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BBenenue

Hacrosiiee nmocobue npejcraniisieT coboit cOOpHUK 3a/1ad 110 00beNHEH-
HOMY KYPCY aJredphbl 1 aHAJIUTUIECKONH NeOMeTPHUH U IIPeJIHA3HAYEHO [IJIsl CTY-
nenToB MHCTUTYyTa BBIYMUC/AUTEIBHON MaTeMaTUKH 1 MHMOPMAIIMOHHBIX TeX-
HOJIOTUi, 00ydJalomuxcs 110 HampapieHusiM "TIpukiajinast MareMaTuKa U H-
dopmaruka” n "Tlpuxiajgnas nadpopmaTnka’.

Caeayer OoTMETUTH, 9TO JUCIUILINHA ajaredpa U TeOMeTpus YUTaeTcs CTY-
JIEHTaM B IIEPBBLIX JIBYX CeMecTpax IIepBOI0 Kypca W COCTOUT M3 JIEKIUN u
IpaKTUIeCKNX 3aHaTuii. /lanHoe rmocobue coaep:KuT MaTepuaJl Jjisi IPOBee-
HUsI IIPAKTUYECKUX 3aHATHUIl B mepBoM cemectpe. B pasnese "OcHoBHBIE I110-
HSITHS U TeOpeMbl NPUBOJIATCs Oe3 J0Ka3aTeIbCTBa OCHOBHBIE TEOPETUIeCKIe
CBeJIeHNs, HeOOXOMMMbIe JIJIsl PeIleHusI 3a/Jad. JTH CBeJIeHUs] MHOTIa COIIPO-
BOXKJIAIOTCSI MMOSCHAIONIMMI IIPUMEPaMI MJIM 3aMEUAHUSIMU, HAIIPABICHHBIMI
Ha TO, 9TOOBI OOJIEMIUTH CTYJIEHTaM BOCIPUsSITHE HOBBIX HOHATHII. B pasiere
"3ajaun JjIsi CAMOCTOSITE/ILHOTO pellleHus]’ I[IPUBEJIEH OIpe/IeeHHbI MIHU-
MyM YIParKHEHUI, JIOCTATOYHBII JIJIsT YCBOGHMS OCHOBHBIX IIPUEMOB pEeIleHUs
3aJ1ad 110 Kaxk/10il Teme. I3 JJaHHOrO IyHKTa IIperojaBare/ib MOXKeT deplaTh

YIIpaKHEHWA 1 3ada491 JJId IIPOBEACHUA IIPAKTUICCKUX 3aHATHIA.



KomMmmniekcHble 9nc/a 1 MHOT'OYJICHBI

1. Anrebpamdyeckasi popmMa 3aNMCH KOMIIJIEKCHOTO YHCJIA

OCHOBHbIE NOHSATUSA, POPMY/IbI U TEOPEMBI

Omnpeneaenue 1. Yucio ¢ = /—1 HA3LIBAIOT MHUMOU eQuHULeT U TS

ero obosHatuenus MCIoIL3YIOT OYKBY 4, T.e. 12 = —1.

Omnpenenenue 2. 3anuch KOMILIEKCHOI'O YHCIa 2 B BUJe a + b Ha3bIBa-
eTcsd anzebpaudeckots Gopmot 3anuc KOMILIEKCHBIX ducest. JlelicrBurebHoe
YHUCJIO @ HABBIBAETCS deticmeumenvrots 4acmsio KOMILICKCHOTO YucIa a+ bt u
oboznavaercsa a = Re z, neficTBUTE/IbHOE YUCI0 b HA3BIBAIOT MHUMOT 4aACMBIO

KOMILJIEKCHOTO 4dncia a + bi (obosnadaercs b = Im z).

Haji KOMIIIEKCHBIME YHCIAMU, 3alllICAHHBIMU B aJjreOpanmdeckoil hopme
BBIIIOJIHSIIOTCS CJIEJIYIONINEe Ollepallii:

1) JlBa KOMILIEKCHBIX YUCIa 21 = a1 + D19 U 2o = as + byl paBHBI TOr/IA U
TOJIBKO TOI'JIa, KOI'Ja @1 = @G, by = by, TO eCTb KOrJia paBHBI COOTBETCTBEHHO
JeficTBUTE/IbHBIE U MHUMBIE YaCTH KOMILICKCHDIX YHICEL.

3AMEYAHUE 1. Omepanun cpaBHEHHUsT JjIsi KOMIIEKCHBIX YHCes He omnpejesennl. [Toaromy
nousituii "6osbire" u "Mmenbine" IS KOMIUIEKCHBIX YHCEN He cyllecTByeT. Samucu i < 1, 2+1i > 0

JIMIIICHBI BCAKOI'O CMBICJIA.

2) Onepalun CJa0yKeHUsT ¥ BbIYNTaHUsT BBIITOJIHSIIOTCS 110 (DOPMYJIaM:
(al + bll) + (CLQ + bQZ) = a1 + a9 + (bl + bQ)i, (1)

(a1 + bll) - (CL2 + 1)22) =a; —ag+ (bl — bg)’t (2)

3) VMHOXKeHHe KOMILICKCHBIX YHCeT, 33JIAaHHbIX B ajarebpandeckoii (hop-

Me, TIPOM3BOJIUTCA CJIEIYIONINM 00pa30M:

(a1 + blz) (CLQ + bQZ) = a1a9 — ble —+ (albg + blag)i. (3)



4)  Kowmrtekcuble ancia a + bi u a — bi, TO €CTb Ync/ia, OTIMIAIOIIeCs
TOJIBKO 3HAKOM MHUMOI YaCTHU, HA3BIBAIOTCA CONPAHCEHHBIMU. TUCIIO, COPSI-
JKeHHoe K z oboszHaudaercs z. Cymma 2z + Z = a + bi + a — bi = 2a — Bcerga

i z = bi)(a — bi) = a® + b> —
JEeHCTBUTEILHOE TUCI0, a npousBeenne zZ = (a + bi)(a — bi) = a* +
HEOTPUIATE/ILHOE THCJIO.

5) Jlenenne KOMILIEKCHBIX 9HCE]T, 3allHCAHHBIX B ajredpandeckoit hopme

BBIIIOJIHAETCA 110 CJICAYIOIIEMY IIPpAaBUJIY:

2 zmZ aay+biby+ (bag —aibo)i  arag +biby | bias — aibs

_ - = + i (4)

29 2929 CL% + b% CL% + b% CL% + b%

3aja4mn Anst CaMOCTOSITENIbHOMO peLleHus

. 21 _
1. Haiitu 21 + 29, 2129, 21 — 29, —, 21 * 29, €CJIU

Z2
a) 2z =—2+3i, 20 ="5— 21,
b) 21 =2+05i, zp=1-T7i,
¢) n1=V2-V3i, 2=v2+3i
2. Berauciauth ¢, rjie n — HaTypaJibHOE YHUCJIO.

3. llpencraButh 2z B ajredpamdeckoii hopme:
4104 630%7 604 % 1394120 (20+1)7

b) z =
a)z 50i16 BT )2 = s it2
) 54120 (14 26)? ) 2¢0 4 413 N 6% — 6i1
C)z = z = .
8 — 6i 244 1435 5ilo0 — 244

4. Hafitu neiicTBUTENbHBIE 3HAYEHUS £ U ¥, IPU KOTOPBIX KOMILIEKCHBIE
qUCTIa
a) z1=9y* — 4 — 102> u 29 = 8y? + 20i'! aBnsoTCS COUPSKEHHBIMIU.
b) 2z =% — Tz +9yi u 29 = y*i + 200 — 12 pasHbL.
5. HaiiTu jeficrBuresibuble © U Yy U3 ypaBHEHUIL:
a) (1+2)x+ (3—"5)y=1-—3,
b) (1+id)x+ (1—i)y=3—1,
c) r+y—iry=i.
6. Ilycrs 2 = x + iy # 0. Haiitn 1 + ;

2
z
7. Pemuthb cucrembl ypaBHEHMIT:



{(3@x + (4+2)y = 2+6i,
(4+2))r — (2+30)y = 5+ 4.
{(%mn + (2—iy = 6,
8

b)
(3+2i)r + (3—20)y = 8.
Boraucann:

a) i-i-43. .10

b) i+l 42 B3 M 5 4O T B

9. DBpisicHUTD 11pu KaKNX yCJIOBUAX ITPOU3BE/IeHNE JIBYX KOMILIEKCHBIX Yl-
ceJl YUCTO MHUMO.

10. HaiiTu KoMILJIEKCHBIE YUCTIA, CONMPSKEHHbIE CBOEMY KBaJIpaTy.

11. /lokazarb, 4TO:
1) KOMILIEKCHOE YHCJIO Z $IBJISIETCSl BEIECTBEHHBIM TOIJIA M TOJBKO TOI/IA,
Korjga z = z;
2)  KOMILIEKCHOE YHCJIO Z SIBJISAETCS IUCTO MHHUMBIM TOTJa U TOJBKO TOTJIA,

KOorjga 2 = —Z;

2. Tpuronomerpuveckas popMa 3armcu KOMIJIEKCHOTO YHCJIa

OcHoBHble NOHSATWS, POPMYJIbI U TEOPEMBI

Kaxk oMy KOMIIJIEKCHOMY YHCIY G + bi MOYXKeT ObIThH IOCTaBJIeHA B COOT-
serctBue touka M (a,b) 1mmockocTn u, Ha0bOpPOT, Kaxkoit Touke M (a,b) —
KOMILIEKCHOe dnciio (a,b) = a + bi (em. puc.l). VeranopiaeHHoe TaKM 00pa-
30M COOTBETCTBUE SIBJISIETCSI B3AUMHO-OJHO3HATHDBIM.

DT0 COOTBETCTBHE JIAET BO3MOYKHOCTH PACCMATPUBATH KOMILIEKCHbBIE YHCIa
KaK TOUYKK KOOPIMHATHO IIJIOCKOCTH. DTa ILJIOCKOCTH HA3BIBAETCH KOMNAEKC-
not naockocmuvto. Ock abice — deticmeumenvhoti ocvio (Ha Heil PACIIOIOKeHb
TOYKH, COOTBETCTBYIOMIIE TouKaM (a,0) = @), & 0Cb OPJIUHAT — MHUMOT, 0CHIO
(Ha Heill JieXKaT TOYKHU, COOTBETCTBYOIIe MHUMBIM dncyiaMm (0,b) = bi).

Kowmmiekcnomy anciy (a,b) = a + bi coorBerctByer BekTop OM.



Imz

M(a,b)=a+bi

Puc. 1
Onpenenenne 3. Modysem komiuiekcuoro quciaa (a,b) = a + bi Ha3bI-

Ba€TCd AJIMHa BEKTOPa, COOTBETCTBYIOIICI'O 3TOMY YHUCJIY.

JLjst MOJLyItst dmeia z MCIoJib3yeTcst obo3Hauenne |z|. JIerko MoxkHO JT0Ka-

3aTh, 4TO
2] = Va2 + b2 (5)

Omnpenenenue 4. Apzymenmom KOMILIEKCHOrO dncia 2z # (0 Ha3bIBaeTCst
BeJIMUNHA yTJIa MEK/Iy MOJIOXKUTETbHBIM HallpaBIeHneM JIeificTBUTEeIbHOM ocn
1 BEKTOPOM 2z, IPpUYeM BeJIMYNHA YTJIa CUHUTAETCs TOJOXKUTEIbHO, ecin OTYeT
BeJIeTCs IIPOTUB YaCOBOI CTPeIKI, U OTPUIATEIBHO, €CJii OTYeT IPOU3BO/INUT-

Cs TI0 YaCOBOII CTPEJIKE.

AprymMeHT KOMILJIEKCHOTO YIJIa OIpeJessieTcss HeonHO3HadHO. JItobble
JIBa aprymMeHTa KOMILIEKCHOI'O YHCJIa OTJIMYAlOTCsS APYT OT JApyra Ha YuC-
J10, KparHoe 2m. [l obo3HaveHUsi BCeX apryMEHTOB KOMILIEKCHOTO YHC/IA
z = a + bi ucnonwp3yercda obo3Hadenume arg z. depes ¢ 0OBIYHO 0003HA-

AT 2A06H0E 3HAMEHUE GP2YMEHMA, 3aKJI0YEHHOE B IPOMEXKYTKe (—Tr, 7],



10 ecth ¢ € (—m, | !. Apryment xommekcnoro uucia z = 0 = 0 + 0i ne
OTTpE/ICICH.

AprymMenT KOMILJIEKCHOT'O YHCIa 2 = a + bi MOXKHO HafiTu 110 popmy/iam:

a
COSP = s
singp =

Va2 + b?
AprymMeHT KOMILIEKCHOI'O YUCIa 2 = a + bi MOXKHO Tak »Ke HailTu u3 cJieryio-

I1Ier0 ypaBHeHH:
b
tgp = —. 7
gy =" (7)
Ypasuenne (7) He paBHOCHIBHO cucTeme (6), OHO mMeeT OOJIbIe PeIleHui,

I09TOMY €CJIH YIeCTb, 9T0 —7 < ¢ < 7, T0 u3 opmybl (7) HAXOIIM

arctg(b/a) npu a > 0;
¢ =4 arctg(b/a) + m upu a < 0, b > O0; (8)
arctg(b/a) — m mpu a < 0, b < O0;

Onpenenenune 5. Kaxkjaoe KOMILIEKCHOE UHCIO 2 = @ + bi, OTJIMUHOE OT

HYJIsl, MOYKET ObITh 3aIlUCAHO B BU/IE
z = r(cosp +isinp), (9)

rJie T — MOJLYJIb YHC/Ia, & ¢ — oJuH (J11000it) u3 ero aprymentos. Popma 3aIucu
KOMILJIEKCHOTO 9KCjia B Bujie (9) HA3bIBAGTCST MPUZOHOMEMPUUECKOT HopmoTi

3anucCu KOMNAEKCHBIL YUCEN.

st Toro, 9ToOb! NIepeiiTi oT ajarebpanvdeckoil OpMbI 3aITUCH KOMILIEKC-
HOT'O 4hCJIa Z = a + tb K TPUrOHOMETPUIECKON HEeoOXO IMO:

1. Haittir Mmojtystb r = |z| KOMILJIEKCHOTO 9HCIA, HCTOJIB3YsT hopMmy.ty (5).

2. Haiitu ojiux u3 aprymMeHTOB (¢ KOMILJIEKCHOI'O UUC/a Z, BOCIOJIb30BAB-
ek popmyiioit (8). Suadenust arctg <a> OCHOBHBIX TaOJIMIHBIX YIJIOB MPU-

BeJIeHbl Ha pUCyHKe 13.



01 21 41103 1a=0, 550" a=0, b<0

I+
w |

Puc. 2

3. 3ammcaTh YUC/I0 Z B TPUTOHOMETPUIECKO (hbopMe, ICIOb3ys PABEHCTBO
(9).

Tpuronomerpuueckas gpopma 3alnucH KOMILIEKCHOTO YUCIa OKa3bIBAETCS
OYeHb yJIOOHON NMpU YMHOYKEHUH, JIeJIEHNN, BO3BEJIEHUN B CTEeHb U U3BJIeUe-
HUU KOPHSI.

Ha1 KoMILIeKCHBIMEI 9uc/IaMi, 3aIlINCAHHBIMU B TPUTOHOMETPUIECKOIT hop-
Me, MOYKHO BBITIOJTHATD CJIETYIONINE ONEPAIIHN:

1) JlBa KOMIUIGKCHBIX —4qmciaa 21 = ri(cosy; + ising;) u

29 = 19(C0S g + 18N Y9) PaBHBI TOTJA U TOJBKO TOIJIA, KOTJIA
rT =T, 901:902+27Tk7 kEZ,

TO €CTb KOIJIa MOJYJU YHCEI PaBHBLI, a apryMeHTbl OTjndalorcs Ha 27k,
rie k — HEKOTOpOoe IeJ10e THUCJIO.
2)  YMHOXKeHHe JBYX KOMIUIEKCHBIX quces z; = 71(Cos gy + isinp) u

29 = 19(C0S Y9 + 18N Y9) BBIMOTHSIETCS IO CJIeyIoNIel dhopmyJie:

21729 = rlrg(cos(gpl + p9) + isin(py + @2)), (10)

3) [emenue JnByX KOMILUIEKCHBIX dmcesn z; = r1(cosp; + isingy) u
29 = 19(C0S Y9 + 18N Y9) BBHIMOTHSIETCS IO CJIeAyomei dhopmyJie:
<1 1 ..
— = —(cos(p1 — p2) + isin(p1 — ¥2)), (11)
29 T2
4) BosBenenne KOMILIEKCHOTO ducIa 2 = 7(cos ¢ + i 8in ) B mestyro mo-

JIOZKUTEJILHYIO CTeleHb N cJiejlyeT 13 (pOPMYJIbL:

B kavecTse 3HaveHus apryMeHTa MOYKHO OpaTh BEJIMIUHY, TIPUHA/IEKAILYTO TIPOMEXKYTKY [0, 27).

10



2" = (r(cosp +isingp))" = r"(cos(ny) + isin(ny)), (12)

5) Ywucno w HA3BIBAETCST Kophem cmenenu n w3 z = r(cosp + isin p)
(obozHavaercst /z), ecom w" = z.
Ecm z # 0, To cymecTByeT POBHO n KOpHeil cTerieHn n U3 4ducia z. Bee

OHU TIOJTYy9IaIOTCH 13 (POPMYJILI 2

ok ok
=z = \/F(cos P T isinu), k=0,1,2,...,n—1. (13)
n

n

3aja4mn ANst CaMOCTOSITENIbHOMO peLleHus

12. IlpejcTraBuTh B TPUTOHOMETPUUECKON pOpMe CJIEIyIONINe KOMILIEKC-

HbIE YUCJIA:

a)z=—1+1i, b)z=+3—1, )z=—2—-V2i, d)z=1++31,
e)z =16, f)z=-—1, g) z = 4i, h)z=—5"1,
W)z =+3+14, jlz=—1—1i, EYz=v2—-+6-i, [1)z=38,
m)z = —16i, n)z= —\48+4i, 0)z = —32, p)z=1.

13. Haiitu MHOXKeCTBO TOYEK KOMILJIEKCHOM IIJIOCKOCTH, YJIOBJIETBOPSIIO-
HUX YCJIOBUIO:
a) Rez+1Imz <1,
b) |z—1| > |z —1i,

1 < z-z < 4,
‘) {\/3 < Imz < 0
d) |z| <2, Rez > 1, 0§argz<%,
e) sin|z| > 0,
f) =iz =1+,
g9) |z+1+2i <0,
h) %(8n+1) < arg(z +1) <g(4n+1), n € Z,

.

) argz=(2n+1L)m, n€Z,
) lglz+1i| <1,

.

2@opmymsr (12), (13) BO3BeIeHHS B CTETIeHb W H3BACUEHNA KOPHS 9acTO HasbBatoT (hopmytamu Myaspa,
TaK KaK UMEHHO B paforax aHrmiickoro maremarnka AGpaxama ne Myaspa (1667-1754) Gbuia Brepsbie

pereHa 3a/1a9a O BhIPAXKEHUN KOPHEI CTeleHu N U3 JaHHOTO YUCJIA.

11



k) |z =27+ |z + 2> = 25,
D) |lz+1i <1, [z+1] > 1,
m) |z—2—i|>1, 1<Rez<3, 0<Imz <3,
n) |z+1] =z -1,
0) |z +32+32=0,
p) |2 =Rez+1.

14. Haiitu Bce 3HaUYeHNsT KOPHEH M3 KOMILIEKCHOI'O 9HC/IA;
a) vV —4+iV4A8, b) V=64, ¢) /1, d) 1+

15. YOpocTuTh 9mMCIO Z U, €U BO3MOXKHO, 3aIllUCATh YHUCJIO 2 B aareo-
pandeckoit (popme:

(1 — \/§)<0051 —z'sini)

a) z= 1—121 127

b) z=(1+4+14v3)(1 +1i)(cosp +ising),
_ (1 —iv/3)(cos ¢ + isin )

c) 2 (1\—/_2)( osgos—zsmgo) ’
3 1

) 2= (=5 +5)
e) z=(1+1)%, N
) (f_”g ,

_( 1+Z\/§)15 (_1_2\/3)15
7= (207 L+
B 2 (Cosg—231n.53)(1+\/_2)

1
16. BosBecTn B HaTypaJbHYIO CTEEHb N

2r . 2m\"
a) 1+COS?+ZSIH? ,

2m 2\ "
b 1 — +isin— | .
) ( +cos5+zsm5>

17. Ilycts n — narypasnbHoe uncyo. JlokazaTh, 9T0

a) (1+4)" =22 (COS%-FiSiH%),
b) (\/3—2’)"22 (cos%—zsm@))

6
1+itga _1+itgna
1—itga) 1—itgna

12



3. llokazarenbHasa (bopMa 3allIC11 KOMIIJIEKCHOI'O Y9MCJIa

OCHOBHbIE NOHSATUSA, POPMY/IbI U TEOPEMBI
KomMmiiekcHasi cTereHb 4Hucja e

Onpenenenne 6. Ormnepaliist BO3BEIEHNUS YUCIA € B KOMILIEKCHYIO CTe-

neHb z = x + iy oupejieisiercst Gopmy.oit
e” ="t = e"(cosy +isiny). (14)

OcHOBHBIE CBOHMCTBA KOMIIJIEKCHONW CTEIIeHU YHUCJIa €.
1. e1T7%2 = p¥1p%2,

Z1
2. e = T
e*2

3. ns nelicrBuTenbHbIX 3HaYennit z = x + 01
e*=e".

4. Jlnst kaxkjoro k € Z crupaBeji/InBO PaBEHCTBO
e27rk:i — 1.

5. st 1106010 KOMIIJIEKCHOT'O YHCJIa, 2 CIIPABEJJINBO PABEHCTBO

TR — e ke Z.

CsoiicTBa 4 1 5 crupaBe I/ INBBI TOJILKO JIJIsI CTelleHell ¢ He JIefiCTBUTeIbHBIMI

[IOKA3aTEIAMU.
®opmyna Jitaepa
[Tostoxxum B dopmyite (14) z = 0. Torga nomyanm
e = cosy + isiny. (15)

DTO ecThb popmyaa Irepa, BbIparKaIOIas M0Ka3aTeIbHYI0 (DYHKIIMIO C MHI-

MBIM IIOKa3aTejIeM depe3 TPUrOHOMeTpuUuecKne pyHKIIIH.

13



Bamensist B dopmyte (15) y Ha —y, HOTydnM
e W = cosy —isiny. (16)

s pasencrs (15) u (16) nmeem:

eV +e eV —e

cosy = SR siny = 5 (17)
i

[Tocneauumu bopMmysiaMi MOJIb3YIOTCS, B YACTHOCTH, JIJIsi BhIPasKeHUs CTelle-

Hell cos (p U Sin (p U UX TPOU3BEJIEHNIT Yepe3 CUHYC U KOCUHYC KPATHBIX YIJIOB.

ITokazaTenbHast (bopMa 3allnCu KOMIIJIEKCHOI'O YMNCJIAa

Onpenenenne 7. JI000e KOMILIEKCHOE YHCJIO MOXKHO IIPEJACTABUTE B NO-

Ka3ameavnotl gopme
z =re, (18)

rJie 7 — MOJLYJIb KOMILJIEKCHOTO YHCJIa, ¢ — APIYMEHT KOMILJIEKCHOI'O YUCJIA.

YMHOXKEHUE 1 JieJIeHne KOMILJIEKCHBIX Ynce/l, a TaKxKe BO3BeJIeHNEe B HATY-
paJIbHYIO CTEleHb U U3BJICUEHUE KOPHH, YJA00HO ITPOBOJIUTE, MPEIBAPUTE/IHLHO
3aIliCcaB KOMILJIEKCHbIE YHC/Ia B IOKA3aTeIbHO (hopMe.

IIycthb 21 = re'® u 29 = ree'#?, Torma

2129 = r1€'¥iree’”? = 7“17’2€Z(<p1+<p2)- (19)

2 TEt e
A= i), (20)
29 roet¥2 T

SHast gpopmysy ditjepa, MOXKHO IepenucaTb (OpMyIy Jjis BO3BEICHUA KOM-

IIJICKCHOI'O YHCJIa B HATYPAJILHYIO CTEIICHD 71 CJICIYIONIIM 00pa3oM:
(rew) = r"e"?, (21)

Dopmyita, faromias Bce 3HAUEHNs Pa3IMIHBIX KOPHEN 2 = /W 13 KOMILJIEKC-

HOT'O 4YhCJIa W = 7re'Y MOXKET ObITh IepelcaHa B CJIe/IYIOIeM BIIE

zk:\/nrei@:\”ﬁei(%r%k), k=0,1,....,n—1L (22)
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JlorapudM KOMILJIEKCHOTO YHCJIa

Onpenenenne 8. Jlorapudm Ln 2 KoMILJIEKCHOrO YUCIa 2 = T+ 1Yy OIIpe-
JieJisiercst popMyIIoit

ILnz =Inr+iargz, (23)

rjie r — MOJLY/Ibh KOMIIJIEKCHOTO YnC/Ia, arg 2z = ¢ + 2km, k € 7 — Bce 3HaYeHUA

apryMeHTa KOMILJIEKCHOI'O YUC/IA.

OcHoBHbIe cBOfICTBa JIorapu@MIIecKoit pyHKIINH.

1. Ln(z1 - 29) = Ln 2z + Ln 2.

2. Ln ! = Lnz — Ln 2.
9

BO3Be,ILeHI/Ie KOMIIJIEKCHOI'O 9H1CJIa B KOMIIJIEKCHYIO CTEIl€eHb

Onpenenenue 9. BospejeHune KOMILIEKCHOTO YHUCIA Z B KOMILIEKCHYIO

cTelleHb w olpe/jie/isieTcst (hopMyJIoit

2V = etz (24)

3ajaun Ansi CaMOCTOATENBHOMO peLleHus

18. Bo3sBecTu 4mncjio € B creledb 2

3
a) z=1+41, b) z=—§7j—|—127r7j,
c) z=mi, d) z= gz’,
e) z:32'+7+37m'—gi, f) z=2—1.
19. IlpeacraBuThb B moKa3aTe/JbLHOI (poOpME KOMILIEKCHOE THCIO:

a) z=—V12—2i, b) z:—cosg—i—z'sing,

V3 1,
c) z=———i.

20. 3ammcarh B II0Ka3aTeJbHON 1 ajredpamdeckoil (hopmax KOMILIEKCHOE

15



qUCJIO:

(—V3+1i) (COS T _isin 1)

) %= 2122y ae s
— 1
iy . 5 5 1 .\
c) z=>5e" 0,28 (cosl—g—isiné), d) z:<§€122) :
1

e) z=(V3-1i), f) ==
e 751+ V/3i)

9) 2= -

21. Ucnonbsys dopmyiy (22), Haiitu Bee 3HaUeHUs {/w, ecjin
a) w=+3+i,n=4, b) w=1,n=3,
c) w=—-1,n=4, d) w=—4+V48i,n=3

e) w=—1—+/3i,n=14.

22. Ucnosbsys dopmysbt (17), mpeacTaBuTh B BUjie MHOTOUIEHA [IEPBOi
CTENIEHN OT TPUTOHOMETPUIEeCKNX (DYHKITUIT YIJIOB, KPATHBIX (p:
a) sin’ o, b) cos? psin? o, c) cos’ p, d) cos® psin® .

23. Ucnonbsys dopmyity (23), HallTi TorapudMbl CJIETYOMNIX KOMILIEKC
HBIX YHUCEJI:
a) —i, b) V3 —1i, ) 1, d) —1—i.

24. Ucnonbsyst popmyiy (24), BBIUUCIUTD:
1

a) i, b) i, ¢) 1, d) (=1)V2

e) (%) 7 (fi‘; ) g) (1)

4. KOpHI/I MHOToO4wIeHOB. Pa3jio’keHne MHOTOYJIeHA Ha MHOXKHUTEJIN.

Teopema Buera

OCHOBHbIE NOHSATUSA, POPMYJIbI U TEOPEMBI

Onpenenenne KOpHS MHOTO4YJIEHA

Omnpeneaenue 10. Mnozourernom cmenexu n ¢ KOMNAEKCHHMU KOIPPU-

uueHMaAMU Ha3bIBaCTCA BbIpazKE€HNE BUIAA

apx” + a1t + agx™ T 4 ..+ ay, (25)
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rjie a; — KOMILIEKCHBIE dnca. ducia a; Ha3bIBaIOTCS Koapduuuenmamu, MHo-

201neHa, a ag Ha3blBaeTCA cmapuium %03¢¢U’MU€HmOM MOHO20HAEHA.

Onpenenenune 11. IlycTb 3aj1aH MHOIOYJIEH N-0#f CTENEHN C KOMILJIEKC-

HBIME KO3 pUIneHTaMu a;:

2

f(z) = aps" + a1zt + agr" 2 ..+ ay.

KomiiekcHoe 4nciio «v Ha3bIBAeTCsd KOPHEM MHO20"A€HA, €CJIA
fla) =0.

Omnpenenenue 12. Ilyctb 3ajaH MHOrOUYIEH N-0if CTEIEHN ¢ KOMILIEKC-

HBIMU KO3 PUITHEHTAMU @
f(z) = apx" + a1zt + a2+ ..+ ay.

Kopenb & = a muOrowiena f(x) HaspiBaetTcs kophem mmuozouiena f(x) xpam-

nocmu k, ecmn (z—a)* — nemmrens f(z), a (v —a)f !

HE SIBJIAETCS JICTATE/IEM
f(z). Takum obpasom, ecin © = « — KOpeHb MHOrOWIeHa f(x) kparHoctu k,

TO
fl@) = (z — )" g(x),
rie g(x) — maOrOWIEH cTenenn m, (m < n — k).

PaznokeHne MHOro4JjieHa ¢ KOMILJIEKCHBIMU KOS(l)(l)I/II_[I/IeHTaMI/I Ha JIMHeITHbIe

MHO2KUTEeJINn

Teopema 1 (OcHoBHasi Teopema ayredpsr). Jobot mHozouien cme-
NEHU N C KOMNAEKCHBMU KOIPHUUUEHMAMU UMEEM POBHO N KOMNAEKCHHLT
KopHet, ecau Kancovill KOPeHb CHUMAMBH CMOALKO PA3 KAKOBA €20 KPAMHOCND.
Taxum o0bpazom, 1100017 MHO20UAEH CMENEHU T C KOMNAEKCHOLMU KOIPPHULUU-

eHmamu npedcmasum 6 sude
f(x)=ap(x —aq)(z — a) ... (z — ap), (26)

ede aq, Qo, ..., Q — KOpHU MHozousena f(X) ¢ yuemom ux Kpammocmau,

ag — cmapuwiuts Koadhhuuyuernm MHo204.AeHa.

17



PaznoxkeHne MHOro4JjieHa c JeiicCTBUTEJIbHbIMU KO3dduIiimeHTaMmu Ha

,Z[@ﬁCTBPITGJIbeIQ MHO2KHNTEJIN

Teopema 2. FEcau KOMNAEKCHOE YUCAO W ABAAECMNCA KOPHEM MHO204NE-
na f(x) ¢ deticmeumenvromu KoIPPuyuenmamu, mo CoONPAHCEHHOE YUCAO W

maxotce ABAAECMCA KOPHEM I1TN020 MHO20HUNEHA.

CaencrBue 1. Ecau womnaercnoe wucao w = a + bi (b # 0) asasemes
Koprem mHozousena f(x) ¢ deticmsumenvrvmu Kosdduyuenmamu, mo amom

MHO20NEH DEAUMCA HAUCAO HA KEAOPAMHLT MPerdeH
z? —2ax + a® + b* =0,

mawxotce umerowutl deticmeumenvroie KoapHuUuUeHMDL.

Teopema 3. 0601 mHrozounren ¢ deticmeumenvrvimiu kospduuuernma-
MU PA3AA2ZAEMNCA 8 NPOUSBEIEHUE MHO20UACHOE NEPBOTL U 6MOPOTE CMENEeHU ¢

eticmeuUMENLHUMU KOIPHUUUEHMAMA.

Teopema Buera

Teopema 4 (Buera). ITycmo f(x) = 2" + a12™ 1 + asa™ 2 + ... + ay.

IIycmov maxorce x1, o, ..., T, — KopHu mrozouaena f(x). Toeda koapduru-
EHMbL A1, A2, ..., Ay MHO20UACHA [(X) U €20 KOPHU X1, Ta, ..., Ty CEA3ANDL
CAEIYIOULUMU COOMHOULEHUAMU
( aq = —(acl—l—xg—l—...xn),
as = T1To +T1X3 +T1X4+ ...+ Tp_1Tn,
) a3z = —(T1@9x3 4+ T1T2T4 + ..+ Tp_oTp_12y),
an-1 = (—1)" Nowo. . xp 1+ .+ xoT3 .. 1y),
a, = (=1)"x1x973... 7).

Yacmuwd cayywati meopemv, Buema npu n = 2.

[ycrs f(x) = 22 + a1 + ag, o1, T3 — Kopuu MHorouwnena f(x). Toraa 1o
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TeopeMe Brera mveem
ay = —(1'1 + .1'2),

as = X1X3.
Yacmmnouti cayywat meopemv, Buema npu n = 3.

Iycrs f(z) = 23 + a12® + asx + ag, x1, T2, T3 — Kopuu MHorowieHa f(x).

Torna o Teopeme Buera nmeem

a; = —(561 —|—SE2—|—£U3),
Ay = XT1T9 + T1T3 + T2X3,
a3 — —I1X9T3.

Jacmmouti caywati meopemv, Buema npu n = 4.
I 4 3 2 B
yverb f(z) = 2 +ayx’+asx+agx+ay, 1, To, T3, Ty — KOPHE MHOTOWICHA

f(x). Torga o reopeme Buera nveem

( ay = —(x1 4+ 22 + 23+ 74),
) Ay = T1T2 + T1T3 + T1T4 + T2T3 + TaTy + T34,
a3 = —(T12273 + X177y + V17374 + ToT3T4),
L ay = T1T9T3%4.

3aja4n AN CaMOCTOATENIBLHOMO PeLleHns

25. PemmuTh KBajpaTHbIE YpaBHEHUS:

a) 22— (3—2i)z+ (5 —5i) =0, b) 22 —42+8=0,

c) 2% = —i, d) 22— (1+1i)z+6+3i=0,

e) (2+0)z>—(5b—1i)z+(2—2i) =0, f) 22 —52+4+10i =0.
26. Pemuth ypaBHeHUS:

a) 22 —1=1, b) 2 —i=1,

c) 2°—1—iV/3=0, d) 2°+64=0.

27. TlocTpouTh MHOIOYJIEHBI HAUMEHbIIIEH CTEIeHN ¢ KOMILJIEKCHBIMU KO-
SPUIUEHTAME 110 JJAHHBIM KOPHSIM:
a) JBoitHoit Kopenb 1, mpocteie 2, 3 u 1 + 4;
b) TpoiiHoit KopeHb -1, pocrbie 3 u 4;

28. ITlocTponTb MHOTrOYIEHBI HAUMEHDBIIIEH CTEIIEHN ¢ BEIeCTBEHHBIMUI KO-

s durmenTaMm M0 JaHHBIM KOPHSM:
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a) JBoitHoit Kopenb 1, mpocteie 2, 3 u 1 + 4;
b) TpoiiHoit kopeb 2 — 3i.
29. Pasjoxuts muorousen f(z) = z* + 1322 + 36 na Muoxure/n
@) € BelecTBeHHBIMU KOI(DDUIMEeHTAMI;
b) ¢ KOMILIEKCHBIMU KO3(hMUITIEHTAMH.

30. Paznoxurh MHOrOWIeH f(2) HA MHOKHUTEIN ¢ KOMILIEKCHBIME KO-

dpurmenTamu:
a) f(z)=2%+8; b) flx)=2%+4;
c) f(z)=12%—6x+ 10; d) f(z)=2°—2"+4x — 4.
31. Paznoxkunts muOrOWwIeH f() HA MHOXKHUTEIN C BEIIECTBEHHBIME KO-
s durimenTamu:
a) f(r) =4zt — 1223 + 132,
b) f(z) =t +82% + 12;

) ) =
c) f(x)=2%+27;
) f(z)

32. Haiitu coorHommenne Mexk 1y KoadgduipenraMn KyOnieckoro ypaBHe-

—2° — ot 4+ 4 — 4.

HIA 20 + px2 + qxr + r = 0, upu KOTOPOM OJIUH KOpEHb PaBeH CyMMe JIBYX

JIPYTHUX.

33. Ilposeputhb, 9TO OJMH M3 KOpHEl ypaBHEHUs
362° — 1227 — 52 +1=0

paBeH CyMMe JIByX JPYIHUX, U PEHINThH ypPaBHEHUE.

34. OrmpenesnTh A Tak, 4TOObI OJUH U3 KOPHEll ypaBHEHUSsI
3 _
' —=Tr+A=0

PABHSJICHA YABOCHHOMY JIPYTOMY.

35. Omupenennts a, b, ¢ Tak, 9T00LI OHU OBLIN KOPHSIMI yPaBHEHH
3 —ar’ +br —c=0.

36. CymMa IByX KopHeil ypasmenus 2z° — 22 — 72z + X = 0 pasna 1.
OnpenennTs .
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5. Cxema I'opaepa. KopHu MHOro4/ieHOB C IeJILIMU

Ko3ddburimeHTaMm

OcHoBHble NOHSATWSA, (POPMYJbI U TEOPEMBI

Cxema l'opHepa u ee mpuMeHeHUE

1. Czema TI'oprepa ucnosp3yercst npu jejeHnn MHEOrowieHa f(x) Ha Ju-
HeliHy10 (PYHKINIO T — Xg.

[TycTn

f(z) = apz" a1z Haox" 2. . Ha, = (x—x0)(box" b 2. Aby_1) T,

toraa KoadunneHTsr by, by, by, ..., b,_1 1 OCTATOK OT JieJIeHUs ' MOXKHO HailTh
U3 cJIe/IyIolei TabIIIIbL:

ag ai Ap—1 an
zo | bg =ag | b1 = xobg +a1 | ... |bp—1 = xobp—o + apn-1 |7 = xobp—1 +a, = f(l‘o)

2. Ilpu genennnym MHOTOUJIEHA Ha JMHEHHYIO (DYHKIMIO OCTATOK OT Jle-
nenust v paBeH f(xg), moaromy cxema [oprepa no3sossem Hatimu 3HaA%EHUE
mrozousena f(x) 6 mouke xg.

3. Cnocob I'oprepa HO3BOJIAET OIPEE/IUTL NOKAZAMEND KPAMHOCTU KOP-
na. Ilyctsb 3amanel MHOrouteH f(x) n-oif creneHu u ero KOpeHb T = v, TOIJA
JIIST TOTO, 9TOOBI OIPEJIE/IUTh TTOKa3aTe b k KPATHOCTH KOPHS & = (v HEOOXO-
mMo: pazgesuth f(z) Ha (x — «), ecim octaTok OT Jeienus r pased 0, TO
qaCTHOE OIISITh PA3/Ie/UTh HA (T — (v) U T.JI., JeJeHIe TIPOJI0JIKATE 10 TeX Mop,
OKa 0CcTaToK OT Jiesiernst 7 paser 0. Taxkum o6pasoM, aJropuTM 3aKaHIBaeT-
cst TOJIbKO Toraa, Korya r # 0. ITokasarens k KpaTHOCTH KOpHSI & = (v paBeH
GUCJTY [OJIyYEeHHBIX HYJIEBLIX OCTATKOB.

4. Cnocob I'opuepa 1o3BoJisteT HailT KOdMOUIUEHTHI B pa3/I0KEHUN Psijia

Teitsiopa.

Omnpenenenue 13. [Iycto  3ajjam MHOrOYJIEH  CTENeHu N

f(x) = apx™ + ayx™ ' 4+ asa™ 2 + ... + a,. Pad Tetiropa B TOUKe T( sl
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MHOTrOUIeHa f(x) mMeeT coeyromuii Bu/L

f//(xo)
2!

f(")(xo)

n!

f(@) = f(xo)+ f'(xo)(x—20)+ (z—x0)+.. .+ (z—x0)" (27)

Cnocob Toprepa pasaoocenusn muozousena f(x) no cmenenam (x — xo)
cocrour B caeiytoriem: geinmM f(x) Ha (r — Zg); YaCTHOE CHOBa JIEJINM Ha,
(x — mp); yacTHOE ONATD JIeJIUM Ha (T — X)) U T.JI., OKA He MOJIyunM B 4acT-
HOM 0J1HO unci0. OcTaTKu OT 9TUX JICICHUI 1 TTOC/Ie/Hee YaCTHOE sIBJISTIOTCST

Koshdurimentamu B (27), To eCTh

"xo) FO(x ) (2
f(xO); f,(xO)y f ( 0) f ( 0) f ( 0)'

21 7 377 nl
ap ai Ap—1 an
o bo = ag by = xobo +ar | ... | by_1 = 20by—2+an—1 | ro = f(w0)
X0 co = by c1 = xgcy + b1 ry = f(l)(l‘o)
g do = co di1 = xodp + 1
(n—1)
o aop Py = L) (n,l()xlo)
ZIo Tm = 7‘}0(”)('1,0)

n!

KopHu MHOro4JieHOB C IiejibiMu Ko3d duiimeHramum

Teopema 5. FEcau ueaoe wucao o ABAAECMCA KOPHEM MHO2OYAEHA
flx) = 2" + a2 + apx™ 2 + ... + a, ¢ ueavmu Kospduyuermamu a;,

mo v ABAAEMCA deAumenem mMaadure2o KoIPOuUuueHma a,,.

Caenctsue 2. I[lycmv dan mrozounen f(x) = 2" + a2 1+ ... +a, c

UEABMU KOIPPHUUUEHMAMU Q; U NYCND Q. — UEAOE YUCAO U KOPEHD MHO20UAEHA
f) I

11—« 1+«

f(x), moeda swpasicenus ABAANOMCA UCADMU YUCAAMU.

P
Teopema 6. Ecau payuonasvhoe 4ucio — ABAAEMCA KOPHEM MHO20UAE-

Q

na f(x) = apz™ + a12™ 1t + ar™ 2 + ..+ a, ¢ ueavmu Kosddunuermamu a;,
mo P — deaumennv maadwezo xoappuyuenma a,, a Q) — deaumenv cmapuezo

Koappuyuenma a.

3ajaun Ansi CaMOCTOATENBHOMO peLleHus
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37. BbINogHUTD jiesieHIe ¢ OCTaTKOM, HafiTn dacTHOe OT jesenus ¢(z) u
ocTaTok () :
a) 22t — 323+ 42 — 50 +6 na 2?2 —3x+1;
b) 23 —3x2—2—1 Ha 3% —2x + 1;
38. Ilpu KaKoMm ycJIOBUM MHOTOUJIEH T° + P + ¢ JIGJIUTCS Ha MHOTOUWJICH
Bua 2 4+ max — 1.
39. Tlpu kaxoM yciosun Muorowien xt + pr? + ¢ nemurcest Ha MHOTOUIEH
Buja x> + max + 1.
40. Tlosbsysick cxemoit [oprepa, Berauc/iuTh f(2g) U BbIIOJIHUTE JleJIeHIe
¢ ocTaTKOM Ha, (T — xg):
a) f(z)=a2*—32%+ 622 — 102 + 16, zy = 4;
b) f(z) =2 —223+42% — 62 +8, 1p=1;

¢) f(x)=22"—5x3— 8z, xro = —3.
41. Yemy paBen mokazaTesb KPaTHOCTU KOPHS:

a) 2 mig muorowtena z° — Szt + 72® — 222 + 4x — 8;
b) -2 aua muorownena x° + Txt + 1623 + 822 — 162 — 167

42. Haiitu pannonajbHble KODHU MHOT'OYJIEHOB:

a) 3 — 622+ 150 — 14; b) ot — 223 — 82 + 13z — 24;

c) z°— Tx? — 122 + 62 + 36; d) x° — 2z — 423 + 42? — b + 6;
e) 24x° + 102 — 23 — 1922 — 52 +6; f) 2t +22% — 1322 — 382 — 24;

g) 223+ 32 + 6z — 4; h) 2°+ 2t — 623 — 142% — 11z — 3.

43. Tlomwsysice cxemoit Toprepa, paszsioxkuth MHOrOWIeH f(x) mo crere-
HM (x — ):
a) f(z) =2+ 223 — 32% — 4o + 1, To = —1;
b) f(l’) - I5, ro = 1;
c) f(z)=a*— 823+ 242% — 50z + 90, x5 = 2.
44. Tlonb3ysich cxemoil I'opaepa, pa3/ioXKUTh Ha IPOCTEHIIIIe TPOOU:
x3—x+1. zt —22% +3

a) (x —2) ) (z + 1)
45. Haiitn 3navenus MuorodaeHa f(x) u ero MpoU3BOAHBIX TIPH T = Ty

a) f(x)=12"—423 +62% — 8z + 10, zg = 2;
b) f(z)=a =33 +42> +52 -1, 9= 1.
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Boruncienue onpeaenautesieii nopsaaka n

6. IlepecranoBku. OmpeseseHne opeaeIMTesIsd 1N-ro MOPAIKa

OCHOBHbIE NOHSATUSA, POPMYIbI U TEOPEMBI

IlepecTranoBKn

[IycTh s1aHO HEKOTOpPOE KOHEYHOE MHOXKECTBO (2, cocTosiiee n3 n HarTy-
pasibHbIX dncest, To ecthb ) = {1,2,... ,n}. DTu Ynucia MOKHO YIOPSIOIUTD
pasymaHbIMU criocobamu. Tak, gumciaa 1,2,3,4 MOXKHO PaCIOJIOKUTb TaKKe

caeayronmmu criocodamu: 3, 1,2, 4 nin 2,4, 1,3 u 1.1

Omnpenenenue 14. Jlioboe pacrosoxkenue dnces 1,2, ..., n B HEKOTOPOM

olpeae/JICHHOM IIOPAJKE Ha3bIBaeTCA nepecmcmOG%’oﬂ n3 N 4duceJsI.

Onpenenenue 15. Tparcnosuyueti Ha3biBaeTCsl Takoe Ipeodpas3oBaHiie
IEPECTAHOBKH, TP KOTOPOM MEHSIIOTCSI MECTaMU KaKne-inbo JiBa CHMBOJIA (He
00513aTeJIBHO CTOSIIIE PSIZIOM ), & BCE OCTAJIbHbBIE CHMBOJIBI OCTAIOTCST HA, CBOMX

MecCTax.

Onpenenenne 16. Eciu B mepecraHoBKe CUMBOJI C BBICIIUM HOMEPOM
CTOUT PaHbIlle CUMBOJIA C HU3IMIUM HOMEPOM, TO TaKoe sBJIEHNE Ha3bIBaeTCsd
uneepcuet. [lepectanoBka Ha3bIBACTCS 4emHotl, €CJIN €€ CAMBOJIBI COCTABJIISIIOT

geTHOE YHUCJIO I/IHBepCI/H‘/)I7 U HewemHot — B I[IPOTUBOIIOJIOZKHOM CJIy4dae.

Hucsio Becex pa3IndHbIX IIepecTaHOBOK U3 1 CUMBOJIOB paBHO n! [Ipunn > 2

YMCJIO YETHDLIX II€ePECTaHOBOK M3 7T CUMBOJIOB paBHO YHUCJIy HEYETHLIX II€epeCTa-

n!
HOBOK, TO €CTh PABHO o



OnpenesieHue onpeaenTelisi N-ro NopsaIKa

[IycTs mana KBajpaTHas MaTpHUIla TOPsIKa 7

ai; a1 ... Qip
ags1 A922 ... Q9p

A= . (28)
anpl QAp2 Qnn

PacecmoTpuM BceBO3MOYKHBIE IPOU3BECHIST 1 3JIEMEHTOB MaTPUIILl A, B3s-

TBIX 110 OJIHOMY B KazKJIOif CTpOKe U B KaxKJIOM CTOJIOIE, TO eCTh IIPOU3BEIeHMSI

B,

a1j1a2j2 c. anjn,
rje WHJIEKCHI J1,72,...,Jn COCTABJIAIOT HEKOTOPYIO IOJCTAHOBKY W3 YHCE]
1,2,...,n. Uncao Taknx mpon3BeIeHUIT PaBHO UHCIY PA3JMIHLIX [T€PECTaHO-

BOK M3 M CHMBOJIOB, TO €CTh paBHO n! Byjaem canrarh Bce 3TH MPOU3BeIeHNUsI
qjeHaMU OY/IYIIEro ompeJie/InTe s N-ro MOPsIKa, COOTBETCTBYIOIIEr0 MaTPUIIE

(28).

Onpenenenue 17. Onpedesumenem n-20 nopsadka, COOTBETCTBYIOINM

marpuiie (28), Ha3bIBAETCsI CJISYIONAs CyMMa
A = Z(—l)t(j)a1j1a2j2 ce anjn, (29)
J

paclpoCTpaHeHHass ~ Ha  BCEBO3MOMKHBIC — pas/M4Hble  [1ePeCTAaHOBKI

j = (Ji,---,Jn). Hucao t(j) paBHO 4HC/Iy MHBEPCHI B [EPECTAHOBKE j =

(71 jn). Ipoussegenne (—1)"Way; ay; (i HA3BIBACTCS YACHOM ONPE-
’n . c’ n . 131 2]2 . o . njn

deaumens.

3ajaun Ansi CaMOCTOATENBHOMO peLleHus

46. OnpejeuTb YNCI0 NHBEPCUil B IIepecTaHOBKAX:
a) 1,9,6,3,2,5,4,7,8,
b) 2,3,5,4,1,
c) 6,3,1,2,54,
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d) 7,5,6,4,1,3,2,
e) 1,3,4,7,8,2,6,9,5,
f) 2,1,7,9,8,6,3,5,4.

47. Cuurag, uro 1,2,3,4,5,6,7,8,9 — ucxo/iHoe pacrojioxKeHue, mojo-
oparb ¢ 1 k Tak, 9T0ObLI
a) mepecranoBka 1,2,7,4,1,5,6,k,9 Obl1a 4eTHOIT,

b) mnepecranoska 1,4,2,5,k,4,8,9,7 Oblia HEIETHOI.

48. OupeJennThb YUC/I0 NHBEPCHil B IIepecTaHOBKe U yKa3aTh OOl mpu-
3HAK TeX YUCeI M, JJIsd KOTOPBIX 3Ta [ePeCcTaHOBKa sIBJISETCA YETHOI, U Tex,
JIIE KOTOPBIX OHA, HEeYeTHA!

a) 1,3,5,7,....2n—1,2,4,6,8,....2n,

) 2,4,6,...,2n,1,3,5,...,2n — 1,

) 1,4,7,....3n—2,2,5,8,....3n —1,3,6,9,...,3n,

) 1,5,...,4n—3,2,6,...,4n —2,3,7,...,4n —1,4,8,... 4n,

e) 1,5,...,4n—3,3,7,...,4n —1,2,6,...,4n —2,4,8, ... 4n,

f) 4n,dn—4,...,8,4,4n —1,4n —5,...,7,3,4n —2,4n —6,...,6,2,
4n—3.4n—7,....5.1.

49. B kaxoil nepecranoBke uncena 1,2,3, ..., n 9UcjI0 NUHBEpCUil HanbOIb-

o S

SN

Iree 1 YeMy OHO PaBHO?

50. CkoJibKO HHBepcuii obpasyer unciio 1, crosiiee Ha k-OM MecTe B Iie-
pectaHoBke qncena 1,2,3,...,n?

51. CxoJIbKO UHBepcHil 0bpas3yeT JUcjo n, CToslee Ha k-OM MecTe B Iie-
pectaHoBke uncen 1,2,3,...,n?

52. BrblsicHUTb, KakKue u3 MNPUBEJEHHbIX HUXKe [IPOU3BEJEeHHIl BXOIAT B

onpeae/amTe/] 1 COOTBETCTBYIOIUX ITOPAIKOB 1 C KaKMMHI 3HaKaMM:

a) A13022031A46055064, b) A34021046017073054062,

C) A430210A35012054, d) A61023045036012054,

€) a97G36a51 474025043062, [)a12a93 . .. Gp_1nGp1,

9) 412021434043 . - . A2p—120020.2n—1, P) Q12023034 - . . Qp_1 nQkk, 1 < k < n.

53. Ilosb3ysich onpejieieHuEM, BHIUYUCIUTD CJIEIYIONINE OIPEIeINTE/IN:
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ail 0 0 RN 0
0 0 0 G1n
a1 A929 0 RN 0
) 0 0 agp-1 azy
a) | az aszy ags 0|, b
Qpl .. Gpn—-2 Apn—1 Qnpn
Qp1 Ap2 Ap3 ... App

54. BpiOpatb ¢ u k Tak, 4ToOBI IPOU3BEICHIE

A620;5A330 4046021

BXO/IMJIO B OlpeJiesiuTesib 6-ro mopsijiKa cO 3HaKOM MUHYC.

55. BriOparb ¢ u k Tak, 4TOOBI IPOU3BECHIE

470630145507k A24031
BXOJIIJIO B OIPEACTUTEb 7-TO TMOPAIKA CO 3HAKOM ILIIOC.
56. HaiiTu 9ienbl onpepesnTeid 4-ro mopsijiKa, cojlepzKaliiue 3JIeMeHT ago
1 BXOJIAINME B OIIPEJIE/IUTE]b CO 3HAKOM ILIIOC.

57. Haiitu wiennsr onpeaeuTesis

br 1 2 3
xr x 1 2 4 5
, coaepxKaliue r  u x°.

r 3

r 1 2 2z

7. OnpemenanTesii BTOPOTro U TpeTbero mopsakoB. CBoiicTBa

onpeJieuTesien

OcHoBHble NOHSATYS, POPMYJIbI U TEOPEMBI

(I)OpMy.TIbI AJId BbIYYNCJIEHUA OHpeﬂeJII/ITeJIeﬁ BTOPOI'o 1 TpeTbero 1nmopdaakKoB

Onpenenenue 18. BroipaxkeHue aiijaoy — G12091 HA3BIBAETCS ONPEIENU-

meaem MAmpuyb. 6mopozo nopadka (uau onpedesumenem 6mopozo nopadxa)
u oboznadaercs: |Al, det A, AA, A.

ain i
Al = = (11022 — (12021 (30)

a21 22
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Onpenenenne 19. Onpedesumenem mpemuve2o nopAdka HaA3bIBAETCS BbI-

paxKeHnue BHua:

ailr a2 ai3
Al — 011022033 + (21032013 + (112023031 — |
| ‘— Q21 Qg2 Q23 | — (3)
—a31022013 — 421012433 — 432023011
a31 azz2 ass

OTMeTHM HECKOJIBKO TIPABIT JIJIs TOCTPOEHMsT BbipazkeHust (31).

1. Ilpasunro mpeyzosvrukos. Bulaeanm B 9TOM ONpeeHTENe 2A46HYH0
Juaz20nanb, 00pa30BaHHYIO YHCIaAMU (11, G992, A33 U JIMaroHaJb, 0OPA30BAHHYIO
YUCJIAMUI A31, 92, A13, KOTOPYIO OyJIeM Ha3biBATbh nobouHol. Boraucisgem 1po-
n3BeJIeHIE JIEMEHTOB, CTOSIINX Ha IVIABHOI JUArOHAJM U J[Ba IIPOU3BEIEHUS
YUCesI, PACIOJIOXKEHHBIX B BepIIMHAX JBYX PABHOCTOPOHHUX TPEYrOJbHIKOB
C OCHOB&HI/IHMI/I7 HapaﬂﬂeﬂbeIMI/I FﬂaBHOﬁ I[I/I&FOH&.HI/I. CK.H&,ZLBIB&GM 9TU TpI/I
po3Beennsi. V3 mosydeHHoit CyMMbBI BBIUNTAEM CYMMY IPOU3BEICHUIT 3j1e-
MEHTOB, CTOSIIIIX Ha MOOOYHON JraroHa/ i U JBYX IPOU3BEJICHUIT dmces, pac-
IOJIOKEHHBIX B BePINNHAX JABYX PABHOCTOPOHHUX TPEYTOJHHUKOB C OCHOBa-

HUSMU, TapaJie bHbIMU 1T000YHON jauaronanun. Ha pucynke 1 310 mpaBujo

n300parkeHO CXeMaTHICCKI.

Gy G

y ly Oy =

Uy g

Puc. 3

2. IIpasunro Capproca. IlpunuineM K MaTpuile ciipaBa IIepBbIil U BTOPOI
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CTOJIOIBI M BBIYUCINM TTPOU3BEICHUS 9JIEMEHTOB, CTOAIINX Ha KaxKI0i 13 yKa-
3aHHBIX IECTH TPAMBIX (CMOTDH PHCYHOK 2). 3aTeM HaifjleM CyMMy 9THX po-
U3BEJICHUIT, IIPU 9TOM IIPOU3BEJICHUS JIEMEHTOB Ha MPAMBIX, HapaJliebHbIX
IJIaBHOI JInaroHaJi, BO3bMeEM CO 3HAKOM ILIIOC, & IIPOU3BE/ICHU 3JIEMEHTOB Ha
MPSIMBIX, TTAPAJIIEBHBIX TTOOOTHOMN JUarOHAJN, — CO 3HAKOM MUHYC (COTJIACHO

00O3HAYEHUSIM HA PHCYHKE 2).

’

Ay, 3

1 Mn g )

Puc. 4

CsoiicTBa onpeneanreeit

CsoiictBo 1. Ilpu nepemene MectaMit BYX COCEIHUX CTPOK (MK CTOJIO-
II0B) OIPEJIEJTUTEIIsI €0 3HAK MEHSETCs Ha [TPOTUBOIOJIOXKHBI, a abcoroTHAS
BEJINYUNHA HE M3MEHAETCS.

CsoiictBo 2. Ormnpejenureib ¢ JBYMS OJMHAKOBBIMI CTPOKAME HJIH
cTOJIOIaMI paBeH HYJIIO.

CaoiictBo 3. YMHOXKEHHE BCEX 3IJEMEHTOB HEKOTOPOil CTpOKM (win
cTOJIOIA) OIpeeTUTe A Ha YUCJI0 A, PABHOCHIBHO YMHOXKEHHUIO OIPe/Ie/THTe-
JIST HA 9TO YUCJIO, TO €CTh MMOCTOSTHHBI MHOXKHUTE/Ib MOZKHO BBIHOCUTDH 3 3HAK
olpeeuTe s U3 J00H CTPOKN WM U3 JHO0ro CTo/I0IA.

CsoiictBo 4. Ecsm Bce asieMenTsl HEKOTOPOI cTpoku (mim crosibra)
pPaBHBI HYJIIO, TO OIPEJICTUTEb PABEH HYJIIO.

CsoiicTBo 5. Ec/iu s/1eMeHTBI IByX CTPOK (U1 CTOJIOIOB) OTPEIeINTE ST
IIPOITOPITUOHAIBLHBI, TO OIPEJIEINTE/b PaBEeH HYJIIO.

CsoiicTBo 6. Ec/u K s1eMenTaM HeKOTOPOit CTPOKH (Wi CTONIOIA) OTIpe-
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JeJTATe]sT TPUOABUTE COOTBETCTBEHHO JIEMEHTBI JAPYTOil cTpoKu (Win CTOJI0-
1a), yMHOKEHHbIe Ha JefiCTBUTETHHOE YUCI0 A, TO BEIUINHA OMPEIeUTe s
He U3MEHUTCS.

CsoiicTBOo 7. 3HadeHue onpejeuTe/Isi He MEHSIeTCsl TI0C/Ie 3aMEeHbl BCEX
€ro CTPOK COOTBETCTBYIOIIUMH CTOJIOIAMUI, U HAOOOPOT.

CsoiicTBo 8. FEciinm KaK/blil 3/1eMEHT KaKOIro-J1n00 Psija OlpPEeIeInTe sl
IpeJICTaB/IsieT coOON CyMMY JBYX CJaraeMbIX, TO TaKOil OIpeje/nTe/ b paBeH
CyMMe JIBYX ollpejiesiuTesieli, B IEpBOM U3 KOTOPBIX COOTBETCTBYIOIINI PSIJT CO-

CTOUT U3 IIEPBBIX CJIaraeMbIX, & BO BTOPOM — U3 BTOPBIX CJIaraeMblX, HAIIPUMED

ail ... a1¢+b1i ... Qip a ... Qi ... Qip
asr ... azi‘l—bgi ... Qop asr ... ag; ... Qop
— +

anl Ani + bm Ann anl Ani Ann

a1 b QA1n

a21 b Q2n,

+
anl bm Ann

3ajaun Ansi CaMOCTOATENBHOMO peLleHus

58. BrprumcanTs onpeieinTe/ I BTOPOIro MOPSIKa:

2 4 cosr —sinzx 2z —y? ,
a) . b ,  C) . THe z = X + 1y,

6 8 sinx cosx 1z

1 2 T Ty tgep 1 cosT COoSs2T
d) , €) , [ .9 | ,

-3 —4 1y —1 tgop sinx sin2x

59. PemmuTh ypaBHEHUS:

20 +1 3 x —2 +3
0) —0, b T g

r+95 5 —y—3 xr—2

20 —1 z+1 sindoxr sinx
c) =—6, d) =0,

r+2 x—-1 COST COS DT

z |7 .
e) =0, tae z =z + 1y.

-1 =z
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60. BorumeanTs onpejie/InTe/ M TPETHEro MOopsiIKa;

12 3 1 00 005 a+x x x
a)|4 56|, b)|0201], ¢)|06 0], d r b+zx x |,
789 00 3 700 x r cHx
3 2 —1 213 a b c a T T
e)|—22 31, f/)l532]|, g9glcabdl|, h)lz b x|
4 2 =3 1 4 3 b c a r T cC
61. PemmuThb ypaBHEHHS U HEPABEHCTBA:
2 0 3 -1 3 =2
a) | -1 7 x—-3|=0, b |2—-3z 0 5 |>0,
5 —3 6 3 2 1
—1 0 2x+43 2 0 —1
c) | 3—x 1 1 =0, d) |1 2+5 2—x2|<5.
2v+1 —1 2 3 -1 2

62. He Bbruncisasa onpegeﬂMTeﬂeﬁ IpoBEPUTL, YTO OHHM JEJIATCA Ha

(a—=10), (b—rc), (c—a):

1 a a? 1 a be 1 1 1 1 a a
a)|1 b *|, b)|1becal, ¢)la b cl|, d |1 b v
1 ¢ & 1 ¢ ab a® b 1 ¢ c*
63. BprumcanTh, NCHONbB3Ys CBOMCTBA ONpPEIe/INTE e
sina cosa sin(a 4+ 9) (a®+a)? (a* —a®)% 1
a) | sinB cosB sin(B+4) |, b)| (W+b¥)?* (W—-bY?* 1|,
siny cosy sin(y+9) (c+c#)? (F—c?)? 1
sin?a cos’a 1 a+b c 1 (a1 +b1)? a2+ b2 ab
¢)|sin?B cos?B 1|, d)|b+c a 1|, €) | (ay+b)? a+b3 azby |-
sin?y cos?y 1 c+a b 1 (a3 +b3)* a3+ b3 asbs
64. He passeprniBag onpeaeauTesieil, 10Ka3aTh CJICAYIONINE TOKICCTBA!
a; —xby a1 +xby a; by ¢
a) | ag—axby as+xby o | =2%| ay by o
az — xbs asz + xbs c3 as bs c3
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a; +xby ax+by a; by ¢
D) | as+ by asx +by o | = (1 —2%)| as by e
as + xbs asr + by c3 as bz c3
a1 +b1t a1t +b; ¢ a; by ¢
¢) | ag+byi asi+by co | =2|ay by ¢ |,
as + bst asi +bs c3 as by c3
a1 by a1x+ by + a; by ¢
d) |as by asr+by+co|=]|as by co
az by asx + b3y + c3 as bz c3

8. Teopewmsbl o pazjoxkenuu mn Jlamnaca, meron 3 deKTUBHOTO

IIOHMN2KEeHUNA IIOPpAadKa

OcHoBHble NMOHSATUSA, POPMY/bI U TEOPEMBI

Teopema o pazsJioxkeHUN

Onpepesienne 20. Murnopom M;; sieMenta a;; Ha3blBaeTCA OIIpeJIeJIN-
Tesib (n — 1)-ro mopsijika, TMOJIyUeHHBIH U3 OMPEIeUTeNsi N-T0 TOPs/IKa Bbi-

YepKUBaHUEM ¢-0if CTPOKU U J-TO CTOJIOIA.

Onpepesienne 21. Anzebpauueckoe donoanenue A;j sjieMenta a;j olpe-

JEJIACTCA PaBEHCTBOM

Ay = (=1 M.

Ompejiesiuresin n-ro MOPsiJIKa yI0BIETBOPAIOT cBojicTBaM 1)-8), mepedrc-
JIGHHBIM B IIpeJiblyineM rnaparpade. Kpome toro, onpepeanrean n—ro mopsii-

Ka YJIOBJIETBOPSIOT CJIEIYIONIUM CBOIiCTBAM:

Teopema 7 (O pa3iokeHuu 1o CTPOKe uiu cToJioiy). Cymma npo-
useedenuti anemenmos 100020 pada onpedesumens u ux ar2edpauveckur 0o-

NOAHEHUT HE 3ABUCUM OM HOMEPG PAOG U PAGHA IMOMY ONPEJCAUNENIO:

n n

An = Z aikA,'k = Z CijAkj. (32)
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Pagenctsa (32) MOXKHO MIPUHATH 38 MPABUJIA BEIYUCICHHST ONPeIeTITe N eil.
IlepBoe m3 HEUX HaA3BLIBAETCS pa3jIoKeHneM A, 10 3JIeMeHTaM i-0if CTPOKH, a

BTOpOE — pazJiozkenueM A, 10 3JieMeHTaM j-Io cToJoIA.

Teopema Jlamaca

Teopema 8 (Jlammaca). [lycmo 6 onpedeaumene d nopadka n npous-
604vH0 6VlOpanv, k cmpor (uau k cmoabyos), 1 < k < n — 1. Tozda cym-
Ma npouseedenutl 6cex MUHOpos k-20 nopadka, coOEPHCAUUTCA 6 6bOPAHHBLT

CMPOKAT, MG UL AN2e0PaUECKUE DONOAHEHUS PABHA onpedesumento d.

Teopema Jlarraca 1oBoJisieT CBOJUTH BbIUYNUCIEHUST ONPEIENTE s N-T'0 110~
PSIIKA K BBIYHCICHUIO HECKOJIBKIX OIpeIeInTe el mopsajakoB k u n — k. DTux
HOBBIX OIIpeJIe/INTe /el MOYKEeT OKa3aThCs BECbMa MHOTO, 11 II0O9TOMY IIPUMEHSITh
TeopeMy Jlarraca 1eecooOpa3Ho JIMIIb B TOM CJIydae, eCJii B OIpeJIe/InTese
MOYKHO TaK BbIOpaTh k ¢Tpok (min k cTOJIONOB), 9TO MHOTHE U3 MHHOPOB k-TO

MOpsIJIKA, PACIIOJIOXKEHHBIX B 9TUX CTPOKAX, OYJIYT paBHbI HYJIIO.

Metoa 3dPEeKTUBHOTO MOHMXKEHUS ITOPsIIKA

B coorBercTBUM ¢ TEOpEMONl O PA3JIOKEHUU, BBIYHUC/ICHUE OIPEIeTUTE s
N-TO TOPSJIKA CBOJUTCSA K BBIYUCJICHUIO 1 onpejeaureseii (n — 1)-ro mopsi-
Ka. DTOT MeTOJ| MOHUKEHUs Topsjika He 3dpdekTuBer. Vcmoab3yss 0oCHOBHBIE
CBOMCTBa omnpeeauTeseii, Boraucaenne A, # 0 Bcerjga MOXKHO CBECTH K Bbl-
QUCJIEHUIO OJTHOTO ompejiesnte/is (n — 1)-ro mopsijika, cliejiaB B KAKOM-TH00

psaay A, Bce 3JIEMEeHTbHI, KpOMe OJHOT'O, PABHBIMU HYJIIO.
3aja4un Ansi CaMOCTOATENBHOIMO peLleHus

65. Paznarasg no 3-it cTpoke, BRIYUCINTD ONpPEIeIUTe b

2 -3 41
4 =2 3 2
a b cd
-1 4 3
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66. Paznaras mo 2-my cTosi0Ily, BEIYUCTUTD OIPEIEUTETh

5 a 2 —1
4 b 4 =3
2 ¢ 3 -2
4 d b —4

67. BpraucanTb onpeaesnTe/n 9eTBEPTOro MOPSAIKa, MOJb3YACh Teope-

MO O Pa3JI0KCHNN:

1 2 -1 0 1 -3 4 5 3 —1 5 6

3 -4 1 0 0O 5 0 0 1 -2 3 4
a) , b) , C) .

0O 2 -5 0 3 -1 3 -1 0O 0 =70

1 -1 1 -1 1 0 1 0 1 0 -1 5

68. BpraucuThb onpejieinTesn 4-ro nopsKa MeToaoM 3 PeKTUBHOTO 110~

HUZKECHUA ITOPA KA

01 11 1 2 3 4 1 -2 59
1 011 0 2 5 9 1 -1 7 4
a) , b) , c)
1 101 0 0 37 1 3 3 4
1 110 -2 -4 —6 0 1 2 3 4
2 4 —1 2 21 5 1 1 2 3 4
-1 2 31 3 21 2 2 3 4 1
d) : e) , D :
25 1 4 1 2 3 —4 341 2
1 2 0 3 1 15 1 4 1 2 3
-3 9 3 6 3 —3 —5 8
-5 8 2 7 -3 2 4 —6
9) : h)
4 -5 -3 =2 2 =5 =7 b
7 —8 —4 -5 -4 3 5 —6
2 -5 43 3 -5 2 —4
| 3 -4 75 -3 4 -5 3
i) : 7) :
4 -9 8 5 -5 7 =7 5
-3 2 -5 3 8 —8 5 —6
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69. BbI4uc/auTh onpee/inTen 5-ro nopsiKa MeTogoM 3 deKTUBHOIO 10~

HH2KeHHnAd II0pAaKa:

30 30 3 2 3 0 3 -4
-4 3 —4 2 —4 3 3 -4 -4 0
a) 10 20 2] b) 1 1 0 2 3]
20 31 1 -4 -4 1 —4 —4
22 30 3 3 1 1 0 1
-4 0 -4 2 2 321 -4 2
2 -4 3 31 103 0 2
c) 1 -4 10 3], d |10 2 —4 —4],
2 =4 211 333 3 1
-4 3 2 23 322 1 3
3 222 0 1 3 -2 —-40
2 330 2 3 2 1 -10
e) 0 313 —4|, f) |2 4 -5 -2 1]
3 413 3 1 -3 2 32
-4 031 3 1 -1 2 -3 2
70. Ilosb3ysichk Teopemoii Jlamaca, BEIYUCIUTD OIPEICINTEIN:
1 231 5127 1134 0520
a)1112,b)3002 0)2008,d)8354
3121 1 345 300 2 7T 2 41
121 2 2003 4 47 5 0410
521 3 2 21435 721314
4 0700 34050 10203
e) 12375 3], f) 134521/, g) |3 0407/,
23645 15243 6 3 245
30400 46 070 512 23
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9. Metoa npuBejieHus ONpe/Ie/inTeliss K TPEyTroJbHOMY BUIY

OcHoBHble NMOHSATUSA, POPMYSbI U TEOPEMBI

Ornpenennrerib, y KOTOPOIO BCE 3JIeMEHTbhI, HAXOIAIINECsI BbIIe I HIKe
[JIABHOI JIaroHa I, paBHbI HYJIIO, HA3BIBACTCST 0Npedesumenem mpey2oibHo2o

suda. CyIecTBYIOT YeThIpe OIPeJIe/InTe/ s TPEYTOJbHOIO BI/IA.

aip 0 0 ail a2 a1p
a1 a2 0 0 axp ... a

= = 11022 . . . pp,
an1 Ap2 Ann 0 0 Ann
ain a2 A1 p—1 Q1p 0 O 0  a,
a1 A2 azgn—1 0 | | 0 0 A2n-1 Qo2n |
anl 0 0 0 Ap1 Ap2 Apn—1 Ann

n(n—1)
= (—1) 2 apl2n—1---0ap1.

[IpuBegenne j11000ro onpepennTess A, K TPEYyTroJbHOMY BIIY BCEIa BO3MOZK-

HO.
3ajaun Ansi CaMOCTOATENBHOMO peLleHuns

71. Bpraucautb olpeae/JmTe/ il N-ro 1opdaKa MeTOJOM IIPpUBEJCHUA UX K

TPEYyroJIbHOMY BUJLY:
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12 3 n 123 .. n-2
-1.0 3 234 . n—1
-1 -2 =3 ... 0 nonon .
3 2 2 2 1 a2 Q13 au,
2 3 2 2 T1 Ty a3 oy,
2 2 3 . 21, d) |z x9 w3 Cas, |
222...3 ry T2 X3 Ty,
1 1 1 1 @
ay ay ap— b ay — 7
as a2—b2 a9 as |, f) 0
CLn_bn Qp, an, ay, 0
123 n—1 n
1 3 3 n—1 n
1 a1+bl
) h) 1 al
1 2 3 . 2n_3 no | |
123 ...2n—-3 2n—1
2 2 221
1 nn n
2 2 .22 2
n 2 n n
2 2 322
) J) n n 3 n
2 n—1 99 9| |
nnmn n
n 2 2 2 2
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n—1n
n n
n n |,
n n
az ag an
x9 0 0
—Z2 T3 0 |,
0O 0 T
as + b2 ay,




1-n 1 1 1 1
1 1—-n 1 1 1
1 1 1—-n 1 |, ) |.....
.............................. 1
1 1 1 1—n -n
011 1 nl1...1
101 1 1 n 1 1
110 ...1|,n |1 1mn...11, o
111...0 111 ...n
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1 1 —n
1 —-n 1
-n 1 1
1 1 1
01 1. 1 1
1 0 « T x
1 = 0 T x
1l  x 0 x
1l z x xz 0




Metoapl pelieHnsi CUCTEM JNHEIHbBIX aJiIredpamiecKnx

ypaBHEHU

10. [leiicTBuga ¢ MaTpullaMu

OCHOBHbIE NOHSATUS, POPMYJIbI U TEOPEMDBI

Onepanuu Haa MaTpUIlaMU U MX CBOMCTBa

Omnpenenenue 22. IlpsgmoyrosibHast TaOJIUIA UNCET, COCTOSIAS U3 M

CTPOK M 1. CTOJIOIOB, Ha3bIBACTCS MAMPUUET PA3MEPE M X M.

Marpuny A pazmepa m X n, Ha HepecedeHnn ¢-0if CTPOKHU U J-TO CTOJIOIA,

KOTOPOI HAXOJAUTCA YUCJIO @y, 0003HAYAIOT TaK

A=(ay),1=12,...,m; j=1,2,...,n,

nJIn
ail aipg ... Qip
a921 ao9 ... QA9op
A=
Am1 Am2 --- Amn

Eciu m = n (4uc/io ¢TpoK U 9ucjio cTojbI0B MATPHUIIBI COBIAJIAIOT), TO

TaKas MaTpUlla Ha3bIBaeTCs keadpammol mampuyet nopaoka n.

Omnpenenenue 23. Fodunuunotli mampuuyet pa3mepa n X n Ha3bIBAETCS

MaTpUIa;
10 . 0
0 1. 0
FE =
00 . 1

Onpenesterne 24. Cymmot mampuy A = (a;;) 1 B = (b;;) onunakoso-

ro pasMepa HasbiBaercst Marpuiia C' = (¢;;) TOro 2Ke pasMepa JIeMeHTh KOTO-

39



poii
cij = aij + bij, Vi, J.

st siobbix Matpur; A, B, C' 0 iMHAKOBOIO pa3Mepa BBITOIHSIOTCS DABEH-
CTBA

1) A+ B = B+ C (KOMMyTaTUBHOCTb );

2) (A+B)+C=A+(B+C)=A+ B+ C (acconnaTupHoCTb).

Onpenenerane 25. IIpouseedernuem marpunbl A = (a;;) Ha ducIo A
HasblBaeTcs Marpuna B = (b;;) Toro ke pasmepa, 4ro u Marpuia A ¢ ve-

MeHTaMmu b;: = \a;i, Vi, 7.
17 K )

Ceoticmea onepauu YmHoAHCeHUAs MAMPULDLL HA YUCAO:

1) A(p-A)= (A p)- A (accoruaTuBHOCTB );

2) A-(A4+B)= XA+ X\ B (aucTpubyTHBHOCTb OTHOCUTEIHHO CJIOKEHUS
MaTpHIL);

3) A+p)-A=XA+p-A (mucrpubyTUBHOCTH OTHOCUTEIHHO CJIOKEHHS

qucer);

Onpegenenue 26. Jlunetinotl xombunayuet mampuy, A u B onmHAKO-
BOI'O pa3Mepa Ha3bIBaeTCsl BhIpayKenne Bujinl o - A+ 3 - B, rie «, § — npous-

BOJIbHbBIEC YUCJIa.

Onpenenenne 27. Ilpoussedenuem A - B mampuy A u B (pasmepos
m X n N X p COOTBETCTBEHHO) HasbiBaeTcst MaTpuiia C' pasMepa m X p, 910
n
Cij = aﬂblj + CLZ'Qij 4+ ...+ az’kbkj 4+ ...+ ambnj = Z aikbkj.
k=1
Taxum 00paszoM, KazKJblil 3J1eMeHT ¢;j, Haxoadluiica B i-it CTpOKe U j-
M crosibie Marpuibl C'), paBeH cyMMe IIPOU3BEJIEHUIT COOTBETCTBYIONINX 316~
MEHTOB i-ii cTpoKM Marpuilbl A u j-ro crosdia marpuilbl B. Ilpoussenenne
CYIIECTBYET, TOJBbKO €CJII 9UHCJIO CTOJIOIOB MaTpuilbl A paBHO 4UnCIy CTPOK
MaTpunns B.

Csoticmea onepayut YMHONHCEHUA MAMPUY,:
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1) (A-B)-C=A-(B-C) (acconnaTuBHOCTD );

2) (A+B)-C=A-C+ B-C (aucrpubyTuBHOCTB );
3) A-(B+C)=A-B+ A-C (nuctpubyTHBHOCTD);
4)

5) Ejmanmdnas MaTpuiia B IIPOU3BEIECHUN ¢ KBaJIPATHON MaTpuIeil Takoil

A-B +# B-A — orcyTcTByeT KOMMYTaTHBHOCTD.

JKe pa3sMepHOCTH ee He U3MEHSIET, TO eCTh J1Jis1 JTI000i MaTpuilbl ) pasMepHOCTH

n X n cupaBedIuBo paBerctso D - E=FE-D = D.

Onpegenenne 28. Marpuinl A u B, st kotopeix A- B = B+ A nasnl-
BAIOTCS NEPECTNAHOBOUHLMU MAMPUUAMLU.

Onpenesierne 29. Tpancnonuposannot k Marpure A = (a;;) pasmepa

T _ (. T T _
m X n HasbiBaercs mMarpuna A = (a;;) pazMepa n X m Takas, uTo a@;; =
aji, Vi,j (TO ecTb BCe CTPOKH KOTODOil PaBHBI COOTBETCTBYIOIIUM CTOJIOIAM

maTpuisl A).

Ceoticmea onepayut, mpaHcnotuposaHUA:

1) (A" = A

2) (A+B)' = AT 4+ BT,

3) (M) =2AT, A e R

4) (A-B)' =BT . AT,

Omnpenenerne 30. Ecim A = AT, to marpuiy A Has3bIBeTCH cummem-

puueckoti, a ecim AT = —A — xococummempuvecxot.

IIpuBeneHnne maTpulibl K CTYII€eHYATOMY BUIY

Onpenenenue 31. DaemeHmapHvimMu NPeodPa3osaHUAMY HAJL CTPOKAMU
MaTPUIIbI HA3BIBAIOTCS CJIEIYIOIIIE OIePAIIIH:

1) mepemena MecTaMi JIByX CTPOK;

2) YMHOXKEHUE CTPOKU Ha YUCJI0, OTJIHIHOE OT HYJISE;

3) mnpubaBjieHre K JeMeHTaM OJIHOi CTPOKH COOTBETCTBYIOIINX JJIEMEH-

TOB JPYIOil CTPOKU, YMHOKEHHO! Ha ITPOU3BOJILHOE YUCJIO.
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Marpuna B, nonydensast 3 A ¢ MOMOIIBIO 3/IeMEHTAPHBIX ITpeodpa3oBa-

HU{T, HA3BIBACTCA JK6usasermnot mampuuye A (obosnadaercsas B ~ A).

Onpenenenune 32. DjieMeHT CTPOKU MATPHUIILI HA30BEM KpatiHuM, €CJIn
OH OTJIMYEH OT HYJIsI, & BCe 3JeMEHThI 9TOI CTPOKHU, HAXOSIINECs JieBee Hero,
paBHbI HyJ0. MaTpuia Ha3bIBaeTCs cmynexnyamoti, ecin KpaiHuil 3/1eMeHT

KazKJI0Il CTPOKN HAXO/IUTCH IIpaBee KpaiiHero ajieMeHTa IIpe/blayIeil CTPOKU.

B marpunax A u B oTMedeHbI KpaifHue 3/1eMeHThl KaKI0ii CTPOKH:

1 2 4 7 1 2 4 7

0 0 1 0 0 -1 1 -3
A — B e -

0 -1 -1 3 00 0 0

HE CTynquaTaH CTynquaTaH

3aja4mn A5t CaMOCTOSITENIbHOMO peLleHus

72. Haiitu npoussejienns marpuit A- B u B+ A (ecii oHE CyecTBYIOT):

34 5
1 2 3
a) A( >,B 6 0 —2 |,
1 0 —1
71 8
-2 3 1 1 -2 -3
2 —1 —=5 4 —4 5
2 0 3 -
c) A( ), B=1 -3 [,
-1 2 1
5
3 5 1 2 4
d)Az( B » B-| -3 0
2 =2 0
5 1

73. Haittu nuneiinble KOMOUHAIINN MaTPUIL;:

2 -1 0 3 1 2
a) 4A-5B—-)\E, A=| 3 4 —2 |, B=| 21 3 [,
-3 1 5 0 2 —4
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1 2 =3
A—-)XE, A=14 0 5

6 —7 —8
1 -2 5 3 0 2 7 =5
4A-7B, A=1]12 0 -31 |, B=|-81 3 0
5 -1 0 4 4 2 -2 5
74. Haiitu npoussenenns marpun A - AT n AT - A
00 -3
A:(1234),b)A: 02 0 |,
50 0
2 0 0
1 2
A—( >, d A=10 -3 0
3 4
0 0 5
75. llpuBectn marpuily A K cTyleHIATOMY BUJLY
(12 3 -1 8 ) 1 -1 5 -3 4
2 -1 -4 3 1 1 2 =7 0 7
A= , b)) A=
4 -7 —18 11 -—-13 2 -1 2 3 -—11
\3 1 -1 2 9 ) 10 1 -2 5
(11 -1 0 4 ) 1 5 3 —10
3 -1 -7 -4 7 3 -1 1 10
A= , d) A=
7 -1 —-15 -8 —11 2 1 -1 0
\1 -1 -3 -2 5 / 7 10 6 -—10

76. Haiitu matpuiy A™:

g cosa sin« | b) 4 11 |
—sino Ccos 01

77. HaiiTu Bce MaTpuIipl, nepecTaHoBOYHbBIE ¢ MaTpuieil A:

A:<12>7 b) A:<73>'
3 4 5 —2
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5
78. Brorancants <17 6) , ICIIOJIb3Y$l PABEHCTBO
35 12
7 =6\ (23 2 0 -7 3
(35 12>_<5 7>'<0 3)( 5 2)'
6
4 3 -3
79. Boramesuts | 2 3 —2 |, ucnoib3ysd paBeHCcTBO
4 4 -3
4 3 -3 1 31 100 0o 2 -1
23 2 |=12211]-102°¢0]- 1 1 -1
4 4 -3 3 4 2 001 -2 -5 4

11. O6parnas maTtpuiia. Marpuynbie ypaBHEHUS

OcHoBHble NOHSATKS, POPMYJIbI U TEOPEMBI

Omnpenenenue 33. Obpamnoti mampuyed K KBajapaTHoil MmaTpuiie A Ha-
3bIBaeTCs Takasg MaTpuia (obosnadaercs A™1) uto A1 A=A- A1 =FE.

Eciin oOpaTHast MaTpuiia CyImecTByer, TO OHa €JNHCTBEHHAS.

Onpegnenenne 34. [Ipucoedunenioti mampuyed K KBaIpaTHO MATPHUILE
A = (a;;) HA3BIBAETCS MATPUIIA A= (A;;)T, nomyuennas Tpancnonnposanuem
13 MATPHI[BI, COCTAB/IEHHOI U3 ajreOpantdecKnux JOHOJMHEHN A;j K 1eMeHTam
Clij.

Teopema 9. FEcau wsadpamnas mampuya A — Heswposcdernas

(m.e. |A| #0 ), mo
1 ~
Al =_—_A (33)
Al
Ob6paTHy10 MATPUILy MOXKHO UCKATDL JIBYMs CIIOCOOAM.
1. Memod npucoedurennoti mampuys, BHIMUCIEHNsT 00PATHON MaTPUIIbI

cocTouT B ipumererun popmysibl (33).
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2. Memod asemenmaprnxr npeobpadosarutl BbIYUCIEHIST 00pPaTHO! MaT-
PHIIBI COCTOUT B cienytorieM. [IpumnuceiBas cripaBa K Mmarpuiie A pazmepa nxn
CJIMHIIHYIO MATPHUILY TaKOI'O YKe pa3Mepa, MOJIYUNM MPIMOYTOJIbHYI0 MATPUILY
B = (A|E) pasmepa n x 2n. C moMOIIbIo 3JIeMEHTAPHBIX [TPeodpa30oBaHuil Hal
CTpOKaMK MaTpuilbl B npusojuM ee K suty By = (E|A™1).

Matpuanble ypaBHeHUs TPOCTENUIIEro BUIa ¢ HeM3BeCTHON maTputieit X

3AITICHIBAIOTCS CJIEIYIOIIIM 00Pa3oM

A-X=B8B (34)
X -A=B (35)
A-X-C=B (36)

B stux ypaaennax A, B, €', X — MaTpuibl TakKux pasMepoB, UTO BCE
HCIIOJIb3yeMble OTepaliil YMHOKEHNsT KOPPEKTHBI (¢ 00eMX CTOPOH OT 3HAKOB
PABEHCTBA HAXOJSITCST MATPHUIIBI OJITHAKOBBIX PA3MEpPOB).

Eciu B ypasuenusix (34), (35) Marpuiia HEBbIPOXKIEHHAS, TO UX PEIIEHUSs

3allICBbIBalOTCA CJICTYIOIINM o6pa30M:
X=A". B, (37)
X=B-A" (38)

Ecmu B ypashennu (36) marpuripl A 1 C' HEBBIPOXKJIEHBI, TO €r0 PEIleHne 3a-

[MUChIBacTCA TaK:

X=A"1.B.C.

3a,u,aq|/| 413 CaMOCTOATENIbHOIO peLEHNA

80. Haittu obpaTHy0 MaTpUIly METOIOM IIPUCOCINHEHHON MATPUIILL:

(12 3) 3 4 2 2 —1 1
o) 456,02 -4-3],¢]4-52],
\780) 1 5 1 5 —7 3
(321\ 12 3 5 3 1
d]1231|,e] 4 : f) 1 -3 =2
K213) 7809 -5 2 1



81. HaiiTu oOpaTHy0 MaTPUILy METOIOM 3JIEMEHTAPHBIX IIPpeo0pa30BaHMIi:

(11 1 (1 2 -3 111
a) | 12 -1 |, by 3 2 -4 |,0f121],
\2 2 4 \2-4 0 112
( 1 1 1 {1 2 3 1 2 3
d)| -2 -1 21,126 4|, HI| 2 6 4 |,
\ 2 3 3 \ 3 10 8 _4 —14 —6
( 1 2 3 -2 4\
1 2 -3 4
2 6 2 1 0
5 6 7 -2
9) , h) 3 0 -1 1 2
10 1 2
1 4 0 5 -4
3 4 5 6
\ 5 -4 -1 -1 8

82. PemmTh mMaTpmanble ypaBHEHHS:

(—11) (2 0>
a) X = ,
0 1 13
(11) ( .
b) X
0 2 0.
1 2 -3 1 -3 0
o)X 3 2 —4|= 2 2 -1,
1
9

2 —1 0 1 -2 4
(123
| 246 x= ,
\3 6 9 10
(1 -2 3 123 123
l2 3 1| x[456|=]456
\ 0 -2 1 780 780
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12. Panr marpuiibl

OCHOBHbIE NOHSATUSA, POPMY/IbI U TEOPEMBI

Omnpenenenue 35. Panzom mampuuyve A Ha3biBaeTCst HAMOOJIBINI U3 110-
PSIIKOB ee MUHOPOB, He PaBHBIX HYJI0. Panr marpuiisl obosnadaercst rang(A)

i gepes 17(A).

Omnpenenenue 36. DLasucHvim MUHOPOM HA3BIBACTCS JIIOOONH U3 OTINY-

HBIX OT HYJIsi MUHOPOB MAaTpuIibl A, mOpsijIok Koroporo pasen 1(A).

Teopema 10. [lpu saemenmaprovir npeodpado8aHUAT paHa MAMPULDL HE

USMEHAEMCA.

Teopema 11. Pane cmynenuamoti Mampuybl paser KOAUMECTNEY €€ HEHY-

AEGBIT CTMPOK.

Memodvr nazoorcdenus parea Mampuio:

1. Memod oxatimasrouwur MuHOPO6 HAXOXKAeHUs paHra MaTpuibl A cocto-
uT B caeayomeM. Heobxomumo:

1) Haiitun kakoit-uuOy 16 Musop Mj mepBoro mopsijika (T.e. 9J1eMeHT MaT-
PUIIbI), OTJINYHBIH OT HyJist. Ecin Takoro Mutopa Her, 7o mMarpuna A HyjeBast
nr(A)=0.

2) BoraucinTh MEHOPBI BTOPOTO TOpsijiKa, cojepzkarine My (OKaitMIIsiio-
e M) 110 Tex 1op, mokKa He Haiijercs MuHop Moy, ormdHbIil oT Hysist. Ecu
Takoro Muxopa uet, To r(A) = 1, ecau ectb, 10 7(A) > 2. U 1.1

k) Beraucyisith (ecim OHU CyHIECTBYIOT) MUHODPBI k-TO TIOPSIKA, OKaiiMJIsi-
torme MuHop Mj._1 # 0. Ec Takux MUHOpPOB HeT, Wi OHU BCE PaBHBI HYJIIO,
to 1(A) = k — 1; ecitnt ectb x0Ts1 Ob1 OjtnH Takoit munop My # 0, To r(A) > k,
1 IPOIECC POJIOJIZKAETCSL.

[Tpu HAXOXKJIEHUN paHTa MATPHUIILI TAKUM CIIOCOOOM JOCTATOYHO HA KarK-
JIOM IIIare HafTH BCEro OJMH HEeHyJIeBOi MUHOP k-To MopsijiKa, IpPUIeM HCKaTh

ero Hy?KHO TOJIBKO CPeJii MUHOPOB, cojiepzKaniux Muaop M1 # 0.

47



2. Memod aremernmapnvix npeobpadosarull HAXOXKIEHUST PAHTa MaTPUIIbI
3aKJII0OYAeTCS B TOM, 9TO MATpuIy A IpHBOAAT K CTYIIEHIATOMY BUIY C IIOMO-
MIHIO SJEMEHTAPHBIX TPeodpa30BaHMil Ha | cTpOKaMu. KOIn4aecTBO HEHYJIEBBIX

CTPOK IIOJIYUEHHOI CTyIeHYaTOil MATPHUIIbl €CTh NCKOMBII paHr MaTpuilbl A.
3agadn Ansi CaMOCTOATENBHOIMO peLleHus

83. HaiiTu panr MaTpuibl METOJOM OKAMIIAIONINX MUHOPOB M yKa3aThb

KaKOii-J1n00 Oa3uCHbIN MUHOP:

1 —11 3 )

133 4

3 4 5 6
a)foo1 2 [, b :
5 2 7 12
26 1 —2
1111
1 3 5 -1
12 3
2 -1 -3 4
c)| 456 |, d) ;
5 1 —1 7
7809
77 9 1
(1 -2 3 1 2 -1 3 -2 4
e) |3 2 421, f)l4-251 7/,
\5 -2 2 4 2 11 8 2
(1 -2 1 -1 1) 2 1 -1 -1 1
2 1 -1 2 -3 1 -1 1 1 =2
9) , h)

3 -2 -1 1 -2 3 3 -3 -3 4
\2—51—22/ 4 5 -5 -5 7
84. HaiiTu paHr MeTOJIOM 3JIEMEHTAPHBIX [IPEOOPA30OBAHMIL:

2 15 6 1 2 11 -3

o) |1 1 3 5 |, ) | 3 -1 1 6 11 |,

1 -5 1 -3 1 -1 —1 4 -3
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43 -52 3
11 3 -7 1 ( \
8 6 —7 4 2
2 -1 1 6 —4
) , d) 43 -s2 7 [,
-1 2 -1 -10 5
s 19 s 43 1 2 -5
\86—14—6)
(17 28 45 11 39
3 -132 5
24 —37 61 13 50
5 -3 23 4
€) , £l 2 -7 32 -18 —11
1 =350 -7
31 12 19 —43 —55
7514 1
\42 13 20 —55 —68
85. HaiiTu panr MaTpuibl Ipu pasIMIHbIX 3HAYEHUIX [TapaMeTpa A:
(1 2 -10)
1 A =12
3 -1 -2 2
a) , b) | 2 =1 X 5 |,
2 3 —-10
1 10 =6 1
\1 -1 0 X/
(1 -3 2 0) 31 1 4
2 -3 -1 3 A 410 1
c) : d)
3 -6 —1 X 1717 3
\1 -2 0 1) 2 2 4 3

13. Metoabl penieHusI CUCTEM JUHENHBIX ajJiredpamdecKmnx

ypaBHeHI/IfI C oripeaeJsinTesieM, OTJIMYHBbIM OT HYJIA

OCHOBHbIE NOHSATUS, POPMY/IbI U TEOPEMBI

[lyctp 3ajana cucrtema #W3 N ypaBHEHHNH C N HEN3BECTHBIMU

L1, X2y ..., Tp:
(
a1 + a19T9 4+ ... + ATy = bl,
a211 + 999 4+ ... + aoanTy = bg, (39)
| @mT1r + Gty o F AT = by,
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re ncita a; (0 =1,2,...,n; 7 =1,2,...,n) HaseBaeTcs Koahpuyusnman
cucmemot, ducia by, ba, ..., b, — c60000HbBIMU UAEHAMU.

Onpenenenne 37. Pewenuem cucmemov, (39) HazpiBaeTcs Takoit HabOP
aucest (¢1,¢9,...,Cy), 9TO TPH €r0 TMOJCTAHOBKE B CUCTEMY BMECTO COOTBET-

CTBYIOIINX HEU3BECTHBIX (¢] BMECTO I7, ..., C BMECTO Ip,) KayKJI0€ U3 ypaB-

HEHUIT CHCTEeMbI 00PAIAeTCsl B TOXKIECTBO.

Cucremy (39) MOXKHO 3ammcaTh B MATPUIHO# hopme:

A-X =B, (40)
ail aip ... A Ty /b1

e A = fa1 G2z .- G , X = x_Q ., B = b? — MaTpuia
Al Ana .. Qnp T \ bn

CUCTEMBDI, BGKTOp—CTO.H6€LL HEN3BECTHLIX, CTO.H6€L[ CBO60£LHI)IX YJICHOB COOTBET-

crBeHHO. Bynem ob6osnauars A = |A| — onpe/ieinTe/ b MATPUIIBI CHCTEMBI.

ai;l aig ... Qip bl
- as1 Q929 ... a9 b2

Omnpepesienne 38. Marpuna A = (A|B) = !
anlt Ap2 ... QGpp bn

HA3BIBACTC PACULUPEHHOT MATMPUUET, CUCTILEMDL.

Teopema 12 (Kpamepa). Cucmema aunetinvix ypasnenud (39), onpe-
deaumenn kKomopot omauyver om nwyas (A #0), obradaem pewenuem u npu-

MOM MOABKO 00HUM.

Memodwv pewenus cucmem AunetnvT Ypasrenuti ¢ onpedesumenem, om-
AUYHDLM O HYAA.

1. IIpasunro Kpamepa.

Ecim A # 0, To cucrema (39) umeer eMHCTBEHHOE DEIIEHUE, KOTOPOE

MOXKHO HA#TH 110 POPMYJIaM:

ri=—, 1=12...,n,

A
A
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rae A; — onpeeauTeNb, MOayIeHHbI 13 A 3aMeHOi 1-r0 ¢ToJ0Ia CTOJIOIOM
CBOOOJIHBIX YJIEHOB.

2. Mampunnvit memod pewerus cucmem AUHETHHLT YPasHEHU.

[lycTh jaHa cucreMa JIMHEHHBIX ypaBHEHUII ¢ KBaJIPATHON HEBBLIPOXKIEH-
HOIl MaTpulei

A-X =B, (41)

rie |A| # 0. Cucrema (41) mMeeT eMHCTBEHHOE pEIIEHHE, KOTOPOE MOXKHO
HaWTH 110 hopMmyiIe:

X=A"1.B.

3. Memod uckmovernusa neuzsecmmvix (memod laycca). Pacemorpum me-
TO/I peIlIleHus CUCTEeM JIMHEeNHbIX YPaBHEHNUI C IIPOU3BOJILHON MaTpUIleil, KOTo-

prfI Ha3bIBACTCI MEMOJOM NOCAeIO8aAMEALHO20 UCKAOUEHUL HEUSGECTIVHDIL.

Onpenenenne 39. JIBe cucreMbl JUHEHHBIX ypaBHEHU ¢ OJIMHAKOBBIM
YUCJIOM HEU3BECTHBIX HA3BIBACTCS PAGHOCUALHBIMU, €CJIU MHOXKECTBA BCEX Pe-

IIIEHUIT 9TUX CUCTEM COBIIaJaloT.

Teopema 13. I[lpu asemenmapHvic npeodpado8aHUAT CMPOK PACULUPEH-

1ot MaAmpuydvt, CUCMemMa nepexo@um 6 PAGBHOCUADBHYIO CUCTINEMY.

[Iycte nana cucrema (39). Ha ocroBanmu 9Toif TeopeMbl 3amuiieM pac-
MIUPEHHYI0 MATPUIly cucTeMbl A. DjieMeHTapHBIME 1IPe0OPA3OBAHUAMI Hal
CTPOKAMIE MATPHI[BI, IIPUBEJIEM €€ K CTYIEeHIATOMY BUJLy (BCe 9JIEMEHTHI HUXKe
NJTABHOf IHATOHAJI PABHBI HYJTIO). DTH JCHCTBHST HABIBAIOTCS NPAMBIM TOOOM
memoda Taycca. [lociie gero u3 cucreMbl, COCTABICHHO HA OCHOBE TIOJIY T€HHOT
MaTPUIIbI, HAXOUM TI€PEMEHHbIE C TIOMOIIBIO TOC/IEI0BATEIbHBIX MOJICTAHOBOK

(06pammwviti x0d memoda Taycca).
3agaun 418 CaMOCTOSITENILHOTO PeLLeHus

86. HaiiTu 3navenns mapamMeTpoB a, b Ipu KOTOPBIX CUCTEMBI JIMTHEITHBIX

ypaBHEHNI HeJIb3s PeNnuTh 10 NpaBmity Kpamepa:

2ax — 3by = 0, ar — by = fi,
@) b)
3ax — 6by = ab. br + ay = fo.
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87. Pemmurh cucreMy JUHEMHBIX ypaBHEHHUIT ¢ TOMOIIBIO TpaBuia Kpame-

pa: (
2 + y = b, 20y — 3x9y + x3 = —T,
a)y = + 3z = 16, b) ¢ 1 + 229 — 3x3 = 14,
\ 5y — z = 10, | —21 — 22+ Sry = —18,
Ty + x — x3 = 2, (331 + 22 + 23 = 0,
) 3z, + Ty — 223 = —16, d) § 227 + 29 = 4,
\ 3r1 + oy — w3 = 2, | 1 = 1 - 2r3 = 0.
2%8. PemmmuTh cucreMy ypaBHEHHII MATPUUHBIM METOJIOM:
2r1 + 2x9 + x3 = 9, r1 + 2x9 + 2x3 = 9,
a)d x + T =3, b)) 22, + 39y — 223 = 0,
209 + 13 = T, 201 — 229 + x3 = 0,
2¢7 — 4dxy + 3x3 = 1, r1 + 229 — w13 = 2,
) 1 — 229 + 4dx3 = 3, d)Q 21 — 319 + 223 = 2,
\ 3r1 — X9 + dSr3 = 2, 3r1 + a2 + x3 = 8
r89° Pemuts cucremy merosom [aycca:
T — 29 + x3 = 9,
a){ —10x; + 6xy — 3x3 = —57,
! + 8xy + 4x3 = 50,
(53 — 3wy — Bay = —23,
b) & —10x; + 6x9 + 4x3 = 46,
\ 4y + w9 + 213 = —15,
dry — dxy — Try = =27,
) =3z, + 1z + 4dx3 = 15,
3r1 + dxy — 313 = —T7,
91 — 3z9 — 3x3 = 21,
d){ -9, + 3 + x3 = —25,
—4x, + 4dx9 — dx3 = B.

90. HaiiTu nenssecTuble KOD UIMEeHThI Muorowiena f(x) = ax?+br+c
)

YAOBJIETBOPAIOIIECI'O YCJIOBUAM:

f(_2) = —38, f(l) =4, f(2) = —4.
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91. Haiitu nenssecrunie Koaddurnments byukiuu f(r) = a-3%+bx?+c,

YAOBJIETBOPAIOIIETO YCJIOBUSAM:

92. Haiitu nemssecthble Koaddunmentsl dynxmun f(r) = az® + bx? +c,

YAOBJIETBOPAIOIIECT'O YCJIOBUAM:

f(=1)=3, f(1) =1, f(2) =-15.

93. Haiitn memssectubie Koabburmentsl f(x) = alogsz + br + ¢, yio-

BJIETBOPAIOMIETO YCJIOBUAM!

f(1) =5, f(3) =8, f(9) =19
14. OgmHOpPO/IHBIE CHCTEMbBI JUHEHHBIX ypaBHEHU

OcHoBHble NOHSATUSA, (POPMYJbI U TEOPEMBI
O tHOpOIHON cHCTEMOl JIMHEHHBIX yPaBHEHWH HA3BIBAIOT CUCTEMY:

anr1 + apre + ... + apxr, = 0,
......................................... (42)
Q11+ @p2T2 + ...+ Qppr, = 0,

y KOTOpOil Bce ¢cBOOO/IHBIE WeHbI ypaBHEHUIT paBHbI HyJ0. Takas cucrema B

MaTpUIHON popMe nMeeT BUJI:
A-X=0.

[Tycts 7 = r(A) — panr marpuiibl cucreMbl A.

O,HHOpO,ZLHaE{ CUCTEMa BCETrJa COBMECTHa, TaK KaK CYIIECTBYET Mpusuanb-

HOE pelleHne x4 = To = ...—= T, = 0.
Teopema 14. FEcau cmoabuv Xq, Xo, ..., Xy — pewenus 00nopodnot
C/TAY AX = 0, mo awbas ux AUHETHAA KOMOUHAUUA MAKIAHCE ABAACMCA

peweruem amot cucmembt.

Caenctsue. Eciin onnopojinas CJTAY umeer Heny/ieBoe perieHne, To OHa

nMeeT OECKOHEYHO MHOTIO pelleHuni.
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Onpenenenne 40. JI000it HAOOP U3 N — 1 JIMHEITHO-HE3ABUCUMBIX CTOJI0-
I[OB, sIBJISIIOIIUXCsI PEIIeHUIMU OJHOPOJIHON CHCTEeMbl JIMHEHHBIX ypaBHEHMI

HA3BIBACTCS (PyHIaMEHMaNbHOU cucmemot pewerud, (KpaTkoe 0603HATEHIE:
OCP).

Teopema 15. I[lycmov dana odnopodnas CJIAY AX = 0 ¢ n neus-
secmuvmu u r = 1(A) < n. Toeda cywecmsyem nabop uz n — r pewenud
X1, Xo, ..., Xy omoti CJIAY, obpasyrowux hyHdameHmarvryo cucmemy

peuerul.

Teopema 16. Oobwee pewernue 00Hopodnot cucmemyvt ypasrenut (42)

onucwvleaemca hopmysot

n—r
XO@H = Cle + CQXQ + ...+ Cn—TXn—r = E Cka, (43)
k=1
2de C1,Co, ..., Cph_r — NPOU3BOALHBIE YUCAG, & X1, X9y ..., Xn_r — DCP cucme-
Mot (42).
NubiMu cjioBaMu: 11pU JTIOOBIX 3HAYEHUSIX C1, Co, . . ., Cpp (POpMyITa (43)

JaeT pereHne CUCTeMbl ypaBHenuit (42), m obparHo, jjist JIIOOOrO pereHs
X OfHOPOJIHOI cucTeMbl ypaBHeHUid (42) CyIecTBYIOT GUCIA €1, Co, . . ., Cpy
Takue, 9T0 pereHre X mpecraBuMo B Buje (43).

Aneopumm nocmpoenus GyrdamenmarvHot CuCmemvl PEUEHUA.

1) IIpuBectn marpuiyy cucreMbl A ¢ IOMOIIBIO 9JIEMEHTAPHBIX P06~
pasoBaHUil IPUBECTH K CTyIeH4YaToMy Bujy. HaiiTu panr mMaTpuiibl CHCTeMbl
r=r(A).

2) UccnemoBaTh cucrteMy ypaBHEHUIT Ha KOJIMYECTBO perieHuit. Fcim
r = n, To 110 Teopeme Kpamepa cucrema OyaeT UMeTh TOJbKO €JIMHCTBEH-
Hoe pererne. Ecin r < n, To cucTeMa mMeeT MHOYKECTBO PEHIeHUI 1 II03TOMY
cymectsyeT @CP. Yucmo BekropoB B PCP pasno n — 7.

3) Pasmennts HenspectHble Ha 6a3uUCHDBIE I CBOOOIHBIE. YHCIO CBOOOIHBIX
HEN3BECTHBIX PABHO N — T

4) Bamucarb OIpeJenTe b eJUHITIHON MATPUIILI TIOPSIKA, PABHOTO KO-

JIM9EeCTBy N — r CBO60,ZLHbIX HenssecTHbIX. [0 Ka}KﬂOﬁ CTPOKE OIIpeaeJInTe A

o4



HallTH COOTBETCTBYIONINE PEIleHns CUCTeMBI. {11 9TOTO B KadecTBe 3HAYMEHN
CBOOO/THBIX HEM3BECTHBIX B3ATH 9JIEMEHTHI CTPOKH ONPEJIeIUTEIs U, pelas K-
BUBAJIEHTHYIO TIOJICUCTEMY, HAWTH 3HAUEHNsT OA3MCHBIX HEN3BECTHDIX.

5) U3 nostydeHHbIX n — r pelieHnii CUCTeMbl, COCTABUTL (DyHIAMEHTAJ b

HYIO CUCTEMY PEIIeHUI].
3afaumn 4ns CaMOCTOSITENIBHOTO PELLEHNS

94. HaiiTn Kakyto-HuOy/Ib (PyHIaMEHTAILHYIO CHCTEMY PelIeHuil 1 Hal T

oDI11iee perenne CUCTeMbl ypaBHEHMI:
(

r1 — 229 + w3 + x4 = 0,
a) R bry — a9 — 1323 — 4y = 0,
\ 2r1 + bxy — 16x3 — Txy = 0.
( r1 + 229 + 4dx3 — 3xy = 0,
b 3r1 + bxy + 6x3 — 4dxy = 0,
4dr1 + dx9 — 223 + 3y = 0,
\ 3r1 + 8x9 + 24x3 — 1924 = 0.
(207 — 4wy + Swy 4+ 31y = 0,
c){ 3x; — 6z + 4dx3 + 224 = 0,
\ 4dry — 8xy + 17x3 + 1llzzy = 0
( 31 + dxy + 2z3 = 0,
0) 4 4y + Txo + dxgy = 0,
r1 + x9 — 4dx3 = 0,
\ 21 + 929 + 623 = 0
( 51 + 6z — 2x3 + Try + 45 = 0,
2¢1 + 3z — x3 + 4dxy + 225 = 0,
©) ) Tv1 + 929 — 323 + dry + 625 = 0,
\ 5t1 + 929 — 3x3 + x4 + 625 = 0.
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(32, + 4wy + w5 + 204 + 3w = 0,
5r1 + Txy + x3 + 3x4 + 4x5 = 0,
D 4y 4+ dx9 + 223 + x4 + Odx5 = 0,
\ Tx7y + 10y + x3 + 614 + dx5 = 0
( ry — T3 + x5 = 0,
To — x4 + x5 = 0,
g)§ 1 — 12 + x5 — 76 = 0,
T2 — x3 + wxg = 0,
(11 — x4 + 25 = 0.

95. Haiitu obuiee perenne u GyHIaMEHTAJIbBHYIO CHCTEMY pPELIeHUil O
HOPOJIHOI CUCTeMbl YpaBHEHHI B 3aBHCHMOCTHU OT IIapamMerpa A
r2:1:1 + x2 + 3z3 = 0,
a) R 4ry — w9 + Tws = 0,
r1 + Are + 2x3 = 0.

\
(

r1 + xo — 3xzg = 0,
b) S 21 — 229 — a3 = 0,
\ 21 + 1llzy — 2 z3 = 0.
( 8r1 + xo + 4x3 = 0,
)8 Avy — X9 + w3 = 0,
\ Nxy + 3z + 225 = 0.
( r1 — 3x9 + x3 — 214 = 0,

d)< 3$1 + 2[62 + 35134 = 0,
55171 + 6562 — 45133 — T4 = 0,

K3x1 + Bry — Arg = 0.
96. OOpas3yloT Ji CTPOKH KarKJI0il 13 MaTpPHIL

30 —24 43 —-50 =5 4 2 9 =20 -3
A= 9 =15 8 5 2 : B=|1 -11 2 13 4
4 2 9 =20 -3 9 —-15 8 5 2
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dyHIaMEeHTATBHYIO CUCTEMY pPEIeHUl JIId CUCTEeMbl YpaBHEHU

(

3r1 + 4dxo + 223 + 14
S5r1 + 9x9 + Txs + 4day
dr; + 319 — T3 — X4

r1 + 6z 4+ 8x3 + duy

\

+
+
_|_

6'275 - )
7.%5 =
11%5 =

4[65 =

Y

Y

0
0
0
0

15. CucremMbl JIMHEHBIX YpPaBHEHUII OOIIIero BUaa

OCHOBHblIE NOHSTUS, (POPMYJIbI U TEOPEMBI

PaccmoTrpum cucteMy n3 m JUHEHHBIX YpaBHEHUI ¢ 1 HEM3BECTHBIMU T,

T, ..., Tp:
(
a1r1 + apry + ... + apr, = by,
< a2 + 299 + ... + oanTy = bQ, (44)
| @i + apers + ... + Quntn = bn.

Onpenenenne 41. Ecin cucrema (44) nmeer XoTst ObI 0JJHO DEITIEHIE, OHA

Ha3bIBAETCS COBMECTMHOT. CI/ICTeMa, HE nMermad H1 OJHOI'O PEIIeHNA, Ha3bI-

BaeTcsd Hecosmecmuotl. CucreMa Ha3bIBAETCS 071]96(96%6%710’(2, €CJI1 OHa HMMeEEeT

eJIMHCTBEHHOE peIlleHne, 1 Heonpedesennoti, ecam oOHa nuMmeer HoJiee 0JIHOTO pe-

meHusi. Ecim cucrema mmeer 6oJiee OJIHOIO peIleHHsI, TO J1I000e pelleHune dToii

CUCTEMDBI Ha3bIBaCTCA HYaACTMHBIM PEULEHUECM.

ITycte A — marpuna cucrembl. Torma pacmmpeHHas MaTPHUIQ CHCTEMbI

ayjp daip2 ... Qain
- a1 Q929 ... QA9p

nmveer Bug A = (A|B) =
Am1 Am2 ... Qmp

b1
by

b

Teopema 17 (Kponekepa-Kanesnu). Cucmema aunetinvx ypasre-

nutl (44) coemecmmua mozda u moavko mozda, £020a pare MAMPULLL CUCTNEMDL
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A pasen parney pacuupernott Mampuysl cucmemuv, A:

r(A) = r(A).

Hceaedosamov cucmemy aunetinor ypasHenutl 03HaIaeT OlpeIe T, COB-
MEeCTHA OHA UJIN HET, a JIJIsi COBMECTHOII CHCTEMbI — BBISICHUTD, OTIPE/IeIeHa OHa
i HeT. [Ipr 9TOM BO3MOXKHBI TPH BapHAHTA:

1) Ecmu 7(A) < r(A) (To ecTh paHT MaTPHUIILI CHCTEMbI He PaBeH PaHTy pac-
IIUPEHHON MATPHIIBI CHCTEMBbI), TO CHCTEMa HECOBMECTHA.

2) Ecm r(A) = r(A) = n (rme n — 4MCI0 HEW3BECTHBLIX), TO CHCTEMA COB-
MEeCTHA ¥ UMeET ¢IMHCTBEHHOE PEIeHne, TO eCTh ONpe/IeIeHa.

3) Ecmu r(A) = r(A) < n, T0 cucrema coBMecTHa U MMeeT GoJiee OJHOrO

pelienns, TO eCTh HeollpeeseHa.

Omnpeneaenue 42. OpHOPOJIHYIO CHUCTEMY JIMHEHHBIX ypPABHEHUIT
AX = 0, nosygaromyocst u3 HEOJIHOPOJHOI CHCTeMbl 3aMeHOil B Heil ¢Bo-
OOJHBIX YJIEHOB HYJISIMU, HA3bIBAIOT NpusederHoti 00HopooHotl cucmemots st

cucreMmbl AX = b.

Mex 1y perenugaMu HEOTHOPOIHON W MPUBEIEHHON OJHOPOHON CHCTEM

CyIIeCTBYET TE€CHasd CBA3b, KOTOPasd OIMCBIBAETCSI C.HG,ZLYIOLU;GIL/’I TGOpGMOfII

Teopema 18. Obwiee pewerue neodrnopodroti cucmemv, AX = b moorcro

npedcmasumv Hopmy.aot
X =X, 9, + Xuacm, (45)

ede X, — obwee pewenue npusedenrotd 0dnopodnot cucmemv, AX =0, a

Xyacm — waxoe-Aubo wacmmoe pewerue Heodnopodnot cucmemv, AX = b.

Dopmyna (45) Mo3BOJIAET HAXOAUTH ODIIee pelieHne HeOTHOPOHOM CICTe-
MBI IIPH U3BECTHOM €€ YaCTHOM PeIleHNH, PeIlas IPUBEJICHHYIO OJHOPOHYIO
CHCTEMY.

Aneopumm memoda uccredo8anus COBMECTHOCTU CUCTNEM  NUHETHDIL

YPasHEHU.

o8



1) TlpusecTn K CTYTEHYATOMY BUJLY PACIIMPEHHYIO MATPHILY CHCTeMbI A ¢
IIOMOTITHIO METO/Ia SJIEMEHTapHBIX TpeobpazoBannii. Ecim B mporiecce pernerns
MOJTyJaloTCsl HyJIeBble CTPOKH, TO BhIuepKHyTh ux. Haiitn r(A) u r(A).

2) UccmenoBarh crcTeMy Ha COBMECTHOCTD, HCIOJIB3Yst Teopemy Kpomrekepa-
Kanemwm. Eciu r(A) # r(A), To no teopeme Kponekepa-Kamemm cucrema
necopmectna. Eemm r(A) = r(A) = n, To cucreMa coOBMECTHa 1 NMEET eJ[1H-
CTBEHHOE PeIeHie, KOTOPOe MOXKHO HANTH, IPUMEHssT OOPATHDI X0/ METO/1a
Taycca. Ecim r(A) = r(A) < n, To cuctema nMeer 60/1ee 0JHOTO PEIeHNS.

3) Ecmu cucrema nmeer 60J1ee 0IHOTO PEIIEHNUS, TO ONPEAEINTD OA3NCHBIIT
murop. HemssecTrble, coorBeTCTByIOMME CTOMOIAM 6A3UCHOI0 MIHODA HA3bI-
BAIOTCA 0A3UCHHLMU HEU3BECTIHBLMU, 8 OCTAJIBHbIE HEU3BECTHDIE — C60000HbLML.
Yucso ¢cBOOOIHBIX HEM3BECTHBIX PABHO 1 — T

4) BammcaTh PABHOCHIBHYIO CHCTEMY YPaBHEHMUI, IEPEHOCsT CBOOOHBIE
HEN3BECTHBIE B IIPABYIO YaCTh CHCTEMBI.

5) Pemmts mosyuennyio paBHOCHIBLHYIO CHCTEMY OTHOCHTEIBHO Oasmc-

HBbIX HEM3BECTHBIX, IIPUMEHss 00paTHbI X0/ MeToa [aycca.
3afaumn 4N CaMOCTOSITENIbHOTO PELLEHNS

97. UcciieioBaTh COBMECTHOCTH METO/IOM ['aycca n HaliTu olIliee pelenne

N OJJHO YaCTHOE pemeHne CUCTEMbI ypaBHeHHﬁZ
(

x|y + T — rs — X4 = 1,
CL) < rT + Ty — 21’3 + 3x4 = 2,
ry + x9 + I3 — 9%4 = —1.

N7

3:[?1 - 55(32 + 23}3 + 45174 = 2,

b) X Txy — 4x9 + 23 + 374 = 5,
\ bry + Txyg — 4dx3 — 6x4 = 3
( 2¢1 + Txy + 313 + x4 = 6,
c) R 3x; + Hry + 225 + 224 = 4,
91 4+ 4da9 + 23 + Txy = 2
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351]1

3331

6l‘1

9.’L‘1

R

- - -

209 + Sr3 + 4wy =
dry + 4dxs + 3wy =
6rs + 3x3 + 214 =
Sro — 8x3 = 8§,

3res — 9x3= 9,

3ry — dx3= T,

8ry — Txg= 12.

209 + 2x3 + 214 =
3ry + 2x3 + dx4 =
r9 + 4dx3 — dry =
209 + 3x3 + 4dxy =
r9 + 6x3 — w4 =
T2 + w3 + 2m4 +
3res + 2x3 + 4dxy4 +
3rs + 4x3 + 8xy4 +
200 + w3 + wxy +
To + 2x3 — w14 = 1,
ro + x3 — x4 = 0,
To + dxry — x4 = 4,
r9 + 6x3 — x4 = O.

31’2 + 5$3 + 7374
6332 + 2$3 + 3$4
3.CU2 — 11%3 - 15%4

dry + x3 + 214
8rs + 2x3 + bay
1229 + 3x3 + 1024
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r1 + xo + 3x3 — 224 + 315 = 1,
B) ¢ 201 + 229 + 4dx3 — x4 + 315 = 2,

3r1 + 3x9 4+ dx3 — 214 + 375 = 1,

201 + 2x9 + 8x3 — 3x4 + x5 =

65171 + 4332 + 5333
35131 + 2332 + 45173 Ty + 2335 =

2
+ 224 + 3x5 = 1,
+ 3

3r1 4+ 2x9 — 213 + @4 = —7,
-
u

1) 9

9r1 + 629 + a3 3ry + 2x5 = 2.
\
98. lccienoBarh cucreMy U HaiiTu oOlee pelleHre B 3aBUCUMOCTUH OT

3HAUYCHUS MapaMerpa A:

) 2[131 + )\ZCQ = 6,
a
)\331 + 8:62 = 12,

b){ r1 — X9 + 2x3 = 5,
vy — 2x9 + 4dx3 = 10
( r1 + 4dxe + 223 = —1,
201 + 319 — x3 = 3,
c) 4
rT — T9 — 3x3 = 4,
S 6xy — Ax3 = 9.
(52, — 31y + 2wy + Az, = 3.
0) ¢ 4y — 229 + 3x3 + Txy = 1,
8r1 — 6xy — x3 — Odxy = 9,
Tx1y — 3x9 + Txs + 174 = A

(
99. 3Bmas yacTHOe perieHne cucTeMbl Xygcer, HailT obIIee pereHne HeoI-

HOPO/IHOI CUCTEMbI YPaBHEHUIL:

2

rT1 + 10 + 33 + x4 = 1,
Cl) 1 + x9 + 2333 + x4 = 0, anCT: 1
T + T2 — T3 + 3y = 3, 0
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3%1

91?1

3371
2$1

91’1

+ +

45(32

65132

21’2

+ -

—- -

4%3

33}3

2:133
2%3

4333

+ -

+

4334

3334

2%4

5%4

2$4
Lq
32?4

4%4
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Ananurnyeckada reomMeTpuda

16. BekTopbl. CkaJjigspHOe ITpOon3BeieHne BEKTOPOB

OCHOBHbIE NOHSATUSA, POPMYIbI U TEOPEMBI

OcHoBHbBIE Ooneparnuu HaJl BEKTOPaAMU

Onpenenenune 43. BennunHbl, KOTOPbIE MTOJTHOCTHIO OIPEIE/ISIOTCS 3a-
JIAaHUEM CBOUX YUCJIOBBIX 3HAYEHUIl, HA3BIBAIOTCS CKAAAPHLIMU BEAUMUHAMU,
(HampuMep, Macca, JUTIHHA, IO/ lb, 00beM ). Bemaunbl, st 3aaHnsT KOTO-
PBIX HEOOXOMMO 3HATH ellle U HallpaB/eHne, HA3bIBAIOTCA SEKMOPHLLMU BEAU-
yunamu (HAIIpUMep, CHIJIa, CKOPOCTb, YCKOpeHue). Bekmopom 1@ Ha3bIBAECTCH
HAIIPaBJIEHHBI 0Tpe30K: A — HadajbHAsI TOUKa, B — KOHeUHas TOYKa (CMOTpH

PUCYHOK ).

Y

Puc. 5

Takxxe Oyem 0603HAYATH BEKTOPHI MaJIeHBKUMU JIATUHCKUMI OYyKBAME CO

cTpeskoit: d, b, C.

1B« BA
Omnpenenenue 44. Bektopel AB u BA HasbIBaIOTCSA Npomusonosotc-

HblMU.

Onpe,ueﬂeHI/Ie 45. Ecian navajibHast U KOHeYHas TOUYKU BEKTOPa COBIIa-

JIAIOT, TO TaKOH BEKTODP Ha3bIBAECTCH HYy.ae6ulM 1 0bo3HadaeTcs (.



Onpenenenune 46. /IBa BeKTOpa HA3BIBAIOTCS PAGHbLMU, €CJIA OHI UMEIOT

O6LLL€€ HallpaBJieHME 1 OAMHAKOBbLIE IJIMHLBI.

Cy1ecTByeT jiBa MpaBuia reOMeTPUIECKOTO CJIOXKEHUsT BEKTOPOB.
1. [Ipu HAXOXKJECHUM CYMMBbI BEKTOPOB @ + b 1O npasuasy mpey2osvHu-

—

K@ OT KOHEYHOIl TOYKU BEKTOPa a OTKJIaAbIBaOT BEKTOP b. TOF,ZL& BEKTOD

a + b HammpapJieH OT HaYaJIbHON TOYKHU BEKTOPa @ K KOHEUIHOI TOUYKe BEKTOPA
b (cmoTpu pucyHOK 6).

=2
[ )

Puc. 6. Cnoxenue BEKTOPOB II0 ITpaBUJIy TPEyroJIbHUKOB

2. [Ipn HaxXOXKAeHNN CyMMbI BEKTOPOB @ + b 110 NPABUAY NAPAANENO2PAMME
HY2KHO OTJIO?KUTh BEKTOPHI @ 1 b OT O/1HOI TOUKH MOCTPOUTH Ha BEKTOPaX @ 1
b napaJuiesiorpaMm. Torjia BEKTOP-/INaroHa b apaJuie/lorpaMMa, BhIXO i
13 001Iell HavYaIbHOI TOYKH BEKTOPOB @ 1 b ecThb BEKTOP CYMMBI @ +b (emoTpu

PUCYHOK 7).

Puc. 7. Cnoxkenne BEKTOPOB 110 IPABUILY HAPAJICIOIDAMMA

Onpenenenne 47. I[Ipoussederuem eexmopa d@ Ha YUCAO N HA3BIGAEMCA
HO6bI 6€KMOP Ad, JITMHA KOTOPOro paBHa |A| - |d|, a Hanpassenue coBnajaer
C HallpaBJIeHHEeM BeKTopa d, ecjau A > 0 u npoTUBONOJI0KHO eMmy 1pu A < 0.

Ha pucynke 8 n3zobpazkenbl BeKTOPbI @, —2 - @, 3+ d, — - a.
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3-a
-
—-2-a

-
1.
—a
2
—

Puc. 8

HpoeKI_lI/Iﬂ TOYKHN M BEKTOpa Ha OCb

Omnpenenenue 48. Ocvro Ha3bIBaETCs IpsiMasi, Ha KOTOPOI BbIJIEJIEHO
OJIHO U3 ee HalpaBjeHnii (Ha pucynke 9 oHo 0603HaUaeTCsT CTpesIKoit). Kax-
JIYIO OCh MOYKHO 3a8/1aTh HANPAGAAIOULUM BEKMOPOM, TO €CTh JIIOOBIM BEKTOPOM,

JIe2KaIllllIM Ha Heit u NMEIOIIMM TO 2Ke HallpaBJICHHUEC.

Onpegnenenne 49. Ilycrs 3agana och | n mexotopas Touka M (pucy-
rok 9). IlimockocTs, mpoxojsias depe3 Touky M HepeneHmKyaspHo ocu [,
1epeceder ee B HeKOTOpoil Touke M, KOTopas Ha3bIBaCTCs npoexyued mouky
M mna ocv l. Ecom M € I, to My = M. Ecom M ¢ [, to M; — ocHoBamue

HepIeHUKYJIsIpa, OlylleHHoro u3 Touku M Ha och [.

M
!
M

1

N

Puc. 9. Ilpoekmust ToUuk® Ha OCh

Onpenenenune 50. [Ipoexuuet pry 1@ sexMOPa 1@ HG 0CH 8EKMOPA
%

[ mazpiBaeTcs JnHa oTpeska AqBp, B3ATast CO 3HAKOM ILIIOC, €CJIH BEKTOPBI
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e ﬂ/a;

Puc. 10. IIpoekmusa BekTOpa Ha OCh APYTOrO0 BEKTOPA

— =
AlBl n | OJMNHaKOBO HalIpaBJICHBI, 1 CO 3HAKOM MHHYC, €CJIN HallpaBJICHUA

BekTOpoB A1 By 1 | 1mpoTuBOINOIOXKHBL. 3jiech A1 n By — npoekiun Touek A

%
u B #a ocb BekTopa [ (cmorpu pucyHok 10).

CsoiicTBa mpoekImii

1) Eciin gBa BeKTOpa paBHbI, TO PaBHbBI U UX IpoeKiuu (cM. puc. 11):

i=0b = pr7d':pr7>l;. (46)

d

X

it

pra prib
Puc. 11. TIpoekiuu a1ByX paBHBIX BEKTOPOB
2) Ilycrb ¢ — yrosr Mex iy BekTopoM @ u ocbto [ (cm. puc. 12). Torga
pro d = |d| - cos ¢. (47)
3) [lycts v — pousBoJIbHOE JieficTBITEIBHOE dnc/io. Toraa
pry (ad) = apr— d. (48)

4) Ipoekinsi cyMMbI JIBYX BEKTOPOB paBHA CyMMe IIPOEKIUil 9TUX BEKTO-
pPOB, TO €CTh

pro (@ +b) = prod+pry b. (49)



B
pr;a>0

Puc. 12. Yron mexxay BEKTOPOM U OChIO

IIpsmoyrosbHasi cucremMma KOOpAWHAT

Onpenenenune 51. Tpu B3auMHo nepreHIuKyasspabie npssmbie Ox, Oy,
Oz 06pasyOT NPAMOY20ALHYI CUCTNEMY KOOPOUHAM 6 NPOCMPaHcmee (CMOT-
pu prucyHok 13). Touka O HazbiBaeTcst Hauasom xoopdunam. IlepBast npsimast
Ox HasbiBaeTcst ocvlo abuyuce, Bropas npsiMmass Oy — ocvlo opduram, TPETbs
upssmasgt Oz — ocvro anauxam. Ilnockoctn XOY, YOZ, ZOY nasbiBaiorcs

%00p0UHCLmH?)LMU nAoCroCmAMU.

Omnpenenenue 52. Orinoxum Ha ocstx Ox, Oy, Oz B OJOKATETLHOM Ha-

IpaB/JI€HNN BEKTOPbI €JIMHUYHON JJIUHBI ¢, 7, k COOTBETCTBEHHO. DTU BEKTOPbI

Ha3bIBAIOTCA OCHOGHIMU 6ERIMOPAMU UAU OPITNAMU CUCTIEMDL KOOPdUHCLm.

‘Z

Puc. 13. [IpamoyronabHast cucremMa KOOPIUHAT

ITpssiMoyrosibHbIe KOOPANHATHI TOYKH

Onpenenenne 53. OnycTuMm neperneHuKy/sip u3 Touku M Ha KOOpPJIu-

Harnyto 1iockoctb X QY , nojayuum Touxky M,,. 3arem us touku M,, mnpo-
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BeJleM IpAMbIe, NapaJsule/bHble ocaM, nojaydnMm todkn M, n M,. Touka M,
— 9TO TOUKa Iepecederus npsiMoit Oz 1 IJIOCKOCTH, IIPOXOsIIeil yepe3 Tou-
Ky M mnapaienbro xkoopauHatHoii miockoctn X OY (emorpu pucynok 14).
YropsijioueHtas Tpoiika duces (z,y, z) 3a1aeT NPAMOY20AbHbE KOOPIUHANDL
moukxu M. Koopiunara x HazbiBaeTcs: abuyuccoti mowku M, y — opdunamod,

Z — anauxamou.

Puc. 14. Koopnunarel TOUKM

IIpsiMmoyroJjibHbIe KOOpAMHATHI BEKTOPAa

Omnpenenenue 54. IIpsMoyroabHBIME KOOPIMHATAMEI BEKTOPA, 11, HA3bI-

BaIOTCSI IIPOEKIINI BEKTOPa 170 Ha OCH KOOPIMHAT.

Harnpumep, HaiijieM KOOpAMHATHI BEKTOPA 1M1, 1300PaykeHHOTO HA PUCYHKE
15. s sroro uepes rouky O nuposogum ocu O' X', O'Y' O'Z' coorsercrsen-
HO paBHOHaIpaBjeHHble ¢ ocamu koopaunat OX, OY, OZ. Yepes Touky M
npoBoauM 1iockoctu M P, M), M R, napaJiiejbHble KOOPAUHATHBIM ILIOC-
kocrsiM. Tlnockoeru M P, M@, MR nepecekyr ocu O'X', O'Y', O'Z" coor-
BeTcTBeHHO B TouKax P, (), R. IlepBasi koopjmHaTa BEKTOpa 1M €CTb JJINHA
orpeska O'P, B3sgTast O 3HAKOM MUHYC; BTOpasi KOOPMHATA, BEKTOPa, 17} €CTh

nmHa BekTopa O'(Q), B3sdTasg €O 3HAKOM MUHYC; TPEThsl KOOPAUHATA BEKTOPA
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m ectb JymHa sekropa O' R, B3stTas co 3HakoM 1wmoc. IIpu Macmrabe pucyHka

15, monygaem m = (x;y; 2) = (—4; —3;2).

\Z iz

M
. R
o
e P
/// Y‘
QOk 1) =
'
P /X’ Y
X

Puc. 15. IIpoeknuu BeKTOpa Ha OCH KOOPIUHAT

OTMGTI/IM, 9TO OCHOBHBIC BEKTOPbI HNMEIOT CJIeAylomnue KOOPANHATBI:

i=(1,0,0), 7= (0,1,0), k = (0,0,1).
Bblpa}KeHI/Iﬂ BeKTOpa 4Yepe3 KOOpAnMHATbI

Ka}K,[[bIﬁ BEKTOD m paB€H CyMMeE HpOI/ISBe,ILeHI/IfI TPpEX OCHOBHLIX BEKTOPOB

Ha COOTBETCTBYIOIIIE KOOPJIMHATHI BEKTOPA 17
m = (z,y,2) = zi + yj + 2k (50)
Hanpumep, npu obo3HaueHnsix pucynka 15 mmeem m = — 4 — 3;’—|— 2%k,

Bpra)KeHI/IH BEKTOpa 4Yepe3 KOOpAMHATbI €Iro HavdaJia 1 KOHIIa

Omnpenesienne 55. Ilycrs ganbl qse Toukn A(xy,y1,21) 1 B(xs, Yo, 22).

Torna xoopduramo, eexmopa A§ BBIYHC/IAIOTCS 110 cJejytonieit hopmyite

fﬁ: (x2_$1792_ylaz2_zl)- (51)
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Moaynb BeKTOpa U PacCTOSTHUE MeXK/1y JIByMsl TOUKaMu

Onpegnenenune 56. Modysem uau daunot 6exmopa |d@| HasbIBAETCS JI/TH-
Ha OTpe3Ka, n300pazkaroliero BekTop. Ecjim BeKkTop @ 3a/1ai IpsMOyTroIbHBIMI

KoOpJnHaTaMu @ = (x,y, z), TOrJa

@ = /a2 +y? + 27 (52)
Paccrosinune p mexy Toukamu A(xy, 41, 21) u B(xg, Y2, 22) paBHO

p=/(x2—21)%+ (o — y1)> + (22 — 21)? (53)

HaHpaBJ’IHIOIJ_II/Ie KOCHUHYCBbI BEKTOpa

Omnpenesienne 57. Hampasienne Bektopa d = (x,y,2) oupejessiercs
yriaMu «, (3, 7y, 00pasoBaHHLIMU BEKTOPOM @ C HOJIOKUTEILHLIMU HallpaB.ie-
ausimu oceit Ox, Oy u Oz coorBercrBerno (cMorpu pucyHok 16). Kocumnycsr
STUX YIVIOB HA3LIBAIOTCS HANPAGAAIOULUMY KOCUHYCAMU GEKMOpa d U OLpe/ie-

JISTIOTCS TI0 CJIEJIYIOMNUM (DOPMYJIaM:

cosa = —, cosf3= %, cosy = é (54)
I dl dl
z\
=
a
"I B
o (8= —
0 Y

X

Puc. 16. HampasJsiroriiue KOCHHYCBI BEKTOPa @

HampasJisgiorue KOCHHYCBI YIOBIETBOPSIIOT CJICIYIONEMY COOTHOIIEHHIO:
2 2 2, _
cos” o+ cos” 3 + cos”y = 1. (55)
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Takum 0O6pa3oM, KOOPAMHATEI BEKTOPA . MOXKHO 3aJ1aTh CJIEIYIONINM 00-
pa3oM

d=|d|-(cosa, cosf, cos7y). (56)
IIpusHak KoJ/LLIMHEAPHOCTH BEKTOPOB

Omnpenesienne 58. Bekropsl @ = (21,y1,21) b— (22, Yo, 22) HABBIBAIOT-
C KOAAUHEAPHbIMU, CCTT OHI JIesKAT Ha, OJIHOM IPAMOIT MM Ha MapasLIe bHbIX
npsaMbIX. Bektopbl @ = (x1,y1,21) 1 b = (2, Yo, 22) KOAAUHEAPHHL TOTTA U
TOJILKO TOI'JIa, KOI'Ja

1 _h_ A (57)
T2 Y2 23

Takum obpasoM, ecjim BEKTOP @ — He HyJIeBOIl, TO Jit000it BeKTOp b, Koasume-

aprvill ¢ HUM, MOZKHO IIPEJICTABUTH B BU/IE

b=\-a. (58)

10 -

rjie 9ucjao A = iﬂ’ IpudeM A TOJIOYKUTEJIHLHO, eCJU BEKTOP b OIMHAKOBO
a

HAIIPaBJIEH C BEKTOPOM @ U OTPHUIATE]BHO — B IPOTHBOIIOJIOKHOM CJIydae.

Koopaunarel cepeguHbI OTpe3Ka

Hanbr Touku My (z1,y1,21) 1 Ma(za,y2, 29). lyers My(xo, yo, 20) — ce-
penuHa orpeska Mi My, Torna KoopauHATbl TOUYKH My MOXKHO BBIYHUCIUTD 110
dbopmynam:

T+ X _ ity

21+ 29
Ty = 9 ) Yo 9 ) =5 -

5 (59)

20

Onpenenenne n cBoOiiCTBA CKAJISIPHOTO IIPOU3BEICHUS

—

Omnpenenenue 59. CrasapHvim npoussederuem 6eKmopa a Ha BEKTOD b
HA3bIBAETCs IIPOU3BEICHIEe UX MOJYJIeil Ha KOCHHYC yria Mexkjy Humu. Cka-

JsipHOE Tpou3sBejienne obosHadaercs (d,b). CornacHo onpe/Ie/IeHIo

— —_—

(@,b) = |a| - |b] - cos(a, b). (60)
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Ocrosnvie ceoticmea CKRANAPHO20 npouseedeHuﬂ:

(@,b) = (b, d); (61)
(A, b) = (@, \b) = (@, b); (62)
(d@,b+ ) = (@,b) + (@,0); (63)

BpipaxkeHune ckaJispHOTO NMMPOU3BeIeHNs Yepe3 KOOPAMHATHI COMHOXKUTEJIei

BHasi KOOPJAMHATBI BEKTOPOB d = (T1,Yy1,21) U b = (T2, Yo, 22) B HPSIMO-
YIOJILHOI cucTeMe KOODJMHAT, JJIsl BBIUUCJICHHs CKAJISPHOrO IIPOU3BEICHIA

BEKTOPOB @ 1 b MOYKHO BOCIIOJIB30BATLCsI CJIeIyIONIeil (hopMyIIoii:

—

(@,b) = z122 + 1192 + 2122 (64)

Pagenctso (64) HasbIBaeTCS BOPMYAOT, GOPANCAIOULET CKAAAPHOE NPOU3GEDE-

HU€E 4epes mop&umzmm COMHOAHCUMENE.

ITpuznak nepneHJUKYJIAPHOCTA BEKTOPOB

Omnpenesienne 60. JlBa wmenyneBbix BekTOpa @ = (T1,Y1,21) 4
b = (x2, Yo, 22) NEPREROUKYAAPHDL, TOTJIA U TOJBKO TOIJIA, KO/ UX CKAJISIPHOE

[IPOU3BeE/IeHNEe PABHO HYJIIO, TO €CTh

—

dlb < (@,b) =z2s+ 1y + 2122 = 0. (65)

FeOMeTpI/I‘{eCKI/Ie CcBoOlicTBa CKaJIsIpDHOI'O ITpom3BeJeHusd

1. VYros MexKay BeKTOpaMu @ U b MOKHO BBIYUCIUTE 110 (DOPMYJIE

COS(CL, b) = W (66)

2. Ilpu BbIUmC/IEHIN TIPOEKIINN BEKTOPA 17 Ha OCh, 38/[aBAeMYI0 BEKTOPOM
7L MOYKHO BOCIIOJIB30BATHCA POPMYIIOIL:
(m, i) (1, 1)

7l /(@)

pri m o= (67)

72



3. mmay BeKTOpa @ MOYKHO BBIUNCINTH TaKzKe 10 caeayommeit (hopmyiie
@ d) =|a? wm |3 = /(@ a). (68)

3aja4un AN CaMOCTOATENBHOMO peLleHus

100. a) Epununanstii BeKTOp @ 0OpasyeTr paBHbIe TyIIble YIJIbl ¢ OCHOBHBIMU
BeKTOpaMil 4, j, k. HailTi Koop/HHATL BeKTopa. @.
b) Ennaudnblii BeKTOp @ 0Opa3yer ¢ BEKTOPOM ;ymﬂ 30°, a ¢ opramn
7 u k — paBible ocTpble YIVIbL. BHIMHCIITL CyMMY KOODMHAT BEKTODA .
101. CocrtaBuTh TaOJUILY CKAJSIPHOTO YMHOXKEHUsI OPT CUCTEMbI KOOD/IU-
Har i, j, k.
102. a) Haiiti koopuHATEI BEKTOPA T, apaJiiebHoro Bektopy (6; —8; —7,5),
ecjii u3BecTHO, 9T0 || = 50 u BekTOp Z 0Opasyer ¢ ocbio Oz OCTPLIil yroJI.
b) daubl jqBa Bektopa @ = (1,—2,4) u b= (3,1, —5). Haiitu BekTOp 7,

3Hasl, YTO OH MePIeHUKY/IApeH ocn Oy U yI0BIETBOPSIET YCIOBUAM: (T, d) =

-,

-3, (#,b) = 8.

c¢) Hamer Tpm BekTOpa @ = (2,—1,3), b = (4,3,-5),
¢ = (7,—2,—6). Haiitun BekTOp &, yioBierBopsitoruii yciaopusiv: (I, d) = 8,
(Z,b) =0, (Z,8) = 10.

d) Haiitu KoOpAMHATHI BeKTOpa I, MaPAJJIEJIbHOIO BEKTODY

a = (1,2,-3), eciu usBectHo, uto (T, ad) = 28.
103. a) /laubl BekTOpBI @ = —27 + ; — 81?:, b = —4i — 2;’ — BE,
¢=3i— 4;'—1— 12k. Haiitu IIPOEKIINIO BEKTOPa d — 2b Ha ochb BEKTOPA C.

b) dambl BeKTOpSL @ = —4i — j + Ak, b=1—6j+8k, ¢=3i+5] — 2k.
Haiitu npoekinio BeKTOpa b+ ¢ Ha och BEKTOpa d — C.

104. a) Ilyers @ u b — eauamanbie Bektopsl n |@ — b] = /3. Haiitn

CKaJISIPHOE TTPOM3Be/IeHIe BEKTOPOB (3d — 4b, @ + g)

b) Ilyers |@| = 2, b = /3, |@+b| = 3. HaiiTu ckassipaoe nponsseieme
BekTOpoB (@ + 2b, @ — b).

—

105. BpruucanThb cKajsipHOE IPOU3BEJIeHIE BEKTOPOB @ U b, 3ajlaHHBIX
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CBOUMHI KOOPAMHATAMHI, ¥ YTJIbI MEXKy HUMU:
a) @=(3,-4,0),b=(512,0), b)a=(2,-3,2),b=(4,2,—1).

106. Haiitu giuny BekTtopa @ = 3m — 471, 3Hasl, 9TO 1M, U 7l — B3aHMHO
HePIEeHINKYISPHBIE OPTHL.

107. BeruucjauTh JUIMHY JuaroHaJjieil mapaJuiejorpaMma, IOCTPOEHHOIO
Ha BeKTOpax @ = 5P+ 27 1 b = — 3§, ecin U3BECTHO, UTO 7l =2v2, 7] =3

e~ 7T

u (p,Q):Z-

108. Boruncaurs yros Mexkjy Bekropamu d = 3p + 2¢ u d = P+ 5, rue
P ¥ ¢ — eJIMHIYHbIE B3ANMHO [E€PIEeHINKYJIsIPHbIE BEKTOPHI.

109. B upamoyroibHOM paBHOOEIPEHHOM TPEYTOJLHUKE TTPOBEJIEHBI Me-
JINAHDBI 13 BEPIINH OCTPHIX YIJIOB. BBIMUCINTD yrO MEXKIy HUMH.

110. 3nast BeKTOpbI, 00pa3yIoIIe TPEYTroJbHIK: zﬁ = 2a — 65,
B? = G+ 7bu Cﬁl = —3a — g, rje a u b — B3AUMHO HePIEHINKYISPHBIE
OPTBI, OLPEJEJIUTh YIJIbl STOI0 TPEYTOJTHHIKA.

111. 3nas pasjokeHne BEKTOpa 6 = 6m — 271+ 3P 110 TpeM IepIIeH INKY-
JISTPHBIM OPTaM, BBIYUC/IUTH JIINHY BEKTOPA 5 U yTJIbI, KOTOpPbIe OH 0Opas3yer
C KarKJIbIM U3 OPTOB 1M, 71 1 P.

112. O6ozHauus 4yepes d u b CTOPOHBI poMba, BBIXOJIsIINE U3 00IIeil Bep-
HIMHBI, JIOKAa3aTh, 4TO JUArOHAJIN POMOa B3AUMHO IePIIeH INKYISPHBI.

113. 3mnag, uro |d| = 2, \5| =5u (a/,\b) = g, OIIPEJIEIUTD, P KAKOM
3HaYeHNN KoM PUIMeHTa (v BEKTOPHI P = ad + 17b u qg=3d— b OKaXKyTCsI
epPIeH UK Y ISTPHBIMU.

114. Kakoit yron o6pasyior eIuHITHbIE BEKTOPBL § I f, €CJIH U3BECTHO,
9TO BEKTOPLL P = § + 2t 11 1t § = 5§ — 4t B3AUMHO MEPICHNKYJISPHDL.

115. Jlanbl pasjiokeHns BEKTOPOB, CJIYKAIMX CTOPOHAMU TPEYTOJIb-

— 53 + 2b,
B? =23 —4bu CTZl = —7G+ 2b. Boraucants JUTHHY MeJINaHbI m 1 BBICOTHI
zﬁ tpeyrosbauka ABC.

HUKa, 110 JIBYM B3aUMHO TEPHEHJUKYJISIPHBIM OpPTAM: Ag

74



17. BeKTOpHOe n CMeEelllaHHoOe IIpomu3BeJceHne BEKTOPOB

OCHOBHbIE NOHSATUSA, POPMY/IbI U TEOPEMBI

HpaBbIe n JjieBble CUCTeMbl BEKTOPOB

Onpenenenue 61. ViopsjioueHHas Tpoilka HEKOMILIaHAPHBIX BEKTOPOB

—

a, b, ¢ HA3BIBAETCSA NPasol cucmemot, ecin HaDIIOIATe 0, HAXOIAIEMYCsI B
KOHEYHOI TOUYKe BEKTOpPa €, IOBOPOT BEKTOPa @, COBMEIIAIONINI €ro ¢ BEeKTO-

poM b coBepiaeTcst MpOTUB 4acoBoil crpeskn (pucyHok 17). Ecn ke ymoms-

—

HYTBII TIOBOPOT COBEPINAETCsI 110 YaCOBOI CTpeJIKe, TO CHCTeMa BEKTOPOB @, b,

¢ Ha3bIBAETCA €601 Mpolikol (pucyHok 18).
Hanpumep, 0OCHOBHBIE BEKTOPBI IIPAMOYTOILHON CUCTEMBI KOOPAUHAT 1, J,

k obpasyto mpaByto Tpoiiky. Cucrema ke 7, i, k (BEKTOpBI Te ke, HO MOPsI0K

UX JIPYTOii) — JieBasi.

Ac

Puc. 17. IIpaBag cucrema BeKTOPOB

Puc. 18. JleBast cucrema BEKTOPOB
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Onpenenenue 62. Eciu umeeM JiBe CUCTEMbI TPEX BEKTOPOB U KarKas
13 HUX IIpaBasi WM JieBasi, TO TOBOPST, YTO 9TU CUCTEMbI UMEIOT 00UHAKOBYI0
opuermayuro. Fenm »Ke ojHa cucteMma IpaBas, a Jipyrasd JieBas, TO TOBOPAT,

9TO CUCTEMDBI UMECIOT NPomueonNoOAO0HCHYIO OPUECHINAUUND.

[Ipu oHOKpaTHOI TIEpecTaHOBKE JIBYX BEKTOPOB CUCTEMa MeHseT OpueHTa-
0. CucremMa coxpaHsieT OPUEeHTAINIO IIPU KPYTOBOil IIepecTaHOBKE BEKTOPOB,

[IOKa3aHHO#l Ha pucyHke 19 jjg npaBoii cucTeMbl BEKTOPOB U Ha pucyHke 20

JIJIs1 JIEBOIA.

Puc. 19. Kpyrosas opueHTarusa mpaBoii CHUCTEMBI BEKTOPOB

Puc. 20. Kpyrosas opuenTaius JeBOil CHCTEMbI BEKTOPOB

- - -

Onpenenenne 1 OCHOBHBIE CBOVICTBA BEKTOPHOTO ITPOU3BEJ€HNsSI BEKTOPOB

Omnpenesienune 63. Bexmopnvim npoussedenuem [d,b] Bekropos @ u b
HA3BIBAETCS TPETUH BEKTOD €, KOTOPBI CTPOUTCS CAEAYIOMIM 00pPa30M:
1) MOJyJIb BEKTOpa € YUCIEHHO PABEH ILIOMAJIN napaJuiesorpaMma (pucy-

—

HOK 21), MOCTPOEHHOTO HA BEKTOpPax @ 1 b, TO eCTb

& = [a] - 5] - sin(a, b). (69)
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a
Puc. 21. IlapamnenorpaMm, MOCTPOEHHBINA Ha BEKTOpPax d U b
2) HaIpaBJIeHIe BEKTOpa € MEePIEHINKYJISIPHO K ILJIOCKOCTH YIOMSHYTOTO

napaJiaesorpaMMa.

3) HaIpaBJieHIe BeKTOpa € BbIONpaeTcs (M3 JBYX BO3SMOXKHBIX) TaK, ITOOBI

BEKTOPBI @, b 1 € COCTABJIS/IN TIPABYIO CUCTEMY.

OchnosHwie ceoticmsa 6ERMOPHO20 np0u366d€HUﬂ 6CRMOPOG.

@, d) = 0; (70)
[69 ] — _[b7 EL’]? (71>
(\@,b] = [@,\b] = A[@,b], rae A — 910 wmcso; (72)
@+5,d =73+ 6.a (73
Bblpa}KeHI/Ie BEKTOPHOI'O IMpou3BeAdeHNs dYepe3 KOOPANHATDBI COMHOXKHUTeJIeH
Ecin BeKTOpbl @ U b 3aaHbl CBOMMU KOODJIMHATAMH @ = (x1,y1,21),
g: (x27 Y2, Z2>7 TO
i J
@b =]z y1 = (74)
T2 Y2 %2

Hy:>kHO pazioKuTh 5TOT onpeaenTeb 110 1epBoii crpoke. Torma ko3d-

- = -

¢unmenTs! npu ¢, j, k paBHbI COOTBETCTBEHHO I1€PBOiil, BTOPOIl 1 TpeTbheil Ko-

opunaTaM BekTopa [, b].
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I'eomeTpudeckue cBoiicTBa BEKTOPHOI'O IIPON3BEEHUS

1. s BeIAuC/I€HUsT nA0ULGOU NAPAANEAOPAMMA, TIOCTPOCHHOI'O Ha BEK-

Topax @ u b (cmoTpu pucyHoK 21) mpumensiercs: hopmysia

o

2. st BBIYUCTIEHUS NA0Wa0U MPEY20AbHUKa, TTOCTPOEHHOIO Ha, BEKTOPax

S = . (75)

—

a1 b (cMOTpH PUCYHOK 22) MpuUMeHsieTcst (hopMyJia

SA:%- [*,5”. (76)

3. Bwcoma Hg napasrenoepamma u evicoma Hp mpeyzorvrura, npose-

dennasn x 6eKmopy a, OIMPeaesIA0TCsa 10 pOpMyJIe

Ho=H, = [6—6” (77)

a

Puc. 22. TpeyronbauK, MOCTPOEHHBII Ha BEKTOpax @ U b

Onpe,ue.neHI/Ie 1 OCHOBHBIE CBOICTBAa CMEIIaHHOTO mmpou3sBeeHund

Omnpenenenue 64. Cmewarntvim npoussedenuem eexmopos a, b u ¢ Ha-
3bIBaeTcst 9nciio (d, b, ¢), paBHOE CKAJISPHOMY MTPOU3BEICHNIO BeKTOPa [d, b] Ha

BEKTOP C, TO €CTh

(67 575) - ([67 b]vg) (78)

OcrosHwvle c60TCMBA CMEULAHHO20 npou3@edenu,ﬂ 6CRMOPOE:
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1. meroT MecTo paBeHCTBa:

(@,b,¢) = (@, b],¢) = (a,[b, ). (79)
2. Ilpn KpyroBoil epecTaHoOBKe COMHOKITEJIeIl CMellaHHoe IIPON3Be/IeHIe
HE MeHdeTcCd, IIpHn IIepeCTaHOBKE IBYX COMHOXKHUTeJIell — MeHdeT 3HaK Ha 00-

pPaTHBIIA:

— —,

(@,b,¢) = (b,¢d) = (¢.d,b) = —(b,@,c) = —(¢,b,d) = —(a,&b). (80)

3. CBoiicTBO pacupeaenTe/ lbHOCTH:

— —

(@+b,¢d) = (@,¢d) + (b, d). (81)
4. CBOHCTBO cOYETATENBHOCTH:
(A@, b, &) = (@, \b, &) = (@,b,\&) = \(@,b, 7). (82)

5. CmerraHHOe IIpOU3BEJIeHNE, UMeIoIee XOTs Obl J[Ba, PaBHBIX COMHOXKU-

TeJIs, PaBHO HYJIIO, HAIIPUMeED

ST

(@,d,&) = 0. (83)

Briparkenne cMeNniaHHOTO NPOU3BEJIEHUS Yepe3 KOOPANHATHI COMHOXKUTeJIei

Eciu 3a/1aHbl KOOPAUHATHI BEKTOPOB @ = (T1,Y1,21), b = (T2, Y2, 22),
¢ = (x3,Y3,23) B IPAMOYTOJIbHOfI CHCTEME KOODJIMHAT, TO CMEIIaHHOE PO~

3BeJICHIEe BEKTOPOB @, b 1 € BBIYUCISIETCS 110 POPMYJIe:

I Y 2
(avb78): To Y2 29 |- (84>

r3 Ys Zz3
OnpenesieHue U ycjioBUe KOMILJIAHAPHOCTU BEKTOPOB

Bekroper @ = (71, Y1, 21), b= (w2, Y2, 22) m €= (73,3, 23) J1€KAT B OJHOI

IIJIOCKOCTH, TO €CThb KOMNAAGHAPHDL, TOI'Ja U TOJIBKO TOI'/la, KOT'/Ia NX CMeIlaHHOe
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[IPOU3BEJIeHNEe PABHO HYJIIO, TO €CTh

(85)

-

Puc. 23. Ilapajuienenunes, IOCTPpOEHHBIN Ha BEKTOPax d, b, €

I'eomeTpuyeckue cBoiicTBa CMENIAHHOTO NPOU3BEAEHUSA

1. Obsem napasrseaenuneda, TOCTPOEHHOTO Ha BeKTOpax d = (1, Y1, 21),

b= (2, Yo, 22) u C= (x3,y3, 23) (pucyHOK 23), onpeesercs 110 (hopmyIie:

Ty Y1 21

_)bch”:j: X2 Y2 Z2 |

Vnapaﬂ = |(a, (86)

xr3 Y3 Zz3

rJie 3HaK ILJII0C BBIOMPAETCs, €CJIN OlIPeIe/INTE/Ib TPEThEro MopsIKa paBeH I10-

JIO?KUTEJILHOMY 3HAYCHUIO, U 3HAK MUHYC — B IIPOTHBOIOJIOKHOM CJIyUae.
Obsem nupamudvl, TOCTPOEHHON Ha BekTOopax d = (x1,%1,21),

2.
b= (2, Yo, 22) u C= (x3,y3, 23) (pucyHoK 24), onpejensercs 110 (hopmyJie:
] 1 1 Y1 A
VnﬂpaM = 6\(57 bnéﬂ - ié Lo Y2 =2 | (87>
I3 Y3 =3
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1

Puc. 24. Ilupamuga, mocrpoeHHas Ha BeKTOpax d, b, ¢
IJle 3HaK ILII0C BBIOUPAETCsI, €CJIM OIIPEJIe/INTE/ b TPETHEero MOPSIIKa PaBeH I10-
JIOZKUTEJIbHOMY 3HAaYCHNIO, 1 3HAaK MMHYC — B IIPOTHUBOIIOJIOZKHOM CJIy4dae.
3. [lycte jman  mapaJsule/IMINIes, IOCTPOEHHBIH Ha  BEKTOpax
a= (1,91, 21), b = (2,Yo,22) u C = (x3,Y3, 23) (pucynox 23). Beicory ma-
paJuIe/IMIINIIe 1a, KOTOpasd IIpoBedcHa K HUXKHEMY OCHOBaHHIO, O6pa3OBaHHOMy

BeKTOpaMi @ 1 b, MOXKHO HaiiTi 110 opmy.ie:

—

Vitapan _ (@, 0,¢)|
0]

4. Tlycrs jana nmupamujia, MOCTPOEHHas Ha BeKTopax d = (T1,Y1, 21),

Huapan = (88)

Soch [a

b= (x2,Y2,20) u € = (x3,Y3,23) (pucynox 24). Boicory nupamu/ipl, KoTopast

IIPOBeJIeHa K OCHOBAHMIO, 00Pa30BaHHOMY BEKTOpaMu @ U b, MOXKHO HailTh 110

dopmyie:

i 3 Vimpan _ |(@,5,7)]
I[npaMm SOCH ‘ [C_i’ g] ‘ .

(89)

3aja4mn Anst CaMOCTOSITENIbHOMO peLleHuns

3adayvu na sexmoproe npoudsedenue

116. CocraBuTh TabJIMIy BEKTOPHOIO YMHOYKEHUSI OPT CUCTEMbI KOOP/IU-
nar i, j, k.

117. Haittn BekTOpHOE NIpON3BEIcHIE BEKTOPOB {c?,g ;
a)@=2—3]+5k b=4i+2]— 6k, b)da=i—3]j+2k b=6i+5j—4k.

118. YupocTuthb BbIparkKeHUE:

a) 35-26,2@451;} b) [25—35,a+4b] o) [45—13+25,a+35—25]
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119. a) [Ham tpeyronbuuk ¢ Bepmmuamu A(4, —14,8), B(2,—18,12),
C'(12, —8,12). Haiitu mromma/ib TpeyroabHIKA U JJINHY €r0 BBICOTHI, OITyTIeH-
Hoit 3 Bepmuubl C' Ha cropony AB.

b) Hdaubl Bekropel @ = (—4,—8,8), b = (4,3,2). Haiitn ux Bex-
TOPHOE IIPOM3BEIEHNE, CUHYC yIJIa MeXK/ly HUMHE, IJIOIIa/ b apajlie/JorpaMMa,
IIOCTPOEHHOIO Ha 3TUX BEKTOPAaX.

120. a) Ilyers @) = V3, |b] = 1, (a/,\b) = 60°. Haiitu miomais napai-
JIEJIOTPaMMa, MOCTPOEHHOIO Ha BEKTOpax d — bu2d+b.

b) Hycrs |@] = |b] = 1, (a/,\b) = 150°. Haiitu niomais napasieso-
rpaMMa, TOCTPOEHHOTO Ha BeKTopax 24 + b u @ + 2.

121. @) Beraucuts mioma/ b napasiiesorpaMMa, HOCTPOEHHOTO Ha BEK-
Topax p = 2a + 3bu qg=a— 45, e @ u b — e UHITHbIE B3AUMIO HePIIeH 11~
KYJISIPHBIE OPTBI, 00pas3yIoline MpaByio TPOiKY.

b) Beraucmth momniap mapasiieiorpaMma, ToCTPOEHHOTO Ha BEKTO-
s

anzﬁ:ﬁl+2ﬁl/Izﬁ:m—3ﬁ, riae |m| =5, || =3um, n=—
6
¢) 3Hast JiBe CTOPOHBI TPEYTOJIBHIKA zﬁ =3p—4q¢n B? =P+ 5¢,
BBIYUC/IATE JUINHY €r0 BBICOTHI @ [P yCJIOBUH, UTO P, ¢ — HEePIEHIIKYISP-
HbIE APYT APYTY OPTEHL.

122. Jlan sextop O = |[30 + 47 + 55,17 + 67 + 47, tie m, 7,
P — B3aUMHO IIE€PIeHINKYJIsIpHbIe OPThI, 0Opa3yIolie JeByIo TPoiiKy. Bordmc-
JIUTH €ro JJIAHY.

123. BoruucguTh cuHyC yrjla MeXKy JuaroHaJsMi TapaJiiejorpaMMa,
IIOCTPOEHHOI'0 Ha JAHHBIX BEKTOpPax a = 2m + 1 — p u b= — 37 + P, TIe
m, 7, P — B3ANMHO HePIeHIKYISPHBIE OPTHIL.

30001 Ha CMEWAHHOE NPOUBEIEHUE

124. a) Haiitu o6bem rerpasapa ¢ seprmaamu A(2,3,1), B(4,1, —2),
C(6,3,7), D(—4,-3,7).

b) Borancaurs o0beMm mapasiienenuiea ¢ BepumHamu A4, 3,0),
B(—1,2,1), C(3,4,1), D(5,6,2) u JjuHy BBICOTHI, OMYIIEHHO 13 BEPITHHBI
D.
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125. IIpoBepuTh, KOMILTAaHAPHDI JIN CJIEIYIONINE BEKTOPA:
a) p= G—2b+¢C §=3G+b—2¢ ¥=7a+14b—13C raed, b, ¢ B3anMHO
HepHeHINKYITPHbIE OPTHI.
b)d=(23-1), b=(1,-1,3), ¢=(1,9,—11),
)P=2a+b—3¢ §=a—4b+¢ F=3d—2b+2¢ rued,b, ¢ B3anMHO
HEePIEHINKYISPHBIE OPTHI.
d)a=(3,-2,1), b=(2,1,2), ¢=(3,—1,-2).
126. Ilposeputsh, uro Toukn A, B, C', D nexar B 0IHOIl IJIOCKOCTH:
a) A(5,—1,-1), B(4,2,2), C(5,3,1), D(8,0,-5),
b) A(3,—4,1), B(2,-3,7), C(1,-4,3), D(4,-3,5).
127. Bpraucanth odbeM mapaJiesenuie/ia, ToCTPOEHHOIo Ha BEKTOpax
P=d+b+C J=d+b—Cur=a—b+7
128. BpryaucauTb 00beM NapaJiieselnie/ia, MIoCTPOEHHOro Ha BEKTOpax:
a)a =p—37+T, b=20+§—3Fuc=p—+27+F, rie p, §, 7 — B3aUMHO
HePIeHTNKYISTPHbIE OPTHI,
b) @ = 3m+5it, b= 1M — 2 u & = 2m+T7, rae |m| = 5 17 =3, ., n = 135.
129. Bp1ucauTh BBICOTY MapaJiiesenuie/ia, MTOCTPOEHHOTO Ha TPeX BeK-
TOpax @ = 3+ 27— 57, b= — {+ 4F u &= J— 37+ 7, ec/lu 3a ocHOBaMeE
B3AT IapasiiejorpaMM, OCTPOEHHbI Ha @ U b. Kpome Toro, msBecTHo, 4TO

P, ¢, T — B3AUMHO IIepPIIeHINKYJIAPHbIE OPTHI.

18. Ilpsamasi Ha IJIOCKOCTH

OcHoBHble NMOHSATUSA, (POPMYSbI U TEOPEMBI

Paznugable BU/Ibl ypaBHEHUS MPAMOIA
1. Vpasnenue npamoti ¢ y2no6vim KoaphuuueHmom.:
y = kx + b, (90)

rie k = tg a — yrioBoit koaddunuenT, o — yroj HakjaoHa mpsiMoit K ocu O,

b — oTpe30K, oTcekaeMblii mpsMoit Ha ocu Oy.
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2. Obwee ypasrerue npamos:
Ar+ By +C =0, (91)

riae ynciaa A, B 0oIHOBpeMeHHO He 00OpaIaloTcs B HYJIb.

3. ¥Ypasnenue npamoti 6 ompesxax:

Ly
421 92
~to =1 (92)

rjie a, b — JJIMHBI OTPE3KOB, OTCEKAEMbIX Ha OCSIX KOODJMHAT, B3SThIE C COOT-
BETCTBYIOIIMMU 3HaKaMu. Fciam a wim b oTpuiiaresbHO, TO 3TO 3HAYHUT, UTO
IpsiMas IepeceKaeT COOTBETCTBYIONLYIO OTPUIATEIbHYIO TTOJIYOChH.

4. Vpasnenue npamot, npoxodswet ueped dannyro mouxy Mi(xi,y1) 6

OGHHOM HANPABAEHUN:
y— = k(z — 1), (93)
rje k = tga — yriaoBoit KoadpuImenT.
5. Vpaswernue npamot, nporodawetd uepes dee mowrku Mi(xy,y1) u
M2 (:UZ) y?) :
Yy—U L — T
= ) ($2 7£ L1, Y2 7& yl) (94>
Y2—Yy1 T2— X1
YroBoit KoadduimenT 3Toit mpsiMoit onpeessercs GopMmyIoi

=" (g £, (95)

332—1’1’

6. Hopmanrvnoe ypasnerue npamot
rcosa+ysina—p =0, (96)

rje p — JUIMHA MePIeHINKYIspa, OIYIEHHOT0 13 HadaJjia KOOP/JIMHAT Ha JAHHY IO

HPSIMYI0, (v — yT'0JI, 00pa3yeMblil 9TUM IePIeHINKYJIApOM 1 ocbio Ox.

Bzaumnuoe pacIioJio2KeHue ABYX IIPpAMBbIX B ITPOCTPaHCTBE

1. Yeon meotcdy dsymsa npamoimu y = kix+by nuy = kox—+by ompesessiercst

dopmyJioit
ko — k1

T 1t kky
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2. Yeaosue napasnesvrnocmu dsyx npamuix y = kix + by n y = kox + by

IMeeT BT
k1 = ko. (98)
3. Veaosue nepnenduxyssprocmu deyr npamvixr y = kix + by u
Yy = ko + by mMeeT BUJ
1
ki = ——. 99
1= (99)
4. Ilpssmble, 3amanabie odomumMu ypapaennsvMu Az + By + C; = 0 n

Asx + Boy + Cy = 0, mepecekarorcst, eC/ii CHCTEMA,

A+ Biy+Cy = 0,
{ S (100)

Asx + Boy+Cy = 0,

NMeET €JMHCTBEHHOE pPEICHUCE.

PaccTossHrne ot TOYKH a0 HpﬂMOﬁ

Paccmosanuem om mouxu do npamoti Ha3bIBAETCA JJTIMHA, TEPIEHIUKYJISAPA,
OIIYIIEHHOT'O U3 3TOIl TOYKU Ha JaHHYIO IPAMYIO.
Paccrosinne ot toukun Mi(x1,y1) 70 HpsIMOi, 3aJaHHOI B HOPMAJILHOM

BIJIE T COS (v + ysina — p = 0, Beraucigercs 1mo opmyie
d = |x1 cosa + yy sina — p. (101)

Paccrostame ot Touku My (1, y1) 10 NpsIMOii, 3aJaHHOI OOIINM ypaBHEHH-

em Ax + By + C = 0, Bbruncsercs 1o gpopmy.ie

Ax1—|—By1—|—C'|
VB |

3agaun Ansi CaMOCTOATENBHOMO peLleHus

d = | (102)

Hcnoavaya ypasnenue npamoti ¢ yeso6vim koaddunyuenmom (90) u ypas-
nenue npamotl 6 ompeskax (92), pewums caedyrougue 3adavu:
130. IIpu xakux 3uadenussx C upsamas 2x + 3y + C' = 0 orcekaeT Ha ocu

Oy orpesku by = 4, by = —67
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131. Haiitu 3nHadenust B, npu KOTopbIxX psimasd 2x + By —6 = 0 obpasyer
¢ ocuio Oz yrinl @1 = 459, 1 = 135°.

132. Ilpu kakux snadenussx A npsavas Ax + by — 40 = 0 orcekaer Ha
KOOPJAMHATHBIX OCSX PaBHbIE OTPE3KN’

133. Oupenennts napamerp B, npu KOTopoMm IipsiMas y = 2z +b orcekaer
Ha ocu Ox OTpe3oK a = 3.

Henoavsys ypasnenus npamwx (93), (94), pewums caedyrougue 3adavu:

134. CropoHbl TpeyrojbHUKa 3aJaHbl ypaBHeHusiMu: 7x — 6y + 9 = 0,
br+2y—25 =0, 3x+10y+29 = 0. Haiitu koopanHaTHIl BEPIIUH 1 YpaBHEHUA
BBICOT TPEYTOJIbHIKA.

135. Jlan tpeyrosbauk ¢ Bepumnamu P(—4,0), Q(0,4), R(2,2). Hamu-
caThb ypaBHEHUST MeJIAaH.

136. Jlanbr Bepunbl Tpeyroiabanka: P(6,0), Q(0,6), R(—4,4). Cocra-
BUTH YpPaBHEHHUsSI CTOPOH TPEYTOJbHUKA, BEPIIMHAMI KOTOPOIO SIBJISIIOTCS Ce-
PeIIHBI CTOPOH TPEYTOJbHIKA.

137. Haiitu TouKy IepecedeHns MeINaH TPEYTOJbHUKA C BEPIIHHAMI
P(2,1), Q(0,7), R(—4,—1).

Hcnonvaya yeaosus (97)-(99), pewums caedyrougue 3adavu:

138. CocraBuTh ypaBHEHHUsI HMPSIMbBIX, TPOXOJAININX Yepe3 HAdaJI0 Koop-
JINHAT, €CJI N3BECTHO:

a) mpsiMas napaJsiieibaa npsmoit 2z — 3y + 5 = 0;

b) mpsiMast epHeHuKyIsipHa IpsaMoit y = 3x + 5;

¢) npsimag obpasyer yros 450 ¢ npsmoit y = 2x — 3.

139. Haiitu qnHBI CTOPOH U BHYTPEHHNE YIVIbI TPEYTOJLHIKA, CTOPOHDI

KOTOpOFO JiezKaT Ha IIPAMDBIX:
dr —3y+7=0,32+2y—16=0, 2 — 5y + 6 = 0.

140. Yepes Touky nepecedvenns npaMbiX 3¢ +5Hy —8 =0, dx —Ty+3 =0
TPOBECTHU MIPSIMYIO, TEPIEHINKYJIAPHYIO TEPBOIT U3 HUX, U IIPAMYIO, TapaJsiieib-

Hy10 npsmoit 2x + 6y — 2 = 0.
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141. /lanbr aBe cropons! napaJjienorpamma: x—y—+1 = 0, 3z+2y—12 = 0
1 Touka F(6,4) nepecedenust nuaronaseit. Hamucars ypaBHeHUs IBYX JAPYIHX
CTOPOH TapaJuie/iorpaMMa.

Henoavaya nopmanvhoe ypasuenue npamot (96) u pasencmea (101),
(102), pewums caedyroujue 3a0a4u:

142. llpuBecTtu K HOPMAJIBLHOMY BUJIy YPABHEHUSI CJIEAYIOMIMX MTPIMbBIX:

a) S5x + 12y — 26 = 0, b) 3r —4y + 10 =0,

c) 204+ 2y +7=0, d) y =3z + 5,
= ke + b? TV
e)  y=kz+b, ) — 13

143. Hamnwmcarb ypaBHenue npsmMoii, napaJjie/ibHoil Jannoii npsamoit 4 +
3y — 15 = 0 u crogmeit oT Hee Ha paccrogaue d = 2.

144. Haiitu paccrosnne Mexk1y HapajaeJbHbIMI TPAMbIMEI: o — 12y —
26 =0, b — 2y — 65 = 0.

145. Jlanbl ocnoBanug Tpanenuit: 3r — 4y — 15 = 0, 3z — 4y — 35 = 0.
BorancmTh TMHY €€ BBICOTHI.

146. Hamucars ypaBHeHue mpsiMoii, mpoxojsieii depe3 Touky Mi(1,5)
Ha PACCTOSTHUM TIATH €IMHUIL OT Hadaa KOOPIMHAT.

Pewumov caedyrowgue 3adavu:

147. Haiitu TOUYKy, paBHOYJAJEHHYIO OT Tpex JaHHbIX Touek: L(4, —1),
M(8,1), N(2,-1).

148. Ha npawmoit x — 2y 4 2 = 0 HaiiTu TOUKY, paBHOYIAJIEHHYIO OT TOUEK
My(=2,3), My(2,-1).

149. Haiitu Touky, cummerpudnyio Touke M (5, 5) OTHOCHTEIBLHO PSIMOIt
r+y—3=0.

150. Haiitu mpoeknuto Touku M (—5,4) na npsmyo ¢ —y — 5 = 0.

151. Haiitu Touky M mnepecedenns OMCCEKTPUC BHYTPEHHUX YTJIOB Tpe-
yroJyibHuka P() R, cTOpoHbI KOTOPOI'o 3a/iaHbl ypapHeHusiMu: 3x + 4y + 12 = 0,

dz+3y—12=0, 3z — 4y — 12 = 0.

87



19. ILi1ockocTn

OCHOBHbIE NOHSATUSA, POPMY/IbI U TEOPEMBI

ypaBHeHI/Ie IIJIOCKOCTH, l'IpOXO,ZI;HIJ_lef/'I qepe3 JaHHYIO TOYKY IIepIIeHAUKYJAAPHO

JAHHOMY BEKTOPY

Omnpepesienne 65. Ilycts 77 — HeKOoTODPBII HeHyJeBoit BeKTOD, My (X0, Yo, 20)
— Touka. [lrockocmuro P Ha3bIBaeTcss MHOXKECTBO To4ueK M TaKmxX, 4TO BEK-

Topbl MoM n 7 iepreH uKyIsTPHbI:

P ={M | MyM nepresauky/sipeH i} . (103)

Puc. 25

Omnpenesienne 66. Ilnockocts (pucyHok 25), Mpoxojsiiast 9epes Tou-
Ky Moy(zo, Yo, 20) U meprienuKyasspHas K Bektopy 1 = (A, B, C), 3amaercs

CJICJIYIOIIM yPaBHEHUEM:

A-(x—20)+B-(y—yy)+C-(2—2)=0. (104)

Pasencrso (104) HasbiBaeTCst ypasHeHuem NAOCKOCMU, NPOTOOAULUM YEPE3

moury Mo(xo, Yo, 20) nepnenduryaspro eexmopy n = (A, B, C).
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OO0111ee ypaBHEHUE TIJIOCKOCTU

Omnpegenenune 67. IlnockocTs B tekapToBoii cucreme koopaunar OXY 7

MOZKET OBITh 3a/laHa yPABHEHUEM BUJIA
Ar+ By+Cz+ D =0, (105)

KOTOPOE HA3BIBACTCST 00ULUM YPAGHEHUEM NAOCKOCTIU.
Kosddurmentor (A, B, C') 3a1a10T HOPMaAbHOLT 6EKMOP NAOCKOCTA T,
TO €CThb BEKTOD, MEPIeHUKYISIPHBII 9TOM MI0CKOCTH (CMOTPH PUCYHOK 25).

Koadbdunuent D cBsazan ¢ paccTtosinueM d OT IJIOCKOCTHU JI0 HadaJia KOOP/IHAT

dopmyJioit
_ D]
= : (106)
\/AQ + BQ + 02
[Ipu sir060oM A # 0 ypaBHenue
(AM)z 4+ (AB)y+ (AMC)z+AD =0 (107)

olpenedeT Ty »Ke IIJIOCKOCTb, TO €CTh O6H_Le€ YpaBHEHHUE IIJIOCKOCTU HE €INH-

CTBCHHO.

YacTHbIE CJIy4dan pacCIIOJIO2KEHUA ILIOCKOCTE OTHOCHUTEJJIbHO l'IpSIMOYI‘OJ'IbHOﬁ

CUCTeMbl KOOpAuHaT

1. YpaBHeHuE IJI0CKOCTI
Az + By + Cz =0, (108)

B KOTOPOM €BOOOHBIN wieH D = 0 3ajaeT MJI0CKOCTh, MPOXOIAILYIO depes
HAIAI0 KOOPIUHAT (pUCYHOK 26).

2. PaccmoTpuwM citydait, B KOTOpOM OJIMH 13 KOIMPUITUEHTOB MTPH TEKYIIIX
koopjunatax A, B wiu C' pasen nyqo, #Ho D # 0. BoamoxkHBI Tpu BapuaHTa:

2.1. ¥YpaBuenne
Ax+ By+ D =0, (109)

B KoropoMm C' = 0, 3a/1a€T JI0CKOCTh, Hapasuiesbayio ocu OZ (pucynok 27).
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Puc. 26. IlmockocTh TpOXOAUT dYepe3 HAYATI0 KOOPIUHAT

Puc. 27. IlnockocTs npoxoaut napasuiesibao ocu OZ

2.2. YpaBHuenne

Az +Cz+D =0, (110)

B KoTopoM B = 0, 3aJ1aeT IJIOCKOCTD, napaJuieabayio ocu OY .
2.3. YpaBHenune

By+Cz+D =0, (111)

B KoTopoM A = 0, 3a/1aeT IJIOCKOCTh, HapaJuieabayio ocu OX.

BAMEYAHUE 2. U3 ypasrenwuit (109)—(111) MOXKHO ¢/ies1aTh BBIBOJ, YTO €CJIH B OOIIEM ypaB-

HEHUHN IIJIOCKOCTH HET 6YKBI)I zuD 75 0, TO IIJIOCKOCTD ITapaJijieJIbHa OCHU OZ u 1.1

3. Qs 3 KoahpuimeHToB 1pu Tekymx Koopannarax A, B uau C' paBen
nyao u D = 0. B sTom crydae nmeem:

3.1. Ecomm C' = D = 0, To ypaBHeHue

Az + By =0 (112)
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Puc. 28. Ilinockocrs mpoxoaut depes ochb OZ

33/1a€T IJI0CKOCTD, KOTopas mpoxoanT (cogepkut) ock OZ (pucyHOK 28).

3.2. B cnyuae, xkorjia B = D = 0 ypaBuenue
Ar+Cz=0 (113)

olpeJiesIsgeT IJI0CKOCTD, cojiepKarliyio ock OY .
3.3. llycte A = D = 0, Torja

By+Cz=0 (114)

IIPeCTaBIIAET IIJIOCKOCTD, IPOXOAAILyo depe3 ocb OX.

SAMEYAHUE 3. U3 ypasuenwuii (112)—(114) caenyer, uaro ecian kosddunuent A, B umn C npu
KaKOM-HIOY b IepeMeHHoN paseH Hyso 1 D = 0, TO IJIOCKOCTD IIPOXOJIUT Y€PE3 COOTBETCTBYIOILY IO

KOOPpAWMHATHYIO OChb.

4. IBa xoadduimenta npu tekymmx koopjaunarax A, B uan C' paBHbI
HyJ110, TIpu 9ToM D £ 0. BO3MOXKHBI TpH CJ1ydasi:

4.1. Ecmn A = B =0, To ypaBHeHHe
Cz+D =0 (115)

3aJ1aeT IJIOCKOCTD, HapaJliebHyo KoopuHaTHoil miockoct X OY (pucyHok
29).
4.2. Ananornuno, ecim A = C' = 0, To ypaBHeHue
By+D=0 (116)
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Puc. 29. TliockocTs mpoxoiuT napasiieibHO KoopAauHaTHO! 1iockoctu X OY

olIpeiesIsieT TJIOCKOCTD, IMapaJliebHyI0 KOOpAnHaTHOI 1miockoctu X 0.

4.3. U, naxonern, eciu B = C' = 0, 10 ypaBHeHUe
Az +D =0 (117)

IpeJICTaBIAeT MIJIOCKOCTD, apaJsIebHyI0 KOOpAnHATHON Tockoctn ZOY .
BAMEYAHUE 4. U3 ypasuenuit (115)—(117) sakmogaem, aro eciau koaddurmenter A, B win
C npu JBYX T€peMEHHBIX paBHBI HYJII0 U D # 0, TO MIOCKOCTH MApaIeIbHA COOTBETCTBYIOMIEH
KOOp,ZLI/IHaTHOfI IIJTIOCKOCTH.
5. Ba kosdpdurmenTa mnpn Tekymux koopannatax A, B wim C' paBHBI
Hyao n D = 0, Torjga nMmeem:
5.1. Ecru B = C'= D = 0, 10 ypasuenue (105) npunnmvaer sujg x = 0

1 OTIpeJIeJISIeT KOOPAUHATHYTO I10cKocTh ZOY (pucynok 30).

Puc. 30. Koopaunarnas miockocts ZOY

5.2. B enyuae A = C = D = 0, ro u3 (105) nosyuaem ypasuenue y = 0,

KOTOpOE OIPEIE/ISIeT KOOPANHATHYTO 110cKocTh X OZ (pucynok 31).
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Puc. 31. Koopnunarnas mirockocts X OZ

5.3. Anajiornuno, ecsiu A = B = D = 0, To nosiydaem ypaHenue z = 0,

IPEJICTABJISAIONIee KOOPANHATHYIO 110cKocTh X OY (pucyHOK 32).

Puc. 32. Koopmunarnas miockocts XOY

YpaBHEHUE MJIOCKOCTU B OTpPe3KaX

Onpenenenne 68. Eciu uspectnl abuucca a, opauHaTa b u alimkara
¢ TOYEK IlepecedeHust IJIOCKOCTH ¢ KoopjuHaTHbiMEU ocsiMu OX, OY u OZ
COOTBETCTBEHHO (PUCYHOK 33), TO MOYKHO COCTABUTH YPAGHEHUE NAOCKOCTIAU 6

ompesxax:

x Yy oz
—+ 24+ -—=1. 118
a+b+c ( )

Hanpumep, #Ha pucynke 33 npejcrapieHa IJI0CKOCTb, KOTOpast OTCeKaeT Ha,
0csIX KoopJauHaT orpe3ku a =4, b =3, ¢ = 2.

I3 obmiero ypasuenus minockoctn Ax+ By+Cz+ D = 0 MOXKHO Oy IUTh
ypaBHEHHE ILJIOCKOCTU B oTpe3kax. [lyist 9Toro Hajio neperectu KoaduimeHt

D B mpaByio 4acTb U pa3JeuTh 00e 9acTh MOJTyIeHHOro ypaBHennsa Ha — D).
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Puc. 33. YpaBHenne njiocKocTu B OTpe3Kax

HOpMaHbHoe YpaBHeHHE€ IIJIOCKOCTU
Onpenenenne 69. YpaBHeHue IJIOCKOCTU
x-cosa+y-cosf+z-cosy—p=0, (119)

rJIe COS (v, COS [3, COS7y — HAIPABJIAIONINE KOCUHYCHI HOPMAJIU ILIOCKOCTH, P —
paccTosiHie 0T Havda/1a KOOPIMHAT JI0 TJIOCKOCTH (TO ecTh JinHa oTpeska |OM |

Ha pUCyHKe 34), HA3BIBACTCSI HOPMAALHYM YPAGHEHUEM NAOCKOCTIU.

Puc. 34. HopmasnbHOe ypaBHEHHE ILJIOCKOCTH

3 obmero ypasuerus tiockoct (105) MOKHO TOJYYNTH HOPMAaJb-

HOEe ypaBHEHHUE ILJIOCKOCTH, YMHOYXKHUB 00e dYacTH ypaBHEHUS IIJIOCKOCTU
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1
VA2 + B2+ C?

Ax+By+Cz+D = 0 na nopmupyrowets muostcumens m = +

3HAK KOTOPOI'O IIPOTUBOIOJIOXKEH 3HAKY D).

PaccTosgane ot TouKn 0 IIJIOCKOCTIN

Paccrosinne p ot rouku M (g, yo, 20) j10 wiockoctu Ax+ By+Cz+D =0

(cMOTpU pUCYHOK 35) paBHO

o |ASIZO + By() + CZ() + D|
VAZ+ BT+ (C?

M

(120)

Puc. 35. Paccrossnue or Touku M 10 IJIOCKOCTH

BzaumHOe pacnosioxkeHue JIByX IJIOCKOCTell B IPOCTPAHCTBE

ITycts ypaBuenne Ajx + By + Ciz + Dy = 0 3amaer mIoCKOCThb 71, a
ypaBuenune Asx + Boy+ Coz+ Dy = 0 onpeiesisieT mI0CKOCTh my. PacemoTpum
cJIeIyIONe ciydan PaciojiozKeHne JBYX IJIOCKOCTEl B TPOCTPAHCTRE:

1. JIBe mocKOCTH 7 W Mo NAPAAAEALHDL, €CIU UX HOPMAJIH
n1 = (Ay, B1,C1) u 1y = (Ag, By, Cy) mapasuienbibl (pucynok 36), To ecTh
BBLITIOJTHAETCST PABEHCTBO:

Al_Bl_Cl D1

B et 121
A2 B2 CQ D2 ( )

2. rHBG IIJIOCKOCTU 771 U 719 nepnendunynﬁpum TOr'la 1M TOJIBKO TOr'Ja, KO-

ra MepHeHnKy/IsipHbl ux HopMmasn 1; = (Ay, By, C1) u iy = (Ag, By, Cy)
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Puc. 36. IlapanmenpHbIe IIOCKOCTH

(pucynok 37), TO ecTb

(ﬁl, ﬁz) = A1As + B1Bs + C1C5 = 0. (122)

.

T,

e

Puc. 37. IleprenaukyasspHbie ILJIOCKOCTH

3. L[BG IIJIOCKOCTHU 71 U 79 coenadamm, €CJIN BLIIIOJIHAETC PaBEHCTBO

Al_Bl_Cl_Dl

L ke 123
A2 B2 02 D2 < >

YroJa MexXKAy ABYM4 IIJIOCKOCTAMMA

YroJ ¢ MexKJy IJIOCKOCTSIMU 71 U Ty PaBeH YTy MexKJy HX HOPMAJISMU
11 = (A1, By, Cy) u s = (Ag, By, C5) (pucynok 38), mosromy
(1i1, 7o) A1Ay + BBy + C1Cy
it [l ~ /AT + BI 4+ C?- \JAZ+ BE+ CF

cos p = (124)
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Puc. 38. Yron Mexxmy miockocTsiMu

B3aumnHoe pacnoJioxkeHue Tpex IJIOCKOCTE B IMIPOCTPAHCTBE

Bzanmmoe pacmosoxkenne Tpex IJI0CKOCTel olpeiesigeTcs CBOMCTBAMUI CH-

CTeMBbI JINHENHbIX ypaBHEHUI

Az + By + Ciz = —Dy,
Asx + By + Chz = —Da, (125)
Asx 4+ Bsy + Cs3z = —Ds.
Bo3MOKHBI cJie/IyIole BapuaHTh:
A By C)
1) Ecu | Ay By Cy | # 0, TO IWIOCKOCTH UMEIOT eJINHCTBEHHYO OOIILYIO
A; B3 Cj

TouKy (cMoTpH, Hampumep, pucyHok 39). Ee MO)KHO HaWTH, PEIUB CHCTEMY

MetosioM Kpamepa minn metomom [aycca.

<Y

Puc. 39. Tpu mmockoctu nmeroT ofHy 001yt TOUKy M

97



A By G A By Cp =D
2) Ecm rang | Ay By Cy | # rang | Ay By Cy —Dy |, TO 00-
A3 Bg 03 A3 B3 Cf3 _D3

X TO4YeK y Tpex maockocteil HeT. Ha pucynke 40 mokazaHbl Tpu IIJIOCKOCTH,

KOTOpbIE HE UMECIOT O6LLH/IX TOYEK.

)

X

Puc. 40. V Tpex mockocTeil HET OOIIMX TOYEK

A B G4 A B G —Dy
3) Ect rang | Ay By Cy | =rang | Ay By Cy —Ds | = 2, 1O
As Bs (s As By C3 —Ds

ILJIOCKOCTHU IIePeceKaroTcst 1o obIeil npsiMoit. Ecim cpean Takmx ILI0CKOCTel

HeT COBITQ IAIONINX, UX PACIIOJIOKEeHNE ULIIOCTPUPYET pucyHOK 41.

Zh )

<Y

X

Puc. 41. Tpu miockocTu nepecekaioTcs Mo MPsIMOif
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A1 Bl 01 Al Bl Cl _Dl
4) Ecin rang | Ay By Cy | =rang | Ay By Cy —Dy | =1, 10
Ag B3 03 A3 B3 Cf3 _D3

BC€ TpHU IIJIOCKOCTHU COBIIadalOT.

Hy‘IOK M CBsI3Ka IJIOCKOCTE

Onpenenenne 70. YpabHeHue
Az + By+Cz+ D + MNAjx + Byy+ C1z+ Dy) =0, (126)

rje A — MepeMeHHbI mapaMerp, MPeJICTABIISET Ny4ok NAockocmed (CMOTpH,
HAIIPUMep, MYYOK M3 Tpex ILJIOCKOCTell Ha pucyHke 41), mpoxoidinux depes

JIMHWIO IIepecedcHudA ABYX OCHOBHBIX I1IJIOCKOCT€I:

Ar+By+Cz4+D =0 nu Aix+ Biy+Ciz+D; =0.

Onpenenenue 71. YpapHeHue
Ar+ By+ Cz+ D + MNAjx + Byy+ C1z + D)+

peJICTaB/IAET, MPU TEPEMEHHBIX TapaMeTpax A W [, C8A3KY Naockocmel
(cMoTpH, HAIpUMep, CBA3KY U3 Tpex IJIOCKocTeil Ha pucyHke 39), TO eCThb
COBOKYIIHOCTH BCEX ILIOCKOCTEIl, IIPOXOASIINX Yepe3 TOUKY IlepecedeHus Tpex

OCHOBHBIX IIJIOCKOCTEIM:

Ar+By+Cz+D =0, Aix+Biy+Ciz+D1 =0, Asx+ Boy+Coz+ Dy = 0.

Cesi3Ka JIOCKOCTElH, MPOXOJSIIX depe3 TOUKY (X1;%1; 21) MOXKET OBbITh

TaK>Ke HpeﬂCTaBﬂeHa ypaBHeHHeM:
Alz —x1)+ Bly—11) + C(z — z1) =0, (128)

rne A, B, C' MoryT npuHuMaTh Jil0Oble 3HAUCHUSI,
3aa4mn AN CaMOCTOSITENIbHOTO PELLEHNS
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152. IIpoxonut s mnockocTb 4z —y + 32 + 1 = 0 yepes oxnny us ciejy-
FOIINX TOYEK:
A(—1;6;3), B(2;0;5), C(3;—2;=5), D(0;4;1), E(2;7;0), F(0;1;0)7

153. VkazaTb 0COOEHHOCTH B PACIIOJIOXKEHUN CJIEIYIONIIX ILIOCKOCTEI:
a) 3 —5z+1=0; d) 2x+3y—Tz=0;
b) 9y —2=0; e) 8y—3z=0.

c) x+y—5=0;
154. Hamucarb ypaBHeHUe IIJIOCKOCTU:

a) mapaJiesIbHOM MI0CKOCTH (X2) U MPOXOJIsIieil Yepe3 Touky (2; —5; 3);

b) mpoxozgimeit gepes och z u depe3 Touky (—3;1;2);

C) TmapasulesibHOIT ocu x u mpoxojgdrieit depes e Touku (4;0; —2) u
(5;1; 7).

155. J[anbr gse rouku A(1;3; —2) u B(7; —4;4). Yepes Touky B npose-
CTH ILJIOCKOCTD, HEePIeHANKY/ISPHYIO K 0Tpe3Ky AB.

156. Brbrumcaurb oTpesKH, 0TceKaeMble ILJIOCKOCTHIO Ha 0CsIX KOOPJIMHAT,
CJICTYIOIIUMHE TLITOCKOCTSIMUL
a) 20 —3y—2+12=0; d) x—42+6=0;
b) bx+y—32—15=0; e) Sz —2y+2z=0;

c) r—y+z—1=0; f) x—=7=0.
157. Yepes touky P(7;—5;1) mpoBecTH MIOCKOCTh, KOTOpas OTCEKAJIa

OBl Ha OCSIX KOOPJWHAT TOJIOXKUTEIbHbIE I PABHBIE MeXK]Ty cOO0I0 OTPE3KH.
158. IlpuBecTn K HOpMaJbHOMY BUJy ypPaBHEHUs CJIEIYIONINX ILIOCKO-
CTeil:
a) 2r—9y+6z—22=10; b)10x+2y—112460 =0; c¢)6x—6y—72+33 =0.
159. Bprancauth paccrognue miaockoctun 15x — 10y 4+ 6z — 190 = 0 ot
HavdaJ1a KOOPIIMHAT.
160. Haiitu paccrosHune
a) Toukn (3;1; —1) ot mwiockoctn 22z + 4y — 20z — 45 = 0,
b) Toukn (4;3; —2) or miockocTn 3 —y + 5z + 1 =0,

¢) Toukn (2;0; —3) or mockocrn 4 — 4y + 2z + 17 = 0.
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161. Bp{ucanTh yriibl MEXKTY TJIOCKOCTIMU:
a)dr —by+3z—1=0 u z—4y—2+9=0;
b)3x —y+22+15=0 wu br+9y—3z—1=0;
c)br+2y—4z+17=0 u 9+ 3y—62—4=0.

162. HaiiTu yros MexK1y II0CKOCTBIO & — Y +1/22 — 5 = 0 1 IVIOCKOCTBIO
Oyz.

163. CocraBuTh ypaBHEHUE IIJIOCKOCTH:

a) npoxonsieil  depe3 Touky (—2;7;3) mHapasiebHO ILIOCKOCTH
r—4y+52—1=0;

b) mnpoxojIieii Yepe3 HAYAIO KOODJUHAT U TEPIEHUKYJISPHON K JIBYM
TIJTOCKOCTSIM:

20 —y+9524+3=0uz+3y—2—-7=0;

c) mupoxomsiieit gepe3 touku L(0;0;1) u N(3;0;0) u obpasyrorreit yros
B 60° ¢ mwiockocTbio OY.

164. Haittn TOUKy mepecevdennd CJIeAYIONNX TPeX MJI0CKOCTEIl:

a) br+8y—2—-7=0, x+2y+32—1=0,2x —3y+2z—9=0;

b) v—4y—22+3=0, 3z+y+2—-5=0, —3z+12y+62—7=0.

165. Yepes ymHuio nepecevenus riockocreir 4r —y + 3z — 1 = 0 nu
T+ 5y — z + 2 = 0 upoBecTHU ILJIOCKOCTh:

@) TPOXOJSAIILYIO 4epe3 HAIAI0 KOODHHAT;

b) mpoxomsiyio depes Touky (1;1;1);

¢) mnapasuiessayto ocun Oy;

d) TepHeHInKy/IApHYIO K IIOCKOCTH 22 — Yy + 5z — 3 = 0.

166. B myuke, omnpenensgeMoM IJIOCKOCTAME 3x +y — 22 — 6 = 0 n
T —2y+5z—1 =0, HaliTu 1JI0CKOCTH, NEPIEHIUKY/ISIPHbIE K 9TUM OCHOBHbBIM
IIJTIOCKOCTSIM.

167. B mnyuke, onpejensgeMoM IIocKocTaME 2 +y — 32 +2 = 0 n
br + 5y — 4z 4+ 3 = 0, HallTH JBe NEPHEHIUKYIIPHbIE JIPYT JIPYTY IJIOCKO-

CTH, U3 KOTOPBIX OJ[HA MTPOXOUT depe3 Touky L(4; —3;1).
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168. B cBaske, ompenensgemoil miockoctamMu r + y — 2z + 2 = 0,
dr —3y+2—1=0u 2z +y — 5 =0, HaliTU JIOCKOCTb:

a) TMPOXOJIAIILYI0 Yepe3 0Ch abICC;

b) mapasieabayto mwiockoctn Orz;

¢)  TPOXOJSINYI0 dYepe3 HAYajI0 KOODJIUHAT U Yepe3 JAHHYI0 TOUYKY

P(1;3;2).

20. IIpamasi B mpocTpaHCTBE

OCHOBHbIE NOHSATUSA, POPMY/IbI U TEOPEMBI

Kanonuvyeckoe ypaBHeHUE NPAMOii

Omnpenenenue 72. JI000it BeKTOp S, KOJUIMHEAPHBIH IPsiMOil L, HA3bI-

BaeTCsd HANPABAAIOULUM SEKMOPOM NPAMOT L.

e —

Hanpumep, na pucynke 42 BEeKTOPBI S, S1, So SBJSIIOTCA HAIIPABJISIIOMIIMU

BEKTOpaMMU MPIMOIi .

&

ny

Puc. 42. Hampasnstiomuiit BEKTOp TPsIMOit

Omnpenenenue 73. Karonuueckum ypasnenuem npamoti Ha3bIBAETCS 3a-
UICH YpaBHEHUs MPAMOI B CJIeJIyIONeM BUJIE

r—Tp Y—Y <%0
m n D

, (129)

rie Mo(zo, Yo, 20) — IPOM3BOJIbHAST TOYKA MPsIMOii, § = (M, n, p) — HAIIPAB/Is-

IONINIT BEKTOP IIPSAMOIL.
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YpaBHeHHE NIPAMOii, IPOXOAdIIeil Yepe3 aBe TOUYKH

Onpepenenue 74. Vpasrenue npamoti, nporodawet weped dée mouku
M (1,91, 21) 1 Ma(x2, Yo, 22) (cMOTPH puUCYHOK 43) MMeeT CyreayroInii BuL
r—T1  Y—Uy Z =zl

= ) (130)
To — X Y2 — Y1 22— 21

Puc. 43. YpasHenue npsimoit, mpoxosiieit depe3 ase Touku My u My

YpaBHEeHUE NPAMOIl, IPOXOAsIleil yepe3 3aJaHHYI0 TOYKY NEePHEeHINKYJIAPHO

JAaHHOI IJIOCKOCTHU

YpaBHeHue MpsiMoii, mpoxo/isiieii gepes Toury Moy(xo; Yo; 20) HEPIEH UKY-
asipao 1wiockoctn Ax + By + Cz + D = 0 umeer Bujt (emotpu puc. 44)

L—Tp Y—Y < — %0

A B

(131)

ITapameTpuveckoe ypaBHeHUE ONPSIMOit

Omnpenenenue 75. [lapamempuyeckum ypasHeHnuem npamot Ha3blBaeT-

cs 3allUCh YpPaBHEHUd NPAMOIl B BUJIE

r = xog+m-t,
y = yo+n-t, t — mpousBoJibHOE JieficTBUTEIBHOE Yncyo. (132)
= 2+p- t7

o —

rie Mo(zo, Yo, 20) — IPOU3BOJIbHAST TOUKA IIPSIMOIt, § = (m, n, p) — HAIpaBJIsIIO-
muit BekTop npamoil. Ilpujasas napaMeTpy ¢ pasjindHble 3HaYeHUs, 0Ty M

KOOPpANHATBI TOYEK HpHMOﬁ.
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Puc. 44. TlepneH UKy IApHOCTD TPSIMOM U IIJIOCKOCTHU

3 mapameTpudeckoro ypasHeHus psmMoit (132) MOYKHO MOJTyIUTh KaHO-
HIYecKoe ypaBHeHue mpsamoit (129). [l 9Toro Hajio BBIPA3UTb B KaXKJOM
ypaBHEHUH ITapaMeTp t 1 IPUPaBHATH I10JIyUeHHbIE BbIpayKeHUs.

3 kaHoHMUECKOTO ypaBHeHus IpsMoil (129) MOXKHO MOIydUThH MapameT-
pudeckoe ypasaenue mpsivoit (132). Jljst 9Toro Ha/10 NIpUpPaBHATH KAHOHUYe-
CKOe ypaBHeHHUs IPAMOIl ImapaMeTpy t

r—To Y—Y ~—Z0
m n D

/ (133)

T — X Y—Y% 2= 20
U BbIpa3UThb U3 paBeHCTB ——— = {, ——— = {, ——— = { [IlepeMeHHble T,
m n

Y, 2 COOTBETCTBEHHO.

HpﬂMaﬂ KaK JIMHHUA IIepecevdeHud ABYX ILJIOCKOCTe

[IpsiMyIO B IPOCTPAHCTBE MOXKHO 3aJ1aTh KaK JIMHUIO IIepecedeHms ILI0C-
kocreit A1x + Biy + C1z+ Dy = 0 (m1) u Asx + Boy + Coz + Dy = 0 ()

(emoTpu pucynok 45):

Aix+ Biy+Ciz+ Dy = 0,

(134)
Aox + Boy + Coz+ Dy = 0.

Pagencrsa (134) HasbBAIOTCSI 00WUMU YPASHEHUAMU NPAMOT.
st mepexojia 0T OOIMX ypaBHEHWH MPAMOI K KAHOHUYECKNM WJIN Tapa-

METPUYIECKUM YpPaBHEHUAM H€O6XO,ZLI/IMOZ

104



Puc. 45. IIpsamas kak auHUS nepecevdeHns IBYX IJIOCKOCTEH

1. Haittu koop/iuHaTHI KaKOi-HIOYIb TOYKN Ha IPAMOii. JIJ1s1 9TOro Hy»KHO
oJIoKUTh B (134) ofiHy n3 mepeMeHHBIX paBHON HyJr0 (Hampumep, z = 0) u
HaiflTh U3 cUCTEeMbl 3HAYCHUSA ABYX JAPYIUX [IePEMEHHDLIX.

2. HamnpapJsronuii BeKTOp IpsiMoii § HaiffTn 13 paBeHCTBa,

t gk
§=[f,i)=| A By Oy, (135)
Ay By (%
rae 1y = (Ay, By, Ch), iy = (Ag, By, C5) — HOpMaJIbHBIE BEKTODBI TLIOCKOCTE

T U T9 COOTBETCTBEHHO.

BzaumHoe pacnoJsioxkeHune IpsiMOii U IIJIOCKOCTH
[Tycrs nanb! miockocts T @ Ax + By + Cz 4+ D = 0 n upsimasi L

r = Tog+m-t,
y = yotn-t, (136)
z = zZy+p-t.

[TogcTaBuB B ypaBHEHUE IJIOCKOCTH 7T BMECTO IEPEMEHHBIX X, 4, 2 UX 3Hade-

HUST U3 MapaMeTpruIecKoro ypapaerust npsamoit L (136), moaydum ypaBHeHne

OTHOCUTEJILHO MTapaMeTpa t. Bo3MOXKHDI cJie/IyIone CUTYaIun:
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1. Ecin ypaBHeHNe OTHOCUTEILHO t He MMeeT pellennii, To mpsaMast mapaJi-

JieJIbHA, IJI0CKOCTH. B sToM cJIydac nMeeM

A$0+Byo+CZO+D7AO,

(137)
Am+ Bn+Cp+ D = 0.

Takum obpasom, (137) — ycaosue napasreavHocmu npamoti u nAOCKOCMAU.
2. Ecnu ypaBHenne oTHOCHTEILHO ¢ MPUMET BUJT BEPHOI'O paBEHCTBa, Ha-
npumep, 0 = 0, To psgMast JIE?KUT B TIJIOCKOCTU. B 9TOM cjlydae BBITOJTHSIOTCA

CJIEYIOIIEe COOTHOIICHUSI

Axg+ Byg+ Czy+ D =0,

(138)
Am+ Bn+Cp+ D = 0.

Cucrema paserncts (138) 3ajgaer ycaosue, npu KOMOPOM NPAMAA AEHCUM, 6
NAOCKOCTNA.

3. Eciu ypaBnenue oTHOCUTEILHO ¢ UMeEeT eJIMHCTBEHHOe pelieHue ty, TO
IIOJICTABUM 3TO 3HAYCHUE [IapaMeTpa B ypaBHEHMd IIPAMOIl U HaiijleM TOYKy
epecedenns IpaMoil n mockoern. Ilpu arom miockoeTs 7 u npsamas L nep-
neHOUKYAAPHDL, €CIIN HOPMaJIbHBII BeKTOp 1tockoctun 71 = (A, B,C) u Ha-
IPABJIAIONIAN BEeKTOP TpsMoit § = (m, n, p) Ko/umHeapHs! (pucyHOK 44), To

€CTb BBIIIOJIHAETCA YyCJIOBHE!

A C
= 139
Takum obpaszom, yemosue (139) ompenensier ycaosue nepnerouryaspHo-

cmu ’npﬂMO”[Z U nNAoOCKrocmu.

YTroJ MexK/Iy IPAMOI U MJIOCKOCThIO

V1o ¢ MexaIy Ipamoil L, 3a1aHH0il KAHOHUYECKNM YpaBHEHUEM

L—xn Y-y Z2— A

m n P

1 ockocTbio Ax + By + Cz + D = 0 (pucynok 46) wnaxomurcst o (opmyJie
|Am + Bn + Cp|
VAZE BT+ C? - \/m> + 2+ p?
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Puc. 46. Yronm Mexxmy mpsMoil U IJIOCKOCTHIO

Bzaumnoe PacIioJiIo2KeHue IIpdAaMbIX B ITPOCTPaHCTBe

r—x — z—z
[lycTh faHbl [Be UpsMble —— = y—n_ 2T A (L) m
mi ny P

=X Y—Y2 =<z 2 (Ls)
2).

M2 n2 P2
BosMoKHBI cieyroniue ciaydan paclooKenus JIByX NpaMbix [q u Ls B

IIPOCTPAHCTBE:

1. IIpsameie Ly u Lo napaaseavrsv, Toraa M TOJBKO TOrIa, KOTJAa WX Ha-

—

IPABJIAIONTIE BEKTOPBI §1 = (M, ny, p1) U So = (Mo, Ng, P2) KOJJIMHEAPHBI, TO

€CTb BBLIIIOJIHACTCA yCJIOBHE

m_™m_n

mo ng P2
2. lpsimble Ly u Lo nepnendukyasapHs, TOTJA U TOJIBKO TOIJA, KOIJa HX

(141)

HAIIPABJISIIONINE BEKTOPBL §1 = (my,ny,p1) U S = (Mg, Na, p2) HEPIEH/UKY-

JIAPHDBI, TO €CTb BBLIIIOJIHACTCHA YyCJIOBUE
(81, 82) = MMy + NNy + p1P2 = 0. (142)

3. Ilpsimble Ly u Lo sestcam 6 00Hot naockocmu TOrAa W TOJBKO TOIJA,

KOTJ1a
To—T1 Y2 — Y1 R2— 21

(M1M2, S1, §9) = my ny D1 =0, (143)

mo no D2



riae My(z1,y1, 21), Ma(xo,ya, 22) — IPOU3BOJIBHBIE TOUKH HA TPAMBIX L1 1 Loy
COOTBETCTBEHHO.
[Ipamvie nepecexaromces, e BbIOJIHsIeTCs paBeHCTBO (143), Ho pu 3TOM

YCJIOBHE TTApaJIIeTbHOCTH IPAMBIX (141) He BBITOJTHSIETCS.

Omnpenenenue 76. Byjem roBoputh , 9To npsimbie Ly u Lo ckpeuwjuca-

romcaA, €CJii OHU HE NUMEIOT O6HLI/IX TOYEK M HE fABJIAIOTCA ITapaJlJIC/IbHBIMU.

4. Ilpsimbie Ly u Lo ckpeujusaromces TOTIa U TOJILKO TOLJIA, KOIJA

To—T1 Y — Y1 22— 21

(MiMs, 31, 5) = | my n p1 | #0. (144)

ma n2 P2
Yroa Mexkay ABYyMs HPSMbIMUI
Tr — T — U Z — 21
Yron ¢ Mexjly HNpAMbIMA ———— = I _ 274 (L) wm
m ni b1
L — T2 Yy—Y 2= 22
= = —— (Ly) paBeH yIjIy MeXKJy HAIPABJISIONNMEI BEK-
ma 12 D2

—

Topamu §1 = (my,ny, p1) U So = (M, ng, pa) 3TuX npsivbix. Torma

(51, 52)] _ [mims + ning + pips|
(51152 /m¥+nd +p? - \/m3 + nd + p}

cos p = (145)

3ajaun Ansi CaMOCTOATENBHOMO peLleHus

169. KakoMmy ycJIOBHIO JIOJKHBI YJIOBJIETBOPATH KOI(PMDUIUEHTHI B ypaB-

HEHUAX IIPAMOIL

A + By + Cz + D =0
Al.flJ—I—Bly—l—ClZ—l—Dl:O

JUUIST TOTO, UTOOBI IpsiMast
a) ObLia napasenbaa ocn Ox;
b) mepeceksa och Oy;
) coBrasa ¢ ocpio Oz;
d) Obuta napaJsuiesbia mwiockocru OY 7
)

nexkasia B 1tockoctu OX 7
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f) mupoxomia depe3 HAUATIO KOODJUHAT?

170. Hanwucarn ypasaenust pebep terpasipa, BEPIIUHLI KOTOPOI'O JAHDI
ceonnmu koopuHatamu: A(0;0;2), B(4;0;5), C(5;3;0), D(—1;4; —2).

171. IlpuBecTn K KAHOHUYECKOMY BUJIy YPaBHEHUS ITPAMOIt

20 — 3y — 3z — 9 = 0,
r — 2y + z 4+ 3 = 0.

172. Yepes Touky (2; —5;3) mpoBecTH MPSIMYTO

a) napaJesbhyio ocu Oz;
.r—1 y—1 2z+4+3
b) mapasIebHy 0 IPSMOINt T - 6 - 9

2 — y + 3z — 1 = 0,

Sr + 4y — z — 7 = 0.

173. IIpoBepuTh nepecekaroTcs J CJIeAYIONIe MpsIMble:
r—1 y—7 2-5 r—6 y+1 =z
2 1 4 3 —2 1
dc + z — 1 = 0, dx +y — 2z + 4 =0,
b) i
r — 2y + 3 =0 y + 22 — 8 = 0.
174. Hanucath ypaBHeHHe MepIeHanKy/sgpa, OIYIIEHHOIO0 W3 TOYKU
r+1 'y  z-2
2 -1 3
175. OmupenesnTb Yroa MeKIy JBYMsl TPAMBIMIE:
v — 4y — 2z = 0, dr + y — 62 — 2 = 0,
u
2c + y — 2z = 0 y — 3z + 2 = 0.

176. Haiitu Touky nepecedeHus IpAMOil U MJIOCKOCTH:
Lr—12 y—-9 =z2z-1

¢) TapaJIIeIbHY O TPSIMOIt {

A(2;3;1) Ha npsimyto

a) TPSIMOit 1 3 1 IJIOCKOCTH 32 4 5y — 2 — 2 = (;
b) HpHMoﬁx;Ll:y;3zgMHHOCKOCTHS%—3y+2z—5:O;

c) HpﬂMoﬁx;IS:y;I:Zg4HHHOCKOCTMQZ+2y—42+1:0;
d) HpHMOﬁ$g7=yI4=Z;5I/IHJIOCKOCTI/I?)SL‘—y—FQZ—5:0.

177. Ilpu kakom 3Havdernn Koddduiuenrta A miockocts Ax 4+ 3y — bz +

1 = 0 Oyzer mapaJieabua IPsAMOit

x—1:y+2:§7

4 3 1
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178. Ilpn kaxmx 3HaveHusx xkodddunmentos A u B miockocts Ax +
r—2 y+5 z+1?

2 -4 3
179. Haiitu npoexiuio Touku A(4; —3; 1) Ha MWI0CKOCTD, 33JIAHHYIO YDaB-

By + 6z — 7 = 0 nepuenukyisgpHa K TPAMOI

HeHueMm x + 2y — z — 3 = 0.

180. IIpoBepuTh, JIEXKUT TN TIPAMasi B IJIOCKOCTH:
r—1 y+3 z+2

a) 5 ; Ha 1ockoctn 4x + 3y — z + 2 = 0;
—1 —2

b)gE4 :%223 Ha IJI0CKoCTH 5T — 8y — 22 — 1 = 0;
2 -5

c)x;_ :y4 :§HHHOCKOCTHB.IJ—Qy—Z+15:0.

21. Pazaumynble 3a/ia9m Ha MIPSIMYIO U IIJIOCKOCTD

OcHoBHble NOHSATWSA, POPMYJIbI U TEOPEMBI

YpaBHeHUE ILJIOCKOCTH, IIPOXOISIeil Yepe3 TPU TOYKH

HyCTb JaHbl TP TOIKHN Ml(x17y17zl)7 M2($27y2vz2)7 M3($3,y3,23), JIe-

JKallue B OJIHOf TJIOCKOCTH 7 (pPUCYHOK 47).

M, M,

M M;

Puc. 47. TlnockocTb, IPOXOSINas Yepe3 TPU TOUKHU

[Iycte M (z,y, z) — IpOU3BOJIbHAS TOYKA TLJIOCKOCTH TT.

I3 ycoBus KOMILIAaHAPHOCTH BEKTOPOB ]\41]\4> ) MlM; u MlMé, OJTy YaeM
ypaBHeHne 1JI0cKocTn 7. Takum obpa3oM, ypaBHeHue
r—I Y-y 22
To—1 Yo—y1 22—z | =0 (146>
I3 — X1 Y3 — Y1 =3 — 2
3aJ14eT NAOCKOCTL, NPoTodauyto wepes mpu mouku Mi(x1,y1, z1), Ma(a, Y2, 22),
M3 (3,93, 23)-
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YpaBHEeHUE IIJIOCKOCTH, IPOXOAIIEil Yepe3 JJaHHYIO NPAMYIO U JAaHHYIO TOUYKY

[Iycrs mana npsimast L u npousBosibaast Touka My(zg, Yo, 20), HE TPUHAJ-

nexarmast npsmoit L (em. puc. 48).

/i3

Puc. 48. TlmockocTh, TpOXOIsIas Yepe3 TOYKY U MPSIMYTO

[Iycts § = (m;n; p) — HAIPABJISAIONINT BEKTOD HpﬂMOI/I L u My(x1,y1,21)

— IpoM3BOIbHas TOYKa MpsiMoii L. Torjga BeKTOpPHI MOM Mol\ﬂ, S JTOJIZKHBI

JIe2KaThb B O,[LHOﬁ IJIOCKOCTH. BOCIIOJIL30BABIINCH ycjaoBuEM KOMILJIaHAPHOCTHU

BEKTOPOB (85), MOy dnM, 9TO ypaBHEHNE IIJIOCKOCTH, TPOXO/ISIIEH Yepes TOUKY

Moy(z0, Yo, 20) 1 IpsMyIo L umeer B

L—Xo Y—Y ~zZ—%0
T1— %o Y1 — Yo 21— R0 = 0. (147>

m n P

YpaBHEHUE NJIOCKOCTHU, ITPOXOASAIIEN Yepe3 JaHHYIO ITPSIMYIO

IMePIIeHAUKYJIAPHO K I[aHHOﬁ IIJIOCKOCTHN

[Iycrs mana npsimast L u mwiockocrb 7 (em. puc. 49).

M

Gl

Puc. 49. ILnockocTh, mpoxosinas depe3 IpaMyIo MEePIIeHIUKYIAPHO IPYToil MIOCKOCTH

[Iycrs § = (m;n; p) — Hanpassomuii Bekrop npsamoit L u My(xo, yo, 20)
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— npousBosibHas ToukKa mpsmoit L. Ilycts takke n = (A; B; C') — HOpMATb-
. —

HbIfT BeKTOp 1iockocTu 7. Torma BekTopbl MoM, N, § MOJKHBI JIeKaThb B

OJIHO¥ TIIOCKOCTU. BOCIOIBb30BaBIINCH YCIOBIHEM KOMILIAHAPHOCTH BEKTOPOB,

[OJIYIUM, UTO ypaBHEHHE ILJIOCKOCTHU, HPOXO/IsIneiil depe3 npsmyio L reprieH-

JUKYJIAPHO K IIJIOCKOCTHU 7T MMEECT BU/I:

r—x0 Y—Yo < — 20
A B C =0. (148)

m n P

ypaBHeHI/Ie IIJIOCKOCTH, HpOXO,I[ﬂIlIEﬁ gepe3 ABe JaHHbIe IlepeceKarolauecd

InIpdaMblie

[Iycrs ganbt jBe npsimbie Ly 0 Ly (eMm. puc. 50).

el

Puc. 50. IlnockocTh, mpoxondias depe3 JABe MePeceKalolIe MpsiMble

[Iycte §1 = (my;ny;p1) u So = (Ma;N9; pa) — HAIPABJIAIONIE BEKTOPBI
npsambix Ly u Lo, a My(zg, Yo, 20) — ToUKa mepecederust mpsiMbix Ly u Lo.
Torma BekTopbl MoM , 51, Sy JOJKHBI JIeZKaTh B OJIHON 110cKOCTH. Bocmob-
30BaBIINCH YCJIOBHEM KOMILJIAHAPHOCTH BEKTOPOB, IMOJIYYNM, 9TO ypaBHEHHUE
ILJIOCKOCTH, IIPOXO/IsiIell depe3 JiBe IrepeceKaroriecs npsambie Ly u Ly numeer
BI/I:

rT—To Y—Y =<0
my n 1 =0. (149)

mo no D2
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YpaBHEeHUE IIJIOCKOCTH, IPOXOIIIIEl Yepe3 JJaHHYI0 TOYKY MapaJjijieJIbHO ABYM

AJAaHHBbIM IIPAMBIM

[Iycrb manbl jBe npsimble Ly u Ly (eMm. puc. 51).

L7

Puc. 51. TlmockocTh, TPOXOIAIasa Yepe3 TOUKY HaPAJIIEIBLHO JIBYM HMPIMbIM

[Iyers 51 = (my;n1;p1) u So = (ma;ng; pa) — HAIPABJIAIONINE BEKTOPHI
npsMbix Ly u Lo, a P(xg, Yo, 20) — JaHHast Touka. Toria BeKTOpbI W, 51, S9
JIOJIZKHBI JIeXKATh B OJIHOMN ILJIOCKOCTU. BOCIOIL30BABIINCH YCIOBUEM KOMILIA-
HAPHOCTH BEKTOPOB, IIOJIYYUM, YTO YPABHEHHE ILJIOCKOCTH, IIPOXOAAIICH yepes

touxy P(xg, Yo, 20) TapaieabHo JAByM IpsaMbiM Ly u Ly mMeeT BUJI:

=20 Y—Y = — %0
my ny pi | =0. (150)

mo no D2

YpaBHEHNE NJIOCKOCTHU, ITPOXOAMAINEN Yepe3 /JaHHYIO MPSAMYIO MapajjieJbHO

Apyroil JaHHOI paAMOiA

[Iycte pmanbl jase npsivbie Ly u Ly (eM. puc. 52).

&

Puc. 52. IlnockocTh, TpoxoasImas depe3 IpaMyIo MapajieIbHO IPYToil MpsiMoit

[Iycte L — npamasg, Jjexamas B ILIockocTh. llycTh Takxke 51 =
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(my;m1;p1) 1 So = (Ma; Ng; Pe) — HATIPABJISIIOIINE BEKTOPBI MPSIMbIX L1 1 Lo, a
Moy(z0, Yo, 20) — Ipon3BOJIbHAsT TOUKa IpsiMoit Ly. Torma BeKTOpbI W , 81, S9
JIOJIZKHBI JIe?KaTh B OJHOI ILJIOCKOCTU. BocoIb30BaBIINCh YCIOBHEM KOMILIA-
HAPHOCTU BEKTOPOB, IOJIYUNUM, YTO yYpaBHEHUE IIJIOCKOCTH, IIPOXO/IsIeil yepes

npsmyto Ly u napaJjiesbHoit npsmoit Ly nmeeT BU/I:

r—To Y—Yo = — %0
mq n P1 = 0 (151)

mo no D2

Paccrosinue oT Toukn a0 HpﬂMOﬁ

Puc. 53. Paccrosiane or ToUKu 10 IpaMOit

Paccrosiaue p ot Touku Mi(x1,y1, 21) 10 UPsIMOii [, 33/ITaHHON KAHOHITIE-
T — T2 Yy—Y2 Z = 22
CKUM ypaBHEeHHeM = = (pucyHOK 53) BBIUHCJISETCS MO
m n

dopmyite:

SMleAB o HM?;Ml? §]‘

TR W 12
UM B KOOPAUHATHON hopme
2 2 2
L1 — T2 Y1 — Y2 n Yo — Y2 21— 22 n Ty — T2 21 — 22
m n n p m p

p:

\V/m?2+n? + p?
31eck § = (m,n, p) — HAIIpABJISONINIT BeKTOP psaMoii [, Ms(x9, Yo, 29) — 1po-
U3BOJIbHAsT TOUKA TIPAMON [, Syyan, 4B — IIOMAL TAPAJIEJI0orPAMMA, TOCTPO-

€HHOI'o Ha BeKTopax My Ml us.

114



Kparuaiiniiee paccrosgsHue MexK/Iy AByMS MPSIMbIMU

Omnpenenenue 77. Kpamuatiwum paccmosnuem mercoy npamvLmy Ha-

3bIBACTCS JIJTMHA UX OOIIEro IepreHInKyJIdpa.

Hanpumep, na pucynke 54 KpaTdaiilliuM pacCTOSHUEM MEKLY MPIMBIMI

siBJIsieTcsl JimHa oTpeska My H.

f

Puc. 54. Kpatuaiiiiee paccTosHue MEXK/Iy ABYMSI MIPAMBIMU

Kparuaiimee paccrosguue d mexty npsaMbiMu Ly 1 Lo, KOTOpble He Tiepe-

CEKaloTCA 1 3a/JlaHbl COOTBETCTBCHHO KaHOHNMYCCKUMUN YPaBHCHUAMU

L—x Y-y _=2—xA . =Ty Y—Ya <222
mq ni b1 mo o P2

orpeaesaseTcss (hopMyJIoit

V |(M12M27 S_i) S_é)|

d= 2 , 153
SR P (153)

rjie Si, So — HaIpaBJAIONINEe BEKTOPLI NpsaMbIX Li n Lo coorBercTBeHHO, V'
— obbeM HapaJuielielnuiie/ia, I0CTPOeHHOIo Ha BeKTopax My MQ, S1, So, a S —
IO Ib ITapaJuie/iorpaMMa, IIOCTPOEHHOI'O Ha BEKTOpax S U So.

Vcnosb3ys popMyJibl AJisi BBIYUCIEHUST CMEIIaHHOIO U BEKTOPHOT'O IIPOM3-

BeJleHNsi, paBeHCTBO (153) MOXKHO 3alcaTh B KOOPMHATHOlN (hopMme B Cliejry-
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IOIIleM BUJIE

Tog — X1 Y2— Y1 22— 21

mi ni D1
mo no D2
d=+ : (154)
2 2 2
mip My mi pi1 ny p1
mo Mo mo P2 ng P2

rJie 3HaK ILJIIOC OepeTcs B cIydae, KOrJa Olpe/Ie/IuTe/Ib TPETHEro MOPsIJIKa 10-

JIOZKHUTEJIEH 1 S3HAK MUHYC — B IIDOTUBHOM CJIy4dac.
3a,u,al4|/| 413 CaMOCTOATENIbHOIO peLEHNA

181. Hamwmcarh ypaBHeHHE IJIOCKOCTH, TPOXOJAINeil depe3 Tpu TOYKN
A(=2,4,1), B(0,2,-1), C(2,0, —1).
182. Hamucarp ypaBHeHue IJIOCKOCTH, KOTOPas MPOXOJUT Yepe3 TOUKY

(3;1; —2) u gepes npsimyro

r—4 y+3 =z
5 2 1
—2 -3 1
183. Yepes npsmyrto L 5 _ Y = z;— [IPOBECTU ILJIOCKOCTD, IIep-

HeHINKYJIAPHYIO K 1iockocTn © + 4y — 32 + 7 = 0.
184. Ilposepurb, 9TO IpsiMbIe

r—3 y+1 z-2 r—8 y—1 2-6
= = )41 = =

5 2 4 3 1 —9

[lepeceKkaloTcs, 1 HallucaTh ypaBHEHUE IIJIOCKOCTH, Yepe3 HUX IPOXOIIeii.
185. CocraBuTh ypaBHeHHe ILIOCKOCTH, IPOXOISINEil Yepe3 depe3 TOUKY

P(4; —3;1) u napa/uieJbHOl TPSIMbIM:

pr— = — "u =
6 2 =3 o} 4 2

r Yy z r+1 y—-3 z-4

186. Hamucarb ypaBHeHHe IIJIOCKOCTH, IPOXOJSIIEil depe3 IPsSIMYIO
r—3 y+4 z-2

2 1 -3

1 I1apaJlyIeJIbHON IIPAMOIT

r+5 y—2 =z-1
4 7 2
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187. Haiitu paccrosame toukn P(7;9;7) ot npsmoii

r—2 y—1 =z

4 3 2

188. Haiitu Touky, cummerpudanyio ¢ Toukoir P(4;3;10) orHoCHTEBHO
r—1 y—2 z-3
2 4 5

189. Haiitu paccrosinne Mex Ty JBYMS TapasieTbHBIMU TPIMbIMU

IPAMOit

r—2 y+1 =z x—7 y—1 2-3
— = — " = == .
3 4 2 3 4 2
190. Haittn kpaTuaiiiiiee paccTosgHne MEXKTY IBYMs HellepeceKatonnMICs

MPpAMbBIMH:

r—9 y+2 =z r  y+7  z—=2
i 3 1t 4T T T T
191. Bp1ucmTh paccTOTHIE MEXKTY MTPAMBIMU:
x+3 y—6 2z2-—3 rx—4 y+1 z+7
— = nu e — .
4 -3 2 8 -3 3

192. Jlanbl Bepuiunbt Tpeyrosasauka A(4; 1; —2), B(2;0;0), C'(—2;3; —5).

CocTaBuTb ypaBHEHHUsI €0 BBICOTHI, OIYIIEHHON U3 BepIIMHbLl B Ha IMPOTUBO-
IIOJIOZKHYIO CTOPOHY.

193. 3Bamansr sepmmner A(1,2,3), B(3,0,2), C(7,4,6) TpeyrojbHuKa
AN ABC'. Tpebyercst:
a) cocTaBuTh ypasHenue mpsivoit BC
b) HaiiTi BeICOTY h TpEyroJbHUKA, OMyIeHHy0 Ha cTopony BC)
¢) BBIYUC/UTH paccTosiaue d Mexky npsivoit BC' 1 ocbio abIuce;
d) waiiTH BeMUIMHY yrita ¢ Mexay npsamoit BC'u ochkio abImce;
€) HaiiTu BeJIMUNHY YIJIa Y MEYKLy OChIO abIUCC U ILJIOCKOCTBIO TPEYTOIbHIKA
AN ABC.

194. 3Baganbl Bepimabl TpeyrosbHoi mupamuast A(1, 3, —1), B(2,1, —2),
C'(3,—2,4) tpeyrosbroit mupamusl OABC. Tpebyercs:
a) HaiitTi yros @ mexay peobpom OA u miockoctbio rparn ABC;
b) cocraBuTh KaHOHIMYECKOe ypasHenue mpsivoit OM, rie M — touka mnepe-

cedenusi Mejinan Tpeyroybanka ABC
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c¢) maiiti poektuio H Touku O Ha miockocTh rpann ABC,

d) coctaBUTb KaHOHHYECKOe ypaHeHue mpsamoit O' M, cuMMeTpudHOi mpsi-
moit OM ornocurenbno miockoctu rpann ABC,

e) waiitu yroy ¢ mexiy npsambimu OM u AB:;

f) maiitu paccrosinue d mexk ity npsimbivin OM u AB;

g) wmaiitu npoekiio C' roukn C' wa npsvyo OA;

h) cocTaBUTH ypaBHEHHE MPsIMOIi, COMEPKAIIEH OPTOrOHATBHYIO MPOEKIINIO

BbicoTel ON rpann OBC Ha miockocts rpanun ABC.
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OTBeThI

1. a) 3+4i; —4+19i; =7+ 5i; —g0 + 5515 —16 — 114, b)3—22’- 37 — 9i;

297

1+12¢; =3 + 14; —33 — 194, ) 2v/2; 5; —2V/3i; 126,14 9. /6
2. Pewenue. Uneem i+ =4, 2 = —1, 3 = 22 i=—i, *=4¢.i=
—12 = 1. OueBUJIHO, YTO BCEe BO3MOYKHBIC 3HAUCHUS " OBLIN BBIYUCJICHBI 1

JlaJibIlie OHU OY/IyT MUKJIUYIHO MOBTOPATHCA. [ToaTomy 2" ciejryeT BBIYUCIATD

110 popmyiie:
(
1, ecmm n = 4k,

, —1, ectu n = 4k —1,
"= < (155)
—1, ecm n = 4k —2,

1, ecom n = 4k — 3,
\

rjae k — IPOU3BOJILHOE HATYPAJILHOE YUCIIO.
3. a)i,b) —24+ 2 ¢) -3+ 18 d) -3+ 1,
4. a)r=-2,y=—-"2wmx = -2, y=2,b) (3;4), (3;5), (4,4), (4,5).

5. a)x:—%,yzn,b)x—l y=2,c)x=1y=—-1wmzx=—1,
y =1
2(z°—y?)
0. e
7. a)z=i+1lL,y=ib)r=2+iy=2—1.
8. a)-1,b) L.

9. Pewenue. Ilyctb 21 = 214411, 29 = To+1st, 21 # 0, 29 # 0. Beraucsmm

[Ipon3BeACHNE ITUX YUCEJI, I[TOJTYINM:

2129 = X129 — Y1y + (Xay1 + T1y2)1. (156)

Kowmrtekcnoe wncsio (156) siBsieTcst MHUMBIM, €CJIN €10 JIeHCTBUTE/IbHAS YaCcTh

paBHa HYJIIO, TO €CTh €CJIN

129 — Y1y2 = 0



nJjim

T2 _ Y2
(71 I

L2 Y2

[IycTb Tenepp — = == = A, IJie A — BellleCTBEeHHOE YKcJI0. Tora

(231 T
Lo = Ayla
Y2 = ATy

[Tostomy 2o = A(y; + ix1). Takum o6pasom, MpoOM3BEEHIE JBYX KOM-

ILJIEKCHBIX UNCEJT SIBJISIETCS] MHUMBIM, €CJIN COMHOYKUTE/IN UMEIOT BUI: T + 1
1 A(y1 + ix1), TJie A — MPOU3BOJIbHOE BEIECTBEHHOE UUC/IO.
10. a) Pewenue. [Tycrb z = a+bi, Torga z = a— bi. [o yenosuio 3a1aun

JOJIZKHO OBITH BLIIIOJIHEHO cjleayromee paBeHCTBO: zZ = 22 nJjim

a—bi = (a+ bi)* (157)
YIIPOCTUM TIPaByIO 9acTh ypPaBHEHUsT (157), IIOJIYYUM
a —bi = a* — b* + 2abi. (158)

U3 (158) u paBeHCTBA JIBYX KOMILJIEKCHBIX YHCEJT, CJICJIyeT CHCTEeMa yPABHEHUIL:

a? - = q,
(159)
b(2a+1) = 0.

Cucrema (159) paBHOCHIbHA COBOKYITHOCTH JIBYX CHCTEM:

b = 0; b = 0; b = 0; b = 0;
1) = = ARIN!
a>—a = 0, ala—1) = 0, a = 0, a = 1.

2 { a = —1/2; :>{a = —1/2; mm{a = —1/2;
v = 3/4, b = V3/2, b = —V3/2.
V3

Taxum obpazoM, KoMilieKcHble gucia 0; 1; ——:i:7z' COIIPSIZKEHBI CBOUM KBa/I-

2
paTam.
12.  a) V2(cos(Z) + isin(¥F)), b) 2(cos(—%) + isin(—%)),
c) 2(cos(—2) + isin(—27)), d) 2(cos(%) + isin(%)), e) 16(cos(0) + isin(0),
f) cos(m) + isin(r), g) 4(cos(Z) + isin(%)), h) v/5(cos(—%) + isin(—%)),
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i) 2(cos(f) + asin(g)),  j) V2(cos(—2)  +  isin(—2)),
k) 2v/2(cos(5E) +isin(=E)), 1) 8(cos(0)+1i sin(0), m) 16(cos(=E) +isin(5F)),
n) 8(cos(3F) + isin(3r)), 0) 32(cos(w) + isin(m)), p) cos(3) + isin(3).

13. a) moJsyIIOCKOCTh, JIeKalast Hike mpsMoit & +y = 1 (cM. pucyHok
56), b) moJyIIOCKOCTD, JIeXKallast BbIe MpsiMoii y = x (CM. PHCYHOK 57),
C) MHOXKECTBO MOKa3aHO Ha pucyHke 58, d) MHOXKECTBO MOKA3aHO HA PHCYHKE
59, e) JlaHHOE HEPABEHCTBO PABHOCUILHO HepaBeHTcBaM 2wk < |z| < w4+ 27k,
k=0,1,2, ... ckoMoe MHOYXKECTBO TIPEJICTABJIAET COOOI DECKOHEUHYIO CUCTe-
MY KOHIEHTPUPOBAHHBIX KOJIel ¢ meHTpoM B Touke 2z = (. Cama Touka z = 0
HE MPUHAJJIEKUT 9TOMY MHO)KecTBY (cM. pucyrok 60), f) mpsimast, koTopast
3aJIaeTCA YpaBHEHUeM y = —x, g) Touka z = —1 — 2i, h) yrox (6e3 rpamnu-
IbI) C BEpIINHON B TOYKE z = —i, CTOPOHBI KOTOPOTI'O MPOXOJSIT Y€pe3 TOUKH
z=1wuz =0, 1) geficrBurenbaasi orpunaresibHas noayoch y = 0, x < 0, j)
KpyTr pajgunyca R = 10 ¢ nenTpoM B TOUKe z = —i 0e3 rpaHulpl 1 6e3 eHTpa,
k) okpyzkHOCTB pajmyca R = 3 ¢ nearpom B Touke z = 0, 1) MmHO)KeCTBO 110~
Ka3aHO Ha pucyHke 61, m) MHOXKeCTBO MOKA3aHO Ha pucyHke 62, n) mpsimasi,
KOTOpasi 33/1aeTCsl ypaBHEHUEM §y = —T', 0) YPaBHEHUE OKPYKHOCTH C IIEHTPOM

B Touke (—3;0), paauyc Kotopoit pasen R = 3, p) napabosia, cuMMeTpHIHAST

1

oTHOCHTEILHO ocn OX, ¢ BepHIMHOf B TOUYKE —3, KOTOPas 3aaeTCa ypaBHe-

nuem 32 = 2x + 1 (cM. pucyHok 55).

Puc. 55 Puc. 56

14. a) 2(cos(¥) + isin(%)); 2(cos(5) + isin()); 2(cos(HE) +
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%//"V yi
2
0 —
X —@%d
y=—3 *
Puc. 57 Puc. 58
y x=1 ’%//*' yi
'u\ /,7 ? T 27345t X
Puc. 59 Puc. 60
y
A )

— *

X \___/
o 1] 2 3%
Puc. 62
Puc. 61
isin(1)), b) +£2 £ 24, ¢) 1; —3 £ */75 d) V2(cos(35) + isin(55));
V2(cos()+isin(3)); V2(cos(EE)+isin(1X)); \/_(COS(Q5L)+ZSII1(%)),
V2(cos(ZE) +isin(21)); V2(cos(8E)+isin(E)); V2(cos(2E)+isin(LE));
V2(cos(2E) + isin(3T)).
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15. a) Pewenue. IlpejcraBum KOMILIEKCHBIE YUCTa 2 = § — \/§ 2y =

s m
COS — — 1sIln o z3 = 1 — ¢ B TpUroHOMETPUYIECKOl popMe, MOy INM:

21:2((:055—7T—l—isin5—7r)

67r ,,6 | T
zgzcos(—ﬁ)—l—zsm(—ﬁ),
23:\/5(008(—%)—#2'511&(—1)).

Ucnonbsyem pasenctsa (10)—(11) u nmeem

. 5 o
Z1Z32’2 _ \/i(cos (% _ 17T—2—|—4)—|—isin <§_17T_2+Z>> = \/§(cos7r+isin7r>.

Urak, 4ncio z B airebpamdeckoii popme nMeeT B 2 = —v/2.
b) 2v/2(cos(y + 13) +isin(p + 1)), ¢) L (cos(2p — &) +isin(2p — ),
d) —L2 +1 e) =29 f) 2°(1 —i/3), g) —64, h) —1282.
16. a) cos Ty sin T b) 2" cos” il <cos " 4 isin n_7r>
' 3 3 5 5 5 )
18. a) e(cos1 +isinl), b) i, ¢) —1, d) i, e) —e’sin3 + ie’ cos 3, f)

e?cos1 —ie?sin 1.
19. a) 4e5’ b) e7', c) Temel,
20. a) V2™ = —/2, b) 4y/2e7 T = 4 — 44, c) 2™ =1, d) e~ 1t =
4\/5(1 — i), e) 64e’™ = —64, f) e 5 = 1/2 —i\/3/2, g) 2Te 7! = 274
a) v2e \/_61235Z {Vie%i \/56327;’@ b) 1, —= +z§, —% —z‘ég
)f+zf _VE L GVE VB V2 VE V2 ) 26T 26 26 €)

{*/ﬁ+z\/9/8,—\/9/8+2(*/17,—{‘/m—z\/7,\4/97— v/1/8.

a) %singp — isin&p, b) —%cos4g0 + %,

c) }Lcos?)ga + %cosgo, d)
isin 6y — %sin 2¢.

23. a) (2k—1/2)mi, k € Zb) In2+ (2k —1/6)wi, k € Z c) (2k+1/2)i
kecZd)Inv2+ 2k —3/4)7i, k € Z.

24. a) e %7 L e Zb) it ke Zc)e 7 ke Zd) eV T | e
7 e) e (4k+3)m keZf) eli=1)(2k+g)m  keZg) 93/253(2kn—7)~ (4+ln\/§—2km)’
kel

25. a) 2+, 1—3i,b) 242, ¢) L — L2i, —¥2 4 L2} d) 1 —2i, 3i, e)
1—i; 22 f) 5 — 26, 2i.
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s(%) +isin(%)); V2 (cos(3) + isin(30)); V2 o :
0s(Z&) +isin(%)); V2 (cos(2E) + isin(2)); V2 (cos(LE) + i sin(1F));
V2 (COS(2—ér) + isin(27))
) V2 (cos(£) +isin(L)); V2 (cos(LZ) + isin(EL)); v
V2 (cos(2E) + isin(X22)); v/2 (cos(Z) +isin(3F));
d) V3 +i; 2i; —V3+i; —V/3 —i; —2i; V3 — .
27. a) (x —1)*(x = 2)(x = 3)(x — 1 —14); b) (x + 1)3(x — 3)(x — 4).
28. a) (r — 1)%(x — 2)(z — 3)(2* — 22 + 2); b) (2* — 42 + 13)3.
29. a) (22 +4)(2* +9); b) (z — 2i)(x + 2i)(z — 31)(z + 39).
30. a) (z+2)(x — 1 —V3i)(z — 14+ V3i); b) (z — 2i)(z + 2i);
c) (x—3—i)(x—3+i);d) (z—1)(x—1—d)(x—1+d)(x+1—d)(x+1+1).
31. a) 2%(42® — 122 + 13); b) (22 + 2)(2% + 6);
c) (22 +3)(2* + 3z +3)(2? — 3z +3); d (z — 1)(2? — 22 + 2)(2? + 22 + 2).
32. 8r =4dpqg — p’.
33. 21 =1/6, 29 =1/2, 25 =—1/3.

k¢

(=}

Y

S

(COS(l—gT) +1 sm(B—g));

34. )\ = +6.
35. 1) b=c=0,Va; 2) a=-1;b=—-1;¢c=1.
36. A= —-3.

37. a) q(z) = 22* + 3z + 11, r(x) = 25z — 5;
b) q(x) = (3x —7)/9, r(z) = (—262 — 2)/9.
38. p=—¢*—1(m=q).
39. 1)g =p—1(m=0);2)qg = 1(m = £y2—p).
40. a) f(z) = (z — 4)(a® + 2® + 10z + 30) + 136; f(xo) = 136;
b) f(x) = (z — 1)(2® — 2* + 32 — 3) + 5; f(zo) = 5;
c) f(x) = (z +3)(22* — 62 + 132% — 392 + 109) — 327; f(xg) = —327.
41. a) k=3;b) k=4,
42. a) 2;b) -3;c¢) -2;3;d) 1;-2; 3;e) 1/2;-2/3; 3/4; f) -1; -2; -3; 4;
g)1/2;h) 1 =3, 20 =03 =104 =25 = —1.
43. a) f(x)=(z+1D*=2(x+ 13 =3(x+1)2 +4(x + 1) + 1;
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b) f(x) = (z—1)°+5(x — 1)  +10(x — 1)3 + 10(z — 1)* + 5(x — 1) + 1;
c) f(x) = (z —2)* — 18(x — 2) + 38.
7T .
44' a‘) (1-_12)2 + (x_62)3 + ((E£12)4 + (x_2)57

1 4 4 2
b) s~ t ey T o

45. a) f(2) =18, f(2) =48, f"(2) = 124, fO)(2) = 216, fD(2) = 240,
fP(2) =120; b) f(1) =6, f(1) =8, f'(1) =2, fP(1) =6, fH(1) = 24.

46. a) Pewenue. st Toro, 9T00BI OMpENEaUTh 00Iee YUCI0 MHBEPCHii,

coCuMTaeM KOJIMYECTBO HMHBEPCUIl, KOTOPOe 00pa3yeT KayKJblii CUMBOJI IIepe-
CTAHOBKMU:

cuMBoJI 2 obpazyer () mHBepCHii;

CUMBOJI 3 CTOUT PaHbIle CUMBOJIA 2 1, CJIeJ0BaTe/IbHO, oOpa3yer 1 mHBep-
CHIO;

cuMBoJt 4 obpazyer () mHBepCHiL;

CUMBOJI 5 CTOUT paHbllle CUMBOJIa 4 1 obpa3yeT 1 MHBEpCHIO;

cumBost 6 — 4 mHBepcun (Tak KaK CTOUT PaHbIe CHMBOJIOB 3,2,5,4);

cuMBoJI 7 umeer () MHBEpCHIL;

cuMBOoJI 8 obpaszyer () uHBEpCHii;

cUMBOJI 9 nMeeT 7 MHBEpCHil, TaK KaK CTOUT paHblile cuMBoJIoB 6,3,2,5,4,7.8.

[To pesynbraTaM BbIUUCIEHUI COCTABISIEM CJIETYIONIYIO TaOJIUILY:

CumBoJt 112(3[4|5]6]|7|8|9 | O061ee Koj1-BoO NHBEPCHil
Komn-Bo naBepcnit [0 |0 {10 |1[4(0]0]|7 13

Nrak, ucxopnast nepecranoBka nmeer 13 unsepcuii. b) 5, ¢) 8, d) 18, e)
10, £) 18.

47. a)i=8, k=3 b)i=3 k=6

48. a) Pewenue. YTobbl ompeesnTh 001ee KOJIMIeCTBO MHBEPCHil, CO-

CTaBUM TabOJINITY

CumBout 11315|7]...]2n-3| 2n-1

Kon-Bo unasepcnit |0 |12 |3 |... | n-2 | n-1
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Takum obpazom, ncxojiHast nepectanoBka mveer [ = 14+2+...+(n—1) =

—1
% nnsepcuii. b) = nH), c) = 3”” D d) 3n(n—1), e) n(3n — 2),
f) n(5bn +1).

49. B nepecranoBke n,n—1,n—2, ..., 3, 2, 1. Yucso nunBepcuii B Heit
n(n—1)

5
50. k£ —1.
51. n—k.

52. a) Pewenue. I3 BTOPBIX MHIEKCOB JAHHOTO TPOM3BEJICHIsT COCTAB-
asieM tiepectanoBry o = {3,2,1,6,5,4}. TlepecranoBka o sIBJisleTCsl 9€THOII,
Tak Kak nmeer 6 uupepcuii. 13 dopmysbr (29) ciepyer uTo, MpousBejieHue
113022031 046055064 BXOTUT B OIPEIETUTEND IIIECTOTO TTOPSIKa CO 3HAKOM ILITIOC.
b) Pewenue. MHO)KeCTBO, COCTABJIEHHOE U3 BTOPBIX NHJIEKCOB HCXOHOTO TIPO-
m3eenns {7,1,4,6,4,2,3}, He sBJIsieTCs IEPECTAHOBKOM U3 CEMU CHMBOJIOB,
IIO3TOMY IIPOM3BEICHUE (34091 A46017A73054062 HE ABJIAETCA YJICHOM OIIPEAC/IN-
TeJIdA. C) BXOJUT CO 3HAKOM MUHYC, d) BXOJUT CO 3HAKOM ILIIOC, €) He ABJIACTC
wjienom onpegenuted, £) Bxoaut co snakom (—1)""1 g) Bxoaur co 3HakoM
(—1)", h) He siBIISIETCST YJIEHOM OITPEICIUTEIIS.

53. a) Pewenue. B neppoil crpoke JAHHONO ONpPeJeTUTe)sl JIUIIb OJ[MH
9JIEMEHT HEHYJIEBOIl — 3TO JIEMEHT @11, CJETYs OIPEIe/IEHUIO OTPeIeTUTEs
13 BTOPOIl CTPOKHU MBI MOZKEM BBIOPATDH TOJTBKO 3JIEMEHT (92, U3 TPEThell CTPOKN

— a3z 1 Tak jaJjee. Takum oOpasoM, olpeaenTe/b PaBeH IIPOU3BeIeHII0

‘(i
A = (—1) (j)allagg c oo Qpp - (160)

[Tepecranoska {1,2,...,n} gBisgercs 9eTHOM, MOITOMY OKOHYATEJBHO ITOJIY-
UM

aiq 0 0 ce 0

a91 A929 0 0

as;y as2 asz ... 0 = a11a92 ...0annp.- (161)

Qpl Ap2 Aap3 Qpn
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b) Pewenue. Paccyxmaem Tak ke, Kak U B MpeblaytieM npumvepe. V3 mepsoit
CTPOKU MbI OepeM 3JIeMEHT (1, TaK KaK BCe OCTaIbHbIE PABHBI HYJIIO, 13 BTOPOIi
CTPOKN A MBI MOXKEM B3Tb TOJBKO JEMEHT Qg ,_1, U3 TPETbell CTPOKU —

9JIEMENT a3, 9 U Tak jajee. Takum obpasom,
"
A= (-1) (j)alnCIQ,n—las,n—Q Oy

Cocunraem uncsio unsepcuii () B nepecranoske n,n—1,n—2, ..., 1. Cumsos
n uMeeT n — 1 UHBEPCHIO, CUMBOJI N — 1 UMeeT n — 2 WHBEPCUHN U TaK JaJiee,
1, HaKOHell, cuMBoJI 2 uMeeT 1 unpepcuro. Mrak,
, n(n —1)

t(4) :1+2+...+n—1:T.

Criestyst onpeie/IeHUIO OIPEIe/IUTE IS, Oy IUM

0 ... 0 0 aip
0 . 0 Aon, A1n n(n—1)
= (—1) 2 A1nA2 n—-143n-2 - - - Anl (162)
Qpl .. Gpn—2 Apnp—1 Qnn

54. i=5 k=1

55. i =6, k= 2.

96. (11024032043 + A13021032044 + 14023032041

57. 10x* — 523,

58. a) -8, b) 1,c) 2?2 +2y* d) 2, e) 0, f) 1/cos? ¢, g) sinx

59. a) 10/7, b) 0KpyKHOCTH C IIEHTPOM B TOUKe (-2;3) u pajuycom R = 5,
c)ry=129=5d)m=7k/4 ke Z;nn=5+T neZ,
e) z1 = 0; 29 = +i.

60. a) 0, b) 6, c) -210, d) abc + abx + acx + bex, ) -12, £) 40,
g) a® +b® + ¢ — 3abc, h) abc — ax?® — ba? — ca® + 223,

61. a) x =5,b) x € [-41/21;+00), ¢) 1 = =3, 2 = —2,5,
d) z € [—o0; —T7].

63. a) 0,b)0,c)0,d)0,e)O0.

65. 8a+ 15b+ 12¢ — 19d.
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66. 2a — 8b+ c+ 5d.

67. a)-42, b) -15, ¢) 119.

68. a) -3, b) 48, ¢) 20, d) 16, e) 54, f) 160, g) 18, h) 18, i) 4, j) 17.

69. a) -24, b) -60, c) 192, d) 220, e) -98, f) -34.

70. a) Pewenue. BoibepeM nepBble jiBe CTPOKH onpejenTeis Ay 1, uc-
0JIb3ysl Teopemy Jlaraca, pa3jioxKuM orpee/inTe/ib Ha CyMMY IIPOU3Be IeHul

onpeJieinTe el BTOporo mopsika:

1 2
11

21
1 2

13
11

11
2 2

11
1 2

1 2
21

Ay = : .

_|_

23] 31 2 1] |32 31
11| |12 12| |11 1 2
b) 10, ¢) 100, d) 60, e) 10, f) -4, g) -2, h) 90, i) 8, j) 4.

71. a) Pewenue. st Toro, 9Tobbl ipuBectn A, K TPEYroJbHOMY BUJLY,

31
1 2

n —17.

JIOCTATOYHO KO BCEM CTPOKaM OIIpeJIe/IUTe/IsI puOaBUTh MEPBYIO CTPOKY. B

pe3yabTaTe MOJIyYUM

123 ... n
026 ... 2n
A,=1003 ... 2n|=1-2-3...n=n!

b) Pewenue. BeimosHuM cjie Iy Iomye omeparyn: u3 n-ro cTojomna BerareM (n—

1)-wtit, u3 (n—1)-ro cTosbna BerareM (n—2)-o0ii u Tak jgajee. B urore mosryamm:

111 ...111
2 11...110
Ap=[311..100[=(-1)7n

n 00 ... 000

c) Pewenue. MoKHO 3aMeTUTB, YTO CyMMa BCEX 3JIEMEHTOB JOOOH CTPOKH

(nm cTosIbIa) JTAHHOTO OIpeIeTuTe/ s ofuHaKoBa u pasua 2n + 1. [Tostomy,
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ecjin IpudaBUThb K IIEPBOIl CTPOKE BCE OCTAJIbHbIE CTPOKHU OIPEIEJINTENIsI, TO

MOYKHO BBIHECTH OOITUIT MHOXKUTEb 3a cKOOKY. CJietoBaTe/IbHO

111 ...1
232 ...
Ap=02n+1)|2 2 3 ... 2

\}

BorareM mepByIo CTPOKY, YMHOXKEHHYIO Ha 2, I3 BCEX OCTAJbHBIX CTPOK OIIpe-

JCJIUTEJId 1 IIOJIYyYUM OlIpeJe/inTe/Ib TPEeyTroJbHOI'o Bua

111 ...1
010 ...0
Ap=02n+1)|0 01 ... 0[=02n+1).

n(n 1)

d) xl(ﬂjg — alz)(ﬂjg — a23) Ce (SU — Clnfl,n), e) (— ) blbz b

£) mizy.omy (S 424 4 )g) (n— 1)1, h) bibs... by,
) (—1)" 2. (n—=2)L, j) (=)™l k) 0,

1) (- >"z Gt m) (1 = ) 2= 1) 0= 1)
0) (~1)"!-(n—1) -2

72. a) Pewenue.

34 5
12 3
A-B= 1 6 0 =2 | =
10 -1
71 8

1-340-6+7(—1) 1-440-0+1(=1) 1-5+0(=2) +8(—

(36 7 25
4 3 -3 /)
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[Ipomssenenne B - A He cymiecTByeT, Tak KaK 9HCJIO CTOJOIOB MATPUIIBI

B wme coBmagaer ¢ umciaoM ctpok marpuiel A (3 # 2). b) A- B =

2 -9 14 ~18 —2 16 ;
5 —22 —11 [, B-A=| -13 -13 -5 ,c)A-B(3>,
~18 19 32 ~18 -9 -21

—14 11
npoussenenns B - A we cymectsyer, d) A - B = ( ), B-A=

10 8
14 2 =2
-9 15 3
17 23 =5

73. a) Pewenue.

2 -1 0 3 1 2 100
4A-5B—-XE=4| 3 4 -2 |-5 -21 3 [=-Xx] 010 |=
-3 1 5 0 2 —4 001
~7-X =9  —10
= 22 11—-X -23
~12 -6 40—\
I-\x 2 =3 4 =22 —29 47
b) 4 —-X 5 ,c) | 64 -7 =33 4
6 -7 —8—2)\ -8 —18 14 —19
12 3 4
74. a) A- AT =30, AT. A= 24008
36 9 12
4 8 12 16
90 0 25 0 0
b)A-AT=[04 0 |, AT-A=] 0 40

00 25 0 09
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5 11 10 14
c) A- AT = CAT . A= .
11 25 14 20
40 0
d)A-AT=AT. A=|09 0 |.
8

1 1 -1 5 -3 4
0 =5 —-10 5 —16 0o 3 —-12 3 3
75. a) ., b)
0O 0 0 0 0 0O 0 -1 2 =5
0o 0 0 0 0 o0 0 0 0
1 1 -1 0 4 1 5 3 —10
0 4 -4 -4 -5 0 —16 —8 40
0

c) , d)
00 0 0 —29 0 40 40

0O 0 0 0 0 0O 0 0 0
76. a) Pewenue. [lycrb n = 2, Torga

2
cosa sln« cosa sln« cosa  sin«
—sina cos & —sina Ccos & —sino Cos «
cos?a —sina 2cosa - sina cos2a  sin 2a
—2cos?asina cos? o — sin® o —sin2a cos 2«
[Ipu n = 3 umeem
. 3 . .
cosa  sina cos2a  sin 2« cosa  sin«
—sino Cos « —sin2a cos 2« —sina Cos «
( cos2acos —sin2asin v €os 2arsin «v + sin 2« cos «v )

—sin2acosa — cos 2aSin ¢ oS 2 sin «v + cos 2¢x cos «

B cos3a  sin 3«
—sin 3a cos 3a .

C HOMOIIIBI0 MeTO/Ia MaTeMaTUIeCKOl NHIYKINHI JTOKazKeM, 4TO

n
cosa sin« cosna  Sinna
—sin o Ccos —sinna cosno
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[To mpeamoIoKeHnIo MHTy KT

n—1
cosa  sina [ cos(n—1)a sin(n—1)a
—sina cosa —sin(n — 1)a cos(n — 1)a '
Vnmeem

n
cosa  sina cos(n — l)a  sin(n — 1)« cosa  sina
—sina cos« —sin(n — 1)a cos(n — 1)a —sina cos
cosna  sinno
= ) ,
—sinna  cosna

1 n
aT0 1 TPeOOBAJIOCH JOKA3aTh. b) ( > :
01

Iy T2

77. a) Pewenue. Ilycts B =
T3 X4

) — MaTpuna, IrepeCTaHOBOYHaA

C ManI/ILLeﬁ A, T.€. BBIIIOJIHEHO PaBEHCTBO

AB = BA. (163)
Nnmeem
1 2 2 2
AR — Ty T2 _ T1+ 2T3 X2+ 274 | (164)
3 4 T3 T4 3r1 +4x3 3x9 + 4x4
Ty T 1 2 1+ 31y 271 + 4x
BA— 1 X2 _ 1 2 1 2 ) (165)
T3 T4 3 4 T3+ 3ry 2x3 + 4ry

Pagenctio (163) ¢ yuerom (164), (165) nepermrnem B Bujie

r1 + w3 — x4 = 0,
{1 3 4 (166)

ng - 2%3 = 0.

[lycts 3 = 3a, x4 = b, Tora r1 = b — 3a, x9 = 2a U B pe3yJbTare MOJIyIuM
b—3a 2a
B = ,
3a b
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a b

=b g+ 3b

) , e @, b — IpOU3BOIbHBIC
3

rjie a, b — mpou3BoJIbHbIE Tnca. b) (

ﬂeﬁCTBHTeHbeIG qucJia.

3197 —1266
7385 —2922)'
(190 189 —189
79. | 126 127 —126

K 252 252 —251
80. a) Pewenue. 1) Haiigem |A| — onpegenmuresns marpuiibr A:

78.

A|=1-5-04+2-6-7+4-8-3-7-5-3—-4-2.0-8-6-1=

=84 496 — 105 — 48 = 27.

2) Haiinem asrebpandeckue JOMOJHEHHsT KO BCEM 3JIEMEHTAM MaTpPUILhI

A:
5 6 4 6
Ay = (-1 = —48; Ap= (-1 = 42;
8 0 70
2 3
A13 = (—1)1+3 . = —3; A21 = ( 1)2+1 = 24,
7 8 8 0
1 2
A22 = (—1)2+2 . = —21; A23 = ( 1)2+3 = 6;
70 78
2 3 1 3
Azl = (—1)3+1 ) =—3; Ap= (—1)3+2 =0
5 6 4 6
1 2
Asg = (_1)3+3 . - _
4 5
3) 3Barmmiiem MaTpuUiLy
—48 24 -3
A= (4;)" 42 —21 6
-3 6 =3



4) Haiigem marpuy AL

1 s
Al = A= . _
A 57 42 21 6
-3 6 -3
CrieslaeM MPOBEPKY:
—48 24 -3 1 2 3 1 00
1
A‘lA:E- 42 —21 6 456 |=[010[;
-3 6 -3 78 0 001
) 1 2 3 —48 24 -3 1 00
A-A*1:§~ 456 42 —21 6 | =010
780 -3 6 -3 001
11 6 —4
1
b) — | —
)41 5 1 13 |,
14 —11 —-20
X 1 4 -3 | 8 -5 —1
C)§ 2 —1 0 ’d)ﬁ —4 7 —1 |, e) obpaTHOii MATPHUIIBI HE CY-
3 -9 6 -4 1 5
1 -1 -3
1
nectsyer, f) 0 9 10 11
—13 —25 —18

81. a) Pewenue. Samuiem marpuity (A|E) pasmepa (3 X 6), ¢ HOMOIIBIO

SJ1eMEHTApHbIX [pebpasoBatuii Hajl cTpoKaMu npusejeM ee K suty (EJA™1):

00 1 |—-10

O A 11 1 [ 1 00
121010 ~1 01 -2|-110 [H:(-2) ~
I —2-1
22 4 (001 00 2 |[-201
11 1 |1 00 10 3 |2 —10
[ — 3111
~lo1-2|-110|1-TI~[01-2|-1 1 0 ~
. R EEI
3 2

00 1 |—-1 0
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100|5 —1 =3

~]1 010]-3 1 1
001|-1 0 1
Nrak,
5 -1 -4
A= -3 1 1
-1 0 1
CrestaeM MPOBEPKY:
11 1 5 -1 -3 100
12 -11-1 -3 1 1 =1010 |,
2 2 4 -1 0 3 ) (0 0 1
5 -1 -3 11 1 100
-3 1 1 12 -1 |=10120
-1 0 3 22 4 ) (0 01
—4 3 -2 3 —1 —1 3 0 -1
b)| 86 5,00 =11 o [, 2 1 o [,
-7 5 —4 -1 0 1 —4 -1 1
8 14 —-10
e)é —4 -1 2 , ) obparHoil MaTPUIBI He CYIIECTBYET,
2 —4 2
1 1 1 1 22 —6 =26 17
111 1 -1 -1 —17 5 20 -—13
e R o R P
1 -1 -1 1 4 -1 -5 3

-3 3 2 =2
82. a) X =A"'B = . b) X =A1BC! = ,
-1 3 1 3
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[ 20 —15 13

c) X=BA'=| —-17 13 —10 |, d) pemenuii ner,
\ 8 5 —4
(-1 4 7

@XZA*:% 2 -1 -7
\ 4 -2 -7

83. a) Pewenue. Tak kak y marpuiibl A ecTb HeHyJIEBbIE 9JIEMEHTBI, TO

r(A) > 1. Haitnem Kakoif-mbo HEeHys1eBoi MIHHODP 2-T0 MOPs/IKa, (€ OH Cy-
3 3

01

Buauant 7(A) > 2. BeraucmmM MUHOPBI TPETHETO MOPSIIKA, OKANMJISTIOININE M-

=3 +£0.

mmectByeT). TakuM MUHODOM siBJIsieTCst, Hatpumep, My =

Hop Mo:
133
M?El) =100 1|=0, 7k 1u2croabubl NpOHOPIHOHAIbHEI;
2 6 1
33 4
M?EZ) =101 2 |=0, T K. OpOMOPIUOHAJILHBI 2 U 3 CTOJIOIBI.
6 1 —2

Bce MuHOpHI 3-T0 mopstaka, okaiimsone Mo, paBHBI HYJIIO, CJIeI0BaATEIbLHO,

r(A) = 2. Jlioboii HeHy/IeBOI MUHOD BTOPOrO MOpsijika MaTpuilbl A siBjistercst
3 3

01

bazucubiM. Hanpumep, OasucubiM MUHOPOM sBJisieTcss MUHOp Mo =

b) 3,¢) 2,d) 3,e) 2, f) 2, g) 3, h) 2.
84. a) Peweneue. C OMOIIBIO 3/IeMEHTAPHBIX IPEOOPA3OBAHUI IIPUBEJIEM

marpuity A K cTyleHIaToMy BHJLY:

2 -1 5 6 1 1 3 5
II—-2-1
A=11 1 3 5 [T ~1 2 —-15 6 ~
[T -1
1 -5 1 -3 1 -5 1 -3
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11 3 5 11 3 5
~10 -3 -1 —4 m-2-11 ~1 0 -3 -1 —4
0 -6 —2 -8 0O 0 0 O
[Tosrydennas MaTpuIa COAEPKUT JIBE HEHYJIEBLIX CTPOKH, HO3TOMY €€ pamr
pasen jByM™. Cregoarenbho, r(A) =2.b) 3,c) 3,d) 2, e) 4, f) 2.
85. a)7’:3Hp1/1)\:%,r:4npm)\7é%,b)r:2npm)\:3,r:3
mpu A #3,¢c)r=3mpuA=3, r=4upuA#3,d)r=2upu A=0,r=3
pu A # 0.

86. a) x = —b,y = —%a, ecsin ab # 0; Her pernennii, eciim ab = 0,
b) z = %, Yy = ag&:gfz, ec ad — be # 0; ner pemenuii, ecim ad — be = 0.

87. a) Pewenue. Boraucium onpejiesinre/ib MaTPUIIbI CUCTEMBI:

21 0
A=]10 3 |=04+0+0-0-30+1=-29
05 —1

cJeI0BaTeIbHO, 110 TeopeMe KpaMmepa cucrema nMeeT eJIMHCTBEHHOE pellleHne,

KOTOPOE MOYKeT OBbITh HailJIeHO ¢ ITOMOIIbIO IpaBmia Kpamepa. NMmeem

5 1 0

Ai=116 0 3 |=04+30+0—-0416—"75 = —29,
10 5 -1
2 5 0

NAp=1116 3 |=-324+0+0—-0—-60+5=—-87,
0 10 —1
21 5

Asg=11016|=04+0+25—-0—10— 160 = —145.
05 10

Torna
O S U I
A =29 ’ A =29 ’ A —29



[Iposepxa:

2.1+3=5,
1+3-5=16,
5.3—5=10.

Urak, x =1,y =3, 2=5.b) 1 =1, 20 = 2; x3 = =3, ¢) x1 = 0; 9 = —4;
x3=—06,d) z1 =1; 29 = 2; 13 = —3.

88. a)r;=1x9=223=3,b)x; =1L 22 =2,23=2,¢) 23 =—1;
ro=0,23=1,d) x1 =1; 39 = 2; 3 = 3.

89. a) Pewenue. Beimoanm mpsimoii xos metosa Faycca:

1 -2 1 5 1 -2 115
IM+10-1
~10 6 =3 | =57 ~l 0 —14 7| -7 lIlI:7~
I —1-1
1 8 4 50 0 10 3 | 45
1 21| 5 [1 21| 5
~| 0 —211]-1 [UI+5-1I~| 0 -2 1 |—-1 [[II:8~
0 10 3 | 45 \ 0 0 8 |40
1 2115
~|l 0 -21]-1
0 0 115

[Ipsimoit xo1 meTosia ['aycca 3aBepiiien. Boimoinnm odOpaTHblii Xo1 MeTojia ['ayc-

1 —211|5 1 —20 |0
[—1-1II
0 -2 1|-1 ~l 0 -=20]-6 [I:(-2)~
[—1-1I1
00 1|5 00 15
1 -20 |0 1006
~l0 1 0|3 [I+2-1I~[010]3
00 115 0011|5

O6parublii xon Merona [aycca sapepiuien. B pesysbrare mojydaem perieHue
cucreMbl 1 = 6, 19 = 3, 23 =5. b) 11 = —4, x5 =1, 23 = 0. ¢) 1 = =2,

372:1,I3:2.d)$1:3,$2:3,$3:—1.
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90. a=-3,b=1,¢c=6.
91. a= -2 b=3,c=2.
92. a=-1,b=—-3,c=05.
93. a=—-1,0=2,c=3.
94. a) Pewenue. 1) 3anuiem MaTpuily cucteMbl A ¥ ¢ TOMOIIBIO 1€~

MEHTAPHBIX TPeobpa30BaHuil MpUBEIEM ee K CTYIIeHIATOMY BUJLY:

1 -2 1 1 1 -2 1 1
II-5-1
A=15 -1 —-13 —4 ~10 9 —-18 =9 |II:9 ~
IT—-2-1
2 5 =16 =7 0 9 —-18 -9

1 -2 1 1
0o 1 -2 -1
3J1ech Oa3UCHBIIT MUHOD PACIIOJIOZKEH B IIEPBBIX JIBYX CTOJIONAX, IJIABHbIE HEN3-

BECTHBIE X1, T, CBOOOJIHbIE HEUM3BECTHbIE T3, T4. CucTeMy, SKBUBAJIEHTHYIO

HCXOJIHOIT, MOXKHO 3allicaTh B BUJIE

T1 — 29 = — T3 — Iy,
To == 2$3 + x4.
2) B kadecrBe HEHYJIEBOIO OIPEJIEJIUTE IS BTOPOIO MOPsijiKa MPOIIE BCEro
) 10
B3ATh €JIMHUYHBIN OIlpeae/InTe/ b .
01

3) BbIOOD 1epBoii CTPOKU OIPEIE/TUTE/IST O3HATAET, ITO CBOOOHBIE HEN3-
BECTHDIE IPUHUMAIOT 3Hadennd x3 = 1, x4 = 0. B aTom ciyvdae x1 = 3, 19 = 2.
s Bropoit crpoku onpeaenutend xrg3 =0, x4y =1nuxy =1, x9 = 1.

4)  Urax, numeeM J1Ba pellleHust, KOTOPble 00pa3yroT (byHIaMEHTAIbHYO

CUCTEMY peIIeHuIl:

1)

L)
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5) Obimee perieHne CHCTEMbI OHOPOIHBIX YPABHEHUI Oy/eT UMeTh BI/I:

3c1 + ¢
2c1 + ¢
XO6H_I = 61X1 -+ CQXQ = ‘o
C2
b) obmiee pemenne x; = 8¢y — Teg, w9 = —6¢1 + Heo, T3 = ¢1, Ty = Co.

L1 | T2 | T3 | T4

OynnaMenTa bHasg cucremMa pemennii: | 8 | -6 | 1 | 0

715101

c) obImee pereHne Ty = ¢1, Ty = Cg, T3 = —gcl + Do, x4 = %01 — Tco.

Iy | T2 | X3 Ly

DynpaMenTanabHas cucreMa permenuii: | 1 | 0 | -5/2 | 7/2

o1 5 | -7

d) cucrema umeer ToJIbLKO HysieBoe perietre. OyHjaMeHTaIbHAS CHCTEMA

peIIeHnil He CYIIEeCTBYET.
e) obmee pemenne x1 = 0, x9 = ———, x4 = 0, 3 = ¢1, T5 = co.

DyHIaMeHTaIbHAS CUCTeMa PereHnit:

I I9 T3 | Tg | Ty
0[1/3/1]0]0

01-2/30/]0]1
f) obmiee perenne x1 = —3c¢; — b, xo = 2¢1 + 3¢9, x4 = 0, 3 = ¢,

T5 = Co. PyHIaMeHTa IbHAs CUCTEMA PEITeHNI:

1| X2 | X3 | Xyg | Ty
21021017000

513101071
g) obIee perenne T4 = ¢ — g, Ty = €1 — C3, T3 = C1, T4 = (1,

T5 = Co, Tg = c3. DyHjIaMeHTaAIbHAS CUCTEMA PEITeHNIt:

T1| To | XT3 | Ty | T5 | Tg
11 {1}1]0}0
-170]070]1710
O(-1]0[0]0]1




95. a)mpu A = —1 obmmee pererne 1 = —bH¢, X9 = ¢, 3 = 3¢, QyH-
JTaMeHTAJTbHAsT CHCTeMa, PellieHnii cocTonT u3 ojHoro Bekropa: (—5;1;3); npn
A # —1 obmee pertenne x1 = 0, x9 = 0, x3 = 0, pyHIaMEHTAJIBHON CHCTEMBI
peleHnii Her.

b) pu A = 6 obiree pemenne x1 = Tc, T9 = 2¢, x3 = 3¢, GyHIAMEHTAb-
Hasl CHCTEMa pelleHunii cocTouT 13 ofHoro BekTopa: (7;2;3); npu A # 6 obiee

pemerne r1 = 0, xo = 0, z3 = 0, dpyHIaMeHTaIbHONI CUCTEMbI PEIIeHNIT HeT.

c) npu A = 2 obmiee perterne 1 = 0, 9 = 0, x3 = —2¢, dyHIAMEHTATB-
Hasi cucTeMa perenuii cocrout u3 oxuoro Bekropa: (1;0;—2); mpu A = —4
o0I1iee perleHne r1 = dc, ro = —24c¢, x3 = —4c, pyHIaMeHTaJIbHASA CICTEMA

PeIeHuii COCTOUT U3 OJIHOrO BeKTopa: (5; —24; —4); mpu A # —4, X\ # 2 obiee
pemenne r1 = 0, x9 = 0, x3 = 0, pyHIaMEHTAIbHON! CUCTEMbBI PEIICHUIT HeT.

d) mpu A = 3 obmee pemenne 1 = 2c¢; + by, Ty = 31 — 3o,
xr3 = Tcy, x4 = Tco, DyHJIAMEHTAIbHAS CUCTEMa PENIeHUIl COCTOUT M3 JIBYX
BekTOpOB: (2;3;7;0), (5;—3;0;7); mpu A # 3 obiiee pererne x; = 5,
ro = =3¢, x3 = 0, x4 = Tc, pyHIaAMEHTaJIbHAS CUCTEMa PEIIeHUil COCTOUT
13 ojiHoro Bekropa: (5; —3;0;7).

96. Crpokn marpunbl A He 00pa3yroT, CTPOKU MaTpUIlbl B 06pa3yIor.

97. a) Pewenue. 1) 3amuuieM paclMpeHHyio MaTpUIly cucTembl A u

C IIOMOIIBIO 3JIEMEHTAPHBLIX IpeoOpa30BaHnil MPUBEJIEM ee K CTYIIeHIaTOMY

BUJLY:
11—1—11HI 11 -1 -1 1

A=|111 -2 3 2 . IN 00 —1 4 1 [[II4+2-1 ~
11 1 -9 | -1 00 2 -8 |-2

11 -1 -1 |1
~100 -1 4 |1 ]~ (
00 0 0 |0

11 -1 -1
00 -1 4

1
1
[Tocnenasiss MaTpuIia COOTBETCTBYET CHCTEME, SKBUBAJCHTHON MCXOIHON 1 CO-

JICPKUT JIBE HEHYJIEBBIE CTPOKH, To9TOMy 1(A) = 1(A) = 2.
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2) Uccnemyem cucremy Ha copmecTHOCTD. [Tockonbky r(A) = r(A) =2 <
n = 4, To cucTeMa COBMECTHA U UMeeT 60Jjiee OJTHOTO PEICHUS.
3) Boibepem 6a3uCHBII MUHOD B [IEPBOM U TPETHEM CTOJIOIE, UMEIOIHi
BI/I
1 -1
0 —1
[Ipu Taxom BbIOOpEe 0A3MCHOIO MUHOPA TVIABHBIMHU HEU3BECTHBIMU SIBJISIOTCS
x1 1 r3 (TaK Kak Oa3MCHBIH MHHOD COCTOUT U3 MEPBOTO U TPETHEro CTOJIOIA
maTpuiisl). Torjga ocrajbHble HEM3BECTHBIE, TO €CTh Ty U Xy OYIYT CBOOOIHBI-
M.
4)  OcHOBBIBasICh HA CTYIIEHIATON MATPUIIE, 3AIUIIIEM PABHOCUIBHYIO CH-

CcTeMy ypaBHEHUI

ry — x3 = 1 — @ + @y,

— x3 = 1 — A4duxy.

5) Pemmm IIOJIYYEHHYIO CUCTEMY OTHOCUTEJILHO I'NIaBHBIX HEU3BECTHDLIX T'1

u x3. B pesynbrare Haiijgem

rKT = —X2 + 5374,

r3 = -1 + 4$4.
Wrax, 3anuiiem odIiee pelieHne CUCTeMbl B BIJIe BEKTOPa-CTOJI0Ia

—X9 + DTy

X 2
o6y 144wy |

L4

rjie To U X4 NPUHUMAIOT JIIOOBIE IIPOU3BOJIbHBIE 3HAaUeHUs. /st Toro, 4Todb

HallTH JacTHOe pellleHne CUCTeMBI, MOJIOKUM, HAIlPUMeEpP, To = 1 u x4 = 1,

4

TOrJIa JacTHOe pelieHne Xygcetn =

— W
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b) Pewenue. 1) 3Banuiiem pacrmpeHHyio MaTPHUILy cucTeMbl A 1 ¢ momo-

IO 3JIEMEHTapPHBIX MTPeo0Pa30BaHmil IPUBEIEM €€ K CTYIeHIATOMY BUJLY:

3 =5 2 4 |2 3 =5 2 4 2
IT — 21
7 -4 1 3 |5 ~ 1 6 -3 =5 1 [ I0 ~
[IT — 21
5 7 —4 —6 |3 -1 17 -8 —-14 | —1
1 6 -3 -5 1 1 6 -3 -5 1
II — 31
3 =5 2 4 2 ~1 0 =23 11 19 | -1 | ~
I +1
-1 17 =8 —-14 | -1 0 23 —-11 —-19 | O

1 6 -3 -5 1
~1 0 -=23 11 19 | -1
o 0 0 0 |-1

Nrak, nmeem r(A) =2 ur(A) = 3.

2) MUccneyenm cucremy na copmecTHoOCTh. [Tockonbky r(A) # r(A), To 1o
reopeme Kponekepa-Kare cucrema HeCOBMECTHA, TO €CTh JaHHast CUCTEMA
He UMeeT pelIeHUid.

C) cucrema coBMecTHa, obiee perternne 1 = (¢; — ¢y — 2) /11,
xo = (=bHc1 + o + 10)/11, x3 = ¢y, x4 = c9, YacTHOE perienne r; = —1,
ro =1 23=0, 24 = 1.

d) cucrema coBmecTHa, obIee peleHne T = ¢1, Ty = Co,
r3 = 6—15¢1 +10c¢y, x4 = =7+ 18¢1 — 12¢5, yacTHoe pemenne 1 = 1, x9 = 1,
xr3 = 1, T4 = —1.

€) cucremMa COBMECTHA U MMeeT eJIMHCTBEHHOE ellleHne T = 3,

T9 = 2, T3 = 1.

f) cucrema comecrna, obiee pemenue x1 = (—6 + 8¢)/7,

xo = (1 —13¢)/7, x3 = (15 — 6¢)/7, x4 = ¢, 9acTHOE pelleHne T3 = —2,
$2:2,$3:3,$4:—1.

g) cucTeMa COBMECTHa, 00IIee pelleHne 1 = ¢, Ty = Cz, T3 = —1 — 8¢y +
4cy, x4 = 0, x5 = 1 4+ 2¢; — c9 yacTHOE penienne r1 = 1, x9 = 2, 3 = —1,

x4 =0, x5 =1.
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h) cucrema coBmecTHa, 001Iee perenne x1 = ¢1, Ta = 1 + ¢ — ¢o, 3 = 1,
T4 = Cy, YACTHOE pemteHne r1 = 1, xo =1, x3 =1, x4 = 1.

i) cucrema coBmecTHa, OOIlee pellieHue Ty = €1, To = Co, Ty = 22¢1] —
33co — 11, x4 = —16¢1 + 24co + 8, gacTHoe pemenue x| = 2, xo = 1, x3 = 0,
Ty — 0.

j) cucrema coBMecTHa, 0bIIee pelienne 1 = ¢, Ty = C2, T3 = 1—3c1—4cs,
x4 = 1, yacTHOE pemenne r1 = —1, 1o =1, 23 =0, v4 = 1.

k) cucrema HecoBmecTHa.

1) cucrema coBmecTHa, 00Iee pelieHne Ty = ¢1, To = Co, T3 = 13, T4 =
19 — 3¢1 — 2¢9, x5 = —34, yacTHOe pemenne r1 = 1, xo = 8, x3 = 13, x4 = 0,
Ty = —34.

98. a) npu A = —4 cucrema HeCOBMECTHA; IpU A = 4 CHCTeMa COBMECTHa,
obiree pemieHne r1 = 3 — 2¢, 9 = ¢, upu A # —4 u A # 4 cucrema nmeer
6
A+4°
b) mpu A = 2 cucrema coBmecTHa, obiee perieHne 1 = b + ¢ — 2¢y,

eIMTHCTBEHHOE PelleHne rqp = Al—f4, T =

Ty = €1, T3 = Co; IpU A # 2 cucrema CcoBMecTHa, obiee pemierune x1 = 0,
T9 = 2¢c — 5, 3 = cC.

c) mpu A # 8 cucTeMa COBMECTHA W HMEET ¢IMHCTBEHHOE PellieHne T = 3,
To = —1, x3 = 0; upu A = 8 cucrema coBMecTHa, o01IIee penlenne r1 = 3 + 2¢,
To=—1—c x3=rc

d) mpu A # 0 cucrema HecoBMmecTHa; pu A = () cucTeMa COBMECTHA X1 =
(—501 — 1302 - 3)/2, T = (—761 — 1962 — 7)/2, I3 = C1, Ty = Co.

99. a) Pewenue. ITocKOIBKY U3BECTHO YaCTHOE PEIICHUE CHCTEMBI, MOZXK-
HO OI'PAHMYUTHCA OIpeJie/IeHIeM ODINero pelleHusl IPUBeJIeHHONl OHOPOIHOM

cucreMbl. Perrmm 9Ty CUCTEMY U HOJIYYUM ob11ee pelienue B BUJe
—C1 — C2
0

C2

Xomu =

Temneps, ucnob3yst hopmyiry (45), MozkeM 3amucarh obIiee perieHne Heo -
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HOPOJTHOI CUCTEMbI

—Cc1—Co+ 2
X = Xonu + Xuact = |

C2

100. a)a = (—\/Tg, —\/Tg, —\?) Vikasanue: Tak KaK HAIPABJIAIONINE KOCH-

HYCbl BEKTOPa G PaBHbI, TO Mbl MOXKEM HATH 9THU HAIIPABJSIONINE KOCUHYCHI

13 dopmyiiet (55). C yaerom, aro |a| = 1, Bocrosb3oBasiucs hopmyioii (56),
nostyaum otser. b) (V3 4 v/2)/2.

() | @ |J | K
¢ |1]0]0
101. - :
i lol1lo
k [0]0]1
102. a) z = (—24;32;30). Vkasanue: Tak Kak T TapaJiieJcH BeK-

Topy (6;—8;—7,5), T0O KOOPJIMHATHI BEKTOPOB IIPOMOPIMOHABHBI, TO €CTh
T =X (6;—8;—=7,5), e A — NPOU3BOJIbHOE HEHYJIEBOE BEIIECTBEHHOE YUC/IO.
[TockobKy BekTOp T oOpasyer ¢ ocbio OZ ocTpslit yroi, To A < 0. Beraucus
JUIMHY BEKTOpa X, HafijleM A, a 3aTeM U KOOPJMHATHI BEKTOpa T.

b) z = (1;0; —1). Vkasanue: Tak Kak T = (21, T, T3) MEPEICHIUKYJIsI-
per ocut OY, 10 29 = 0. U3 yesosuit (Z, @) = —3, (Z, 5) = 8, HaiiTu ocTajbHbIE
KOOPJMHATHI BEKTOPA.

c) z = (2,-1,1). Yrasanue: nycrs T = (1,2, r3). BocronbzoBarh-
cst hopmysioit (65) 1 HANTH KOODJMHATHI BEKTOPA, PEIINB CUCTEMY JIMHEHBIX
ypaBHEHUIl ¢ TpeMsl HEM3BECTHLIME, HaIpuMep, MeTonoM [aycca.

d) T = (2,4,—6). Vkasanue: aHATIOTUIHO TIPUMEPY 3a).

103. a) -2. Vkasanue: Bocmosb3oBaThesi hopmystoii (67) mpu yemoBun
fi=¢,m=a—2b. b) 1.
104. a) -0,5.  Vkazanue:  BOCIIOIB30BATBHCA — COOTHOIIECHHEM

la — b = (@ —b,a—b) = 3, orkyna naiitu (a,b) = —3. Barem yupo-
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CTUTH NCKOMOE€ CKaJISIpHOE IIPOU3BE/IeHIIE (3& — 41_), a + l_)) 1 IIOJIYyIUTH OTBET.
b) 11.
105. a) (a,b) = —33, cos(a,b) = —32.  b) (a,b) =0, cos(a,b) = 2
106. 5. Vkasawue: Bocuojib3oBarbest (opmysion (68) u BBIUYUCIUTE

la| = \/(3m —4n,3m — 4n), ¢ yuerom, uro |m| = |n| = 1 u BekTOpH T
1 7 TePIIeH IUKY/ISPHBI, cyiefoBaTesibHo, (m,n) = 0.

107. 15; v/593. Vkasanue: BbIpasuTh [HATOHAIN HAPAJIEJOIDAMMA te-
pe3 ero croponbl. Hanpumep, uMeeM ojHa 13 JguaroHaJieil mapaJiieorpaMma
paBHa Jl = d—l—l_), a BTOpast JQ = a—b. JI s HaxoxKIeHnd JIIMH JuaroHaJieil Boc-
nosp30BaThest opmyioit (68): |dy| = /(@ + b,a +b), |dz| = /(@ — b,a —b).

108.

Ykasanue: Bocmob3oBarbes dopmysnamu  (66), ¢ yderom,

G| = 1 u BeKTOpBI P U § TEPUEHIUKYJISPHBI, CJIEI0BATEIBHO,

109. cosp = %. Vrxazanue: nyctb CA = a, C'B = b — KareThl Tpeyrojib-
anka ABC. Beipasuth Meananbl TpeyroabHIKa depes3 ero Karersl. Hampumep,

OJIHA 13 MeJaH paBHA M = %a — b, a BTOpas my = G — —b Borauciurh
cKaJIsipHoe ponsseienne (1M, Ms) W JUTMHBI MeMaH, yInThiBasd, uTo |a| = [b|
(Tax Kak TpeyroabHUK pasHobeapentbiil) n (a,b) = 0 (n.x. AABC — npamo-
VTOJIBHDII). 3aTeM HaWTH COS @, UCIOJBL3Yst dopmyiy (66).

110. ZA = 3, ZB = arccos %g, /C = arccos \/Tg Vkaszanue: BOCIOJIb-
30BaThCst POPMYJIONt (66)

111. COS(Q, m) = 7, COS(Q, n) = %, cos(@) = % Vkaszanue: Bocon-
30BaThCs (bopMmyJToii (66).

112. Vkasanue: BBIpa3UTh AUATOHATH POMOa 4€pe3 CTOPOHBI (CM. yKasa-
HIe K IpUMePY 8) U 3aTeM BBIYUC/IUTH CKAJSIPHOE [TPOU3BE/IEHIe JUArOHAIeN .
OHO JIOJIZKHO TIOJIyIUThCST PABHBI HYJIIO.

113. o = 40. Vka3anue: BLIYUCIUTHL IMPOU3BEJIEHNE BEKTOPOB P U ¢ U

BOCITIOJIB30BATHCST TPU3HAKOM EPIEHNKYISIPHOCTH BeKTOPOB: (P, q) = 0.

114. (s/,\t) = 2. Yrasanue: Tak Kax BEKTODbI P U { NePIeHUKY/ISAPHbI,
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10 (p,q) = 0, orkya Haiitu (§,1). 3arem Bocnosb30BaThCs hopmy.oii (66),
VUIUTBIBAsI, 9TO BEKTOPBI § U ¢ euHNYHbIe, T09TOMY |5 = |t| = 1.

s
115. AM = 6, E = %5 Yraszanue: BBIpA3UTH MeIWAHy W BbI-

COTY uepe3 CTOpoHbI Tpeyroibhuka. Hampumep, AM = AB + % : B? u

E = 1@ + A C@, IJle BeIeCTBEHHOE YKCJI0 A HaiiTh U3 YCJIOBHSI IIep-
—
[eHINKYJISIPHOCTH BEKTOPOB fﬁ u @ . 3areM HaiiTu JUmHbB BeKTOpoB AM
u ﬁ7 BOCIIOJIb30BABINNCH (hopmyJioit (68).
116. [1,i] =0; [i,j]=k [,k =—j; 1=~k [,1]=0
g,k =i [kl =55 [kl =—3; [k k] =0
117. a) 8i+ 325 + 16k; b) 2i + 165 + 23k.
118. a) 19[a, b]; b) 11[a,b]; c) 13[a,b] — 10[a, & — 4[b, c].

119. a) S =30, H = 10. Vkazanue: BBIYUCTUTD KOOPJUHATHI BEKTOPOB

CT>4 n C@, 3aTEM BbIYHCJINTDL UX BEKTOPHOE ITPOU3BEACHNE, BOCIIOJIL30BAaBIINCH

opmytoit (74) n HAKOHEI[ BBIYUCIUTD ILIOMIA/Ib TPEYTOJbHIKA, TTOCTPOEHHOTO

Ha BEKTOpax CTZl u C@ o dopmyste (76). 3areM BIUHCIUTD BbICOTY Ha 10

dbopmyite (77).

b) [a,b] = —40i + 40 + 20k, S = 60, sin(a, b)
120. a) 4,5, b) 1,5.

_ 5
V29

121. a) 11. Vkasanue: wucnojib3ysi CBOHCTBA BEKTOPHOIO [TPOU3BE/IEHIIE
BLIMIC/NTL BEKTOPHOE HPOU3BE/CHIE BEKTOPOB [P, G| Uepe3 BEeKTOpHI @ u b.
BeraueanTs iy BeKTOPHOTO pou3BeieHus |[p, |, Bocmob3oBaBImmcs, 9o
aub— oprel, To ectb |a] = |b] =1, @,b=Z; b) 37,5; ) 3.8.

122. 21. Vkaszanue: socnonbzosarbea dbopmyinoit |Q| = 1/(Q, Q).
123, V28

Nk Vrasarnue: Bblpa3uTh jumaronaJin depe3 BEKTOpPbI @ U b, Ha-
npumep, di = a + b, do = a — b. 3arem HailTu BEKTOPHOE IPOU3BEJIEHIIE
JaroHajieil u HaifiTu Mo/iyJib BeKTOpHOTO npoussejenue. 13 dhopmysbr (69)

HaliTn CHUHYC yIJla MEXKAY AualrOHaJIdAMM.

\ \ \
124. a) 44. Vkasanue: naiitn Koopauaarsl BektopoB AB, AC u AD,
3aTeM BBIUUCJIUTL CMEINaHHOe IIPOU3BEICHIE STUX BEKTOPOB, HCHOIL3Ys (hop-

myiy (84). Ilpumenstst popmyity (87) Beraucants obbeM TeTpaspa. b) 2.
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125. a) Bekropbl KOMILIAaHADHBI. YKa3aHue: BOCIONb30BATHCS YCJIOBH-
eM KOMILTaHAPHOCTH BeKTOpOB (85). b) Bexrops! komitanapabl. ¢) BekTops
HeKoMILIaHapHbl. d) BekTopbl HEKOMILIAHADHBI.

126. a) Touku JsiezkaT B OJIHOM MJIOCKOCTH. YKa3aHue: BHIYUCIUTE KOOP-

JIMHATBI BEKTOPOB AB\, AC\’ n Aﬁ, a 3aTeM BBIYUC/IUTH UX CMeIIaHHOe IIPO-
u3BejieHne. Ecim cMenaniHoe MpousBejieHe PABHO HYJIIO, TO TOYKHU JIeXKaT B
OJIHOM IIJIOCKOCTH. b) Toukn JiezkaT B OJHON IIJIOCKOCTH.

127. 4 éba. Vkasanue: BBIMUCIUTDH CMEIIAHHOE [IPOM3BEICHIE BETODOB.
N3 dopmyiist (86) HaiiTi 0ObeM napaJiiesenumesia.

128. a) 25; b) 0. Vkasanue: orBer oueBHJIeH, TaK KaK U3 PA3JIOKEHHUsI
BEKTODPOB @, b U & BIJIHO, YTO OHH KOMILIAHADHDL.

129. h = —L. Vkasanue: BBIYUCJIHUTH CMEIIAHHOE IIPOU3BEICHIE BEKTO-

V3% )
POB M BBIYHMCJIATL MOJY/Ib BEKTOPHOIO MPOM3BEIEHNsT BEKTOPOB a u b. Boc-
OJIb30BaThCst PopMyJIoi h = %, riae S = |[a,b]| — mmomaan ocHoBanusA 1ma-
paenenunena, V = £(a, b, ¢) — obbem mapasiiesenure/a.

130. C) = —12, Cy = 18.

131. By = —2, By = 2.

132. A=05.

133. b= —6.

134. P(—3,-2), Q(3,5), R(7,~5), 62 + Ty — 7 =0, 2z — 5y — 4 = 0,
10z — 3y — 15 = 0.

135. 30— 5y +12=0,30 —y+4=0,y=2.

136. 2 —2y+3=0,z2+y—3=0,2x+5y—21=0.

137. N(—2/3.7/3).

138. a)2x —3y=0,b)y=—1/3x, c)y = —3x,y = x/3.

139. AB =5, BC = /13, AC = V26, tgA = 17/19, tg B = 17/6,
tgC' = 17/7.

140. 52— 3y —2=0, 22 + 6y — 8 = 0.

141. 2 —y—5=0, 3z + 2y — 40 = 0.

142, a) 2+ _2=0,b) —£4+L-2=0,¢c) —L - L —-T_=0,d)
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_ 3z y_ — _ y _
T =0,¢) ~vis+ =~ e = 0 0) v+ v

143. 4x 43y — 25 =0, 4o + 3y — 5 = 0. Vkazanue: YpaBHeHue nckarhb
B Bujie 4z + 3y + C' = 0 Bocnosbzosatbest hopmysioit (102).

144. d = 3. Vkasanue: IlpuBectu ypaBHEHHSI HPSIMbIX K HOPMaJbHOMY
BUJTY, HAUTH p1, po U B3ITH UX PA3HOCTD.

145. h =4.

146. 5x+12y—65 =0, y—>5 = 0. Vkrazanue: Ypauenue npsamMoil uCKaTh
B BIjie Yy — Y1 = k(x — x1). [lpuBectu ypaBHeHrne K HOpMaJIbHOMY BH/LY, HANTH

p. Haittu k u3 ycioBus p = 5.

147. N(4,4).
148. N(0,1).
149. N(-2,-2).
150. N(2,-3).
151. N(3,-3).

152. Ilnockocts npoxogut depe3 Touku A, C, D, F'. Vkasanue: nopcra-
BUTbH KOODJIMHATHI TOYKHU B JlaHHOE ypaBHeHue 1iockoctn 4 —y + 32+ 1 = 0.
Ecin nmosryanm BepHOE PaBEHCTBO, TO IJIOCKOCTD ITPOXONT depe3 JaHHYIO TOU-
Ky, HHAYe TOYKA He MPUHAIJIEIKNAT ILIOCKOCTH.

153. a) Ilmockocrs nmapasiensra ocu Oy; b) Iliockocrs mapasuienbHa
mwiockoctn OX Z; ¢) Ilnockocrs napamiensaa ocu Oz; d) [liockocts mpoxo-
JIAT Yepe3 Hadasio KoopuHat; €) [liockocts mpoxoaut depes ocb Ox.

154. a) y+5=0;b)z+3y=0;¢) 9y —2—2=0.

155. 62 — Ty + 62 — 94 = 0. Vkasanue: npumenutsb Gopmyiy (87).

156. a) a = —6, b = 4, ¢ = 12. Vkasanue: cBOOOHBIN 4ICH ypABHECHUS
IJIOCKOCTH MIEPEHECTH B MIPABYIO 9acTh U Pas3/ie/nTh ypasHeHue Ha (-12). Hpn—
Bectn ypasuernne K Bujy (118); b) a=3,b=15,c=—-5;¢c)a=1,b= —
c=1,d) a=—-6,b= o0, c =3/2 (ockocthb napasienbia ocu Oy); e)
a=0,b=0,c=0 (wockocTb TPOXOJUT Yepe3 Haua o KoopauHar); f) a = 7,

b = 00, ¢ = 0o (wIockocThb napaJuiesibHa miockoctu Oyz).
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157. = +y+ z — 3 = 0. Vkaszanue: Bocmoab3oBaThes ypasuenneM (118)
npu ycaosun a = b = ¢ > 0.

158. a) (2/11)x — (9/11)y + (6/11)z =2 =0; b) (=2/3)x — (2/15)y +
(11/15)z =4 =0; ¢) (=6/11)z + (6/11)y + (7/11)z — 3 = 0.

159. p = 10. Vkasanue: npuBectu ypaBHEHHUE ILJIOCKOCTH K HOPMAJIb-
HoMy BuLy. CBOOO/IHBI KOS DUIMEHT B 9TOM YPABHEHUU P €CTh PACCTOsIHUE
IJIOCKOCTH OT Hada/a KOOpPJ/MHAT.

160. a) d = 3; b) d =0, Touka J1eKUT Ha IWIOCKOCTH. €) d = 4.

161. a) ¢ = arccos(0,7); b) MIOCKOCTH TEPIEHUKYISIPHBL JIPYT JAPYTY;
C) IIOCKOCTH MapAJIIeIbHBI MEXKTy COOOii.

162. « = 3. Vkasanue: UCKOMBIH yrosi paBeH yrly MKy IHepIeH/ii-
KYJISIPOM K JIAHHOMN TLJIOCKOCTH U 0Cbio OX, TO €CTb yIJIy MeXKJIy BEeKTOpaMu
n=(1;-1;v/2) ui=(1,0;0).

163. a) r—4y+52z+15 = 0. Vkaszanue: nycTh ypaBHEHNE ILJIOCKOCTH NMe-
er Buj Ax+ By+Cz+ D = 0. Tak Kak JaHHas IJIOCKOCTD ITapaJsijiebHa, ILI0C-
Koct & —4y+5z—1 = 0, To HeoOX0AUMO BbIOPATH HOPMaJIbHbI BEKTOP ILI0C-
kocTu paBubiM A = 1, B = —4, C' = 5. Jlj1s1 TOro 4To0bl HANTH MOCIeHITH KO-
s duimenT, mocTaBiuM KOOPMHATHI TOUKU B yPaBHEHHE [LJIOCKOCTH. b) 20—y —
z = 0. Vkasanue: nycrs ypapaenue miockoctu umeet g Ar+ By+Cz+D =
0 u nycrb 7 = (A; B;C') — HOpMaJIbHBIH BEKTODP ILJIOCKOCTH. Tak Kak ILI0C-
KOCTB TIPOXOJUT Yepe3 Hadaso koopaunat, to D = 0. [lycts iy = (2;—1;5),
ny = (1;3; —1) — HOpMAJIbHBIE BEKTOPBI JIAHHBIX ITOCKOCTeil. Tak mekomast
MJIOCKOCTH MEPHEHUKY/IIPHA JIBYM ILJIOCKOCTSM, TO €€ HOPMaJbHBIN BEKTOD 7
HEOOXOIIMO BHIOPATH B BUC: 7l = Ay , fla]. €) 4 1/26y + 32 — 3 = 0. Vkasa-
nue: nyctb Ax+ By + Cz —p = 0 — HopMaJibHOe ypaBHEeHIe IIJIOCKOCTH, TOT/Ia

A% + B% 4+ C? = 1. Tax xax 1iockocTb npoxout depes touku L(0;0;1) u

cC — p =0,

N(3;0;0), To mmeem cucremy ypaBHEHHUIT Tax Kak I1LI0C-
3A — p = 0.

KOCTb 0bpasyeT ¢ miaockocthio Oy yron B §, To C = cos(§) = % Takum

obpazom, A = %, C = %, p= % 1, nakoner, naxomum B2 =1 — C? — A2

150



164. a) (3;—1;0). Vkasanue: He0OXOANMO DENIUTL CHCTEMY JHHEHHBIX
ypaBHEHU, HalpuMep, MeTojgoM Laycca.

b) Touknu mepeceveHust BCeX TpeX IIOCKOCTEl HET, TaK KaK IepBasi U Tpe-
Thsl IIJIOCKOCTD TIAPAJIIEbHDI.

165. a) 9z + 3y + 5z = 0. Vkasanue: ny4ox miockocreii (126) B Hatem
ciydae umeer Bujt 4x —y+3z — 1+ Az + 5y — z+2) = 0. Ecoin packpbITh Bee
cKOOKH, TO cBOOOIHBII KO3 bunnent D = 2\ —1. Tak Kak IJIOCKOCTb JOJI2KHA

IIPOXOJIUTH Yepe3 Hada0 KOOpAMHAT, TO cBOOOMHBIH Koddpdunmuent D = 0.

L
2

IJIOCKOCTEIH, mojryauM orBeT. b) 23x —32y+262—17 = 0; ¢) 21z +142—3 = 0;
d) 7Tz + 14y + 5.
166. 41x — 19y + 522 — 68 = 0 u 33z + 4y — bz — 63 = 0. Vka3sa-

Hue: COCTABUTD IYYOK ILJIOCKOCTEH M BBIYUCIUTH KOIPDUIMEHT A U3 yCIOBUS

OTKyla MOYKHO OIpeIe/InTh KOIMDPUIUEHT A = % [TogcTaBuB A = 5 B IIyUOK

MePIeHIKYISPHOCTH HOPMAJBLHOIO BEKTOpa IydKa HOPMAJbHBIM BEKTOpAM
JIAHHBIX ILJIOCKOCTEI.

167. 3x+4y—z+1 =0ux—2y—>52+3 = 0. Vrasanue: 11y4ok miockocreit
(126) B namewm ciaygae nmeer Byt 3x + 4y — z + 1+ Mo — 2y — 5z + 3) =
0. ITojcraBuM KOOpMHATHI TOUYKK L B 1IyYOK IJIOCKOCTEl, HaiijeM 3HaueHue
A. TloncraBum HaiijleHHOE 3HAUEHME B IIYYOK ILJIOCKOCTEl, HaiijeM ypaBHeHMe
nepBoil 1miockocTu. IlycTh Ny — HOpMaJIBHBIN BEKTOp HaliIeHHON IIJIOCKOCTH,
ang = (34+ X\4—2)\—1—5)\) — HOPMAJIBHBII BEKTOP BTOPOIl IJIOCKOCTH.
Tak Kak MCKOMBIE TIOCKOCTH HEPIeHUKYIIPHBL, TO (7i1,72) = 0. 13 sToro
VCJIOBHS MOYKHO HAHTH 3HAUEHKME A U 3aTeM ypaBHEHHe BTOPOi ILJIOCKOCTH.

168. a) 2y—z = 0. Vkasanue: caska miockocreit (127) B Harem ciydae
nmeeT Bug x+y—z+2+A(4x—3y+z—1)+p(2e+y—>5) = 0. Takum obpaszowm,
A=14+424+2u, B=1—-3\A+pu, C=—-14+ X\ D =2— \—5u. Tak xax

110 YCJIOBUIO 3aJ1a9l ILJIOCKOCTD JOJIZKHA IIPOXOIUTHL depe3 ock Ox, To A = 0

I + 44X + 2p = 0
u D = 0, utak, uMeeM CUCTEMY: Pemus cucremy

2 — A — bu =0
HalijleM 3HadYeHus KodddurmenToB A u u. [logcraBuB HailjieHHbIC 3HAYCHIS B

151



CBA3KY IIJIOCKOCTEM, MOJIy9UM OTBET.

169. a) A = 0u A; = 0, te. 0be mIocKocTN MapaIenbusl ocn O;

b) B% = D%, T.e. 00e IIOCKOCTH IiepecekaioT ochb Oy B OJHOI U ToOil 2Ke

_ _ D _ D _ . _ _ _

Touke v = 0,y = -5 = —F, z = 0 c) C =D =0uC =
_ . B _ C

Dy = 0, re. obe miockoctu 1npoxojar depes ocb Oz; d) B = o Ec-

JIN IpsiMast napaJgiebHa Iockoctu (Qyz, TO B Iy4Ke IIPOXOJIANINX Uepes
wee miaockocreit Ax + By + Cz + D + AMAjx + By + Ciz + Dy) =
0 JOo/KHA CYIEeCTBOBATh IJIOCKOCTh, MapaJjuieibHasi miockoctu Oyz, T.e.
B4+ AB; = 0u C+ A7 = 0 upu OIHOM U TOM K€ 3HAUEHUH A\;
e) Ail = Cgl = D%. Vrasarue: Ilnockocrs Oxz numeer ypapaenne y = 0. [TosTo-
my Az + By +Cz+ D+ ANAjx + By + Crz + D1) = 0 coiepKutT miockocTb
Oxz npu yenoBusax A+AA; =0, C+AC, =0u D+ADy =0;f) D = Dy, =0,

T.€. 00€ IJIOCKOCTH IIPOXOJAT 9€pe3 HadaJl0O KOOpAWHAT.

170. § =2 y=0r-4=§=31¢=4=""0 —o=14="2
x_—_54 = & = Z__75; x__65 = yz?’ = =5. Vkasanue: BOCIOJIBL30BATHCs (DOPMYJIOLt
(130).

171. § = % = %3 Vkaszanue: HEOOXOTMMO BOCIIOJIB30BATHCS METOIOM

nepexojia OT OOIIEro ypaBHEHUS MPIMOil K KAHOHUYECKOMY YPaBHEHUIO TTPsi-

MOIA.

r — 2 = 0
172. a) Vrasanue: manpapisomuii Bekrop ocu Oz
y + 5 = 0.

pasen k = (0;0; 1). Banucars KAHOHHYIECKOE YPaBHEHNE PSIMOI, TIPOXOIAIIEt

Yepes TOUKY € HAIPAB/ISIONIIM BEKTOpoM k, mcnonnsysa dopmyny (129). b)

xf = y_+65 = Z§3. Vrazarnue: HAITPABIAIONINN BEKTOP MapaslyIeTbHON MPAMOil

paBer § = (4; —6;9). 3anucarh KAHOHHYECKOE YPaBHEHNE MPSIMOI, TPOXO/Isi-

Ieil 4epe3 TOUKY ¢ HANPABJISIIOIIUM BEKTOPOM §, HCIOJIb3ysi hopmyay (129).

rx—2 _ y+d _ 23
-11 — 17 ~— 13

Hoit tipsimoit. Ucnosbayst opmyity (135), BBIUUCIUTS HAPABJISIIOINT BEKTOD

¢ . YKka3anue: B 3aj1ade JJAHO 0oDIee ypaBHEHHE Mapasiieb-

FCXOJIHOM TIPSIMO#i 1 3aTe€M BOCIIOJIb30BaThCs (hopmystoii (129).

173. a) u b) mepecekaiorcsa. Ykaszanue: BOCIOIB30BATHCSA YCJIOBHEM I1e-
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pecedennst psaMbix (143).
. o = = = —. VKasanue: TaK KaK HMCKOMag IIpsAMasd HPOXO-
174 9532 y33 Z_ll Vi aK KaK HCKOMA a 0XO
. 9. D=2 _ y=3 __ z—1
aut 4epes Touky A(2;3;1), To ee ypasHenus mMeloT Bua: L= = = = =

Hewnspectnble ko3dduiuenTsr m, n, p oupejessgeM U3 YCJIOBUs MepIIeHTKY-

JIAPHOCTH K JIaHHOII IpsaMoit 2m —n—+3p = 0 u ycj10Bud niepecevyenus ¢ JaHHOi
3 3 -1
npamoit: | 2 —1 3 |=0wm 8m — 11n —9p = 0.

m n p

98
195°

HBIX MPSIMBIX, BOCIOJIb30BaBIIICH (hopmysioit (135). Vros MexKy HpsiMbIMu

175. cosp = Yrasarue: onpesie/INTh HAIIPABJIAIONINE BEKTOPHI JIaH-
paBeH yIyly MexK/ly UX HAIPaB/ISIONIUMI BEKTOPAMU, II03TOMY BOCIIOJIb30BAThH-
cst (hopmyitoit (145).

176. a) (0;0;-2). Vkasarue: 0603HATNM TPU PABHBIX COOTHOIIEHUST Ye€Pe3

t,me. T2 =9 — 2=l — ¢ Toppa o = 4t 4 12, 3t + 12, 2 = t + 1. Berasisas

4 3 1
9TU 3HAYEeHUs] KOOPJUHAT B ypaBHEHUE IIJIOCKOCTH, HaiijleM 3HadeHne t = —3.
Okonuarenbio, moayanm x = 0, y = 0, z = —2. b) npsimas napaJienbHa

ITJIOCKOCTH, C) TO4YKa IIepecedeHunsd HeollpeldejieHa, TaK KaK IIpAdMasd JIE2KUT B

ILJIOCKOCTT;
d) (2;3;1).

177. A = —1. Vkasanue: Bocrosb3oBarbes ycaosuem (137).

178. A =4, B = —8. Vkasanue: Bocnob3oBaTbest yeaosneM (139).

179. (5;—1;0). Vkazanue: u3 Touku A cTPOUM NPSIMYIO TEPIIEHIHKYJTSAP-

Ho jamnoit miockocru. s pasencrsa (131) nueem: £4 = 13 = 221 Bagen

UITIeM TOYKY IepecedeHunst 9Toil npsaMoii ¢ miockocTwio. Hailijiennast Takium 00-
pa3oM TOUYKa U €CTb UCKOMas IIPOEKIUs.

180. a) Jsiexkur. Vrasanue: Bocnoyb3oBaThest yeioueM (138). b) ue Jie-
JKUT; C) HE JICZKHT.

181. z+ 7y + 3z —4 = 0. Vkasanue: Bocrosb3oBarbes dopmystoii (146).

182. 8x — 9y — 222 — 59 = 0. Vrasanue: BOCIOIL30BATHCA (DOPMYJION

(147).
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183. 1lx — 17y — 192 4+ 10 = 0. Vkasanue: BOCIOIB30BATbCS (DOPMYJIOLt
(148).

184. 8x — 22y + z — 48 = 0. Vkasanue: BOCIOJIb30BATHCSA (DOPMYIIOI
(149).

185. 16x —27y+ 14z — 159 = 0. Vkazanue: Bocrob30BaThHCA (POPMYJIOLt
(150).

186. 23x — 16y + 102 — 153 = 0. Vkazarue: BOCIOTB30BATHCA (DOPMYJION
(151).

187. d = \/22. Vkasanue: Bocnionbsosathes dopmymoit (152).

188. (2;9;6). Vrazanue: mpoBoguM depe3 TOUKY P IJIOCKOCTH, MepIeH-
JIIKYJIIPHYIO K JIAHHOM TIPsIMOfi, 1 MINEeM TOYKY IepecedeHust ¢ 9TOi mpsiMoii.
Haiiiennasi Touka eCTh cepejinHa 0Tpe3Ka MeXK/1y JIAHHOM TOYKOoil P 1 mCKOMOit
TOYKOII.

189. d = 3. Vkasanue: s pelnieHust 3a/1a4n JOCTATOUYHO HANTU PaCCTO-
siHpe JIF0OOI TOUKM OJIHOM MPsIMOIL 10 APYTOil IIPSIMOIi, HAIIPUMED, PACCTOSTHIE
ot Touku (2; —1;0) 10 BTOPOIt U3 33 JaHHBIX TIPSAMBIX.

190. d = 7. Vkasanue: Bocrionb3oBaTbesa Gopmynamu (153) n (154).

191. d = 13. Vkasanue: Bocronb3oBarbes Gopmynamu (153) u (154).

_2_ .
192. 5”7—4—5—3/7— 2

—1
r—3 vy
1

10°
z—2
= . Ykaszanue: 3amcats ypasuerue (130) mps-

1
V26

MoOii, ripoxo/isteii uepes Touku B(3,0,2) u C(7,4,6); b) h = 7 Vkasanue:

ICKOMYIO BbIcOTY h HaiiTi 110 dopmyste (?7), nomaras x1 = 1, y = 2, 23 = 3,

193. a) =

To=3,Y=0,20=2 m=n=p=1;¢c)d= V2. Vkasanue: KaHOHIUECKOE
r Yy z
ypaBHEHHUE OCH abIICC MMeeT BU/I 1=0=0 TaK KaK OCb IIPOXOIUT depe3 Ha-

gasio koopaunar O(0,0,0), a ¢ = (1,0,0) — ee nanpasaswonmii BexkTop. Kana-
r—3 Yy z—2
HUUecKoe ypasuenue npsgmoit BC' nostyueno B nynkre (a): TR B

[Tonarast B dpopmyse (154) x1 =0, y1 =0, 20 = 0, 29 = 3, yo = 0, 290 = 2,

51 = (my;ny;p1) = (1;050), 53 = (me;ne;pe) = (1;1;1), BeraucanM ucKoMoe

paccrostane; d) ¢ = arccos —=. Ykasanue: ocTpbIit yroJ ¢ Haiitu u3 hopmy-

V3
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abl (145), monarast 51 = (my;ny;p1) = (1;0;0), S = (ma;ne; pa) = (1515 1);

e) 1 = arcsin \/—2_6 Yrasanue: cHadasia HEOOXOJIMMO COCTABUTHL ypaBHEHNE

IJIOCKOCTH 7, Tipoxojsieii depes tpu Toukn A(1,2,3), B(3,0,2), C(7,4,6),
BOCITIOJIb30BABINNCH ypaBHeHneM (146). YpaBHeHUe TI0CKOCTH IIPU 9TOM JTOJIAK-
HO MOJIyYNUThCS ciaeayomuM x + 3y — 4z + 5 = 0. 3areM HY>KHO BBLIYHCIUTD
yrost ¥ o dopmyite (140).

194. a) ¢ = arcsin ISR Yrasanue: depTexx K JAHHON 3ajlade IpU-
BeJeH Ha puc. (63). Bamucarh KaHoHUYeckoe ypaphenue (129) mpsimoi

OA, npoxogstiieit uepes Hadao koopanaar O(0,0,0) ¢ HAITPABJISAIONIM BeK-
— x z
topom OA = (1,3, —1): 1= % =7 CocrapiisieM ypaBHEHHE ILJIOCKOCTH

7, npoxojreii yepes tpu toukn A(1,3,—1), B(2,1,-2), C(3,—-2,4), Boc-
T0JIb30BABINNCH ypaBHeHneM (146). YpaBHeHUe MJIOCKOCTH MIPH 3TOM JIOJIZKHO

OJIyYUThCA cyeytonuM 15x+7y+z—35 = 0. Borauncssem nckoMblii yroJ ¢ 1o

x 2
dbopmyiie (140); b) i % =7 YKkasanue: KOOPJANHATHI TOUEK TT€PECEeTCHNUST
Mejnan Tpeyrosbanka ABC HaiiTu Kak cpejiHee apudMeTnIeckoe KoopuHar

14+2+3 3+1-2 —1-2+44
3 3 3

) . CocraBuTh ypaBHenune

21 49 7
(130) mpsimoii, npoxojstiieit uepes jse toukun O u M. ¢) H (ﬁ’%’%)
Ykasanue: coctaBuTh mapamerpuieckoe ypasHenue (132) mpsimoit. Hampas-

ero Bepmua: M <

JISTFOTIIM BEKTOPOM 3TOI TIPsAMOii coryKuT HopMasib i = (15;7; 1) K miockocTn

rpann ABC' (em. nyskt (a)). ITostomy

r = 15¢,
y = Tt, t € R.
= t7

[TomcraBisist 5T COOTHOIIEHNs B ypaBHeHne 1iockoctu rpann ABC, Haxoanm

3HaUYeHUE nmapamerpa t = %, cOOTBeTCTBYyIOIee Touke H. KoopauHaTsl Toukm

H BpramciseM 1o napaMeTpudeckoMy ypasHeHuto npsmoit OH | nojcraBiss
r—2 Y- % z— % v

= = . YKasanue: Ko-
300 184 —13

opautarel Touku O, cummMerpuanoit Touke O ornocuTebHo mwiockoetn ABC),

HallleHHOe 3HavYeHe napamerpa t; d)

HAXOJIUM, TI0JICTaBJIAs B lapaMeTpuieckoe ypasuenue rpsmoit O H 3uavenune
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7T 14
t:2-%:%.H0ﬂquMO':<

42 98 14
11755’ 55

rue (130) mpsmoit, mpoxo/srmeii uepes ase rouku M u O'; €) 1) = arccos

>. OcTaJioch COCTaBUTL ypaBHe-

1
V246
Vrxazanue: yros ¢ mexky npsmbiva OM u AB HaxojauM Kak yroy MexK/ 1y nx

— 2 1 ?

HarpasJstiormumu Bektopamn OM = (2; 3 g), AB = (1;—-2;—1) (dbopmymra
(145)); £) d = /5. Vkasanue: paccrosmnue Mexkay mpambivun OM u AB naiitn
T 217

o dbopmyste (154). g) C' = <

1) Vikasanue: cocraBuTh ypasHe-

aue (87) maockocTn, mpoxojsineit vepe3 Touky C(3, —2,4) neprenuKysipHo
—

npsamoit OA (HopMasibio K 9Toit miockocTu ciayxut Bektop OA = (1,3, —1).

Touxka nepecedenust 31oii mwaockocru ¢ nupsmoit O A u 6yner nckomast rouka C.
15 + 7y + 2z — 35 = 0,
h) { Y

x — 3y + 62 = 0.
HeHne nckomoil npsamoit H N Kak JUHAM ITepecedeHus IJIOCKOCTH OCHOBaHUSA

. YKasanue: cocTaBuTh 00IIEe ypaBs-

ABC mmpaMuibl 1 IJIOCKOCTH, IIPOXoadIeil depe3 TouKy O 1 nmepreHuKy/Isip-
woit nipsimoiit BC'. Ypasuenue iockoctu rpain ABC 6bu1o HalieHo B 11. a):
15z 4 Ty 4+ z — 35 = 0. O61uee ypasuenue (87) mI0CKOCTH, TIPOXOIAIIET Yepes3
touky O(0;0;0), ¢ HOpMaJIBLIO lﬁ = (1,-3,6) umeer Buj: x — 3y + 6z = 0.
BannceiBasl ypaBHEHHUs ILJIOCKOCTEHl B CHCTeMYy, HOJydaeM oDIlee ypaBHEHHEe

ncKoMoii mpsamoit HN.

0
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