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Êðàòêîå ñîîáùåíèå

À.Ì.ÁÈÊ×ÅÍÒÀÅÂ

ÈÄÅÀËÜÍÛÅ F -ÍÎÐÌÛ ÍÀ C∗-ÀËÃÅÁÐÀÕ. II

Àííîòàöèÿ. Èçó÷åíû àññîöèèðîâàííûå ñî ñëåäîì ϕ íà C∗-àëãåáðå A èäåàëüíûå F -íîðìû
‖ · ‖p, 0 < p < +∞. Åñëè A, B èç A ñ |A| ≤ |B|, òî ‖A‖p ≤ ‖B‖p. Èìååì, ÷òî ‖A‖p =
‖A∗‖p äëÿ âñåõ A èç A (0 < p < +∞) è ‖ · ‖p ÿâëÿåòñÿ ïîëóíîðìîé äëÿ 1 ≤ p < +∞.
Îöåíåíî ðàññòîÿíèå îò ïðîèçâîëüíîãî ýëåìåíòà èç óíèòàëüíîé A äî ïîäàëãåáðû ñêàëÿðîâ â
ïîëóíîðìå ‖ ·‖1. Èññëåäîâàíû ãåîìåòðè÷åñêèå ñâîéñòâà ïîëóîðòîãîíàëüíûõ ïðîåêòîðîâ èç A.
Åñëè ñëåä ϕ êîíå÷åí, òî ìíîæåñòâî âñåõ êîíå÷íûõ ñóìì ïîïàðíûõ ïðîèçâåäåíèé ïðîåêòîðîâ
è ïîëóîðòîãîíàëüíûõ ïðîåêòîðîâ (âçÿòûõ â ëþáîì ïîðÿäêå) èç A ñ êîýôôèöèåíòàìè èç R+

íå ïëîòíî â A.
Êëþ÷åâûå ñëîâà: ãèëüáåðòîâî ïðîñòðàíñòâî, ëèíåéíûé îïåðàòîð, ïðîåêòîð, ïîëóîðòîãîíàëü-
íûé ïðîåêòîð, óíèòàðíûé îïåðàòîð, íåðàâåíñòâî, C∗-àëãåáðà, ñëåä, èäåàëüíàÿ F -íîðìà.

ÓÄÊ: 517.98

DOI: 10.26907/0021-3446-2019-3-90-95

Ââåäåíèå. Còàòüÿ ïðîäîëæàåò èññëåäîâàíèÿ [1]�[3]. Èçó÷åíû àññîöèèðîâàííûå ñî ñëå-
äîì ϕ íà C∗-àëãåáðå A èäåàëüíûå F -íîðìû ‖ · ‖p, 0 < p < +∞. Åñëè A,B ∈ A ñ |A| ≤ |B|,
òî ‖A‖p ≤ ‖B‖p. Èìååì ‖A‖p = ‖A∗‖p äëÿ âñåõ A ∈ A (0 < p < +∞) è ‖ · ‖p ÿâëÿåòñÿ
ïîëóíîðìîé äëÿ 1 ≤ p < +∞. Åñëè A óíèòàëüíà ñ åäèíèöåé I è ϕ êîíå÷åí, òî

inf
c∈C
‖A− cI‖1 ≤ ‖A− ϕ(A)ϕ(I)−1I‖1 ≤ 2 inf

c∈C
‖A− cI‖1 äëÿ âñåõ A ∈ A.

Èññëåäîâàíû ãåîìåòðè÷åñêèå ñâîéñòâà ïîëóîðòîãîíàëüíûõ ïðîåêòîðîâ èç A. Åñëè ϕ 6= 0, òî
ìíîæåñòâî âñåõ êîíå÷íûõ ñóìì ïîïàðíûõ ïðîèçâåäåíèé ïðîåêòîðîâ è ïîëóîðòîãîíàëüíûõ
ïðîåêòîðîâ (âçÿòûõ â ëþáîì ïîðÿäêå) èç A ñ êîýôôèöèåíòàìè èç R+ íå ïëîòíî â A.
1. Îïðåäåëåíèÿ è îáîçíà÷åíèÿ. Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî íàä ïîëåì C,

B(H) � ∗-àëãåáðà âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ â H. Êîììóòàíòîì ìíîæåñòâà
X ⊂ B(H) íàçûâàåòñÿ ìíîæåñòâî

X ′ = {Y ∈ B(H) : XY = Y X äëÿ âñåõ X ∈ X}.
∗-Ïîäàëãåáðà M àëãåáðû B(H) íàçûâàåòñÿ àëãåáðîé ôîí Íåéìàíà, äåéñòâóþùåé â ãèëü-
áåðòîâîì ïðîñòðàíñòâå H, åñëèM =M′′. Åñëè X ⊂ B(H), òî X ′ � àëãåáðà ôîí Íåéìàíà,
à X ′′ � íàèìåíüøàÿ àëãåáðà ôîí Íåéìàíà, ñîäåðæàùàÿ X .

Ïîñòóïèëà â ðåäàêöèþ 10.09.2018, ïîñëå äîðàáîòêè 17.09.2018. Ïðèíÿòà ê ïóáëèêàöèè 26.09.2018

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ñóáñèäèè, âûäåëåííîé Êàçàíñêîìó ôåäå-
ðàëüíîìó óíèâåðñèòåòó äëÿ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè
(1.9773.2017/8.9).
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C∗-àëãåáðîé íàçûâàåòñÿ êîìïëåêñíàÿ áàíàõîâà ∗-àëãåáðà A òàêàÿ, ÷òî ‖A∗A‖ = ‖A‖2
äëÿ âñåõ A ∈ A. Ëþáóþ C∗-àëãåáðó ìîæíî ðåàëèçîâàòü êàê C∗-ïîäàëãåáðó â B(H) äëÿ
íåêîòîðîãî ãèëüáåðòîâà ïðîñòðàíñòâà H (Ãåëüôàíä�Íàéìàðê; ñì. [4], òåîðåìà 3.4.1). Ýëå-
ìåíò A ∈ A íàçûâàåòñÿ ïîëóîðòîãîíàëüíûì ïðîåêòîðîì, åñëè A∗A = (A + A∗)/2 ([5], [6]).
Äëÿ C∗-àëãåáðû A ÷åðåç Apr, Asp, Au è A+ áóäåì îáîçíà÷àòü åå ïîäìíîæåñòâà ïðîåêòîðîâ,
ïîëóîðòîãîíàëüíûõ ïðîåêòîðîâ, óíèòàðíûõ ýëåìåíòîâ è ïîëîæèòåëüíûõ ýëåìåíòîâ ñîîò-
âåòñòâåííî. Åñëè A ∈ A, òî |A| =

√
A∗A ∈ A+. Ïóñòü F(A) � ìíîæåñòâî âñåõ êîíå÷íûõ

ñóìì ïîïàðíûõ ïðîèçâåäåíèé ïðîåêòîðîâ è ïîëóîðòîãîíàëüíûõ ïðîåêòîðîâ (âçÿòûõ â ëþ-
áîì ïîðÿäêå) èç A ñ êîýôôèöèåíòàìè èç R+.
Ñëåäîì íà C∗-àëãåáðå A íàçûâàåòñÿ òàêîå îòîáðàæåíèå ϕ : A+ → [0,+∞], ÷òî ϕ(X +

Y ) = ϕ(X) + ϕ(Y ), ϕ(λX) = λϕ(X) äëÿ âñåõ X,Y ∈ A+, λ ≥ 0 (ïðè ýòîì 0 · (+∞) ≡ 0);
ϕ(Z∗Z) = ϕ(ZZ∗) äëÿ âñåõ Z ∈ A. Ñëåä ϕ íàçûâàåòñÿ òî÷íûì, åñëè ϕ(X) = 0 =⇒ X = 0,
X ∈ A+; ïîëóêîíå÷íûì, åñëè ϕ(A) = sup{ϕ(B) : B ∈ A+, B ≤ A, ϕ(B) < +∞} äëÿ êàæäîãî
A ∈ A+. Êîíå÷íûé ñëåä (ò. å. ϕ(X) < +∞ äëÿ âñåõ X ∈ A+) êîððåêòíî ïðîäîëæàåòñÿ ïî
ëèíåéíîñòè äî ôóíêöèîíàëà íà A, êîòîðûé áóäåì îáîçíà÷àòü òîé æå áóêâîé ϕ.

2. Ïîëóíîðìû, àññîöèèðîâàííûå ñî ñëåäîì íà C∗-àëãåáðàõ.

Ëåììà ([7]). Åñëè M � àëãåáðà ôîí Íåéìàíà è A,B ∈ M, òî ñóùåñòâóþò òàêèå èçî-

ìåòðèè U, V ∈ M, ÷òî |A + B| ≤ U |A|U∗ + V |B|V ∗. Åñëè C∗-àëãåáðà A óíèòàëüíà è

A,B ∈ A, òî äëÿ êàæäîãî ÷èñëà ε > 0 ñóùåñòâóþò òàêèå U, V ∈ Au, ÷òî |A + B| ≤
U |A|U∗ + V |B|V ∗ + εI.

Ïóñòü A � C∗-àëãåáðà. Ïðåäïîëîæèì äëÿ îòîáðàæåíèÿ ρ : A → R âûïîëíåíî óñëîâèå

ρ(A) = ρ(A∗) äëÿ âñåõ A ∈ A. (1)

Äëÿ óíèòàëüíîé àëãåáðû A ïîëîæèì ρ(A)(1) = inf
c∈C

ρ(A − cI) äëÿ âñåõ A ∈ A. Åñëè

ρ(UAU∗) = ρ(A) äëÿ âñåõ A ∈ A è U ∈ Au, òî ρ(UAU∗)(1) = ρ(A)(1) äëÿ âñåõ A ∈ A
è U ∈ Au. Åñëè ρ ÿâëÿåòñÿ ïîëóíîðìîé íà A, òî ρ(1) òàêæå ÿâëÿåòñÿ ïîëóíîðìîé. Èç
âûïîëíåíèÿ óñëîâèÿ (1) äëÿ ρ ñëåäóåò åãî âûïîëíåíèå äëÿ ρ(1): èìååì ρ(A)(1) ≤ ρ(A) è

ρ(A∗)(1) = inf
c∈C

ρ(A∗ − cI) = inf
c∈C

ρ((A− cI)∗) = inf
c∈C

ρ(A− cI) = ρ(A)(1) äëÿ âñåõ A ∈ A.

Ïóñòü ϕ � ñëåä íà C∗-àëãåáðå A. Äëÿ âñåõ A ∈ A ïîëîæèì

‖A‖p =

{
ϕ(|A|p), åñëè 0 < p ≤ 1;

ϕ(|A|p)1/p, åñëè 1 ≤ p < +∞.

Ïóñòü τ � ïîëóêîíå÷íûé ïîëóíåïðåðûâíûé ñíèçó ñëåä íà C∗-àëãåáðå A è (π, ν) � ïðåä-
ñòàâëåíèå C∗-àëãåáðû A, ñâÿçàííîå ñî ñëåäîì τ ([8], 6.6.4). Òîãäà äëÿ �åñòåñòâåííîãî� òî÷íî-
ãî íîðìàëüíîãî ïîëóêîíå÷íîãî ñëåäà ν íà àëãåáðå ôîí ÍåéìàíàM = π(A)′′, ïîðîæäåííîé
π(A) ([8], A60) âûïîëíÿåòñÿ ñîîòíîøåíèå ν(π(X)) = τ(X) äëÿ ëþáîãî X ∈ A+. Äëÿ âñåõ
A,B ∈ A è 0 < p < +∞ èìååì ‖A + B‖p ≤ ‖A‖p + ‖B‖p. Ïóñòü 0 < p ≤ 1, òîãäà â ñèëó
ëåììû ïîëó÷àåì

τ(|A+B|p) = ν(π(|A+B|p)) = ν((π(|A+B|))p) = ν(|π(A) + π(B)|p) ≤
≤ ν((Uπ(|A|)U∗ + V π(|B|)V ∗)p) ≤ ν((Uπ(|A|)U∗)p) + ν((V π(|B|)V ∗)p) =

= ν((π(|A|)
1
2U∗Uπ(|A|)

1
2 )p) + ν((π(|B|)

1
2V ∗V π(|B|)

1
2 )p) ≤

≤ ν(π(|A|p)) + ν(π(|B|p)) = τ(|A|p) + τ(|B|p).
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Íåðàâåíñòâî òðåóãîëüíèêà äëÿ ‖ · ‖2 ñëåäóåò èç íåðàâåíñòâà Êîøè�Áóíÿêîâñêîãî, è äàæå
äëÿ ïðîèçâîëüíîãî (íå îáÿçàòåëüíî ñëåäîâîãî) ïîëîæèòåëüíîãî ôóíêöèîíàëà ϕ. Äëÿ âñåõ
A ∈ A è 0 < p < +∞ èìååì

τ(|A|p) = τ((A∗A)p/2) = ν(π((A∗A)p/2)) = ν((π(A∗A))p/2) = ν((π(A∗)π(A))p/2) =

= ν((π(A)∗π(A))p/2) = ν((π(A)π(A)∗)p/2) = ν((π(A)π(A∗))p/2) =

= ν((π(AA∗))p/2) = ν(π((AA∗))p/2) = τ((AA∗)p/2) = τ(|A∗|p),

ò. å. ‖ · ‖p óäîâëåòâîðÿåò óñëîâèþ (1). Äëÿ τ àíàëîãè÷íî ïðîâåðÿåòñÿ

Ïðåäëîæåíèå 1. Åñëè 0 < p < +∞ è A,B ∈ A ñ |A| ≤ |B|, òî ‖A‖p ≤ ‖B‖p.

Çàìåòèì òàêæå, ÷òî äëÿ 0 < p ≤ 1 ýòî óòâåðæäåíèå (äëÿ ïðîèçâîëüíîãî ñëåäà ϕ) ñëåäóåò
èç îïåðàòîðíîé ìîíîòîííîñòè ôóíêöèè f(t) = tp íà R+. Äëÿ 1 < p ≤ 2 èìååì |A|p−1 ≤ |B|p−1
è

ϕ(|A|p) = ϕ(|A|
p−1
2 · |A| · |A|

p−1
2 ) ≤ ϕ(|A|

p−1
2 · |B| · |A|

p−1
2 ) =

= ϕ(|B|
1
2 · |A|p−1 · |B|

1
2 ) ≤ ϕ(|B|

1
2 · |B|p−1 · |B|

1
2 ) = ϕ(|B|p).

Òåîðåìà 1. Ïóñòü ϕ � êîíå÷íûé ñëåä íà óíèòàëüíîé C∗-àëãåáðå A. Òîãäà

‖A‖(1)1 ≤
∥∥∥∥A− ϕ(A)

ϕ(I)
I

∥∥∥∥
1

≤ 2‖A‖(1)1 äëÿ âñåõ A ∈ A.

Ñõåìà äîêàçàòåëüñòâà. Ïîêàæåì, ÷òî

ϕ

(∣∣∣∣A− ϕ(A)

ϕ(I)
I

∣∣∣∣) ≤ 2ϕ(|A− cI|) äëÿ âñåõ A ∈ A è c ∈ C.

Ïîñêîëüêó

A− ϕ(A)

ϕ(I)
I = (A− cI)−

(
ϕ(A)

ϕ(I)
I − cI

)
è

∣∣∣∣ϕ(A)

ϕ(I)
I − cI

∣∣∣∣ =
1

ϕ(I)
|ϕ(A− cI)|I,

â ñèëó ëåììû äëÿ êàæäîãî ÷èñëà ε > 0 ñóùåñòâóþò òàêèå U, V ∈ Au, ÷òî∣∣∣∣A− ϕ(A)

ϕ(I)
I

∣∣∣∣ ≤ U |A− cI|U∗ + V

∣∣∣∣ϕ(A)

ϕ(I)
I − cI

∣∣∣∣V ∗ + εI.

Ïîýòîìó

ϕ

(∣∣∣∣A− ϕ(A)

ϕ(I)
I

∣∣∣∣) ≤ ϕ(U |A− cI|U∗) + ϕ

(
V

∣∣∣∣ϕ(A)

ϕ(I)
I − cI

∣∣∣∣V ∗)+ εϕ(I) =

= ϕ(|A− cI|) + ϕ

(∣∣∣∣ϕ(A)

ϕ(I)
I − cI

∣∣∣∣)+ εϕ(I) = ϕ(|A− cI|) + ϕ

(
1

ϕ(I)
|ϕ(A− cI)|I

)
+ εϕ(I) ≤

≤ 2ϕ(|A− cI|) + εϕ(I)

äëÿ âñåõ A ∈ A è c ∈ C.

Ïðåäëîæåíèå 2. Ïóñòü 0 6= ak ∈ C è Ak ∈ A ñ A∗kAk = akA
∗
k + akAk äëÿ k = 1, . . . , n.

Òîãäà

(i) 1
2ak

Ak ∈ Asp äëÿ âñåõ k = 1, . . . , n;

(ii) åñëè λ ∈ C ñ Reλ < 0, òî λI 6=
n∑

k=1

akAk.
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Äëÿ ïðîâåðêè (ii) ïðåäïîëîæèì, ÷òî λI =
n∑

k=1

akAk. Òîãäà λI =
n∑

k=1

akA
∗
k è

0 ≥ Re (λ)I =
λI + λI

2
=

n∑
k=1

A∗kAk.

Ïîýòîìó A∗kAk = 0 è Ak = 0 äëÿ âñåõ k = 1, . . . , n èìååì ïðîòèâîðå÷èå.

Ïðåäëîæåíèå 3. Ïóñòü ϕ � êîíå÷íûé ñëåä íà óíèòàëüíîé C∗-àëãåáðå A, 0 6= a ∈ C è

A ∈ A ñ A∗A = aA∗ + aA. Òîãäà ‖A‖(1)1 ≤ |a|ϕ(I).

Ñõåìà äîêàçàòåëüñòâà. Ïóñòü ϕ 6= 0 è τ(A) = ϕ(A)
ϕ(I) äëÿ âñåõ A ∈ A. Òîãäà τ(

√
B) ≤

√
τ(B)

äëÿ âñåõ B ∈ A+ (ýòî � êîììóòàòèâíàÿ ñèòóàöèÿ) è

inf
c∈C

τ(|A− cI|) = inf
c∈C

τ(
√
A∗A− cA∗ − cA+ |c|2I) ≤

≤ inf
c∈C

√
τ(A∗A− cA∗ − cA+ |c|2I) =

√
inf
c∈C

τ(A∗A− cA∗ − cA+ |c|2I) = δ.

Åñëè A∗A = aA∗ + aA äëÿ íåêîòîðîãî 0 6= a ∈ C, òî δ ≤ |a|. Â ñèëó òåîðåìû 1 èìååì

b = ϕ

(∣∣∣∣A− ϕ(A)

ϕ(I)
I

∣∣∣∣) ≤ 2|a|

è äëÿ A ∈ Asp (ò. å. ïðè a = 1/2) ïîëó÷èì b ≤ 1.
Â B(H) ñóùåñòâóþò óíèòàëüíûå C∗-ïîäàëãåáðû ñ òðèâèàëüíûì ìíîæåñòâîì ïðîåêòîðîâ

[9]. Â êîíòðàñò ñ ýòèì, ïîëóîðòîãîíàëüíûõ ïðîåêòîðîâ â óíèòàëüíûõ C∗-àëãåáðàõ �ïî÷òè�
äîñòàòî÷íî äëÿ àääèòèâíîãî ïîðîæäåíèÿ ýòèõ àëãåáð.

Òåîðåìà 2. Ïóñòü A � óíèòàëüíàÿ C∗-àëãåáðà ñ åäèíèöåé I. Êàæäûé ýëåìåíò T ∈ A
ïðåäñòàâëÿåòñÿ â âèäå êîíå÷íîé ñóììû T =

∑
k

Tk ñ Tk ∈ {−I} ∪ Asp.

Ñõåìà äîêàçàòåëüñòâà. Â ([10], ñ. 252) ïîêàçàíî, ÷òî äëÿ âñåõ T ∈ A è âñåõ ε > 0 ñóùå-
ñòâóþò U1, U2, U3 ∈ Au òàêèå, ÷òî T = (‖T‖ + ε)(U1 + U2 + U3) (áîëåå ñèëüíûé ðåçóëüòàò
ñì. â [11]). Ïóñòü ε âûáðàíî òàê, ÷òîáû ‖T‖ + ε ∈ N. Ñóùåñòâóåò áèåêöèÿ ìåæäó Au è
ìíîæåñòâîì íîðìàëüíûõ ýëåìåíòîâ èç Asp, çàäàâàåìàÿ ñîîòíîøåíèåì U = 2S − I. Òîãäà,
âûáðàâ S1, S2, S3 ∈ Asp, ñîîòâåòñòâóþùèå U1, U2, U3, ïîëó÷àåì

T = (‖T‖+ ε)(2S1 − I + 2S2 − I + 2S3 − I) = (‖T‖+ ε)(2(S1 + S2 + S3)− 3I).

Èç ï. (ii) ïðåäëîæåíèÿ 2 ñëåäóåò, ÷òî ýëåìåíò −I íå ïðåäñòàâëÿåòñÿ â âèäå êîíå÷íîé ñóììû
ýëåìåíòîâ èç Asp.
Â ðàáîòå [12] Ë.Ìàðêó íàçâàë âûïîëíÿþùååñÿ äëÿ íåêîòîðûõ C∗-àëãåáð ðàâåíñòâî

A =
{∑

k

PkQkRk : Pk, Qk, Rk ∈ Apr
}

([13], ñëåäñòâèå 6) ôåíîìåíàëüíûì è ñîïîñòàâèë åãî ñ òåì, ÷òî èíîãäà (ñì. [13], ëåììà 4)
ìíîæåñòâî {∑

k

λkQkRk : λk ∈ R, Qk, Rk ∈ Apr
}

äàæå íå ïëîòíî â C∗-àëãåáðå A.
Òåîðåìà 3. Ïóñòü ϕ � êîíå÷íûé ñëåä íà óíèòàëüíîé C∗-àëãåáðå A. Òîãäà

inf
X∈F(A)

‖ −A−X‖ > 0 äëÿ êàæäîãî A ∈ A+ ñ ϕ(A) > 0.
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Ñõåìà äîêàçàòåëüñòâà. Äëÿ ïðîèçâîëüíûõ ýëåìåíòîâ T ∈ Asp è P ∈ Apr èìååì

0 ≤ ϕ(PT ∗TP ) = ϕ(T ∗TP ) =
1

2
ϕ(TP + T ∗P ) =

=
1

2
(ϕ(TP ) + ϕ(TP )) = Reϕ(TP ) = Reϕ(PT ).

Ïóñòü A ∈ A+ ñ ϕ(A) > 0. Åñëè óêàçàííûé inf ðàâåí íóëþ, òî äëÿ ïðîèçâîëüíîãî ÷èñëà
ε > 0 ñóùåñòâóþò òàêèå êîíå÷íûå íàáîðû {λn}ln=1 ⊂ (0,∞), {Pn}ln=1 ⊂ Apr, {Tn}ln=1 ⊂ Asp

è j ∈ {1, 2, . . . , l}, ÷òî ∥∥∥−A− j∑
k=1

λkPkTk −
l∑

k=j+1

λkTkPk

∥∥∥ < ε.

Äëÿ z =
∑j

k=1 ϕ(λkPkTk) +
l∑

k=j+1

ϕ(λkTkPk) ∈ C èìååì Re z ≥ 0. Òåïåðü

∣∣∣ϕ(−A− j∑
k=1

λkPkTk −
l∑

k=j+1

λkTkPk

)∣∣∣ = | − ϕ(A)− Re z − iIm z| ≥ ϕ(A)

� ïðîòèâîðå÷èå ñ íåïðåðûâíîñòüþ ïîëîæèòåëüíîãî ëèíåéíîãî ôóíêöèîíàëà ϕ.

Ñëåäñòâèå. Ïóñòü íà C∗-àëãåáðå A ñóùåñòâóåò íåòðèâèàëüíûé êîíå÷íûé ñëåä. Òîãäà ìíî-
æåñòâî F(A) íå ïëîòíî â A.

Ýòî óòâåðæäåíèå äîïîëíÿåò ëåììó 4 èç [13].
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Ideal F -norms on C∗-algebras. II

Abstract. We study ideal F -norms ‖ · ‖p, 0 < p < +∞ associated with a trace ϕ on a C∗-algebra
A. If A,B of A are such that |A| ≤ |B|, then ‖A‖p ≤ ‖B‖p. We have ‖A‖p = ‖A∗‖p for all A
from A (0 < p < +∞) and ‖ · ‖p is a seminorm for 1 ≤ p < +∞. We estimate the distance from
any element of unital A to the scalar subalgebra in the seminorm ‖ · ‖1. We investigate geometric
properties of semiorthogonal projections from A. If a trace ϕ is finite, then the set of all finite
sums of pairwise products of projections and semiorthogonal projections (in any order) of A with
coefficients from R+ is not dense in A.
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