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Abstract—We obtain sharp estimates for the accuracy of the best approximation of functions
by algebraic polynomials on an interval, the half-line, and the entire line in weighted Sobolev
spaces with Jacobi, Laguerre, and Hermite weights, respectively. We show that the orthogonal
polynomials associated with these weights form orthogonal bases in the respective weighted
Sobolev spaces. We obtain sharp estimates of Markov–Bernstein type.
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1. INTRODUCTION

Orthogonal polynomials play an important role both in theory and in practical computations.
The studies of approximation properties of the corresponding Fourier sums in various norms under
various assumptions on the function to be approximated form a theoretical background of numer-
ous approximate methods for solving differential equations. Of these methods, we note spectral
methods and finite-element p- and (h–p)-methods, for which accuracy estimates in Sobolev spaces
are important. Estimates in weighted Sobolev spaces play a key role in the analysis of numerical
methods for degenerating equations and equations in unbounded domains.

For the approximation of functions on an interval, the following estimate is well known [1] :

inf
p∈PN−1

‖u− p‖V s
ωα

(Ω) ≤ CstN
−(t−s)‖u‖V t

ωα
(Ω), 0 ≤ s ≤ t ≤ N, (1)

where Ω = (−1, 1), ωα = (1−x2)α is the Jacobi weight function with coinciding exponents, α > −1,
Pn is the set of all algebraic polynomials of order ≤ n, and

‖u‖2V s
ωα

(Ω) =

∫

Ω

s∑
j=0

ωα+j(x)

∣∣∣∣d
ju

dxj
(x)

∣∣∣∣
2

dx. (2)

The space V s
ωα
(Ω) is defined as the set of functions with finite norm (2).

To the best of the author’s knowledge, an estimate of the form (1) was obtained for the first time
in [2] for the Legendre weight function (i.e., for α = 0). It was shown there that the space V t

ωα
(Ω)

can be equivalently defined as the domain of the closure of the corresponding power of the Legendre
operator. (The eigenfunctions of this operator are the Legendre polynomials.) This interpretation
of the space V t

ωα
(Ω) permits readily obtaining the estimate (1) in this case. An approach similar to

that in [2] was used in [1]. Note that this method cannot provide sharp values of the constants Cst.

The estimate (1) for the Jacobi weight function for arbitrary exponents, i.e., for ωα = ω(α1,α2) =
(1− x)α1(1 + x)α2 , α1, α2 > −1, was obtained in [3], where a simpler technique was used, in which
the estimates are derived by analyzing the accuracy of the corresponding Fourier sums in Jacobi
polynomials. In this connection, note also the papers [4, p. 85; 5; 6, Sec. 1.1.8; 7]. However,
the problem on the completeness of the system of Jacobi polynomials in the corresponding space
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SHARP ESTIMATES FOR THE POLYNOMIAL APPROXIMATION 887

V t
ωα
(Ω) remained unsolved in [3–6]; accordingly, the estimate (1) was proved in these papers only

for functions that can be represented by Fourier series convergent in the norm of the space V t
ωα
(Ω).

Note also the papers [8–10], where accuracy estimates for the polynomial approximation in
a scale of weighted Sobolev spaces other than (2) were obtained.

In the present paper, we obtain a sharp estimate of the form (1) for the case in which ωα is
a Jacobi, Laguerre, or Hermite weight function and Ω is an interval, the half-line, or the entire real
line, respectively (see Section 2). The proof technique is the same in all cases and is based on the
accuracy analysis of the corresponding Fourier sums. In the case of Jacobi weights, our estimates
improve the above-mentioned results.

Let us describe the main results of the present paper (see Sections 4 and 5).

1. We show that the orthogonal polynomials corresponding to ωα form an orthogonal basis
in V m

ωα
(Ω) for each integer m ≥ 0; as a consequence, the best approximation uN−1 in PN−1 to

an arbitrary function u ∈ V m
ωα
(Ω) coincides with the best approximation to u in L2

ωα
(Ω) and hence

is the corresponding Fourier sum.

2. We find the constant CstNα in the sharp estimate

|u− uN−1|V s
ωα

(Ω) ≤ CstNα|u|V t
ωα

(Ω), 0 ≤ s ≤ t ≤ N, (3)

in closed form.

3. We obtain the sharp Markov–Bernstein type estimate |pN |V t
ωα

(Ω) ≤ C−1
stNα|pN |V s

ωα
(Ω), where

t ≥ s ≥ 0, pN ∈ PN , and CstNα is the same constant as in (3).

The proofs of these assertions are based on the following property of classical orthogonal poly-
nomials {p(α)n }∞n=0 with weight ωα (see Section 3): there exist numbers λ(α)

sn such that λ(α)
sn > 0 for

0 ≤ s ≤ n and the relation

(−1)sDs(ωα+sD
sp(α)n ) = λ(α)

sn ωαp
(α)
n on Ω

holds for s ≥ 0 and n ≥ 0.

It follows from assertions 1–3 that the corresponding orthogonal polynomials in the weighted
spaces V m

ωα
(Ω) play the same role as the trigonometric basis plays in ordinary Sobolev spaces of

periodic functions.

2. WEIGHTED SPACES

2.1. Definitions

In what follows, by Ω = (a, b) we denote a finite or infinite interval of the real line R, and by
ωα = ωα(x) we denote one of the Jacobi, Laguerre, or Hermite weight functions. Thus, we consider
the following three types of weights:

ωα(x) = (1− x)α1(1 + x)α2 , α1, α2 > −1, (a, b) = (−1, 1), (4)

ωα(x) = xαe−x, (a, b) = (0,∞), α > −1, (5)

ωα(x) = e−x2

, (a, b) = (−∞,∞). (6)

The weight function (4) is related to the Jacobi polynomials P (α)
n = P (α1,α2)

n , whose special cases
are the Chebyshev and Legendre polynomials, and the weight functions (5) and (6) are related
to the Laguerre polynomials (L(α)

n ) and the Hermite polynomials (Hn), respectively. The above-
mentioned polynomials form an orthogonal basis in the respective weighted Lebesgue spaces L2

ωα
(Ω)

with inner product

(u, v)L2
ωα

(Ω) =

b∫

a

ωα(x)u(x)v(x) dx

and norm ‖u‖L2
ωα

(Ω) = (u, u)1/2L2
ωα

(Ω) (e.g., see [11, Ths. 3.1.5 and 5.7.1]).
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888 DAUTOV, TIMERBAEV

For integer m ≥ 0, we define the weighted Sobolev spaces

V m
ωα
(Ω) = {v ∈ L2

ωα
(Ω) : Dsv ∈ L2

ωα+s
(Ω), 0 ≤ s ≤ m}.

Here Ds is the operator of generalized differentiation of order s on Ω, D = D1, and D0u = u;
in the case of a multi-index α, we set α+ s = s+α = (α1 + s, α2 + s) for s ∈ R. The space V m

ωα
(Ω)

is equipped with the inner product

(u, v)V m
ωα

(Ω) =

b∫

a

m∑
s=0

ωα+s(x)D
su(x)Dsv(x) dx

and the norm ‖u‖V m
ωα

(Ω) = (u, u)
1/2

V m
ωα

(Ω). By definition, V 0
ωα
(Ω) = L2

ωα
(Ω). By |u|V s

ωα
(Ω) we denote

the seminorm

|u|2V s
ωα

(Ω) =

b∫

a

ωα+s(x)|Dsu(x)|2 dx.

Since the weight function ωα is continuous on Ω in all cases, we have

V m
ωα
(Ω) ⊂ Wm

2,loc(Ω) ⊂ Cm−1(Ω). (7)

The results in [12] imply that the above-introduced norm on V m
ωα
(Ω) is equivalent to the following

norm:

‖u‖Hm
ωα+m

(Ω) =

( b∫

a

ωα+m(x)

m∑
s=0

|Dsu(x)|2 dx
)1/2

.

Note also that the weight function (6) is independent of the parameter. We use the index α in this
case to consider all three types of weight functions simultaneously in a unified manner. For the
Hermite weight, the two norms indicated above coincide, and

‖u‖2V m
ωα

(Ω) =

∞∫

−∞

e−x2

m∑
s=0

|Dsu(x)|2 dx.

2.2. Auxiliary Results

In what follows, we write f(x) ∼ g(x) as x → d if there exist constants c1, c2 > 0 such that
c1 ≤ f(x)/g(x) ≤ c2 in some neighborhood of the point d. Note that if v ∈ V m

ωα
(Ω) and d is a finite

boundary point of Ω such that ωα(x) ∼ |x − d|α as x → d, then the limit limx→dD
jv(x) is not

necessarily defined for j ≥ 0 (e.g., see [12]). Nevertheless, the following assertion holds.

Lemma 1. Let d be a finite boundary point of the domain Ω, let ωα(x) ∼ |x − d|α as x → d,
and let v be an arbitrary function in V m

ωα
(Ω), m ≥ 1. Then

|x− d|α+j+1Djv(x) → 0 as x → d (8)

for all α > −1 and j = 0, . . . ,m− 1.

Proof. Consider the case in which d = a; the case of d = b can be considered in a similar
way. Let a < x0 < b and (x − a)α ≤ C2ωα(x) on (a, x0), C = const . Take an arbitrary integer j,
0 ≤ j ≤ m− 1, and an ε > 0. Let us show that the function

w(x) = (x− a)α+j+1−εDjv(x)
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is absolutely continuous on [a, x0]; more precisely, Dw belongs to L1(a, x0) for sufficiently small ε.
This will imply relation (8), because

(x− a)α+j+1Djv(x) = (x− a)εw(x) → 0 as x → a.

We have
Dw(x) = (α+ j + 1− ε)(x − a)α+j−εDjv(x) + (x− a)α+j+1−εDj+1v(x).

Let us estimate the norm of the first term by using the Hölder inequality:

x0∫

a

(x− a)α+j−ε|Djv(x)| dx =

x0∫

a

(x− a)(α+j−2ε)/2(x− a)(α+j)/2|Djv(x)| dx

≤ C

x0∫

a

(x− a)(α+j−2ε)/2ω
1/2
α+j(x)|Djv(x)| dx ≤ C(x0 − a)(α+j+1−2ε)/2|v|V j(Ω;ωα) < ∞

for 0 < 2ε < α + 1. The second term in Dw can be estimated in a similar way. The proof of the
lemma is complete.

Lemma 2. Let pn ∈ Pn, n ≥ 0, let ωα be one of the weight functions (4)–(6), let v be an arbitrary
function in V m

ωα
(Ω), m ≥ 1, and let

hj(x) = Dm−1−j(ωα+m(x)pn(x))D
jv(x).

Then
lim
x→a

hj(x) = lim
x→b

hj(x) = 0

for each j = 0, . . . ,m− 1.

Proof. At a finite boundary point, each of the weight functions has a power-law asymptotics.
Accordingly, we restrict our considerations to the following two most important cases: (i) a = 0;
(ii) b = +∞. Consider case (i). Since pn ∈ Pn, one can readily see that hj(x) ∼ (x−a)j+α+1Djv(x)
in some neighborhood of a. Consequently, limx→a hj(x) = 0 by Lemma 1.

In case (ii), consider the Laguerre weight function. The Hermite weight function can be consid-
ered in a similar way. For large x, we have

hj(x) = Dm−1−j(xα+me−xpn)D
jv(x) ∼ (xα+j+1+ne−x)Djv(x). (9)

Let x0 be an interior point of Ω, and let 0 ≤ j ≤ m− 1. Let us differentiate the expansion

v(x) =

m−1∑
k=0

1

k!
Dkv(x0)(x− x0)

k +
1

(m− 1)!

x∫

x0

(x− y)m−1Dmv(y) dy,

which holds by virtue of the embedding (7), j times with respect to x,

Djv(x) =

m−1∑
k=j

1

(k − j)!
Dkv(x0)(x− x0)

k−j +
1

(m− j − 1)!

x∫

x0

(x− y)m−j−1Dmv(y) dy.

The first term on the right-hand side in the last relation is of the order of xm−j−1. Consequently,
for large x we have the inequality

|Djv(x)| ≤ cxm−j−1 + C

( x∫

x0

(x− y)2(m−j−1)y−α−mey dy

)1/2

|v|V m
ωα

(Ω) ≤ C1x
mex/2. (10)

It follows from (9) and (10) that limx→+∞ hj(x) = 0.
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890 DAUTOV, TIMERBAEV

3. HIGHER-ORDER DIFFERENTIAL EQUATIONS
FOR ORTHOGONAL POLYNOMIALS

Lemma 3. Let ωα be one of the weight functions (4)–(6), and let {p(α)n }∞n=0 be the corresponding
system of orthogonal polynomials. Then there exist numbers λ(α)

sn such that λ(α)
sn > 0 for s ≤ n and

the equation
(−1)sDs(ωα+sD

sp(α)n ) = λ(α)
sn ωαp

(α)
n on (a, b) (11)

holds for s ≥ 0 and n ≥ 0. In addition, if 0 ≤ s < t ≤ n, then the function n → C2
stnα = λ(α)

sn /λ
(α)
tn

is decreasing.

Proof. It is well known that the classical orthogonal polynomials satisfy the equations

−D(ωα+1Dp(α)n ) = λ(α)
n ωαp

(α)
n , n ≥ 0, (12)

Dp(α)n = d(α)n p
(α+1)
n−1 , n ≥ 1, (13)

on Ω for certain λ(α)
n and d(α)n ; moreover, the function n → λ(α)

n is increasing, and λ(α)
n > 0 for

n > 0. Let us introduce the numbers

λ(α)
sn = λ(α)

n λ
(α+1)
n−1 · · ·λ(α+s−1)

n−s+1 , s ≤ n,

and set λ(α)
sn = 0 for s > n and λ

(α)
0n = 1.

Let x0 be an interior point of the domain Ω, and let I(f) =
∫ x

x0
f(x) dx. It follows from (12)

and (13) that −d(α)n D(ωα+1p
(α+1)
n−1 ) = λ(α)

n ωαp
(α)
n . By integrating this relation, we obtain the follow-

ing recurrent formula in α :

I(ωαp
(α)
n (x)) = −d(α)n

λ
(α)
n

ωα+1(x)p
(α+1)
n−1 (x) + p0(x), p0 ∈ P0.

Let us successively integrate this relation s − 1 times with respect to x. As a result, for s ≤ n
we obtain

λ(α)
sn Is(ωαp

(α)
n ) = (−1)sd(α)sn ωα+sp

(α+s)
n−s + ps−1, ps−1 ∈ Ps−1, (14)

where d(α)sn = d(α)n d
(α+1)
n−1 . . . d

(α+s−1)
n−s+1 . On the other hand, by successively differentiating Eq. (13),

we obtain the relation
ωα+sD

sp(α)n = d(α)sn ωα+sp
(α+s)
n−s , s ≤ n. (15)

By differentiating relations (14) and (15) s times and by comparing them, we obtain (11). Obviously,
relation (11) holds for all s > n with λ(α)

sn = 0 as well as for s = 0. It is also obvious that if t > s,
then

λ(α)
sn /λ

(α)
tn = 1/(λ

(α+s)
n−s · · ·λ(α+t−1)

n−t+1 )

is a decreasing function of n.

Let us present the well-known values of λ(α)
n and d(α)n (e.g., see [11, Chaps. IV, V]) and of the

corresponding numbers λ(α)
sn and Cstnα in Lemma 3. An estimate for Cstnα for large n can be

obtained with the use of the Stirling formula [13, Chap. VII, Sec. 6]

Γ(x+ 1) = (2πx)1/2xxe−x(1 +O(x−1/5)).

In what follows, to each weight function ωα we assign numbers Cstnα in accordance with the formulas
given below.

1. The Jacobi weight function. In this case, α = (α1, α2) is a vector parameter, and the functions
p(α)n are the Jacobi polynomials. Set |α| = α1 + α2. Then

λ(α)
n = n(n+ |α|+ 1), d(α)n = 2−1(n + |α| + 1), λ(α)

sn =
n!Γ(n+ s+ |α|+ 1)

(n− s)!Γ(n+ |α|+ 1)
,

C2
stnα =

(n− t)!

(n− s)!

Γ(n+ s+ |α|+ 1)

Γ(n+ t+ |α| + 1)
, Cstnα ≤ cst(n(n+ |α|))−(t−s)/2.
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SHARP ESTIMATES FOR THE POLYNOMIAL APPROXIMATION 891

2. The Laguerre weight function. In this case, α is a scalar parameter, the functions p(α)n coincide
with the Laguerre polynomials, and

λ(α)
n = n, d(α)n = −1, λ(α)

sn = n!/(n− s)!,

C2
stnα = (n− t)!/(n − s)!, Cstnα ≤ cstn

−(t−s)/2.

3. The Hermite weight function. In this case, the weight function is independent of the param-
eter, the functions p(α)n coincide with the Hermite orthogonal polynomials, and

λ(α)
n = 2n, d(α)n = 2n, λ(α)

sn = 2sn!/(n − s)!,

C2
stnα = 2s−t(n− t)!/(n − s)!, Cstnα ≤ cstn

−(t−s)/2.

It is of interest to note that the Cstnα are independent of α in the case of the Laguerre weight
function.

The following assertion provides a basis for the subsequent constructions.

Lemma 4. Let m ≥ 1 and n ≥ 0, and let the assumptions of Lemma 3 be satisfied. Then the
identity

b∫

a

ωα+sD
sp(α)n Dsv dx = λ(α)

sn

b∫

a

ωαp
(α)
n v dx, v ∈ V m

ωα
(Ω), (16)

holds for 0 ≤ s ≤ m.

Proof. If s = 0, then identity (16) holds. Let (aε, bε) ⊂ (a, b) be a bounded interval, and let
aε → a and bε → b as ε → 0. We multiply relation (11) term by term by the function v ∈ V m

ωα
(Ω)

and integrate the resulting relation over the interval (aε, bε). Recall that v ∈ Cm−1(Ω). After the
s-fold integration by parts, we obtain the identity

bε∫

aε

ωα+sD
sp(α)n Dsv dx+

s−1∑
j=0

(−1)j+1Iεj (v) = λ(α)
sn

bε∫

aε

ωαp
(α)
n v dx, (17)

which holds for arbitrary 1 ≤ s ≤ m and n ≥ 0. Here

Iεj (v) = Ds−1−j(ωα+sD
sp(α)n )Djv|bεaε

.

It follows from Lemma 2 that Iεj (v) → 0 as ε → 0, 0 ≤ j ≤ s − 1. Then identity (16) can be
obtained from (17) by passing the limit. The proof of the lemma is complete.

4. BEST APPROXIMATION POLYNOMIALS

Recall that an orthogonal system {pn}∞n=0 in a Hilbert space H forms a basis in it (is complete)
if there does not exist a nonzero element in H orthogonal to all pn. In this case, an arbitrary
element u ∈ H can be represented by the Fourier series

u =

∞∑
n=0

cnpn, cn =
(u, pn)H
‖pn‖2H

.

In addition, uN =
∑N

n=0 cnpn is the element of best approximation to u in the space HN that is the
linear span of p0, p1, . . . , pN .
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892 DAUTOV, TIMERBAEV

Theorem 1. Let m ≥ 0, let ωα be one of the weight functions (4)–(6), and let {p(α)n }∞n=0 be the
corresponding orthogonal system. Then the following assertions hold.

(a) The system {p(α)n }∞n=0 is an orthogonal basis in V m
ωα
(Ω).

(b) If u =
∑∞

n=0 cnp
(α)
n ∈ V m

ωα
(Ω), then

|u|2V s
ωα

(Ω) =

∞∑
n=s

λ(α)
sn h(α)

n c2n, h(α)
n = ‖p(α)n ‖2L2

ωα
(Ω), s = 1, . . . ,m. (18)

Proof. After the summation of relations (16) with respect to s, we obtain the identity

(p(α)n , v)V m
ωα

(Ω) = λmn(p
(α)
n , v)L2

ωα
(Ω), v ∈ V m

ωα
(Ω), (19)

where λmn =
∑m

s=0 λ
(α)
sn > 0, n = 0, 1, . . . Identity (19) implies both the orthogonality of the system

{p(α)n }∞n=0 in V m
ωα
(Ω) and its completeness in V m

ωα
(Ω), that is, assertion (a), because {p(α)n }∞n=0 has

the same properties in the space L2
ωα
(Ω). To prove assertion (b), we set uN =

∑N

n=0 cnp
(α)
n and use

the following relation, which is a consequence of (16) :

b∫

a

ωα+sD
sp(α)n (x)Dsp(α)m (x) dx = λ(α)

sn h(α)
n δnm.

Straightforward computations lead to the relation

|uN |2V s
ωα

(Ω) =

N∑
n=s

λ(α)
sn h(α)

n c2n. (20)

Since uN converges to u in V m
ωα
(Ω), it follows that, by passing the limit, we obtain the desired

relation (18). The proof of the theorem is complete.

Theorem 2. Let the assumptions of Theorem 1 be satisfied , let u ∈ V m
ωα
(Ω), and let uN−1 ∈

PN−1 be the best approximation to the function u in L2
ωα
(Ω). Then the following assertions hold.

(i) uN−1 is also the best approximation to the function u in V s
ωα
(Ω) for s ≤ m.

(ii) If 0 ≤ s ≤ m, then one has the sharp estimates

|u− uN−1|V s
ωα

(Ω) ≤ CstNα|u|V t
ωα

(Ω), (21)

‖u− uN−1‖V s
ωα

(Ω) ≤ BstNα|u|V t
ωα

(Ω), (22)

where t = s, . . . ,min(N,m) and B2
stNα =

∑s

j=0 C
2
jtNα. The equalities in these estimates are attained

for u = p(α)N .

Proof. Assertion (i) follows from assertion (a) of Theorem 1. Therefore,

uN−1 =

N−1∑
n=0

cnp
(α)
n , cn =

(u, p(α)n )L2
ωα

(Ω)

‖p(α)n ‖2L2
ωα

(Ω)

, u− uN−1 =

∞∑
n=N

cnp
(α)
n .

Let us prove assertion (ii). By relations (18), we have

|u− uN−1|2V s
ωα

(Ω) =

∞∑
n=N

λ(α)
sn h(α)

n c2n =

∞∑
n=N

λ(α)
sn

λ
(α)
tn

λ
(α)
tn h(α)

n c2n. (23)
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By assumption, s ≤ t ≤ N , and by Lemma 3, the function n → C2
stnα = λ(α)

sn /λ
(α)
tn is decreasing for

s < t. Therefore, by using relation (18) again, we obtain

|u− uN−1|2V s
ωα

(Ω) ≤ C2
stNα

∞∑
n=N

λ
(α)
tn h(α)

n c2n

≤ C2
stNα

∞∑
n=t

λ
(α)
tn h(α)

n c2n = C2
stNα|u|2V t

ωα
(Ω). (24)

The sharpness of this estimate follows from the fact that if u = p
(α)
N , then the sums occurring

in (23) contain only one nonzero term with n = N , and inequality (24) becomes the strict equality.
The estimate (22) is obtained by summation of the estimates (21). The proof of the theorem is
complete.

5. INEQUALITIES OF MARKOV–BERNSTEIN TYPE

By the Bernstein inequality, we have the sharp estimate

‖t′N‖L∞(−π,π) ≤ N‖tN‖L∞(−π,π)

for any trigonometric polynomial tN of degree N . Any algebraic polynomial pN of degree N satisfies
the sharp Markov estimate

‖p′N‖L∞(−1,1) ≤ N 2‖pN‖L∞(−1,1).

Similar estimates are referred to as estimates of Markov–Bernstein type and play an important role
in the theory of approximations. In the theory of spectral methods and finite-element methods for
the approximate solution of differential equations, they are referred to as inverse inequalities.

Theorem 3. Let pN be an arbitrary polynomial of degree N . Then for 0 ≤ s < t one has the
sharp estimate

|pN |V t
ωα

(Ω) ≤ C−1
stNα|pN |V s

ωα
(Ω), (25)

where CstNα is the same constant as in Theorem 2. The equality in the estimate (25) is attained

for pN = p
(α)
N .

Proof. Let pN =
∑N

n=0 cnp
(α)
n . Since the function

n → C2
tsnα = λ

(α)
tn /λ(α)

sn = C−2
stnα

is increasing for s < t, it follows from Theorem 1 that

|pN |2V t
ωα

(Ω) =

N∑
n=t

λ
(α)
tn h(α)

n c2n =

N∑
n=t

C2
tsnαλ

(α)
sn h(α)

n c2n ≤ C2
tsNα

N∑
n=t

λ(α)
sn h(α)

n c2n

≤ C2
tsNα

N∑
n=s

λ(α)
sn h(α)

n c2n = C2
tsNα|pN |2V s

ωα
(Ω). (26)

The sharpness of this estimate follows from the fact that if pN = p
(α)
N , then the sums in it contain

only one nonzero element with n = N , and inequality (26) becomes a strict equality. The proof of
the theorem is complete.
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