
PHYSICAL REVIEW B 101, 205108 (2020)

High-resolution optical spectroscopy and modeling of spectral and magnetic properties of
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We carried out the high-resolution broadband temperature-dependent polarized optical spectroscopy and
theoretical studies of ErFe3(BO3)4 single crystals in the paramagnetic and antiferromagnetic (T < TN = 39 K)
phases. On the basis of the experimentally determined 45 crystal-field (CF) levels of Er3+ ions at sites with the
C2 point symmetry, CF calculations were performed, a set of physically grounded CF parameters was obtained
and used to model the temperature dependences of the Er magnetic moments measured in neutron-scattering
experiments, as well as the magnetic susceptibility and magnetization of the compound; the contributions of
the quasi-one-dimensional iron magnetic subsystem were calculated in the frame of the previously developed
self-consistent four-particle cluster model. The modeling strongly supports an easy-plane collinear structure of
iron magnetic moments and excludes earlier proposed additional magnetic phase.
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I. INTRODUCTION

Erbium iron borate ErFe3(BO3)4 belongs to the family
of rare-earth (RE) iron borates RFe3(BO3)4 (R = La, Pr-Er,
Y), which has recently attracted considerable attention due
to interesting magnetic and magnetoelectric properties. The
presence of two interacting magnetic subsystems (the Fe and
RE ones) stimulate a wide variety of magnetic phases, in par-
ticular, when the easy-plane magnetic anisotropy of the S-state
iron ions Fe3+ competes with the easy-axis anisotropy of RE
ions. What is even more important, some of RE iron borates
demonstrate a considerable magnetoelectric effect. Thus, a
quadratic magnetoelectric effect registered in TbFe3(BO3)4

at room temperature in the magnetic field applied along the
a axis exceeded the one observed in the high-temperature
multiferroic BiFeO3. The sign of the effect changed upon
rotation of the magnetic field by 90° around the c axis, which
is attractive for applications [1].

Depending on a particular R3+ ion, RE iron borates pos-
sess strongly different magnetic, magnetoelectric, magnetoe-
lastic (e.g., Refs. [2–5] and references therein), and mag-
netodielectric [5–8] properties. Anisotropy of the R3+ ion
promotes either an easy-axis (R = Pr, Gd, Tb, Dy) or an
easy-plane (R = Nd, Sm, Eu, Ho, Er, Y) magnetic struc-
ture of RFe3(BO3)4 below the antiferromagnetic ordering
temperature TN ∼ 30 − 40 K [9]. In particular, ErFe3(BO3)4

orders magnetically at TN = 39 K into an easy-plane structure
[10,11]. While the easy-axis iron borates demonstrate a weak
magnetic-field-induced electric polarization, P ∼ 10 μC/m2,
an order of magnitude greater values were observed in
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the easy-plane ones (P = 80, 400, and 500 μC/m2 for Eu,
Nd, and Sm iron borates, respectively [3]). Unexpectedly, a
negligible effect (P < 1μC/m2) was recorded for the easy-
plane magnet ErFe3(BO3)4 [3]. To understand the physics
of magnetoelectricity in RE iron borates, it is necessary to
develop a microscopic theory of magnetoelectric interactions.
This can be done on the basis of a detailed knowledge of
crystal and magnetic structures, physically justified crystal-
field (CF) and electron-deformation interaction parameters
for the RE ions, and the parameters of the Fe-RE exchange
interactions [12,13].

RE iron borates crystallize in the R32 space-symmetry
group and have the structure of the natural mineral huntite
[14–16]. In this structure, FeO6 octahedra share common
edges forming isolated helical chains along the trigonal c axis.
The chains are interconnected by BO3 triangles and isolated
RO6 distorted prisms characterized by the D3 point-symmetry
group. Whereas RFe3(BO3)4 with “big” R3+ ions (R = La,
Pr, Nd, and Sm) possess the R32 structure in the whole range
of temperatures, those with R = Eu − Er, Y undergo a weak
first-order R32 → P3121(P3221) structural phase transition,
the temperature TS of which linearly grows with diminishing
the ionic radius of R3+ and reaches 427 K for HoFe3(BO3)4,
according to data on powder samples prepared by solid-
phase synthesis [2]. No data exist on TS for so synthesized
ErFe3(BO3)4 but the approximation of the dependence of TS

on the ionic radius of the RE ion [2] provides a value of
about 500 K. Single crystals of RE iron borates are produced
by solution-melt technique with different fluxes [14], and
the first large crystals of good optical quality were grown
in the laboratory of Bezmaternykh in the Kirensky Institute
of Physics, Krasnoyarsk, using a Bi2Mo3O12-based flux [17].
Early ErFe3(BO3)4 single crystals demonstrated TS ∼ 340 K
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(Raman measurements [18]) whereas later samples obtained
with improved solution-melt technology showed TS = 433 K
at cooling and 439 K at heating (heat capacity measure-
ments [19]). It is worth noting that erbium iron borate is
the last compound in the series of RE iron borates, which
was managed to grow as a single crystal, and it is especially
important to choose the optimal crystal-growth conditions for
getting crystals of good optical quality. However, even the
best single crystals of RE iron borates grown by solution-
melt technique with the Bi-containing flux have lower TS

than powder samples prepared by solid-phase synthesis. It
was explained by “big” Bi3+ ions that enter into positions
of the “small” RE3+ ions from the flux in the course of the
crystal growth and increase the effective radius of ions in the
RE sublattice [20,16]. In any case, at room temperature and
below, the title compound has the low-symmetry structure
corresponding to the enantiomorphic space-group pair P3121
(D3

4, No. 152) and P3221 (D3
6, No. 154). For both members

of the pair, symmetry of the Er site lowers from D3 to C2

[15,16,18]. Domains of left-handed P3221 and right-handed
P3121 helical structures of ErO6 distorted prisms and FeO6

octahedra can exist in ErFe3(BO3)4 crystals, in the same way
as in DyFe3(BO3)4 [21] (see also Fig. 1 in Ref. [22]).

In our previous studies, we have derived CF parameters
for the Nd [23], Sm [24], Pr [25], Tb [26], Eu [20], and Dy
[22] iron borates, starting from an initial set of parameters
calculated in the framework of the exchange-charge model
[27] and using an experimental set of CF levels obtained from
an analysis of the high-resolution optical spectra. We also
registered the spectral changes in the magnetically ordered
state and used these data to evaluate the exchange-interaction
parameters. These and CF parameters obtained on the basis
of high-resolution spectroscopic data were used to model
magnetic susceptibilities [20,22–26] and magnetoelectric re-
sponses [12,13,20] of the RE iron borates.

In this paper, we report such procedure for ErFe3(BO3)4.
We perform thorough high-resolution broadband polarized
temperature-dependent optical absorption measurements of
the ErFe3(BO3)4 single crystals in the paramagnetic and anti-
ferromagnetic phases and, analyzing the spectra, construct the
corresponding energy-level schemes. The CF and exchange-
interaction parameters obtained on that basis are further used
to model magnetic properties of the compound. This sim-
ulation elucidates details of the low-temperature magnetic
structure of ErFe3(BO3)4. We are not aware of any attempts
to find the CF and exchange-interaction parameters of Er3+

ions in ErFe3(BO3)4 on the basis of spectroscopic results.
High-resolution spectra in a broad spectral and temperature
range of a sample in the paramagnetic and magnetically
ordered states are necessary for that. As far as we know,
there are no such data in the literature. In Refs. [19,28],
the σ - and π -polarized absorption and magnetic circular
dichroism spectra of f-f transitions in ErFe3(BO3)4 single
crystals were registered only at temperatures �90 K in the
range from 9500 (spectral resolution 4 cm−1) to 22 000 cm−1

(spectral resolution 10 cm−1) using a grating spectrometer
with not well-calibrated wave-number scale (the latter point is
addressed in Sec. III A). This resulted in a wrong assignment
of many spectral lines, wrong energy values of erbium CF
levels, and not justified conclusions concerning the energies

of local vibrations and changes of the local symmetry of the
Er3+ ion in optically excited states.

The paper is organized as follows. In Sec. II, we describe
the samples used and the details of optical measurements.
Section III reports the high-resolution temperature-dependent
polarized optical spectra of ErFe3(BO3)4. Section IV is de-
voted to a theoretical consideration. The paper ends with
Summary.

II. EXPERIMENTAL DETAILS

The ErFe3(BO3)4 single crystals were grown by solution-
melt technique [29] using the Bi2Mo3O12-based flux: 76.7
wt. % (Bi2Mo3O12 + 3.14B2O3 + 0.54Er2O3) + 23.3 wt. %
ErFe3(BO3)4. The saturation temperature of such solution
melt was found to be Tsat = 945 ± 3◦C. First of all, crystals
of about 1 mm3 in size were obtained at the spontaneous
crystallization regime at the temperature T = Tsat − 20◦C.
They were used as seeds to grow the crystals of about 5 ×
7 × 7 mm3 in size, with the rate not exceeding 1 mm/day.
More details on the crystal growth can be found in Ref. [29].
The crystals of good optical quality were oriented using their
morphology and optical polarization methods. Samples for
optical measurements were cut either perpendicular or parallel
to the c axis and polished to the thickness d = 0.117 mm.

Transmission spectra of the erbium iron borate were regis-
tered in a spectral range 5000 − 23000 cm−1 with the resolu-
tion of 0.2 cm−1 using a Fourier spectrometer Bruker IFS 125
HR. It should be noted that an accurate scale of wave numbers
in the entire spectral range is an inherent property of Fourier
transform spectroscopy, where a stabilized laser is used for
calibration. For measurements in the temperature range 4–300
K, a closed helium-cycle cryostat Cryomech ST403 was used.
At T < 70 K (T > 70K), the temperature was stabilized with
the precision ±0.05 K (±0.1 K). A heating attachment Bruker
2216e was used for the temperature range 300–450 K. We

FIG. 1. Broadband transmission spectrum of a ErFe3(BO3)4 sin-
gle crystal at 50 K. The final states of the Er3+ (Fe3+) transitions
from the ground state 4I15/2 (6A1) are indicated.
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FIG. 2. The α-, σ -, and π -polarized transmission spectra of an ErFe3(BO3)4 single crystal in the region of optical transitions from the
ground multiplet 4I15/2 to the excited multiplets (a) 4I11/2, (b) 4I9/2, (c) 4F9/2, (d) 4S3/2, (e) 2H11/2, and (f) 4F7/2 at the temperatures below
TS ≈ 433 K (i.e., in the P3121 phase): 100 K [in (d) only], 50 K > TN = 39 K and 30 K, 5K < TN after subtraction of the appropriate spectra
of GdFe3(BO3)4. The spectra at 30, 50, and 100 K are vertically shifted. Stars (*) mark absorption lines of some impurities.
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TABLE I. Experimental and calculated (with CF parameters
presented in Table II) energies of CF levels of the Er3+ ions in
paramagnetic ErFe3(BO3)4 (T = 50 K). �1 and �2 denote the ex-
change splittings of Kramers doublets of magnetically nonequivalent
Er1 and Er2 (see the text), respectively, at T = 5 K (all values are in
cm−1).

2S+1LJ E (exper.) E (calc.) �1 (calc.) �2 (calc.)
1 2 3 4 5

4I15/2 1 0 0 5.25 6.21
2 46.3 46.25 1.28 0.73
3 105 105.8 4.51 3.89
4 160.4 139.0 2.30 1.74
5 194 159.9 3.65 1.93
6 244 232.6 0.85 4.78
7 279.2 275.3 2.07 3.87
8 296.4 294.4 3.81 3.99

4I13/2 A 6539.3 6539.8 2.44 3.15
B 6572.9 6573.1 0.46 0.49
C 6622.6 6616.7 1.84 1.45
D 6638.5 6628.8 1.18 0.99
E 6684.4 6682 0.20 2.63
F 6714.3 6713.7 1.43 1.39
G 6722.5 6725.5 1.82 1.82

4I11/2 A 10 218.3 10 218 0.07 0.12
B 10 239.4 10 241 0.02 0.05
C 10 267 10 268 0.00 0.03
D 10 283.5 10 288 0.02 0.25
E 10 298.4 10 309 0.12 0.15
F 10 300.8 10 316 0.29 0.23

4I9/2 A 12 414.1 12 431 1.20 2.00
B 12 463.4 12 465 0.82 0.43
C 12 500 12 497 0.98 1.16
D 12 549.3 12 550 0.42 0.35
E 12 587.6 12 600 1.31 1.24

4F9/2 A 15 230.5 15 233 0.12 0.28
B 15 301.3 15 295 3.06 2.27
C 15 342.6 15 333 0.26 1.21
D 15 361 15 354 0.12 0.98
E 15 381.3 15 382 0.14 2.08

4S3/2 A 18 394.5 18 395 1.43 1.86
B 18 429.9 18 430 3.93 5.92

2H11/2 A 19 115.9 19 117 0.54 0.79
B 19 127.5 19 126 2.02 1.49
C 19 174.8 19 170 1.79 1.46
D 19 217.2 19 216 1.17 1.02
E 19 248.5 19 241 3.98 2.57
F 19 261.7 19 258 0.06 0.13

4F7/2 A 20 491.5 20 492 2.03 2.27
B 20 523.5 20 530 2.20 1.65
C 20 593.4 20 583 2.27 2.58
D 20 605.3 20 598 0.85 4.03

4F5/2 A 22 180 22 183 0.00 0.27
B 22 202 22 198 0.18 0.31
C 22 239 22 230 1.16 1.13

employed either unpolarized light propagating along the c axis
of the crystal (k||c, E⊥c,, H⊥c: α polarization) or linearly
polarized light incident perpendicular to the c axis (k⊥c, E⊥c
H|| c: σ polarization; k||c, E||c, H⊥c: π polarization).

FIG. 3. Scheme of levels and optical transitions of the Er3+ ion
in a magnetic crystal.

III. OPTICAL SPECTRA OF ErFe3(BO3)4

A. Paramagnetic ErFe3(BO3)4 in the P3121 (P3221) phase:
Crystal-field levels

Figure 1 demonstrates a transmission spectrum of
ErFe3(BO3)4 in the whole spectral region studied. Two wide
bands designated 4T1 and 4T2 correspond to d–d optical
transitions between the ground (6A1) and excited states (with
the total spin S = 3/2) of the 3d5 electronic shell of the Fe3+
ions. These are the absorption bands of iron ions that deter-
mine the green color of iron borate single crystals. Intensive
absorption in the region of wave numbers above 24 000 cm−1

is connected with charge-transfer transitions [30]. Numerous
narrow spectral lines are due to the f–f optical transitions
between the energy levels of the 4 f 11 electronic shell of
the Er3+ ions. After subtracting the d–d absorption bands
[e.g., measured in GdFe3(BO3)4 where f–f transitions start at
energies above ∼ 30 000 cm−1], one gets the spectra of the f–f
transitions.

Figure 2 shows thus obtained polarized spectra for sev-
eral optical multiplets of Er3+ in the low-symmetry P3121
(P3221) phase of ErFe3(BO3)4 at different temperatures, both
above (100 and 50 K) and below (30 and 5 K) the temperature
TN = 39 K of a magnetic ordering. The levels of a free Er3+

ion (which has an odd number of electrons and, thus, is a
Kramers ion), characterized by the total momentum J, in the
crystal field of C2 symmetry at erbium sites in ErFe3(BO3)4
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FIG. 4. Calculated (solid lines) relative populations ni(T )/n0 of
the excited levels (ni is the number of Er3+ ions at the ith level with
the energy Ei, n0 is the total number of Er3+ ions) and experimentally
measured integral intensities of spectral lines (symbols). Open cir-
cles, disks, pentagons, stars, and diamonds represent the data for the
lines 10 172, 18 348, 18 325, 18 956, and 18 922 cm−1, respectively.

split into J + 1/2 Kramers doublets. A detailed study of the
temperature dependences of the line positions and intensities
allowed us to identify the spectral lines and to find the energies
of CF levels of Er3+ in the paramagnetic ErFe3(BO3)4. They
are listed in Table I for T = 50 K.

In this paper, notations of spectral lines contain the initial
and final levels of optical transitions. CF levels of a given
excited multiplet and the sublevels of the ground multiplet
4I15/2 are labeled by capital letters (A, B, etc.) and the numbers
1, 2 …8 in order of increasing energy, respectively (see the
scheme of Fig. 3). Some of spectral lines disappear with
decreasing the temperature [e.g., 4A, 3A, 2A, 2B, etc. in
Fig. 2(c)]. Evidently, these lines begin at excited sublevels
of the ground multiplet, the populations of which diminish
with lowering the temperature. Their intensities follow the
Boltzmann distribution of the levels’ populations (see Fig. 4).

At the lowest temperature of 5 K, only the ground level
is populated, and well-resolved lines corresponding to optical
transitions from the ground state to the CF sublevels of excited
multiplets are observed (see Fig. 2). In some cases, positions
of CF levels could be determined only with the help of
transitions from the excited levels of the ground multiplet
[see, e.g., Fig. 2(f) for the 4I15/2→4F7/2 transition, where
the line 1D is hidden in the wing of the line 1C but the
clearly observed line 2D helps to precisely find the position
of 1D]. Temperature-dependent transmission spectra of the
4I15/2→4I13/2 transition, as well as the CF levels of the 4I13/2

multiplet, were given in Ref. [31]. Energies of the CF levels
4–8 of the ground multiplet 4I15/2 were specified using the
spectra of a thicker sample (d = 2.016 mm) [31].

To illustrate how important for correct lines’ identification
is to analyze the spectra at T < 90 K, we take as an example
the simplest transition 4I15/2→4S3/2 shown in Fig. 2(d) at 100,
50, 30, and 5 K and in Fig. 5 of Ref. [28] at 90 K. The 4S3/2 CF
manifold consists of only two levels, they are unambiguously
identified from the absorption (transmission) spectra at 5 K
(lines 1A and 1B). With increasing the temperature, lines
originating from the excited CF levels 2, 3, etc. of the ground

FIG. 5. Absorption spectrum of ErFe3(BO3)4 in the region of the
4I15/2→4I13/2 transition. T = 50 K. Lines in the high-frequency part
(>6600 cm−1) of the transition coincide in α and π polarizations,
which testifies their purely magnetic dipole origin.

4I15/2 manifold appear (2A, 2B, 3A, 3B, etc.), their intensities
follow the Boltzmann distribution of the levels’ populations
(see Fig. 4). In Ref. [28], where the spectra were registered
at T � 90 K, wrong assignments of the spectral lines were
given, namely, the lines 3B and 2B + 1A were attributed to
the transitions from the ground state, with a splitting of the
high-frequency component due to a local distortion in the
excited state; the line 1B was interpreted as a vibronic satellite
of the line 3B. We also remark that the wave-number scale in
Fig. 5 of Ref. [28] is shifted by ∼ 70 cm−1, which follows
from a comparison with the spectra registered at a Fourier
spectrometer [Fig. 2(d)] where a stabilized laser is used for
calibration of the entire wave-number scale.

We note that most of the spectral lines presented in Fig. 2
coincide in the α and σ polarizations, which testifies their
electric dipole nature. On the contrary, many spectral lines
of the 4I15/2→4I13/2 transition, which is allowed as mag-
netic dipole in a free Er3+ ion, coincide in the α and π

polarizations demonstrating purely magnetic dipole origin.
Absorption spectrum of the 4I15/2→4I13/2 transition shown in
Fig. 5 illustrates this.

Having in hand a set of 45 excited CF levels of Er3+ in
ErFe3(BO3)4, we perform CF calculations in Sec. IV.

B. Splitting of the erbium Kramers doublets in a magnetically
ordered state of ErFe3(BO3)4

At the temperatures below the Néel temperature TN =
39 K, the erbium spectral lines split, following the splitting of
Kramers doublets due to exchange interaction of the Er3+ ions
with an ordered iron magnetic subsystem (see the scheme of
Fig. 3). Figure 6(a) displays the line 1A of the 4I15/2→4I11/2

transition at T = 45 K > TN and at several temperatures be-
low TN . The line splitting is clearly observed and the low-
frequency part of the split line decreases in intensity with
lowering the temperature, because of diminishing the popu-
lation of the upper component g+ of the split ground Kramers
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FIG. 6. Splitting � of the line 1A in the 4I15/2 →4 I11/2 optical
multiplet of ErFe3(BO3)4. (a) absorption spectra at several temper-
atures, (b) the �(T ) dependence (blue stars) compared with the
MFe(T ) dependence (red circles with a cross) from neutron-scattering
measurements [11]. Inset shows decomposition of the line at 5 K into
Voigt components (see the text).

doublet (see Fig. 3). Figure 6(b) presents the temperature de-
pendences of the line splitting �(T ) and of the Fe3+ magnetic
moment MFe(T ) measured in neutron-scattering experiments
[11]. A perfect proportionality between �(T ) and MFe(T )
is evident. Two conclusions can be drawn from this fact,
namely (1) Kramers doublets of erbium split due to the Er-
Fe interaction, the Er-Er interaction being much weaker; (2)
splitting of spectral lines �(T ) can be considered as an order
parameter of the magnetic phase transition. Dominance of the
RE-Fe interactions over the RE-RE ones has been confirmed
earlier for other RE iron borates [20,22–26].

The shape of the split spectral lines will be discussed in
Sec. IV D after the calculation of exchange splitting of the
Er3+ Kramers doublets in a magnetically ordered state of
ErFe3(BO3)4.

IV. SIMULATIONS OF SPECTRAL AND MAGNETIC
PROPERTIES

A. Crystal-field calculations for paramagnetic ErFe3(BO3)4 in
the P3121 phase

The electronic structure of Er3+ ions of even erbium
isotopes (natural abundance 75.6%) in the crystal field of C2

symmetry in erbium iron borate is determined by the standard

single-ion Hamiltonian acting in the full basis of 364 states of
the 4 f 11 electronic shell,

H = HFI + HCF + HZ, (1)

where HFI is the parametrized free-ion Hamiltonian [32],

HFI =
∑

k=2,4,6

F k f̂k + ζ
∑

j

l js j + α

⎛
⎝∑

j

l j

⎞
⎠

2

+ βĜ(G2)

+ γ Ĝ(R7) +
∑

k=2,3,4,6,7,8

T kt̂k +
∑

k=0,2,4

Mkm̂k

+
∑

k=2,4,6

Pk p̂k . (2)

The HCF operator represents the energy of 4 f electrons in a
crystal field, in the Cartesian coordinate system with the z and
x axes along the crystallographic axes c and a, respectively,

HCF = B2
0C(2)

0 + B4
0C(4)

0 +B6
0C(6)

0 + iB4
−3

(
C(4)

−3 + C(4)
3

)

+ iB6
−3

(
C(6)

−3 + C(6)
3

) + B6
6

(
C(6)

−6 + C(6)
6

)

+ i
[
B2

−1

(
C(2)

−1 + C(2)
1

) + B4
−1

(
C(4)

−1 + C(4)
1

)

+ B6
−1

(
C(6)

−1 + C(6)
1

) + B6
−5

(
C(6)

−5 + C(6)
5

)]

+ B2
2

(
C(2)

−2 + C(2)
2

) + B4
2

(
C(4)

−2 + C(4)
2

)

+ B6
2

(
C(6)

−2 + C(6)
2

) + B4
4

(
C(4)

−4 + C(4)
4

)

+ B6
4

(
C(6)

−4 + C(6)
4

)
, (3)

and HZ is the ion energy in a local magnetic field Bloc,

HZ =
∑

j

μB(kl j + 2s j )Bloc (4)

(here k is the orbital reduction factor). The 4 f electrons
are labeled above by the index j, the explicit expressions
for operators f̂ , t̂ , m̂, p̂ and the Casimir operators Ĝ(G2)
and Ĝ(R7) can be found in the literature (see Ref. [32]),
C(p)

q = ∑
j C(p)

q, j ; C(p)
q, j , l j , and s j are single-electron spherical

tensor, orbital moment, and spin moment operators,
respectively. Matrices of all electronic operators in the
Hamiltonian (1) were computed in the basis of 364 Slater
determinants for the 4 f 11 electronic shell. Next, similarly
to some previous studies of spectral properties of Er3+

ions in crystals [33,34], matrix elements of the fourth-rank
spherical tensor operators C(4)

q within the 2H11/2 and 4I9/2

manifolds were corrected by the factors of 1.4 and 0.9,
respectively. The fitting procedure for the CF energies of
Er3+ ions determined from optical data in the paramagnetic
phase of ErFe3(BO3)4 involved numerical diagonalization
of the Hamiltonian (1) for Bloc = 0 and varied sets of CF
parameters Bp

q and parameters of the free-ion Hamiltonian
(2). The initial values of the free-ion parameters were taken
from Ref. [35] [namely, the parameters for the impurity Er3+

ions in YAl3(BO3)4 with the R32 crystal structure], the most
of these parameters, except the parameters F k of electrostatic
two-electron interactions, were kept fixed or only slightly
changed. The final set of the free-ion parameters in units of
cm−1 used in the present work is the following: F 2 = 96 800
(96 329), F 4 = 67 980 (68 001), F 6 = 54 170 (53 342), the
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TABLE II. Crystal-field parameters Bp
q (cm−1) for RE iron bo-

rates with the P3121 structure. In the P3221 structure, the parameters
with q = −1, −3, and −5 have opposite signs.

p q
EuFe3(BO3)4

[20]
TbFe3(BO3)4

[26]
DyFe3(BO3)4

[22]
ErFe3(BO3)4

[this work]
1 2 3 4 5

2 0 484 434 404 366
4 0 −1255 −1256 −1192 −1103
4 −3 619 608 554.4 485.4
6 0 404 352 328 309
6 −3 80 73 70.3 58.3
6 6 290 270 232 222
2 −1 39 38 58.4 89.4
4 −1 −76 −66 −49.2 −54.2
6 −1 −32 −27 −7.4 −16.4
2 2 54 54 69.4 67.4
4 2 102 82 101.2 60.2
6 2 −11 −8 −14 −13
4 4 −26 −23 15.9 10.1
6 4 −31 −27 31.4 3.6
6 −5 −131 −91 −79 −70

spin-orbit coupling constant ζ = 2368.5 (2369.6), parameters
of two-particle correlation terms α = 17.67 (17.8),
β = −600(−582), γ = 1800(1800), parameters of the
relativistic spin-other orbit and magnetic spin-dependent
interactions P2 = 594, P4 = 320 (297), P6 = 60 (59.4),
M0 = 3.86 (3.86), M2 = 2.16 (1.93), M4 = 1.2 (1.29),
parameters of three-particle interactions T 2 = 401 (400),
T 3 = 43 (43), T 4 = 73.8 (73), T 6 = −271 (−271),
T 7 = 298 (308), T 8 = 280 (299); the initial values are
in parentheses.

The initial values of the CF parameters were calculated in
the framework of the exchange-charge model [27], similarly
to our previous studies of crystal fields in RE iron borates
[22–26]. Then, they were corrected to achieve minimal dif-
ferences between the calculated energies of CF levels and the
experimental data in column 2 of Table I. The resulting values
of CF parameters are given in Table II, together with CF
parameters for other RE iron borates having the P3121 crystal
structure. The table highlights a systematic change in the
trigonal D3 symmetry parameters’ values (the first six lines of
Table II) across the RE series. CF parameters of the rhombic
C2 symmetry (the lines 7–14 of Table II) do not show such
systematic changes. The matter is that they have little effect on
the calculated energies and were taken from the calculations
using the exchange-charge model and data on the crystallo-
graphic structure, to which they are very sensitive. However,
the structural data reported in different works sometimes
differ considerably (see, e.g., Refs. [11,16]). Nevertheless, the
CF components of rhombic symmetry defined in the five lower
lines in the CF Hamiltonian (3) are of paramount importance
for understanding some of the physical properties of RE iron
borates having the P3121 (P3221) structure, e.g., magnetically
nonequivalent positions for RE ions [20], magnetic [22], and
quadrupole [21] helix chirality.

The energy levels of Er3+ ions found from the analysis
of the measured optical spectra and the calculation results

FIG. 7. Arrows show (a) collinear and (b) 120° antiferromag-
netic arrangements of the iron magnetic moments. In the case (a),
three types of magnetic domains are possible, with Fe magnetic
moments along one of the three equivalent C2 axes in the ab plane.
Triangles represent schematically three magnetically nonequivalent
Er3+ ions characterized by the C2 point-symmetry group, with their
main symmetry axes along the crystalline C2 axes.

using the CF parameters of Table II are compared in Table I.
The root-mean-square difference of 6.23 cm−1 between the
measured and simulated energies of 43 CF levels (the fourth
and fifth sublevels of the ground multiplet 4I15/2 have been
excluded from the fitting procedure) indicates the reliability
of the applied approach. However, the mechanism responsible
for the measured in the absorption spectra at elevated temper-
atures rather large upward shifts of these two fourth and fifth
sublevels from the values predicted by the CF model remains
unclear.

The obtained wave functions were used to calculate g
factors of the ground Kramers doublet (the procedure is
described, for instance, in Ref. [34]). The principal axes of
the g tensor practically coincide with the crystallographic
axes (the a axis is the principal axis by symmetry, the cal-
culated angle between the two other principal axes in the
bc-plane and the b and c axes, respectively, equals 1.1◦).
The corresponding g factors are gaa = 8.292 (9.301), gbb =
10.283 (9.301), and gcc = 1.279 (1.331); in parentheses are
the g factors of the impurity Er3+ ions in the YAl3(BO3)4

crystal [36] with the space-symmetry group R32. The orbital
reduction factor k = 0.985 was estimated from the analysis
of the magnetic dc susceptibility (see Sec. C below). The
single-ion magnetic anisotropy favors an easy-plane magnetic
structure in ErFe3(BO3)4 below TN.

B. Calculations of the Er3+ magnetic moments in a
magnetically ordered ErFe3(BO3)4

The magnetic structure of ErFe3(BO3)4 was determined
from the measurements of powder neutron scattering [11].
According to Ref. [11], the unit cell doubles along the c axis
upon transition to the antiferromagnetic phase, with ordering
of the Fe3+ magnetic moments MFe in the ab plane. The mo-
ments of the Er3+ ions are parallel to the moments of the Fe3+
ions and increase from 2.2μB at 10 K to 5.3μB at T = 1.5 K.
An additional structure in the erbium sublattice, coexisting
with the collinear one, appears at T = 10 K—-the moments
of Er3+ ions rotate by 120° in adjacent planes in one-tenth
of the crystal volume [11]. Figure 7 illustrates the proposed
collinear and 120° phases of iron magnetic moments, under
a natural assumption that the Fe moments are oriented along
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the C2 directions in the ab plane. The authors of Ref. [11]
associate the appearance of an additional phase with defects
in the crystal lattice.

However, the proposed in Ref. [11] magnetic structure
contradicts the properties of paramagnetic ions (in this case,
the Er3+ ions) in a crystal field of the C2 symmetry. In
contrast to the case of the high-temperature R32 phase, in the
P3121 phase, three Er3+ ions in the unit cell are magnetically
nonequivalent. For an arbitrary orientation of the collinear
magnetic moments of the Fe3+ ions in the ab plane, one can
expect the appearance of three antiferromagnetically ordered
magnetic structures of the Er3+ ions with different magnitudes
and orientations of their magnetic moments. In particular, if
the iron moments MFe are oriented along the fixed a axis
parallel to one of three equivalent C2 symmetry axes of the
P3121 structure, one can distinguish a subsystem of the Er1
ions with magnetic moments M1 parallel to MFe and the
subsystem of the Er2 ions with their local symmetry axes
rotated by the angles ±2π/3 from the a axis and moments
M2 or M2

∗ which are connected to each other by the 180◦
rotation around the a axis (see the scheme of Fig. 7). In
the framework of this model (MFe||a), we calculated the
temperature dependences of components of the Er3+ magnetic
moments induced by an isotropic exchange interaction with
the iron ions. The Hamiltonian of the exchange interaction
between the nearest-neighbor erbium and iron ions is written
as Hexch = −2Jf d SFeSEr where Jf d is the exchange integral
considered as a phenomenological parameter, SFe and SEr

are operators of the total spin moments. The value of the
exchange integral, Jf d = 0.22 ± 0.04 K, used in the present
work was obtained from fitting the temperature dependences
of the dc susceptibility of ErFe3(BO3)4 (see Sec. C below),
for comparison, in TbFe3(BO3)4, Jf d = 0.26 K [26].

There are two different types of iron helical chains along
the c axis containing Fe1 and Fe2 ions at Wyckoff sites 3a
and 6c with local C2 and C1 symmetry, respectively, in the
P3121 (P3221) phase of RE iron borates. RE ions are sixfold
coordinated by iron ions, namely by two Fe1 and two pairs
of Fe2 ions at the distances of 0.3766 (Fe1), 0.3657, and
0.3835 (Fe2) nm. The effective single-ion Hamiltonian of the
Er1 ions in the global Cartesian frame S(a, b, c) with the a
axis (the C2 symmetry axis) parallel to the iron magnetic
moments MFeλ = −2μBSFeλ (λ = 1, 2) in the magnetically
ordered phase (T < TN) takes the form

HEr1 = HFI + HCF ± 2Jf d [MFe1(T ) + 2MFe2(T )]SEr,x/μB.

(5)

For the Er2 ions, in the local frames S′(a′, b′, c) rotated by
±2π/3 around the c axis, the corresponding Hamiltonian is
written as

HEr2 = HFI + HCF ± J f d [MFe1(T ) + 2MFe2(T )](−SEr,x

∓
√

3SEr,y)/μB. (6)

Here, we disregard differences between the exchange inte-
grals for Er–Fe1 and Er–Fe2 bonds and neglect long-range
magnetic dipolar interactions which are about an order of
magnitude weaker than the estimated below exchange interac-
tions between the nearest-neighbor Er3+ and Fe3+ ions. The

FIG. 8. Measured [11] (symbols) and calculated (lines) magnetic
moments of the iron and erbium ions in the antiferromagnetic
phase of ErFe3(BO3)4. Stars and triangles represent the main and
additional magnetic structures, respectively, of the iron subsystem
with magnetic moments in the ab plane; circles correspond to the
erbium magnetic moments collinear to the iron moments in the
main structure. The calculated absolute values of the iron and Er1
moments along the a axis are shown by the dotted and dashed lines,
respectively; absolute values of projections of the Er2 moments on
the a, b, and c axes are shown by solid lines.

temperature dependences of the quantum-statistical expecta-
tion values of erbium magnetic moment components in the
local frames

Mλ,α (T ) = Tr[μα exp(−HErλ/kBT )]/Tr[exp(−HErλ/kBT )]

(7)

(here kB is the Boltzmann constant and μ =
−∑

j (kl j + 2s j )μB is the magnetic moment operator
of an erbium ion) depend parametrically on the ordered
magnetic moments of the iron ions. Since the temperatures
of magnetic phase transitions in isomorphic iron borates
ErFe3(BO3)4 (TN = 39 K) and YFe3(BO3)4 (TN = 38 K)
are almost the same, we used the results of our recent study
of helical iron chains in YFe3(BO3)4 in the framework
of a self-consistent four-particle cluster model [37] for
describing magnetic properties of the iron subsystem also
in ErFe3(BO3)4. The calculated temperature dependence
of the average spontaneous magnetic moment of the iron
ions MFe = (MFe1 + 2MFe2)/3 agrees satisfactorily with the
neutron magnetic scattering data [11] (see Fig. 8). Next,
the magnetic moments M1 and M2 of Er1 and Er2 ions,
respectively, in local systems of coordinates were computed
in accordance with Eqs. (5)–(7). The projections of these
moments on the axes of the global S frame are shown in
Fig. 8.

As follows from the model used, the moments of the Er2
ions are not collinear to the moments of the iron and Er1
ions; they deviate from the a axis by the angles ±ϕ, the
magnitude of which increases monotonically and nonlinearly
with decreasing temperature up to ∼10◦ at T = 2 K. As a
comparison with the data of Ref. [11] shows, the observed
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neutron scattering corresponds to scattering by Er1 and Er2
ions having close in value components of moments along the
a axis; additional scattering is associated with the presence of
components of the Er2 ion moments parallel to the b axis. This
excludes the proposed in Ref. [11] appearance of an additional
magnetic structure. It should be noted that the conclusion
about the absence of an additional phase at temperatures
T < 10 K is consistent with the data on the specific heat [38],
magnetization [3,38], and optical spectra measurements (Ref.
[31] and this work).

C. Magnetic susceptibility of ErFe3(BO3)4

The temperature dependences of the magnetic susceptibil-
ities of ErFe3(BO3)4 single crystals for the magnetic fields B
directed along the a, b, and c axes were measured in Ref. [38]
and for B||c and B⊥c in Refs. [3,11]. We simulated these
dependences considering the exchange interaction between
erbium and iron ions in the framework of a mean-field approx-
imation. The effective single-ion longitudinal χ0

Fe,|| = χ0
Fe,cc

and transversal χ0
Fe,⊥ = (χ0

Fe,aa + χ0
Fe,bb)/2 susceptibilities for

the Fe3+ ions in YFe3(BO3)4 were computed earlier using
the four-particle cluster model in Ref. [37]. For the Er3+ ions
in weak external magnetic fields B, we calculated single-ion
susceptibilities χ0

Er,|| = χ0
Er,zz and χ0

Er,⊥ = (χ0
Er,xx + χ0

Er,yy)/2
using Eqs. (5)–(7) where the Zeeman energy HZ = −μB was
added to the operators (5) and (6). However, local fields
contain additional terms corresponding to the exchange f–d
interactions. In particular, in the magnetic field parallel to
the c axis, when all erbium ions are magnetically equiva-
lent, the local fields at erbium and iron sites are written as
BEr,loc = B(1 + 3αχFe,||), BFe,loc = B(1 + αχEr,||), where α =
2Jf d (gL − 1)/gLμ2

B and gL is the Landé factor for the ground
4I15/2 multiplet of Er3+. Using the relations χ0

αβBloc,β =
χαβBβ , we obtain a system of coupled linear equations for the
renormalized single-ion susceptibilities χFe,|| and χEr,||. The
final expression for the bulk longitudinal susceptibility (per
mole) takes the form

χ|| = NA
(
χ0

Er,|| + 3χ0
Fe,|| + 6αχ0

Er,||χ
0
Fe,||

)

1 − 3α2χ0
Fe,||χ

0
Er,||

, (8)

where NA is the Avogadro number. For magnetic fields lying
in the ab plane, assuming equal probabilities of domains
ordered along the three C2 symmetry axes, we obtain a similar
expression

χ⊥ = NA
(
χ0

Er,⊥ + 3χ0
Fe,⊥ + 6αχ0

Er,⊥χ0
Fe,⊥

)

1 − 3α2χ0
Fe,⊥χ0

Er,⊥
. (9)

A satisfactory agreement between the calculated and mea-
sured susceptibilities (see Fig. 9) was achieved using the
values of the two variable parameters, the orbital reduction
factor and the exchange integral, k = 0.985 and Jf d = 0.22 K.

To check additionally parameters of the model, we calcu-
lated the magnetic-field dependences of the magnetization of
ErFe3(BO3)4 single crystals in the antiferromagnetic phase
for magnetic fields B||c and B⊥c using the same procedure
as the one described above. As is seen in Fig. 10, the results
agree satisfactorily with the experimental data [38].

FIG. 9. Static susceptibility in magnetic fields directed along
the crystallographic axes of an ErFe3(BO3)4 crystal. Symbols are
experimental data [3,38], solid lines are the results of calculations of
the total susceptibility of erbium and iron ions, taking into account
the isotropic f-d exchange interaction.

D. Calculations of the Er1 and Er2 spectra in the magnetically
ordered ErFe3(BO3)4

In the framework of the above-discussed model of the iron
magnetic structure in a magnetically ordered ErFe3(BO3)4

(MFe||a), which was confirmed by a comparison of calcu-
lated Er magnetic moments with those measured in neutron-
scattering experiments (see Sec. B above), we calculate the
positions of the Er1 and Er2 energy levels for T = 5 K in
the antiferromagnetic phase of ErFe3(BO3)4, under the as-
sumption of an isotropic Er-Fe exchange interaction. Thus
calculated exchange splittings �1 and �2 of Kramers doublets
of magnetically nonequivalent Er1 and Er2 at T = 5 K are
presented in columns 4 and 5 of Table I.

FIG. 10. The measured [38] (solid lines) and calculated (dashed
lines) field dependences of the magnetization of ErFe3(BO3)4 crystal
in fields parallel to the crystallographic axes c and a (T = 4.2 K) .

205108-9



M. N. POPOVA et al. PHYSICAL REVIEW B 101, 205108 (2020)

Each erbium spectral line observed in the paramagnetic
phase is split in the general case into eight components in the
antiferromanetic phase, four for Er1 and Er2 (see Fig. 3). In
particular, according to calculations, the exchange splitting of
the level A in the 4I11/2 CF manifold is negligible for both Er1
and Er2 optical centers (about 0.1 cm−1 at 5 K) (see Table I)
and the contour of the line 1A in the 4I15/2→4I11/2 optical
transition should be composed of two components for each of
the Er1 and Er2 ions, the integral contribution of Er1 being
two times less than that of Er2. Inset of Fig. 6(a) shows a
decomposition of the considered line into four Voigt compo-
nents, one pair of them due to Er2 and the other one (two times
less intense)—due to Er1. The experimentally determined
ground-state splitting �0 was 5.0 cm−1 for Er1 and 7.5 cm−1

for Er2, in satisfactory agreement with the calculated values
5.2 and 6.3 cm−1, respectively. A not ideal approximation
of the experimental line contour is primarily due to the fact
that crystals grown using a Bi2Mo3O12-based flux contain
unaccounted Er centers near Bi impurities. For this reason,
a correct approximation of experimental line contours is not
possible. However, we note that for some lines at 5 K up
to six maxima or well-defined shoulders are observed (e.g.,
for the 12 414.1 cm−1 line) and more than eight components
are necessary to approximate the line contour, which is in
agreement with the presence of magnetically nonequivalent
erbium centers.

V. SUMMARY

In summary, we have performed high-resolution broad-
band temperature-dependent polarized spectroscopic study
of the f-f optical transitions of the Er3+ ions in multi-
ferroic ErFe3(BO3)4 single crystals (space group P3121)
in the paramagnetic and antiferromagnetic (T < TN = 39 K)
phases. From the spectra analysis, positions of 45 CF levels
of Er3+ (Kramers doublets) in the paramagnetic ErFe3(BO3)4

(T = 50 K) were reliably determined. We show that earlier
published CF energies [28], based on the analysis of low-
resolution spectra of ErFe3(BO3)4 at T � 90 K, are incorrect,
mainly due to a wrong identification of many spectral lines.
This wrong identification also resulted in not justified con-
clusions that crystal fields are different in different electronic
states, that the electronic f-f transitions affect local properties

of a crystal, and that the frequencies of local vibrations are
different in different excited states of a RE ion.

We use our reliable set of CF levels to calculate the
electronic structure of Er3+ ions in the crystal field of C2

symmetry in erbium iron borate. Initial CF parameters were
calculated in the frame of the exchange-charge model. Then,
they were corrected by comparing the calculated energies
of the Er3+ CF levels with the experimental optical data.
The g factors of the ground Kramers doublet calculated with
thus obtained CF parameters reveal the single-ion magnetic
anisotropy that favors an easy-plane magnetic structure of
ErFe3(BO3)4 below TN. What is important, the g tensor is
not isotropic in the crystallographic ab plane, because of the
low-symmetry (C2) CF components. This results in three mag-
netically nonequivalent positions for the Er3+ ions in the case
of an arbitrary direction of a magnetic field in the ab plane.

Assuming a collinear structure of the iron magnetic mo-
ments directed along one of the three equivalent C2 axes
in the ab plane (in this case, there are two magnetically
nonequivalent Er systems, Er1 and Er2, with the ratio 1:2) we
calculated the temperature dependences of the erbium mag-
netic moments induced by an isotropic exchange interaction
with the iron ions. The results of calculations satisfactorily
model the experimentally measured dependences, testifying
the adequacy of the theoretical approach used, and explain
well the neutron-scattering data [11], without an additional
magnetic structure proposed in Ref. [11].

We also calculated the temperature dependences of the
longitudinal and transversal magnetic susceptibilities and field
dependences of the magnetization in magnetic fields paral-
lel and perpendicular to the crystallographic c axis of the
ErFe3(BO3)4 crystal. The contribution of the iron magnetic
system consisting of helical chains directed along the c axis
was calculated using a recently developed and tested on
YFe3(BO3)4 self-consistent four-particle cluster model of the
Fe3+ Heisenberg chains [37], which is a minimal model
that quantitatively describes physical properties of high-spin
chains. The results of calculations model well the available
experimental data.
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