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� ¨§¢¥áâ®© à ¡®â¥ [1] ¯®ª § ®, çâ® ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ �®à¨â -íª¢¨-
¢ «¥â®áâ¨ ª®«¥æ R ¨ K ï¢«ï¥âáï ¨§®¬®àä¨§¬ ª®«¥æ í¤®¬®àä¨§¬®¢ á¢®¡®¤ëå ¬®¤ã«¥© áç¥â-
®£® à £   ¤ íâ¨¬¨ ª®«ìæ ¬¨. �á«¨ à áá¬ âà¨¢ ¥¬ë¥ ¬®¤ã«¨ ¯à ¢ë¥, â® íâ® | ª®«ìæ  ¡¥á-
ª®¥çëå ¬ âà¨æ á® áç¥âë¬ ª®«¨ç¥áâ¢®¬ áâà®ª ¨ áâ®«¡æ®¢, ¯à¨ç¥¬ ¢ ª ¦¤®¬ áâ®«¡æ¥ «¨èì
ª®¥ç®¥ ç¨á«® ¥ã«¥¢ëå í«¥¬¥â®¢. �ã¤¥¬ ®¡®§ ç âì â ª¨¥ ª®«ìæ  ç¥à¥§ RN ¨ KN, £¤¥ N |
¬®¦¥áâ¢® ¯®«®¦¨â¥«ìëå  âãà «ìëå ç¨á¥«. � áâ âì¥ [2] (¨ ¢ àï¤¥ ¤àã£¨å à ¡®â) ãáâ ®¢«¥-
®, çâ® �®à¨â -íª¢¨¢ «¥â®áâì à ¢®á¨«ì  ¨§®¬®àä®áâ¨ ¥ª®â®àëå ¯®¤ª®«¥æ (¢®§¬®¦®,
¡¥§ ¥¤¨¨æë) ª®«¥æ RN ¨ KN,  ¯à¨¬¥à, ¯®¤ª®«¥æ ¬ âà¨æ á ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå áâà®ª
¨«¨ ¯®¤ª®«¥æ ¬ âà¨æ á ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå í«¥¬¥â®¢.

� ¤ ®© áâ âì¥ ¯®ª §ë¢ ¥âáï, çâ® ¯® § ¤ ®¬ã ¨§®¬®àä¨§¬ã ¯®¤ª®«¥æ ª®«¥æ í¤®¬®àä¨§-
¬®¢ ¬®¤ã«¥©, ï¢«ïîé¨åáï áâà®£¨¬¨ ®¡à §ãîé¨¬¨ (â. ¥. á®¤¥à¦ é¨¬¨ ¢ ª ç¥áâ¢¥ ¯àï¬®£® á« £ -
¥¬®£® á¢®¡®¤ë© ¬®¤ã«ì à £  1 [3] ) ¢ àï¤¥ á«ãç ¥¢ ¬®¦® ¯®áâà®¨âì �®à¨â -ª®â¥ªáâ á \å®à®-
è¨¬¨" á¢®©áâ¢ ¬¨, ª®â®àë© ¯à¨ ¥ª®â®àëå ãá«®¢¨ïå ®¯à¥¤¥«ï¥â �®à¨â -íª¢¨¢ «¥â®áâì. �â¨
ãá«®¢¨ï â ª®¢ë, çâ® ¯®§¢®«ïîâ, ¢ ç áâ®áâ¨, ¤®ª §ë¢ âì ª ª ¤®áâ â®ç®áâì ã¯®¬ïãâëå ¢ëè¥
ªà¨â¥à¨¥¢, â ª ¨ ª« áá¨ç¥áª¨© ªà¨â¥à¨© �®à¨â -íª¢¨¢ «¥â®áâ¨ (K �= End(QR) ¤«ï ª®¥ç®
¯®à®¦¤¥®£® ¯à®®¡à §ãîé¥£® Q). �áå®¤ë¬ ¯ãªâ®¬ ¯®áâà®¥¨ï ï¢«ï¥âáï ¯à®áâ ï

�¥¬¬  1. �ãáâì ¤ ë  áá®æ¨ â¨¢ë¥ ª®«ìæ  á ¥¤¨¨æ¥© R, K, ¨å ¯®¤ª®«ìæ  (¢®§¬®¦®,

¡¥§ ¥¤¨¨æë) R0 � R, K0 � K, ¨¤¥¬¯®â¥âë e = e2 2 R0, f = f 2 2 K0 ¨ ¨§®¬®àä¨§¬ ª®«¥æ

� : R0 ! K
0, � = ��1. �ãáâì R = eR0e, K = fK0f . �®£¤  áãé¥áâ¢ã¥â �®à¨â -ª®â¥ªáâ

(RPK ; KQR),

P 
K Q! R; p
 q 7! pq; Q
R P ! K; q 
 p 7! qp

â ª®©, çâ® P �= eR0�(f) �= �(e)K0f , Q �= �(f)R0e �= fK0�(e) (¨¬¥îâáï ¢ ¢¨¤ã ¯®«ã«¨¥©-

ë¥ ¨§®¬®àä¨§¬ë ¬®¤ã«¥©, á®®â¢¥âáâ¢ãîé¨¥ ¨§®¬®àä¨§¬ ¬ ª®«¥æ, ¨¤ãæ¨à®¢ ë¬ � ¨ � :

eR0e �= �(e)K0�(e), fK0f �= �(f)R0�(f)). �®á«¥ á®®â¢¥âáâ¢ãîé¨å ®â®¦¤¥áâ¢«¥¨© ¬®¦®

áç¨â âì, çâ® ®â®¡à ¦¥¨ï ª®¬¯®§¨æ¨¨, ®¯à¥¤¥«ïîé¨¥ �®à¨â -ª®â¥ªáâ, ¥áâì ã¬®¦¥¨ï

¢ ª®«ìæ å R ¨ K. �®áâà®¥ë© â ª¨¬ ®¡à §®¬ �®à¨â -ª®â¥ªáâ § ¤ ¥â íª¢¨¢ «¥â®áâì

Mod�R ¨ Mod�K â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  eR0�(f)R0e = eR0e, fK0�(e)K0f = fK0f .

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ P = eR0�(f), Q = �(f)R0e ¨ ®¯à¥¤¥«¨¬ áâàãªâãàë K-¬®¤ã«¥©
á«¥¤ãîé¨¬ ®¡à §®¬: p � k = p�(k), k � q = �(k)q, £¤¥ p 2 P , q 2 Q, k 2 K = fK0f . �â®¡à ¦¥¨¥
R � R{¡¨¬®¤ã«¥© p 
 q 7! pq ®¯à¥¤¥«¨¬ ª ª ã¬®¦¥¨¥ ¢ R. � «®£¨ç® ¬®¦® ®¯à¥¤¥«¨âì
áâàãªâãàë R{¬®¤ã«¥©   �(e)K0f = P 0 ¨ fK0�(e) = Q0, ¯®« £ ï r � p0 = �(r)p0, q0 � r = q0�(r).
�¥¯¥àì £®¬®¬®àä¨§¬ë � ¨ � ¡ã¤ãâ ¨¤ãæ¨à®¢ âì ¨§®¬®àä¨§¬ë ¡¨¬®¤ã«¥© P �= P 0, Q �= Q0, ¨
¬®¦® ®¯à¥¤¥«¨âì ¢â®à®¥ á¯ à¨¢ ¨¥ ª ª ª®¬¯®§¨æ¨î

Q� P
�=
�! Q0 � P 0 = fK0�(e)� �(e)K0f �! fK0f = K;
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â ª çâ®, ¥á«¨ p = ea�(f), q = �(f)be, â® qp = f�(bea)f . �à®¢¥à¨¬ á¢®©áâ¢®  áá®æ¨ â¨¢®áâ¨.
�ãáâì p0 = ed�(f), q0 = �(f)ce, â®£¤ 

(qp)q0 = �(f�(bea)f)�(f)ce = �(f)bea�(f)ce = q(pq0);

p(qp0) = p � �(f�(bed)f) = ea�(f)bed�(f) = (pq)p0:

�ç¥¢¨¤®, PQ = eR0�(f)R0e, QP = fK0�(e)K0f . �âáî¤  á«¥¤ã¥â ¯®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ «¥¬-
¬ë.

� ¤ «ì¥©è¥¬ § ä¨ªá¨àã¥¬ ®¡®§ ç¥¨ï ¨ ¯à¥¤¯®«®¦¥¨ï «¥¬¬ë 1 ¨ ¡ã¤¥¬ ¤®¯®«¨â¥«ì®
¯à¥¤¯®« £ âì, çâ® R = End(UR), K = End(VK), ¨ çâ® ¨¤¥¬¯®â¥âë e 2 R, f 2 K â ª®¢ë, çâ®
R = eRe, K = fKf , U �= Re, V �= Kf . �â¨ ãá«®¢¨ï ®§ ç îâ, çâ® ¢ ¬®¤ã«¥ U ¥áâì ¯àï¬®¥
á« £ ¥¬®¥, ¨§®¬®àä®¥ R, £®¬®¬®àä¨§¬ e ¥áâì ¯à®¥ªæ¨ï   íâ® ¯àï¬®¥ á« £ ¥¬®¥, ¨   «®£¨ç®
¤«ï V , K ¨ f . � [3] â ª¨¥ ¬®¤ã«¨  §ë¢ îâáï áâà®£¨¬¨ ®¡à §ãîé¨¬¨. �ã¤¥¬  §ë¢ âì íâã
á®¢®ªã¯®áâì ¯à¥¤¯®«®¦¥¨© ¡ §®¢ë¬¨ ãá«®¢¨ï¬¨. �á«¨ g = g2 2R â ª®¢, çâ® R = End(RgS),
£¤¥ S = gRg, â®, á«¥¤ãï [3], ®¡®§ ç ¥¬ íâ® á¢®©áâ¢® â ª: r(g) = 1.

�¥¬¬  2. �à¥¤¯®«®¦¨¬, çâ® ¨¬¥îâ ¬¥áâ® ¡ §®¢ë¥ ãá«®¢¨ï ¨ á«¥¤ãîé¨¥ á®®â®è¥¨ï:

eRe = eR0e; fKf = fK0f;

�(f)Re = �(f)R0e; �(e)Kf = �(e)K0f;

eR�(f) = eR
0
�(f); fK�(e) = fK

0
�(e);

�(f)R�(f) = �(f)R0�(f); �(e)K�(e) = �(e)K0�(e):

�®£¤  ¤«ï ¯®áâà®¥®£® ¢ëè¥ �®à¨â -ª®â¥ªáâ  ¥áâ¥áâ¢¥ë¥ £®¬®¬®àä¨§¬ë ª®«¥æ ¨ ¡¨¬®-

¤ã«¥©

R! End(PK); K ! End(QR); P ! Hom(QR; RR); Q! Hom(PK ;KK)

ï¢«ïîâáï ¨§®¬®àä¨§¬ ¬¨.

�ã¤¥¬  §ë¢ âì ãá«®¢¨ï íâ®© «¥¬¬ë ãá«®¢¨ï¬¨ áãé¥áâ¢®¢ ¨ï �®à¨â -ª®â¥ªáâ . �á¯®«ì-
§ã¥âáï á«¥¤ãîé¨© å®à®è® ¨§¢¥áâë© ä ªâ (á¬.,  ¯à., [3], «¥¬¬  1.10).

�¥¬¬  3. �ãáâì M , L | ¯à ¢ë¥ R-¬®¤ã«¨, u = u2 2 End(MR), v = v2 2 End(LR).�®£¤ 
¨¬¥¥â ¬¥áâ® ¨§®¬®àä¨§¬ ¡¨¬®¤ã«¥© Hom(uMR; vLR) �= vHom(MR; LR)u. � ç áâ®áâ¨, ¨¬¥¥â

¬¥áâ® ¨§®¬®àä¨§¬ ª®«¥æ End(uMR) �= uEnd(MR)u.

�®ª § â¥«ìáâ¢® «¥¬¬ë 2. �®¦® áà §ã ®â®¦¤¥áâ¢¨âì R á eRe �= �(e)K�(e), K á fKf �=
�(f)R�(f), P á eR�(f) �= �(e)Kf ,Q á �(f)Re �= fK�(e). �¬¥îâáï ¢ ¢¨¤ã, ª®¥ç®, ¯®«ã«¨¥©ë¥
¨§®¬®àä¨§¬ë. �®£¤  ¨§ «¥¬¬ë 3 á«¥¤ã¥â

End(PK) �= �(e)K�(e) �= eRe = R; End(QR) �= �(f)R�(f) �= fKf = K;

Hom(PK ;KK) �= fK�(e) �= �(f)Re = Q; Hom(QR; RR) �= �(f)R�(f) �= fKf = K:

�¥£ª® ¯à®¢¥àï¥âáï, çâ® ¨§®¬®àä¨§¬ë ¨§ «¥¬¬ë 3 (á ãç¥â®¬ ¨¬¥îé¥©áï §¤¥áì áâàãªâãàë ¡¨-
¬®¤ã«¥©) ï¢«ïîâáï â¥¬¨ ¥áâ¥áâ¢¥ë¬¨ £®¬®¬®àä¨§¬ ¬¨, ® ª®â®àëå £®¢®à¨âáï ¢ ãâ¢¥à¦¤¥¨¨
«¥¬¬ë.

�¥®à¥¬  1. �ãáâì ¢ë¯®«¥ë ¡ §®¢ë¥ ãá«®¢¨ï ¨, ªà®¬¥ â®£®,

ReR �R0; KfK � K0; �(f)R�(f) �R0; �(e)K�(e) � K0:

�®£¤  ¢ë¯®«¥ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï �®à¨â -ª®â¥ªáâ . �®áâà®¥ë© �®à¨â -ª®â¥ªáâ

®¯à¥¤¥«ï¥â íª¢¨¢ «¥â®áâì Mod�R ¨ Mod�K ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ¥á«¨ �(ReR) =
KfK. �®áâ â®çë¬ ãá«®¢¨¥¬ íª¢¨¢ «¥â®áâ¨ ¡ã¤ãâ ¢ª«îç¥¨ï �(e) 2 KfK, �(f) 2ReR.
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�®á íâ®© â¥®à¥¬ë ¡ë« ¤  ¢ [4], £¤¥, ®¤ ª®, ¡ë«¨ ¯à®¯ãé¥ë ãá«®¢¨ï �(f)R�(f) � R0,
�(e)K�(e) � K0. �â¨ ãá«®¢¨ï, ¢¯à®ç¥¬, âà¨¢¨ «ì® ¢ë¯®«ïîâáï ¯à¨ R =R0, K = K0.

�à¥¦¤¥ ç¥¬ ¤®ª §ë¢ âì â¥®à¥¬ã, à áá¬®âà¨¬ àï¤ ¯à¨¬¥à®¢, ¯®ª §ë¢ îé¨å ¥¥ á¢ï§¨ á ã¦¥
¨§¢¥áâë¬¨ à¥§ã«ìâ â ¬¨.

�à¨¬¥à 1. � áá¬®âà¨¬ ¯à®¨§¢®«ìë© �®à¨â -ª®â¥ªáâ

P 
K Q! R; p
 q 7! pq; Q
R P ! K; q 
 p 7! qp;

á®®â¢¥âáâ¢ãîé¥¥ ª®«ìæ®

M =
�
R P

Q K

�
¨ ¬®¤ã«¨

U =

 
R

Q

!
2 Mod�R V =

 
P

K

!
2 Mod�K:

�®£¤ 

R = End(UR) �=
�
R Hom(QR; RR)
Q End(QR)

�
; K = End(VK) �=

�
End(PK) P

Hom(PK ;KK) K

�
:

�á«¨ �®à¨â -ª®â¥ªáâ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

R �= End(PK); K �= End(QR); Q �= Hom(PK ;KK); P �= Hom(QR; RR)

(¯à¨ç¥¬ ¨§®¬®àä¨§¬ ¬¨ ï¢«ïîâáï ¥áâ¥áâ¢¥ë¥ £®¬®¬®àä¨§¬ë), â® ª®«ìæ  M, R, K ¬®¦®
®â®¦¤¥áâ¢¨âì. �®« £ ï

e =
�
1 0
0 0

�
; f =

�
0 0
0 1

�
; e; f 2R = K;

¯à¨å®¤¨¬ ª ãá«®¢¨ï¬ â¥®à¥¬ë 1. � íâ®¬ á«ãç ¥

ReR =
�
R P

Q QP

�
; KfK =

�
PQ P

Q K

�
;

ReR = KfK â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  R = PQ ¨ K = QP . � ª ¨§¢¥áâ®, íâ® à ¢®á¨«ì®
â®¬ã, çâ® ¤ ë© �®à¨â -ª®â¥ªáâ ®¯à¥¤¥«ï¥â íª¢¨¢ «¥â®áâì ª â¥£®à¨© Mod�R ¨ Mod�K
([5], £«. 2,x 3).

�à¨¬¥à 2. �ãáâì Q 2 Mod�R | ®¡à §ãîé¨©, â. ¥. Q(n) �= R � L. �®«®¦¨¬ U = Q(n), R =
End(UR), ¨ ¯ãáâì e 2R | ¯à®¥ªæ¨ï   ¯àï¬®¥ á« £ ¥¬®¥ Q(n), ¨§®¬®àä®¥ R. �®£¤ , ®ç¥¢¨¤®,
eRe �= R ¨ Re �= U . �®« £ ï K = End(QR), ¨¬¥¥¬ ¥áâ¥áâ¢¥ë© ¨§®¬®àä¨§¬ � : R �= K = Kn,
£¤¥ Kn | ª®«ìæ® n � n-¬ âà¨æ. �®¦® áç¨â âì, çâ® K = End(VK), £¤¥ V = K(n) | á¢®¡®¤ë©
K-¬®¤ã«ì á ¡ §¨á®¬ ¨§ n í«¥¬¥â®¢. �ãáâì f 2 K | ¯à®¥ªæ¨ï V   ¯¥à¢®¥ ¯àï¬®¥ á« £ ¥¬®¥,
¨§®¬®àä®¥ K. �à¨ ®â®¦¤¥áâ¢«¥¨¨ K á R f áâ ®¢¨âáï ¯à®¥ªæ¨¥© Q(n)   ¯¥à¢®¥ á« £ ¥¬®¥,
¨§®¬®àä®¥ Q. �á®, çâ® ¨ §¤¥áì fKf �= K;Kf �= V . �¥¯¥àì ®ª®ç â¥«ì® ¯®«®¦¨¬ R = K ¨
â®£¤  ¬®¦® áç¨â âì, çâ® Q = fRe. �®«®¦¨¬ P = eRf . �¬®¦¥¨¥ ¢ R ®¯à¥¤¥«ï¥â �®à¨â -
ª®â¥ªáâ. �®£« á® ¯¥à¢®© ç áâ¨ â¥®à¥¬ë 1 P �= Hom(QR; RR), Q �= Hom(PK ;KK), R �= End(PK)
( ¯®¬¨¬, çâ® K = End(QR) ¯® ®¯à¥¤¥«¥¨î). �â® | å®à®è® ¨§¢¥áâ®¥ á¢®©áâ¢® ®¡à §ãîé¨å
¢ Mod�R ([6], £«. 4, ¯à¥¤«®¦. 4.1).

�ëïá¨¬ â¥¯¥àì, çâ® ®§ ç ¥â ¢ ¤ ®© á¨âã æ¨¨ ãá«®¢¨¥ReR = KfK. �®-¯¥à¢ëå, § ¬¥â¨¬,
çâ® ¨§ ®¯à¥¤¥«¥¨ï f áà §ã á«¥¤ã¥â KfK = K. �â®¡ë íâ® ã¢¨¤¥âì, ¤®áâ â®ç® ¢á¯®¬¨âì, çâ®
ä ªâ¨ç¥áª¨ R = Kn,   f = f11 | áâ ¤ àâ ï ¬ âà¨ç ï ¥¤¨¨æ . �«¥¤®¢ â¥«ì®, ¥®¡å®¤¨¬®
¢ëïá¨âì, ª®£¤  ReR =R.

�¥¬¬  4. �à¨ á¤¥« ëå ¢ëè¥ ¯à¥¤¯®«®¦¥¨ïå ReR =R â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Q

| ª®¥ç® ¯®à®¦¤¥ë© ¯à®¥ªâ¨¢ë© R-¬®¤ã«ì (â. ¥. ª®¥ç® ¯®à®¦¤¥ë© ¯à®®¡à §ãîé¨©).
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�®ª § â¥«ìáâ¢®. � ¢¥áâ¢® ReR =R íª¢¨¢ «¥â® á®®â®è¥¨î

1R =
mX
i=1

�ie�i: (1)

�®«®¦¨¬ e = #�, �# = 1R,

�i# : R �! Q(n); fi = ��i : Q(n) �! R:

�®« £ ï xi = �i#(1), ¤«ï ª ¦¤®£® x 2 Q(n) ¯®«ãç ¥¬

x =
mX
i=1

xifi(x): (2)

� ª¨¬ ®¡à §®¬,  ©¤¥ ¤ã «ìë© ¡ §¨á ¤«ï Q(n). �¡à â®, ¥á«¨ Q ª®¥ç® ¯®à®¦¤¥ ¨ ¯à®¥ª-
â¨¢¥, â® â ª®¢ ¦¥ ¨ Q(n). �®§ì¬¥¬ ¤ã «ìë© ¡ §¨á ¤«ï Q(n),  ¯à¨¬¥à, fxi; fi j 1 � i � mg.
�¡à é ï à ááã¦¤¥¨ï, ®â®¦¤¥áâ¢¨¬ xi 2 Q(n) á �0i : R ! Q(n). � ª ª ª R | ¯àï¬®¥ á« £ ¥¬®¥
Q(n), â® �0i = �i#, £¤¥ �i : Q(n) ! Q(n). �® â®© ¦¥ ¯à¨ç¨¥ ¬®¦® ¯à¥¤áâ ¢¨âì fi ¢ ¢¨¤¥ ��i,
�i : Q(n) ! Q(n). �¥¯¥àì (2) á¢®¤¨âáï ª (1).

�®¤¢®¤ï ¨â®£¨, ¢¨¤¨¬, çâ® ¨§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â ¤®áâ â®ç®áâì ªà¨â¥à¨ï �®à¨â -íª¢¨-
¢ «¥â®áâ¨ R ¨ K.

�à¨¬¥à 3. �ãáâì U = RN; V = KN | á¢®¡®¤ë¥ ¬®¤ã«¨ á® áç¥âë¬¨ ¡ §¨á ¬¨,

R = End(UR) = RN; K = End(VK) = KN;

e = e11, f = f11 | áâ ¤ àâë¥ ¬ âà¨çë¥ ¥¤¨¨æë. �á«¨ áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ � :R
�=�! K,

â® ãá«®¢¨ï ¯¥à¢®© ç áâ¨ â¥®à¥¬ë 1 ¢ë¯®«¥ë ¨ áãé¥áâ¢ã¥â ¥ª®â®àë© �®à¨â -ª®â¥ªáâ P =
�(e11)V , Q = ��1(f11)U . �á®¢ ï ç áâì ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë � ¬¨««® ¨§ [1] á®áâ®¨â ¢ â®¬,
çâ®¡ë ¥¯®áà¥¤áâ¢¥® ãáâ ®¢¨âì, çâ® P ª®¥ç® ¯®à®¦¤¥ ¨ ï¢«ï¥âáï ®¡à §ãîé¨¬. �á«®¢¨ï
 è¥© â¥®à¥¬ë 1 ï¢«ïîâáï á«¨èª®¬ ®¡é¨¬¨, çâ®¡ë ¢ë¢¥áâ¨ ¨§ ¨å íâ®â ä ªâ (íâ® ¡ã¤¥â ¢¨¤®
¨§ ¯à¨¬¥à  4). � ¬¥â¨¬, çâ® ReR ¢ ¤ ®¬ á«ãç ¥ ¥áâì ¯®¤ª®«ìæ® ¡¥§ ¥¤¨¨æë ª®«ìæ  RN,
á®áâ®ïé¥¥ ¨§ ¬ âà¨æ á ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå áâà®ª (¨   «®£¨ç® ¤«ï KfK). � ª¨¬
®¡à §®¬, ä ªâ¨ç¥áª¨ ¢ [1] ¤®ª § ® (¨ íâ® ®â¬¥ç¥® ¢ [2]),çâ® ¯à¨ «î¡®¬ ¨§®¬®àä¨§¬¥ RN �=
KN ¬ âà¨æë á ª®¥çë¬ ç¨á«®¬ ¥ à ¢ëå ã«î áâà®ª ¯¥à¥å®¤ïâ ¢ ¬ âà¨æë á   «®£¨çë¬
á¢®©áâ¢®¬.

�à¨¬¥à 4, ª®£¤  ãá«®¢¨ï ¯¥à¢®© ç áâ¨ â¥®à¥¬ë 1 ¢ë¯®«¥ë, ® �®à¨â -íª¢¨¢ «¥â®áâì
®âáãâáâ¢ã¥â. �ãáâì R = RN, K = R,   K = KN. � áá¬®âà¨¬ «î¡ãî ¡¨¥ªæ¨î  : N�N �! N.
�® ¥© áâà®¨âáï £®¬®¬®àä¨§¬ ª®«¥æ á ¥¤¨¨æ¥©

' = ' : KN �! RN

á«¥¤ãîé¨¬ ®¡à §®¬. �«¥¬¥âë KN ¡ã¤¥¬ ¯à¥¤áâ ¢«ïâì ¢ ¢¨¤¥ ¡«®çëå N �N-¬ âà¨æ, ¡«®ª¨
ª®â®àëå áãâì í«¥¬¥âë RN. �¡®§ ç¨¬ ç¥à¥§ ai(j)k(l) 2 R ª®¬¯®¥âã a 2 K,  å®¤ïéãîáï ¢ i-©
áâà®ª¥ ¨ k-¬ áâ®«¡æ¥ ¡«®ª  (j; l). �ãáâì â¥¯¥àì

'(a) = (dts)t;s2N; dts 2 R;

£¤¥ d(i;j);(k;l) = ai(j)k(l).

�¥¬¬  5. ' | ¨ê¥ªâ¨¢ë© £®¬®¬®àä¨§¬ ª®«¥æ á ¥¤¨¨æ¥©.
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�®ª § â¥«ìáâ¢®. �¤¤¨â¨¢®áâì ¨ ¨ê¥ªâ¨¢®áâì ®ç¥¢¨¤ë. �®ª ¦¥¬, çâ® '(ab) = '(a)'(b).
�ãáâì c = ab, '(c) = �c, '(a) = �a, '(b) = �b. �®£¤ 

ci(j)k(l) =
X
p

X
q

ai(j)p(q)bp(q)k(l)

¨«¨
�c(i;j)(k;l) =

X
p

X
q

�a(i;j)(p;q)�b(p;q)(k;l):

� ª ª ª  |¡¨¥ªæ¨ï, â® t = (p; q) ¯à¨¨¬ ¥â ¢á¥ § ç¥¨ï ¨§ N à®¢® ¯® ®¤®¬ã à §ã, ¨ ¬ë
¯à¨å®¤¨¬ ª à ¢¥áâ¢ã

�cmn =
X
t

�amt
�btn;

çâ® ¨ ®§ ç ¥â '(ab) = '(a)'(b).
�®ª ¦¥¬, çâ® ¥¤¨¨æ  ¯¥à¥å®¤¨â ¢ ¥¤¨¨æã. �á«¨ " 2 KN | ¥¤¨¨çë© í«¥¬¥â, â® "i(j)k(l) =

�ik�jl (á¨¬¢®«ë �à®¥ª¥à ) ¨ �" = '(") â ª®¢, çâ®

�"(i;j)(k;l) = �ik�jl

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  i = k, j = l, â. ¥. (i; j) = (k; l).

�®«®¦¨¬ â¥¯¥àì K0 = K, R0 = Im(') � R, � : K0
�=
�! R

0 | â® ¦¥ á ¬®¥, çâ® ¨ ' , e =
e11 2 R, f = f11 2 K | áâ ¤ àâë¥ ¬ âà¨çë¥ ¥¤¨¨æë. �à®¢¥à¨¬ ãá«®¢¨ï �(e)K�(e) � K0,
�(f)R�(f) � R0. �ë¯®«¨¬®áâì ¯¥à¢®£® âà¨¢¨ «ì , â. ª. K = K0. �á«¨ ¯®«®¦¨âì g = �(f)
(íâ® ¬ âà¨æ  á í«¥¬¥â ¬¨ gpq), â® «¥£ª® ã¡¥¤¨âìáï, çâ® g(i;1) (i;1) = 1,   ¤«ï ¢á¥å ®áâ «ìëå
¨¤¥ªá®¢ gpq = 0. �ãáâì r 2 R ¨ rt s 2 R | ª®¬¯®¥âë íâ®© ¬ âà¨æë. �®£¤  ª®¬¯®¥âë
¬ âà¨æë d = g r g â ª®¢ë: d(i;1) (k;1) = r(i;1) (k;1), d(i;j) (k;l) = 0 ¤«ï j 6= 1 ¨«¨ l 6= 1. �«¥¬¥âë
¨§ '(K) = R0 ¬®¦® ®å à ªâ¥à¨§®¢ âì ª ª ¬ âà¨æë a, ª®¬¯®¥âë ª®â®àëå ã¤®¢«¥â¢®àïîâ
á«¥¤ãîé¨¬ ¤¢ã¬ á¢®©áâ¢ ¬:

1) 8l 9j0 8j > j0 8i8k a(i;j) (k;l) = 0,
2) 8j; l; k 9i0 8i > i0 a(i;j) (k;l) = 0.
�à®¢¥à¨¬, çâ® ¤«ï ¬ âà¨æë d íâ¨ á¢®©áâ¢  ¢ë¯®«¥ë. �à¨ l 6= 1 ¢®®¡é¥ ¢á¥ d(i;j) (k;l) = 0.

�á«¨ ¦¥ l = 1, â® ¯à¨ j > 1 d(i;j) (k;l) = 0 ¤«ï «î¡ëå i; k. �à®¢¥àª  ¢â®à®£® á¢®©áâ¢  â ª¦¥
á¢®¤¨âáï ª ¯¥à¥¡®àã ¢ à¨ â®¢, ¨§ ª®â®àëå ¥âà¨¢¨ «¥ «¨èì á«ãç © j = l = 1. � ªâ¨ç¥áª¨
 ¤® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¤«ï ä¨ªá¨à®¢ ®£® k «¨èì ª®¥ç®¥ ç¨á«® í«¥¬¥â®¢ r(i;1) (k;1)
®â«¨ç® ®â ã«ï. �® íâ® á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï ª®«ìæ  R.

�¡¥¤¨¬áï, çâ® ReR � R0. � ª ã¦¥ ®â¬¥ç «®áì, ReR | ¯®¤ª®«ìæ®, á®áâ®ïé¥¥ ¨§ ¬ âà¨æ
á ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå áâà®ª. �á«¨ d 2 ReR, â® ¨§ á®®â®è¥¨ï d(i;j) (k;l) = ai(j)k(l)
á«¥¤ã¥â, çâ® ¥á«¨ ¤«ï ¢á¥å (i; j), ªà®¬¥ ª®¥ç®£® ç¨á« , d(i;j) (k;l) = 0 ¯à¨ «î¡ëå (k; l), â®,
¢®-¯¥à¢ëå, ¤«ï ª ¦¤®£® ¡«®ç®£® áâ®«¡æ  ¬ âà¨æë a c ®¬¥à®¬ l ¯®çâ¨ ¢á¥ ¡«®ª¨ ¢ íâ®¬ áâ®«¡æ¥
ã«¥¢ë¥. �â® ã¦¥ ®§ ç ¥â áãé¥áâ¢®¢ ¨¥ ã í«¥¬¥â  d 2ReR ¯à®®¡à §  ®â®á¨â¥«ì® � . �®-
¢â®àëå, ¢ ª ¦¤®¬ ¥ã«¥¢®¬ ¡«®ª¥ ¬ âà¨æë a ¢á¥ áâà®ª¨, ªà®¬¥ ª®¥ç®£® ç¨á« , ã«¥¢ë¥, ¨,
¡®«¥¥ â®£®, áãé¥áâ¢ã¥â ®¡é ï ¢¥àåïï £à ¨æ  ª®«¨ç¥áâ¢ ¥ã«¥¢ëå áâà®ª ¢® ¢á¥å ¡«®ª å. �¥¬
á ¬ë¬ ¢ëïá¥®, çâ® â ª®¥ ��1(ReR),   â ª¦¥, çâ® íâ® ¬®¦¥áâ¢® áãé¥áâ¢¥® ¬¥ìè¥, ç¥¬
KfK.

�â ª, ãá«®¢¨ï ¯¥à¢®© ç áâ¨ â¥®à¥¬ë 1 ¢ë¯®«¥ë, �®à¨â -ª®â¥ªáâ á ãª § ë¬¨ ¢ â¥®à¥¬¥
á¢®©áâ¢ ¬¨ áãé¥áâ¢ã¥â, ® íª¢¨¢ «¥â®áâ¨ ª â¥£®à¨© ¬®¤ã«¥© ® ¥ ®¯à¥¤¥«ï¥â. �®«¥¥ â®£®,
íª¢¨¢ «¥â®áâ¨ ¢ ®¡é¥¬ á«ãç ¥ ¥ ¬®¦¥â ¡ëâì.

�â®¡ë ¯à®¢¥à¨âì íâ®, ¯®áâà®¨¬ ¥ª®â®à®¥ á¥¬¥©áâ¢® ¨¤¥ «®¢ ¢ RN. � ¨¬¥®, ¯® «î¡®©
ª®¥ç®© ¨«¨ áç¥â®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¢«®¦¥ëå ¨¤¥ «®¢ ¢ R,  ¯à¨¬¥à, A1 � A2 � � � � ,
£¤¥ ¢ª«îç¥¨ï ¥ ®¡ï§ â¥«ì® áâà®£¨¥, ¯®áâà®¨¬ ¨¤¥ « I(A1 � A2 � � � � ) = I(Ai) á«¥¤ãîé¨¬
®¡à §®¬. �¥áª®¥ç ï ¬ âà¨æ  a = (aij) ¯à¨ ¤«¥¦¨â I(Ai), ¥á«¨ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì-
®áâì  âãà «ìëå ç¨á¥« m1 = 1 � m2 � m3 � � � � â ª ï, çâ® ¤«ï «î¡®£® i í«¥¬¥âë ¢á¥å áâà®ª

54



¬ âà¨æë a,  ç¨ ï á® áâà®ª¨ á ®¬¥à®¬mi, ¯à¨ ¤«¥¦ â ¨¤¥ «ã Ai. �®á«¥¤®¢ â¥«ì®áâì, à §ã-
¬¥¥âáï, ®¯à¥¤¥«¥  ¥®¤®§ ç®. � ¯à¨¬¥à, ¤«ï «î¡ëå ¥®âà¨æ â¥«ìëå l2; l3; : : : â ª¨å, çâ®
m1 = 1 � m2 + l2 � m3 + l3 � � � � , íâ  ¯®á«¥¤®¢ â¥«ì®áâì ®¬¥à®¢ áâà®ª â ª¦¥ ®¯à¥¤¥«ï¥â
¯à¨ ¤«¥¦®áâì í«¥¬¥â  a ¬®¦¥áâ¢ã I(Ai).

�¥¬¬  6. I(Ai) | ¨¤¥ « ¢ RN.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, I(Ai) | ¯à ¢ë© ¨¤¥ «. �ãáâì b 2 RN | ¯à®¨§¢®«ì ï ¬ âà¨æ 
á ª®¥çë¬¨ áâ®«¡æ ¬¨, ¨ ¯ãáâì kj |  ¨¬¥ìè¨© ®¬¥à áâà®ª¨,  ç¨ ï á ª®â®à®© ¢ áâ®«¡æ å
¬ âà¨æë b á 1-£® ¯® j-© à á¯®« £ îâáï â®«ìª® ã«¨. �á®, çâ® k1 � k2 � � � � . � áá¬®âà¨¬
¬ âà¨æã ba. �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì ®¬¥à®¢ áâà®ª ¨§ ®¯à¥¤¥«¥¨ï ¨¤¥ «  I(Ai) ¤«ï íâ®©
¬ âà¨æë ¬®¦® ¢§ïâì â ª®©: n1 = 1 � n2 � n3 � � � � , £¤¥ nj = kmj

.

� ¬¥â¨¬, çâ® ¢ RN ¨¤¥ « I(R � f0g) | íâ® ¨¤¥ « ¢á¥å ¬ âà¨æ á ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå
áâà®ª,   ¥á«¨ A | ¯à®¨§¢®«ìë© ¨¤¥ « R, â® I(A) = I(A � A � � � � ) = AN ¨ â. ¤. �¤®¢«¥â¢®à¨-
â¥«ì®£® ®¯¨á ¨ï á¢ï§¨ ¬¥¦¤ã ¨¤¥ « ¬¨ R ¨ ¨¤¥ « ¬¨ RN, ¯® ¢¨¤¨¬®¬ã, ¥é¥ ¥  ©¤¥®.

�á¯®«ì§ã¥¬ ¨¤¥ «ë ¢¨¤  I(Ai) ¤«ï â®£®, çâ®¡ë ¤®ª § âì, çâ® RN ¨ (RN)N ¢ ®¡é¥¬ á«ãç ¥
¥ ï¢«ïîâáï �®à¨â -íª¢¨¢ «¥âë¬¨. �á«¨,  ¯à¨¬¥à, R | â¥«®, â® ¢ RN ¨¬¥¥âáï ¢á¥£® ®¤¨
¥âà¨¢¨ «ìë© ¨¤¥ « B = I(R � f0g). �® â®£¤  ¢ (RN)N ¨¬¥¥¬ ã¦¥ ¥áª®«ìª® ¥á®¢¯ ¤ îé¨å
¥âà¨¢¨ «ìëå ¨¤¥ «®¢: I(R � f0g), I(B � B � � � � ), I(R � B), I(B � f0g), çâ® ¨áª«îç ¥â
�®à¨â -íª¢¨¢ «¥â®áâì. �®¯à®á ® â®¬, ¤«ï ª ª¨å R ª®«ìæ  RN ¨ (RN)N �®à¨â -íª¢¨¢ «¥âë,
â ª¦¥, ¯®-¢¨¤¨¬®¬ã, ®âªàëâ.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ ¤¢ãå «¥¬¬.

�¥¬¬  7. �á«¨ ¤  ¡ §®¢ë©  ¡®à ãá«®¢¨©, ¨, ªà®¬¥ â®£®, ReR � R
0, KfK � K

0,

�(f)R�(f) � R0, �(e)K�(e) � K0, â® ¢ë¯®«¥ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï �®à¨â -ª®â¥ªáâ ,

¨, ªà®¬¥ â®£®, ReR =R0
eR

0
, KfK = K0fK0.

�®ª § â¥«ìáâ¢®. � ª ª ª eRe � R0, â® eRe = e(eRe)e � eR
0
e � eRe, ¨   «®£¨ç® ¤«ï

fKf = fK
0
f . �ç¥¢¨¤®, �(f)R0

e � �(f)Re, â ª çâ® ¥®¡å®¤¨¬® ãáâ ®¢¨âì ®¡à â®¥ ¢ª«îç¥¨¥.
�® ¯®«ãç ¥âáï ¨§ æ¥¯®çª¨ ¢ª«îç¥¨© �(f)Re � �(f)(ReR)e � �(f)R0 ¢¢¨¤ã â®£®, çâ® Re �
ReR. �áâ ¢è¨¥áï à ¢¥áâ¢  ¨§  ¡®à  ãá«®¢¨© áãé¥áâ¢®¢ ¨ï �®à¨â -ª®â¥ªáâ  ¤®ª §ë¢ îâáï
  «®£¨ç®.

�®ª ¦¥¬ ¢ª«îç¥¨¥ ReR � R0eR0. � ¬¥â¨¬, çâ® (ReR)2 = ReR, ¨ à áá¬®âà¨¬ æ¥¯®ç-
ªã à ¢¥áâ¢ ¨ ¢ª«îç¥¨© ReR = (ReR)3 = Re(RR)e(RR)eR = (ReR)e(ReR) � R0eR0.
�áâ «ì®¥ ®ç¥¢¨¤®.

�¥¬¬  8. �á«¨ ¤  ¡ §®¢ë©  ¡®à ãá«®¢¨©, ¨, ªà®¬¥ â®£®, ReR � R
0, KfK � K

0,

�(e)K�(e) � K0, �(f)R�(f) �R0, â® ãá«®¢¨ï íª¢¨¢ «¥â®áâ¨ à ¢®á¨«ìë à ¢¥áâ¢ã �(ReR) =
KfK ¨ á«¥¤ãîâ ¨§ ¢ª«îç¥¨© �(e) 2 KfK; �(f) 2ReR.

�®ª § â¥«ìáâ¢®. �ãáâì ¤ ë ãá«®¢¨ï íª¢¨¢ «¥â®áâ¨. � ¬¥â¨¬, çâ® f 2 fK
0
f = fK

0
�(e)K0f ,

¨ à áá¬®âà¨¬ æ¥¯®çªã ¢ª«îç¥¨©

KfK � K(fK0�(e)K0f)K = (KfK0)�(e)(K0fK) � K0�(e)K0 = �(R0
eR

0) � �(ReR):

� «®£¨ç® ¯®«ãç ¥âáï ¢ª«îç¥¨¥ReR � �(KfK). � ª ª ª � ¨ � ¢§ ¨¬® ®¡à âë, â® ¥®¡å®-
¤¨¬ ï ç áâì ãâ¢¥à¦¤¥¨ï «¥¬¬ë ¤®ª §  .

�¡à â®, ¯ãáâì �(ReR) = KfK. �á¯®«ì§ãï ã¦¥ ¤®ª § ë¥ ¢ ¯à¥¤ë¤ãé¨å «¥¬¬ å á®-
®â®è¥¨ï, ¨¬¥¥¬ �(e) 2 KfK = K

0fK0 = �(R0�(f)R0), ®âªã¤  e 2 eR0�(f)R0, ¨ ¤ «¥¥
eR0e � (eR0�(f)R0)R0e � eR0�(f)R0e. �â® § ç¨â, çâ® eRe � eR�(f)Re. � «®£¨ç® ¯®«ã-
ç ¥âáï ¢â®à®¥ ãá«®¢¨¥ íª¢¨¢ «¥â®áâ¨.

�â  «¥¬¬  § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.
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�«¥¤áâ¢¨¥ 1. �ãáâì ¤ ® ª®«ìæ® R = End(UR), £¤¥ U | áâà®£¨© ®¡à §ãîé¨©, ¯®¤ª®«ìæ®
(¢®§¬®¦®, ¡¥§ ¥¤¨¨æë) R0 � R ¨ ¤¢  ¨¤¥¬¯®â¥â  e; f 2 R0 â ª¨¥, çâ® r(e) = r(f) = 1.
�®¯ãáâ¨¬, çâ® ReR = RfR � R0, eRe � R0, fRf � R0. �®£¤  ª®«ìæ  eRe ¨ fRf �®à¨â -
íª¢¨¢ «¥âë.

�¥®à¥¬  2. �ãáâì ¤  ¡ §®¢ë©  ¡®à ãá«®¢¨©. �®£¤  ¤®áâ â®çë¬¨ ãá«®¢¨ï¬¨ áãé¥áâ¢®-

¢ ¨ï �®à¨â -ª®â¥ªáâ , ®¯à¥¤¥«ïîé¥£® íª¢¨¢ «¥â®áâì, ¡ã¤ãâ á«¥¤ãîé¨¥ á®®â®è¥¨ï:
Re �R0, Kf � K0, �(R0eR0) = K0fK0. � ¢®á¨«ì® ¯®á«¥¤¥¬ã à ¢¥áâ¢ã ãá«®¢¨¥ �(e) 2 K0fK0,
�(f) 2R0eR0.

� ¬¥â¨¬, çâ® ãá«®¢¨ïRe �R0, Kf � K0   ï§ëª¥ à ¡®âë [3] ¬®¦® ¢ëà §¨âì â ª: ¯®¤ª®«ìæ 
R

0 ¨ K0 ï¢«ïîâáï ®¡¨«ìë¬¨. �®¢  ¯à¥¤¢ à¨¬ ¤®ª § â¥«ìáâ¢® ¯à¨¬¥à®¬.

�à¨¬¥à 4. �¥à¥¬áï ª á¨âã æ¨¨ ¯à¨¬¥à  3. �ãáâì R0, K0 | ¯®¤ª®«ìæ  R ¨ K, á®áâ®ïé¨¥
¨§ ¬ âà¨æ á ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå ª®¬¯®¥â. �®£¤ 

Re �R0
; Kf � K0; R

0 =R0
eR

0
; K

0 = K0fK0:

�á«¨ áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ � : R0
�=
�! K0, â® ãá«®¢¨ï â¥®à¥¬ë 2 ¢ë¯®«¥ë, ¨ ª®«ìæ  R ¨

K �®à¨â -íª¢¨¢ «¥âë. �â® | ç áâì ¨§¢¥áâ®£® à¥§ã«ìâ â , ¤®ª § ®£® �. �â¥ä¥á®®¬ (á¬.
[2]), ® â®¬, çâ® ¨§®¬®àä¨§¬ ª®«¥æ ¡¥áª®¥çëå ¬ âà¨æ á ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå ª®¬¯®-
¥â ¥áâì ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ �®à¨â -íª¢¨¢ «¥â®áâ¨. �¥®¡å®¤¨¬®áâì íâ®£®
ãá«®¢¨ï ¬®¦® «¥£ª® ¢ë¢¥áâ¨, à áá¬®âà¥¢ ¨§®¬®àä¨§¬ QN �= RN (£¤¥ Q | ª®¥ç® ¯®à®¦¤¥-
ë© ¯à®¥ªâ¨¢ë© ®¡à §ãîé¨© ¢ Mod�R) ¨§ ¤®ª § â¥«ìáâ¢  ®¤®£® ãâ¢¥à¦¤¥¨ï �©«¥¡¥à£ 
([1]) ¨ á®®â¢¥âáâ¢ãîé¨© ¨§®¬®àä¨§¬ EndR(Q)N

�= RN. �â®â ¨§®¬®àä¨§¬ ¨¤ãæ¨àã¥â ¥ â®«ìª®
¨§®¬®àä¨§¬ ¯®¤ª®«¥æ ¬ âà¨æ á ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå áâà®ª (á¬. [2]), ® ¨ ¨§®¬®àä¨§¬
¯®¤ª®«¥æ ¬ âà¨æ á ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå í«¥¬¥â®¢.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®ª ¦¥¬ á ç « , çâ® ãá«®¢¨ï â¥®à¥¬ë 2 ¢«¥ªãâ ¢ë¯®«¥-
¨¥ á®®â®è¥¨© Re � R0,R�(f) � R0, Kf � K0,K�(e) � K0, ¨§ ª®â®àëå ¢ á¢®î ®ç¥à¥¤ì á«¥¤ã-
îâ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï �®à¨â -ª®â¥ªáâ . � ª ª ª �(f) 2 R0eR0 , â® R�(f) � RR0eR0 �
(Re)R0 �R0

R
0 �R0; ¨   «®£¨ç® K�(e) � K0. �âáî¤  ¢ë¢®¤¨¬

Re �R0 ) (Re)e �R0e) e(Re) � e(R0e);

R�(f) �R0 ) (R�(f))�(f) �R0
�(f); �(f)(R�(f)) � �(f)(R0

�(f));

Re �R0
e) �(f)Re � �(f)R0

e;

R�(f) �R0�(f)) eR�(f) � eR0�(f):

�®ç® â ª ¦¥ ¯®«ãç ¥âáï ¢á¥ ®áâ «ì®¥. �¥¯¥àì ¯®ª ¦¥¬, çâ® ¨§ á®®â®è¥¨©Re �R0,Kf � K0,
�(R0eR0) = K0fK0 á«¥¤ãîâ ãá«®¢¨ï íª¢¨¢ «¥â®áâ¨. �à¥¦¤¥ ¢á¥£®, § ¬¥â¨¬, çâ® R0eR0 =
�(K0fK0) = �(�(R0)f�(R0)) =R0�(f)R0, ¨   «®£¨ç® K0fK0 = K0�(e)K0. �âáî¤ 

e 2R0
eR

0 ) e 2 eR
0
�(f)R0

e = eR�(f)Re ) eRe � eR�(f)Re:

�â®à ï ç áâì ãá«®¢¨© íª¢¨¢ «¥â®áâ¨ ¢ë¢®¤¨âáï â®ç® â ª ¦¥.

�«¥¤áâ¢¨¥ 2. �ãáâì ¢ë¯®«¥ë ¡ §®¢ë¥ ãá«®¢¨ï.�®£¤  ¤«ï �®à¨â -íª¢¨¢ «¥â®áâ¨ R ¨
K ¤®áâ â®ç®, çâ®¡ë ¢ë¯®«ï«áï á«¥¤ãîé¨©  ¡®à á®®â®è¥¨©:

eRe = eR0e; fKf = fK0f;

�(f)Re = �(f)R0
e; �(e)Kf = �(e)K0f;

�(e) 2 �(e)K0fK0�(e); �(f) 2 �(f)R0
eR

0
�(f):
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ª®«ìæ 

fR =
�

eRe eR�(f)
�(f)Re �(f)R�(f)

�
� fR0

=
�

eR0e eR0�(f)
�(f)R0e �(f)R0�(f)

�
;

eK =
�
�(e)K�(e) �(e)Kf
fK�(e) fKf

�
� eK0 = ��(e)K0�(e) �(e)K0f

fK
0
�(e) fK

0
f

�
:

�á®, çâ® � ¨¤ãæ¨àã¥â ¨§®¬®àä¨§¬ e� : fR0 �=
�! eK0. �«ï ¬®¤ã«¥©

eU =

 
eRe

�(f)Re

!
; eV =

 
�(e)Kf
fKf

!

¨§ «¥¬¬ë 3 á«¥¤ã¥â End( eUR) �= fR, End( eVK) �= eK. �ãáâì
ee = �e 0

0 0

�
; ef = �0 0

0 f

�
:

�®£¤ 

eefRee = �eRe 0
0 0

�
�= R; fRee = � eRe 0

�(f)Re 0

�
�= eU;

¨   «®£¨ç® ef eK ef = �0 0
0 fKf

�
�= K; eK ef = �0 �(e)Kf

0 fKf

�
�= eV :

� ¢¥áâ¢  ¢ ãá«®¢¨ïå á«¥¤áâ¢¨ï ®§ ç îâ fRee � fR0

, eKee � eK0. �áâ «®áì § ¬¥â¨âì,çâ®
eK0 ef eK0 = ��(e)K0fK0�(e) �

� �

�
; fR0eefR0

=
�
� �
� �(f)R0eR0�(f)

�
;

¨ â®£¤  ¨§ ®áâ «ìëå ãá«®¢¨© á«¥¤áâ¢¨ï ¯®«ãç¨¬

e�(ee) 2 eK0 ef eK0; e�( ef) 2 fR0eefR0

:

�áâ ¥âáï ¯à¨¬¥¨âì â¥®à¥¬ã 2.

�¥®à¥¬  3. �ãáâì ¢ë¯®«¥ë ¡ §®¢ë¥ ãá«®¢¨ï ¨ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï �®à¨â -ª®â¥ªáâ .

�«ï â®£® çâ®¡ë ª®«ìæ  R ¨ K ¡ë«¨ �®à¨â -íª¢¨¢ «¥âë¬¨, ¤®áâ â®ç®, çâ®¡ë R
0 �ReR,

K
0 � KfK.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬ â®â ¦¥ ¬¥â®¤, çâ® ¨ ¢ á«¥¤áâ¢¨¨ ¯à¥¤ë¤ãé¥© â¥®à¥¬ë. �®-
åà ¨¬ á¤¥« ë¥ ¯à¨ ¥£® ¤®ª § â¥«ìáâ¢¥ ®¡®§ ç¥¨ï. �®£¤  ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï �®à¨â -
ª®â¥ªáâ  à ¢®á¨«ìë à ¢¥áâ¢ ¬

fR = fR0

; eK = eK0:
�®ª ¦¥¬, çâ® ¡ã¤ãâ �®à¨â -íª¢¨¢ «¥âë¬¨ ª®«ìæ  fR ¨ R, eK ¨ K. �à®¤¥« ¥¬ íâ® ¯®¤à®¡®
¤«ï ¯¥à¢®© ¯ àë ª®«¥æ. �âà®¨¬ �®à¨â -ª®â¥ªáâ

�
eRe eR�(f)

�



 
eRe

�(f)Re

!
�! eRe;

 
eRe

�(f)Re

!


�
eRe eR�(f)

�
�! fR;

®¯à¥¤¥«ïï £®¬®¬®àä¨§¬ë ª ª ¬ âà¨çë¥ ã¬®¦¥¨ï. �®£¤ , ®ç¥¢¨¤®, ¯¥à¢ë© £®¬®¬®àä¨§¬
 ¢â®¬ â¨ç¥áª¨ áîàê¥ªâ¨¢¥. �¡à § ¢â®à®£® ¥áâì�

eRe eReR�(f)
�(f)ReRe �(f)ReR�(f)

�
:
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�®ª ¦¥¬, çâ® áîàê¥ªâ¨¢®áâì ¢ëâ¥ª ¥â ¨§ ãá«®¢¨ï R0 �ReR.

eR�(f) = eR0�(f) � eReR�(f) � eR�(f);

�(f)Re = �(f)R0
e � �(f)ReRe � �(f)Re;

�(f)R�(f) = �(f)R0�(f) � �(f)ReR�(f) � �(f)R�(f):

�¨¬¬¥âà¨çë¬ ®¡à §®¬ ¬®¦® ãáâ ®¢¨âì íª¢¨¢ «¥â®áâì ¤àã£®© ¯ àë ª®«¥æ. �â ª, ª®«ìæ 
R ¨ K �®à¨â -íª¢¨¢ «¥âë ¨§®¬®àäë¬ ª®«ìæ ¬.
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