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Abstract—The Krein–Smulian theorem that a closed generating cone in a Banach space is
nonflattened and a theorem of Lozanovskii about the automatic continuity of linear positive operators
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The purpose of this paper is to generalize the classical Krein–Smulian theorem that a closed
generating cone in a Banach space is nonflattened to the case of completely metrizable topological
vector spaces and transfer a result of G.Ya. Lozanovskii about the automatic continuity of linear positive
operators to this case. In [1], Zabreiko obtained a generalization of the Krein–Smulian theorem to
metrizable spaces; however, our approach differs that of [1] both in the method of proof and in the form
of the result. Moreover, we somewhat relax the condition on the cone under consideration; namely, we
replace the usual closedness requirement by a condition which we call fullness. Thus, already in the
case of Banach spaces, we obtain a certain strengthening of results in the direction under consideration.

It seems natural to formulate some auxiliary assertions for metrizable topological Abelian groups.
Definition 1. Let G be an Abelian group under addition. A function || · || : G → R

+ is called a g-norm
if it satisfies the following conditions:

(a) ||x|| = 0 ⇐⇒ x = 0 (x ∈ G);
(b) ||x + y|| ≤ ||x|| + ||y|| (x, y ∈ G);
(c) ||−x|| = ||x|| (x ∈ G).
Note that the relation ρ(x, y) = ||x − y|| determines a one-to-one correspondence between transla-

tion-invariant metrics ρ and g-norms || · || on G; when considering convergence, completeness, etc.
with respect to a g-norm, we mean the fulfillment of the corresponding conditions with respect to the
corresponding invariant metric. Two g-norms on the same Abelian group are said to be equivalent if the
corresponding invariant metrics are equivalent, that is, generate the same topology.

Proposition 1. For a subsemigroup S of an Abelian group G with g-norm || · ||, the following
conditions are equivalent:

(i) any fundamental sequence {xn} of elements of S such that xn+1 − xn ∈ S for all n ∈ N

converges to some x ∈ S;
(ii) if xn ∈ S and

∑∞
n=1 ||xn|| < ∞, then the series

∑∞
n=1 xn converges in g-norm to some x ∈ S.

Proof. Note at once that the proof of this proposition virtually coincides with the proof of the well-
known completeness criterion for a normed space (see, e.g., [2, Section 148.4]).

(i) =⇒ (ii) This implication directly follows from that if the series
∑∞

n=1 ||xn|| converges, then the

sequence
{

∑n
i=1 xi

}

of partial sums is fundamental.
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(ii) =⇒ (i). Suppose that condition (ii) holds and let {xn} be a fundamental sequence of elements of
S such that xn+1 − xn ∈ S for all n ∈ N. Passing to a subsequence if necessary, we can assume without
loss of generality that

∑∞
n=1 ||xn+1 − xn|| < ∞. Then the series

∑∞
n=1(xn+1 − xn) converges to some

x ∈ S, and therefore, xn → x1 + x ∈ S. �

Remark 1. Taking for S the group G itself in Proposition 1 we obtain a completeness criterion for an
Abelian group with a g-norm.

Definition 2. We say that a subsemigroup S of an Abelian group G with g-norm || · || is filled if it
satisfies one of the equivalent conditions in Proposition 1.

Remark 2. It is easy to show by using condition (i) that, for a subsemigroup, the property of being
filled is invariant under the passage to an equivalent g-norm.

Definition 3. Let (G, || · ||) be an Abelian group with a g-norm. Its subsemigroup S is said to be
generating if any x ∈ G can be is represented in the form x = x′ − x′′, where x′, x′′ ∈ S. If, for some
λ > 0, such x′ and x′′ can always be chosen so that ||x′|| + ||x′′|| ≤ λ||x||, then we say that S is λ-
generating. In this case, we also say that S λ-generates G.

Lemma 1. If a subsemigroup S of an Abelian group G with g-norm || · || is filled and λ-
generating for some λ > 0, then G is complete as a metric space.

Proof. We apply Remark 1. Let xn be elements of G such that
∑∞

n=1 ||xn|| < ∞. For each n,
take x′

n, x′′
n ∈ S such that xn = x′

n − x′′
n and ||x′

n|| + ||x′′
n|| ≤ λ||xn||. We have

∑∞
n=1 ||x′

n|| < ∞ and∑∞
n=1 ||x′′

n|| < ∞; therefore, the series
∑∞

n=1 x′
n converges and

∑∞
n=1 x′′

n; hence,
∑∞

n=1 xn converges as
well. �

Lemma 2. Suppose that S is a filled subsemigroup of an Abelian group G with g-norm || · ||G,
S contains 0, and E is the subgroup generated by S. The formula

||x||E = inf{||x′||G + ||x′′||G | x′, x′′ ∈ S, x = x′ − x′′}
defines a g-norm on E, with respect to which the space E is complete as a metric space. For any
x ∈ E, ||x||E ≥ ||x||G, and for x ∈ S, ||x||E = ||x||G. The semigroup S is filled and λ-generating for
any λ > 1 in the group E with g-norm || · ||E . If the semigroup S closed in (G, || · ||G), then it is
closed in (E, || · ||E).

Proof. First, consider the relationship between the functions || · ||E and || · ||G on E and on S. For
any representation of an element x ∈ E as the difference x = x′ − x′′ of elements of S, the norms of these
elements satisfy the inequality ||x||G = ||x′ − x′′||G ≤ ||x′||G + ||x′′||G; therefore,

||x||G ≤ inf{||x′||G + ||x′′||G | x′, x′′ ∈ K,x = x′ − x′′} = ||x||E .

If x ∈ S, then x = x − 0 is one of the representations of x as a difference of elements of S; therefore,

||x||E = inf{||x′||G + ||x′′||G | x′, x′′ ∈ K,x = x′ − x′′} ≤ ||x||G + ||0||G = ||x||G.

Now, let us verify that the function || · ||E on E satisfies the g-norm axioms. The nonnegativity of
the function || · ||E is obvious. Its faithfulness follows from the inequality ||x||G ≤ ||x||E . Property (c),
that is, the relation ||−x||E = ||x||E , holds trivially. Let us prove the triangle inequality. Suppose that
x = x1 + x2 (where x1, x2 ∈ E). For any ε > 0 and i = 1, 2, we choose x′

i, x
′′
i ∈ S so that xi = x′

i − x′′
i

and ||x′
i||G + ||x′′

i ||G ≤ ||xi||E + ε/2. We have x = (x′
1 + x′

2) − (x′′
1 + x′′

2) and

||x||E ≤ ||x′
1 + x′

2||G + ||x′′
1 + x′′

2||G ≤ ||x′
1||G + ||x′′

1 ||G + ||x′
2||G + ||x′′

2 ||G ≤ ||x1||E + ||x2||E + ε.

These inequalities and the arbitrariness of ε imply ||x||E ≤ ||x1||E + ||x2||E .
Let us prove that S is filled in (E, || · ||E). Take xn ∈ S such that xn+1 − xn ∈ S for all n ∈ N and the

sequence {xn} is fundamental in the g-norm || · ||E . The sequence {xn} remains fundamental in the g-
norm || · ||G; hence, ||x − xn||G → 0 for some x ∈ S. However, x − xn = lim

m→∞
(xm − xn) in the g-norm

|| · ||G for each n ∈ N; therefore, x − xn ∈ S, whence ||x − xn||E → 0.
It is clear from the definition of || · ||E and the coincidence of || · ||E with || · ||G on S that S λ-generates

E for any λ > 1. Lemma 1 implies that the space E is complete as a metric space with respect to || · ||E .
If the semigroup S is closed in (G, || · ||G), then the closedness of S in (E, || · ||E) follows directly from

the inequality ||x||G ≤ ||x||E (x ∈ E). �
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Now, suppose that X is a vector space over the field R. Recall that its subset K is called a wedge if
K + K ⊂ K and αK ⊂ K for any α ∈ R

+. If, in addition, K
⋂

(−K) = {0}, then K is called a cone.
Any vector space is an Abelian group under addition, and any wedge in it is a subsemigroup. This

allows us to consider g-norms on vector spaces and filled wedges in vector spaces with a g-norm.
A g-norm || · || on a vector space X is called an F -norm if the multiplication (α, x) 
→ αx (α ∈

R, x ∈ X) is jointly continuous. An F-norm || · || is said to be nondecreasing if ||αx|| ≤ ||x|| for any
x ∈ X and 0 ≤ α ≤ 1. A complete space with an F-norm is called an F -space.

Lemma 3. Suppose that || · ||X is a nondecreasing F -norm on X and K is a filled wedge in
the space (X, || · ||X). Let (E, || · ||E) be defined as in Lemma 2 with X and K taken for G and
S, respectively, that is, as E = K − K and ||x||E = inf{||x′||X + ||x′′||X | x′, x′′ ∈ K, x = x′ − x′′}.
Then (E, || · ||E) is an F -space.

Proof. It is easy to show that E is a linear subspace of X. It remains to prove the joint continuity in
(E, || · ||E) of multiplication by a scalar. According to Theorem II.1.12 in [3], for this purpose, it suffices
to verify its separate continuity, that is, show that

(1) ||αxn||E → 0 as ||xn||E → 0 (α ∈ R);

(2) ||αnx||E → 0 as αn → 0 (x ∈ E).
Let us prove (1). Without loss of generality, we assume that α > 0 and let [α] denote the integer part

of α. For each positive integer n, we choose x′
n, x′′

n ∈ K so that xn = x′
n − x′′

n and ||x′
n||X + ||x′′

n||X → 0.
We have

||αxn||E ≤ ||αx′
n||X + ||αx′′

n||X ≤ ||[α]x′
n||X + ||(α − [α])x′

n||X + ||[α]x′′
n||X + ||(α − [α])x′′

n||X
≤ ([α] + 1)(||x′

n||X + ||x′′
n||X) → 0.

Let us prove (2). Take x′, x′′ ∈ K such that x = x′ − x′′. We have

||αnx||E = |||αn|x||E ≤ |||αn|x′||X + |||αn|x′′||X → 0,

because || · ||X is an F-norm and |αn| → 0. �

Theorem 1 [an analog of the Krein–Smulian theorem] Let K be a generating filled wedge
in an F -space (X, || · ||). Then there exists an equivalent F -norm in which the wedge K is λ-
generating for any λ > 1.

Proof. According to Theorem I.2.2 in [4], the formula

||x||0 = sup
0≤β≤1

||βx||, x ∈ X,

defines a nondecreasing F-norm || · ||0 equivalent to the initial F-norm || · ||. Let us define a norm || · ||1
by analogy with Lemma 2 as

||x||1 = inf{||x′||0 + ||x′′||0 | x′, x′′ ∈ K, x = x′ − x′′}, x ∈ X.

According to Lemmas 2 and 3, the space (X, || · ||1) is an F-space, and the wedge K in it is λ-generating
for any λ > 1. Since ||x||1 ≤ ||x||0 for all x ∈ X, it follows that the F-norm || · ||1 is equivalent to || · ||0
(see Theorem II.2.5 in [3]) and, therefore, to || · ||. �

In [5], a series of corollaries of Theorem 1 similar to the corollaries of the Krein–Smulian theorem
given in [6, 7] were proved. Here, we prove only one of them. Note that the assertion of Remark 2 allows
us to consider filled wedges in metrizable topological vector spaces.

Corollary 1. Suppose that X1 and X2 are completely metrizable topological vector spaces, K1 is a
generating filled wedge in X1, and K2 is a closed cone in X2. Then any linear operator from X1 to X2

mapping K1 to K2 is continuous.
Proof. According to Theorem 1, we can assume that X1 is an F-space with an F-norm || · ||1 in

which the wedge K1 is filled and λ-generating for some λ > 1.
According to the closed graph theorem (see, e.g., Theorem II.2.4 in [3]), to prove the continuity of

the operator T , it suffices to prove its closedness. Let {xn} be a sequence in X1 such that ||xn||1 → 0
and Txn → y in the space X2. We must show that y = 0. Without loss of generality, we assume that
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∑∞

n=1 n||xn||1 < ∞. For each xn, take x′
n, x′′

n ∈ K1 such that xn = x′
n − x′′

n and ||x′
n||1 + ||x′′

n||1 ≤
λ||xn||1 and let un = x′

n + x′′
n. Since

∞∑

n=1

||nun||1 ≤
∞∑

n=1

n||un||1 ≤
∞∑

n=1

n(||x′
n||1 + ||x′′

n||1) ≤ λ
∞∑

n=1

n||xn||1 < +∞,

it follows that the series
∑∞

n=1 nun converges to some w ∈ K1. Using the notation s ≤ t for t − s ∈ Ki

(s, t ∈ Xi), we obtain
−w ≤ −nun ≤ nxn ≤ nun ≤ w,

whence

− 1
n

Tw ≤ Txn ≤ 1
n

Tw.

Since the cone K2 closed, we can pass to the limits in these inequalities and obtain 0 ≤ y ≤ 0, that is,
y = 0. �

Corollary 1 generalizes a result of Lozanovskii (apparently, first published in [8]) about the automatic
continuity of positive operators on ordered Banach spaces, which, as mentioned in [6], was the strongest
result obtained in this direction at that time. Note that the proof given above is the proof of Theorem 2.1
in [9] adapted to the situation under consideration.

In conclusion, we discuss the property of being filled introduced in Definition 2. Clearly, this property
is inherent in closed subgroups of an Abelian group with a g-norm, provided that this group is complete
as a metric space. However, there exist examples of different type. It can be verified trivially that a
wedge K in a normed space is filled if and only if it ideally convex in the sense of Lifshits [10[ (see also
Section 1.6 in [9]), that is, for any bounded sequence {xn} ⊂ K and any sequence {αn} ⊂ R

+ such that∑∞
n=1 αn = 1, the series

∑∞
n=1 αnxn converges to an element of K. Exercise 1.14 in [9] implies that any

wedge in a finite-dimensional space is filled. Another instructive example can be given in the framework
of Sherstnev’s approach to the theory of integration with respect to a faithful normal semifinite weight ϕ
on a von Neumann algebra M (see [11, 12]): in the Banach space Lh

1(ϕ) of Hermitian integrable bilinear
forms, the cone of closable positive integrable bilinear forms is not generally closed, but it generates
Lh

1(ϕ) and is filled.

ACKNOWLEDGMENTS
O.E. Tikhonov acknowledges the support of the Federal Agency on Science and Innovations, State

Contract no. 02.740.11.0193.

REFERENCES
1. P. P. Zabreiko, A Theorem on Semiadditive Functionals, Funkts. Anal. Ego Prilozh. 3 (1), 86 (1969).
2. A. N. Sherstnev, Synopsis of Calculus Lectures (Kazan. Gos. Univ., Kazan, 2005) [in Russian].
3. N. Dunford and J. T. Schwartz, Linear Operators, Vol. 1: General Theory (Interscience, New York, 1958;

Inostrannaya Literatura, Moscow, 1962).
4. S. Rolewicz, Metric Linear Spaces (PWN, Warszawa, 1972).
5. L. V. Veselov and O. E. Tikhonov, A Generalization of the Krein–Smulian Theorem to the Case of

Metrizable Spaces with a Cone, Preprint 0003-2006 (Research Inst. Math. Mech., Kazan State Univ.,
Kazan, 2006); http://www.niimm.ksu.ru/data/preprints/thepreprints/0003-2006.pdf.

6. Y. A. Abramovich and C. D. Aliprantis, “Positive Operators,” in Handbook of the Geometry of Banach
Spaces (Elsevier, Amsterdam, 2001), Vol. 1, pp. 85–122.

7. Y. A. Abramovich, C. D. Aliprantis, and O. Burkinshaw, Positive Operators on Krein Spaces, Acta Appl.
Math. 27, 1 (1992).

8. B. Z. Vulikh, Special Questions of the Geometry of Cones in Normed Spaces (Kalinin. Gos. Univ.,
Kalinin, 1978) [in Russian].

9. M. A. Krasnosel’skii, E. A. Lifshits, and A. V. Sobolev, Positive Linear Systems: The Method of Positive
Operators (Nauka, Moscow, 1985) [in Russian].

10. E. A. Lifshits, Ideally Convex Sets, Funkts. Anal. Ego Prilozh. 4 (4), 76 (1970).
11. N. V. Trunov and A. N. Sherstnev, An Introduction to the Theory of Noncommutative Integration, Itogi

Nauki Tekh., Ser.: Sovr. Probl. Mat. Noveishie Dostizheniya 27, 167 (1985).
12. A. N. Sherstnev, Methods of Bilinear Forms in the Noncommutative Theory of Measure and Integral

(Fizmatlit, Moscow, 2008) [in Russian].

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 32 No. 4 2011



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


