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The dynamic crossover in dielectric relaxation
behavior of ice Ih

Ivan Popov,a Alexander Puzenko,a Airat Khamzinb and Yuri Feldman*a

The main mechanism of the dielectric relaxation process of ordinary hexagonal ice (ice Ih) and its

temperature dependence remains unclear. The most interesting and as yet unexplained feature of ice is

the presence of the dynamical crossover in relaxation time behavior around Tc = 230 � 3 K. Since there

are no phase transitions in the ice at this temperature (first or second order), we cannot correlate the

origin of this crossover with any structural change. Here we present a model according to which the

temperature of the crossover is defined by the polarization mechanism. The dielectric relaxation driven

by the diffusion of L–D orientational Bjerrum defects (at high temperature, T 4 Tc) is transformed into a

dielectric relaxation dominated by the diffusion of intrinsic ionic H3O+/OH� defects (at low temperature,

T o Tc). In the framework of the model, we propose an analytical equation for the complex dielectric

permittivity that takes into account the contribution of both types of defects.

Introduction

Despite the intensive study of electrical properties of ordinary
hexagonal ice (ice Ih) over the last century,1–6 the main relaxation
mechanism and its temperature dependence are still unclear.
The structural properties of its crystal are well known.4,7 Namely,
each oxygen atom is located at the center of a tetrahedron
formed by four other oxygen atoms, separated from one another
by about 2.76 Å (see Fig. 1). Unlike the ordered oxygen atoms, the
hydrogen atoms are randomly arranged within the crystal in a
manner consistent with two Bernal–Fowler–Pauling rules.3,8,9

Namely, only one hydrogen atom exists on each line connecting
the neighboring oxygen atoms. Then, each H2O molecule is
oriented so that its two O–H bonds are directed approximately
toward two of the four nearest neighboring oxygen atoms,
forming two O–H� � �O hydrogen bonds. In turn, the oxygen atom
of each molecule forms two additional O� � �H–O hydrogen bonds
with one of the other neighboring H2O molecules. This arrange-
ment leads to an open lattice in which intermolecular cohesion
is high. The effect of the Bernal–Fowler–Pauling rules strongly
limits the rotational motion of a water molecule in ice.

Dielectric spectroscopy (DS) is an effective spectroscopy tool
that allows the study, over a wide range of frequencies and
temperatures, of the electric polarization and charge transport
in the hydrogen-bond crystals. The results of the first extensive

dielectric measurements of H2O and D2O ices were reported
almost half a century ago by Auty & Cole.10 Many attempts were
made to repeat their measurements during the last few decades,11–14

however all of these experiments were performed within narrow
temperature ranges. The most detailed and accurate dielectric
spectroscopy study of H2O and D2O ices Ih over wide temperature
and frequency ranges was reported by Johari.15,16 Recently,
Shinyashiki et al.17 repeated the measurements for H2O ice Ih. The
main feature of all reported results is the symmetrical broadening of

Fig. 1 Orientation of the water molecule in ice lattices.
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the main loss peak related to ice relaxation, which can be
described by the Cole–Cole function e*(o) = eN + (es � eN)/
(1 + (iot)a). The basic properties of each parameter and its
temperature dependence have been thoroughly investigated.
The parameter eN, which defines the limit value of dielectric
permittivity at high frequencies, is almost independent of
temperature. The static permittivity es obeys the Curie–Weiss
law es � eN = A/(T � TCW), where TCW is extrapolated to zero.16

As for the Cole–Cole parameter a, which defines a broadening
of a loss peak (hereinafter CC broadening), experiments on
zone-refined single crystals of ice18 indicate that only a single
relaxation time exists above 250 K. Below this temperature,
only a small broadening of the peak is observed. In other
words, above 250 K the loss peak can be described by the
Debye function, i.e. a = 1, but below this temperature, a o 1.
Moreover, CC broadening increases with cooling. The values of
ice Ih relaxation time obtained by Johari15,16 and Shinyashiki
et al.17 coincide well at the high and intermediate temperature
intervals (see Fig. 2). The temperature dependences are
described by the Arrhenius law at both intervals with the
activation energies of EA E 53.2 kJ mol�1 and EA E 18.8 �
2 kJ mol�1, respectively. Moreover, these values concur with
previous evaluations.10–14 At the low temperature interval some
deviation exists between these results. If the activation energy
increases up to EA E 46.4 kJ mol�1 as reported in ref. 16, a more
recent study17 also reported a change in activation energy, but
not so sharp. Most probably, the results at low temperature
depend on the experimental details of the sample preparation
and the temperature protocol of the dielectric study. Therefore,
we will currently consider only the temperature crossover at
Tc E 230 � 3 K.

Regardless of these experimental findings, their theoretical
justifications are rather poorly developed.2–4,19,20 The known

models do not take into consideration at all the nature of the
CC broadening, i.e. the temperature dependence, a(T ).

Here, we shall present a model of the dielectric relaxation in
ice Ih that explains the crossover temperature at Tc and the
variation of the CC spectral broadening parameter a with the
temperature.

Dielectric properties of ice Ih in the
vicinity of Tc

Let us consider the properties of ice Ih in the vicinity of the
crossover temperature. It is known that this crossover coincides
approximately with the homogeneous nucleation point of water
(TN E 235 K), where the phase transition from a supercooled,
metastable state of water to crystalline ice takes place. However,
at this temperature there is no indication of heat absorption or
heat release according to the calorimetric measurements of
pure ice Ih.21 The heat capacity of ice at this temperature
behaves monotonically without any jumps. There are also no
jumps in the coefficient of thermal expansion, derivatives of
heat capacity and derivatives of other thermodynamic potentials.
Consequently, there are no first-order phase transitions at Tc. As
noted in the Introduction, the static permittivity es obeys the
Curie–Weiss law es � eN = A/(T � TCW), where TCW tends toward
zero.16 Therefore, no abrupt change occurs in the symmetry at
Tc, i.e. second-order phase transitions are also not observed in
the vicinity of this temperature.

Hence, we can assume that we are dealing with a change in
the relaxation mechanisms at this temperature. One of the main
features that play a key role in ice dynamics is the hydrogen bond.
Moreover, the effect of the Bernal–Fowler–Pauling rules strongly
limits the rotational motion of the water molecules in ice.3

Fig. 2 Experimental data for the temperature dependence of the time relaxation in ice Ih. Open diamonds and full circles denote the data obtained from
dielectric spectroscopy studies by Johari16 and Shinyashiki,17 respectively. Grey lines are for eye guidance only.
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Thus, the mechanism of the dielectric relaxation of ice cannot
be described by free reorientation of the water molecule.
Almost 60 years ago, Bjerrum22,23 suggested an orientation
mechanism for dielectric relaxation and conductivity in ice Ih

crystals that has been widely accepted. His model postulated
that breaches of the Bernal–Fowler–Pauling rules lead to two
kinds of orientational defects D- and L-defects.

According to his theory, a pair of orientational D- and L-defects
is formed whenever local thermal excitation forces a H2O molecule
to rotate around one of its O–H� � �O axes. As a result, one pair of
neighboring O� � �O atoms with no intervening hydrogen (L-defect),
and another pair of neighbors O–H H–O with two hydrogen atoms
(D-defect) are created. A subsequent similar rotation of one of the
adjacent molecules separates these two defects. This process is
depicted schematically in Fig. 3. Thus, the reorientation of H2O
molecules can occur only at the defect sites (i.e. when defects visit
water molecule), which leads to a change in the macroscopic
dipole moment. Bjerrum estimated that the energy needed
for these defect formations would be approximately equal to
the electrostatic lattice energy of ice of B54.4–56.1 kJ mol�1

(see the estimations in ref. 4). However, there have been
discussions in the literature that the Bjerrum model, in the
simple form presented in Fig. 3, cannot be correct. For example,
it was shown by Buch et al.,24 that the electrostatic repulsion
between the partial positive charges on the H atoms of the
D-defect and between the partial negative charges of the L-defect
is bound to alter the defect structure. In this work, the more
complicated behavior of L–D defects with different quantum

corrections was investigated in detail. Moreover, it is worth
mentioning that, besides L–D defects, in ice there may exist
other types of orientational defects.25,26 However, the activation
energy of generation and migration of these various orienta-
tional defects is around Bjerrum’s previous estimations
(B54.4–56.1 kJ mol�1).24–26 The main parameter for our model
is the activation energy of defects. Therefore, for convenience,
hereinafter we use the term ‘‘L–D defects’’ to represent any
possible type of orientational defect.

In addition to orientational defects, the polarization of ice
may be driven by the generation of H3O+ and OH� pairs that are
also known as ionic defects (see Fig. 4). They are formed in ice
when a proton hops from its normal position to one near an
adjacent molecule. The resulting ‘excess’ proton diffuses
through the H-bond network via the formation or cleavage of
covalent bonds, a phenomenon known as proton hopping or
the ‘Grotthuss mechanism’.19,27 A similar mechanism is valid for
the OH� defect. The activation energy of proton mobility in ice and
liquid water is comparable and roughly equal to 8–13 kJ mol�1

(ref. 28 and 29). An additional 10.8 kJ mol�1 (ref. 27) is associated
with the isotropic electrostatic interaction, leading to a total
enthalpy of about 18–23 kJ mol�1 per hydrogen bond. This
value coincides with the activation energy derived from the
dielectric relaxation time in the intermediate temperature
region (see Fig. 2 below Tc).

In view of these facts, it seems that the main cause of the
activation energy crossover at Tc is transformation of the relaxation
mechanism driven by the diffusion of L–D orientational defects to

Fig. 3 Schematic representation of the generation and migration of a pair of orientational L- and D-defects in ice Ih with changes in the direction of the
dipole moments of water molecules.

Fig. 4 Schematic representation of the generation and migration of an ionic pair of H3O+/OH� defects in ice Ih with a change in the dipole moment’s
direction of water molecules.
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one where the diffusion of intrinsic ionic H3O+/OH� defects is
dominant. A similar explanation has been proposed by Bilgram &
Granicher,20 but has not been disseminated.

An alternative explanation for the activation energy decrease near
Tc has been suggested by Gough & Davidson12 and comprehensively
examined in ref. 30. They assigned the EA alteration at lower
temperatures to the presence of impurities and their contribution
to the increase in the concentration of orientational defects. Thus, it
is likely that a small amount of impurity in ice may produce
orientational defects at T o Tc that are greater in number than
those produced by the thermal motion of water molecules (intrinsic
defects), and thus may cause the activation energy EA to become
appreciably smaller.12 However, this mechanism cannot explain the
spectrum broadening change near Tc. Experimentally, crossover in
the CC broadening also corresponds to the crossover in temperature
behavior of the time relaxation at Tc.

In this paper we will simultaneously consider both types of
defects and their contribution to the mechanism of dielectric
relaxation and its temperature dependence in the vicinity of Tc.

The model of the dielectric relaxation
in ice Ih
Following the idea of L–D pair and ionic H3O+/OH� defects, we
can consider their migration as the main mechanism of dielectric
polarization P(t) in ice. Indeed, the additional proton in H3O+

ions and the charge hole in OH� ions can be considered as
positive and negative charge carriers, respectively. The similar
locally concentrated density of positive charges (D-defects) and
negative charges (L-defects) can be assigned to the orientational
defects (see Fig. 3). The straying of these defects corresponds with
the charge migration. Thus, we can consider the ice structure as a
dipole system with charge carriers, where migration of these
carriers leads to the total polarization change. If we assume that
defect migration is the only cause of the change in polarization
P(t), then the Fourier-transform

f �ðoÞ ¼
ð1
0

f ðtÞe�iotdt;

of the relaxation function f(t) = P(t)/P(0) can be written as follows
(see Mathematical appendix A)

f�ðoÞ ¼ 1

ioþ ss�ðoÞ=e0
; (1)

where

ss�ðoÞ ¼ sLD�ðoÞ þ s��ðoÞ; (2)

ss is the total conductivity caused by the charge transfer due to
L–D (sLD) and ionic H3O+/OH�(s�) defects. Note that the different
types of carriers are not correlated to one another. According to
ref. 31 the frequency-dependent conductivity is determined by
the Fourier transform of the mean-squared displacement (MSD)
hr2(t)i using

s�ðoÞ ¼ �o2 Nq2

6kBT
lim
d!0

ð1
0

r2ðtÞ
� �

exp �iot� dtð Þdt: (3)

Here, N is the number density of the mobile carriers, q is the
carrier charge, and kB is the Boltzmann constant. Then, from
eqn (3) we have

ss�ðoÞ ¼
�o2

6kBT
NLDqLD

2 r�2ðoÞ
� �

LD
þ N�q�

2 r�2ðoÞ
� �

�
� �

; (4)

where hr*2(o)i is a one-sided Fourier transform of the mean-
squared displacement hr2(t)i of the charge carriers. The random
migration of defects from site to site through the H-bond
network can be considered as a diffusion process. For normal
(Brownian) diffusion the MSD is time-dependent

hr2(t)i = Dt, (5)

where D is the diffusion coefficient of the random walker in
an arbitrary direction.32 It can be defined using the simple
relationship D = x2/6~t, where x is the mean hopping distance
and ~t is the average time taken to complete a single hop.
However, in the general case, the mean-squared displacement
becomes nonlinear and must be described as follows:33–36

r2ðtÞ
� �

¼ x2

6

t

~t

� �a
; 0o ao 1; (6)

where the temperature-dependent parameter a defines the
degree of deviation from the classical diffusion behavior. Such
a sub-diffusive, mean-squared displacement is well known as
anomalous diffusion or continuous random walk limited to a
fractal geometry.32 One probable reason for anomalous diffusion
is that the defects in ice Ih can only move in a certain direction,
namely, only in the direction of the H-bond and their migration
outside the network is prohibited.32 Moreover, due to its quantum
mechanical nature, a single hop of proton has only a probabilistic
character and the time intervals between the consecutive hops
may vary. In other words, MSD of defects is averaged over a time
set and can be described by anomalous behavior.37 The one-sided
Fourier transform of eqn (6) is

r�2ðoÞ
� �

¼ x2Gðaþ 1Þðio~tÞ�a

6io
; (7)

where G(x) is the gamma function. Assuming that both displace-
ments in eqn (4) have anomalous behavior, we obtain

ss�ðoÞ ¼
ioe2l2

36kBT
NLDG aLD þ 1ð Þ io~tLDð Þ�aLD½

þ N�G a� þ 1ð Þ io~t�ð Þ�a� �:
(8)

Here, we have assumed that each L–D or ionic OH�/OH3
+ defect

charge carrier is equal to the charge of a proton, qLD = q� = e, and
the mean hopping distance of a carrier is approximately equal to
the distance of an O–O link in the ice Ih, xLD = x� = l. The hopping
rate is temperature-dependent and for most materials, including
ice, it is driven by Boltzmann kinetics in accordance with the
Arrhenius law

~tLD = ~tLD
0 exp(ELD/kBT ), ~t� = ~t�0 exp(E�/kBT ), (9)

where ELD and E� are the energies of activation for the migration
of L–D and ionic OH�/OH3

+ defects, respectively; ~tLD
0 and ~t�0 are

free time of a single hop from one site to another.
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To obtain the dielectric permittivity e*(o) we substitute
eqn (8) into eqn (1) and use the following relationship

e�ðoÞ � e1
es � e1

¼ F̂ � dfðtÞ
dt

; io
� 	

¼ 1� iof�ðoÞ; (10)

where F̂ [f(t)] is the one-sided Fourier transform of the relaxa-
tion function f(t). As a result, we obtain

e�ðoÞ ¼ e1 þ
De

1þ iotLDð Þ�aLD þ iot�ð Þ�a�½ ��1
� �: (11)

Here, we denote De = es � eN and

tLD = tLD
N exp(ELD/kBT), t� = t�N exp(E�/kBT), (12)

where

tLD1 ¼ ~tLD0
e2l2NLDG aLD þ 1ð Þ

36kBTe0

� 	�1=aLD
;

t�1 ¼ ~t�0
e2l2N�G a� þ 1ð Þ

36kBTe0

� 	�1=a�
:

(13)

An equation similar to eqn (11) has been obtained previously
and takes into account the existence of different relaxation
channels and their self-similarity.38–41 This equation has been
applied successfully to the glass-formers where the a-relaxation
process is followed by an excess wing.38,39 However, our
eqn (11) is derived using the anomalous diffusion of different
defects in ice. In the case where the aLD and a� parameter
values are close to each other (|aLD � a�| = Da { 1), eqn (11)
presents only one peak (see Mathematical appendix B). The
asymmetrical shape of this spectrum, together with the excess
wing generated for two values of Da, is presented in Fig. 5.

However, the main ice Ih peak shows only a slight broad-
ening without a visible excess wing at the wide temperature
interval.16,18 Thus, in our case, aLD and a� are approximately
equal to unity i.e. |aLD � a�| = Da{ 1. In this case, the Cole–Cole

function provides the best fit, where parameters a and t are
functions of aLD, a�, tLD, and t�, i.e.,

e�ðoÞ ¼ e1 þ
De

1þ iotLDð Þ�aLD þ iot�ð Þ�a�½ ��1
� �

� e1 þ
De

1þ ðiotÞa;

(14)

where (see Mathematical appendix B)

a ¼ aLDt
�hai
LD þ a�t

�hai
�

t�haiLD þ t�hai�
; hai ¼ aLD þ a�

2
: (15)

and

t ¼ hti 1þ a� a�
2hai ln tLD=htið Þ þ a� aLD

2hai ln t�=htið Þ
� 	

;

hti ¼ t�haiLD þ t�hai�

h i�1=hai
:

(16)

Eqn (15) and (16) describe the temperature dependence of
the Cole–Cole parameter a(T) and time relaxation t(T) of ice Ih.
Note that in this case the excess wing has been neglected.

Comparison with experiment

Due to the divergence between the experimental data obtained
from Johari16 and Shinyashiki17 below T E 175 K, in this work
we will only compare the high and intermediate temperature
behavior of the relaxation times in ice Ih (up to 175 K). Note that
the relaxation time behavior crossover at around Tc E 230 �
3 K exists in both experiments. The fit of the experimental data
by the CC (eqn (14)) gives the temperature dependence of the
relaxation time t(T) and parameter a(T), in agreement with the
prediction of eqn (15) and (16), where the parameters aLD, a�,
tLD, and t� are also functions of temperature. However, to
describe the experimental behavior presented in Fig. 2, it is
enough to assume that tLD(T) and t�(T) have an Arrhenius
temperature behavior (eqn (12)), while the parameters aLD and
a� have a weak temperature dependence and can be considered
constant. In the framework of such an assumption, it is easy to
show that t(T) from eqn (16) can be reduced to

t E hti = [t�haiLD + t�hai� ]�1/hai. (17)

Here, the balance between the simple sum of two exponential laws
defines the crossover temperature as the transition from dominance
of the L–D defect mechanism described by tLD(T) to dominance of
another mechanism defined by t�(T). Then, we expect a(T) to exhibit
temperature dependence as a step-like function from aLD to a�.

Fig. 6 presents the time relaxation fitting and Cole–Cole
parameters versus temperature, where the relaxation time is
adopted from ref. 17 and the CC parameters were evaluated
from the experimental spectrum obtained from ref. 42. Here,
we have assumed a negligible temperature dependence for t�N
and tLD

N , because they are very slow in comparison with the
exponent in eqn (12). As can be seen, the fitting functions (15) and
(16) describe the experimental data well. The fitting parameters

Fig. 5 Model data for dielectric losses (solid line) generated by eqn (11) for
values of parameters: eN = 3, De = 100, tLD = 10�4 s, t� = 10�3 s, (black
solid line) aLD = 1, a� = 0.7 and (gray short dotted line) aLD = 1, a� = 0.9.
In these cases amax = aLD and amin = a�.
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obtained for the results presented in Fig. 6 are as follows: t�N =
3 � 10�7 s and tLD

N = 2.3� 10�15 s, ELD E 52.4 kJ mol�1 and E�E
17 kJ mol�1 in eqn (12), aLD E 1 and a� E 0.92. The fitting
parameters ELD and E� coincide with the activation energy of L–D
and ionic defects. The significant difference between the values of
t�N and tLD

N can easily be explained. Indeed, from eqn (13) it is clear
that since aLD and a� are of unity order, we can write tLD

N/t�N B
N�/NLD, approximately. It is known4 that the concentration of
orientational defects is about cLD E 10�7 mole-of-defects/mole of
ice and the concentration of ionic defects is c� E 10�12 mole-
of-defects/mole of ice. Thus

tLD1
t�1
	 N�

NLD
¼ c�

cLD
� 10�5; (18)

which is in good agreement with the experimental results, and
supports our assumption that the origin of the dynamical
crossover at Tc E 230 � 3 K is a shift in the relaxation
mechanism via orientational L–D defects to that of relaxation
via ionic H3O+/OH� defects. Although the activation energy of
the L–D defect migration is higher than that of the ionic defect
migration, their overall number exceeds that of the ionic
defects. This means that at high temperatures when it is easier
to overcome the potential barrier, the probability of a total
polarization change by L–D defects is higher due to their large
quantity. However, as temperature decreases, it becomes more
difficult to overcome the higher barrier, and the probability of
dipole polarization shift due to the ionic defects increases. The
condition of the crossover temperature tLD(Tc) = t�(Tc) can be
presented as follows:

Tc ¼
ELD � E�

kB ln t�1 � ln tLD1

 �: (19)

Taking into account the fitting values of ELD, E� and t�N, tLD
N

we obtained Tc = 228 � 5 K, which is in excellent agreement
with the experimental observations.

Now we attempt an explanation for the value of the CC
parameters: aLD E 1 and a� E 0.92. If an ice consists of a
regular lattice of water molecules, then the migration of charge
carriers through this lattice via H-bonds does not lead to delay

of its movement in comparison with normal diffusion (hr2(t)iB t).
Therefore, for orientational defects we have aLD E 1. On the other
hand, we may consider the orientational defect as a local break of a
H-bond. This local break serves as a restriction for the transport of
ionic defects (H3O+/OH�). As a result, at low temperatures, when
the L–D defects are not mobile in comparison with the proton
hopping (since the energy activation is high), we may consider the
ice lattice as non-regular for ionic defect migration. In other words,
protons have to bypass the broken H-bonds, spending a consider-
able amount of time. The trapping of a proton by orientational
defects is also possible. This can lead to a deviation from the
proton’s normal diffusion behavior (hr2(t)i B ta). According to
ref. 32 the parameter a defines the fractal dimension df of a
geodesic line lying on the fractal set df = 1/a. Thus for the ionic
defects we obtain d�f = 1/a� = 1.087.

Conclusion

In summary, we conclude that the origin of the temperature
crossover at Tc E 230 � 3 K is not due to the structural
transitions in ice, but due to the change in the relaxation
mechanism. Therefore, we have defined this crossover as a
dynamical one. We have shown that due to the special structure
of ice Ih, two possibilities exist for changing its total polarization.
The first relaxation mechanism is attributed to the generation and
migration of L–D defects, and the second relaxation mechanism is
ascribed to the generation and migration of ionic defects. These
two mechanisms coexist at any given temperature. However, the
L–D defects are dominant in the high temperature interval, while
the ionic defects have a greater influence at lower temperatures.
The transition between these two mechanisms is revealed as a
crossover in the temperature dependence of the relaxation time.
Moreover, the model developed can assist greatly in the study of
hydrated complex systems where the polarization and relaxa-
tion mechanisms can be reduced to the simple problem of
random walk.

It is worth noting that the theoretical results, obtained in
this work, cannot be directly extended to a deep low temperature
range. Eqn (15) and (16) cannot produce the second crossover in

Fig. 6 Fitting of the experimental data to the temperature dependence of (a) the relaxation time and (b) the Cole–Cole parameter. Open diamonds and
full circles are the data obtained from dielectric spectroscopy by Johari16 and Shinyashiki,17 respectively. In (a) the error bars are defined by the size of the
symbols. The black line is the fitting curve by eqn (15) for Shinyashiki’s data for high and intermediate temperature ranges.42
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the temperature dependence of the time relaxation (see Fig. 2).
Therefore, the model in the present state is applicable only up to
beginning of the second crossover (approximately 150 K). Johari
in ref. 16 suggested that the second crossover is a transition back
to the mechanism of the orientation defects, which is respon-
sible for the high temperature range. It can happen, for example,
due to suppression of ionic dissociation. Additionally, it remains
unclear whether the way of a sample preparation of ice affects
experimental results, namely, in the beginning of the second
crossover. Therefore, it is important to verify the experimental
details in the low temperature regime, before considering the
new models regarding the second crossover.

Mathematical appendix A: the
relationship between the relaxation
function and the conductivity of defects

Let us consider a homogeneous, isotropic dielectric in a
charged capacitor with an electric field Eex(r). This field is
considered as external to the dielectric. We have defined the
dielectric sample in our model as a dipole system with charge
carriers. Our model also suggests that the jumping of charge
carriers from one water molecule (which acts as a dipole unit of
the system) to another leads to a change in the direction of its
dipole moments and, as a consequence, to a change in the total
polarization of the sample. We now consider only one type of
charge carrier and later generalize for several types.

If the dielectric is under the influence of a static external electric
field, Eex(r), over a long time period, it reaches the equilibrium state
with some stationary distribution of charge carriers r(r). This
distribution in the static case obeys the Boltzmann distribution,
with potential U(r) Bf(r), where r�f(r) = Eex(r), and it can be
described by the well-known Poisson–Boltzmann equation in a
thermodynamic equilibrium state.43 However, if we switch off the
external field Eex(r) at the moment t = 0, the distribution of charge
carriers r(r) thus created becomes in itself a source of some field
Ec(r) that is defined by equation r�Ec(r) = r(r)/e0. In turn, the field
Ec(r) affects the charge carriers and changes the distribution density
r(r). Therefore, we have a non-static case and Ec(r) and r(r) should
be defined as functions of time: Ec(r) - Ec(t,r) and r(r) - r(t,r).
Then, assuming that there are no external charges rext = 0, i.e., the
total charge of the medium is zero, we can write that

r�Ec(t,r) = r(t,r)/e0, (A1)

here, e0 = 8.854 � 10�12 F m�1 is the vacuum permittivity. In
turn, from the linear response theory, the polarization P(t,r) at
time t at point r can be written as

Pðt; rÞ ¼ Pð0; rÞ � e0w
ðt
0

dt 0
ð
DV

dV 0fpðr� r0; t� t 0ÞEcðt 0; r0Þ

¼ Pð0; rÞ � e0w
ðt
0

dt 0fpðt� t 0ÞEcðt 0; rÞ;
(A2)

where P(0,r) is the initial polarization. Here, we have neglected
the spatial dispersion and imply a localized response of the

material, i.e., fp(t,r) = fp(t)d(r), where fp(t) is a pulse-response
function of the polarization.44 Note that the polarization P(t,r)
in eqn (A2) includes the polarization Ps(t,r) caused by the
separation of charge carriers within the sample and the
polarization Pd(t,r) caused by ordering of the dipole moments
in the system, i.e. P(t,r) = Ps(t,r) + Pd(t,r). In the absence of
external charges, rext = 0. Thus, for the overall polarization, we
can write

r�P(t,r) = �r(t,r). (A3)

The created field, Ec(t,r), in turn induces a current of charge
carriers. As noted in our model above, the translation motion
of the charge carriers, besides changing Ps(t,r), is also accom-
panied by the rotation of the molecular dipoles, i.e. changing
Pd(t,r). We can describe the induced current as the time
derivative of the total polarization P(t,r) = Ps(t,r) + Pd(t,r), i.e.,
j = qP(t,r)/qt. From eqn (A2), we have

jðt; rÞ ¼ �e0wfpð0ÞEcðt; rÞ þ
ðt
0

scðt� t 0ÞEcðt 0; rÞdt 0; (A4)

where we denote sc(t) = �e0wqfp(t)/qt. A Fourier-transformed
sc(t) defines the frequency-dependent complex conductivity,
sc�ðoÞ, of the charge carriers. Remember that in terms of our
model, the conductivity obtained is defined only by the transfer
of protons from one molecule to another in the case of ionic
defects, or by the migration of L–D defects. Also, from the
initial condition j(0,r) = 0 we find that fp(0) = 0. Under this
condition we imply that at the moment the external field Eex(r)
is switched off, we have a stationary equilibrium system, i.e. the
charge carriers (H3O+/OH� or L–D pair defects) are at rest and
their current is absent.

The conservation of the charge carriers is expressed by the
continuity equation qr(t,r)/qt + r�j(t,r) = 0. Substituting j(t,r)
from eqn (A4) (with condition fp(0) = 0), and then taking r
under the time integration and using eqn (A1), we have

@

@t
rðt; rÞ þ 1

e0

ðt
0

scðt� t 0Þrðt 0; rÞdt 0 ¼ 0: (A5)

By one-sided Fourier transform of eqn (A5) we find that

io � r�ðo; rÞ � rð0; rÞ þ 1

e0
sc�ðoÞr�ðo; rÞ ¼ 0; (A6)

where r(0,r) is the density of the charges at time t = 0. From
eqn (A6) we find that

r�ðo; rÞ ¼ rð0; rÞ
ioþ sc�ðoÞ=e0

¼ rð0; rÞg�ðoÞ;

g�ðoÞ ¼ 1

ioþ sc�ðoÞ=e0
:

(A7)

Thus, r*(o,r) is a separate function of variables r and o. In
turn, from eqn (A3) we find that the function P(t,r) is also a
separate function, P(t,r) = Pr(r)P(t). We can thus conclude that

rðt; rÞ
rð0; rÞ ¼

r � Pðt; rÞ
r � Pð0; rÞ ¼

PðtÞr � PrðrÞ
Pð0Þr � PrðrÞ

¼ fðtÞ: (A8)
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From eqn (A7) and (A8) it follows that the relaxation function

f�ðoÞ ¼ 1

ioþ sc�ðoÞ=e0
: (A9)

If we consider N types of charge carriers we can rewrite
eqn (A9) as

f�ðoÞ ¼ 1

ioþ
PN
i¼1

s�ic ðoÞ=e0
; (A10)

where s�ic ðoÞ denotes i-types of charge carriers. It is assumed
that different types of carriers are not correlated to each other.

Finally, we should note that the defined conductivity sc�ðoÞ is
not the total macroscopic AC conductivity s*(o) that is related to
the complex dielectric permittivity by s*(o) = ioe0e*(o). The
relationship between them can be found in ref. 45.

Mathematical appendix B: analysis
of the complex dielectric permittivity
function

Let us consider the equation for the normalized complex
dielectric permittivity (NCDP)

�e oð Þ ¼ e�ðoÞ � e1
es � e1

¼ 1

1 þ iot1ð Þ�a1þ iot2ð Þ�a2½ ��1
: (B1)

Using addition formulas of complex numbers in the exponential
form, we can reduce this equation to the Cole–Cole law with
frequency-dependent parameters

�e oð Þ ¼ 1

1þ ðiotðoÞÞaðoÞ
; (B2)

where a = a(o) and t = t(o) are defined by

ðotÞ�a

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ot1ð Þ�2a1þ ot2ð Þ�2a2þ2 ot1ð Þ�a1 ot2ð Þ�a2 cos p

2
a1 � a2½ �

� �r
;

(B3)

tg
pa
2

� �
¼ t�a11 sin pa1=2ð Þ þ t�a22 sin pa2=2ð Þoa1�a2

t�a11 cos pa1=2ð Þ þ t�a22 cos pa2=2ð Þoa1�a2
: (B4)

In the general case, eqn (B1) or (B2) can produce two loss
peaks in a frequency domain. It is obvious that in the trivial
case where a1 = a2 
 a, then

t = (t�a1 + t�a2 )�1/a,

and eqn (B1) leads to the standard Cole–Cole law with one loss
peak. It is necessary to define the conditions where eqn (B2)
can be applied to fit dielectric spectra with one loss peak.

With a small difference between a1 and a2, i.e. Da = |a1 � a2|/
2 { 1, we can expand eqn (B4) as a series in Da

a � a0 þ
t�a01 � t�a02

t�a01 þ t�a02

Da ¼ a1t
�a0
1 þ a2t

�a0
2

t�a01 þ t�a02

; a0 ¼
a1 þ a2

2
:

(B5)

As we can see from eqn (B5) the parameter a does not
depend on frequency in the linear case of Da. The expression
for parameter t in a linear approximation of Da can be obtained
by the logarithm of eqn (B3) and expansion of its right-part as a
series in Da. As a result, we get

a ln t � a0 ln t0 þ
t�a01 ln t1 � t�a02 ln t2

t�a01 þ t�a02

Da; (B6)

where

t0 ¼ t�a01 þ t�a02


 ��1=a0 (B7)

From eqn (B6) we obtain (in a linear approximation)

t ¼ t0 1þ t1
t0


 ��a0
ln t1=t0ð Þ þ t2

t0


 ��a0
ln t0=t2ð Þ

� �
Da
a0

� 	

¼ t0 1þ a� a2
2a0

ln t1=t0ð Þ þ a� a1
2a0

ln t2=t0ð Þ
� 	

:

(B8)

Therefore, the parameter t, in a linear approximation of Da,
also does not depend on frequency.
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