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We investigate the problem of describing a one-parametric family of
rational functions R(z,t) depending on a real parameter ¢ € [0;1] and,
for a fixed ¢, mapping the Riemann sphere C onto a Riemann surface
S(t). We assume that all critical points ay = ay(t) of R(z,t) a simple and
the corresponding critical values Ay (t) = R(ax(t),t) depend smoothly on
the parameter t. Besides, R(z,t) has poles of order n; at some points
b; = b;(t). Under assumption that A (t) are known, we find a system of
ODE for the critical points ay(t) and poles b;(t).

It should be noted that in [1] we solved a similar problem for the case
when each surface S(t) has only one point of maximal multiplicity over co,
therefore, the mapping functions are polynomials. In [2, 3] we investigated
the case of complex tori (Riemann surfaces of genus 1 over the Riemann
sphere).

Thus, we consider a family of rational functions
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with simple critical points aj; and poles b; of order n;. Without loss of

generality we can assume that Cy = 1, because we can achieve this by an

additional linear map z — az. The value of the constant C; = R(zo,t)

can be easily found: e.g., if we put 2y = a1, then C; = A;. We will also
assume that the condition
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fulfills for all functions of the family. Actually, if m =n := Zjvzl (n;+1),
then it is valid because the residue of the derivative R/(z,t) at the infinity
equals zero. If m # n, we see that under the shift of the complex z-

plane by a number ayg, the value of >_,"; aj — Zjvzl (nj + 1)b; changes by
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(m—mn)ag; therefore, we can get validity of (2) by choosing an appropriate
value of ag.
Theorem 1. Under the above assumptions, the family (1) satisfies
the equation
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where
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Ay = Ai(t) being the trajectories of critical values of R(z,t).
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Theorem 2. The critical points ar = ax(t) and the poles b; = b;(t)
of the rational functions (1) satisfy the system of ODE
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Theorem 2 give an approximate method to find the critical points
and the poles of a rational function uniformizing a compact Riemann
surface S of genus 0 with simple branch-points over the plane C. In the
space of ramified coverings of the Riemann sphere we connect S; with a
similar surface Sy by a smooth curve S(t), 0 < t < 1, so that S(0) = Sy,
S(1) = S;. If we know for S(0) = Sy the critical points ajo and the
poles bjo of the corresponding uniformazing rational function, then we
solve the Cauchy problem for the system of ODE (3), (4) with initial data
a;(0) = ajo, b;(0) = bjo, and find positions of the critical points a;(1) and
the poles b;(1) for a rational function uniformizing the surface S;. We
note that while solving the Cauchy problem we obtain uniformization of
the whole family S(¢), 0 <t < 1.

We can consider (3), (4) as variational formulas which connect vari-
ations of the critical values of rational functions with variations of their
critical points and poles. The formulas can be used for solving extremal
problems for rational functions.
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