy − 3ux − 15uy + 27x = 0.
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1.1 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

2. 9uxx − 6uxy + uyy + 10ux − 15uy − 50u+ x− 2y = 0.

3. uxx + 4uxy + 10uyy − 24ux + 42uy + 2(x+ y) = 0.

4. uxx + 4uxy + 13uyy + 3ux + 24uy − 9u+ 9(x+ y) = 0.

5. uxx − 4uxy + 5uyy − 3ux + uy + u = 0.

6. uxx − 6uxy + 9uyy − ux + 2uy = 0.
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçà-

âèñèìûìè ïåðåìåííûìè

Ðàññìîòðèì ëèíåéíîå óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçà-

âèñèìûìè ïåðåìåííûìè

a11uxx + 2a12uxy + a22uyy + F2(x, y, u, ux, uy) = 0. (1.12)

Êîýôôèöèåíòû óðàâíåíèÿ ìîãóò áûòü êàê ïîñòîÿííûìè, òàê è ôóíêöèÿìè îò ïå-

ðåìåííûõ x è y. ×òîáû ïðèâåñòè óðàâíåíèå (1.12) ê êàíîíè÷åñêîìó âèäó ñîñòàâëÿåì

õàðàêòåðèñòè÷åñêîå óðàâíåíèå

a11dy
2 − 2a12dxdy + a22dx

2 = 0. (1.13)

Êëàññèôèêàöèþ èñõîäíîãî óðàâíåíèÿ (1.12) áóäåì ïðîâîäèòü ïî çíà÷åíèÿì äèñ-

êðèìèíàíòà õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (1.13)

∆ = a212 − a11a22. (1.14)

Â çàâèñèìîñòè îò âåëè÷èíû äèñêðèìèíàíòà ∆ óðàâíåíèå (1.12) áóäåò

a) ãèïåðáîëè÷åñêîå, åñëè ∆ > 0,

á) ïàðàáîëè÷åñêîå, åñëè ∆ = 0 è

â) ýëëèïòè÷åñêîå, åñëè ∆ < 0.

Èçó÷èì âñå ñëó÷àè ïîäðîáíåå.

a) Ðàññìîòðèì ñëó÷àé ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Çàïèøåì õàðàêòåðèñòè÷åñêîå

óðàâíåíèå (1.13) â âèäå

a11

(
dy

dx

)2

− 2a12
dy

dx
+ a22 = 0. (1.15)

Ýòî óðàâíåíèå êâàäðàòíîå è ïðè ∆ > 0 îíî èìååò äâà ðàçëè÷íûõ ðåøåíèÿ

dy

dx
=
a12 +

√
∆

a11
,
dy

dx
=
a12 −

√
∆

a11
.

Ýòî îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà. Èíòåãðè-

ðóåì ýòè óðàâíåíèÿ, ïîëó÷èì äâà îáùèõ èíòåãðàëà

φ(x, y) = C,ψ(x, y) = C.

Â êà÷åñòâå íîâûõ ïåðåìåííûõ äëÿ èñõîäíîãî óðàâíåíèÿ (1.12) âûáèðàåì{
ξ = φ(x, y),

η = ψ(x, y).
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

á) Â ñëó÷àå ïàðàáîëè÷åñêîãî óðàâíåíèÿ(∆ = 0) èìååò îäíî ðåøåíèå õàðàêòåðèñòè-

÷åñêîãî óðàâíåíèÿ
dy

dx
=
a12
a11

.

Èíòåãðèðóÿ åãî ïîëó÷èì îáùèé èíòåãðàë

φ(x, y) = C.

Â êà÷åñòâå ïåðåìåííûõ äëÿ ïðèâåäåíèÿ èñõîäíîãî óðàâíåíèÿ ê êàíîíè÷åñêîìó

òèïó âûáåðåì ξ = φ(x, y), â êà÷åñòâå η ìîæíî âçÿòü ëþáóþ ôóíêöèþ ψ(x, y),

íî ñ ó÷åòîì òîãî ÷òî ßêîáèàí ïðåîáðàçîâàíèÿ∣∣∣∣∣ ξx ξy
ηx ηy

∣∣∣∣∣ ̸= 0. (1.16)

â) Â ñëó÷àå ýëëèïòè÷åñêîãî óðàâíåíèÿ, êîãäà ∆ < 0, ïîëó÷àåì ðåøåíèÿ õàðàêòåðè-

ñòè÷åñêîãî óðàâíåíèÿ

dy

dx
=
a12 + i

√
−∆

a11
,
dy

dx
=
a12 − i

√
−∆

a11
.

Ïîñëå èíòåãðèðîâàíèÿ ïîëó÷èì äâà êîìïëåêñíî ñîïðÿæåííûõ îáùèõ èíòåãðàëà

φ(x, y)± iψ(x, y) = C.

Â êà÷åñòâå íîâûõ ïåðåìåííûõ â ýòîì ñëó÷àå âûáèðàåì äåéñòâèòåëüíóþ è ìíè-

ìóþ ÷àñòè, ò.å. {
ξ = φ(x, y),

η = ψ(x, y).

Åñëè â èñõîäíîì óðàâíåíèè (1.12) êîýôôèöèåíòû ïåðåìåííûå, òî íàäî ïðîàíà-

ëèçèðîâàòü, â êàêîé ÷àñòè ïëîñêîñòè óðàâíåíèå èìååò ãèïåðáîëè÷åñêèé, ýëëèïòè÷å-

ñêèé, è ïàðàáîëè÷åñêèé òèïû è ïðèâîäèòü åãî ê êàíîíè÷åñêîìó âèäó â êàæäîé èç

ýòèõ ÷àñòåé, â ñîîòâåòñòâèè ñ âûøåèçëîæåííûìè ñëó÷àÿìè.

Ïðèìåðû. Ñëåäóþùèå óðàâíåíèÿ ïðèâåñòè ê êàíîíè÷åñêîìó âèäó â êàæäîé èç

îáëàñòåé, ãäå ñîõðàíÿåòñÿ òèï ðàññìàòðèâàåìîãî óðàâíåíèÿ:

Ïðèìåð 1.

uxx − 2 sinxuxy − cos2 xuyy − cosxuy = 0.

Íàéäåì åãî äèñêðèìèíàíò ïî ôîðìóëå (1.14), ó÷èòûâàåì ÷òî a11 = 1, a12 = − sinx, a22 =

− cos2 x

∆ = sin2 x+ cos2 > 0.

Òàê êàê ∆ > 0, òî ýòî óðàâíåíèå ãèïåðáîëè÷åñêîå âî âñåé äâóìåðíîé ïëîñêîñòè.

Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå(
dy

dx

)2

+ 2 sinx
dy

dx
− cos2 x = 0.
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

Ðåøèì ýòî óðàâíåíèå

dy

dx
= − sinx±

√
∆ = − sinx± 1.

dy = (− sinx± 1)dx.

Íàéäåì îáùåå ðåøåíèå ýòîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y = cosx± x+ c.

y − cosx± x = c.

Òîãäà, ñîãëàñíî òåîðèè, íîâûå ïåðåìåííûå äëÿ ïðèâåäåíèÿ ê êàíîíè÷åñêîìó âèäó

óðàâíåíèÿ äàííîãî ïðèìåðà {
ξ = y + x− cosx,

η = y − x− cosx.

Íàéäåì ÷àñòíûå ïðîèçâîäíûå èç óðàâíåíèÿ äàííîãî ïðèìåðà (ñì. (1.10))

uy = vξ + vη,

uxx = (1 + sinx)2vξξ + 2(sin2 x− 1)vξη + (sinx− 1)2vηη + cosx(vξ + vη),

uyy = vξξ + 2vξη + vηη,

uxy = vξξ(1 + sin x) + 2 sinxvξη + vηη(sinx− 1).


Ïîäñòàâèì ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå

(1+sinx)2vξξ+2(sin2 x−1)vξη+(sinx−1)2vηη+cosx(vξ+vη)−2 sinx(1+sinx)vξξ−4 sin2 xvξη−

−2 sinx(sinx− 1)vηη − cos2 xvξξ − 2 cos2 xvξη − cos2 xvηη − cosx(vξ + vη) = 0.

Ñîáåðåì ïîäîáíûå ÷ëåíû ïðè vξξ, vξη, vηη

ïðè vξξ: 1 + 2 sinx+ sin2 x− 2 sinx− 2 sin2 x− cos2 x = 0,

ïðè vηη: sin2 x− 2 sinx+ 1− 2 sin2 x+ 2 sinx− cos2 x = 0,

ïðè vξη: 2 sin2 x− 2− 4 sin2 x− 2 cos2 x = −4.

Òîãäà

−4vξη = 0.

È ìîæíî çàïèñàòü

Îòâåò: Êàíîíè÷åñêèé âèä óðàâíåíèÿ íà âñåé îáëàñòè R2 èìååò ãèïåðáîëè÷åñêèé

òèï

vξη = 0.
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

Ïðè ýòîì {
ξ = y + x− cosx,

η = y − x− cosx.

Ïðèìåð 2. Ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ

x2uxx + 2xyuxy + y2uyy − 2yux + ye
y
x = 0.

Íàéäåì åãî äèñêðèìèíàíò ïî ôîðìóëå (1.14), ó÷èòûâàåì ÷òî a11 = x2, a12 = xy, a22 =

y2

∆ = x2y2 − x2y2 = 0.

Òàê êàê ∆ = 0, òî ýòî óðàâíåíèå ïàðàáîëè÷åñêîå âî âñåé äâóìåðíîé ïëîñêîñòè. Ñî-

ñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

x2
(
dy

dx

)2

− 2xy
dy

dx
+ y2 = 0.

(x
dy

dx
− y)2 = 0.

Îòñþäà dy
dx

= y
x
. Çíà÷èò èìååò îäíî äèôôåðåíöèàëüíîå óðàâíåíèå. Íàéäåì åãî îáùåå

ðåøåíèå dy
y
= dx

x
, ln y = lnx + lnC, ïîñëå ïîòåíöèðîâàíèÿ, ïîëó÷èì y

x
= c. Çà íîâóþ

ïåðåìåííóþ ξ âîçüìåì ξ = y
x
. η âûáåðåì ñàìè òàê, ÷òîáû ßêîáèàí ïðåîáðàçîâàíèÿ

áûë íåíóëåâîé, íàïðèìåð, η = y.

Íàéäåì ÷àñòíûå ïðîèçâîäíûå èç óðàâíåíèÿ äàííîãî ïðèìåðà (ñì. (1.10))

ux = − y

x2
vξ,

uxx =
y2

x4
vξξ +

2y

x3
vξ,

uyy =
1

x2
vξξ +

2

x
vξη + vηη,

uxy = − y

x3
vξξ −

y

x2
vξη −

1

x2
vξ.


Ïîäñòàâèì ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå

x2
(
y2

x4
vξξ +

2y

x3
vξ

)
+2xy

(
− y

x3
vξξ −

y

x2
vξη −

1

x2
vξ

)
+y2

(
1

x2
vξξ +

2

x
vξη + vηη

)
+2y

y

x2
vξ+ye

y
x =

= y2vηη +
2y2

x2
vξ + ye

y
x = 0.

Ïîäåëèì ýòî óðàâíåíèå íà y2 , ïîëó÷èì

vηη +
2

x2
vξ +

1

y
e

y
x = 0.

Çàìåíèì x è y íà ξ è η, ó÷èòûâàÿ, ÷òî ξ = y
x
, η = y, òîãäà x = y

ξ
= η

ξ
è ìîæíî

çàïèñàòü
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

Îòâåò: Êàíîíè÷åñêèé âèä óðàâíåíèÿ íà âñåé îáëàñòè R2 èìååò ïàðàáîëè÷åñêèé

òèï

vηη + 2
ξ2

η2
vξ +

1

η
eξ = 0.

Ïðè ýòîì ξ =
y

x
,

η = y.

Ïðèìåð 3.

(1 + x2)2uxx + uyy + 2x(1 + x2)ux = 0.

Íàéäåì åãî äèñêðèìèíàíò ïî ôîðìóëå (1.14), ó÷èòûâàåì ÷òî a11 = (1 + x2)2, a12 =

0, a22 = 1

∆ = 0− (1 + x2)2 < 0.

Òàê êàê ∆ < 0, òî ýòî óðàâíåíèå 'ýëëèïòè÷åñêîãî òèïà âî âñåé äâóìåðíîé ïëîñêîñòè.

Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

(1 + x2)2
(
dy

dx

)2

+ 1 = 0,

(
dy

dx

)2

= − 1

(1 + x2)2
,

dy

dx
= ±i 1

1 + x2
.

Íàéäåì îáùåå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé

dy = ±i 1

1 + x2
dx.

Ïîëó÷èì

y = ±i arctanx+ c, y ± i arctanx = c.

Âûáåðåì íîâûå ïåðåìåííûå {
ξ = y,

η = arctanx.

Ïåðåéäåì â èñõîäíîì óðàâíåíèè ê íîâûì ïåðåìåííûì. Íàéäåì ÷àñòíûå ïðîèçâîäíûå

èç óðàâíåíèÿ äàííîãî ïðèìåðà (ñì. (1.10))

ux =
1

1 + x2
vη,

uxx =
1

(1 + x2)2
vηη −

2x

(1 + x2)2
vη,

uyy = vξξ.


Ïîäñòàâèì ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå

(1 + x2)2
(

1

(1 + x2)2
vηη −

2x

(1 + x2)2
vη

)
+ vξξ + 2x(1 + x2)

1

1 + x2
vη =
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

= vηη − 2xvη + vξξ + 2xvη = 0.

Ìîæíî çàïèñàòü

Îòâåò: Êàíîíè÷åñêèé âèä óðàâíåíèÿ íà âñåé îáëàñòè R2 èìååò ýëëèïòè÷åñêèé

òèï

vηη + vξξ = 0.

Ïðè ýòîì {
ξ = y,

η = arctanx.

Ïðèìåð 4. Ðàññìîòðèì óðàâíåíèå

5xuxx − 4yuyy = 0.

Íàéäåì åãî äèñêðèìèíàíò ïî ôîðìóëå (1.14), ó÷èòûâàåì ÷òî a11 = 5x ,a12 = 0 ,

a22 = −4y

∆ = 0 + 20xy.

Â çàâèñèìîñòè îò x è y çíàê è âåëè÷èíà äèñêðèìèíàíòà èçìåíÿþòñÿ â ðàçíûõ

÷àñòÿõ ïëîñêîñòè.

Ðàññìîòðèì ðàçíûå ñëó÷àè.

1. ∆ = 20xy > 0.

Â ýòîì ñëó÷àå çíàêè x è y îäèíàêîâûå:

a) x > 0, y > 0,

á) x < 0, y < 0,

è ìû èìååì óðàâíåíèå ãèïåðáîëè÷åñêîãî òèïà.

2. ∆ = 20xy = 0.

Â ýòîì ñëó÷àå

a) x = 0, y ̸= 0,

á) x ̸= 0, y = 0,

â) x = 0, y = 0,

è ìû èìååì óðàâíåíèå ïàðàáîëè÷åñêîãî òèïà.

Ïðè x = 0, y = 0 óðàâíåíèå âûðîæäàåòñÿ.

3. ∆ = 20xy < 0.

Â ýòîì ñëó÷àå çíàêè x è y èìåþò ðàçíûå çíàêè:

a) x > 0, y < 0,
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

á) x < 0, y > 0,

è ìû èìååì óðàâíåíèå ýëëèïòè÷åñêîãî òèïà.

Òî åñòü ìîæíî âñþ ïëîñêîñòü ðàçáèòü íà ÷àñòè, â êàæäîé èç êîòîðûõ óðàâíåíèå

íå ìåíÿåò ñâîé òèï.

Ðàññìîòðè 1. ñëó÷àé, âûáåðåì a).

Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

5x

(
dy

dx

)2

− 4y = 0.

(
dy

dx

)2

=
4y

5x
,

dy

dx
= ±

2
√
y

√
5
√
x
.

Íàéäåì îáùåå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé

dy

2
√
y
= ± dx√

5
√
x
.

Ïðîèíòåãðèðîâàâ, ïîëó÷èì
√
y ± 2√

5

√
x = c.

Âûáåðåì íîâûå ïåðåìåííûå 
ξ =

√
y +

2√
5

√
x,

η =
√
y − 2√

5

√
x.

Ïåðåéäåì â èñõîäíîì óðàâíåíèè ê íîâûì ïåðåìåííûì. Íàéäåì ÷àñòíûå ïðîèç-

âîäíûå èç óðàâíåíèÿ äàííîãî ïðèìåðà (ñì. (1.10))

uxx =
1

5
x−1vξξ −

2

5
x−1vξη +

1

5
x−1vηη −

1

2
√
5
x−

3
2 (vξ − vη),

uyy =
1

4
y−1vξξ +

1

2
y−1vξη +

1

4
y−1vηη −

1

4
y−

3
2 (vξ + vη).


Ïîäñòàâèì ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå

5x
1

5
x−1 (vξξ − 2vξη + vηη)−

√
5

2
x−

1
2 (vξ−vη)−4y

1

4
y−1 (vξξ + 2vξη + vηη)−y−

1
2 (vξ+vη) = 0.

Ïîñëå ïðåîáðàçîâàíèé ïîëó÷èì

vξη +

√
5

8
x−

1
2 (vξ − vη) +

1

4
y−

1
2 (vξ + vη) = 0.

Âûðàçèì x
1
2 è y

1
2 ÷åðåç ξ è η

x
1
2 =

√
5

4
(ξ − η), x−

1
2 =

4√
5(ξ − η)

,
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

y
1
2 =

ξ + η

2
, y−

1
2 =

2

ξ + η
.

Îêîí÷àòåëüíî

vξη +
2

ξ − η
(vξ − vη) +

2

2(ξ + η)
(vξ + vη) = 0−

Êàíîíè÷åñêèé âèä ãèïåðáîëè÷åñêîãî óðàâíåíèÿ.

Â ñëó÷àå á) ïîëó÷èì òîæå ñàìîå.

Ðàññìîòðèì ñëó÷àé 2.

a) x = 0, y ̸= 0, ïîäñòàâëÿÿ x è y â èñõîäíîå óðàâíåíèå, ïîëó÷èì êàíîíè÷åñêèé âèä

4yuyy = 0 èëè uyy = 0.

á) x ̸= 0, y = 0, èç óðàâíåíèÿ ñðàçó ïîëó÷èì êàíîíè÷åñêèé âèä 5xuxx = 0 èëè

uxx = 0.

â) x = 0, y = 0, Ïîëó÷èì 0 = 0 è óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ íåò. Â ýòîì

ñëó÷àå ãîâîðÿò, ÷òî óðàâíåíèå â òî÷êå (0,0) âûðîæäàåòñÿ.

Ðàññìîòðèì ñëó÷àé 3, âîçüìåì âàðèàíò à).

Ñîñòàâèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

5x

(
dy

dx

)2

− 4y = 0.

(
dy

dx

)2

=
4y

5x
= −4(−y)

5x
,

dy

dx
= ±i 2

√
−y√

5
√
x
.

Íàéäåì îáùåå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé

dy

2
√
−y

= ±i dx√
5
√
x
.

Ïðîèíòåãðèðîâàâ, ïîëó÷èì

−
√
−y ± i

2√
5

√
x = c.

Â êà÷åñòâå íîâûõ ïåðåìåííûõ â ýòîì ñëó÷àå âûáèðàåì äåéñòâèòåëüíóþ è ìíèìóþ

÷àñòè 
ξ = −

√
−y,

η =
dx√
5
√
x
.

Çàìåòèì, ÷òî ïîä çíàêîì êâàäðàòíîãî êîðíÿ äîëæåí ñòîÿòü −y, òàê êàê ïîä êîðíåì

äîëæíà ñòîÿòü ôóíêöèÿ áîëüøå 0, à y < 0. Ýòî íàäî ó÷èòûâàòü ïðè èíòåãðèðîâàíèè

è äèôôåðåíöèðîâàíèè. Ïåðåéäåì â èñõîäíîì óðàâíåíèè ê íîâûì ïåðåìåííûì.

22



1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

Íàéäåì ÷àñòíûå ïðîèçâîäíûå èç óðàâíåíèÿ äàííîãî ïðèìåðà (ñì. (1.10))

uxx =
1

5
x−1vηη −

1

2
√
5
x−

3
2vη,

uyy =
1

4
(−y)−1vξξ −

1

4
(−y)−

3
2vξ.


Ïîäñòàâèì ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå

5x
1

5
x−1vηη −

5x

2
√
5
x−

3
2vη − 4y

1

4
(−y)−1vξξ −

4y

4
(−y)−

3
2vξ = 0.

Ïîñëå ïðåîáðàçîâàíèé ïîëó÷èì

vξξ + vηη −
√
5

2
x−

1
2vη − (−y)−

1
2vξ = 0.

Âûðàçèì x
1
2 è (−y) 1

2 ÷åðåç ξ è η

x
1
2 =

√
5

4
η, (−y)

1
2 = −ξ.

Ïîäñòàâèì, ïîëó÷èì êàíîíè÷åñêèé âèä ýëëèïòè÷åñêîãî óðàâíåíèÿ

vξξ + vηη −
1

η
vη −

1

ξ
vξ = 0.

Îòâåò:



vξη +
2

ξ − η
(vξ − vη) +

2

2(ξ + η)
(vξ + vη) = 0 â îáëàñòè 1.à) èëè 1.á) ãèïåðáîëè÷åñêèé òèï;

vξξ + vηη −
1

η
vη −

1

ξ
vξ = 0. â îáëàñòè 3.à) èëè 3.á) ýëëèïòè÷åñêèé òèï;

vyy = 0 â îáëàñòè x = 0, y ̸= 0 ïàðàáîëè÷åñêèé òèï;

vxx = 0 â îáëàñòè x ̸= 0, y = 0 ïàðàáîëè÷åñêèé òèï;

Óðàâíåíèå â òî÷êå x = 0, y = 0 âûðîæäàåòñÿ.

Ïðè ýòîì 
ξ =

√
y +

2√
5

√
x, η =

√
y − 2√

5

√
x â îáëàñòè 1.à) èëè 1.á);

ξ = −
√
−y, η =

dx√
5
√
x
. â îáëàñòè 3.à) èëè 3.á).

Ïðèìåð 5. Ïðèâåñòè ê êàíîíè÷åñêîìó âèäó â êàæäîé îáëàñòè, ãäå ñîõðàíÿåòñÿ

òèï, óðàâíåíèå

yuxx + uyy = 0.

Èùåì äèñêðèìèíàíò. Òàê êàê â íàøåì ñëó÷àå a11 = y, a12 = 0, a22 = 1, òî

∆ = a212 − a11a22 = −y.

Ïîýòîìó
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

a) â ïîëóïëîñêîñòè y < 0 äèñêðèìèíàíò ∆ > 0 ⇒ ãèïåðáîëè÷åñêèé òèï;

á) â ïîëóïëîñêîñòè y > 0 äèñêðèìèíàíò ∆ < 0 ⇒ ýëëèïòè÷åñêèé òèï;

â) íà ïðÿìîé y = 0 äèñêðèìèíàíò ∆ = 0 ⇒ ïàðàáîëè÷åñêèé òèï.

Ñîñòàâèì õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ. Òàê êàê a22 = 1 ̸= 0, õàðàêòåðèñòè÷å-

ñêèå óðàâíåíèÿ èìåþò âèä:

dx

dy
=
a12 ±

√
∆

a22
, òî åñòü

dx

dy
= ±

√
−y.

Ýòî óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ðåøàåì èõ:

a) â ïîëóïëîñêîñòè y < 0

dx = ±
√
−ydy ⇒ x+ c = ∓2

3
(−y)

3
2 .

Ïîýòîìó ïåðâûå èíòåãðàëû èìåþò âèä:

φ(x, y) = x+
2

3
(−y)

3
2 = c, ψ = x− 2

3
(−y)

3
2 = c.

Çàìåíà ïåðåìåííûõ. Â ñîîòâåòñòâèè ñ àëãîðèòìîì, íåîáõîäèìî ïðîèçâåñòè çà-

ìåíó: 
ξ = x+

2

3
(−y)

3
2

η = x− 2

3
(−y)

3
2 ;

Òîãäà, ââåäÿ ôóíêöèþ v(ξ, η), ïîëó÷àåì:

ux = vξ + vη, uy = (−vξ + vη)
√
−y,

uxx = vξξ + 2vξη + vηη, uyy = −y(vξξ − 2vξη + vηη)−
1

2
√
−y

(−vξ + vη).

Ïîäñòàâèâ íàéäåííûå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå, ïîëó÷àåì:

yuxx + uyy = y(vξξ + 2vξη + vηη)− y(vξξ − 2vξη + vηη)−
1

2
√
−y

(−vξ + vη) =

= y

[
4vξη −

1

2(−y) 2
3

(−vξ + vη)

]
= 0.

Ïîäåëèâ íà 4y è âûðàçèâ 2(−y) 2
3 = 3

2
(ξ − η), ïîëó÷àåì êàíîíè÷åñêèé âèä

vξη −
1

6(ξ − η)
(−vξ + vη) = 0.

24



1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

á) â ïîëóïëîñêîñòè y > 0

dx = ±i
√
−ydy ⇒ x+ c = ∓i2

3
(−y)

3
2

Ïîýòîìó ïåðâûå èíòåãðàëû èìåþò âèä:

α(x, y)± iβ(x, y) = c, ãäå α(x, y) = x, β(x, y) =
2

3
y

3
2 .

Çàìåíà ïåðåìåííûõ. Â ñîîòâåòñòâèè ñ àëãîðèòìîì, íåîáõîäèìî ïðîèçâåñòè çà-

ìåíó: ξ = x;

η =
2

3
(−y)

3
2 .

Òîãäà, ââåäÿ ôóíêöèþ v(ξ, η), ïîëó÷àåì:

ux = vξ, uy = vη
√
y,

uxx = vξξ, uyy = yvηη) +
1

2
√
y
vη.

Ïîäñòàâèâ íàéäåííûå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå, ïîëó÷àåì:

yuxx + uyy = y(vξξ + vηη) +
1

2
√
y
vη = y

(
vξξ + vηη +

1

2(y)
3
2

vη

)
=

[
2(y)

3
2 = 3η

]
= y

(
vξξ + vηη +

1

3η
vη

)
= 0

Ïîäåëèâ íà y, ïîëó÷àåì êàíîíè÷åñêèé âèä:

vξξ + vηη +
1

3η
vη = 0.

â) íà ïðÿìîé y = 0

dx = 0 ⇒ x = c.

Ïîýòîìó ïåðâûé èíòåãðàë (åäèíñòâåííûé ëèíåéíî íåçàâèñèìûé) èìååò âèä:

δ(x, y) = x.

Çàìåíà ïåðåìåííûõ. Â ñîîòâåòñòâèè ñ àëãîðèòìîì, íåîáõîäèìî ïðîèçâåñòè çà-

ìåíó: {
ξ = x;

η = y.

(Íàì íàäî áûëî ïðîèçâîëüíûì îáðàçîì âûáðàòü η(x, y) òàê, ÷òîáû ôóíêöèè

ξ, η îáðàçîâûâàëè ëèíåéíî íåçàâèñèìóþ ïàðó, ñì. (1.16))
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1.2 Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ 2-ãî ïîðÿäêà ñ 2-ìÿ íåçàâèñèìûìè ïåðåìåííûìè

Ââåäÿ ôóíêöèþ v(ξ, η), ïîëó÷àåì:

ux = vξ, uy = vη, uxx = vξξ, uyy = vηη

Ïîäñòàâèâ íàéäåííûå ïðîèçâîäíûå â èñõîäíîå óðàâíåíèå ïðè y = 0, ïîëó÷àåì:

uyy = vηη = 0.

Èòàê, êàíîíè÷åñêèé âèä èñõîäíîãî óðàâíåíèÿ íà ïðÿìîé y = 0:

vηη = 0 èëè, òîæå ñàìîå, uyy = 0.

Îòâåò:


vξη −

1

6(ξ − η)
(−vξ + vη) = 0 â îáëàñòè y < 0, ãèïåðáîëè÷åñêèé òèï;

vξξ + vηη +
1

3η
vη = 0 â îáëàñòè y > 0, ýëëèïòè÷åñêèé òèï;

vyy = 0 â îáëàñòè y = 0, ïàðàáîëè÷åñêèé òèï.

Ïðè ýòîì 
ξ = x+

2

3
(−y)

3
2 , η = x− 2

3
(−y)

3
2 â îáëàñòè y < 0;

ξ = x, η =
2

3
(−y)

3
2 â îáëàñòè y > 0;

ξ = x, η = y. â îáëàñòè y = 0.

Çàäà÷è äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ.

Ñëåäóþùèå óðàâíåíèÿ ïðèâåñòè ê êàíîíè÷åñêîìó âèäó â êàæäîé èç îáëàñòåé, ãäå

ñîõðàíÿåòñÿ òèï ðàññìàòðèâàåìîãî óðàâíåíèÿ:

1. y2uxx + 2xyuxy + x2uyy = 0.

2. uxx − (1 + y2)2uyy − 2y(1 + y2)uy = 0.

3. (1 + x2)uxx + (1 + y2)uyy + xux + yuy − 2u = 0.

4. xy2uxx − 2x2yuxy + x3uyy − y2ux = 0.

5. uxx − 2xuxy = 0.

6. xuxx + 2xuxy + (x− 1)uyy = 0.
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Ãëàâà 2

Îáùàÿ ñõåìà ìåòîäà ðàçäåëåíèÿ

ïåðåìåííûõ äëÿ óðàâíåíèé

ãèïåðáîëè÷åñêîãî òèïà

Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ èñïîëüçóåòñÿ ïðè ïîñòðîåíèè ðåøåíèé ñìåøàííûõ

çàäà÷ äëÿ øèðîêîãî êëàññà óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ ïåðåìåííûìè

êîýôôèöèåíòàìè.

Ïóñòü òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ

ρ(x)
∂2u

∂t2
=

∂

∂x

[
p(x)

∂u

∂x

]
− q(x)u, 0 < x < l, t > 0, (2.1)

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì
αu(0, t) + β

∂u

∂x
(0, t) = 0,

γu(l, t) + δ
∂u

∂x
(l, t) = 0,

(2.2)

è íà÷àëüíûì óñëîâèÿì  u(x, 0) = ϕ(x),
∂u

∂t
(x, 0) = ψ(x),

(2.3)

Çäåñü ρ(x), p(x), q(x) � çàäàííûå ôóíêöèè è ρ(x) > 0, p(x) > 0, q(x) ⩾ 0, α, β, γ, δ

� çàäàííûå ïîñòîÿííûå, ϕ(x), ψ(x) � çàäàííûå ôóíêöèè.

Íàéäåì íåòðèâèàëüíûå ÷àñòíûå ðåøåíèÿ óðàâíåíèé (2.1), óäîâëåòâîðÿþùèå ãðà-

íè÷íûì óñëîâèÿì (2.2). Ýòè ðåøåíèÿ áóäåì èñêàòü â âèäå

u(x, t) = T (t) ·X(x). (2.4)

Ïîäñòàâëÿÿ (2.4) â óðàâíåíèå (2.1), ïîëó÷èì

ρ(x)
d2T (t)

dt2
X(x) = T (t)

d

dx

[
p(x)

dX(x)

dx

]
− q(x)T (t)X(x).
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Ãëàâà 2. Îáùàÿ ñõåìà ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ äëÿ óðàâíåíèé
ãèïåðáîëè÷åñêîãî òèïà

Ïîñëå äåëåíèÿ ýòîãî ðàâåíñòâà íà ρ(x)T (t)X(x) ïîëó÷èì

d

dx

[
p(x)

dX

dx

]
− q(x)X

ρ(x)X
=

d2T

dt2

T
.

Ýòî ðàâåíñòâî äîëæíî âûïîëíÿòüñÿ òîæäåñòâåííî, òî åñòü äëÿ âñåõ 0 < x < l, t >

0.

Ïðàâàÿ ÷àñòü ðàâåíñòâà ÿâëÿåòñÿ ôóíêöèåé àðãóìåíòà t, à ëåâàÿ � àðãóìåíòà x,

ðàâåíñòâî âûïîëíÿåòñÿ ïðè ëþáûõ çíà÷åíèÿõ x è t, ýòî îçíà÷àåò, ÷òî ïðàâàÿ è ëåâàÿ

÷àñòè ðàâíû îäíîé è òîé æå êîíñòàíòå

d

dx

[
p(x)

dX

dx

]
− q(x)X

ρ(x)X
=

d2T

dt2

T
= −λ, (2.5)

ãäå λ � ïîñòîÿííàÿ.

Èç ñîîòíîøåíèÿ (2.5) ïîëó÷èì äâà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿ

äëÿ îïðåäåëåíèÿ ôóíêöèé X(t) è T (t)

d

dx

[
p(x)

dX

dx

]
− q(x)X(x) + λρ(x)X(x) = 0, (2.6)

d2T

dt2
+ λT = 0. (2.7)

Ïîäñòàâèì (2.4) â ãðàíè÷íûå óñëîâèÿ (2.2)

αX(0)T (t) + βX ′(0)T (t) = 0,

γX(l)T (t) + δX ′(l)T (t) = 0.

Òàê êàê T (t) ̸≡ 0, ñîêðàùàÿ T (t), ïîëó÷èì{
αX(0) + βX ′(0) = 0

γX(l) + δX ′(l) = 0.
(2.8)

Òàêèì îáðàçîì, äëÿ îïðåäåëåíèÿ X(x) ïîëó÷àåì ãðàíè÷íóþ çàäà÷ó (2.6),(2.8).

Â çàäà÷å (2.6),(2.8) íåîáõîäèìî îïðåäåëèòü ÷èñëà λ, ïðè êîòîðûõ ñóùåñòâóþò

íåòðèâèàëüíûå ðåøåíèÿ X(x) è íàéòè ýòè ðåøåíèÿ. Òî åñòü ïðèøëè ê çàäà÷å íà

ñîáñòâåííûå çíà÷åíèÿ:

Íàéòè òå çíà÷åíèÿ ïàðàìåòðà λ, ïðè êîòîðûõ ñóùåñòâóþò íåòðèâèàëüíûå ðåøå-

íèÿ óðàâíåíèÿ (2.6) ñ óñëîâèÿìè (2.8), à òàêæå íàéòè ýòè ðåøåíèÿ.

Çíà÷åíèÿ ïàðàìåòðà λ íàçûâàþò ñîáñòâåííûìè çíà÷åíèÿìè, à ñîîòâåòñòâóþùèå

èì íåòðèâèàëüíûå ðåøåíèÿ � ñîáñòâåííûìè ôóíêöèÿìè.

Ñôîðìóëèðóåì îñíîâíûå ñâîéñòâà ñîáñòâåííûõ ôóíêöèé è ñîáñòâåííûõ çíà÷åíèé

çàäà÷è (2.6),(2.8).

28



Ãëàâà 2. Îáùàÿ ñõåìà ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ äëÿ óðàâíåíèé
ãèïåðáîëè÷åñêîãî òèïà

1. Ñóùåñòâóåò ñ÷åòíîå ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé λ1 < λ2 < . . . < λn < . . .,

êîòîðûì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè

X1(x), X2(x), . . . Xn(x), . . .

2. Ïðè q(x) ⩾ 0 âñå ñîáñòâåííûå çíà÷åíèÿ λn ïîëîæèòåëüíû.

3. Ñîáñòâåííûå ôóíêöèè íà îòðåçêå [0, l] îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó ñ âåñîì

ρ(x), òî åñòü

l∫
0

ρ(x)Xm(x)Xn(x)dx = 0, m ̸= n

4. Òåîðåìà ðàçëîæèìîñòè. Âñÿêàÿ ôóíêöèÿ f(x), óäîâëåòâîðÿþùàÿ ãðàíè÷-

íûì óñëîâèÿì (2.8) è èìåþùàÿ íåïðåðûâíóþ ïåðâóþ ïðèçâîäíóþ è êóñî÷íî-

íåïðåðûâíóþ âòîðóþ ïðîèçâîäíóþ, ðàçëàãàåòñÿ â àáñîëþòíî è ðàâíîìåðíî ñõî-

äÿùèéñÿ ðÿä ïî ñîáñòâåííûì ôóíêöèÿì Xk(x).

Òî-åñòü, 

f(x) =
∞∑
k=1

fkXk(x),

fk =
1

∥Xk∥2

l∫
0

ρ(x)f(x)Xk(x)dx,

∥Xk∥2 =
l∫

0

ρ(x)X2
k(x)dx.

(2.9)

Ðåøåíèå çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ ðàññìîòðèì äàëåå íà ïðèìåðàõ.

Íàéäåííûå λn èñïîëüçóåì äàëüøå äëÿ íàõîæäåíèÿ ôóíêöèÿ Tn(x) èç óðàâíåíèÿ

(2.7):

T ′′
n (t) + λnTn(t) = 0.

Ýòî îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè. Åãî îáùåå ðåøåíèå èìååò âèä

Tn(t) = AnT n(t) +BnT̃n(t), (2.10)

ãäå T n, T̃n � ëþáûå ëèíåéíî íåçàâèñèìûå ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (2.7),An, Bn

� ïðîèçâîëüíûå ïîñòîÿííûå.

Òàêèì îáðàçîì, çíàÿXn(x) è Tn(t), ïîëó÷èëè ñ÷åòíîå ìíîæåñòâî ÷àñòíûõ ðåøåíèé

óðàâíåíèÿ (2.1)

un(x, t) = Xn(x)Tn(t) =
(
An T n(t) +Bn T̃n(t)

)
Xn(x), (2.11)

êîòîðûå óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì (2.2).
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Ãëàâà 2. Îáùàÿ ñõåìà ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ äëÿ óðàâíåíèé
ãèïåðáîëè÷åñêîãî òèïà

Èç ÷àñòíûõ ðåøåíèé (2.11) ñîñòàâèì ðÿä

u(x, t) =
∞∑
k=1

(
AnT n(t) +BnT̃n(t)

)
Xn(x). (2.12)

Åñëè ðÿä (2.12), à òàêæå ðÿäû, ïîëó÷åííûå èç íåãî äâóêðàòíûì ïî÷ëåííûì äèô-

ôåðåíöèðîâàíèåì ïî x è t, ñõîäÿòñÿ ðàâíîìåðíî, òî ðåøåíèå (2.12) áóäåò óäîâëåòâî-

ðÿòü óðàâíåíèþ (2.1) è ãðàíè÷íûì óñëîâèÿì (2.2).

Âûáåðåì ïðîèçâîëüíûå ïîñòîÿííûå An è Bn òàê, ÷òîáû ðåøåíèå (2.12) óäîâëå-

òâîðÿëî è íà÷àëüíûì óñëîâèÿì (2.3).

Åñëè ôóíêöèè ϕ(x) è ψ(x) óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû ðàçëîæèìîñòè, òî,

ñîãëàñíî ôîðìóëàì (2.9), èõ ìîæíî ðàçëîæèòü â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì

Xn(x).

Ïîëó÷èì

ϕ(x) =
∞∑
n=1

ϕnXn(x),

ϕn =
1

∥Xn∥2

l∫
0

ρ(x)ϕ(x)Xn(x)dx,

ψ(x) =
∞∑
n=1

ψnXn(x),

ψn =
1

∥Xn∥2

l∫
0

ρ(x)ψ(x)Xn(x)dx.

Ïîòðåáóåì äëÿ ðåøåíèÿ (2.12) âûïîëíåíèÿ íà÷àëüíûõ óñëîâèé (2.3)

u(x, 0) =
∞∑
n=1

(
AnT n(0) +BnT̃n(0)

)
Xn(x) = ϕ(x) =

∞∑
n=1

ϕnXn(x), (2.13)

ut(x, 0) =
∞∑
n=1

(
AnT

′
n(0) +BnT̃

′
n(0)

)
Xn(x) = ψ(x) =

∞∑
n=1

ψnXn(x), (2.14)

Èç ðàâåíñòâ (2.13), (2.12) â ñèëó ëèíåéíîé íåçàâèñèìîñòè ñèñòåìû ñîáñòâåííûõ

ôóíêöèé Xn(x) ïîëó÷èì

AnT n(0) +BnT̃n(0) = ϕn, (2.15)

AnT
′
n(0) +BnT̃

′
n(0) = ψn. (2.16)

Ñèñòåìà óðàâíåíèé (2.15), (2.16) èìååò åäèíñòâåííîå ðåøåíèå, òàê êàê åå îïðåäå-

ëèòåëü, êàê îïðåäåëèòåëü Âðîíñêîãî äëÿ ëèíåéíî-íåçàâèñèìûõ ðåøåíèé T n(t), T̃n(t),

íå ðàâåí íóëþ.

Ïîäñòàâëÿÿ íàéäåííûå èç ñèñòåìû (2.15), (2.16) An è Bn â ðÿä (2.12), ïîëó÷àåì

ðåøåíèå èñõîäíîé çàäà÷è (2.1)-(2.3).
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2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷ äëÿ îäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷

äëÿ îäíîðîäíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ðàññìîòðèì çàäà÷ó î êîëåáàíèÿõ òîíêîé îäíîðîäíîé ñòðóíû ñ æåñòêî çàêðåïëåííûìè

êîíöàìè. Ýòà çàäà÷à îïèñûâàåòñÿ îäíîðîäíûì óðàâíåíèåì âòîðîãî ïîðÿäêà

utt = a2uxx, 0 < x < l, t > 0, (2.17)

ñ ãðàíè÷íûìè óñëîâèÿìè

u(0, t) = 0, u(l, t) = 0 (2.18)

è íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). (2.19)

Áóäåì èñêàòü ÷àñòíûå íåòðèâèàëüíûå ðåøåíèÿ óðàâíåíèÿ (2.17) â âèäå

u(x, t) = X(x) · T (t).

Ïîäñòàâèì ýòî ðåøåíèå â óðàâíåíèå (2.17)

X(x)T ′′(t) = a2X ′′(x)T (t)

Ïîäåëèì ýòî ðàâåíñòâî íà a2XT , ïîëó÷èì

T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ

ãäå λ � êîíñòàíòà. Îòñþäà ïðèõîäèì ê óðàâåíèÿì äëÿ X(x) è T (t):

X ′′(x) + λX(x) = 0, (2.20)

T ′′(t) + λa2T (t) = 0. (2.21)

Ïîäñòàâëÿÿ u(x, t) â ãðàíè÷íûå óñëîâèÿ (2.18), ïîëó÷èì

X(0)T (t) = 0, X(l)T (t) = 0.

Îòñþäà ïîëó÷àåì X(0) = 0, X(l) = 0.

Òàêèì îáðàçîì ïðèõîäèì ê çàäà÷å íà ñîáñòâåííûå çíà÷åíèÿ
X ′′(x) + λX(x) = 0,

X(0) = 0,

X(l) = 0

(2.22)

Ðàññìîòðèì îòäåëüíî ñëó÷àè, êîãäà ïàðàìåòð λ îòðèöàòåëåí, ðàâåí íóëþ è ïîëî-

æèòåëåí.
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2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷ äëÿ îäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

a) Ïðåäïîëîæèì, ÷òî λ < 0. Ïîñòðîèì îáùåå ðåøåíèå óðàâíåíèÿ (2.22). Ñîîòâåò-

ñòâóþùåå õàðàêòåðèñòè÷åñêîå óðàâíåíèå

k2 + λ = 0

èìååò êîðíè k1,2 = ±
√
−λ. Ïðè λ < 0 êîðíè âåùåñòâåííû è ðàçëè÷íû, ñëåäîâàòåëüíî

îáùåå ðåøåíèå óðàâíåíèÿ (2.22)

X(x) = C1e
√
−λx + C2e

−
√
−λx.

Ïîòðåáóåì âûïîëíåíèå ãðàíè÷íûõ óñëîâèé{
X(0) = C1 + C2 = 0,

X(l) = C1e
√
−λ l + C2e

−
√
−λ l = 0,

C1 = −C2, çíà÷èò C1(e
−
√
−λ l − e

√
−λ l) = 0.

Çäåñü C1 ̸= 0, òàê êàê òîãäà èìååì X(x) ≡ 0, à ìû èùåì íåòðèâèàëüíûå ðåøåíèÿ.

Ñëåäîâàòåëüíî e
√
−λ l − e−

√
−λ l = 0 èëè e2

√
−λ l = 1, ýòî âîçìîæíî òîëüêî ïðè λ = 0. Â

íàøåì ñëó÷àå λ < 0, è ìû èìååì òîëüêî òðèâèàëüíîå ðåøåíèå.

á) Ïóñòü λ = 0, òîãäà X ′′(x) = 0 è îáùåå ðåøåíèå èìååò âèä X(x) = C1x+ C2.

Èç ãðàíè÷íûõ óñëîâèé ïîëó÷àåì

X(0) = C2 = 0,

X(l) = C1l = 0,

ñëåäîâàòåëüíî C1 = C2 = 0 è îïÿòü ïîëó÷àåì òðèâèàëüíîå ðåøåíèå.

â) Ïóñòü λ > 0, â ýòîì ñëó÷àå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ k1,2 = ±i
√
λ

� êîìïëåêñíûå.

Â ýòîì ñëó÷àå îáùåå ðåøåíèå èìååò âèä

X(x) = C1 cos
√
λx+ C2 sin

√
λx.

Èç ãðàíè÷íûõ óñëîâèé ïîëó÷èì

X(0) = C1 = 0,

X(l) = C2 sin
√
λ l = 0.

C2 ̸= 0, òàê êàê ìû èùåì òîëüêî íåòðèâèàëüíûå ðåøåíèÿ, ñëåäîâàòåëüíî, äëÿ

îïðåäåëåíèÿ λ ïîëó÷àåì óðàâíåíèåsin
√
λ l = 0, îòêóäà

λn =
(πn
l

)2
, n = 1, 2, . . . � ñîáñòâåííûå çíà÷åíèÿ.

Ñîáñòâåííûå ôóíêöèè

Xn(x) = Cn sin
πn

l
x,

ãäå Ck � ïðîèçâîëüíûå ïîñòîÿííûå. Âîçüìåì Ck = 1, òîãäà

Xn(x) = sin
πn

l
x, n = 1, 2, . . .
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2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷ äëÿ îäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Îáðàòèìñÿ òåïåðü ê ðåøåíèþ óðàâíåíèÿ (2.21) ïðè λ = λk:

T ′′
n (t) + λna

2Tn(t) = 0.

Êîðíè ñîîòâåòñòâóþùåãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ k1,2 = ±ia
√
λn = ±aπn

l
, n =

1, 2, . . . Â ýòîì ñëó÷àå îáùåå ðåøåíèå

Tn(t) = An cos
aπn

l
t+Bn sin

aπn

l
t,

An, Bn � ïðîèçâîëüíûå ïîñòîÿííûå.

Òàêèì îáðàçîì, ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (2.17) óäîâëåòâîðÿþùèå ãðàíè÷íûì

óñëîâèÿì (2.18), èìåþò âèä

un(x, t) = Tn(t)Xn(x) =
(
An cos

aπn

l
t+Bn sin

aπn

l
t
)
sin

πn

l
x.

Îáùåå ðåøåíèå çàäà÷è (2.17)-(2.19) ïðåäñòàâèì â âèäå

u(x, t) =
∞∑
n=1

un(x, t) =
∞∑
n=1

(
An cos

aπn

l
t+Bn sin

aπn

l
t
)
sin

πn

l
x. (2.23)

Ïðåäñòàâèì ôóíêöèè ϕ(x) è ψ(x) â âèäå ðàçëîæåíèÿ â ðÿäû ïî ñîáñòâåííûì

ôóíêöèÿì Xn(x) = sin
πn

l
x

ϕ(x) =
∞∑
n=1

ϕn sin
πn

l
x, ãäå

ϕn =
1

∥ sin πn
l
x∥2

l∫
0

ϕ(x) sin
πn

l
x dx,

ψ(x) =
∞∑
n=1

ψn sin
πn

l
x, ãäå

ψn =
1

∥ sin πn
l
x∥2

l∫
0

ψ(x) sin
πn

l
x dx,

∥ sin πn
l
x∥2 =

l∫
0

sin2 πn

l
x dx

Ëåãêî âû÷èñëèòü ∥ sin πn
l
x∥2 = l

2
Çàïèøåì íà÷àëüíûå óñëîâèÿ (2.19) äëÿ ôóíêöèè (2.23):

u(x, 0) =
∞∑
n=1

An sin
πn

l
x = ϕ(x) =

∞∑
n=1

ϕn sin
πn

l
x.

Ýòî ðàâåíñòâî âûïîëíÿåòñÿ, åñëè An = ϕn, n = 1, 2, . . .

ut(x, t) =
∞∑
n=1

(
−aπn

l
An sin

aπn

l
t+

aπn

l
Bn cos

aπn

l
t
)
sin

πn

l
x.
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2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷ äëÿ îäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ïðè t = 0 ïîëó÷àåì

ut(x, 0) =
∞∑
n=1

aπn

l
Bn sin

πn

l
x = ψ(x) =

∞∑
n=1

ψn sin
πn

l
x.

Ýòî ðàâåíñòâî âûïîëíÿåòñÿ ïðè Bn =
l

aπn
ψn, n = 1, 2, . . .

Ó÷èòûâàÿ íàéäåííûå ïðîèçâîëüíûå ïîñòîÿííûå An è Bn, çàïèøåì ðåøåíèå çàäà-

÷è (2.17)-(2.19)

ut(x, t) =
∞∑
n=1

(
ϕn cos

aπn

l
t+

l

aπn
ψn sin

aπn

l
t

)
sin

πn

l
x. (2.24)

Ïðè óñëîâèè àáñîëþòíîé è ðàâíîìåðíîé ñõîäèìîñòè ðÿäà (2.24) è ðÿäîâ, ïî-

ëó÷åííûõ èç (2.24) ïî÷ëåííûì äèôôåðåíöèðîâàíèåì äâàæäû ïî x è t â îáëàñòè

0 ⩽ x ⩽ l, t ⩾ 0, ôîðìóëà (2.24) äàåò ðåøåíèå çàäà÷è (2.17)-(2.19).

Ïîñìîòðèì, êàê èçìåíèòñÿ ðåøåíèå çàäà÷è î êîëåáàíèÿõ ñòðóíû ïðè ðàçëè÷íûõ

ñïîñîáàõ çàêðåïëåíèÿ êîíöîâ ñòðóíû, òî åñòü ïðè ðàçëè÷íûõ ãðàíè÷íûõ óñëîâèÿõ.

Ðàññìîòðèì çàäà÷ó î êîëåáàíèÿõ îäíîðîäíîé ñòðóíû, ëåâûé êîíåö êîòîðîé çà-

êðåïëåí æåñòêî, à ïðàâûé � ñâîáîäåí.

utt = a2uxx, 0 < x < l, t > 0 (2.25)

{
u(0, t) = 0,

ux(l, t) = 0 � ãðàíè÷íûå óñëîâèÿ,
(2.26)

{
u(x, 0) = ϕ(x),

ut(x, 0) = ψ(x) � íà÷àëüíûå óñëîâèÿ.
(2.27)

Ðåøåíèå áóäåì èñêàòü â âèäå

u(x, t) = X(x)T (t).

Ïîäñòàâèì u(x, t) â óðàâíåíèå (2.25) è ðàçäåëèì ïåðåìåííûå. Ïîëó÷èì çàäà÷ó íà

ñîáñòâåííûå çíà÷åíèÿ è óðàâíåíèå äëÿ îïðåäåëåíèÿ T (t):

T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ,

X(0)T (t) = 0,

X ′(l)T (t) = 0.

Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ ïðèîáðåòàåò âèä:

X ′′ + λX = 0 (2.28)

{
X(0) = 0,

X ′(l) = 0.
(2.29)
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2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷ äëÿ îäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ðåøèì ýòó çàäà÷ó.

Ëåãêî óáåäèòüñÿ, ÷òî ïðè λ ⩽ 0 çàäà÷à (2.28), (2.29) íå èìååò íåòðèâèàëüíûõ

ðåøåíèé.

Ïðè λ > 0 ðåøåíèå óðàâíåíèÿ (2.28) èìååò âèä

X(x) = C1 cos
√
λx+ C2 sin

√
λx.

Ïîäñòàâèâ X(x) â ãðàíè÷íûå óñëîâèÿ (2.29), ïîëó÷èì

X(0) = C1 = 0,

X ′(l) = C2

√
λ sin

√
λ l = 0.

Òàê êàê ìû èùåì íåòðèâèàëüíûå ðåøåíèÿ C2 ̸= 0, ñëåäîâàòåëüíî sin
√
λ l = 0.

Ðåøàÿ ýòî òðèãîíîìåòðè÷åñêîå óðàâíåíèå, ïîëó÷èì

√
λ l = (2n+ 1)

π

2
,

λn =

(
(2n+ 1)π

2l

)2

, n = 1, 2, . . .

� ñîáñòâåííûå çíà÷åíèÿ,

Xn(x) = sin
(2n+ 1)π

2l
x

� ñîáñòâåííûå ôóíêöèè.

Âèäèì, ÷òî ðåøåíèå çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ çàâèñèò îò ãðàíè÷íûõ óñëî-

âèé èñõîäíîé äèôôåðåíöèàëüíîé çàäà÷è.

Äëÿ îïðåäåëåíèÿ T (t) èìååì óðàâíåíèå

T ′′
n (t) + λna

2Tn(t) = 0.

Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ ïðè íàéäåííûõ λn èìååò âèä

Tn(t) = An cos
(2n+ 1)aπ

2l
t+Bn sin

(2n+ 1)aπ

2l
t,

òîãäà

u(x, t) =
∞∑
n=1

(
An cos

(2n+ 1)aπ

2l
t+Bn sin

(2n+ 1)aπ

2l
t

)
sin

(2n+ 1)π

2l
x.

Ïîòðåáîâàâ îò ðåøåíèÿ u(x, t) âûïîëíåíèÿ íà÷àëüíûõ óñëîâèé (2.27), ïîëó÷èì

An = ϕn, Bn =
2l

(2n+ 1)aπ
ψn,

ãäå ϕn è ψn � êîýôôèöèåíòû ðàçëîæåíèÿ â ðÿä ïî ñîáñòâåííûì ôóíêöèÿì Xn(x) =

sin
(2n+ 1)π

2l
x ôóíêöèé ϕ(x) è ψ(x).

Çàäà÷è äëÿ ñàìîñòîÿòåëüíîé ðàáîòû ìîæíî íàéòè [6], [7], [8], [9]. Ðàññìîòðèì

íåêîòîðûå èç íèõ.
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2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷ äëÿ îäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ïðèìåðû. Íàéòè ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèå çàäà÷.

1.
utt = a2uxx, 0 < x < l, t > 0,

u(0, t) = u(l, t) = 0,

u(x, 0) = 0, ut(x, 0) = 7 sin
5π

l
x.

Îòâåò:

u(x, t) =
7l

5πa
sin

5πa

l
t sin

5π

l
x.

2.
utt = a2uxx, 0 < x < l, t > 0,

ux(0, t) = 0, u(l, t) = 0,

u(x, 0) = 7 cos
π

2l
x, ut = 10 cos

3π

2l
x+ 8 cos

5π

2l
x.

Îòâåò:

u(x, t) = 7 cos
aπ

2l
t cos

π

2l
x+

20l

3πa
sin

3πa

2l
t cos

3π

2l
x+

+
16l

5πa
sin

5πa

2l
t cos

5π

2l
x.

3.
utt = a2uxx, 0 < x < l, t > 0,

ux(0, t) = 0, ux(l, t) = 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x).

Çàìå÷àíèå. Â äàííîì ñëó÷àå íåîáõîäèìî ó÷åñòü, ÷òî λ = 0 áóäåò ÿâëÿòüñÿ ñîá-

ñòâåííûì çíà÷åíèåì, åìó ñîîòâåòñòâóåò ñîáñòâåííàÿ ôóíêöèÿ X0(x) = 1. ×àñòíîå

ðåøåíèå X0(x) · T0(t) íàäî âêëþ÷èòü â ñîñòàâ îáùåãî ðåøåíèÿ îòäåëüíî.
Îòâåò:

u(x, t) =
1

l

l∫
0

(ϕ(x) + t ψ(x))dx +

∞∑
n=1

(
An cos

aπn

l
t+Bn sin

aπn

l
t
)
cos

nπ

l
x,

ãäå

An =
2

l

l∫
0

ϕ(x) cos
nπ

l
x dx, Bn =

2

nπa

l∫
0

ψ(x) cos
nπ

l
x dx.

4.

utt = a2uxx, 0 < x < l, t > 0,

u(0, t) = 0, ux(l, t) = 0,

u(x, 0) = x, ut(x, 0) = sin
π

2l
x+ sin

3π

2l
x.
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2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷ äëÿ îäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Îòâåò:

u(x, t) =
2l

3aπ
sin

3aπ

2l
x sin

3π

2l
x+

2l

aπ
sin

aπ

2l
t sin

π

2l
x +

∞∑
n=0

(−1)n8l

(2n+ 1)2π2
cos

(2n+ 1)aπ

2l
t sin

(2n+ 1)π

2l
x.

5.
utt = a2uxx, 0 < x < l, t > 0,

u(0, t) = 0, u(l, t) = 0,

u(x, 0) =
4h

l2
x(l − x), ut(x, 0) = 0.

Îòâåò:

u(x, t) =
32h

π3

∞∑
n=0

1

(2n+ 1)3
cos

(2n+ 1)aπ

l
t sin

(2n+ 1)π

l
x.

6.
utt = a2uxx, 0 < x < l, t > 0,

u(0, t) = 0, u(l, t) = 0,

u(x, 0) = 0, ut(x, 0) = υ0.

Îòâåò:

u(x, t) =
∞∑
n=0

4lυ0
aπ2(2n+ 1)2

sin
(2n+ 1)aπ

l
t sin

(2n+ 1)π

l
x.

7.
utt = a2uxx, 0 < x < l, t > 0,

ux(0, t) = 0, ux(l, t) = 0,

u(x, 0) = x, ut(x, 0) = 1.

Îòâåò:

u(x, t) =
l

2
+ t− 4l

π2

∞∑
n=0

1

(2n+ 1)2
cos

(2n+ 1)aπ

l
t cos

(2n+ 1)π

l
x.

Âî âñåõ âûøåïðèâåäåííûõ ïðèìåðàõ ðàññìàòðèâàåòñÿ îäíîðîäíîå óðàâíåíèå êî-

ëåáàíèé áåç ìëàäøèõ ÷ëåíîâ. Ðàññìîòðèì ãèïåðáîëè÷åñêîå óðàâíåíèå, ñîäåðæàùåå

ìëàäøèå ÷ëåíû.

utt = a2uxx −Ru, 0 < x < l, t > 0, (2.30)

u(0, t) = 0, u(l, t) = 0, (2.31)

u(x, 0) = x, ut(x, 0) = 0, (2.32)

R � çàäàííàÿ ïîñòîÿííàÿ. Ïðè ðàçäåëåíèè ïåðåìåííûõ ìëàäøèå ÷ëåíû äîáàâèì

â óðàâíåíèå äëÿ îïðåäåëåíèÿ T (t).

Ðàññìîòðèì u(x, t) = X(x)T (x). Ïîäñòàâèì u(x, t) â óðàâíåíèå (2.30), ïîëó÷èì
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2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷ äëÿ îäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

T ′′(t)X(x) +RT (t)X(x) = a2X ′′(x)T (t).

Ïîäåëèì äàííîå ðàâåíñòâî íà a2X T , ïîëó÷èì

T ′′(t) +RT (t)

a2T (t)
=
X ′′(x)

X(x)
= −λ.

Ïîëó÷èëè çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ
X ′′(x) + λX(x) = 0,

X(0) = 0,

X(l) = 0,

(2.33)

è óðàâíåíèå äëÿ îïðåäåëåíèÿ T (t):

T ′′(t) + (a2λ+R)T (t) = 0. (2.34)

Êàê áûëî ïîêàçàíî âûøå, ðåøåíèå çàäà÷è (2.33) èìååò âèä

λn =
(πn
l

)2
, Xn(x) = sin

πn

l
x, n = 1, 2, . . .

Íàéäåì Tn(t). Îáùåå ðåøåíèå óðàâíåíèÿ (2.34) èìååò âèä

Tn(t) = An cos
√
a2λn +R t+Bn sin

√
a2λn +R t.

Ââåäåì îáîçíà÷åíèå pn =
√
a2λn +R, òîãäà

Tn(t) = An cos pnt+Bn sin pnt.

Îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ

u(x, t) =
∞∑
n=1

(An cos pnt+Bn sin pnt) sin
πn

l
x. (2.35)

Ïîòðåáóåì äëÿ u(x, t) âûïîëíåíèÿ íà÷àëüíûõ óñëîâèé (2.32). Ðàçëîæèì ôóíêöèè

ϕ(x) = x è ψ(x) = 0 â ðÿäû ïî ñîáñòâåííûì ôóíêöèÿì Xn(x) = sin
πn

l
x, ïîëó÷èì

ϕ(x) =
∞∑
n=1

ϕn sin
πn

l
x,

ϕk(x) =
2

l

l∫
0

x sin
nπ

l
x dx =

2l

nπ
(−1)n+1, n = 1, 2, . . . ,

ψ(x) = 0, ñëåäîâàòåëüíî ψk(x) = 0, n = 1, 2, . . .

Òîãäà

u(x, 0) =
∞∑
n=1

An sin
nπ

l
x =

∞∑
n=1

ϕn sin
nπ

l
x,

îòñþäà ïîëó÷àåì

An = ϕn =
2l

nπ
(−1)n+1, Bn =

ψn

pn
= 0.

Òàêèì îáðàçîì, ðåøåíèå èñõîäíîé çàäà÷è (2.30)-(2.32) èìååò âèä

u(x, t) =
∞∑
n=1

2l

nπ
(−1)k+1 cos

√(anπ
l

)2
+R t sin

nπ

l
x.
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2.1 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ çàäà÷ äëÿ îäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ïðèìåð
utt + 2ut = uxx − u, 0 < x < π, t > 0,

ux(0, t) = 0, u(π, t) = 0,

u(x, 0) = 0, ut(x, 0) = x.

Îòâåò:

u(x, t) = 8e−t

∞∑
n=0

1

(2n+ 1)2

(
(−1)n − 2

π(2n+ 1)

)
sin

2n+ 1

2
t cos

2n+ 1

2
x.
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2.2 Ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íåîäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

2.2 Ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íåîä-

íîðîäíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ìîæåò áûòü ïðèìåíåí è äëÿ ðåøåíèÿ íåîäíîðîäíûõ

ãèïåðáîëè÷åñêèõ óðàâíåíèé.

Ðàññìîòðèì çàäà÷ó

utt = a2uxx + f(x, t), 0 < x < l, t > 0 (2.36)

{
α1u(0, t) + β1ux(0, t) = 0,

α2u(l, t) + β2ux(l, t) = 0 � ãðàíè÷íûå óñëîâèÿ,
(2.37)

{
u(x, 0) = ϕ(x),

ut(x, 0) = ψ(x) � íà÷àëüíûå óñëîâèÿ.
(2.38)

Ðåøåíèå çàäà÷è (2.36)-(2.38) áóäåì èñêàòü â âèäå

u(x, t) = u1(x, t) + u2(x, t), (2.39)

ãäå u1(x, t) � ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (2.36) ñ íóëåâûìè íà÷àëüíûìè

óñëîâèÿìè:

u1 tt = a2u1xx + f(x, t), (2.40)

{
α1u1(0, t) + β1u1x(0, t) = 0,

α2u1(l, t) + β2u1x(l, t) = 0,
(2.41)

u1(x, 0) = 0, u1 t(x, 0) = 0. (2.42)

u2(x, t) � ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ ñ èñõîäíûìè íà÷àëüíûìè óñëîâèÿìè:

u2 tt = a2u2xx, (2.43)

{
α1u2(0, t) + β1u2x(0, t) = 0,

α2u2(l, t) + β2u2x(l, t) = 0,
(2.44)

u2(x, 0) = ϕ(x), u2 t(x, 0) = ψ(x). (2.45)

Ðåøåíèå çàäà÷è (2.43)-(2.45) ïîñòðîåíî âûøå è èìååò âèä

u2(x, t) =
∞∑
n=1

(
An cos a

√
λn t+Bn sin

√
λn t
)
Xn(x),

ãäå λn, Xn(x) � ðåøåíèå ñîîòâåòñòâóþùåé çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ,

An = ϕn, Bn =
ψn

a
√
λn
,
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2.2 Ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íåîäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

ãäå ϕn è ψn � êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèé ϕ(x) è ψ(x) ïî ñîáñòâåííûì

ôóíêöèÿì Xn(x).

Äëÿ îòûñêàíèÿ ðåøåíèÿ çàäà÷è (2.40)-(2.42) ôóíêöèþ u1(x, t) áóäåì èñêàòü â âèäå

u1(x, t) =
∞∑
n=1

Tn(t)Xn(x).

Ïîäñòàâèì u1(x, t) â óðàâíåíèå (2.40), ïîëó÷èì

∞∑
n=1

T ′′
n (t)Xn(x) =

∞∑
n=1

a2Tn(t)X
′′
n(x) + f(x, t). (2.46)

Ôóíêöèþ f(x, t) ïðåäñòâèì â âèäå ðÿäà

f(x, t) =
∞∑
n=1

fn(t)Xn(x), (2.47)

ãäå

fn(t) =

l∫
0

f(x, t)Xn(x)dx

l∫
0

X2
n(x)dx

.

Çàìåíÿÿ â ðàâåíñòâå (3.11) X ′′
n(x) = −λnXn(x), ïîëó÷èì

∞∑
n=1

(
T ′′
n (t) + a2λnTn(t)

)
Xn(x) =

∞∑
n=1

fn(t)Xn(x).

Â ñèëó îðòîãîíàëüíîñòè ñèñòåìû ñîáñòâåííûõ ôóíêöèé Xn(x) ïîëó÷èì óðàâíåíèå

äëÿ îïðåäåëåíèÿ ôóíêöèé Tn(t)

T ′′
n (t) + a2λnTn(t) = fn(t), n = 1, 2, . . . (2.48)

Âîñïîëüçóåìñÿ íà÷àëüíûì óñëîâèÿìè (2.42):
u1(x, 0) =

∞∑
n=1

Tn(0)Xn(x) = 0,

u1 t(x, 0) =
∞∑
n=1

T ′
n(0)Xn(x) = 0,

îòêóäà ïîëó÷èì

Tn(0) = 0, T ′
n(0) = 0, n = 1, 2, . . . (2.49)

Òàêèì îáðàçîì, êàæäàÿ ôóíêöèÿ Tn(t) îïðåäåëÿåòñÿ êàê ðåøåíèå çàäà÷è Êîøè

äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (2.48) ñ íà÷àëüíûìè óñëîâèÿìè

(2.49).

Ðåøåíèå çàäà÷è (2.48), (2.49) èìååò âèä
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2.2 Ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íåîäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Tn(t) =

t∫
0

fn(τ)gn(t− τ)dτ, (2.50)

ãäå gn(t) � ðåøåíèå çàäà÷è{
g′′n + a2λngn = 0,

gn(0) = 0, g′n(0) = 1, n = 1, 2, . . .
(2.51)

Ôóíêöèþ gn(t) ëåãêî ïîñòðîèòü â ÿâíîì âèäå. Çàïèøåì îáùåå ðåøåíèå çàäà÷è

(2.51)

gn(t) = cn cos a
√
λn t+ dn sin a

√
λn t,

çàòåì, äëÿ íàõîæäåíèÿ ïîñòîÿííûõ cn, dn âîñïîëüçóåìñÿ íà÷àëüíûìè óñëîâèÿìè

çàäà÷è (2.51), ïîëó÷èì

gn(0) = cn = 0,

g′n(t) = dna
√
λn cos a

√
λn t, îòêóäà

g′n(0) = dna
√
λn = 1, îòñþäà

dn =
1

a
√
λn

è

gn(t) =
1

a
√
λn

sin a
√
λn t.

Òàêèì îáðàçîì, ïîëó÷àåì

Tn(t) =

t∫
0

1

a
√
λn

sin a
√
λn(t− τ)fn(τ)dτ . (2.52)

Ïîäñòàâèì âûðàæåíèå (2.52) â ôóíêöèþ u1(x, t), ïîëó÷èì

u1(x, t) =
∞∑
n=1

 t∫
0

1

a
√
λn

sin a
√
λn(t− τ)fn(τ)dτ

Xn(x). (2.53)

×òîáû óáåäèòüñÿ, ÷òî ôóíêöèÿ u1(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (2.40)- (2.41),

äîñòàòî÷íî ïîäñòàâèòü âûðàæåíèå (2.53) â óðàâíåíèå (2.40) è óñëîâèÿ (2.41), (2.42).

Ðàññìîòðèì ïðèìåðû ðåøåíèÿ íåîäíîðîäíûõ óðàâíåíèé.

Ïðèìåð 1.

utt = a2uxx + e−t sin
10π

l
x, 0 < x < l, t > 0

u(0, t) = 0, u(l, t) = 0,

u(x, 0) = 0, ut(x, 0) = 0.

Ñîãëàñíî èçëîæåííîé âûøå îáùåé ñõåìå ðåøåíèÿ íåîäíîðîäíîé çàäà÷è, ïîëó÷àåì

u(x, t) = u1(x, t) + u2(x, t),
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2.2 Ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íåîäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

ãäå u1(x, t)� ðåøåíèå çàäà÷è

u1 tt = a2u1xx + e−t sin
10π

l
x,

u1(0, t) = 0, u1(l, t) = 0,

u1(x, 0) = 0, u1 t(x, 0) = 0.

u2(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

u2 tt = a2u2xx,

u2(0, t) = 0, u2(l, t) = 0,

u2(x, 0) = 0, u2 t(x, 0) = 0.

Ðàññìîòðèì ñîîòâåòñòâóþùóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ôóíêöèè u2(x, t):{
X ′′(x) + λX(x) = 0,

X(0) = X(l) = 0.

Ýòà çàäà÷à èìååò íåòðèâèàëüíûå ðåøåíèÿ Xn(x) = sin
nπ

l
x ïðè λn =

(nπ
l

)2
, n =

1, 2, . . .

Òîãäà

u2(x, t) =
∞∑
n=1

(
An cos

anπ

l
t+Bn sin

anπ

l
t
)
sin

nπ

l
x

è An = ϕn = 0, òàê êàê ϕ(x) = 0, à Bn =
l

anπ
ψn = 0, òàê êàê ψ(x) = 0.

Òàêèì îáðàçîì u2(x, t) ≡ 0.

Íàéäåì u1(x, t) =
∞∑
n=1

Tn(t) sin
nπ

l
x.

Äëÿ îòûñêàíèÿ Tn(t) ðåøèì çàäà÷ó T ′′
n (t) +

(anπ
l

)2
Tn(t) = fn(t),

Tn(0) = 0, T ′
n(0) = 0, n = 1, 2, . . .

Âû÷èñëèì êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè f(x, t) ïî ñîáñòâåííûì ôóíêöèÿì

Xn(x) = sin
nπ

l
x.

f(x, t) = e−t sin
10π

l
x =

∞∑
n=1

fn(t) sin
nπ

l
x, îòñþäà

fn(t) =

e−t, n = 10

0, n ̸= 10.

Òàêèì îáðàçîì, èç âñåõ óðàâíåíèé äëÿ îïðåäåëåíèÿ Tn(t) îñòàåòñÿ îäíî ïðè n =

10:  T ′′
10(t) +

(
10aπ

l

)2

T10(t) = e−t,

T10(0) = 0, T ′
10(0) = 0.
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2.2 Ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íåîäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ðåøåíèåì ýòîé çàäà÷è ÿâëÿåòñÿ ôóíêöèÿ

T10(t) =

t∫
0

e−τg10(t− τ)dτ, ãäå

 g′′10 +

(
10aπ

l

)2

g10 = 0,

g10(0) = 0, g′10(0) = 1.

Ðåøàÿ çàäà÷ó Êîøè äëÿ g10(t), ïîëó÷èì

g10(t) =
l

10aπ
sin

10aπ

l
t,

òîãäà

T10(t) =
l

10aπ

t∫
0

sin
10aπ

l
(t− τ) e−τdτ =

=
l2

100a2π2 + l2

(
e−t − cos

10aπ

l
t+

l

10aπ
sin

10aπ

l
t

)
.

Òîãäà

u(x, t) = T10(t) sin
10πx

l
=

=
l2

100a2π2 + l2

(
e−t − cos

10aπ

l
t+

l

10aπ
sin

10aπ

l
t

)
sin

10π

l
x.

Ïðèìåð 2. Ðàññìîòðèì çàäà÷ó

utt = uxx + x, 0 < x < π, t > 0,

u(0, t) = 0, u(π, t) = 0,

u(x, 0) = sin 2x,

ut(x, 0) = 0,

Ïîñòðîèì ñîîòâåòñòâóþùóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ:{
X ′′(x) + λX(x) = 0,

X(0) = X(π) = 0.

Ýòà çàäà÷à èìååò ðåøåíèå

λn = n2, Xn(x) = sinnx, n = 1, 2, . . .

Ðåøåíèå èñõîäíîé çàäà÷è ïðåäñòàâèì â âèäå

u(x, t) = u1(x, t) + u2(x, t),
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2.2 Ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íåîäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

ãäå u1(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

u1 tt = u1xx + x, 0 < x < π, t > 0,

u1(0, t) = 0, u1(π, t) = 0,

u1(x, 0) = 0, u1 t(x, 0) = 0,

à u2(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

u2 tt = u2xx + x, 0 < x < π, t > 0,

u2(0, t) = 0, u2(π, t) = 0,

u2(x, 0) = 0,

u2 t(x, 0) = sin 2x,

Ñîãëàñíî èçëîæåííîìó âûøå,

u2(x, t) =
∞∑
n=1

(An cosnt+Bn sinnt) sinnx,

ãäå An = ϕn, Bn =
ψn

n
.

Ïîëó÷èì ϕn è ψn � êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèé ϕ(x) è ψ(x) ïî sinnx.

Â íàøåì ïðèìåðå ϕ(x) = sin 2x =
∞∑
n=1

ϕn sinnx.

Îòñþäà ïîëó÷àåì

ϕn =

1, n = 2,

0, n ̸= 2,

ψ(x) = 0 =
∞∑
n=1

ψn sinnx, îòñþäà

ψn = 0, n = 1, 2, . . .

Òàêèì îáðàçîì, u2(x, t) = cos 2t sin 2x.

Íàéäåì u1(x, t). Äëÿ ýòîãî ðàçëîæèì ôóíêöèþ f(x, t) = x â ðÿä ïî ñîáñòâåííûì

ôóíêöèÿì sinnx:

f(x, t) = x =
∞∑
n=1

fn(t) sinnx, ãäå

fn(t) =
2

π

π∫
0

x sinnx dx =
2

π
(−1)n+1, n = 1, 2, . . .

Òîãäà u1(x, t) =
∞∑
n=1

Tn(t) sinnx, ãäå Tn(t) � ðåøåíèå çàäà÷è

 T ′′
n (t) + nTn(t) =

2

n
(−1)n+1,

Tn(0) = 0, T ′
n(0) = 0, n = 1, 2, . . .
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2.2 Ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ íåîäíîðîäíûõ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ñîãëàñíî ôîðìóëå (3.15)

Tn(t) =
2

π

t∫
0

(−1)n+1gn(t− τ)dτ,

ãäå gn(t) � ðåøåíèå çàäà÷è{
g′′n + k2gn = 0,

gn(0) = 0, g′n(0) = 1, n = 1, 2, . . .

Îáùåå ðåøåíèå ýòîé çàäà÷è

gn(t) = cn cosnt+ dn sinnt,

gn(0) = cn = 0, g′n(0) = dnn = 1.

Ñëåäîâàòåëüíî, gn(t) =
1

n
sinnt.

Òîãäà

Tn(t) = (−1)n+1 2

n2

t∫
0

sinn(t− τ)dτ =

(−1)n+1 2

n3
(1− cosnt), n = 1, 2, . . .

Òîãäà

u1(x, t) =
∞∑
n=1

(−1)n+1 2

n3
(1− cosnt) sinnx.

Îêîí÷àòåëüíî

u(x, t) = cos 2t sin 2x+
∞∑
n=1

(−1)n+1 2

n3
(1− cosnt) sinnx.
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2.3 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

2.3 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ ñìåøàí-

íûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ïîçâîëÿåò ñòðîèòü ðåøåíèÿ çàäà÷ è â ñëó÷àÿõ, êîãäà

íåîäíîðîäíûìè ÿâëÿþòñÿ óðàâíåíèå è ãðàíè÷íûå óñëîâèÿ.

Ðàññìîòðèì òàêóþ çàäà÷ó:

utt = a2uxx + f(x, t), 0 < x < l, t > 0, (2.54)

{
α1u(0, t) + β1ux(0, t) = p(t),

α2u(l, t) + β2ux(l, t) = r(t),
(2.55)

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). (2.56)

Ðåøåíèå çàäà÷è (2.54)-(2.56) ïðåäñòàâèì â âèäå

u(x, t) = v(x, t) + w(x, t). (2.57)

Ôóíêöèþ w(x, t) âûáåðåì òàê, ÷òîáû äëÿ íåå âûïîëíÿëèñü ãðàíè÷íûå óñëîâèÿ

(2.55). Â îáùåì ñëó÷àå w(x, t) áóäåì èñêàòü â âèäå

w(x, t) = (γ1x
2 + γ2x+ γ3) p(t) + (δ1x

2 + δ2x+ δ3) r(t), (2.58)

ãäå γ1, γ2, γ3, δ1, δ2, δ3 � ïîñòîÿííûå.

Ïðèâåäåì ïðèìåðû íàõîæäåíèÿ ôóíêöèè w(x, t). Ðàññìîòðèì ãðàíè÷íûå óñëîâèÿ

ïåðâîãî ðîäà:
u(0, t) = p(t),

u(l, t) = r(t).

Â ýòîì ñëó÷àå w(x, t) ìîæíî èñêàòü â âèäå w(x, t) = (γ1x+γ2) p(t)+(δ1x+ δ2) r(t).

w(0, t) = γ2p(t) + δ2r(t) = p(t),

îòñþäà ÿñíî, ÷òî γ2 = 1, δ2 = 0.

Èç ãðàíè÷íîãî óñëîâèÿ ïðè x = l ïîëó÷àåì

w(l, t) = (γ1l + 1) p(t) + δ1l r(t) = r(t),

îòñþäà γ1l + 1 = 0, òî åñòü γ1 = −1

l
, δ1l = 1, òî åñòü δ1 =

1

l
.

Îêîí÷àòåëüíî ïîëó÷èì

w(x, t) =
(
1− x

l

)
p(t) +

x

l
r(t).

Â ñëåäóþùèåì ïðèìåðå ðàññìîòðèì ãðàíè÷íûå óñëîâèÿ âòîðîãî ðîäà:

ux(0, t) = p(t), ux(l, t) = r(t).
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2.3 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Â ýòîì ñëó÷àå w(x, t) áóäåì èñêàòü â âèäå

w(x, t) = (γ1x
2 + γ2x) p(t) + (δ1x

2 + δ2x) r(t).

Íàéäåì wx(x, t):

wx(x, t) = (2γ1x+ γ2) p(t) + (2δ1x+ δ2) r(t).

Ïîòðåáóåì âûïîëíåíèÿ ãðàíè÷íûõ óñëîâèé, òî åñòü

wx(0, t) = γ2p(t) + δ2r(t) = p(t),

wx(l, t) = (2γ1x+ γ2) p(t) + (2δ1x+ δ2) r(t) = r(t).

Îòñþäà ñëåäóåò, ÷òî γ2 = 1, δ2 = 0, γ1 = − 1

2l
, δ1 =

1

2l
.

Îêîí÷àòåëüíî

w(x, t) =

(
x− x2

2l

)
p(t) +

(
x2

2l
+
x

2l

)
r(t).

Â ñëó÷àå, êîãäà çàäàþò ãðàíè÷íûå óñëîâèÿ òðåòüåãî ðîäà, w(x, t) èùåòñÿ â îá-

ùåì âèäå è äëÿ îïðåäåëåíèÿ êîíñòàíò γ1, γ2, γ3, δ1, δ2, δ3 ñîñòàâëÿåòñÿ è ðåøàåòñÿ

ñèñòåìà óðàâíåíèé.

Ïîëó÷èì çàäà÷ó äëÿ îïðåäåëåíèÿ ôóíêöèè v(x, t). Äëÿ ýòîãî ïîäñòàâèì ôóíêöèþ

(2.57) â óðàâíåíèå (2.54), ãðàíè÷íûå óñëîâèÿ (2.55) è íà÷àëüíûå óñëîâèÿ (2.56).

vtt + wtt = a2vxx + a2wxx + f(x, t).

Òàê êàê ôóíêöèÿ w(x, t) íàéäåíà, òî wtt è wxx � èçâåñòíû.

Èç ãðàíè÷íûõ óñëîâèé (2.55) ïîëó÷èì

α1v(0, t) + β1vx(0, t) = p(t)− α1w(0, t)− β1wx(0, t) = 0,

òàê êàê α1w(0, t) + β1wx(0, t) = p(t).

Àíàëîãè÷íî

α2v(l, t) + β2vx(l, t) = r(t)− α2w(l, t)− β2wx(l, t) = 0,

òàê êàê α2w(l, t) + β2wx(l, t) = r(t).

Ïîëó÷èì íà÷àëüíûå óñëîâèÿ äëÿ ôóíêöèè v(x, t):

v(x, 0) = ϕ(x)− w(x, 0),

vt(x, 0) = ψ(x)− wt(x, 0).

Ââåäåì îáîçíà÷åíèÿ:

f̃(x, t) = f(x, t) + a2wxx − wtt,

ϕ̃(x, t) = ϕ(x)− w(x, 0),

ψ̃(x, t) = ψ(x)− wt(x, 0).

Òîãäà v(x, t) îïðåäåëÿåòñÿ êàê ðåøåíèå çàäà÷è
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2.3 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

vtt = a2vxx + f̃(x, t), (2.59)

{
α1v(0, t) + β1vx(0, t) = 0,

α2v(l, t) + β2vx(l, t) = 0,
(2.60)

v(x, 0) = ϕ̃(x), vt(x, 0) = ψ̃(x). (2.61)

Íàõîæäåíèå çàäà÷è (2.59)-(2.61) ïðèâåäåíî â ï. 3.

Ðàññìîòðèì ïðèìåðû.

Ïðèìåð 1. Ðåøèì çàäà÷ó

utt = uxx, 0 < x < π, t > 0,{
u(0, t) = t,

ux(π, t) = 1 � ãðàíè÷íûå óñëîâèÿ,

u(x, 0) = sin
x

2
, ut(x, 0) = 1 � íà÷àëüíûå óñëîâèÿ.

Ðåøåíèå çàäà÷è èùåì â âèäå

u(x, t) = v(x, t) + w(x, t).

w(x, t) = (γ1x + γ2) t + (δ1x + δ2) · 1 � ôóíêöèÿ, óäîâëåòâîðÿþùàÿ ãðàíè÷íûì

óñëîâèÿì. w(0, t) = γ2x + δ2 = t, îòêóäà ïîëó÷àåì γ2 = 1, δ2 = 0, òî åñòü w(x, t) =

(γ1x+ 1) t+ δ1x.

Ïîòðåáóåì âûïîëíåíèÿ âòîðîãî ãðàíè÷íîãî óñëîâèÿ. Íàéäåì wx(x, t) = γ1t +

δ1, wx(π, t) = γ1t+ δ1 = 1, îòêóäà γ1 = 0, δ1 = 1.

Îêîí÷àòåëüíî w(x, t) = x+ t.

Ïîñòðîèì çàäà÷ó äëÿ íàõîæäåíèÿ ôóíêöèè v(x, t):

vtt = vxx − wtt + wxx.

Òàê êàê wxx = wtt = 0, òî óðàâíåíèå äëÿ v(x, t)

vtt = vxx, 0 < x < π, t > 0.

Â ñèëó âûáîðà ôóíêöèè w(x, t) ãðàíè÷íûå óñëîâèÿ äëÿ v(x, t):

v(0, t) = 0,

vx(π, t) = 0.

Ïîëó÷èëè íà÷àëüíûå óñëîâèÿ äëÿ v(x, t).

v(x, 0) = sin
x

2
− w(x, 0) = sin

x

2
− x,

vt(x, 0) = 1− wt(x, 0) = 0.
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2.3 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Íàéäåì v(x, t) = X(x)T (t). Ïðè ðàçäåëåíèè ïðåìåííûõ ïîëó÷àåì çàäà÷ó íà ñîá-

ñòâåííûå çíà÷åíèÿ {
X ′′ + λX = 0,

X(0) = 0, X ′(π) = 0.

Ðåøåíèå ýòîé çàäà÷è λn =

(
2n+ 1

2

)2

, Xn(x) = sin
2n+ 1

2
x, n = 0, 1, . . .

Äëÿ ôóíêöèè T (t) ïîëó÷àåì

Tn(t) + λnT (t) = 0,

Tn(0) = ϕn,

T ′
n(0) = ψn,

ãäå ϕ(x) = sin
x

2
− x = ϕ1(x) + ϕ2(x), ψ(x) = 0.

Ðàçëîæèì ôóíêöèè ϕ(x) è ψ(x) â ðÿäû ïî ñîáñòâåííûì ôóíêöèÿì Xn(x) =

sin
2n+ 1

2
x, ïîëó÷èì

ϕ1n =

1, n = 0,

0, n ̸= 0,

ϕ2n = − 2

π

π∫
0

x sin
2n+ 1

2
x dx =

8(−1)n+1

π(2n+ 1)2
.

ψ(x) = 0, ñëåäîâàòåëüíî ψn = 0, n = 0, 1, . . .

Òîãäà

Tn(t) = An cos
2n+ 1

2
t+Bn sin

2n+ 1

2
t,

ãäå

A1n = ϕn, A2n =
8(−1)n+1

π(2n+ 1)2
, n = 0, 1, . . .

Îáùåå ðåøåíèå èñõîäíîé çàäà÷è èìååò âèä

u(x, t) = x+ t+ cos
t

2
sin

x

2
+

8

π

∞∑
n=0

(−1)n+1

(2n+ 1)2
cos

(2n+ 1)t

2
sin

(2n+ 1)x

2
.

Ïðèìåð 2.
utt = uxx, 0 < x < l, t > 0,

ux(0, t) = t, u(l, t) = t2,

u(x, 0) = x, ut(x, 0) = x.

Íàéäåì w(x, t) = (γ1x+ γ2) t+ (δ1x+ δ2) t
2, wx(x, t) = γ1t+ δ1t

2.

Èç ãðàíè÷íûõ óñëîâèé ïîëó÷èì wx(0, t) = γ1t + δ1t
2 = t, îòñþäà γ1 = 1, δ1 = 0,

òîãäà w(x, t) = (x+ γ2)t+ δ2t
2, w(l, t) = (γ2 + l) t+ δ2t

2 = t2, îòñþäà δ2 = 1, γ2 = −l.
Îêîí÷àòåëüíî w(x, t) = (x− l) t+ t2.
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2.3 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ïåðåñòðîèì çàäà÷ó äëÿ v(x, t):

vtt = vxx + wxx − wtt = vxx − 2,

vx(0, t) = 0, v(l, t) = 0,

v(x, 0) = x− wt(x, 0) = x,

vt(x, 0) = x− wt(x, 0) = l.

Íàéäåì v(x, t) = v1(x, t) + v2(x, t).

v1(x, t) � ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè

v1 tt = v1xx − 2,

v1x(0, t) = 0, v1(l, t) = 0,

v1(x, 0) = 0, v1 t(x, 0) = 0.

v2(x, t) � ðåøåíèå çàäà÷è

v2 tt = v2xx,

v2x(0, t) = 0, v2(l, t) = 0,

v2(x, 0) = x, v2 t(x, 0) = l.

Äëÿ íàõîæäåíèÿ ïîñòðîèì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ{
X ′′ + λX = 0,

X ′(0) = 0, X(l) = 0.

Ðåøåíèåì ýòîé çàäà÷è ÿâëÿþòñÿ

λn =

(
(2n+ 1)π

2l

)2

, è Xn(x) = cos
(2n+ 1)π

2l
x, n = 0, 1, . . .

Îáùåå ðåøåíèå

v2(x, t) =
∞∑
n=1

(
An cos

(2n+ 1)π

2l
t+Bn sin

(2n+ 1)π

2l
t

)
cos

(2n+ 1)π

2l
x,

ãäå

An = ϕn, Bn =
2l

(2n+ 1)π
ψn.

Íàéäåì ϕn è ψn.

ϕn =
2

l

l∫
0

x cos
(2n+ 1)π

2l
x dx = 2

(
(−1)n − 4l

(2n+ 1)2π2

)
, n = 0, 1, . . .

ψn =
2

l

l∫
0

l cos
(2n+ 1)π

2l
x dx =

4l

(2n+ 1)π
(−1)n, n = 0, 1, . . .

Ôóíêöèþ v1(x, t) èùåì â âèäå

v1(x, t) =
∞∑
n=0

Tn(t) cos
(2n+ 1)π

2l
x.
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2.3 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Tn(t) óäîâëåòâîðÿåò óðàâíåíèþ

T ′′
n +

(2n+ 1)π

2l
Tn = fn(t), n = 0, 1, . . .

è íà÷àëüíûì óñëîâèÿì

Tn(0) = 0, T ′
n(0) = 0.

Íàéäåì fn(t)

fn(t) =
2

l

l∫
0

(−2) cos
(2n+ 1)π

2l
x dx =

8

(2n+ 1)π
(−1)n+1.

Òîãäà

Tn(t) =

t∫
0

gn(t− τ)
8

(2n+ 1)π
(−1)n+1τ dτ.

Çäåñü gn(t) =
2l

(2n+ 1)π
sin

(2n+ 1)π

2l
t.

Tn(t) =
16l

(2n+ 1)2π2
(−1)n+1

t∫
0

sin
(2n+ 1)π

2l
(t− τ)dτ =

=
32l2

(2n+ 1)3π3
(−1)n+1

(
1− cos

(2n+ 1)π

2l
t

)
.

Òàêèì îáðàçîì, ðåøåíèå èñõîäíîé çàäà÷è ïðèíèìàåò âèä

u(x, t) = (x− l) t+ t2+

+
∞∑
n=0

32l2

(2n+ 1)3π3

(
1− cos

(2n+ 1)π

2l
t

)
cos

(2n+ 1)π

2l
x+

+
∞∑
n=0

((
2(−1)n − 8l

(2n+ 1)2π2

)
cos

(2n+ 1)π

2l
t +

+
8l2

(2n+ 1)2π2
(−1)n sin

(2n+ 1)π

2l
t

)
cos

(2n+ 1)π

2l
x.

Ïðèìåð 3.
utt = uxx, 0 < x < π, t > 0,

u(0, t) = t2, u(π, t) = t3,

u(x, 0) = sin x, ut(x, 0) = 0.

Îòâåò:

u(x, t) =
(
1− x

π

)
t2 +

x

π
t3 + sinx cosx+

+
4

π

∞∑
n=1

1

n3

(
(−1)n3t− 1 + cosnt− (−1)n3

n
sinnt

)
sinnx.
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2.3 Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ðåøåíèÿ ñìåøàííûõ çàäà÷ äëÿ
ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ïðèìåð 4.
utt = uxx, 0 < x < π, t > 0,

ux(0, t) = e−t, u(π, t) = t,

u(x, 0) = sin x cosx, ut(x, 0) = 1.

Îòâåò:

u(x, t) =
(
1− x

π

)
e−t +

xt

π
+

1

2
cos 2t sin 2x−

− 2

π

∞∑
n=1

1

n(1 + n2)

(
e−t + n2 cosnt−

(
2n+

1

n

)
sinnt

)
sinnx.

Ïðèìåð 5.
utt = uxx, 0 < x < 1, t > 0,

u(0, t) = t+ 1, u(1, t) = t3 + 2,

u(x, 0) = x+ 1, ut(x, 0) = 0.

Îòâåò:

u(x, t) = t+ 1 + x(t3 − t+ 1)+

+
∞∑
n=1

(
2

π2n2

(
6(−1)n+1

π2n2
− 1

)
sin πnt+

(−1)n12t

π3n3

)
sin πnx.
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