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Abstract—The paper deals with the study of solvability to geometrically nonlinear boundary value
problem for elastic inhomogeneous isotropic shallow shells with free edges within S. P. Timoshenko
shear model. The problem is reduced to one nonlinear equation relative to deflection of shell in
Sobolev space. Solvability of equation is proved with the use of contracting mappings principle.
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INTRODUCTION

The solvability of nonlinear problems of equilibrium for thin elastic shells is currently sufficiently fully
studied in the framework of the Kirchhoffi—Love model (see [1—5] and by the quoted literature). The
questions of existence of solutions of nonlinear problems of equilibrium within the more general models
of the theory of the shells, not based on hypotheses of Kirchhoff—Love were included into the known
list of unresolved problems of the mathematical theory of shells [1] and until recently they remained
open. Today there is a number of works [6—15] in which the solvability of nonlinear problems are studied
within the shear model of S. P. Timoshenko. The studies in [6—15] are based on integral representations
for generalized displacements. The integral representations contain the arbitrary holomorphic functions.
The holomorphic functions are defined so that the generalized displacements satisfy the given boundary
conditions. For their construction two approaches are used. The first approach is based on application
explicit representations of solutions of a problem of Riemann—Hilbert for the holomorphic functions in
a unit disk. Therefore the flat domain which is homeomorphic to middle surface of shell, or is supposed
by a unit disk [6, 7, 9, 10, 13], or conformally mapped onto a unit disk [8]. The second approach for
determine the holomorphic functions uses the theory of integrals of Cauchy type with the real density.
These densities are defined as the solutions of system of one-dimensional singular integral equations
[11, 12, 14, 15]. In the present work, the second approach is used. Work is a direct development of the
works [11, 12, 14] to the case of shallow shells with variable principal curvatures, which significantly
complicates a obtaining of necessary and sufficient conditions for the solvability of the problem.
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ON THE EXISTENCE OF SOLUTIONS OF NONLINEAR BOUNDARY VALUE 31
1. STATEMENT OF THE PROBLEM

In a simply connected bounded flat domain €2 we consider a system of nonlinear differential equations
TA+R' =0, i=1,2,
T2§ + BT+ (TMwsgn ) or + R =0,
MA-TB 4L =0, i=1,2, (1)
under the conditions

- da? o dat .
T]l O; _TJQ (z; :P](S)7 j:1727

do? da! da? do! da® do!
T13 CZ; —T23 Cz; +T11w3a1 CZ; _T22w3a2 (j;); +T12 <w3a2 CZ; — W3yl C;); > = P3(8)7
Cde? odal
Mﬂdcz —Mﬂd;; = Ni(s), j=1,2, (2)

on its boundary I'. In (1) and (2) the following notations is accepted:
Tij = T,éj(a) = Déjknfygm Mij = M,éj(a) = D;jkn’}/lim a = (w17 w2, w3, 1/}17 ¢2)7

ho/2
. g E vE
k
D% n _ / BZ]kn(O(l, OéQ, a3)(a3)mda3’ Bllll — B2222 — L V2’ B1122 — L V2’
—ho/2
E Ek? 2
Bl212 — B1313 — B2323 — 0 _ — k. 3o —1.92
2(1—’-1/)7 2(1+V)’ fY]] w]aJ ]w3+ (j ) )7

7?2 = W1a2 T Wanl + W3a1W342, Vgl'j = wjaj (j =1, 2)7 7%2 = wloﬁ + ¢2a17

Vs =wzei +10; (G=1,2), 33 =1"k3=0,k=1,3; (3)

the remaining BY*™ are zero; o/ = aJ(s) (j = 1,2) are equations of the curve T, variable s is the length
of the arc of the curve T, subscript o in (1)—(3) and further means differentiation with respect to o,
A=1,2.

System (1), together with boundary conditions (2), describes the equilibrium state of an elastic
shallow isotropic inhomogeneous shell with iree edges within Timoshenko shear model [16, pp. 168—
170, 269]. Herewith T% are the stresses, M* are the moments; ij (i,7 = 1,3, k = 0,1) are the strain
components of middle surface Sy of the shell, where Sy is homeomorphic to ©; w; (j = 1,2) are the
tangential displacements of points of Sy, ws is the normal displacement of points of Sy; ¥; (i = 1,2)
are the rotation angles of the normal cross-sections of surface Sp; a is the generalized displacement
vector; R/, P7 (j = 1,3), L*, N* (k = 1,2) are the components of external forces acting on the shell; v
is the Poisson ratio; E is the Young modulus; k; = k;j(a?) (j = 1,2) are the principal curvatures; k? is
the shear coefficient; hg = const is the shell thickness; a',a? are Cartesian coordinates of points of the
domain €.

In (1)—(3) and further, on repeated Latin indices summation is carried out from 1 to 3, on repeated
Greek indices summation is carried out from 1 to 2.

System (1) in the generalized displacements takes the form

(Délllwlal + D6122w2a2)a1 + [D(%212(w1a2 + Woul )]a2 - (D(l)luukuwi’»)al = f17
[D(1)212(w1a2 + Wanr )]al + (D(1)122w10c1 + D(2]222w2a2)a2 - (D(2)2H“kuw3)a2 = fo,
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32 AKHMADIEV et al.

DY 030001 + D3P g0+ D + DE g
+(Dg* PP ) a1 + (D5 42) 02 + kAT a) = f,
(D%nlzplal + D%122¢2a2)a1 + [D%212 (1/11a2 + 1/}2o¢1 )]a2 - D(1]313(w3a1 + ¢1) = f47

[D%212 (1/11(12 + Yo )]al + (D%l22¢1a1 + D§222w2a2)a2 - D8323(w3a2 + 1[)2) =I5 (4)

where
f] = fJ(w3) = _(D(J)]HHX?LM)aj - (D(1]212X(1]2)a3*j - ij ] = 1727
f3 = fala) = =kxT* — (TMwgpn)an — R, fa=—L', f5=-L%
T = DYy, T = DYl T =TI+ TP, 5
egg and ng denote linears and nonlinear summands of the strains components ’ygﬁ: ’ygﬁ = egﬁ + Xgﬁ,
5,8 =1,2.

Problem (4), (2). Find a solution of system (4) satisfying the boundary conditions (2).

We study the boundary value Problem (4), (2) in the generalized setting. Let the following conditions
be satisfied:

(a) the elastic characteristics B7*"(a',a?,a?) are the even functions of a variable o € [—hg/2,
ho/2] and Biikn € WV(Q) x Ly[—ho/2, ho/2];
(b) ky € Wy (), 5 = 1,2,
()R (j=1,3), L* (k =1,2) € Ly(Q); P/ (j = 1,3), N* (k = 1,2) € C(D);
. . . . . 1_
(d) €2 is an arbitrary simply connected domain with boundary I' € Cf;
(e) the external load is self-balanced.
Here and further: 2 < p <4/(2-8),0< 8 < 1.
Definition 1. A vector a = (wi,wq,ws,1,19) is called a generalized solution of Problem

(4),(2) if a € Wp(z)(Q), satisfies the system (4) almost everywhere and satisfies the boundary
conditions (2) pointwise.

Here ngi)(Q) (1 = 1,2) are the Sobolev spaces. By the embedding theorems for the Sobolev spaces

Wp(z)(Q) with p > 2, a generalized solution @ € C1(€2). Here and further a = (p — 2)/p. Let us notice
what if the condition 2 < p < 4/(2 — ) is satisfied, then inequality a < 8/2 is holds.

2. CONSTRUCTION OF INTEGRAL REPRESENTATIONS
FOR GENERALIZED DISPLACEMENTS

Let us introduce the two complex-valued functions w; =wj(z) :D%(ljlil)(fjlw + fi2a2) +
iD%%jlfl)(fjgal — fi1a2) (G = 1,2), z = o +ia?, fi; = wj, foj =5, j = 1,2. Relatively of functions

w;(z) (7 = 1,2) and normal displacement w3(z) we consider the equations
wiz=p', §=1,2, DFBwsgig + DEPPwsgeee = p?, (6)

where p! = py +ipa, p> = pa +ips, p3 = ps are arbitrary fixed functions belonging to space L,(f2);
CU]'Z = (Wjal + Zw]a2)/2

The first two equations in (6) are inhomogeneous Cauchy—Riemann equations. Therefore, their
general solutions are given by formulas [17, p. 29]

wi(2) = @;(2) + TPl (2), ijz—i//g@dadn, j=12, c=¢+in, (7
Q

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No.1 2021



ON THE EXISTENCE OF SOLUTIONS OF NONLINEAR BOUNDARY VALUE 33

where ®;(z) are arbitrary holomorphic functions belonging to the space C,(2).

Itis known [17, p. 29] that T is a completely continuous operator in spaces L, (£2) and C¥(Q) and he

carry out mapping these spaces in Cy,(Q) and C*T1(Q), respectively. In addition, there exist generalized
derivatives

OTf _ . OTf _ o 1 [[ f(
b = Gl =si=- ] (o2 2l (8)
Q

where S is a linear bounded operator in L,(£2), p > 1 and in C¥((2).

In turn, using the functions w{ = wy + iwy, WY = ¥y + ithy, the relations (7) can be written in the

form of the inhomogeneous Cauchy—Riemann equations
, , 1 1 (—1)* ‘
0 1 2\ — k
A\ Daiiony - Dajity
The general solution of Cauchy—Riemann equations has the form
w)(z) = W;(2) + iTd;[wil(2), j=1,2, 9)

where U;(z) are arbitrary holomorphic functions of the space C}(€2).
The third equation in (6), taking into account D313 = D233 we presented in the form
W32z = /3V3/27 bv?) = PS/(QD(I)BIB), W3z = (w3a1 - Z"w3012)/2‘

Wherefrom we obtain the representation ws, = ®¢(2) + T'p3(2)/2, where ®((z) is an arbitrary holomor-
phic function of the space C, ().

By integrating the last relation with respect to z, we will have

ws(2) = Re By(2) — Ty, Ty = _71T //ﬁg(g) In
Q

z
— “lded 10
1 C‘?En, (10)

where ®3(z) € CL(€) is an arbitrary holomorphic function.

Relations (9) and (10) are the desired integral representations for generalized displacements. For
their first-order partial derivatives, from (9) and (10), taking into account (6), (7) and (8), we will obtain

frjoi = Rewy/ (2D%(lk£1)) — (=17 Im {W}.(2) + iSdi[wr](2)} ,  wp = Pr(2) + Tp"(2),
Jrjon = Re {Wi(2) + iSdiluon] (=)} + (~1) Imeoy/ (2D32 1)), kjin =12, j#n,

fij=wj,  foj =5 wse = Re{# 1 @4(2) + Tp3(2)]}, j=1,2 (11)
The generalized displacements w; (j = 1,3),1, 2 and their derivatives defined by formulas (9), (10)
and (11) we will represent in form convenient for further studies:

1 2 1 2 1 2 1 2
wj = wj + Wy, Vg =Y + P, Wjar = Wign + Wign Vkan = Van + Ykan,
J=13, kn=12,

where the summands with a superscript "1” contain only the functions p = (p!, p2, p3), and the
summands with a superscript ”2” contain only holomorphic functions ® = (®1, @, &3, Uy, Us).
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34 AKHMADIEYV et al.
3. SOLUTION OF PROBLEM (4), (2)

Integral representations (9) and (10) for generalized displacements a = (wy, wa, ws, 11, 12) contain
arbitrary holomorphic functions ®;(2) (j = 1,3), ¥x(2) (k = 1,2) and arbitrary functions p’(z) (j =
1,3). We find them so that the generalized displacements satisfy the system (4) of equilibrium equations
and the boundary conditions (2). For this purpose, we substitute relations (9), (10), and (11) into (4)
and (2). As a result, the system of equations (4) takes the form

P (2) + hja(p)(2) + hya(®)(2) = f(2), j=1,3, (12)
where
Dll““k: wh)gt + 1 D22Wk w
s = DR, — DR, +i (D], — D2, ) — (D0 e+ DG R
. . . , D313 [zp{ +wl i+ wl
hay = DY = DR+ (D0 — D) - E o

343 4 . . .
h D(l]i%:% ] al +D(2]2¢%3w§a2 + (Dg . wfl,)au + k)\TeA)\(aJ)v CL] (w{7w27w37¢ 1/12) .7 = 1727

= +if2)/2, fP=(fa+ifs)/2, P=Fs b =hplp), hp=hp(®), j=1,3
The boundary conditions (2) are transformed to the form
Re {il[t' + (—1)7¢Jagk—1 (#)wor(t) — 7~ asp (D [W4 (1) + iSdiloon] *(£)] }
+ (2= k)li(ws)(t) = vjpspe-1)(t), 4,k =12,

DFE Im {t'[@4(t) + Th3(t)]} + 13(1)(£) = w3(a)(t), (13)
where

Li(wa)(t) = (~1 D™ T =12,

da? dal
)(1) = DM — DY CZ L= ()

: da’~ do? ‘
i) = PIs) + (-1 D, © 7 - D, )=

da? da! da? da
_ p3iy _ )l 22 12 B
ea(a)(®) = P(6) = { T ) = T2 72 (103 = B )

1 Dl(122 )
2(j—1

pa(t) = N'(s), @s5(t) = N?(s); agj1= 4 (1 + D11]11 ) , agj = QD%%}ED,
2(j—-1)

wilt) =) + TP (), j=12 () =L(), V)=V (1), k=12 (1) =25 (1)

Here and below, the symbol ¥ (¢) denotes the limit of a function ¥(z) as z — ¢ € T from the interior of
the domain €.

Thus, to determine the functions p? € L,(Q), j =1,3, ®x(2) € Co(), k = 1,2, ®3(2), Ui(z) €
CL(Q), k = 1,2, we have the system of equations (12) and (13). We will find the holomorphic functions
in the form of Cauchy type integrals with real densities:

Dj(2) = O(u2i-1)(2), Wj(2) = 0(u2)(2), j=1,2,
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ON THE EXISTENCE OF SOLUTIONS OF NONLINEAR BOUNDARY VALUE 35

D4 (2) = i0(u5)(2), 2m/ fT_Z (14)

where 11(t) € Co(I") (j = 1,5) are arbitrary real functions, 7" = dr/do, do is an element of the arc
length of the curve I.

For functions (¥;(z) (j = 1,2), ®3(z)), we have representations:

1 ; z . . .
Uj(z) =—, / ungE Vi (1 - T) dr + coj1 +icgj = Wyug;)(2) + cgj1 +icy;,  j=1,2
r
1 [ ps(r) 2 o .
P3(z) = — . In (1 — ) dr + c5 + icg = P3(ps)(2) + ¢5 + ics, (15)
2w T T
r

where ¢; (j = 1,6) are arbitrary real constants, under In(1 — z/7) we mean a one-valued branch that
vanishes when condition z = 0.

Using formulas of Sokhotsky [18, p. 66], we find ®;(t), W(t), j = 1,2, ®3(t), t € I'. We substitute
their expressions, as well as (15) in (12) and (13), taking into account representation

, d1 T — d2 (T
Sdjlw;]* (1) = =, (£)7d;[®; (1)) - 2]7(72)/(7—t1;2q)j(7)d7_ 2]7:-)/?52&
r

// 4 ¢)dédn —// j(g)dgdn+5dj[ij]+(t), j=12

Representation for Sd;[w;] ™ (¢) is obtained using relations (7) and (8), formulas (4.7) and (4.9) from [17,
p. 28] and formulas of Sokhotsky. As a result, after simple transformations, we arrive at a system of
equations with respect to functions p = (p', p?, p®) € L,() and po = (1, pa, 3, pias pi5) € Co(T)

P (2) 4+ hj1(p)(2) + hja(po)(2) = f7(2) — hys(0)(z), z€Q, j=1,3,

5
) {%’k(t)uk(t) + b (t) / l;k(Tt) dT} + Kjpo(t) + Hip(t) = g;(a)(t), tel, j=1,5. (16)

k=1 L
In system (16) accepted of notations:

hiz(c)(2) = —cs [(Déluuku)al + Z'(DSQ}W/GM)OCQ] /2, has(c)(z) = —(cq + Z'03)D5313/27
hs(e)(2) = elDE + e DR 4 KT (0), hyalpo) ) = hya(@(po)) (). § = 1.2

i o 0] 40 [ £, %)

r r
—Re {ianQmj (t)t/Komjlu’2mj—1(t)} + EQ(MS)(t)v Jj=14,

Kogpiag1(t) = zm /%Tt TZJOTT)MQj (1) Fdr — Qm /¢ T_t ) B, (j12j1)(7)dr

T—1

WECR.C L Q- |
T é/ (¢ —t)2 P (p2j-1)(¢)dEdn — - é/ (C— 12 ®;(pgj—1)(C)dedn, 5 =1,2,

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No.1 2021



36 AKHMADIEV et al.

o [ an, wmn =TT iy = =
T T —1 T—1

T
Dj(p2i-1)(2) = 0(p2i-1)(2);

Yo (7_’ t) =

Kapolt) = " (t’ [0 dff) i (120000)) (0,

Hip(t) = Re {9 ¢ + (=198 am, 1 ()T (6) = " o, (DF S T)* ()} + Taps) (0), 5= 1,4,

Hsp(t) = Dg* Im(t'Tps) + (41 (0))(6); gj(a)(t) = @ (ws)(t) = Uz () (1), j=1,2,

gi(a)(t) = p145(t), J=3,4, gs(a)(t) = ps(a)(t) —I3(c)(t); (17)
where
. O do3—9 . do? dot
lj3(c)(t) = (=1) cska Dy’ g 0 J=L2 I3(c)(t) = ca Dy s — 3D g

ljg(ug,)(t) = lj (w?z,(CI)g(,u5))) (t) at ] = 1,2 and ljg(ug,)(t) =0 at j = 3,4;

Li(ps)(t) =1 (wi(ps)) (t) at j=1,2 and li(ps)(t) =0 at j=3,4;
OF = (), k=12

agj—1 = agj,a2j = 1, figj1 = p2j, floj = ploj—1,M2j—1 = L,n2; = 0,5 = 1,2;m1 = mg = 1,m3 = 2,

as a1 aq as Dé?’l?’
my = 2, M2 ==, 21=",, G4=",, G3=",, 5= ,
py
_ J . .
bjj__Qﬂ_v ]_174a

the remaining a;;(t), b;;(t) are equal to zero; a;(t) (j = 1,4) and ¢;(t) (j = 1,5) are defined in (13).
Lemma 1. Let conditions (a), (b), (c), (d) be satisfied. Then:
1) hji1(p) (j = 1,3) are linear completely continuous operators in L,(£2);

2) hjo(po)(t) (j = 1,3) are linear completely continuous operators from C,(I') in L,(Q2), where
v is any number from the interval (0,1);

3) Kjuo(t) (j = 1,5) are linear completely continuous operators from Cy,(T') in Coy (T') Vo' <
and are bounded operators from C,(I") in Cy(I);

4) Hjp(t) (j =1,5) are linear completely continuous operators from L,(Q) in Cp(I') Vo/' < «
and are bounded operators from L,(€2) in Co(T');

5) the have place inclusions f7(z),hj3(c)(z) € Lp(Q),5 =1,3; g;(a)t) € Ca(T), j=1,5;
ajk,bjk S C’a(l“).

Proof. It is known [17, pp. 26—27] that the Cauchy type integral 6(f)(z) in (14) is a bounded
operator from C(I') in C,(2) and its derivative §'(f)(z) is a bounded operator from Cy (") in Lg(2),
1< ¢ <2/(1 — ). Inaddition, can easily be shown that (f) is a completely continuous operator from
Co(T) in Ly(R2) Vp > 1 and in Cy () Vo' < . Since 9(7,t) € Cp(T') x Cp(T') [18, pp. 28—32] then
takes place 9 (7,t) € Cs_o(I") x Cg(I") [18, pp. 61—62] (¢ > 0 is arbitrarily small number). It follows
from condition (a) that d;?(t) € Cy(I') holds. Then it is easily shown that Ko;(u2;—1)(t) (j =1,2)
are the linear completely continuous operators from C,,(T') in Cy/ (') V&' < v and bounded operators
from C, (") in Cy(T") (v is any number from the interval (0,1)). Now we will obtain the validity of
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Lemma | immediately from (17), if we also take into account the estimate [18, pp. 31—-32, 55—56]
Im(t' /(7 —t))| < c|r — t|*L, the properties of the operators T, S in (7), (8) and the representation

s )0 =7 (i) 0 - Pl - 1 [T
r

Representation for Sd;[Tp’]*(t) is obtained using formulas (8.20) from [17, p. 58] and formulas of
Sokhotsky.

We investigate the solvability the system of equations (16) in the space L,(2) x C/(I'), &/ < a.
Note that, by virtue of Lemma 1, the solution (p, p10) € L,(€2) x Co/(I") of system (16) belongs to the
space L,(£2) x Co(T). Using the expressions for a;(t), bjx(t) in (17), we calculate det(a(t) + mib(t)) =
Di¥3ajazazas/8 # 0, t € T', where a = (aji)5x5, b = (bjk)s5x5 are fifth-order matrices. Then for the
index of system (16) we have

o 1 [ det(a—m’b)] _0

27 argdet(a + mib) | 1

(here, the symbol [argp|r means the increment of function argument ¢ when traversing the curve I’
once in the positive direction). Consequently, the Fredholm alternative is applicable to system (16).
Let (p, o) € Lp(R2) x Cor (T) is a solution of system (16) with f7 — hjz(c) =0, j=1,3, gj(a) =0,
j =1,5. To solution (p, p9) by formulas (14) and (15), where the constants ¢; (j =1,6) are zero,
correspond to the holomorphic functions ®;(z) (7 = 1,3), ¥(2) (k = 1,2). Functions ®;(z) (j = 1, 3),
Vi (2) (k= 1,2) together with p(2), in turn, the determine generalized displacements w; (j =1, 3),
Y (k=1,2) using formulas (9) and (10). It is easy to see that these displacements satisfy the
homogeneous system of linear equations (f; =0, j = 1,5) in (4) and the homogeneous linear boundary
conditions
jlda2 B jzdal B . 13da? B g3dat i da? B j2da1
I ds I ds =0 =12 T ds T ds =0 M ds M ds’
We multiply these equations in the system (4) onto w1, we, ws, 11, P9, respectively, integrate the result-
ing relations over the domain € and add up the results of integrations. Taking into account homogeneous
boundary conditions, we obtain system egu =0, ’y)l\u =0,795 =0, \p=1, 2, the solution of Which,

j=1,2.

taking into account W5(0) = 0, w3(0) = 0, we obtain in the form w; = —cpa? + ¢1, wy = coat + ca,
w3 =y, = 0, k = 1,2, where cg, ¢1, cq are arbitrary real constants. Then wy(2) = 2icoD§?'2, wa(2) = 0
and from (6) and (10) it follows that

pl(2) = 2ico D2, p*(2) =0, p3(2)=0. (18)

Using formulas (7), (10) and relations w = W(2) +iSdj[w;](2), j = 1,2, obtained from (9) by
differentiation with respect to z, we find

Pi(z) = coan(z), Wi(2) =cobp(z), Pa2(z) = Uy(z) = P3(2) =0,

1 [ DE'2(¢) , 1 dt
ao(z)—ﬂ/ t—=z dt, fhlz) = 27Tz'/t—z'
r r

Substituting the found expressions in (14), we obtain

pi(t)/t = 2ieaDg*2(8) = Fy (1), pa(t)/t' —co(t)? = Fy (1), pi(0)/t' = F} (), j=3.5,
where F"(t) are the boundary values of the function F;"(z), which is holomorphic function in the
exterior {2 and disappears at infinity. Therefore, for the function Fj_(z) in the exterior €2, we arrive
at the Riemann—Hilbert problem with the boundary condition Re [z’t’Fj_(t)] = f; (), j = 1,5, where
fr (#) = 2coDg*2(t) Re(t'), f5 (t) = coRe(it), f; (t) =0, j = 3,5. The solution to this problem has
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the form [19, p. 253] F; (2) = cof}(2) + Boj f} (), 5 = 1,2, Fj (2) = Bo; f} (t), j = 3,5; here fF(z) are
the known holomorphic functions in the exterior €2, ¢o, By, are arbitrary real constants. Then for the
functions p;(t), we obtain equalities

/Lj(t) = COM?(t) + ﬁOj:u}(t)v .7 = 17 27 :uj(t) = 50]‘1“]1'(15)7 ] = 37 57 (19)

in which p%(t) are the known real functions.

Solutions (18) and (19) show that the homogeneous system of equations (16) has six linearly
independent solutions. Then the system of equations adjoint with system (16) will also have six linearly
independent solutions. To derive the adjoint system, we multiply the real and imaginary parts of the
left parts of the equations in (12) onto the real functions vy, vs,v3,v4,v5 € Ly(€2), respectively, and
integrate over the domain £2; we will multiply the left parts of the equations in (13) onto the real functions
V1,9, 03,14, 15 € Co(I') and integrate the result over curve I'. After this, we sum them and we equate
to zero. Replacing the holomorphic functions ®;(2) (j = 1, 3), Ux(2), ¥1.(2) (k = 1,2), 3(z), 5(2) by
their expressions from (14) and (15) with constants equal to zero, interchanging the order of integration
in the obtained repeated integrals, after simple but cumbersome transformations, we arrive to the desired
adjoint system of equations

vi(2) + (=1)Td;[S;v](2) + 20(7'vi)(2) =0, j=1,2,
2D§*303(2) + Re [Tpa(v)(2) + 20(' DF*3us) (2)] + Tp1(v)(2) + Trps(v)(2) =0, z €,
Re {z’de [S0](t) + 2(—1)j19‘(r’1/j)(t)} —0, j=1,2,
Re {T [a%vl +o(dh! — d%z)vg] (1) — 249_(7"&21/1)(15)} —0,
Re {TO <2Dég’13 D1313 2) (t) + T(ayv?)(t) + 2T (7' D> Pus) () — 29‘(7"&41/2)(15)} =0,
Re {T%;(v)(t) + Tp2(v)(t) + 20T0ps(v)(t) + 20~ (7' Dg*'Pus)(t)} =0, teT, (20)
where we use the notations
Siv(z) = S(azcvl +2(dgt — d¥)v?)(2) — 20 (7' agrt) (2) — ag.v' (2) 4 2(dd! + d3%)vs(2),
521)(2) =T <2D(1]§>13 D1313 2> (Z) _ S(a4<v2)(z) _ 2D(1]3131)3(Z) + CL4Z'02(Z)

+29/(T’a41/2)(z) 9(D1313 'v3)(2),

T°f(2) //f ¢)In <1— >d£d77, T f //f ()|l C‘dﬁdn,
TOf (= 2m/f ln )da, Trf (= /f ln‘l—
(2) 2711'2 7'/]27('7——,2 2ap1 v)(z )—dlll’Ul—l—d azUQ-I-k‘)\k‘ DA)\,u,u
I

1 o .
p2(v)(2) = d v + zdo Vg — 2D1313 2Dé313v2, ps(v)(1) = z']d%](T’ + (—1)]T/)Vj(7'),

d%”zzDéj‘L“k:u, j=1,2; ol =v4ive, vV2=vsi+ivs, vi=uvi+ive, v?=uy+ivs
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v= (v vs), v=@vu); (21)
6~ (f)(t) are the boundary values of the function 8(f)(z) as z — t € I from the exterior of the domain

); the operators T'f, S f, 0(f) are defined in (7), (8) and (14), respectively.

As was already noted, the system of equations (20) has six linearly independent solutions. Let us
obtain their explicit representations. Further we will treat v = (vt,v?,v3) € L,(Q), v = (v, 1%, 13) €
C,(T) as some solution to the system of equations (20). Note that the operators T, 7%, T in (21)
determine the functions Tf(2),T°f(2), T2 f(z) that are holomorphic in the exterior of the domain Q
and vanish at infinity. The functions 6(f)(z) have the same properties. Therefore, the equalities in (20)
are the boundary conditions of the Riemann—Hilbert problem with zero index for functions holomorphic
outside © and vanishing at infinity. It is well known that such a problem has only the zero solution.
Therefore, they are transformed to the form

Td;[S;v](2) +2(=1)'0(r"vi)(2) =0, j=1,2,
T [a%vl + 2(dgt — d¥)v3| (2) — 20(7"asv)(2) = 0,

70 (nggl%g — (DE313y2) /2) (2) + Tayv?)(2) + 2T (1 DE*3u3) (2) — 260(r'aq?)(2) = 0,

TO1(v)(2) + Tpa(v)(2) + 20T p3(v)(2) + 20(7' DE33us)(2) =0, 2 € Q; = C\Q, (22)
where C is the complex plane.

The inclusion v; (j = 1,5) € Co(£2) follows from (20). Passing in the first two equalities in (20) to
the limit as z — ¢ € I from the interior of the domain €2 and in the first two equalities in (22) from the
exterior of the domain €2, taking into account the continuity of the functions 7'd;[S;v](2) (j = 1,2) on
C, and using the Sokhotskii formulas, we obtain

V() =-20(t), tel, j=1,2. (23)

Similarly, passing in the third equality in (20) to the limit as z — ¢ € I from the interior of the domain
2, and subtracting the last equality in (20) from the resulting equality, taking into account relations

T*p1(t) = Re TOp1 (t), Trps(t) = 2 Re(iT¥ps(t)) and the formulas of Sokhotskii, we obtain
v3(t) = —u3(t), tel. (24)
Now we differentiate the first two equalities in (20) with respect to z. Taking into account relations (8),
we obtain
vi(2) + (1) d,[S](2) =0, j=1,2,

whence for Sjv(z) we will have
Sju(z) = (=1)771 D%(ljlil)(v?)j—lal +v3j_1,42) + Z'D%(zjli)(vgj—l,al —v3i_942)|, J=1,2. (25)

The relations (25) we again differentiate with respect to z, and the third equality in (20) with respect to
z and z. Then, after simple transformations, we come to the conclusion that functions vy, v, 2v3, v4, vs
satisfies a homogeneous system of linear equilibrium equations (4) under conditions f; =0, j = 1, 5.

Further, in relations (25) we pass to the limit as z — ¢ € I' from the interior of the domain €2; the
last three equalities in (22) first we differentiate with respect to z, then in them we pass to the limit as
z — t € T from the exterior of the domain §2; the third equality in (20) we differentiate with respect to z,
then we pass to the limit as z — ¢ € I" from the interior the domain €. Then, we use the equalities on
curve I' obtained in this way, the relations (23), (24) and equality

(SHTE) = (SO =—f@t)- )2, 0T HE) -0 (Ff)t)=fi+ f,- (), teT,

where Sf, ¢'(f) are the operators, defined in (8), (21), f; = 0f/0t, f, =0f/0t. As a result, aiter
simple transformations, we obtain that the functions vy, va, 2vs, v4, v5 also satisly homogeneous linear
boundary conditions.
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Thus, the functions v1, ve, 2v3, vy, vs are solutions homogeneous system of linear equilibrium
equations satisfying homogeneous boundary conditions. Then, acting in the same way as in deriving
relations (18) and (19), we obtain for v; (j = 1, 5) the expressions

v = calka(0?) — ki ()] — esa®kY () + cokf (at) — coo® + i,

vy = —cglt kY (0?) 4 ¢5 [%1(041) — k3 (a®)] + ckd(a?) + coal + ¢,
vy = —csa' /2 — c50% /24 ¢6/2, vy =cs, V5= s,
where
ol ol
K (al) = /xmkj(a:)da;, m=0,1, kj(a))= /kg?(a;)da;, j=1,2
0 0

c; are arbitrary real constants.

Functions v;(t) (j = 1,5) are expressed through functions v;, (k = 1,5) according to formulas (23)
and (24). Therefore, the solution (v,v), v = (v1,v2,v3,v4,v5), Vv = (v1,V2,V3,V4,Vs5) of the adjoint
system (20) can be represented in the form (v,v) = coy1 + c172 + c2y3 + cay4 + 5775 + 676, Where
Ve = (Vk1,Yk2, - Ye10) (K = 1,6) are linearly independent solutions of the system (20). Then, for the
solvability of system (16), it is necessary and sufficient that conditions

// {Re[(f' — has) (w1 — ivk2)] + Re[(f* — hos) (Vs — ivks)] + (F — has) s } da' do?
0

+ / {917%6 + 927k7 + 957k8 + 93VK9 + GaVR10} ds =0, Kk =1,6,
r

be satisfied. After simple transformations, these conditions take the form

// Ridatda® + /des =0, 7=1,2, //(R1a2 — R?a)datda® + /(Ploz2 — P%al)ds =0,
Q T Q

r

//[le?(al) + R%k3(a?) + R¥|datda® + /[Plk?(al) + P?k9(a?) + P3lds = 0,
Q
/ / (R (Fa(0?) — k(o)) — R2a'k0(a2) — R3a" + L' + Rlwsldalda?
Q
+ /[PI(E2(a2) B ab) = P2ak)(a?) — PPl + N+ Pluslds = 0,

r
/ / [R'a?K(ab) — R%(ky(a') — k3(0?)) + R%a? — L? — R*ws]datda?
Q

- /[Pla%?(al) — P (ky(a) — k3 (a?)) + PPa® — N? — P?ws)ds = 0, (26)
I

where R/, PJ (j = 1,3), L¥, N* (k = 1,2) are the components of external forces acting on the shell.
[f conditions (26) are satisfied, then the general solution of system (16) can be represented in the form

P(2) = §(f(ws) = fo)(2) + P (2), J=1,3,
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p(t) = Sres(f(ws) — fe) (t) + fu(t),  k=1,5, (27)

where
pl(2) = 2icoDi2?, PP =p"=0, [(t) = cop(t) + Bojpj(t), 7=1,2,
( ) ﬁOJ:uJ( ) .7 = 3757

Flws) = (f1, £2, 12,01, 00,08, 04,05),  fo = (hs(c), has(c), haz(c), liz(c), las(c), 3(c), 0, 0);

§; (7 =1,3) and §i (k = 4, 8) are linear bounded operators from L,(£2) x Co(I") in L, (€2) and in Cy (I'),
respectively; g, Bo; are arbitrary real constants; functions u?(t) are defined in (19); 7, g, hjz(c), lis(c),
l3(c) are defined in (12), (13), and (17).

[f we substitute the representations for g (¢) from (27)in (14) and (15), then we obtain

Dj(z) = @j(ws)(2) + Pje(2), J=1,3, Wp(2) = Vp(w3)(z) + Vrc(2),

Wy (2) = Up(ws)(2) + Vio(2), k=12, P5(2) = 5(ws)(2) + Pie(2), (28)
where the notations
Dj(ws)(2) = 0(T2j+2(f(w3)))(2), Pje(z) = —0(F2j42(fc))(2) + coj(2), J=1,2

),
a1(z) = ag(z), a2(z) =0;  Ps(ws)(z) = P3(Fs(f(ws)))(2),
P3.(2) = —(I>3(38(fc))(z) + ¢5 + ice;

Uy (w3)(2) = U (Forr3(f(w3)))(2),  Vie(z) = —Vi(Tont3(fe))(2) + can—1 + icor,
Ui (w3)(2) = O(Forss(f(w3))(2),  Vi(2) = —0(Farss(fo)(2), k=1,2;

Cy(ws)(2) = i0(Fs(f(ws)))(2),  Phe(2) = —i0(Fs(fe))(2)
are accepted; here the operators 6(f), Uy (f), ®3(f) are defined in (14) and (15).
Now if we substitute the expressions for p?(2) from (27) and (28) in (7), (9), and (10), then Problem
(4), (2) reduce to a system of equations for generalized displacements wy, we, w3, 11, ¥s:

w?(z) = w?(wg)(z) +w?c(z), §=1,2, w3— Guwsz=ws., w)=wy+iwy, wd=1y+ith,
(29)

where
wi(w3)(z) = V;(ws)(2) + iTd;lw;(ws)](2),  wie(z) = Vje(2) + iTdjw;c] (2),

wj(ws) = ®j(ws)(2) + Tp’ (w3)(2),  wje = Pje(2) + Tpl(z), j=1,2%
PP (ws) = Fu(f(ws))(2),  pE(2) = —Fu(fe)(2) + 5%(2), k=1,3; Guws=Re®3(ws) — Tp3(ws),

wae = Re ®ae(2) = Tpae(2);  palws) = p*(ws)/(2D5™?),  Pae = p2/(2Dg™").

We note that functions w?c(z) = 1,2, ws. are solutions of a homogeneous system linear of

equilibrium equations and also satlsfy homogeneous linear boundary conditions. Therefore, for them,
as above, explicit expressions can be obtained. In particular, for function ws. we have ws. = —csa! —
csa? + cg, Where ¢y, cs, cg are arbitrary real constants.

Let us study the solvability of the third equation in (29) in the space W,gz)(Q), which we write in the

form
w3 — G = 0, (30)

where Gws = G(ws + ws.), W3 = w3 — Wse.
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Using the relations in (5), (11), the representations for tangential displacements w{ and for rotation
angles wJ and expression of operator G in (29), easily to show that G is a nonlinear bounded operator in
W,@(Q). Moreover, for any @g € WZS2)(Q), (j = 1,2) belonging to the ball [[ws|] )
the estimate ’

< r, we have
(D)

A~ A2 ~1 =2
HGw3 - Gw3HWI£2)(Q) <gq ng — wSHWIEQ)(Q) ,
where g = ¢ [||RY|1, @) + I|R?/1, @) + (r + lcal + les|) (1 4 7) + ¢ 4 ¢Z]; cis the known positive con-
stant, depending on the physico-geometric characteristics of the shell; ¢4, c5 are the constants included
in the expression of function ws,.

Suppose that the radius r of the ball, the external forces R’(j = 1,2), and the constants ¢4, c5 are
such that inequalities

¢ <1, [|GOllye g < (1=a)r (31)

are satisfied. Then we can apply the contraction mappings principle [20, p. 146] to equation (30); as a

result, in the ball Hz'DgHW(z)(Q) < r, for fixed constants cy4, ¢5 using conditions (31), equation (30) has

a unique solution ws € W,@(Q), which can be represented as w3 = RGO, where R is the resolvent of

operator 6@3 - Go. Therefore, the deflection w3 has the form ws = w3 4+ ws.. Knowing ws, according to

the first two formulas in (29) we find the tangential displacements w{ and the rotation angles w3, which,

as can be easily verified, belong to the space WZSQ)(Q). As a result, we obtain the generalized solution

a = (w1, wa,ws, 11, 19) of Problem (4), (2), which can be written as
a = ap + ax, (32)
where ag is the vector with components Imw?(w3), Rew?(ws), w3, Imwd(ws), Rew(ws); a. =

(W1, Wok, W3k, P14, Yoy ) is the vector with components determined by the formulas

0 0 0 .
wj* = wj (’U)gc) + ch) J= 17 27 W3x = W3¢,

0 _ . 0 _ .
where wy, = wax + W1k, Wy, = You + 1P14.

Let us notice that a, is the vector of rigid displacements of the shell as an absolutely rigid body, i.e. it
sets to zero the components of strains %"3 i,j =1,3,k =0,1. For the components of the vector a,, one
can obtain explicit expressions that have the form

Wiy = C4[E2(oz2) - k%(al)] - 05oz2k:?(0z1) + cﬁk‘?(al) — oo+ — cial/Z — cqc502,

Woy = 05[751(041) — k%(o;)] — C4a1k8(a2) + cﬁkzg(az) +coat + ¢y — c§a2/2,

1 2
W3 = —C4” — C50° +C,  Y1x = C4y P2 = Cs,

where ¢; are arbitrary real constants.

Note that in the last two conditions in (26), w3 means w3 = ws + ws,. In the case of linear problems,
these summands containing ws are absent.

[t is easy to see that conditions (26) are not only sufficient, but also necessary conditions for the
solvability of Problem (4), (2). Note that they mean that external load acting on the shell is self-balanced.

Thus, we have proved the theorem.

Theorem 1. Assume that conditions (a), (b), (c), (d), (e) and inequalities (31) are satis-
fied.Then it is necessary and sufficient for the solvability of the Problem (4), (2) that conditions
(26) be satisfied. If they are satisfied, then Problem (4), (2) has a generalized solution a =

(w1, we, w3, P1,Y2) € W,gz)(Q), 2<p<4/(2—-p),o0f the form (32) up to rigid displacements a, of
the shell as an absolutely rigid body.
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