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A nonlinear spectral problem for a system of singular integral equations was constructed in [1]
for the numerical solution of the fundamental wave problem for cylindrical dielectric waveguides on
the basis of the representation of unknown functions via single layer potentials. The present paper
is a continuation of [1] and deals with the investigation of qualitative properties of the spectrum.

The problem of finding propagation constants for fundamental waves in cylindrical dielectric

waveguides can be reduced (e.g., see [2]) to finding the values of a complex parameter 3 for which
the system

Au+x5Bu=0, Av+xiBv=0, MeS; j=1,2 (1)
has nontrivial solutions satisfying the transmission conditions
ut —u” =0, vt —ov7 =0,
X1 2(B) (BOv/OT + 1w du™ /Ov) — x5°(B) (B0v/OT + eqw Out /OV) =0, (2)

X1 2(8) (B 8u/dT — pow v~ /8v) — x52(B) (B 0u/OT — pow dv™ J0v) = 0, MeT,

and the corresponding condition at infinity. Here S; is the domain bounded by the contour T,
S, = R*\Sy, Ou/dv (respectively, du/07) is the normal (respectively, tangent) derivative on T,
u~ (respectively, u*) is the limit value of a function u from the interior (respectively, the exterior)
of T, x3(8) = kgn? — 8%, k§ = w’eopq, €0 is the dielectric constant, o is the magnetic constant,
w > 0 is the frequency of electromagnetic oscillations, ny,n,; > 0 are the refraction coefficients of
the waveguide and the ambient medium (n, < n1), and ¢; = 50n]2..

Following [3], we assume that the functions u and v satisfy the partial condition at infinity, i.e.,
can be represented in the form

u= ) aHY (xor)exp(ing), wv= ) YH (xor)exp(ing) (3)

n=—00 n=—co

for sufficiently large r, where r and ¢ are the polar coordinates of the point M and H{Y is the
first-kind Hankel function of order n.

We seek nontrivial solutions of problem (1)-(3) with a twice continuously differentiable contour
I' in the class of functions continuous and continuously differentiable in S; and S, and twice
continuously differentiable in S; and S,. Following [4, p. 228, we can readily show that the
spectrum of problem (1)—(3) lies in the set A that is the intersection of the Riemann surfaces A; of
the functions In x;(8), 7 = 1,2. (The spectrum is the set of values of § € A for which problem (1)—(3)
has nontrivial solutions.) By Ao we denote the intersection of the principal (physical) sheets of the
surfaces A;; we also write

A;-:{ﬁEAO ImX]<0}’ .7:]-727 A;-:{ﬂEAO ImX2>O7 Im,@;é()},
G= {B € AO . ImX2 > O, Imﬁz 0, k0n2 < |,@I < k()'nl}.
Theorem. The spectrum of problem (1)—(3) consists only of isolated points. The spectral points
of problem (1)-(3) on Ag can lie only on GUA; UAS.
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Proof. The second assertion of the theorem follows from Theorem 45 in [4, p. 230]. Note that
the values 8 € GUAJ correspond to surface waves (u and v exponentially decay as r — 00), and the
values 3 € A; correspond to leaking waves (u and v exponentially grow as r — 00).

To prove the first assertion of the theorem, we reduce problem (1)—(3) to the spectral problem for
a Fredholm holomorphic operator function. Let the contour I' be specified parametrically: r = r(¢),
t € [0,27]. Using the representations of u and v in the domains S; by single layer potentials with

densities ¢;,1; € C%%, respectively (C%* is the space of Holder continuous functions), we readily
obtain the nonlinear spectral problem

A(B)2 = (C(8) + R(B)z =, "
AB): H—H, H=C"xC% xC% xC%, BeA,

where the operators R and C are given by the relations

R(B)z = (LR (@) + L7 (R (8) - BS(8)) 2,
LR (B)ys + L7 (RO (D) - B (8)) v,
— weaX7 2R ()21 + BX3 RS (B)ys — w (e1xT"RV(B) + 2xa RS (8)) @
+8 (xR (8) - X3RS (9)) vy
B3RS (B)z1 + wpoxz "R (B)y: + 8 (xR (B) - x; 2R (9)) =
+wpo (x7?B(B) + x2°BSV(B)) v2).
C(B)z = (1, y1, weaxz™a1 + BX3?Sy1 —w (e1x7” + 2X57) @2 + B (67* — xz2) Sy

Bz S — witoXz 1 + B (X7~ X72) ST + wio (X7 + X32) 1),
2= (1,41, 02, 92) » z1(t) = (2 (M) — M) |r'(B)],
yi(t) = (¢1(M) — (M) IFB, ) =M O], () =b(M) (¢,

27
2/0‘5

27
1 t—
x (o) dto + — Lr=-—— i
(to) dto + o /x(to)dto, x 2’/T/ln sin
0 0
1
R® )z = %/h;’“) (B;t,to)  (to) dbo,  k=1,2,3, j=1,2,
0

2 (to) dt,

W (B, t0) = 27 (8; M, My) + In[sin (¢ — to) /2)],
h® (Bt to) = 47 |r'( |a<1> (8; M, My) /dvys,
b (B5t,to) = 2|r' (1) ORSY (Bst, to) /OTas — 4,

®; (8; M, M) = (i/4) H" (x; |M — My) .

The operator L : C%* — C* (where C* is the space of Holder continuously differentiable
functions) is continuously invertible [5, p. 10]. The operators R(l)(ﬂ) C%* — CY* and R(k) B :
C% — 0% k=23, j = 1,2, are compact for any Be A; consequently, R(8) : H — H is a

compact operator. Using the fact that S : C%* — C%* is a compact operator (e.g., see [6, p. 118]),
we can readily show that the operator C(3) : H — H is continuously invertible for any 3 € A.

Therefore, A(3) is a Fredholm operator function. The functions hg-k) (Bt to), k=1,2,3,7=1,2,

are analytic in A for each point (¢,¢,) € [0,27] x [0,27]. Consequently [7, p. 71}, A(8) is a
holomorphic operator function in

Let us show that there exist 3 € A such that A(f) is invertible. To this end, we study the
relationship between problems (1)—(3) and (4). Let us introduce the following four problems: find
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the values of the parameter § € A such that there exist nontrivial solutions of the Helmholtz
equation Au + x?u =0, M €S, i,j = 1,2, which are continuous in §;, twice continuously
differentiable in S;, satisfy the homogeneous Dirichlet boundary conditions on the contour I' and,
if M € S,, the partial condition. We denote the interior problems by D? ) and the exterior problems
by Déj ). The sets of B € A for which the problems D,(j ) have nontrivial solutions are denoted

by o (ng)), i,7 = 1,2. It is known that the sets o (D?)) consist only of isolated points lying
on the imaginary axis and a closed interval (—kon;, kon;) of the real axis. It follows from [8, 9]
that the sets o (Déj)), j = 1,2, consist only of isolated points. Moreover, the points of the

spectrum o (Déj )

B € A\ (Ui=1,20 (ng))), then an arbitrary solution u, v of problem (1)-(3) can be represented
in the domain S;, j = 1,2, by single layer potentials with kernel ®; and densities ¢;,v; € C*®,

in Ay can lie only on A}, j = 1,2. Following [8], we can readily show that if

respectively; furthermore, if a single layer potential vanishes on S; for some § € A\o (Dg’_) j),
then its density identically vanishes on I'. Hence if problem (4) has a nontrivial solution for some
B € A\ (0 (D;l)) Uo (D?’)), then problem (1)—(3) has a nontrivial solution for the same (.

Conversely, if problem (1)—(3) has a nontrivial solution for some 3 € A\ (Ui,j:l,z o (D,(j ))), then
problem (4) has a nontrivial solution for the same (. Therefore, problems (1)—(3) and (4) are

equivalent everywhere in A except for a discrete set of points. Now it follows from the second
assertion of the theorem and the Fredholm property of the operator function A(8) that A(Q) is

invertible for 8 € Ag\ (G UA; UA Uo (Dgl)) Uo (DP )) Consequently [10], the spectrum of
problems (4) and (1)—(3) can consist only of isolated points. The proof of the theorem is complete.
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