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Àííîòàöèÿ

Ñ ïîìîùüþ òåõíèêè ôåéíìàíîâñêèõ àìïëèòóä îáîáùåíà ôîðìóëà Ìàòèÿñåâè÷à,

âûðàæàþùàÿ õðîìàòè÷åñêèé ìíîãî÷ëåí ïðîèçâîëüíîãî ãðàôà ÷åðåç ëèíåéíóþ êîì-

áèíàöèþ ïîòîêîâûõ ìíîãî÷ëåíîâ ïîäãðàôîâ èñõîäíîãî ãðàôà. Â ñòàòüå ïðåäñòàâëåíà

ôîðìóëà, âûðàæàþùàÿ ïîòîêîâûé ìíîãî÷ëåí ÷åðåç ëèíåéíóþ êîìáèíàöèþ õðîìàòè-

÷åñêèõ ìíîãî÷ëåíîâ ñòÿíóòûõ ãðàôîâ.

Êëþ÷åâûå ñëîâà: õðîìàòè÷åñêèé ìíîãî÷ëåí, ïîòîêîâûé ìíîãî÷ëåí, ïðåîáðàçîâàíèå Ôóðüå,
ôåéíìàíîâñêèå àìïëèòóäû, êîîðäèíàòíîå è èìïóëüñíîå ïðåäñòàâëåíèÿ.

Â 1977 ã. Þ.Â. Ìàòèÿñåâè÷ âûâåë ôîðìóëó, âûðàæàþùóþ õðîìàòè÷åñêèé ìíîãî÷ëåí
ïðîèçâîëüíîãî ãðàôà ÷åðåç ëèíåéíóþ êîìáèíàöèþ ïîòîêîâûõ ìíîãî÷ëåíîâ ïîäãðàôîâ èñ-
õîäíîãî ãðàôàõ [1]. Ïðè âûâîäå ýòîé ôîðìóëû íåÿâíî èñïîëüçîâàëàñü òåõíèêà ïðåîáðà-
çîâàíèÿ Ôóðüå (ÏÔ) íàä êîëüöîì Zm ïî ìîäóëþ m. Ïðèìåíÿåìàÿ òåõíèêà ÏÔ õîðîøî
èçâåñòíà â òåîðèè ôåéíìàíîâñêèõ àìïëèòóä (ÔÀ) íàä âåùåñòâåííûì è p-àäè÷åñêèì ïî-
ëÿìè [2]. Ìû ðàçîâüåì ýòó òåîðèþ äëÿ ñëó÷àÿ êîëüöà Zm. Ñóììèðîâàíèÿ ïî ïåðåìåííûì
âî âñåõ ôîðìóëàõ íèæå áóäóò âåñòèñü ïî ýëåìåíòàì ýòîãî êîëüöà.

Ïóñòü f(·) � ïðîèçâîëüíàÿ ÷¼òíàÿ ôóíêöèè èç Zm → C, òàê íàçûâàåìûé ïðîïàãà-
òîð. Äëÿ ñâÿçíîãî ãðàôà G = (V,E) (âàêóóìíàÿ) ÔÀ â êîîðäèíàòíîì ïðåäñòàâëåíèè ñ
ïðîïàãàòîðîì f èìååò âèä:

F̃G,f (m) =
1

m

∑
xv ,v∈V

∏
`∈E

f(xi(`) − xo(`),)

ãäå i(`), o(`) � äâà êîíöà ðåáðà `. Ïóñòü δ � äåëüòà-ôóíêöèÿ (ñèìâîë Êðîíåêåðà íà Zm),
à ε � ìàòðèöà èíöèäåíòíîñòè ãðàôà G:

δ(z) =

{
0, åñëè z 6= 0;

1, åñëè z = 0,
ε`v =


+1, åñëè ` âûõîäèò â v;

−1, åñëè ` âõîäèò èç v;

0, èíà÷å.

Ïîëîæèì ∆(x) = 1−δ(x). Çàìåòèì, ÷òî �íåíîðìèðîâàííàÿ� ÔÀ â êîîðäèíàòíîì ïðåäñòàâ-

ëåíèè mF̃G,∆(m) ñîâïàäàåò ñ õðîìàòè÷åñêèì ìíîãî÷ëåíîì ãðàôà PG(m).
Ôåéíìàíîâñêàÿ àìïëèòóäà â èìïóëüñíîì ïðåäñòàâëåíèè îïðåäåëÿåòñÿ ôîðìóëîé:

FG,f =
∑

k`,`∈E

∏
`∈E

f(k`)
∏
v

δ(
∑
`

ε`vk`)

Çàìåòèì, ÷òî ïðè f(k) = ∆(k) ÔÀ â èìïóëüñíîì ïðåäñòàâëåíèè ñîâïàäàåò ñ ïîòîêîâûì
ìíîãî÷ëåíîì FG(m).
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Ïðåîáðàçîâàíèå Ôóðüå ïðîèçâîëüíîé ôóíêöèè f(k) çàäàåòñÿ ôîðìóëîé f̂(x) =∑
k∈Zm

exp(2πikx/m)f(k). Ïðåäñòàâèì îñíîâíûå ðåçóëüòàòû ðàáîòû.

Òåîðåìà î ñâÿçè âàêóóìíûõ ÔÀ â êîîðäèíàòíîì è èìïóëüñíîì ïðåäñòàâëåíèè.

Èìåþò ìåñòî ñîîòíîøåíèÿ:

FG,f ≡
1

m|V |−1
F̃G,f̂ , F̃G,f ≡

1

m|E|−|V |+1
FG,f̂ .

Íà îñíîâå ýòîé òåîðåìû ìû âûâåäåì, â ÷àñòíîñòè, ôîðìóëó �îáðàòíóþ� ê ôîðìóëå
Ìàòèÿñåâè÷à.

Òåîðåìà î âûðàæåíèè FG(m) ÷åðåç ëèíåéíóþ êîìáèíàöèþ PG/H(m).
Ïóñòü ìíîæåñòâî âåðøèí V ðàçáèòî íà ÷àñòè V1, V2, . . . , Vk (k � ïðîèçâîëüíî) òàê,
÷òî ïîäãðàôû H(Vi), âêëþ÷àþùèå â ñåáÿ âñå ðåáðà G ñ êîíöàìè â ìíîæåñòâå Vi, ñâÿçíû.
Îáîçíà÷èì ÷åðåç H îáúåäèíåíèå ïîäãðàôîâ H(Vi). Èìååò ìåñòî ôîðìóëà:

FG(m) =
(−1)|E|

m

∑
H

PG/H(m)(1−m)|E(H)|,

ãäå G/H îáîçíà÷àåò ñòÿãèâàíèå ãðàôà G ïî H.

Çàìåòèì, ÷òî â ðàáîòå [3] ïîëó÷åíî âûðàæåíèå äëÿ ïîòîêîâîãî ìíîãî÷ëåíà ÷åðåç ëè-
íåéíóþ êîìáèíàöèþ õðîìàòè÷åñêèõ ìíîãî÷ëåíîâ ïîäãðàôîâ (à íå ñòÿíóòûõ ãðàôîâ). Âû-
ðàæåíèå â ïîñëåäíåé òåîðåìå áîëåå åñòåñòâåííî, åãî îáîáùåíèå íà ñëó÷àé ìàòðîèäîâ ñîâ-
ïàäàåò ñ îáîáùåíèåì íà ñëó÷àé ìàòðîèäîâ ôîðìóëû Ìàòèÿñåâè÷à.
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Generalization of the Matiyasevich formula
E.Yu. Lerner, S.A. Mukhamedzhanova

Abstract

The Matiyasevich formula is known as a formula, that expresses chromatic polynomial
of an arbitrary graph through a linear combination of flow polynomials of subgraphs of
the original graph. Using the Feynman amplitudes technique, the Matiyasevich formula
was generalized. The article presents a formula expressing a flow polynomial through a
linear combination of chromatic polynomials of constricted graphs.

Keywords: chromatic polynomial, flow polynomial, Fourier transformation, Feynman ampli-
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