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CHARACTERIZATIONS OF TRACIAL FUNCTIONALS ON
C*-ALGEBRAS

A. M. BIKCHENTAEV AND M. S. MOSLEHIAN

ABSTRACT. We establish several characterizations of tracial functionals ¢ on the
finite C*-algebra M, (that is, ¢ = ktr for some number k£ > 0) via any one of the
inequalities p(A*B1~?) < ap(A) + (1 — a) p(B) and ¢(|e?]) < ¢(eRe4), which
are well-known when ¢ = tr.

In addition, we characterize the trace on M, among all positive linear function-
als ¢ with ¢(I) = n through an inequality for determinant. We also establish that
such a functional is equal to the usual trace if ¢ ((Y%XY%)W) < p(X)™p(Y)™
for some positive integer m and all X,Y € M. Furthermore, we show that
there is no state ¢ on M, n > 2 such that p(BY2AB'Y?) < ¢(A)p(B) for all
A, Be M.

Finally, we establish that for a positive linear functional ¢ on a C*-algebra A,
the following conditions are equivalent: (i) ¢ is tracial; (ii) @(e4? —I) > 0 for all

A,B € AT. A new criterion for the commutativity of C*-algebras is also provided.

1. INTRODUCTION

Let B(H) denote the C*-algebra of all bounded linear operators on a complex
Hilbert space H. It can be identified with the full matrix algebra M, of all complex
matrices when dimH = n. For a C*-algebra A, let A%, A", and AP" denote its
self-adjoint part, positive cone and lattice of projections, respectively. If Z € A,
then we denote the modulus of Z by |Z| := (Z*Z)z. For P,Q € AP, we write
P ~ @ (the Murray—von Neumann equivalence) if P = U*U and Q = UU* for
some U € A. If P is a projection in a von Neumann algebra M, then we denote
Mp ={PX|py: X € M} as the reduced von Neumann algebra.

A linear functional ¢ on A is said to be positive if p(A) > 0 for all A € AT, It is
referred to as tracial if o(AB) = p(BA) for all A, B € A. A positive linear functional
¢ on a von Neumann algebra M is said to be normal if p(sup,; X;) = sup, p(X;) for
any bounded increasing net (X;) in M™.

By the universal representation of a C*-algebra A, one means the pair

{m, 9} = Z@ {Wwﬁwh

pES(A)
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where S(A) is the set of all states on A and {7, .} is the Gel’fand-Naimark-Segal
representation of the C*-algebra A associated with (. In this case, the von Neumann
algebra M = 7(A)" generated by 7(A) is referred to as the universal enveloping
von Neumann algebra of the C*-algebra A [22, Chap. III, Definition 2.3].

Let ¢ be a positive linear functional on a C*-algebra A, and let 7 be the universal
representation of A. It follows from the construction of 7 that an arbitrary state
on A becomes a vector state on 7m(.A), and therefore can be extended to a normal
state on the universal enveloping algebra M = 7(A)"”. Therefore, for ¢, there is a
positive normal functional @ on the universal enveloping von Neumann algebra such
that

P(m(A)) =p(4), Aec A"

Weights and traces on C*-algebras are fundamental tools in operator theory and
its applications. Therefore, the characterization of traces in various classes of weights
on C*-algebras is important and attracts the attention of mathematicians; see [9,
11, 15, 16, 17, 21].

While there is only one faithful tracial state on M,,, which is the usual trace tr(-),
there are C*-algebras with no tracial state. An example is the Cuntz algebra O,
generated by n > 2 isometries Uy, ..., U, such that >  U;U = 1. If ¢ is a tracial
state on O, then 1 = p(I) = p(U;U;) = o(U;U;) for all 1 < i < n. Therefore,
L=o)=9e >, UU) => ", ¢UUf) = n, which leads to a contradiction.

If o is a tracial normal positive linear functional on a von Neumann algebra A,
and p and ¢ are positive numbers such that 1/p+1/g = 1, then the following holds:

e Holder inequality [22, Chapter IX, Theorem 2.13] and [18, Theorem 5]:

o(|XY|) < o(XP)YPo(Y )1 for all XY € AT;
e Golden-Thompson inequality [19, Theorem 4]:
o(eXTY) < p(eX/2e¥eX/?) for all X,Y € A%

e Peierls-Bogoliubov inequality [19, Theorem 7] (see also [5]):

X/2y o X/2
X) exp ple” 7Y e) < p(eXtY) forall X,Y € AT,

pleX)  —
Araki [2] proved the following inequality:

p(e

tr(XY2Y XY2)P) < tr(XT2YTXTHP), r>1, p>0, X,Y € AT

The former inequality generalizes the Lieb and Thirring inequalities, and is closely
related to the Golden-Thompson inequality (see [20, §8]).

It is interesting to investigate the inequalities that characterize the trace among
positive linear functionals. It is well-known that any one of the following inequalities:
Holder, Cauchy—Schwarz-Buniakowski, Golden—Thompson, Peierls-Bogoliubov, Araki—

Lieb—Thirring, limited only to projections, characterizes the tracial functionals among
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all normal positive linear functionals on a von Neumann algebra A; see [5], [8] and
[12].
It is not true that any inequality involving the usual trace characterizes it. For

example,
tr(A+ B) —tr|A — B| <2 tr(A*B™*) < a tr(A) + (1 — a) tr(B)

for all 0 < a <1 and all A,B € M. The first inequality is known as the Powers—
Stgrmer inequality (see [1]) and the second one is proved in Lemma 2.2. Note

that the left-hand side of this inequality is independent of the parameter a and
inf{a tr(A) + (1 — ) tr(B) : 0 <« <1} = min{tr(A), tr(B)}. Therefore,

tr(A+ B) — tr|A — B| < 2min{tr(A), tr(B)}.

Now, let ¢ be a (not necessarily tracial) positive linear functional on a C*-algebra

A. We show that
p(A+ B) — p(|A — BJ) < 2min{p(A), p(B)} (1.1)

for all A, B € A%.

To prove this, we consider the Jordan decomposition of the operator A — B € A%
into its positive and negative parts A — B=(A—B); —(A— B)_ and |[A— B| =
(A—B)y + (A— B)_. Then,

1
5 (@A) +¢(B) = »(|A = B])) = ¢(4) — (A = B)4)
and so, (1.1) is equivalent to the inequality

p(A) — min{p(A), p(B)} < ¢((A = B)). (1.2)
Since B+ (A—B); = A+ (A— B)_ > A, we have

¢(A) —¢(B) < o((A— B)3),

which leads us to (1.2).

Another motivation for studying the tracial property of a positive linear functional
on the full matrix algebra M, is that if a von Neumann algebra A4 is noncommutative,
then there exist nonzero mutually orthogonal equivalent projections P = U*U and
@ = UU* in A for some partial isometry U. Then, the x-subalgebra of (P+Q)A(P+
Q) generated by U is *-isomorphic to M.

In this paper, we characterize the tracial functionals on the full matrix algebra
M, (that is, ¢ = k tr for some number k£ > 0).

In Section 2, we characterize tracial functionals ¢ on the full matrix algebra
M, via the inequalities p(A*B'=*) < a p(A) + (1 — a) ¢(B) (see Theorem 2.3) and
o(le?]) < ¢(efe4) (see Theorem 2.4). Moreover, using an inequality for determinant,
we identify the trace on the algebra M, among all positive linear functionals ¢ with
©(I) = n (see Theorem 2.5). We also establish that such a functional is equal to the
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usual trace if ¢ ((Y%XY%>m> < p(X)™p(Y)™ for some positive integer m and all
X,Y € M (see Theorem 2.6).

In Section 3, we establish that for a positive linear functional ¢ on a C*-algebra
A, the following conditions are equivalent: (i) ¢ is tracial; (ii) p(eA? —I) > 0 for all
A, B € A" (see Theorem 3.1). A new criterion for the commutativity of C*-algebras
is proved as well (see Corollary 3.2).

For undefined notations and terminologies, readers are referred to [22] for the

theory of operator algebras and to [4] for the theory of matrices.

2. CHARACTERIZATIONS OF THE TRACE FUNCTIONAL ON M,

In this section, we present several characterizations of the standard trace on the
full matrix algebra M,.

2.1. Characterizations of usual trace concerning the arithmetic geometric
inequality. To achieve the next result, let us recall Taylor’s formula with Peano’s

remainder.

Lemma 2.1. It is held that
33'2 n

log(1+2x) =2 — E—i—---—l— (—1)"_195— +o(z") as = — 0.
n

Ifb e R, then
(142)" = 1+bx+%b(b— Da®+.. .—i—%b(b— 1)---(b—n+1)2"+o0(z") as x — 0.
The next lemma can be found in the forthcoming monograph [10, Theorem 2.1.8].
For convenience, we provide a proof for it.
Lemma 2.2. The inequality
tr(A*B"*) < a tr(A) + (1 — a) tr(B)
holds for all A, B € M} and all 0 < a < 1.

Proof. Let A = UCU* and B = VDV™* be the spectral decompositions of A and
B, respectively, where C' = diag(\y,...,\,) and D = diag(u1, ..., p,) with A; > 0,
pi >0, and 1 <4 <n. Since U*V = [u;;] is a unitary matrix, it follows that

tr(A*B'™?) = tr(UC*U*V D *V*) = tr((U*V)*C*(U*V)D'™?)

=3 JuPA g <Y fug P e + (1= o))

ij=1 ij=1
= aZ)\i—i— (1 —a)Zuj =atrA+(1—a)trB,
i=1 j=1
where the inequality follows from the weighted arithmetic-geometric mean inequal-
ity. 0
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Our first characterization of the trace functionals is as follows. The inequality in

(ii) is a type of arithmetic-geometric inequality for tracial functionals.

Theorem 2.3. For a positive linear functional ¢ on M, the following conditions
are equivalent:

(i) @ is tracial, or equivalently, ¢ = k tr for some number k > 0;
(ii) p(A*2B1=>A2) < a p(A) 4+ (1 — ) ¢(B) for all A,B €M and 0 < a < 1;

Proof. (i)=-(ii). It is concluded from Lemma 2.2 by noting that tr(A*B!'=®) =
tr(A*2B=*A%/2) for all A, B € M and 0 < o < 1.

(ii)=(i). The inner product (X,Y) = Tr(XY™*) makes M,, a Hilbert space. Using
the Riesz representation theorem, we can conclude that the positive linear functional
¢ on M, is of the form ¢(X) = Tr(S,X) for some positive semidefinite matrix S,,.
By employing the matrix Schur decomposition of S,,, the tracial property of the trace
functional, and replacing ¢ by ¢ oAdy for some unitary U, we can assume that S, is
a diagonal matrix diag(sy, Sa, ..., S,). Our goal is to prove that s = so = -+ = s,,.
It is enough to prove s; = s3. Therefore, without loss of generality, we can assume
that n = 2 and ¢ is of norm one, and hence we can write

S, = diag(% —s, % +5) (2.1)
for some 0 < s < % The two-by-two matrix S, is called the density matrix of ¢.

Thus, ¢(X) equals (1/2 = s)z11 4 (1/24 5)x9y for X = [25]7,_; in M. Let 6 € C
with [§| =1 and 0 <t < 1. By R®% we denote the following projection in My

R — [ ! oVE- ¥ ] : (2.2)

SVEt—t2 1—t
For 0 < e < 1/2, let
A= (1 + sg)R(l/Z—a,l) and B := (1 . SE:)R(I/2+E’1).

Consider S, as in (2.1). Then,

1 5 1 5
0(A) = = + —se +25%* and @(B) = = — —s¢ + 2577
2 2 2 2
Put a = 1/2. Then, ap(A) + (1 — a) ¢(B) = 1/2 + 2s%c* and
Aa/ZBlfaAa/2 — A1/4Bl/2A1/4 _ (1 o 82€2>1/2(1 . 4€2>R(1/275,1).

It follows from Lemma 2.1 that

1
(1—s%H)Y2=1- 53252 +o(e?) as e—0".


Highlight
The notation is not very clear

Comment on Text
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Since R^(t,\delta) is a projection it follows that, ...

Comment on Text
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Hence,

1
P(AVABY2 AVAY = (1 — s222)1/2(1 — 4¢2) (5 + 235)
1 1
=(1- 53252 + 0(52))(1 — 4¢?) (5 + 255)
1 2 8, 2 +
=§+235—25 — ¢ +o(e®) as e—0".
Rewrite inequality (ii) as

82

1 1
5T 2se — 2e% — Z€2 +0(e?) < 5T 25%c? as ¢ — 0"

This inequality is true for all 0 < € < 1/2 only when s = 0. OJ

2.2. Characterizations of usual trace concerning the exponential function.
The following theorem provides a characterization of the standard trace in relation
to an exponential inequality.

Theorem 2.4. For a positive linear functional ¢ on M, the following conditions
are equivalent:

(i) ¢ is tracial;

(ii) o(let]) < @(eRe4) for all A € M,,.

Proof. (i)=-(ii). The mapping
X = o(|X]), X eM,,

defines a unitarily invariant norm on the full matrix algebra M,,. To obtain the
result, it is enough to apply [4, Theorem IX.3.1].

(ii)=>(i). Step 1. Assume that n = 2.

Define a nilpotent matrix as follows:

A:

0 2e
0 0
for 0 < e < 1. Since A™ =0 for all n > 2 we have e* = I + A. The matrix

A |1 2e
|6 | - 2
2e 14 4e

has the characteristic equation \? — 2(1 + 2¢*)A + 1 = 0. Hence, its characteristic
roots are \; = 1 + 2e2 & 2e4/1 + €2 for i = 1,2. According to Lemma 2.1, we have

2
\/1+€2:1+%+0(€3) as € — 0"

Therefore,

M =14+2+2%40(), M=1-2+22+0(c%) as e —0".


Comment on Text
The utility of o(\epsilon ^2) is not really clear and it might be avoided.

It would be more helpful, If the authors could explicitly specify an epsilon for given non zero s, for which the inequality fails.

Comment on Text
A reference or a hint of proof would be nice
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Let us represent B using the finite-dimensional spectral theorem as

B = e = M R®Y 4 X\ REDL = N RED 4\, RO (2.3)
where we use the notation (2.2). We can find the parameter ¢ € [0,1] from the
equation

b= 1= Mt + Ao(1 — 1),
whence
0= —2c+4et +2e% +0(s?) as e = 0",
Hence,
l1—¢ 9 n
t= 5 +o(e”) as e —>0".

From (2.3) and Lemma 2.1, we get |e?| = VA R®YD + /AR5 where

2
Vai=1+e+ +0(¢?) and \/)\2:1—8—1-%—0—0(52) as € — 07,

Now, i
w(leAl)z<1+s+%2+o(62>((1;6+o(52)><%—s>+(1;5+o(52)><%+3)>
(e Sk (o)) ¢ (o) ()
:(1+5+%2+0(52><%+55+0(82)>+(1—5+%2+0(52><%—35+0(52)>
:1+§+28€2+0(€2) as € — 0T,
We have
ReA =¢ (1) =T

with the Hermitian symmetry T', meaning T' = T* and T2 = I. Then,
2 3 4 2 4 3 5
Red _ S ST S S (O &L
A= I T4 I+ ST Tl = (1 S S )+ (e g )T

coshe sinhe

= coshe - [ + sinhe - T' = € M.

sinhe coshe

Therefore, according to Taylor’s formula, we have

2

o(eR4) = coshe = 1 + % +o(e?) as ¢ — 0",

Let us rewrite the inequality ¢(|e?|) < ¢(ef*4) as

2 2
1+%+2552+0(52)§1+%+0(€2) as ¢ — 0%,

This inequality holds true for all 0 < e < 1 only when s = 0.


Comment on Text
typo

Comment on Text
Authors should mention  where the 's' in the calculation below comes from. Even if it follows the notation from the proof of earlier theorem, at least some explanation for where this phi() comes from should come into picture.
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Step 2. Let us prove the assertion for the general case of n € N. Choose an
orthonormal basis &;,...,&, € C" such that the density matrix of ¢ has the form
S, = diag(si, 2,...,8,) with 0 < 51 < sy < ... <'s,. Thus, ¢(X) equals sy;z1; +
S9Xo9+ -+ 8Ty for X = [a:ij]zjzl in Ml,,. Assume that ¢ is nontracial and s; < ss.
To conclude the result, it is enough to consider the matrix A from Step 1 and put
B:diag(A,o,...,()). 0

——

n—2

2.3. Characterizations of usual trace related to the determinant. There
are several characterizations of the trace involving determinant in the literature; see
[7, 10] and the references mentioned therein. For example, if ¢ is a positive linear
functional on M, with ¢(I) = n, then the following conditions are equivalent:

o = 1r;

e det(A)/™ < Lp(A) for all matrices A € M;

e det(exp(A)) > exp(p(A)) for all matrices A € M.

o det(I +cA)=1+¢ep(A) +o(e) as € — 01 for all matrices A € M},

The next result provide another characterization of the trace functional.

Theorem 2.5. For a positive linear functional ¢ on M, with o(I) = n, the following
conditions are equivalent:

(i) ¢ = tr;

(ii) log(det A) < p(A) —n for all positive definite A € M,,.

Proof. For (i)=-(ii) see [10, Proposition 2.1.6].

(ii)=(i). Let the density matrix of ¢ be of a diagonal matrix with entries s; >
S9 > ... > 8, > 0and sy + sy + -+ s, = n. Suppose that ¢ # tr. Then,
s1 > 1 > s,. Put in this basis, A = diag(l —&1,..., 1) for 0 < e < 1. Then, we

——

have det(A) =1 —cand p(A) —n=n—se—n :njsls. The Taylor formula with
Peano remainder (see Lemma 2.1) yields that
log(l=g)==gFo0(E) as e—0".
Now, (ii) takes the form
—e+o0(e) < —sie as e—0".
Consequently, s; < 1; which yields a contradiction. O
2.4. Chracterization of the usual trace involving a multiplicative inequal-

ity. There has been substantial interest in trace inequalities involving the product

of certain types of matrices; see the survey [14]. For example, Bellman [3] discussed


Comment on Text
This notation is already used in Step I for a different matrix.
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the inequality tr ((XY)?) < tr(X)?tr(Y)? for X,Y € M. Yang [24] extended this
to

tr ((XY)™)) < tr(X)™ tr(Y)™. (2.4)
for m € N. To establish the main result of this section, we require the well-known
fact that if X,Y € MF', then

tr(XY) < tr(X) tr(Y); (2.5)
as shown in [10, Corollary 2.1.10].

Theorem 2.6. For a positive linear functional ¢ on M, with o(I) = n, the following
conditions are equivalent:
(i) ¢ = tr;
(i) ¢ ((Y%XY%>m> < p(X)™p(Y)™ for all positive integers m and all matrices
X, Y e M}
(iii) ¢ ((Y%XY%>M> < (X)™p(Y)™ for some positive integer m and all ma-
trices X,Y € M.

Proof. (i) = (ii). By iteratively using (2.5) and the tracial property of tr(:) we get
the following inequalities:

(o))

tr ((Y1/2XY1/2) (Y1/2XY1/2)m_1)
tr (Y2XY2) tr ((Y1/2XY1/2)’”‘1)

tr (VXY (X))

ININ A

IN

tr (Y2XY2)"
= tr(XY)™
tr(X)™ tr(Y)™.

IN

Note that due to

tr ((Y%Xﬁ)m) — tr

we reach a simple proof for the main result (2.4) from [24].

(ii) = (iii). It is obvious.

(ili) = (i). As before, we assume that n = 2 and ¢(X) = tr(DX) for some
diagonal matrix D (the density matrix of ¢) with tr(D) = 2. Therefore, we can set


Comment on Text
Incorrect proof of the step (ii) \implies (iii).
Hence the Theorem needs to be rectified and stated with a correct proof
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D = diag(1+d,1 —d) for some 0 < d < 1. We shall show that d = 0. Consider the

madtrices
p° P
p 1|

Xm = (p2 + l)mX, Ym = (p2 + 1)m}/7

p P

where p > 1. Simple computation shows that

Xz[l p] and Y =

1 1 il 1 4p2 " 2 m—1
Yi——— YV and VEXWE— (p? + 1)1y,
V241 p?+1

Assumption (iii) therefore leads to:

(pfil) P+ )" (1 +d)p* + (1 —d)1)

< (p* + 1)V (e = @) (ea)p® Ba = an):

Hence,

( — )mS(p2+1)<m‘” (e ) e = 7)) §

i
[
+
—_

Therefore,
2 _1 Ap2 \™ Ap? Ap? 4p2 \" !
P A (. —(1--22F [ I (. & ,
p*+1 p?+1 p?+1 p?+1 p?+1

whence
2 _1 Ap? Ap? m—1
d<? I+t g (1 .
p*+1 p?+1 p?+1

Letting p — 1, we get d < 0. Thus, d = 0. 0

Remark 2.7. We cannot replace the condition ¢(7) = n in Theorem 2.6 with ¢(I) =1

when n > 2. In other words, there is no state ¢ on M, such that

o (YEXYE) p(X)p(Y)
for all X, Y € M. If there were such a state and A is a positive semidefinite matrix,
then with X =Y = A, we get p(A4%) < p(A)>

According to the Kadison inequality, it holds that ¢(A)? < ¢(A?). Thus, ¢(A?) =
©(A)2. Tt follows from [13, Theorem 3.1] that

p(AB) = ¢(A)p(B) (2.7)

for all B € M,. Since the positive semidefinite matrices linearly span the full matrix
algebra M, we conclude that (2.7) holds for all matrices A and B. Therefore, ker
is a two-sided ideal of the simple algebra M,,. Therefore, kerp = {0}, and so
¢ : M,, — C is a one-to-one x-homomorphism. Therefore, n = 1, which leads to a

contradiction.


Comment on Text
Its a Typo. (p^2+1)^{m-1} is needed instead.

Comment on Text
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3. CHARACTERIZATION OF TRACIAL FUNCTIONALS ON C*-ALGEBRAS
Theorem 3.1. For a positive linear functional ¢ on a unital C*-algebra A the
following conditions are equivalent:

(i) ¢ is tracial;
(ii) p(eA? — 1) >0 for all A,B € A*.

Proof. (i)=(ii). Inequality (2.6) still holds with a tracial positive linear functional
¢ on A rather than tr. Therefore,

S0((%,5;_[):90(2( ) ng AB iso(( %AB%>’") o
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since (B%AB%>m > 0.

(ii)=-(i). Step 1. We demonstrate that, for a positive linear functional ¢ on any
von Neumann algebra, the proof of the inverse implication can be reduced to the
case of the algebra My similar to other cases (refer to [15] and [23]). Tt is a well
known fact [17] that a positive linear functional ¢ on a von Neumann algebra M
is tracial if and only if (P) = ¢(Q) for all P, € MP" with PQ =0 and P ~ Q
(also see [23, Lemma 2]). Let us assume that the x-algebra N in the reduced algebra
Mp,q is induced by a partial isometry V' € M realizing the equivalence of P and
Q. In this case, N is #-isomorphic to My, and the inequality in (ii) remains valid
for operators of A and the restriction of the functional p|N.

For 0 <s<1/2and0<e<1/2 put S, = diag(% —i—s,% — s) and

A= R(1/2_5’1), B = R(1/2_5’_1),
see (2.2). Then ABA = 4¢?A, BAB = 4¢*B and
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Comment on Text
In the reference, it's for normal positive linear functional.
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we have

©(AB) = 5((25 — 1)(% —|—s> + (2e + 1)(% — s)) =2e(e —s) <0,

for all 0 < € < s. Hence, s = 0. It tells us that such a restriction is a tracial
functional on N; therefore, o(P) = p(Q).

Step 2. We move on the universal enveloping von Neumann algebra of the
C*-algebra A [22, TI1.2]. Let m be the corresponding universal representation of
the C*-algebra A, and let @ be a positive normal functional on M = m(A)"” such
that 3((T)) = o(T) for T € A. Let A,B € M™*. By the Kaplansky density
theorem, there exist bounded nets {X;} and {Y;} in w(A)* that converge to A and
E, respectively, in the strong operator topology. Let {A;} and {B;} be such that

X;=7n(4;) and Y;=n(B;).

We may assume that A;, B; € A", as shown in the proof of Theorem 2 in [6]. Thus,
there exist bounded nets {A;} and {B;} in A* such that 7(A;) — A and 7(B;) — B
in the strong operator topology. By (ii), we have

PemITE) — (1)) = (") — 7 (1)) = Bl (NP — 1)) = (e — 1) > 0.

Taking into account the strong continuity of the functional calculus and making the
passage to the limit in the strong operator topology in the last inequality, we obtain
B(eAB — 1) > 0.

By Step 1, ¢ is a tracial functional on M. Now, for every X,Y € A, we have

P(XY) = p(r(XY)) = o(n(X)m(Y)) = o(x(Y)m(X)) = @(n(Y X)) = o(Y X).
Thus, ¢ is a tracial functional on A. This completes the proof of the theorem. [J

Corollary 3.2. The following conditions are equivalent for every unital C*-algebra
A:

(i) A is commutative;

(ii) eAB > I for all A,B € A*.

Proof. Let us prove the implication (ii)=-(i). For every positive functional ¢ on A,
the inequality in part (ii) of Theorem 3.1 holds. This implies that every positive
functional on A is tracial, i.e., o(XY) = p(YX) for every elements X,V € A.
Since the set of positive functionals separates the points of the algebra A, it follows
from the last condition that XY =YX (X,Y € A), and thus the C*-algebra A is

commutative. O
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