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CYIIECTBEHHO KBASUNMHBbLEKTUBHBIE MOAYJIN N UX ITPAMBIE
CYMMBI

Amnnorarnus. VI3ydenbl ycjioBUs, OpU KOTOPBIX TPOM3BOJIbHAs NpsMas CyMMa CyIIECTBEHHO (KBa-
31) MHDBEKTHBHBIX MOJYJIEH $IBJISI€TCs CYLIeCTBEHHO (KBa3W) MHbBEKTHBHBIM MojyseMm. [losydeno
OIMCAaHUE CYIIECTBEHHO KBA3MMHbBEKTUBHBIX a0€JIeBbIX I'PYIII.
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BBEIEHUE

B nocJjaeJamne HeCKOJILKO rZLeCHTI/IJ’[Q'I‘I/II‘/’I 6]31.}11/1 CUCTEMATUYCCKU NU3YyHYCHbI MOAYJIN, MTHBAPUAHTHBIC
(COOTBeTCTBeHHO KOI/IHBapI/IaHTHbIe) OTHOCHUTECJIbHO ClIeIHaJIbHBIX SH/:LOMOp(bI/ISMOB CBOUX UHBECK-
TUBHBIX 000J0YEeK (COOTBETCTBEHHO MPOEKTUBHBIX HAKPBITHI). MHOTHE PE3y/IbTATHI, TIOJTyYeH-
HBIE B 9TOM HAIpaBJIeHNH, OBLIM OTpakeHbl B MoHOorpadwmsx (1|, [2] n B o630pax [3]-[5]. Mo-
JIyJT, WHBAPUAHTHbIE OTHOCUTEIBHO BCEX SHIOMOP(MU3IMOB CBOUX MHBHEKTUBHBIX 000J09€EK, MO
HA3BaHMEM KBa3WHMHBEKTUBHBIX MOJYJIEil BIepBbie OBLIN BBEJEHBI U WCCJEI0BaHBI B padbore [6].
B sToit ke pabore ObLIO MOKA3aHO, YTO MOIYAL M KBa3MMHBLEKTUBEH B TOUHOCTH TOIJIA, KOTIA
KaxKJIplii TOMOMOPHU3M 13 TOAMOIY AT MOy M B Momyab M IpOJOIKAeTCs 10 HEKOTOPOIro
sugomopduama M. KpasunabekTusble abeseBbl TPYIIbl ObLn onucanbl B [7]. O6obiienue pe-
3yJIbTATOB paboTHI [7] Ha Ciaydail HETEPOBBIX HACJEICTBEHHBIX MEPBHYHBIX KOJIEI, KOTOPbIe He
SIBJISIIOTCS. IPUMUTHBHBIMHY, OBLIO TOJydeHo B pabore [8]. Momyib, ”HBAPHAHTHBIN OTHOCHTEb-
HO aBTOMOP(MU3MOB CBOEHl MHbEKTUBHON 000JOYKE, HA3BIBAETCS aBTOMODP(MU3M-UHBAPUAHTHBIM.
Briepsbie aBToMOpdU3M-UHBAPUAHTHBIE MOJIY/TH HAJl KOHEYHOMEPHBIME aJreOpaMu ObLIH U3yUe-
el C. dukconom u K. ®@ymrepom B pabore [9]. B crarbe [10]| 6b11 10Ka3aH HETPUBUAIBHBII
pe3y/IbTaT, COIJIACHO KOTOPOMY MOJy/b M sBjisieTcss aBTOMOP(DU3M-UHBAPUAHTHBIM B TOYHO-
CTHU TOTJda, KOTJa OH TCEeBAOMHBLEKTUBEH, T. €. Ka)K,HBIfI MOHOMOpCb[/ISM "3 TOAMOAYJIA MOIYJIA
M B momynas M tupomosxaercs g0 HekoToporo supomopdusma M. EcrecrBenubim 0000IIEHN-
eM aBTOMOP(U3M-UHBAPUAHTHBIX MOJIYJIEH SIBISIOTCS CYIECTBEHHO KBA3WHBLEKTUBHBIE MOIYJIN,
T. €. MOAYJIN, UHBAPUAHTHBIE OTHOCUTEJIHLHO SH,Z[OMOpC];)I/ISMOB CBOUX MHBHEKTUBHBIX O6OJ’[O“I€K, y
KOTOPBIX s1/Ipa, cyImecTBeHHbl. OTHOCUTEIbHAS CYIECTBEHHAS WHbEKTUBHOCTD [1JIsT MOJTyJTeit ObI-
Ja BBeJeHa B craThe [11] mpu mcciemoBanum npobaeMbl 0 HAXOKIEHNH YCJIOBUIA, IPU KOTOPHIX
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10 A.H. ABBI30B, BYI1 TUEH JTAT

npamas cymma CS-mopyneit apagerca CS-mogynem. CyImecTBeHHO KBA3UUHbBEKTUBHBIE MOTYJTH
Obl u3ydeHsl B pabore [12].

Mopynb M HasbiBaeTcsi aBTOMOPMU3M-TTPOTOIKAEMBIM (COOTBETCTBEHHO SHIOMOPGMU3M-TIPO-
JTOJIZKAEMBIM ), eCJIU JiIst Jii06oro moamomyast X Momyias M kaxkawii aBroMopdusM (COOTBET-
CTBEHHO SHI0MOPhU3M) Momyast X MPOIoIKaeTest 10 sunomopdusma momyas M. B pabore [13]
OBLIO JTOKA3aHO, UTO TOJYAPTUHOB MOJYIh M SBJISIETCST aBTOMOPMUIM-TTPOIOIKAEMBIM B TOY-
HOCTH TOTHA, Korha M siBistercst aBToMOpbU3M-UHBapHaHTHBIM Mozysaem. B ([14], npemmoxe-
aue 10.22) ObLT TO0KAa3aH aHAJOTHYHBIN PE3YIbTAT, COTJIACHO KOTOPOMY KaXKJIbli SHIOMOPGhU3M-
MPOOIIKAEMBIl TIOMYapPTHHOBBIN MOIYJIb SIBJISIETCST KBA3NUHbHEKTHBHDBIM.

B pabore m3ydaroTcst CymeCTBEHHO KBa3WUHBLEKTHUBHBIE MOJYIM W OJU3KWE K HUM KJIACCHI
vomymeti. B pazgene 1 malimeHsl yeJoBHS Ha KOJBIO R, TpW KOTOPBIX KarXKJIbIH CYIIECTBEHHO
SHIOMOP(PUIM-TIPOTOTKAEMBIN TPaBBIit R-MOY/Ib SIBISIETCS CYIIECTBEHHO KBAZUHHbHEKTHBHDBIM.
[Ipm moxazaTesbeTBE OCHOBHBIX PE3YALTATOB M3 ITOTO PA3IENa UCHOIBLIYIOTCS METOIBI PAbOTHI
[4]. B pazmese 2 mosydersl HEOOXOMMbIE U JIOCTATOYHBIE YCIOBHUS, IPU KOTOPBIX OECKOHETHAS
mpsaMast CyMMa, CYIIECTBEHHO KBa3UMHbBEKTHBHBIX MOYJIEH SBISETCA CYIECTBEHHO KBA3HNHDbEK-
TUBHBIM MOJyJIeM. B gacTHocTH, mosiyden anaaor Teopembl Pefica, yeTaHBINBAIONTHN KpUTEpnit
MHBHEKTUBHOCTH MIPSIMON CyMMBI H30MOP(MHBIX KOMWit NHHLEKTUBHOTO MOy Is1. B pasmesne 3 pabo-
THI TTOJIYYEHO ONMMCaHne CYIMEeCTBEHHO KBASUMHbHBEKTUBHBIX a6eﬂeBLIX TPYIIII. HpI/I J0Ka3aTeJIbCTBE
OCHOBHOT'O PE3yJIbTaTa N3 9TOr0 Pa3fejida BAaXKHBIMU ABJIAIOTCA (byH,Z[aMeHTaﬂbeIe PeE3YIbTATHL
JI.4. Kynukosa [15].

Tor daxr, uro N sBagercss moaMoryaeM (COOTBETCTBEHHO CYIECTBEHHBIM MOAMOIYJIEM) MO-
aynsa M 6ynem obosmauars uepes N < M (coorsercrenno uepes N <. M). MabekTusHas
obomouka momynsa M obosnauaercs E(M). B pabore mCmONMb3yHOTCS CTAHJAAPTHBIE MOHATHS U
dakTbl Teopun Moyl u Teopuu abeseBbix rpyni (cM., Hanpumep, [16]-[20]).

1. I[IPEABAPUTEJBLHBIE PE3VJILTATHI

[Iycte M u N — npaseie R-moxyau. Moayinbs N nazeiBaercs cyuecmsenno M -unsexmusnoim,
ecsTu JId Kazkaoro moamoayst A monyaa M moboit romomopdusm f € Hompg(A, N), y KoToporo
Ker(f) <. A, npogosmkaercst 10 nekoroporo romomopdusma f° € Hompg(M, N). Monyas M ua-
BBIBAETCS CYULLCTNEEHHO KEA3UUHBEKMUBHBIM, €CITH OH ABJISTETCST CYTTECTBEHHO M-UHBHEKTHBHBIM.
Ecan momyns N CyIIecTBEHHO MHHLEKTUBEH OTHOCHTEIBHOTO KasKA0T0 MPaBoro R-Momyst, TO Ta-
KOW MOJY/Th HA3BIBACTC CYULECTNGEHHO UHBEKMUBHIM.

IMpuBemem yTBEpXKAEHNA, KOTOPHIE MOTPEOYIOTCH B JAJTHHEHTIIEM.

Teopema 1 ([12], reopema 2.12). ITycmo M u N — npasvie R-modyau. Toeda modyav N cyue-
cmeenno M -unvexmueen 6 mownocmu mozda, xozda f(M) < N dasn kaswcdozo 2omomopdusma
f:E(M)— E(N), y xomopozo Ker(f) <. E(M).

B wacmuocmu, modysv M asssemes cyuecmeerno K6a3uUHGEKMUSHbIM 6 MOYHOCTU Mo204,
ko2da f(M) < M das xaocdozo f € Endr(E(M)), y xomopozo Ker(f) <. E(M).

Momysab, m3oMopdHBIT TOAMOIYII0 TOMOMOPMHOTO 06pa3a MPAMBIX CyMM KOmuil mpaBoro R-
vomyast M, mazweBaerca M-mmonmopoxk aeHubiM MoayaeM. [loHas mogkaTeropus Kareropun BCex
npaBbix R-Momyseit, cocrosmaa u3 Bcex M-OATOPOXKIEHHBIX MOMIY/Iel, 0003HAYAETCA Uepe3

o[M].

Jlemma 1 ([21], Teopema 2.15). ITycmo M — npaswi R-modyasv. Hmerom mecmo caedyrousue
ymeeporclenua:
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1) npamoe npoussedenue [ [;c; Us cemeticmsa npacvir R-modyarett {Us}ier asasemes cyuse-
cmeenno M-unvekmuenvim 6 mounocmu mozda, Kozda modyav U; cywecmeenrno M -
uHvexmusen daa xascdozo i € I;

2) ecau 0 — Mp — Mr — M}, — 0 — mounaa nocaedosamenvrnocms npasvs R-modyaet u
npaeviti R-modyav U cywecmeenno M -unvexmusen, mo U cywecmeenno M’ -unvexmuesen
u cywecmsenno M -unvexmuesen;

3) ecau {Ui}ier — cemeticmeo npasvir R-modyaet, mo modyav M cywecmeenno @, Us-
UHBEKINUBEH 8 MoYHocmuy moeda, Kozda modyae M cyuwecmsenno U; -unvexmusen das
Kaxcdozo i € I;

4) ecau npaswl R-modyav U cywecmsenno M-unvexmusen, mo U — cywecmeenno N -
unvexmueen oaa kascdozo N € o[M];

5) wmodyav M cyuwecmesenno unsexmusen 6 mouwnocmu mozda, koeda M cywecmeenno Rp-
UHBEKTNUBEN.

Caencrsue 1. /s npasbix R-moxyneit M u N ciepyroiine yCaoBUs PaBHOCUJIBHBIL:
a) Moaynbe N cymiecTBeHHO M -UHBEKTHBEH;
b) momysme N cymecTBenHO mR-MHBEKTHBEH 71 Kaxkaoro m € M.

Momyas M Ha3BIBAETCS CYULLCTNEEHHO IHAOMOPPHUSM-TPOJOAHCAEMBIM, ECTTH JIITST KAZKIOTO €r0
nonmozyast A soboit sumomopdusm f € Endgr(A), y koroporo Ker(f) <. A, mpomoszkaercs
110 HEKOTOporo sugomopdusma f/ momyns M. HecmokHO 3aMeTUTh, 9TO KaxKblil CyIECTBEHHO
KBa3UHHbLEKTUBHBIN MOJY/Tb ABISETCS CYNIECTBEHHO 3HIOMOPMUIM-TTPOTOIKAEMBIM.

Mogyms M maswiBaercs ADS-modysem, ecan st Kaxkaoro ero pasnoxerna M = A & B wo-
nyma A u B B3anmuo nabektuBabl. ADS-Mozysiu 661 BBEIeHBI B pabore |22]| u B mocseayorem
ObLIM U3yYeHb! B psijge pabor. O6obmennem noustiit ADS-Moy st 1 CyIIIeCTBEHHO WHHEKTHBHOTO
Monynst aejsiercs oustre LADS-Momysst, KoTopoe OBLIO BBEJIEHO W M3YUEHO B HeJaBHel pabore
[23]. Moaynb M waswiBaercs LADS-modyaem, eciam st Kaxioro ero pasmaoxenust M = A @ B
vomynn A m B B3aMMHO CyIECTBEHHO WHHEKTUBHBI.

Jlemma 2. Kaowcowud cyuecmsento andomopdusm-npodosscaemuiti modyav seasemes LADS-
MODYAEM.

Hoxazameavcmeo. Ilycts M — cyimecTBeHHO SHIOMOPQMUIM-TTPOI0IKAEMBIT MOIY/Ib, A KO-
Toporo mMeer Mecto pasnoxkennme M = A @ B. Ilokaxkem, uro Moayiab B cymecrsenno A-
nabekTuBeH. [lycts Ag < Aw f: Ay — B — romomopdusm, y koroporo Kerf <. Agy. Paccmor-
pum romomopdusm g : Ag@Im(f) — Ag®Imf, neiicrByrommuii cornacuo npasuay g(a+b) = f(a),
riae a € Ag n b € Im(f). Acno, aro Ker(g) = Kerf @ Imf <. Ag ® Imf. Tak xkak moxyns M cy-
IIECTBEHHO 3HI0MOP(hU3M-TIPOJ0IKAEM, TO s HeKOToporo romomopdusma ¢’ : M — M umeer
MeCTO PaBeHCTBO ¢’ |Ajemmf= ¢. Hycts m: A® B — B — ecrecrsentast npoexuus. Torga ajis
romomopdusma h = o ¢’ |4 umeer mecro pasencrso h [g4,= ¢ |4,= f- O

Mojysnb M HA3BIBAETCH CYWECTMBEHHO HEMEPOSHIM, €CJIN B HEM KaK/1as BO3PACTAIOIIAs TIellb
CYIIECTBEHHBIX TIO/IMOJIyJIeil cTabunnsupyercs. Kosibiio R Ha3bIBaeTCA CYIIECTBEHHO HETEPOBBIM
cripaBa, ecaun Monyab Rp cymectsento merepo. Coracuo ([12], Teopema 2.20) kosbio R as-
JIIETCS CYIECTBEHHO HETEPOBBIM CIPaBa B TOYHOCTH TOIVIA, KOTJIA KAaXKJad OpsMasd CyMMa Cy-
IECTBEHHO MHBEKTUBHBIX TPABLIX R-Mojysieil cyimecTBeHHO nHbeKTuBHA. B crarbe [24] Gbuio
MOKA3aHO, 9YTO MOJTY/Ib M SBJIETCSA CYIECTBEHHO HETEPOBBIM B TOYHOCTH TOTA, KOrAa PaKkTOp-
mouysb M /Soc(M) nerepor. Takxke B 910i pabore GBIIO JIOKA3AHO, YTO KAXK/10€ CAMOUHbLEK THE-
HOE CTIPaBa M CyIECTBEHHO HETEPOBO CIIPABA (CJI€BA) KOJIBIO ABAIeTCH KBa3nudpobernycosbiM. B
pabote [25] sror pesynbrar 6611 06001EH Ha Caydail HeNPePbIBHBIX cipasa Koser. B crarse [26]
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OBLIO TIOKA3AHO, 9TO KaXKJIbIH CYIIECTBEHHO HeTepoBbiit CS-MOJIy/ib [IPEICTABUM B BUJE MTPSIMOIi
CYMMBI HETPOBOIO MOJYJISL ¥ HOJIYITPOCTOro Moysist. CeJCTBUEM 9TOr0 BAXKHOTO YTBEPKICHUS
SIBJISTIOTCST YITOMSTHY ThI€ Pe3yJIbTaThl u3 pabot [24] u [25].

Ecan kaskapiii KOHEUHO TOPOKIEHHBIA MOAMOTYIB MOAYIsT M SIBJISIETCST CYIIECTBEHHO HeTe-
pPOBBIM, TO M Ha3BIBACTCA AOKAABHO CYULLCTNEEHHO HeMmePOSuM MOTyIeM. HecToxKHo 3aMeTHTh,
910 MOIYIb M ABISAETCS JTOKATBHO CYNIECTBEHHO HETEPOBBIM B TOUYHOCTH TOT/A, KOT/A KAk IbIH
MAKJTHIECKAH TTOIMOTYTH MOy M SIBIISIETCS CYIECTBEHHO HETEPOBBIM.

Teopema 2. [lyemv [ — ondomoppusm modyas M, y xomopozo Ker(f) <. M. Ecau A —
cyuecmeenno nemeposvili nodmodyss modyaa M, mo f"(A) =0 daa nexomopozo n € N.

Hoxaszameavemeo. Ilycts A — CyIIeCTBEHHO HETEPOBBIN MOAMOIYIb Moayast M. JIjist KaxkIoro
i € N nmomosxum A; = AN Ker(f?). Tax xak Ker(f) <. M, o A; <. A ama xawxoro i € N.
Torga umeer Mecro Bo3pactaroias 1menb Ay < Ao < ... CYIIECTBEHHBIX TOIMOIYJIEH MOy
A. TlockombKy MOTYh A CymecTBeHHO HeTepoB, TO0 A, = Apt1 = Apyo = ... JJI9 HEKOTOPOTO
HATYPATBHOTO IHUCTA N.

[Mpeanonoxkum, aro f*(A) # 0 wau, uro pasaocuiabHo, A/A, # 0. Tonoxum g = (f™) |a.
Torna Ker(g) = Ker(f")NA = A, ulm(g) = A/A,. Tak kax Ker(f) <. M, ro Im(g)NKer(f) <,
Im(g). Mycts B = g~ 1(Im(g) N Ker(f)). Torma B/A, <. A/A, u, ciegosareabHo, TOCKOIBKY
A/A, # 0, 10 B/A, # 0. Tax xax f"*(B) = f(f*(B)) = f(9(B)) = f(Im(g) N Ker(f)) = 0,
to B < Ker(f"*)N A = A,1, uro nporusopeunt pasencrsy A, = A, 1. Takum obpasom,
f"(A)=0. O

N3 ([14], npeanoxenne 10.22; [13|, Teopema 1) BBITEKAET, YTO CJEYIONME MMIUINKAIMN B
CIy9ae TAKUX IMUPOKUX KJIACCOB KOJIEIl, KaK TOJYapTHHOBLI KOJIbIA, MOKHO 3aMEHATH Ha, SKBH-
BaJICHTHOCTH:

KBa3UHHBEKTHBHBIC MOJV/IN = 9HI0MOP(hUIM-TTPOIOIKAEeMbIe MOIY/IN,

aBTOMOD(U3M-UHBADHAHTHBIE MOJIYJIH = ABTOMODP(DUIM-IPOJOIKAEMBIE MOTYJIH.

Hasee OyayT JI0Ka3aHbl aHAJOTUYHBIE YTBEPKJIEHNsI, COIVIACHO KOTOPBIM B CJIy4ae JOCTATOYHO
IIUPOKUX KJACCOB KOJlell, KJIACChl CYIIeCTBEHHO KBAa3UMHbBEKTUBHBIX MOJYJeil U CyHIeCTBEHHO
9HIOMOPQMUIM-TIPOIOIKAEMBIX MOYJIEH COBITAIAIOT.

Teopema 3. Iycmo M — cyuecmsento A0KkaAbHO HEMEPOS Modyab. Tozda modyasv M aeasem-
CA CYWECMBEHHO KEAZUUHTEKMUSHHM 68 TONHOCTIU mo2da, koeda M — cyuiecmeenno sndomop-
PUSM-NPOCONHCAEMBITE MOOYAD.

oxazameavcmeo. Ilycrs momynbs M saBiisiercs: CymeCTBEHHO 3HA0MOPdu3M-ipogoKkaembim. [To-
KaxkeM, 9ro M sBisercs cymecrBeHHO KBasunnbekTupHbiM. [lycrs f € End(E(M)) u Ker(f) <.
E(M). Honoxum N = {m € M|f"(m) € M nna kaxjoro n € N}. Hecioxuo 3ameruts, 4ro
N — maunbosbimmit moaMoayb Moayas M, nist kotoporo Beimosneno yeiaosue f(N) < N. Tak
kak M NKer(f) <c M u M NnKer(f) < N, ro N <. M. Iockonsky Ker(f) NN <. N u wmo-
b M cymecTBeHHo 3H10MophUu3M-pooszKaeM, To st uekoroporo f € End(M) seimosneno
paserctBo f|n = f/|n. Tax kax f'(M NKer(f)) = f(M NKer(f)) =0, ro Ker(f") <. M.
[Ipeanomnoxkum, aro N £ M. Torna m¢ N nns wekoroporo m € M. Ilo teopeme 2 f™0(m) = 0
nns mekoroporo ng € N. Tlonosxuvm M = M/N um := m+ N. Tax xax f'|y = f|n, T0 m1st Kax-
noro ¢ € N BRITIOTHEHO PaBEHCTBO f’i\ N = fl\ ~. Torma mrst Kaxxaoro ¢ € N KOppeKkTHO onmpeaeneH
romomopdusm h; : MR — E(M), neficreytommuit cormacto npasuty h;(mr) = fi(mr) — f*(mr)
anst kaioro r € R. Tonowum V; = by Y(N) <R nnst kaxoro i € N. Tak kax N <, E(M),

o V; <. mR. [Iycrs V=VinVyn...N Vno. Torma V <. mR u, ciaenoBarensHo, mr € V u



CYIIECTBEHHO KBASNNHBEKTHUBHBIE MOAYJIN 1 X ITPAMBIE CYMMBI 13

mr # 0 s Hekoroporo 7 € R. Tak kak jmyist kaxporo 1 < ¢ < ng uMeer MeCTo IIPUHAIEXKHOCTE
mr € V4, o hy(mr) € N u, cieposarenvto, fi(mr) = hi(mr) + f{(mr) € N + f/(M) < M.
Mockonbky fo4F(mr) = fE(f"0(mr)) = f*(hng(mr) + f(mr)) = fF(hyo(mr)) € M pns
kaxtoro k € N, ro fi(mr) € M pna moboro i € N. Torga mr € N u, ciaeposarenbno, mr = 0.
IMonyunnmn nporusopeune. Takum obpazom, N = M u f(M) < M. Torma cornacuo reopeme 1
MOysb M SBISETCA CyIIECTBEHHO KBA3MUHbEKTUBHBIM. O

Caencrsue 2. Ilycts M — mpaBbiit MOAY/Ib HAI CYIIECTBEHHO HETEPOBBIM CIIPABA KOJIBIIOM K.
Torma ciemytorue yCaIoBusS PaBHOCHILHBI:

a) Momynb M SBISIETCS CYIECTBEHHO KBA3UUHbBLEKTHBHBIM;
b) Momynb M sIBASIETCS CYIIECTBEHHO SHIOMOPMUIM-TPOIOIKAEMBIM.

Mogyne M Ha3BIBAETCS CYULLCMEEHHO NOAYAPMUHOSHIM, ecma Soc(M/N) # 0 nas Kax10ro
ero cobcTBerHoro cyrmectBenuoro mommoayad N. Koabno R Ha3piBaeTCd CYIIECTBEHHO MTOJIyap-
THHOBBIM CIIPaBa, €CIU MOAY/IbL Rp CyIEeCTBEHHO MOIyapTHHOB.

Jlemma 3. Ecau R — cywecmeenno nosyapmunoso cnpasa KoAbYo, Mo eCarut Modysb npaeoit
R-modyav M asasemca cyuecmeento nosyapmuHOssbim.

Joxazameavemso. Ilycts A — cOGCTBEHHBIN CYIIECTBEHHBI MOAMOY b Moyt M u x € M\ A.
Taxk kak tRNA <. zR, 10 R/I = xR/(xRNA) nns mexoroporo I <. Rg. llockonbky KoIb10 R
CYIIECTBEHHO TOJIYapTHHOBO cripasa, To Soc(Rpr/I)#0 u, cnenosarensho, Soc(zR/(xRNA))#0.
Taxmwm obpasom, Soc(M/A) # 0.

Teopema 4. Jlaa cyuecmsenio nosyapmunoss modysa M caedyrowsue Yycaosus K6 USAACHMIbL:

1) Modyav M asasemca cyulecmeenno K6a3uunsekmuGHbiM;
2) modyav M asasemca cywsecmsenio IH0oMophusm-npodosdicaemim.

Jokasameavcmeo. Uminkanus 1) = 2) oueBuHa.

2) = 1). lycre f — npoussosbHbIil sumM0MOpdH3M Moayas E(M), y koroporo Ker(f) <.
E(M). Cornacuo Teopeme 1 mocrarouno mokasartsk, uro f(M) < M. Ilycte X — cymma Bcex
takux moamomyieir A momxymnst M, uro f(A) < A. dceno, uro f(X) < X u X — nanGosbrimit
nonmMozysb Moaysst M ¢ stum ceoiictBom. Ilpeamosoxum, aro X # M. IMockoasky Ker(f) N
M <. MuKer(f)ynM < X, 10 X <, M. Tak kax Momyab M CymIecTBEHHO TOJyapTUHOB, TO
cymectByer Takoit moamonyab Y momyas M, uto X <Y < M uY/X = Soc(M/X). llockoabky
M — cymecrBenno sum0Mopdu3M-mpomoaKaembiit Moayas u Ker(f) N M <. X, to cymecrByer
sugomopdusm g € Endg (M), 11 KOTOPOTO BBITIOTHEHO paBeHCTBO ¢ |x= f |x. lomomopdusmerl
g u f |p MOXKHO paccMaTpuBaTh Kak djeMeHThl abesesoil rpynnsl Homp(M, E(M)). Tak kax
(f Iar —9)(X) =0, o

(f s —g)(Y') < Soc(M) < X < Y.

[Mockoapky g(X) < X, 10 cymectByer sugomopdusm g € Endgr(M/X), neficTByomuii cormacHo
npasuity g(m + X) = g(m) + X. Torma

G(Y/X) = g(Soc(M/X)) < Soc(M/X) = Y/X
u, ciaeposarenbho, g(Y) < Y. TTockonbky
FY)<(f lm —9)(YV) +9(Y) <Y,
T0O nosrydaeM nporusopedune ¢ Boibopom X. Takum obpazom, X = M. U

Caencrsue 3. [lycts M — npaBsiiit MOIy/Ib HAJ CYIIECTBEHHO TOJIYAPTUHOBBIM CITPABA KOJIBIIOM
R. Torma cremytorue yCioBus PABHOCUAIBHBIL:
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a) Momysb M sABASETCsl CyNIECTBEHHO KBA3UMHbBEKTUBHBIM;
b) mogysnb M siBasgieTcst CynieCTBEHHO 9HI0MOPMU3M-IPOI0JIZKAEMBIM.

Joxazameabcmeo ciaeayer m3 JIeMMBI 3 U TeopeMmbr 4. O

Crenys ([4], c. 210), mogyns M Haz0BEM CUALHO IHOOMOPHUSM-NPOOOAAHCALMUIM, €CIU IS
KaXKJI0T0 ero moamoysist X 6ot romomopdusm f @ X — M, orobpaxkaroruii B cedst HEKOTO-
PBIii CYIIECTBEHHBIN MTOAMOAYAb 13 X, MOYKET ObIThH MPOJOJIZKEH JI0 HEKOTOPOro 3HA0MOpPdu3Ma,
floM — M.

Teopema 5 ([4], 3.3). Jlaa npasozo R-modyas M caedyrousue ycrosus pasHOCUADHDL:

1) M — cuavno sndomopdusm-npodossicaemvili modyab;

2) f(M) < M 0aa awoboeo sndomoppusma f € End(E(M)), nepesodawezo 6 ceba nexomopbili
cyuecmeertuli noomodyas modyas M;

3) M — 9ndomopdusm-npodoastcaemvili u CYueCmeeHto Kea3uthsekmueHoil Mooyab.

N3 teopem 3—5 HEMOCPEACTBEHHO BBHITEKAIOT CJACAYIONINE YTBEPHK ICHUSI.

CueacrBue 4. /g cymecTBeHHO MoJyapTHHOBaA (HeTepoBa) npasoro R-moayas M caemyrorme
yCJIOBUS SKBUBAJEHTHBI:

a) M — su10MOPMU3M-TIPOIOIZKAEMBbIH MOTYJTh;

b) M — cunbHO 3HAOMOPGU3M-TIPOIOTZKACMBIH MOJTYJTh.

Caencrue 5. Ecin R — cymecTBeHHO TOIyapTHHOBO (HETEPOBA) CIIPaBa KOJIBIIO, TO CIEIYIO-
IIUe yeJa0BUS JJist npaBoro R-momysst M 9KBUBaJIEHTHBI:

a) M — sHI0MOPGOU3M-TIPOIOIKAEMBbIH MOTYJIh;

b) M — cuibHO 3HAOMOPOU3M-TIPOIOTZKACMBIH MOJIYJTh.

2. TIPAMBIE CYMMBI CYHIECTBEHHO KBABMVWHBEKTUBHBIX MO,ZLVHEI;I

IMycte M — mpaseiit R — monyas u A, B — mpassie njgeassl kobia R. Tlpassrit ugean A
Kosibita, R mazwiBaercs M-cymecTBenabsiM B B, ecsim 718 HEKOTOPOTO 3yiemenTta m € M BwImo,I-
wensl yesosus Ann(m) < A u Ar/r(m) <. B/r(m). IIpasbiit ugean A xosnbia R nasbiBaeTcs
M-cymecrBennbiM, ecim 0H M-cymecTBenen B R.

Jlemma 4. /Jlaa npasvix R-modysett M u U caedyroujue ycaosus sK6USAACHITIHDL:

1) modyan Ur asasemesa cywecmseenio M p-unbexmuenbim;

2) daa a106020 npacozo udeara I Koavuya R u comomoppusma f - I — U, y komopozo Ker(f) asaa-
emca M -cywecmeenmnvm npasum udearom 6 I, cyuecmeyem maxoti 2omomoppusm f': R — U,
wmo ' 1= f;

3) das arwboz0 cywecmsennozo npasozo udeana I xoavya R u 2omomoppusma f: I — U, y xo-
mopozo Ker(f) aeanemca M -cyuecmeentovim npasvim udeasom Koavua R, cywecmsyem makod
eomomoppusm 2 R — U, wmo ' |;= f.

Aokasameavcmeo. 1) = 2). Ilycrs I — npaselit nunean kosbita Ru f : I — U — romomopdusm, y
koroporo Ker( f) apasierca M-cymecrBenabiM mpasbiM ueasoM B 1. Torma mis HeKOTOporo my €
M Bomosmenst yeaosusa Ann(mg) < Ker(f) < I u Ker(f)/ Ann(mg) <. I/ Ann(my). 3amerny,
ITO HMEIOT MeCTO ecTecTBeHHBbIe m3oMopdusMel moR = Rp/ Ann(mg) u I/ Ann(mg) = mol.
Iycts 0 @ I — mol — smmmopduam, JeHcTBYIOMN COTIAcHO MPaBUIY ¢ 0(a) = mya st KayK10-
ro a € I. TTockonbky Ker(o) = Ann(mg) < Ker(f), To cymecrsyer romomopdusm ¢ : mol — U,
JUist KOTOpOro BhImosiHeHo paseHcrso ¢ o o = f. Tak xak Ker(¢) = o(Ker(f)) = moKer(f)
u Ker(f)/ Ann(mg) <. I/Ann(myg), 1o Ker(p) <. mol. Coraacuo caencreuto 1 mogyas U
cymecrsenno moR-unbexkTuBen. Torma cymecrsyer Taxkoii romomopdusm ¢ @ moR — U, 4To
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¢ Imor= - llycrs ¢’ : R — moR romomopdusm, geficrytomuit corsacHo npasuiy o (r) = mor
g Kazkgoro r € R. Torga jaisa romomopdusma [/ = ¢’ o 0/ BbllojIHEHbl paBeHcTBa

f = floid;=¢' o0’ cidy = ¢ cidpyoo=poo=Ff.

I 7 moI

N A

’id] U Z‘d'mOI

N
o’ ¢

moR

R

2) = 1). lycre my € M. Tlokaxkewm, aro moxynb M sisisiercss moR-CylecTBeHHO MHBEK-
TUBHBIM MOAyeM. Paccmorpum romomopdmsm ¢ @ L — U, e L < moR u Ker(p) <. L.
Hns wekoroporo npasoro uaeana I konbna R, ynosaersopsitoniemy yceaosuto Ann(mg) < I, Bbi-
nojHeno pasenctBo mol = L. Paccmorpum suumopdusm o @ I — L, pefictBytomuil COrjiacHO
npasuiy o(a) = moa ans Kaxgoro a € 1. feno, aro Ker(o) = Ann(myg). Paccmorpnm romo-
Mopdmsm f = poo. [lockompry o(Ker(f)) = Ker(¢) u Ker(y) <. mol, To Ker(f)/ Ann(mg) <.
I/ Ann(myg). Torma coryiacuo yCaoBUIO TyHKTA 2) CyIIecTByeT Takoil romomopdusm f/: R — U,
aro [’ |;= f. Paccmorpum smumopdusm o’ @ R — mgR, AeficTBYIOmUA COMIACHO TPABUILY
o'(r) = mor nns xkaxgoro r € R. dcuo, uro Ker(o’) = Ann(mg) < Ker(f) < Ker(f').
Torma cymecTByer Takoii romomopdmsm ¢’ @ mogR — U, aro ¢’ o ¢/ = f’. Takum obpaszom,
¢ |poo=¢ oidpooc=¢ oc’ oidf = f'oid; = f = poo. [lockonbKy 0 — smuMopdusM, TO
¢ |= . Torma cormacuo caejpcruo 1 Moayas U cymecrBeHHo M-UHBEKTUBEH.

2) = 3). OueBnjHo.

3) = 2). Ilycrs [ — mpassrit uaeas kosbiia Ru f 1 I — U — romomopdusM, 1si KOTOPOTO CyIIe-
CTBYeT Takoii amement mo € M, aro Ann(mg) < Ker(f) < I, Ker(f)/ Ann(mg) <. I/ Ann(mg) n
Ker(f)/ Ann(myg) He saBasI€TCs CYIIECTBEHHBIM TOAMOTYIeM Moyt Rr/ Ann(mg). Torma Ry 06-
najgaer TakuM noamomaystem T, aro Ann(mg) S T u T/ Ann(mg) @ I/ Ann(mg) <. R/ Ann(my).
[Tockoapky T'N I = Ann(mg), T0 KOppeKTHO ompeeser romomopdusm g @ 1T+ I — U, neii-
creytformit corsacio npasuay g(xz + y) = f(y) mus npowssonbubix x € T uw y € I. Tak
kak Ker(f)/Ann(mg) <. I/Ann(mg), o Ker(g)/Ann(mo) = (T + Ker(f))/ Ann(mg) <.
R/ Ann(myg). Cormacno mynxry 3), cymectsyer Takoii romomopdusm g’ @ R — U, uro ¢’ |(p4n=
g. Torpa ¢’ [1= f.

Jlemma 5. IHycmo M, N — npasvie R-modyau u 0as modysa N umeem Mecmo passodcenue
N = ®;c1U;, 20de I — beckoneunoe muoocecmso. Tozda caedyroujue Ycaosus IKEUSAAEHMHDL

1) modyav @,c; Ui cywecmeenno M-unvexmusen;

2) modyav @, ; Ui cywecmeenno M-unvexmusen oaa xaoicdozo cuemmozo nodmmosicecmea J C
I

3) dan Kaocdozo i € I modyav U; cywecmesenno M-unvekmusen u 044 6CAK020 NOOMHOHCECMEA,
{zi}ien modyan N, ydosaemeopsrowezo ycaosuam

a) daa wascdoeo i € N cywecmsyem maroe n; € I, wmo x; € Up,,
b) ecau i,j — pasauunvie HAMYPAALHYIE YUCAG, TO N; F Nj,
¢) npaswoili udeaa Ann({x;}icn) asasemea M -cywecmeenmvim,

6 Koabue R 603Pacmarouasa Yens npasvlr udea.noe

Amn({z;}j=1,.) < Ann({z;}j=03.) < ...
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cmabuausupyemcs;
4) Odan xascdozo i € I modyav U; cywecmeenno M-unvexmusen u 6Cak020 NOOMHONCECMEA
{zi}ier Modyasa N, ydosaemsopaiowezo ycaosuim

a) x; € U; dan kaocdoeo i € I;

b) npaswiti udeas Ann({x;}icr) asanemea M-cywecmeenmim,
6 KoAbUe R 66iN0oAHEH0 YCA0BUE MAKCUMAALHOCTIUL OAA NPAGHIT UOCAAOS, ACAAOULULCA GHHYAHM-
MOPAMU NOOMHONCECTNG MHONCECTNEA {T; }icT -

Joxasameavcmeo. 1) = 2). Cienyer u3 aemmbr 1.
2) = 3). llyers {z; }en — cemeiicTBo smemenToB u3 Moxyna ;. ; Us, yaoBneTsopsiomee yeIOBHIO
n. 3). [lokaxkem, 9T0 BO3pACTAIOIIAS TIEITH

Ann({:vj}jzlgw) < Ann({:ﬂj}jzz’g’m) <...

MpaBbIX HAeAJ0B KoJiblla R crabunusupyercs. Corgacuao jgemme 1 moayns U; cymecteerro M-
MHBbEKTHBEH J/ad Kazkaoro ¢ € I. JJna xaxmgoro n € N momokum A, = Ann({2;}j—nt1,n+2,...)-
Cornacuo ycnosuto Ann({x;}icr)/ Ann(mgy) <. Rr/ Ann(mg) agst mexkoroporo mgy € M. Toraa
UMeeTCd BO3PacTalolasd Lellb IPaBblX WIealos Koablua R

Ag <A <A<

u A;/ Ann(mg) <. R/ Ann(mg) aas xaxgoro ¢ € Ny. [Iycrs A = (o7 j Ap. At kaxaoro a € A
CYIIECTBYET TaKOEe HEOTPUIATENBHOE TIeJI0e IUCI0 Ny, 910 a € Ay, . Torna x,a = 0 1 KaxK 1010
n > ng W nMeer Mecro romomopduzm f A — @;’;1 Up,, neficTeytomuii corlacCHO NpaBuLy

cawrr Z;ozl zja. Tak xax Ker(f) > Ag > Ann(mg) u Ker(f)/Ann(mg) <. R/ Ann(mg), To
coracHo Jiemme 4 cymectsyer Takoi romomopdmsm f' 1 R — @72, Up,, uro f'|a = f. Ecim
') e @?:1 Un;, mo Im(f) < Im(f') < @?:1 Un;. Crnemosarensio, 2;A = 0 jms Kax/i0ro
j > k. Torma Ann(z;) > A ans xaxmgoro j > k u A, > A ans nponssosbaoro n > k. Takuwm
0bpa3oM, IMEOT MEeCTO PaBEHCTBA

A=Ay =Apr=....

3) = 4). Ilycrs {x; }ie; — monMHuOKecTBO MOy st N, ynoBmeTBopsitotiee yeaosusuM 1. 4). Torma
Ann(mg) < Ann({x;}ier) m Ann({z;}ier)/ Ann(mg) <. R/ Ann(mg) ans HekoToporo mg € M.
IIpennosiozkuM, 9T0 B KoJblle R CYIIECTBYeT TaKasl BO3PACTAIOINIAsl [EMb NPABbIX uueatos Ay S
Ar S As S ..., aro ais kaxgoro k € N Bemosseno pasencrso Ay = Ann({x;}icr, ), roe I, C 1.
Hnsg kaxnoro k € N nonoxum By, = {x € {z;}icr | xAr = 0}. Torma mmeer mecro crporo
yObIBAIOIIas Telb MOJIMHOXKECTB MHOYXKeCTBa {X; bicr

Bi2By2Bs2....

Hns kaxporo k € N Boibepem Takoii ssement xp u3 moayisa N, uro x € By \ Bgi1. Tax kax
xjAnt1 = 0 qs xazxgoro j > n+ 1, to Ann({z;} j=nt1,n42,...) > Any1. Jdoaa xaxgoro n € N 3
ycaoBust TpApt1 # 0 caenyer, uro Ann({z;}j—nnt1,n+2,..) 7 Ann({x;}j—nt1,n+2,..) - llomydeno
[IPOTUBOPEYNE C YCJIOBUEM TI. 3).

4) = 1). llycte A<, Rpu f: A— @,.; Ui <[l;c; Ui — romomopdusm, a1s KOTOPOTO BEI-
nosiHeHB! yeaoust Ann(myg) < Ker(f) u Ker(f)/ Ann(mg) <. R/ Ann(mg), t/e mo — HEKOTOPBIi
asleMeHT u3 Moayas M.

[Tockonpky Amst Kaxkaoro ¢ € I monynb U; cymecTBeHHO M-MHBEKTHBEH, TO COMVIACHO JiemMe 1
Mozynb | [;c; Ui aBngerca cymecrsenno M-nabeKTHBHEIM. CrIe/10BaTeIbHO, JId HEKOTOPOTO TO-
momopduama f': Rr — [],c; Us nmeer mecro pasencrso f/ [4= f.
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Hast kaxporo noamuoxkecrsa J C I nonoxum zy = (Yi)ier, A€ Yi = X, ecam § € J, u
yi =0, ecm i € I\ J. Iycrs f'(1) = (2i)ier € [Lic; Ui- Torma Ker(f') = Ann(xg). U3 ycnoBus
4) cremyer, aro muoxkecTso £ = {Ann(zpp) | F — KomedHoe momMHOXKeCTBO B [} comepxuT
MaKCHMATBHEIH /1eMeHT Ann(zp ) OTHOCHTETBEHO YACTHIHOTO MOPA/IKA BKIIOUEHHS MHOYKECTB.

Oycte a € A. Tax kax f'(a) = f(a) = (wia)ier € @,;e; Ui, 10 CymecTByer Takoe KOHEIHOE
nogmuoxkectso F(a) B I, aro G C F(a) w z;a = 0 pua kaxgoro ¢ € I\ F(a). Tak kak a €
Ann(zp p(q)) # Ann(zp pq) = Ann(zpng), o a € Ann(zp ). Crenoarensuo, za = 0 ana
kaxxaoro i € I'\ G u f(a) € @,cq Ui Takum obpasom, f(A) < ;.o U;. Cornacno nemme 1
mouyb P, Ui cymecrsenno M-unbekrusen. Torga cymecrsyer takoii romomopdusm g @ R —
DBica Ui < Pjc; Ui, uro g |a= f. Cnemosarensio, cornacuo aemme 4 moayinb ),y U; ssnserca
M -vHbLEK TUBHBIM.

d

Caencrue 6. I1a cemeiicrea mpasbeix R-momyneit { M }ier caenyromme ycaoBrs SKBUBAICHT-
HBIL:

a) momyne ,.; M; CymecTBeHHO HHbEKTHBEH;

b) maa xaxmoro i € I momyas M; CyIIeCTBEHHO WHBEKTHUBEH M JJTsi BCSIKOTO TIOIMHOYKECTBA
{zi}icr monyns @@, M;, yIOBIETBOPAIOMETO yCIOBHAM

— x; € M; nnst Kaxgoro ¢ € I;

— Ann({z;}icr) <c Rk,
B KOJIbIIE R BBITIOJHEHO YCIOBUE MAKCHMAJIBHOCTH JIIS TIPABBIX MJICATIOB, ABISIONINXCA AHHYJIs-
TOpaMHU [OJMHOMKECTB MHOXKeCTBA {X; }ic].

Caencrue 7. g cemeiicrea npasbix R-mopyneit {M;}ier caenyronme yCcaoBus SKBUBAJIEHT-
HBI:

a) Mozmyab €D;c; M; cymecTBeHHO KBa3UMHBEKTHBEH;

b) monynb €Dc; M; CymecTBEHHO KBaSHMHBLEKTHBEH JUI KayKJOTO CYETHOrO TOJMHOZKECTBA
JCI;

¢) M; cymectsenno M;-UHbeKTUBEH I KAXKABIX 4, j € I 1 JJIs BCAKOTO MOIMHOXKECTBA {T; }icr
monynst @, M;, yIOBIETBOPSIONIEro yCI0BUsIM

— x; € M; nast kaxgoro ¢ € I,
— npassiit uaean Ann({z;}ier) apagerca @, M;-cymecrsennpin,

B KOJIbIIE R BBITIOJIHEHO YCIOBUE MAKCUMAJIBHOCTH JIIS TIPABBIX MICAJIOB, ABISIOIINXCA aHHYJIs-
TOpPaMHU MOJMHOYKECTB MHOXKeCTBA {X; }ic].

Mycre N uw M — npassie R-momynu. Yepes Annjs(N) OGymem 0603Ha4aTh MHOXKECTBO BCEX
npasbix nieasnoB A Kosblia R, 11l KOTOPBIX BbINOJIHEHbI YCIOBUS
a) A=Ann(X), tne @ # X C N;
b) Ann(m) < Awn Ar/Ann(m) <. Rr/ Ann(m) mist Hekoroporo saementa m € M.

Teopema 6. ITycmv N u M — npaswvie R-modyau. Tozda caedyroujue ycaosusn sK6USAAEHMHDL:
1) modyaw N cyweemesenno M-unvexmuesen das 4106020 mnoscecmea undexcos I;

2) modyav N® cywecmsento M-unvexmusen;

3) modyav N — cywecmesenno M-unvexmusen u 6 koavuye R 6uinoaneno yciosue Makcumand-
HOCTNU 0AA NPAGHIT udeanros us muoocecmea Annpyr(N).

Jlokasamesvcmeo. JKBUBATIEHTHOCTH 1) = 2) ¥ uMIUIMKaIys 3) = 1) HENOCPECTBEHHO CIIe/y-
IOT U3 JIeMMBI .
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2) = 3). IIpequosoxkum, 910 B KOJbIE R CymecTByeT CTPOro BO3PACTAIONIAS €I IIPABBIX
wieasnos Ay S As S Az S ... u3 muoxecrBa Anny(N). dus kaxgoro k € N nosoxum By, =
{r € N | xA; = 0}. Torma mmeer MeCcTO CTPOTO YOBIBAOIIASI TIEMb TTOIMHOYKECTB MOyt N

Bi2B:2B32....

Hnga xaxmoro k € N Boibepem takoii snement g u3 moayna N, aro xp € By \ Bgyi. Tax
KaK TjApy1 = 0 goa xaxgoro j > n + 1, ro Ann({z;}j=nt1n+2,..) > Any1. Hockoasky
Ann({z;}jer) = A1, 10 Ann(m) < Ann({z;}en) 1 Ann({z;}jen)/ Ann(m) <¢ Rp/ Ann(m)
JUIs HeKoToporo smementa m € M. Takum ob6pa3oM, A/l MOAMHOMKECTBA {X;}jcN BBITOTHEHO
yeoue 3) jgemmbl b B caydae korga U; = N gnsa kaxgoro ¢ € N. g kaxmoro n € N wu3
yeaoBust TpApt1 # 0 caenyer, ato Ann({2;}j—nnt1,n+2,..) 7 Ann({z;}jmnt1,n42,..). Homyunmm
OPOTUBOPEYNE C YTBEPKIEHNEM JEMMBI O. (|

Canencrsue 8. g mpasoro R-monyns M cienyromue yCaoBus YKBUBAJIEHTHBI:

a) mozysab M (I) cymecTBeHHO KBA3HHHBEKTHBEH IS JI0GOr0 MHOKECTBA HHJIEKCOB [;

b) moxyas M (N) ¢ymecTBeHHO KBA3HUHBEK THBEL;

C) MOIOYJIb M CYIIECTBEHHO KBASUWHBEKTUBEH 1 B KOJIBIIE R BBITIOJIHEHO YCJIOBUE MaKCUMaJIbHO-
CTU JJId M—Cy]l[eCTBeHHLIX TIPAaBBIX NAEAJIOB, KOTOPBIE ABJAIOTCA AHHYJIATOPAMU TTOAMHOXKECTB
momyist M.

Caencrsue 9. /lnsg npasoro R-moxyns M cienyroiue yCaoBus SKBUBAJEHTHBIL:

a) mogynb M () CYIIIECTBEHHO MWHBEKTUBEH [Tl JTIOOOTO MHOXKECTBA WHIEKCOB [;

b) Moy MM cymecrsenno unbexruses;

¢) M cymecTBeHHO MHBEKTUBEH M B KOJIbIle R BBINOJHEHO yCJI0BUE MAKCUMAIBHOCTH JIJIs CyIIe-
CTBEHHBIX IIPABbIX UJIEAJI0B, KOTOPBIE SIBJIMIOTCH AHHY/ISTOPAMEU HOIAMHOYKECTB MOyt M.

Mopyaes u3 kareropun o[M], CyIiecTBEHHO NHBEKTUBHBI OTHOCHTEIBHO JHOOOT0 MOJYJIst U3
o[M], HasbBaeTcsi CylnecTBEHHO MHbeKTHBHBIM B o[M]. Crepyiomiee yTBepKieHUe sIBIISIETCS
AHAJIOTOM XOPOIIO W3BECTHOTO Pe3yabTaTa, COTIACHO KOTOPOMY MOYMh M SBIAETCS JIOKATHLHO
HETEPOBBIM B TOYHOCTH TOT/IA, KOT/A BCAKAA IpaAMast CyMMa M-NHbEKTUBHBIX MOy SBATeTCA
M-unbexTuBHbIM MOyneM (cM., Hanpumep, [17], 27.3).

Teopema 7. Jlaa npasoeo R-modyss M caedyrowue ycaosus pasHOCUNbHOL:

1) Modyav M A6AACTCA AOKAADHO CYWECTNEENHO HETNEPOGHIM;

2) 6CAKAA NPAMAA CYMMA CYUEcmeenno M -unsexmuenus Mooysel AGAALMCA CYULLCMEEHHO
M -unsexmuenvim modyiem;

3) 6cakas cHemHan NPAMAA CYMMG cyuecmeenno M -unsexmusnur mMooyaets A6AAEMCH CY-
weemeenho M -unsexmusHbM ModYsem;

4) ecau modysv N cywecmeenno M-unsexmueen, mo 0as kaoscdozo muoscecmea I modyav
N cyweemsenno M -unsexmusen;

5) ecau modyav N cywecmesenno M-unsexmusen, mo modyanb N cywecmsenrno M -unsex-
mueen;

6) scaKas NPAMAA CYMMA CYUWLECTNBEHHO UHBEKMUSHUL 6 Kamezopuu o[ M| modyaed cyue-
cmeenno unsexmusha 6 o M];

7) 6CAKAA CHETHAA NPAMAA CYMME CYWELCMBEHHO UHBEKTNUSHOL 6 Kamnezopuy o M| modyaed
cywecmeenno unsexmuena ¢ o M];

8) BCAKAA NPAMAA CYMME NONAPHO USOMOPPHHHT CYULCMEEHHO UHBEKTNUSHUE 6 KAMe20pul
o[M] modyaeti cywecmeenno unsexmusna 6 o M];

9) 6caKas CUEMHAA NPAMAA CYMMA NONAPHO USOMOPPHYT CYULLCTNEEHHO UHBEKMUESHUT 6 Ka-
mezopuu o[ M] modyaeti cywecmeenno unsexmuena 6 o[ M].
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Jlokasameavemeo. Umimnkanuu 2) = 3), 2) = 4), 3) = 5), 4) = 5), 5) = 8), 6)=17), 7) =
9), 8) = 9) oueBUHBI.

1) = 2). Crenyer u3 jseMMBI 5.

2) = 6). Crenyer u3 ycnosus 4) seMmbr 1.

9) = 1). IIpeanomoxmm, 910 MOAYIE M HE SIBISETCS JOKATIBHO CYIIECTBEHHO HETEPOBBIM. To-
raa B M cyliecTByeT Takoil sjaeMeHT m, 9To B mR uMeercs: GecKoHEUHAasT CTPOTO BO3PACTAOIIAS
[enb CYIIECTBEHHBIX M R-monMoysteit

ASAS. ...

Ilycrs ¢ : Rp/ Ann(m) — mR — ecrecreennbiii musomopdusm. Torga B R cyiecrByror rakast
OeckoHeUHAT CTPOTO BO3PACTAOINIAS IeTTh MPABLIX UIEAJI0B KOJIbia R

Lshs..,

gro Ann(m) < I n I,/ Ann(m) = Ay s xaxgoro k € N. Tak kak [,/ Ann(m), R/ Ann(m) €
o[M], to Rgr/I}; € o[M]. Pacemorpum momyne N = Ep(Pcn R/Ix). Cornacro ycrosuio 9)
mozayie NN apnserca cymectsenno M-MHBEKTHBHBIM U, CIEI0BATEILHO, COTIACHO JIeMMe b s
Momyist N BBITIOJTHEHO ycjoBue 3) 3roi jgemmbl. st kaxkaoro k € N mosoxuMm xp = (y;)ien €
DBren B/Ix < N,tneyr, = 1+ ny; = 0, ecm i # k. Torna Ann(xy) = Ann({z;}j—x k+1,..) = Ik
mrst kKakgoro k € N u Ann({z;}ien) = I1. Tak xak Ann(m) < I, Ann({z;}ien)/ Ann(m) =
I/ Ann(m) <. Rr/ Ann(m) n nMeer MeCTO CTPOTO BO3PACTAIONIAS €M

Ann({z;}j=12,.) = Ann({7z;}j=23.) = ...,

TO TOJy4YaeM NpOoTHBOpedne ¢ ycaoBuem 3) jgemmbl 5. Takum obpasom, momyns M ssiagercs
JIOKQJIBHO CYITIECTBEHHO HETEPOBLIM.

g

Caencrsue 10 ([12]). Crenyromme ycoBusi SKBUBAJIEHTHBI /1T KOJIbla R:

a) R — CymecTBeHHO HETEPOBO CIPABA KOJIbIIO;

b) Begkag (cuerHas) nmpsiMast CyMMa CYIIECTBEHHO MHbEKTHBHBIX [PABbIX R-MOysieil sBisi-
€rcd CyLIeCTBEHHO UHbEKTUBHOM;

c) ecim N — CyIIECTBEHHO MHBEKTUBHBIH NMpasbiii R-Momynb, 1o momyas N () apnsiercs
CYIIIECTBEHHO WHBLEKTUBHBIM JJIf KAXKJIOI'0 MHOYKECTBA WHIEKCOB [;

d) eciim N — CyIeCTBEeHHO WHBEKTHUBHBIN TpaBblii R-MOAy/ib, TO MOmyab N ) gpnsercs
CYIIECTBCHHO MHLEKTHUBHBIM.

3. CYHLECTBEHHO KBASBMNHBEKTHUBHLBIE ABEJIEBBI I'PVIIIIBI

Abenena Tpynmna A Ha3LIBAETCS CYIECTBEHHO WHLEKTHBHOMN, €CTH OHA CYNIECTBEHHO WHHEK-
THBHA KAK Z-MOJIyTb. Anasornano onpeaensiiorcs ADS-abeness! rpymmsl, LADS-abenesst rpyi-
b, CYTIECTBEHHO KBA3WUHDLEKTUBHBIC M CYIIECTBEHHO SHIOMOP(MUIM-TIPOIOIKAEMBIE aHETEBhI
rpynnel. OUeBUIHO, 9TO KaxKaad abemeBa Tpymna 6e3 KpydeHns SBISETCS CyTIEeCTBEHHO KBAa3H-
HHBEKTUBHOHN. B HacTOsIIeM pasiesie OyayT OMUCAHBI CYITECTBEHHO KBA3UNHbEKTUBHBIE aHETeBhI
rpynnel. Tak:ke 6ymer mokaszaHo, uTo abeeBa rpyIia siBJISETCA CYIIIECTBEHHO KBA3UHHLEKTUBHOMN
B TOYHOCTH TOTJA, Korja oHa sBjsercs LADS-abemesoit rpymmoit. Ormernm, aro ADS-abeners
rpynnbl 6bIM ONMcaHbl B HegaBHel pabore [27].

Ecnun M — npasbiit R-MO/Ty/Th, TO €T0 CHHTYISIPHBIM TTOAMOIYJIEM HA3BIBAETCA TIOAMOIYTh BUIA
Sing(M) = {m € M | ann(m) <. Rr}. Koabuo R Ha3bIBaeTC HECHHTY/ISPHBIM CIPaBa, €C/IH
Sing(RRr) = 0.
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Ipengoxenune 1. Ilycmv R — wnecuneyaaproe cnpasa xoavuyo u M — npasviti R-modyss.
Caedyrouue Yycaosus PagHOCUAbHOL:

1) Modyav M a6aaemca CYuECmEEHHo uHbEeKMUGHbLM;

2) Mmodyan Sing(M) Asasemca UHBEKMUSHVLM;

3) modyav Sing(M) AsaAEMCA CYULECMBEHHO UHBEKMUCHBLM.

Aoxazameavcmeo. 1) = 2). llycrs M — cymiecTBeHHO HHbEKTHBHBIH Moyib u f : A — Sing(M)
— romomopdmam mpasbix R-mompyneit, Tme A <, Rpr. Tak Kak KoIb10 R HECHHTYISIPHO CIIPABA,
to Ker(f) <. A. Ilna wekoroporo romomopduszma f' € Homp(Rg, M) uveer MeCTo PaBeHCTBO
f|,,4 = f. Tak kak Ker(f) < Ker(f’), ro Ker(f’) <. Rgr u, caegoarensro, f'(R) < Sing(M).
Takum obpaszom, moayab Sing(M) sBASIETCST HHBLEKTHBHBIM.

2) = 3). OueBnjHo.

3) = 1). Ilycrs Sing(M ) — cyuiecTBeHHO MHBEKTUBHBIN MOAysb 1 f 1 A — M — romomopdusm
npaebix R-monyieit, e A < Rp u Ker(f) <. A. Torna f(A) < Sing(M) u, ciegoBaTesbHo, st
nekoroporo romomopdusma f' € Homp(Rg, Sing(M)) umeer MeCTO paBeHCTBO f|’ ', = [ Taxum
obpazom, moayab M aBjsieTcsi CyIeCTBEHHO MHbHEKTUBHBIM. O

Ecim A — abeseBa rpyima, TO ee MEPHOANIECKYIO YacTh ByaeM obo3HadaTh depes t(A).

Caencrsue 11. /l1a abenesoit rpynmnsl A ciieyiomiue ycIoBus SKBHBAJIEHTHBL:

a) A — CyIecTBEHHO MHbEKTHBHAs abesieBa TPYIIIa;

b) umeer mecro pasnoxkenne A = B @ t(A), rne t(A) — nenmmas abenesa rpymnma u B —
abesneBa rpymmna 6e3 KpydeHus.

s CJIeICTBUA HETTOCPEACTBECHHO BBLITEKACT

Jlemma 6. Iycmo M — npaswvili Modyab Ha0 CYUECTNEERHO HEMEPESHIM CNPABE KoAbUOM R u
M = ®;erM;, 20e M; — snoane unapuarmmuvil nodmodyss modyss M u das wascdozo i € 1.
Ecau Hom(N;, Mj) = 0 daa kaorcows pasauunss 1,5 € I u 4106020 noomodysa N; modyaa M;,
mo modyav M cywecmseenno K6asuunbexmusen 6 mounocmuy mozda, ko2da M; cywecmeserno
KeasuuHbexmusen s kastcdozo i € I.

Yepes P 6ynem 0603Ha9aTh MHOXKECTBO BCEX IPOCTHIX HATYPAJIbHBIX IUCEJ.

IIpensoxkenune 2. Jlaa nepuoduyeckoti abeaesoti epynnot A caedyroujue Yycaosus pasHOCUNDHDL:

1) A — cywecmsenno K6a3uunsekmMueHai abeiesa 2pynna;

2) A — cywecmeeno IHAOMOPHUIM-NPOOAICAEMAR AOEALBA 2PYNNA;

3) A — LADS-a6enesa epynna;

4) A = @pepAp, 20e Ona Kkascdoeo p € P A, — p-womnonenma A u aubo Ay = O Lps,
Aubo Ap = (EB] an) &) (EB[/ an+1),

Aoxasamenvcmeo. Ilycts A = @pcpA, — pasioxenue abeseBoil rpynmsl A Ha ee IpuMapHBIE
KOMITOHEHTHI.

Unvnnukanun 1) = 2) u 2) = 3) oueBHHLL.

3) = 4). Paccmorpum HemyseByio p-puMmaphyio komnonenty A, abesesoit rpymmnst A. Torma
A, = D, ® Cp, tae D, — nenmmag abeseBa rpymna u C, — peaynupyeMas abeseBa IDYyIIIa.
Ecmn Dy, # 0 u Cp, # 0, o cormacuo ([20], crencreume 2.3, c. 155) mMeioT MeCTO pasioXKeHust
D,=A® A'n C,=B® B’ rtne A Lo 1 B = Zyn g nexoroporo n € N. Torga corsacuo
(123], mpegnoxenne 3.10) Zyoo BZyn — LADS-abesnesa rpymia u, creoBaresbHo, abeesa rpynma
Zipn CYIECTBEHHO Zpyoo-MHBHEKTUBHA, YTO, 09eBUIAHO, HeBO3MOXKHO. Takum obpazom, mibo D), = 0,
6o C), = 0. PaccmorpuMm f1Ba caydas.
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1) Cp = 0. B srom ciyuae A, sBasiercst geumMoil abesieBoii rpymioit u, ciegoBaressHo, A,
D Zipoo .

2) D, = 0. IIpeamomnoxum, aTo A, COAEPKUT MpaMOe cJIaraeMoe, n30MopgHoe abeseBoit rpy-
ne Zpn ©Zym, rae n—m > 2. Torna abesesa rpynma Zym CyIIEeCTBEHHO Zyn-AHbEeKTHBHA. PaccMoT-
puMm romoMopdusm f : p”*mflzpn — Liym , NEHCTBYIONTHI COTTIACHO IPABUIY @ — pa. Torga and

HekoToporo romomopdusma f’ 1 Zyn — Zym uMeeT MECTO PaBEHCTBO f"p n-m-17 , = f- Tak kak
P

f ) = f!(Zyn), To Ker(f') + p" ™ 1 Zyn = Zpn. Crenosarensuo, Zyn = p* " 1,
9TO HPOTHBOPEYNT yciaosuio n — m > 2. Takum obpasom, A, He COOEPKUT NPSIMOrO CJIara-
eMoro, uzomopguoro abenesoit rpymme Zpn @ Zym, tae n —m > 2. Tak kak corsacuo ([19],
crepcTere 2.5.3) B HEOTDAHWYCHHON TPUMAPHON pelylnupyeMoil abeaeBoii IpyIiie JIUHB THK-
JNYECKUX HPSMBIX CJIAraeMBIX HEOTDAHWYEHBl B COBOKYIHOCTH, TO A, SBJIAETCS OrpaHHYeHHOI
abenesoit rpymmoit. Torma w3 ([19], ciemcreue 2.3.1) u W3 W3J0KEHHOTO BBIIE CJIEIYET, ITO
Ap = (b1 an) o (B an+1).

4) = 1) B cuny nemmbl 6 J0CTATOYHO JOKA3aTh CYNIECTBEHHYI0 KBA3UUHBLEKTUBHOCTH MPH-
MapHbIX KoMIIOHeHT abesieoil rpynusl A. Ecim A, = @ Zpeo, TO CylleCTBeHHas KBA3UHHbEK-
tusnocts Ay ouesuana. Ipeamonomum, uro Ay = (@1 Zpn ) D (D Zyn+1). Tak xax E((Dr Zpn) ©
(®p Zpn+1)) = @qup Ly, 10 as Kazxkporo sugomopdmsva f 1 E(®1Zpn) & (D Lyn+1)) —
E((®1Zpn) ® (Dr Zyn+1)), y xoroporo Ker(f) <. E(Ap), Bemomnnens: pxmouenns Im(f) <
Srur Lpn < (®1Zpn) O (Dr Zyn+1). Torga m3 Teopemsr 1 creayer cymecTBeHHas HHBLEKTHB-

HOCTDb A, O
U3 npemnoxkenns 2 u ([28], crexcreue 23) BoiTekaer

Caeacreue 12. g neproandeckoii abeseBoii rpynmnbl A Cleayomnime yCIOBUsS PaBHOCUIBHEL:

a) A — CyIeCTBEHHO KBa3MUHBLEKTHBHAs abesieBa rpyIma;

b) A — cymecTBeHHO SHIOMOPMUM-TIPOIOIKaeMasd abeeBa rpyIma;
¢) A — LADS-abenesa rpymma;

d) A — CS-abeseBa rpymnma.

IIpeanoxkenne 3. Jlaa cmewannoti abesesoti epynnv. A caedyioujue Ycao8us pasHOCUNDHDL:

1) A — cywecmeenno unsexmueHas aberesa 2pynna;

2) A — cywecmeenio K6a3uUHBEKMUCHAA abEeAe8a 2pYnnNa;

3) A — cywecmeenno amAoMopPu3m-npodoscaemas abesesa 2pynna;
4) A — LADS-abescsa epynna;

5) A= B®t(A), ede t(A) — deauman abesesa epynna.

Aoxasamesvemeo. Ummmnkarmn 1) = 2), 2) = 3), 3) = 4) ovesunnsl. UnMmumkanus 5) = 1)
BBITEKaeT u3 cjuejcTus 11.

4) = 5). Umeer mecro pasnoxenne t(A) = D @ B, rne D — gemuMas abesieBa Ipynma u
B — penynupyemas abenesa rpynmna. Torma A = D @ A’ rne A’ — menepumognueckas abeneBa
rpymna, y Koropoil nepuogundeckas dactb t(A') peaynupyema. Ipeanosoxum, uro t(A") # 0.
Torma cornacuo ([15], c. 156, caexcrsue 2.4) umeer Mecto paznoxenue A = A; @ Ag, re Ay, A
— HeHyJieBble abesieBbl IPYIIbL. Be3 orpannyenust OOIHOCTH MOYKHO CYUTATh, 9T0 Ap obsajiaer
9JIeMEeHTOM @ GeCKOHEeTHOTo mopd ika. Torma cormacto yeaoBuio 2) jseMMbl 1 abeseBa rpynma As
CYIIECTBEHHO WHBHLEKTUBHA OTHOCUTENHLHO Zz W, CIEI0BATENIHLHO, COTJIACHO YCAOBHUIO 5) JeMMbI 1
Ag cymecrBenno nabektnBHa. Torga n3 peayrupyemoctn t(Ag) n caencrsus 11 BeITeKaeT, 9TO
Ay — abenera rpymma 6e3 kpyuenusi. Torga As obiagaer s1eMeETOM b GECKOHETHOTO TTOPSAIKA U,
chemoBaTesbHO, abenesa rpynma Ay ABIAETCA CyIIECTBEHHO MHLEKTUBHONA. Torma w3 peayrmpy-
emoctr t(A1) u cnencreus 11 umeem, uro Ay — abenera rpymmna 6e3 kpydennsi. CiesoBaresbHo,
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A’ — abenesa rpynma 6e3 kpydenust. [loayaunu nporusopeune. Takum obpasom, t(A') = 0 u,
cneposarenbho, t(A) = D. O

W3 npenoxenuit 2, 3 HEIOCPEICTBEHHO BBITEKAET

Teopema 8. /Jlas abeaesoti epynnoi A caedyioujue Ycaosusa pasHOCUAbHDL:

1) A — cywecmeenno K6a3uunseRMUEHAA ADEACEA 2PYNNA;
2) A — cywecmseenno aHAOMOPPUIM-NPOOAAHCAEMAA GOEALEA 2PYNNG;
3) A — LADS-a6enesa epynna;
4) 6unoaneHo 00HO U3 CACOYOUUL YCAOBUT:
a) A — abeaesa epynna 6e3 KPyueHus;
b) A — nepuoduueckan aberesa epynna u A = @pepAp, 2de daa kaorcdozop € P A, —
p-womnonenma A u aubo Ap = O Lyso, aubo Ap = (O Lpn) © (Dp Lpn+1);
c) A — emewannas abesesa epynna u A = B @ t(A), 2de t(A) — deaumasn abesesa
epynna.
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