MUHUCTEPCTBO HAYKH U BBICHIETI'O OBPABOBAHMSI POCCUNCKON
OEJIEPAIINN

®TAOY BO «KA3BAHCKUN (IIPUBOJI?KCKUN) ®EAEPAJILHBIN YHUBEPCUTET »

NHCTUTYT MATEMATUKN I MEXAHUKHI
mv. H.U. JIOBAYEBCKOI'O

. ABXAJINEB

BBEJIEHUE B TEOMETPUYECKVYIO TEOPUIO
OVHKITNN

YHYEBHOE ITOCOBIE
(IT u3nanue)

KASAHD - 2019



VIIK 517

Pexomendosaro x onybAuK068aHUIO U PASMEULEHUIO HA Catime
Kasamnckozo (I[Ipusosstcckoeo) gedeparvrozo yrusepcumema
Yuebro-memoduueckoti xomuccuetd Hnemumyma mamemamuru u
mexanuru um. H.W. Jlobauesckozo

(npomoxoa N 6 om 21.05.19 2.)

Penenszenrsr:
1.¢.-M.H., pocdeccop Akcenrnen JI.A.
1..-Mm.H., gonenT Karomos U.P.

Hay4unnrii pejjakTop:
n.¢.-M.H., podeccop HaceripoB C.P.

AsxaamneB @.I.
Beesiernne B reomerpuueckyio teopuio ¢yukrumit (I nzmanwme) /
@.I'. ApxagumeB. — Kazann: U3a-Bo Kazan. yu-ta, 2019. — 133 c.

YuebHoe mocobue mpeacTaBigeT coboil  0bpaboTaHHBIN Kypc
JIEKITUI, 4YNTaeMbIii aBTOPOM CTyJdeHTaM-MaructpaM Kazanckoro
denepanbHoro  yHupepcurTera.  I3so:keHbl  0a30Bble  pas3jielibl
reoMeTpuYecKkoil  Teopun  (QPYHKIUH U OINUCAHBI  IIPUMEHEHMUs
KOH(OPMHBIX  OTOOpasKeHuit K  aKTyaJbHbIM  IIpobJiemMaM
MaTeMaTudeckoil ¢usmku. Bce Tembl cojepxkarT  3ajlaum U
yIIpaKHEeHNsd, OTpazkKaloliue IIPOiJICHHbIII MaTepuasl U JaJbHeiliee
pasButue Teopun. Bo BTOpoM wu3jaHMM  J00ABJEHBI IIYHKT O
rapMOHUYECKUX OTOOParKeHUsAX, HECKOJIbKO HOBBIX 3aJiad 1 OOHOBJIEH
CIIUCOK JINTEPATYPHI.

s cTyeHToB, acnupaHTOB U MOJIOJIBIX HAyYHBIX COTPY/IHUKOB

(bI/ISI/IKO—MaTeMaTI/I‘{eCKI/IX CHGHMaﬂbHOCTeﬁ.

VIIK 517

(© Kazanckmii yauBepcuret, 2019
(© Asxaames ®@.I'., 2019



Conep>kanue

1

O 0a30BBIX OoNpeaeIeHUTX U TeopeMax 5
1.1 OO0 onpejenennn aHaJIUTUIECKUX (PYHKIMA . . . . . . 5
1.2 Teopembr Kommm . . . . . . .. . ..o 8
1.3 Kondopmubie oTobOparkeHns, TeopeMbl Pumana u

[Iyankape . . . . . . . . . . ... 10
1.4 TI'panmyunoe cooTBETCTBUE U yCJIOBUS €JMHCTBEeHHOCTH . 14
1.5 3ajaunm m yOparKHEHWS . . . . . . . . . . . . . . ... 16

Metrpuka Ilyankape m TIPUHIIAN TUNEPOOJIMIECKOI

METPUKU 20
2.1 O mopensax reomerpun Jlobayesckoro . . . . . . . . . 20
2.2 Kondopmuas nupapranTHocTh MeTpukn Ilyankape . . 21

2.3 Jlemma IlIBapna u npuHIun runepobondeckoil MeTpukn 24

2.4 3ajaum m yOPaxKHEHUST . . . . . . . . o o oo 27

I/I3OHepI/IMeTpI/I‘{eCK06 HEepaBEHCTBO MW TeopeMbIl

IJIoniaaein 31
3.1  Kiraccuueckoe nzonepuMeTprmiyeckKkoe HepaBeHCTBO . . . 31
3.2 Teopewmbl miomajeit st KOHPOPMHBIX oTOOpaykKenuit . 34
3.3 3ajaunm m yOpaxKHEeHUsT . . . . . . . . . . . . ... 36
Teopembr Kébe n Bubepbaxa u ux nmpuMeHeHUd 40
4.1  OcHOBHBIE KJIACCHI OJTHOJIMCTHBIX (PYHKIUIA . . . . . . 40
4.2 Teopema u runoresa bubepbaxa . . . . . . .. .. .. 42
4.3 Teopema Kébe 00 omnoit versBeproii . . . . . . . . . . . 44
4.4 Knacchl 3Be3/1000pa3HbIX U BBINYKJIBIX OTOOpaxkeHnii . 45
4.5 3ajaun W YOPaXKHEHUS . . . . . . . . o o o oo 48
ldunddepennmaabHoe ypaBHenue JIéBHepa 52
5.1 O croiicrBax pernienusl ypaBuenus JIésuepa . . . . . . 53
5.2 DBorumcienns u onenku ko3 UIUEHTOB . . . . . . . 56
5.3 VYpasuenme JIéBuepa-Kydapesa . . . . . . . . . . .. 58
5.4 3ajaun W YUParKHEHUST . . . . . . . . . o oo 59



Teopus JIurTiaByna o noguMHEHHBIX DYHKITMSIX

6.1 Omnpemesnenne MOIIMHEHHOCTH 1 Teopema JInTTiaByga .

6.2 Teopembl cpaBHeHust KO3(MOUIMEHTOB II0IYMHEHHBIX
GYHKIWI . . . . ..

6.3 KBpasumogumHeHHOCTH, runore3a Porosnackoro

6.4 3ajaun 1 yUPAXKHEHUST . . . . . . . . . o o o

MeToabl cuMMeTpPU3AIAN

7.1 Cummerpuzalinsi 00J1aCTH OTHOCUTEJIHHO TPAMOIt

7.2 Cummerpusarnus IllreitHepa B npocTpaHcTBe . . . . .
7.3 Cummerpusarus lBapua . . . . . . . . . ... . ...
7.4 3ajaun U yOPasKHEHUS . . . . . . . . . . ... ...

ITpunoxkennst KOHPOPMHBIX OTOOpa*KeHUA

8.1 OO0 ycyioBUsIX HENPEPBIBHOCTU I'PAHUYIHBIX 3HAUEHUIT
8.2 KondopMHO HHBapHAHTHOE MHTEI'PAJILHOE HEPABEHCTBO
8.3 Koudopmuas "mepecagka'" KpaeBwix 3amad . . . . . .
8.4 Obparnas KpaeBasd 3ajlada TCOPUU KPbLIa . . . . . . .
8.5 3ajaun u yUPaXKHEHUST . . . . . . . . . o . o ..

KBaszukondopMHBIE OTOOpakKeHU

9.1 Knasukondopmubie oToOparkKeHnsd U IMpeodpa30BaHMA
Mébuyca . . . . . . ..

9.2 VYpaBuenme beabrpamMum . . . . ... ... L

9.3 TapMoHWYECKHE OTOOPAKEHUSA . . . . . . . . . . . . .

9.4 3ajaun 1 yUPAXKHEHUST . . . . . . . . o o o oo

10 IIpmaoxkeHuss K HepaBeHCTBaM Xap/u

10.1 HepaBencrsa jij1s1 JIBOMHBIX MHTETPAJIOB . . . . . . . .
10.2 ObsacT ¢ paBHOMEPHO COBEPIIEHHBIMU I'DAHULIAMU . .
10.3 Bepxnme omeHKN KOHCTAHT . . . . . . . . . . . . . ..

10.4 3ajaun U yOPaXKHEHUS . . . . . . . . . . o . . o ...

11 /TonosiHUTEIbHASI HAay4YHas JIMTepaTypa

62
62

64
67
70

72
72
75
76
79

81
81
82
85
87
91

95

106
107
113
119
127

130



1 O 6a30BbIX ompejiejiIeHIsIX U TeopeMax

1.1 OO6 onpegeseHnn aHaIUTUIeCKNX (HyHKITIIT

D10 yuebHOe 11ocodue mpeHa3HAuEHO /I CTYIEHTOB, y7Ke 3HAKOMbBIX
C YHUBEPCUTETCKUM KypPCOM 110 Teopuu (DYHKINNH KOMILJIEKCHOI'O
nepemertoro (T®KII). B sToit riiaBe Mbl JIHITb HATTOMHIM HEKOTODbIE

¢aKThI U3 9TOro Kypca.

X\f

Puc. 1: 4 apudmernyeckux geificTBusg

Kommutekcnple 4Wmena 2z = & + 4y OTOXKICCTBISIOTCI  C
TOYKAMU IJIOCKOCTH, T. €. JBYMEDPHOI'O eBKJIMJIOBA IPOCTPAHCTBA
R? ¢ xoopamHaTaMmu ,y. 1I7TOCKOCTb KOMILIEKCHOI'O II€PEMEHHOTO
2 = x + iy upunaro obosnauarh depes C. Drum obo3HAUECHEEM
IIOAYEPKUBAECTCA TO 06CTOHTeﬂbCTBO7 YTO KOMIIJIEKCHBIE YHUCJIa
00pasyloT 4YHCIOBOE IOJIe, T. €. JUIS HUX, CJIeJ0BATEIBLHO, I
rouek Ha 1iockoctu C, onpenesennst 4 apudmMeTndyecKux JeiicTBus
HaJl YHCJAMH € TPUBBIYHBIME  CBOfiCTBAMU  (KOMMYTATUBHOCTH
oleparyii CJIOKeHNsI U YMHOMKCHUSI, JUCTPUOYTUBHOCTD YMHOKEHUA
OTHOCUTEJIBHO CJIO2KEHUA WU BBIUUTAaHUA U ﬂp)

Tomoiorun (orpe/ie/ieHns OKPeCTHOCTEH TOYeK U MPEJIEIoB) Ha
ILJIOCKOCTH KOMILIEKCHOI'O IIEPEMEHHOI0 U JIBYMEPHOT'O €BKJIMJI0BA
IPOCTPAHCTBA  OJMHAKOBLEL  [losromy Teopust  dyHKIMi  JIBYX

BC€IIECTBEHHLIX IIEpEMEHHBIX, B YaCTHOCTH, IIOHATHUA HYaCTHLIX



IIPOM3BOIHBIX 110 IIEPEMEHHBIM T, Yy, OIpejeseHns] KPUBOJIMHETHbBIX
U JIBOMHBIX HHTErpaJioB JJjisi (DYHKIUNA JBYX BEIIECTBEHHBIX
HePeMEeHHBIX SIBJISIIOTCSI COCTABHON 9aCThI0 KOMILIEKCHOTO aHAJI3a.
BimmsiHue KOMILJIEKCHOI'O aHaJii3a B 9TOH 4acTU MUHUMAJIBHO, HO
cymecTByeT. Tak, HalpuMep, CTAHOBUTCS IIOHSITHO, II0UYEMY B TE€OPUU
GYHKIHI 0HOTO BEIECTBEHHOIO [IEPEMEHHOIO IO IJINHY HHTePBAaJIa
CXOJIMMOCTH CTEIIEHHOTO Psijia HA3bIBAIOT pajuycoM. Kpome Toro,
nHOT 18, POPMYJIbI BEIIIECTBEHHOI'O aHAJII3a [IPHOOPETAI0T UHOI, OoJiee
UBSIIHBIA BUJI 3a CUeT HCIOJIb30BaHUSI KOMILIEKCHBIX I1€PEMEHHBIX.
Yacto 1mpum  TOM  OKa3bIBAIOTCS  IOJE3HLIMU  (DOpMAaJIbHbIE
IIPOU3BOIHBIE 10 TIEPEMEHHBIM 2 = X +1Y U Z = X — 1Y, OlIpejie/isgeMble

dopmynamu Buprunrepa

of _L(of _or\  of _L(of o

= i : — = i
0z 2\0x 0Oy 0z 2\0x Oy

[Iycte Q) — obsacts (= orTkpbiToe cBsizHoe MHOKecTBO) B C.
Paccmorpum  orobpakenuss f @ € — C, umHBIMEH cJlOBaMHU,
KOMILIeKCHO3HAaUHbIe hyHKnnn w = f(z), 3amanubie B obnactu 2. I1o
onpejiesiennto, npoussojnas dyukiun f(z) = f(x +1y) = u(z,y) +
iv(x,y) B dpuKcHpoBaHHOI TOUKe 2o € §2, 33/1aeTCsT (POPMYJIOit

2) — f(x
f,(ZO):hm f( ) f( 0)7

z—z 2 — 2

ecJIM yKa3aHHBII Ipejies cyiecTByeT. Takum oOpas3oM, olpejiesieHne
IPOM3BOIHON (PYyHKIMKH 110 opMe COBIQJAeT C AHAJOTHIHBIM
onpejieieHHeM  IIPOM3BOJHON  JiIss  (DYHKIUKM  BeIeCTBEHHOI'O

nepeMentnoro. OrMerum, uto ycjaosusa Komun-Pumana

u_ov w0
oxr Oy’ oy  Ox

B TOUKE 2y = T+ 1Yo, BbITEKAIOIINE U3 CYIECTBOBAHUS KOMILJIEKCHOIT

nponsBojiHOil f'(2)), pABHOCUJIbHBI COOTHOIIIEHNIO (1IpoBephTe! )
df (20)
0z

CyHleCTBeHHOQ oTJIn4ne KOMIIJICKCHOI'O aHaJI3a OT BEIICCTBECHHOI'O

= 0.

HAYMHAECTCS C TOHATUS AHAJUTHIECKON (rosomopdHoil) dyHKINH,

6



00JIaCTb  ONPEAEICHNsT  KOTOPOH  HPeIIoIaraercsd OTKPBITHIM
MHOKECTBOM. Il rTeopus amajuTndeckux (HYHKIUA COCTaBIAET
ocHoBHoe cojepxkanne Kypca TOKIIL.

Anannrtnyecke  (GYHKIUM — MOYKHO — OHNPENEIUTbH  JBYMS
PABHOCHJILHBIMU CIIOCOOAMIU.

ITlepBoe ompejeseHne CBs3aHO CO CTENEHHBIMU  PsIJIAMIL.
[oBopsit, uto dbyuKIus f(z) ABIIETCST aHAJIUTHIECKOH B TOUKE 2 €
Q, ecim cymectsyer kpyr D,(z0) = {z : |z — x| < p} C Q
Takoiif, 9T0 f(z) nMeer B 3TOM Kpyre MPOU3BOJIHbIE JHOOOT0 MOPSIKA
1 IIpeJICTaBUMa KaK CyMMa cBoero psjia Teiijiopa 1o cTenensaM z — 2y,

T. €.

 pn) (5
e = sy sepy)

Oynknuio f(z) HABLIBAIOT AHAJIUTHIECKO (rosoMopdHoit) B obacTn
(), ecyi OHA SIBJISIETCSI AaHAJIMTUYIECKO B JIFOOOI TOYKe 9TOi 00JIaCTH.

Mokno 0bLT10 OB HAYaThL OOCYKJICHUE aHAJTUTUICCKON (DyHKINN
KaK CYMMbBI CTEIIEHHOI'O psijla B OOJIACTH €ro CXOJMMOCTH. Pajuyc
CXOJLIMOCTH ~ CTEIECHHOrO psila » s an(z — 2p)"  oupejessiercst

caeytornieit opmystoit Korm-A gamapa
1

 limsup, .. /Jan|

Eciu R > 0, To crenennoii psiyi cxopuress B kpyre Dg(zg) = {z

R

|z — 29| < R}, u Jierko jiokasarh, 9T0 CyMMa psijia

N—oo

N
s(z) := lim Zan(z — 2p)"
n=0

SIBJISIETCST AaHAJINTIIECKO B Kpyre Dp(2g), npuaeM

s ()

n.

Bropoe onpezaesienne ropaso mpole: roBopsT, YTo (DYHKIINSI
f(2) sBasercs romomopdHoil (aHamuTHUECKON) B TOUKe 2y € £,
ecim B 9TOI TOYKe cyimectByeT mpousBogHas f'(zp). PyHKIMIO
f(2) masbiBaror rosomopduoil (aHasuTHUECKOi) B obaactu €2, ecyn



OHA SIBJISIETCsI TOJIOMOPMHOI (aHaﬂMTquCKoﬁ) B JIIOOOI TOYKEe 9TOM
obnactu. B mociennee Bpemsti '"rosomopdHOoCTh B TOUKe" cTasin
3aMeHsITh Oosiee yiaaduabiM TepmuHoMm " C-auddepennnpyemMocts B
Touke", UTo He MeHsieT cyTH gena. [IoHITHO, 9TO W3 HEpPBOIo
olpeJie/ieHusT JIETKO CJIeJlyeT BTOpoe, a oOpaTHas WMILIUKAIN
OKa3bIBAETCsSI HETPUBUAJIBHBIM, CJI0KHO JIOKA3bIBAEMBIM (PaKTOM.
[TosTomy BTOpOE ompejesieHne, MPUHITOE B  OOJILIIMHCTBE
y49eOHNKOB, OTOJBUTAET JIOKA3ATEJIHCTBO XapaKTEPUCTUIECKOTO
CBOMCTBA aHAJUTHYECKNX (DYHKIMI — Pasio’KUMOCTH
B psan Teitstopa — Briyor kypca TOKIL. Takoit mojxon k
U3JI0’KEHUIO KOMILJIEKCHOI'O aHaJn3a METOJUYCCKH OIpaBJaH TeM,
9TO TPHU JIOKA3aTeJbCTBE IpeJCTaBUMOCTH psjoMm Teitiopa C-
nnddepeHupyeMbiXx  QYHKIUN  pa3BuBaeTcsd 0a30Basi TEXHUKA
TeOPUH aHAJINTHIeCKNX (DYHKIMI, OCHOBaHHAs Ha Teopemax Korm.
Tem He MeHee, KeJaTeJbHBIM KPATKHM BapHaHTOM OTBETa
Ha Boupoc "Kakume (QyHKIMKM — HA3BIBAIOTCS  FOJIOMOP(MHBIMU
WM aHaJuTHYecKuMu " sBJIsIeTCS IIepBOe olpejie/ieHne, T. e.
[IPEICTABIMOCTD (DYHKIIMHE B BHJIE CYMMBI CTEIIEHHOIO Psijia B JIIOOOM

Kpyre, JiezKalieM B 00JIaCTU OIpPeJIe/ICHHSI.

1.2 Teopembr Komm

Yro0bI IOJIYYUTL CHPaBEI/JIMBOCTL IIEPBOI'O  OIpeacJIeHuA IIpu

BBITIOJITHEHUN BTOPOTO, HY2KHa CJIeJIyIolias KaodeBas Teopema Korn.

Teopema 1.1. Ecau f(z) asasemcsa 2oromopdnoti 6 obaacmu ) 6
CMBLCAE BMOPO20 ONPEICAEHUA, MO

/Lf(z)dz =0

0N N100020 CNPAMAAEMO20 3aMKEHYMO20 Kowmypa L, sescausezo 6
Q u cmazusaemoz20 6 MOUKY HENPEPLIBHLIMU 0ehOPMAUUAMU, HE
6uL600AUUMY 30 npedesv, obaacmu §).

13 Teopembl Ko jierko BeIBOAUTCs MHTErpaJibHadg hopmyJia

Komm, npocreiimast ee popMyInpoBKa TaKoBaA.



Teopema 1.2. [Tycmo f(z) asasemcs 2oromopdmoti 6 obaacmu () 6
cmvicae 2-20 onpedenenus, u nyemo D,(20) = {z 1 |2 — 2| < p} C Q
u L} (z0) — owpyorcrocmo {2 : |2 — 2| = p}, obxodumas npomus
yacoeoti cmpearu. Toeda cnpasedaiusa dopmyaa

_ f(©)
f(Z) = %/L;r(zo) CTZ dC Vz € Dp(Zo).

Puc. 2: K unrerpanbnoit popmyste Kot

Ha  ocnoBanum  wmnTerpasibHoit  dopmynasr  Komm  Jierko
[OJIYYUTL CIIPABEJINBOCTL IIEPBOIO OLpEe/JeHIs aHaIUTHIHOCTH.
HeitcrBuTtesibHO, pasioxkuM B psai dyaknuio 1/(¢ — 2z) mo dopmyie

OeCKOHEYHOI  INeOMETPUYECKOil  Mmporpeccud  co  3HAMeHaTe/IeM
¢=(z=20)/(C=2) g <1,
o0

11 11 n = (2= 20)"
(—z C(—201l—q (—2 Zq _z:(C—Zo)”+1

n=0 n=0

U POUHTEIPUPYEM D5/l

— Q)

Tyt P =0T

n
MOY/IEHHO  BJOb OKpyzHocTH L1 (z). Ilpumenss wumrerpambayio
dbopmyy Ko, osryaaem B kpyre {z : |z — 29| < p} npencrasienne
dbyuximn f(z) B Buje CyMMbI psijia

oo

f(2) =) au(z = )"

n=0

9



¢ KoapdurmentaMu, onpejaeasgeMbiMu 110 hopmysiam Korrm

o L (ORI T

iy ,—nif
= — _ d@.
20 1 (z0) (€ = 20)"*! o Jy Tt

OJIHOBpEMEHHO € 3TUM, MbI HMeeM U IIpexkKHee, TelJIOPOBCKOe

BbIpazkenue jijist KodpOUINEHTOB, T. €.

F" (20)
an == —n

n!

Bonee obmas wmnterpasbnas dopmysia Komm monydaercs u3
npocreiimeit Tak: Kpyr D,(zp) 3aMeHsieM Ha 3aMKHYTYIO OOJIACTD
G C (), orpaHUYEHHYIO KOHEYHBIM UUCJOM IIPOCTHIX, 3aMKHYTBIX,
KYCOYHO-TJIAJIKIX KPHUBBIX, & OKPYKHOCTh L;L(zo) — TIOJIOZKUTETHHO
OPHEHTHPOBaHHOI Tpanuneil stoit obmactn OGT. Taxum obpaszom,

IIOJIyJaeM CJIeIYIONIYI0O HHTerpaJibayo hopmyay Korm:
1 f(¢)
f(z2) = 5=

_27Ti 3@+C—Z

dc.

Takasi obmast nHTErpajibHag (popMysia UrpaeT CyUIeCTBEHHYIO POJIb
P U3YYEHUU Psijia IPoOJIeM TeOPUU aHAJIUTHICCKUX PYHKIINIA,
CpoeobOpasne KOMILJIEKCHOTO aHaJn3a IPOsIBJISETCST TaKyKe B
TOM, 4YTO BO MHOI'MX BOIIpOCaxX PacCMaTPUBACTCA paclInpeHHas
komiekcras 1mtockocth C = CU{oo}, oToxkectsisgemast co chepoit

Pumana ¢ momotpbio crepeorpadunieckoil TpoeKITnn.

1.3 KonadopmHable oTOOparkeHusi, TeopeMbl Pumana wu
IIyankape

B macrodmem Kypce Haleil Ieablo SBJIAETCS HU3yYeHHe OCHOB
reoOMeTpUYIecKoil Teopnu (PYHKINI KOMILIEKCHOTO IE€PEMEHHOTO.
[TogroroBUTEIHLHBIM MaTepUAIOM K T€OMETPUIECKON TEOPUU CJIYZKAT
cJIeJIyIonme MoHdaATus 1 (pakThl 13 cranjgapTHoro kypca TOKII:

1) cBOficTBa JIPOOHO-JIMHENHBIX OTOOPAaXKEeHUIT, OCYIIECTBIIAEMbIX

QYHKIUSIMU BHJIA

_az+b

'U)—m (ad—bc;é()),

10



a TakzKe KOH(OPMHbIE OTOOPaKeHWs, IIOCTPOEHHbIE C ITPUBJIEUECHIEM
9JeMeHTapHbIX QPYHKIUI €, In 2, sin z, 2% u dpynkmun zKykKoBcKoro
w=(2+1/2)/2;

2) MPUHIWI apryMeHTa, BbITEKaolnii n3 rTeopembl Ko o
BbIYETaX, U TeOpeMa O TOM, YTO 0OPa30M OTKPBITOIO MHOXKECTBA I1PU
OTOOpayKeHUN aHAJIUTHIecKoil (byHKIMel (He paBHON TOXKJIECTBEHHO
IIOCTOSTHHOI) ~ SIBJISIETCsT  OTKPBITOE — MHOXKeCTBO.  Kcrartwm, — u3
9TOTO (pakKTa JIErKO CJeJyeT NPUHIINAI MaKCUMyMa MOJYJIA  JJisd
AHATUTUICCKITX (PYHKITNI;

3) TOHATHSI PUMAHOBOII MOBEPXHOCTH ¥  AHATUTHIECKOTO
ITPOJTOJIZKEH NS

Eciun dyuknus f(z) sBisercs anagutudeckoii B obsactun () u
f'(z0) # 0, zy € Q, To TOKaBHOE TTOBeIeHne 0ToOpaskenust [ : ) — C
B TOUKe 2y € {) ompejie/isieTcs MepBLIMU JBYMs ClaracMbIMU ee psija

Teitnopa, Taxk Kak

f(2) =ap+ai(z — 2) +O(|z — 2/?), a1 = f'(20) # 0,

T. €. B MajioM (PYHKIUsA BejleT cebsi Kak JIMHeiiHoe oTobparkeHue M,
B YaCTHOCTH, YIVIbI C BEpPINNHON B TOuke 2y € () oToOparkaloTcs
B YIJIBI TOIl ’Ke BeJIMUMHLI ¢ Beprmunoil B Touke f(z9) € f(€2). B
9TOM CJydae ropopst, aro orobpaxkenme f : Q — C saBigercs
KoH(MOPMHBIM B Touke 2y € (). ['oBopsT, uro orodbpaxkenue f : ) — C
sIBJISIETCST KOH(POPMHBIM U OJHOJIUCTHBIM B objiacT €2, ecjam OHO
KOH(OPMHO B KarK/JI0if TOUKE ITOI 00JIaCTH U SIBJIETCS WHHEKTHUBHBIM
orobpaxkennem. Takum obpaszom, B TOKII g1a orodbpazkennii
OTKPBITBIX MHOXKeCTB cjioBa  "omHonuctHbiit" u "uabekTUBHBIHN"
SIBJIATOTCS CHHOHUMAaMI.

Ba3oBbIM  pe3ysbTaToOM — eOMEeTPUUecKoil  Teopwu  (DyHKIHI
ABJISETCH  Cleayiomas — TeopeMa  Pumana o0 KOH(OPMHBIX

0TOOPAYKEHMSIX.

Teopema 1.3. IIycmov 2 C C — odnocsasran obaacmo ¢ eparuued,
codeporcawieti 6oaee 0dnoti mouku 6 C, 2y € Q — Purcuposarman
mouka, D — edunuuwnwd wpye |w| < 1. Toeda cywecmeyem
odrosucmmoe Konpopmmoe omobpascenue f: Q — D obaacmu € na

11



kpye D, maxoe, wmo f(z9) = 0, f'(z0) > 0 (m. e. f'(z0) acasemes

eeULECTNBEHHBIM TLOAOHCUTENOHBIM %UC/LOM).

Nubivu  ciioBamu, dyukiwst f(z) sBIsercs aHAJIUTHYECKOH B

obsiactu ) C C, n orobpaxkenue f : ) — D sBisiercst OneKIeii.

Puc. 3: K Teopeme Pumana

Kak mpocroe cjie/IcTBHE MOJIyIaeM, UTO JIHOObIE JBE OJHOCBSI3HBIE
mockue obsactu {21 u {2y, OTJIMIHBIE OT BCEil IJIOCKOCTU, ABJISIIOTCS
KOH(OPMHO SKBHUBaJEHTHBIMH, T. €. CYIIECTBYeT OJHOJUCTHOE
KoHpopMHOe oTobpaxkenue f : €2y — (2o, mepenojsiiiee 3aaHHYIO
TOUKY 2o € {1 U HalpaBjeHHe B Hell B 3aJIaHHYIO TOUKY wy € (2o u
3a/IJaHHOE HAIIPaBJIEHNE B 9TOH TOUKe.

CylIecTByeT psji aHAJIOIOB STOI TeopeMbl JIJIsI MHOI'OCBSI3HBIX
obsnacreii. B wactHOCTH, J1I00YIO JIBYCBSA3HYIO 00J7aCTh ) MOXKHO

OJIHOJIUCTHO M KOH(DOPMHO 0TOOPA3UTDH Ha KOJIbIO BH/IA
A={ze€C:r(A) <|z| < R(A)},
rie 0 < r(A) < R(A) < oo . Besmmunna

M(Q) = % In f((j))

Ha3bIBACTCS  MOJyJeM JBycBs3Hoit obmactn Q. Ecm r(A) =
0 wm R(A) = oo, 1to nomaraor, dro M(2) = oo. [se

ABYCBA3HbIC O6JI&CTI/I, NMeEIoIne He MEHee TpeX I'PaHNYIHBbIX TOYEK B
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C, saBisiiorcst KOHPOPMHO 9KBUBAJIEHTHBIMHI TOTJA U TOJBKO TOIJIA,
KOI'JIa OHU UMEIOT OJIMHAKOBbIe MOAYJ/IN. JIjIsT MHOTOCBSA3HBIX ObJracTei
C YUCJIOM TPAHUIHBIX KOMIIOHEHT m € [3,00] XapakTepucTuka m
TaKKe SIBJIIeTCsl KOH(MPOPMHBIM MHBAPUAHTOM, HO COBIIQJICHIE YHCTIA
IPAHMYHBIX KOMIIOHEHT, KaK U B CJIydae JIBYCBSI3HBIX 00JacTeil, He
rapaHTupyer KoOH(MOPMHOI 9KBUBAJIEHTHOCTH JBYX 00JIacTeil.

Db dexTuBHOE 00001IEHNE TeopeMbl PrMaHa ¢BsI3aHO ¢ OTKA30M OT
OJIHOJINCTHOCTH OTOOParKeHusl, ¢ TaK HA3bIBAEMBIMU HAKPBHIBAIOIIIMU
oTobpaxkenusamu, npuaymanabiMu A. Ilyankape u onucbiBaeMbIMI B

cJIeyIoleil Teopeme.

Teopema 1.4. [lycmv D — edunuuwnwd xpye |w| < 1, Q
—  npoussoavhas  (neodnocesaznas) obaacmov  Ha  naockocmu  C,
umerowan ne menee mpexr epanuwnur mouexk 6 C, zy €
Q — urcuposannas mouxa. Tozda cyuwecmseyem eduncmeennoe
Kongopmmoe omobpasicenue F D — Q xpyea D na obaacmo €,
obaadarowee ceoticmeamu.

1) F(w) asasemca anarumuveckol @ynkyuetd 6 wpyee D,
F(D) = Q, u umerom mecmo nopmuposxu F(0) = 2z, F'(0) > 0;

2) Fl(w) # 0 daa woboti mouku w € D, m. e. Pynxyus
F(w) aokaavho obpamuma, 6 4acmuocmu, 6 OKPECTVHOCTU MOYKU
20 00nosnauno onpedeser ycaosuem fo(zg) = 0 ocnosnotll anemenm
fo obpamnoti pynxyuu f(2) = F~1(2);

8) obpamnas  Pymxyus  f(z) = F7H2) anasumuuecku
npodoascuma 6 ) no awbomy nymu, sedcawemy 6 §2, u 6ce
BHAYEHUSA, NPUHUMAEMDIE €€ BCEGOZMONCHLMU  AHANUMULECKUMU

npodosstcenuamu 6 §2, aearcam 6 kpyze D.

Samevanue 1. ObmacTH, MMeEOINNe HE MeHee TpeX IPaHMIHBIX
Touyek B C, 4acTO HA3LIBAIOT OOJIACTAME THIIEPOOIITIECKOTO THIIA NJIH
rUepOOJIMIeCKUMU 00JIACTSIMU.

Sameuanue 2. Teopembl Pumana u Ilyankape pacrnpocTpaHaoTcs

u Ha objiacTu u3 paciiupentoii miockoctu C.
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Puc. 4: K Tteopeme Ilyankape

1.4 FpaHH‘{HOG COOTBETCTBHUE N yCJIOBUA € IJMHCTBEHHOCTHU

K dynmamenTaabHbIM TeopeMaM NeOMeTPUIecKoil Teopun (pyHKITHIT
KOMIIJIEKCHOTO ~ TIEPEMEHHOI'0  CJIeIyeT TaKyKe OTHECTH TeopeMy
Kapareomopn 0 TpaHUYHOM COOTBETCTBUU TNPH  KOH(MPOPMHBIX
oTobpaxkenuax. Jng QopMyampoBkn STOH TeopeMbl BO  Beei
ee IIOJHOTE HYy»KHA CleluajbHas KoMIiakTudukalus obsacreit
(Tak HazbIBaeMas TeOpUsi MPOCTbIX KOHIMOB). Ona mocrpoena K.
Kapareomopn Jijist reOMeTPIIecKOro OMUCAHNsT COOTBETCTBUS TPAHUI
IPU OJTHOJIUCTHBIX KOH(OPMHBIX 0TOOparKeHnsix o0J1acTeii. 3/1eCh Mbl
HpUBEJIeM JIUITH POPMYINPOBKY TEOPEMbI O I'PAHUYHOM COOTBETCTBUN

B IIPOCTEHIIIEM CJIydYaec.

Teopema 1.5. Ilycmv 1 u €y — odnocssasuve obaacmu,
02PAHUYEHHDLE 3AMKEHYMOLMU 2HCOPIAHOBBLMU KPUBHLMU.
Odnoaucmmoe xongpopmmoe omobpascenue f: y — Qo 00noznayrio
U HENPEPBIBHO NPOJONHCUMO MG 2paruyy obaacmu 2y u nopoocdaem
20MEOMOPPHOE 0MObPaXCEHUE 3AMBIKAHULT 00AACTNEL, 8 YACMHOCMA,
2omeomoppuam [ 08 — O epanur, obaacme.

Kak u3BecTHO, €JIMHCTBEHHOCTh KOH(MOPMHOTO OTOOpayKeHus f :

D — ) rapanTupyercs HopMupoBKkamu Prumana:
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A) st 3agaHEBIX TOUEK 29 € D, wy = 0 € {2 BBHIIOJHIIOTCS

YCJIOBUSI
f(20) =0, f'(20) = Ref'(x) > 0.

[Iyctb ob0sacTh oOrpaHndeHa 3aMKHYTOH »KOPJIaHOBOI KpPHUBOIL.
Torpa, B cuay TeopeMbl O I'DAaHUYHOM COOTBETCTBHH, PUMAHOBBI
HOPMHUPOBKI MOXKHO 3aMEHHTL OJHUM W3 CJIEIYIONINX HOPMHPOBOK
B) wim C), takxke 0becreqnBaonxX e MHCTBEHHOCTh KOH(OPMHOTO
oToOpazKennsi. A UMEHHO, MOYKHO IOTPeOOBATE, UTO

B) mist ABYX TPOEK pa3INIHBIX TPAHUIHBIX TOYEK
21,722, 23 S aD) w1, Wa, W3 S aQ?
BLIOPAHHBIX C YYETOM OPHEHTAIUN IPAHUILL, BLIIOJIHAIOTCS PABEHCTBA,

f(z1) = wy, f(22) = wy, f(23) = ws;

oo

C) JUIsT TIapbl BHYTPEHHUX Todek 29 € D, wy € ) u mnapsbl
IPAHUYHBIX TOUeK 21 € 0D, w; € Of) BBINOJHAIOTCA DaBEHCTBA
f(z0) = wo, f(z1) =wr.

J171s1 TTOBTOpEHIS TEOPUU aAHAJIUTHICCKIX (DYHKITHI 51 PEKOMEH/TY O
nepspie 6 mras kuurn E. Twuramapma [13] n sagadnnk JI. A.
AkcentbeBa [5]. [losHoe 1 BMecTe ¢ TeM JIOCTYITHOE Jijisi CTYJIEHTOB
usozkenne Teopem Pumana, [Tyankape u Kapareogopu MoxkHO HAlTH
B Monorpacdun [. M. Toyyzuna [9].

B saksiouenne tmpuBesieM 0OpAIleHHE TPEBIIYINEeH TeOPEeMbl,

KOTOpPOE€ nmHOT'la Ha3bIBalOT IIPUHINUIIOM COOTBETCTBUA I'DAHUII.

Teopema 1.6. Ilycmo $q, €y -  odnocsesasuvie obaacmu,
02PAHUMEHHDBIE  BAMKHYMBLMU — HCOPOAHOBLIMU  Kpusvmu.  Feau
dynruua  f(z) menpepwena 6 samwvikanuu $y, 20r0mopdra 6
Qp, f(O) = 0 u f: 00 — 00y — comeomopdusm, mo f(z)
odrnosucmnua 6 obaacmu 1 U Konugopmro omobpasicaem ee na
obnacms §o.

Pazmmanbie BapuanThl 1 0000IIEHNS 3TOI TEOPEMBI MOYKHO HAWTH

B 0630pe [3|, B kunrax [1] u [40].
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Puc. 5: Paznuaabie HOpMUPOBKHI

1.5 3Bamaum m ynpaXHeHUusd

1) OObsichure 06e3 BBIYUCICHUI: [MOYEMY PajUyC  CXOJUMOCTH

CTEIICHHOI'O psAda

1

ek 1— 22+ 24 — (=) + .

paBeH ejguHuIe?

2) Ilycrs dyukuus f(z) siBjsiercsi aHAJUTHYECKONH B €JUHIIHOM
Kpyre n yuosjerBopsier yeqaosuio: |f(z2)| < 1 musa soboro z € D.
JlokazaThb, 9T0 K03huImeHTsl ee psjga Teitiopa

f(2)=ap+tarz+ay 2>+ ..., |z| <1,

YJIOBJIETBOPAIOT 1151 IGO0 1 HepaBeHcTsy |a,| = |[f™(0)]/n! < 1,
KOTOPOE $IBJISIETCs TOUHBIM, TAK KaK JJisl JII000r0 HATYDPAJIbHOIO N 1
v € R cymecrsyer dynxuus f,,(z) = €72", ynosiersopsiolias Beem
VCJIOBHSIM, [JIsl KOTOPO#i |a,| = |f,§n)(0)|/n' =le"] = 1.
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YKazaHue. Bocnossayiirecn dopmyitoit Kot JUTS
KO3 DUIIEHTOB.

3) Ilycts €2 — mockast 061aCTh ¢ OJIOKUTETHHO OPHEHTHPOBAHHO
rpanutieit 0S), cocTosiiieil 13 KyCOIHO-TVIaJIKUX KPUBbIX. PaceMoTpnm
e byukuuu f = f(z) u g = g(z), onpejie/ieHHbIe U HEIPEPHIBHO
auddepeniupyemple B §) Kak (DYHKIHM J[BYX BEIIECTBEHHbIX
nepemennix o, y (v + iy = 2z € Q). Ioabsysacs bopmymoit I'puna,

JOKazKNTE COOTHOIICHNA

df Og 1 _
//Q (82_8,2) dxdy—ZZ_ mfdergdz,

1 fdz 1/ gda:dy

20) = - —
f(z) 21 Joq 2 — 20 ) Jq 0Z 2 — 2z

(Z() c Q)

4) Haitmure dyukuuto f ¢ wopmuposkamu f(0) = 0, f/(0) = 1,
KOH(OPMHO 0TOOParKAIOILYIO eIMHIIHBIH KPYT' Ha BCIO ILJIOCKOCTD, U3
koTopoii yuaien jiyd {w =u+ v :1/4 <u < oo, v =0},

Benomuure apyrue npumepbl  KOH(MOPMHBIX OTOOpazKeHuii  u3
crapgapTHoro Kypca TOKII u nocrpoiiTe ojiHOIMCTHBIE KOHPOPMHbBIE
oroOpazkKeHust  eJIMHUYHOrO  Kpyra Ha  CJeLylonme  o0JaCTu:
HOJIYILIOCKOCTh, Y€TBEPTH ILJIOCKOCTH, BHEINHOCTL OTPE3Ka IIPSIMOIL,
0JI0Ca, IOJIYIOI0CA, BHYTPEHHOCTH KBaJpara ¥ IIPaBUILHOIO

TPEYTroJIbHUKA.

5) st amammrndeckoit dbyukimn [ uwepes {f,z} obozHaumm
dbynkmmo, HaseiBaeMyto npounssognoil IIpapna mwim mBapruanoM u

OIIpeae/IdeMyI0 PaBEHCTBOM

=L [f"<z>r.

f'(z) f'(z)
5.1) Hokaszarnb, uro mBapiuan { f, 2} WHBapHAHTEH OTHOCUTEIHHO

JIPOOHO-JIMHENHBIX TTpeoOpasoBaHuil pyHKIIH f.

Pemenne. IIpoBepnTe npuBeennble HUXKe Beraucaenusd. 1ycTs

g(z) = %, ad — bc # 0,
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Tpebyercs jlokazarh, uro {g, z} = {f, z}, rie

AR

HeHOCpeﬂCTBeHHblMH BbIYMCJICHUAMUM 110JIyYaeM

(ad — bo)'(2)
(f () +dp
ORI LC):
/) +dP G +dp

{92} =

g'(z) =

Y

'e) = (ad ) |

| I

o [P PEPE) | ()
g7(z) = (ad b)[<cf<z>+d>2 Ser v ap O (cf(Z)+d)4]'
Hagee, ompejeisieM OTHOIIEHUSI TPON3BOIHDIX:
)G ). ()
O O CE A T CET
61, Fe)
7)) e +d

Ho Torma

3 (9"(2)>2 _3 <f”(2)>2 P A O B VM)

2\g()) 2\ [f(2) cf(z) +d (cf(2) +d)*

" JIETKO II0JIy9a€M PaBE€HCTBO IIBapIMaHOB

e B Co

5.2) VmpocTure MpeAbIIYINNe BBIYUCICHUs, IPEJIBAPUTEIHHO

JIOKa3aB CJIeTYIONTYI0 (DOPMYJTY s IBAPIHAHa,

- (52 -3 ()

st BbumcieHust mBapimaHa {g, 2} MOMXKHO BOCIOJIB30BATHCS

dopmy.toii

(9.2} = (ng'(2)) — 5 (mg'(2)))".
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5.3) Hokazars, uro msapuuan {f, 2z} = 0 Torja u TOJBKO TOIJIA,

Korja f siBjsiercst npobHo-/InHeliHol dyHKnuei, T.e. f (z) nMeeT BUJI

_az+b

fz) = cz+d’

(ad — bc # 0).

Vkazanue. PapencrBo Hy/10 ImBapuupaHa Jid  JIpOOHO-JIMHEHHOi

(byHKI_H/II/I I[moJriydacrcd JIETKO, TaK KaK

{““b z}:{z, S =o.

cz+d’

Cxema JloKa3aTeIbcTBAa 00PATHOIO yTBEp:KieHus Takosa. IIycTh

)
PO = )

Kak Mbl yOeunch B yrpazkKHeHun 5.2

1
(F2} =1~ 5P (2)
[Tostomy pemienne nenumneiinoro ypasuenus {f,z} = 0 Tperbero

IIopdaJKa CBOAUTCHA K IIOCJIEA0OBaATE/JIbHOMY PENICHUIO TpeX CJIEAYIOINX

JnddepeHIalbHbIX YPaBHEHU TIEPBOTO MOPSIIKA

| 1 C
=g WpY = =
P2 —z/2+C4 (z —2C4)?
riae C; u Oy — mocToHHBIE.

6) [lyctb f — 0J{HO M3 OJHOJIMCTHBIX KOH(OPMHBIX OTOOparKeHuit
eJIMHUYHOrO0 Kpyra Ha objactb 2. [okaxkure, 4To J10060€ Jpyroe
oJIHOJTICTHOE KoHopMHOe oTobpaxkenue g : D — ) MoxkeT ObITh
peJIcTaBIeHo (GOPMYJIOit

90 =1 (52, ceD.

TJie @ M « — TOCTOsTHHbIE, prdeM |a] < 1, a a € R.
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2 Metpuka ITyankape 17} NIPUHITAII

ruIepooJIM9IecKoii MeTPUKNI

2.1 O mopgensx reomerpun JlobavdeBCcKOTro

Kak um3BecTHO, (popMmasbHO reomerpusi JIobaueBCKOro CTPOUTCS Ha
TeX K€ aKCHoMax, 4TO W reoMeTpus EBK/nja, HO ¢ 3aMeEHOI OJHOI
U3 aKCUOM, & MMEHHO, aKCHOMbBI O IapaJ/iieJbHbIX, Ha HOBYIO: MG
NAOCKOCU “ePe3 MOYKY, B3AMYN0 6He 3a0aHHOT NPAMOT, MOHCHO
NPoOGECMU HE MeHee J8YT NPAMDBIL, HE NEPECEKAOULUT 3G0AHHIYIO.
l3meHeHe BCero JMIIb OJHON AKCHOMBI (IISITOTO  TTOCTYJIATA,
reomeTpun EBKIja) IPUBOJUT K COBEPIIEHHO HOBOIl IJIAHIMETDUH.
B wacTtHOCTH, OKa3bIBaeTCsA, dYTO JIsI CYMMBbI YIVIOB JIHOOOTO
TpeyroJIbHIKa BBIIOJIHIETCST HepaBeHCTBO « + G + v < 180°.
[TosiBisitoTcst HOBbIe (POPMYJIBI JIJIT BCEX METPUUYECKUX BEJIUYNH, B
JACTHOCTU, HOBBIE (DOPMYJIBI )i BBIYUCCHUS ILIOMaaeir ¢uryp,
e gayr uo 1. n. Jng  Geckonedno wmasibix  duryp (1. e.
ACHMIITOTUYECKH) HOBbIe (DOPMYJIBI COBHAJIAIOT CO CTApbIMU, B
JaCTHOCTH, JIjIsI TPEYTOJILHUKOB MaJIbIX pasMepoB a + 3+ v ~ 180°.

[IpakTmyeckass 3HAYMMOCTL reomeTpuu JlobaueBckoro OblLia
ycTaHOBJIeHa Ha Mojesidax. [lepBast nnrepuperaus npuHajie:kut E.
Benbrpamu (1868 rox). v Oblia HaifijieHa MOBEPXHOCTD, HA KOTOPOIl
peainzyercsi reoMerpust JlobaueBcKoro, ecjin OTpe3KaMu MPSIMbIX Ha
9TOfi TMOBEPXHOCTH CUUTATH TEOJIC3NTECKNe JIMHUN (BCIOMHUM, 9TO
TaK Ha3bIBAIOT JIMHUH, COCIUHSIONINE KPATIANIIIM IIyTEM JIBE TOUKN
Ha MMOBEPXHOCTH). EIMHO0OpA3HYI0 WHTEPIPETAINI0 TPEX MeoMeTpuil
(EBkynya, Jlobawesckoro m reomerpunm Ha cdepe) MpeICTABUI
®. Kueitn (1871 rom). Ilo mnpemroxenuio Kieitna reomerpuio
JlobavueBCKOro Ha3bIBAIOT IUIIEPOOTMIECKON TeoMeTpHeil.

B 1882 roxy A. Ilyankape mpeioxKiia HOBYIO MOJIEb IIJIOCKOCTH
JlobaueBckoro, TecHo cszanayio ¢ TOKII u rpynmamum JgpobHO-
JuHeitnbx orobpazkenuit. Cornacno mojenn Ilyankape, MI0CKOCTBIO
Jlobatesckoro obbsiBistercst equunanbiii kpyr D = {z @ |z| < 1}.
PoJib TOUeK UrpaioT TOUYKH, a PoJib IPAMBIX — JnaMeTpbl Kpyra D n

Jexkare B kpyre D jyru okpyzkHOcTeil Bujia |z — zo| = p (|z0] >
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 § Z=X+iy

Puc. 6: Mogens [lyankape

1), opToroHaJbHBIX K €IMHIYIHON OKpyxkHOCTH |2| = 1. Ilyankape
JIOKA3aJ1, 9TO 9TU AYIU SBJIAIOTCS MeOAC3UYCCKUME JIMHUSIME, ©CJIN
T depeHnaibHbIN J1eMEHT JIJIMHBI JIyTH ONPEIeIATh 110 (popMyJie
|dz|
do = ———.
1 — 2|
A umenno, cpemn Beex JmHUR (21, 22), Jexkamux B kKpyre D u

COEJIMHSIONINX 3aJIaHHble TOYKHU 21, 29 U3 Kpyra D, nHdumym B

[(z1,22) = inf/ 4

v(21,22) 1— ‘Z|27

paBeHCTBe

Y
peasm3yercst Ha KpUBOit (21, 22), KOTOpasi sIBJACTCS JIHO0 OTPE3KOM
anamMerpa, Jiubo Jyroii OKPYKHOCTH, OPTOrOHAIBLHON K OKPYZKHOCTH
|z| = 1.

2.2 KouadopmHaas mHBapuaHTHOCTL MeTpuku Ilyankape

Teopema 2.1. Mempuxa Ilyanxape Asisemcs  KOHGOPMHO
UHBAPUAHMHOU.
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HokazarenncTo. Ilycts T — kondopmHoe orobpazkeHnme Kpyra
IC| < 1 na kpyr |z| < 1. KoudopmHas WHBAPUAHTHOCTH METPUKU

HyaHKape O3Ha4da€cT, 94TO JOJIZKHO MMETb MECTO TO2K/IECTBO

dz| ]
TP T 1 [cP

JJIst BCeX TOUeK z, ( eJIMHUYIHOrO Kpyra, Takux, 9ro z = T(().
U3 obmero kypca TOKII msBectHo, uTO J110001 KOH(MOPMHBIIT

aBpToMopdu3M T eJIMHIIHOrO Kpyra onpe/jiessieTcss (hopMyJioit

z=T() :eiaf_;ag ac€RaeC,la <1
HermocpeIcTBEHHBIMI BBIMUCIEHUSIMU TIOJTY IaeM
o 1 —lal?
T/ —
1 —a¢]* —|¢ —af
LT = =
| (C)‘ ‘1 . 6C|2
_ L falPIcP = 16 —fal* _ (1 —a*)(1 = |¢)
1 —ac]? 1—agP -
U, CJIe0BaTebHo,
1—|T(QP
Tl = ——75—
1—1¢?
Taxmm obpazoMm, TPUXOIUM K TpeOyeMOMY COOTHOIIEHUIO
dz| 11—z
ac]  1—[¢*

9THM U 3aBE€pIIacTCd JOKa3aTC/JIbCTBO.

Teopema 2.2. [unepboruneckoe paccmosmnue pp(z1,22) MmexrHcy

movwkamu 21, 2o € D onpedeasemca phopmyrot

( ) 1 1 1 + 1 " 21 — %9
Z1,29) = — 1N = | .
PDAZL: 22 2 1—t’ 1—5122
,HeﬁCTBI/ITeJIbHO, npeo6pa3013aﬂme
w=T(z)= i 2~ 21
1-— 31 z
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n KOHCbOpMHaH NMHBAapPHUaHTHOCTD METPUKN JdaloT paBE€HCTBO

pp(z1, 20) = pp(0,t). A Besmauna pp(0,t) JErKO BBITHCIACTCS:

Eodr 1. 141
pD(O,t):/ e
0

1—r2 1—t

Mempuxy Ilyankape mootcno onpedesumsv 6 10000 00HOC8A3HOU
oonacmu 2 C C, Q # C. Jljasg 9T0oro paccMOTPUM OJHOJUCTHOE
koHbopMmHOe orobpazkenue F : D — Q. Yepes w = F(z) ob6o3Ha1mM
COOTBETCTBYIONLYIO TOJOMOPGMHYIO (PYHKINIO cO 3HadeHUIMU B ().
Obaactb () npeBpaTUM B ILIOCKOCTH JIobateBcKoro, omnpeaens B Heil
koabduruent merpuknu Ilyankape Ag(w) paBeHcTBoM

Ao(w)|dw| = Ap(z)|dz|  Vze D, w=F(z) € Q.
nmeem

1

Aa(F(2)) |[F'(2)] = (e

Vze D,

TOrJIa
CP(FE )
Alw) = T TP

Temu ke dopmysnamu ompejessiercs n Merpuka Ilyankape (T. e.

Yw € Q.

rurepboJIIeckas MeTpuKa) Jyisi MHOrocBsizuoit obstactu 2 C C,
IPaHUIIA KOTOPOI COepsKUT He MeHee Tpex Touek B C. B arom ciryuae
F : D — () — nakpbiBatolee oroopazkeHnue u3 Teopembl [lyankape o
KOH(MOPMHBIX O0TOOparkeHnsaX. Ternepb CTAaHOBUTCS IOHSITEH TEPMUH
"obstacTh rumnepbosimyeckoro Tumna' NIPUMEHUTEJILHO K 00JIacTsIM,
UMEIOIUM He MeHee TpeX I'PAHUYHBIX TOYEK B pPacCHIIpeHHO
KOMILJICKCHON TIJIOCKOCTH.

Taxum obpasom, B Kaxkjoit obsactu 2 C C, rpanuna KoTopoii
CONEp’KUT He MeHee Tpex ToueKk B C, MbI MOXKEM OIPEIe/IATh
reoMeTpUYeCKre XapaKTePUCTUKM, CBsA3aHHbIE JUOO ¢ TeomeTpueit
EBknupa, mubo ¢ reomerpueit Jlobaueckoro. Muorme pesyiabTaTbl
B TeoMeTpu4eckoil Teopun (HYHKINI KOMIJIEKCHOIO IIePEMEHHOI'O
MOYKHO MHTEPIIPETHPOBATH KaK TEOPEMbl CPAaBHEHIS €BKJIMIOBBIX I

runepooJInIecKX XapakKTepUCTUK OJIHOM 1 TOM »Ke 00JIacTH.
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2.3 Jlemmvma IIIBapma w OpuHIAII TUIEepPOOINIECKO

METPUKU

PaccmMoTpuM  OpHHIUI — IHIEPOOIMYECKO  METPHUKH, B34B JIJIst
IIPOCTOTHI CJyYail OXHOCBSI3HBIX obsacreit. Ilycts Q7 m €y —
OJIHOCBABHBIE 00JIACTH Ha ILJIOCKOCTH, HE COBIAJIAIONe CO Beeil
mwiockoctbio C. Yepes F' : Q; — ()y 0003HAYUM OJHOJIUCTHOE
kKoHdopmHoe orobpazkeHnue (27 Ha (9. Ilo omnpenenennio MeTpukn

[Tyankape nmeeM TOZXKJICCTBO
Aq, (2)]|dz] = Mg, (w)|dw|, w = F(z),z € Q.

CrenoBaTesibHO,

Ao, (2)

Ag,(w)

Teopema 2.3. (Ilpunnun runepbosndeckoit merpuku.) [lyemo

[F'(2)]

dynruua w = f(z) eonomopdra 6 obaacmu i u ydosaemesopsaem
yeaosuio f(£21) C Qy. Toeda

(2)] < AAQI(Z) e

., (f(2))’
Pasercmeo umeem mecmo mozda u moavko mozda, koe2da [ —

odrosucmHoe Kondopmroe omobpasicerue obaacmu £y na 0baacmob

Qs.

3 sT0i1 TeopeMbl CJie/lyeT, ITO MPU roJOMOPMHOM 0TOOparKeHUN
OJIHOII 0bOJjtacTH B JIPYI'YyI0 HEEeBKJIMJIOBBI JIJIMHBI U HEEBKJINJIOBbI
IIomaau OyJyT TOJIBKO YMEHBIIATbCs 38 MCK/IIYEeHHeM CJIydas,
KorJa 9Ta (DYHKIHUA OCYIIECTBJSIET OJHOJICTHOE KOH(MOPMHOE
oTobpazkeHue 00J1acTU olpejeaeHns (QYyHKIUM Ha 00JacTh ee
3HAYCHUI.

st jokasaTe/ibCTBa HaM IOTPEOyeTCst XOPOIIO U3BECTHA

Jlemma 2.1. (Jlemma HIsapua.) [Tycmo w = ¢(2) eosomoppra 6
kpyee |z| < 1 u ydosaemsopsaem yeaosuam: p(0) =0 u |p(2)| < 1,
|z| < 1. Tozda

D0pE)I <2, 0<ld <1,

2) ' (0)] < 1.
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Pasencmeo 6 amux Hepasencmeaxr umMeem Mecmo moz2da u moavko
moeda, xo2da p(z) = €'Yz, a — BewECMBEHHOE HUCAO.

Puc. 7: K nemme [IBapia

Jloka3aTejIbCTBO IIPUHIIMIIA TUINEPOOJINIECKON MeTPUKMN.
PaccMmorpuMm Ipom3BOJIbHYIO TOUKY 29 € (21 u 3aduxcupyem ee,
u nycrb wy = [f(20). Ilo reopeme Pumana o koHDOPMHBIX
OTOOPaXKEHNAX CYIIECTBYET OJHOJIMCTHOE KOH(POPMHOE 0TOOparKeHne
F : Q1 — Q, yinosierBopstortiee yeiosuio F(zy) = wy. Pacemorpum
TaKyKe OJJHOJICTHOE KOH(popMHOe oTobpazkenue g : D — €y, ¢g(0) =
20-

Bgejiem erre ojiHy BCIIOMOTaTE/IbHYIO (DYHKITHIO

[To emme HIBapia umeem Tounyio onenky |’ (0)| < 1. Ilockosbky
o wecto opuymst £(9(0)) = Fla(e(Q))) 1

F(2)d'(2) = F'(g(¢(¢)))d (2()¢'(€),

To B Touke ( = () mosygaeM paBeHCTBO

f'(20)9'(0) = F'(20)g'(0)'(0).

Tak xak ¢'(0) # 0, To mocjeIHee COOTHOIIECHNE BMECTE C

repasencTsoM |¢'(0)| < 1 npuBogaT K TpebyeMoii onenke

)\Ql (ZO) _ )‘91(20)
Ao, (wo) Ao, (f(20))
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B ciayuae pasencrea 1o Jiemme IllBapra umeem ¢(¢) =

e’®(, uro pasnocuabho pasenctBy f(g(C)) = F(g(e()).
CuretoBaresbro, B caydae pasencrsa nmeeM: f(z) = F(¢(2)), rue
P(z) = g(e"®g71(z)) — xondopmubli apromopduszm ;. Takum

obpa3oM, FKcTpeMasibHas GyHKIus f(2) OCyIIeCcTBIsieT OJHOJINCTHOe
kKoHpopMHOEe oToOpaxkeHue 27 Ha (lop. DTUM U 3aBepIIACTCs
JI0Ka3aTe/IbCTBO.

OrmeTuM, d9TO 9Ta TeopeMa OCTaeTCsd CIPaBEINBON  JIJIsI
IPOM3BOJILHBIX IHIepbomIecknx obsacteit (T. e. jyist obmacreii 2y u
)y HA PACIINPEHHON KOMILIEKCHOI iockoct C, NMEIOINX He MeHee
TPeX IPAHUYHBIX TOYEK) C eCTECTBEHHON OrOBOPKOI: 9KCTPEMAJIbHBIM
sIBJISIETCsI HaKpbIBaloliee KoHpopMmHoe oToOpaxkenue {1y Ha (s.

[Ilyctb  Aq(z) — kosadunument wmerpuku [lyankape s

runepbo/inieckoii obsactu. Bennunna

1

Aa(z)

Ha3bIBAETCs THIEPOOINIeCKUM pajguycoMm obstactu () B Touke z. Ecin
() — omHOCBsI3HAsT 00JIACTb, HE cojepKaliasi OECKOHEYHO YyIaJIeHHOIt
Toukn, To Besqmianna Rg(z) = 1/Aq(z) HaspiBaeTcs KoHMDOPMHBIM
pajuycom. Hampumep, s equnnanoro kpyra D = {z : |z] < 1}
KoH(OPMHBII pajuyc onpeesercs pasencTsoM Rp(z) = 1 — |z|2.

Crenyer mnpuBecTH OOIIECIPUHATOE OIpejeeHne KOH(MOPMHOIO
pamguyca. Ilycmo € — oduoceasdnas o0bAGCMb HA NAOCKOCTU, HE
cosnadarowas co eceti naockocmvro C, u zy — dPurcuposarras
mowka amot obaacmu. B cuay meopemv. Pumana cyuecmeyem
noaooscumenvroe  wucso R u odnoaucmmoe  Kongpopmroe
omobpasicenue f = Q — Dp = {z : |z| < R}, nopmuposarnoe
YCAOBUAMU

f(z20) =0, f'(20) =1

Hmenno smo wucro R u nazvieaemces wougpopmmvim paduycom §2
6 mouke zy. Yoeaurech B TOM, UTO OIPeJE/IeHHOEe TaKUM 00pa3oM

LOJIOZKUTEIBbHOE Y1Cjo R coBlagaeT ¢ BeJMInHOI )\51(,20).
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f(z,)=0, f'(z,)=1

R=1/ .F'.“ (z,)

Puc. 8: Kondopwmunrit pajmyc

2.4 3ajgauu U yrupakKHeHUs

1) Jokaxure HepasenctBo [Bapra-Ilnka: ecoun dynkmus z = ¢(C)
SIBJISICTCA aHAJNTHIECKO B exmHmaHoM Kpyre n |p(()| < 1 B Joboit

Touke ( € D, ToO

1—e(Q))?
L—|¢P?

Pasencrso nmeer mecto TOI'Ta 1 TOJIBKO TOI'la, KOT'Ja (byHKIJ;I/IH nMeer

iz = () =e“(( —a)/(1—al), e a € R, a € D.

' (O)] < ¢l <1.

2) Haitgure siBHBIE (DOPMYJIBI 1T KOH(MOPMHOIO pajuyca i
copMyupyiiTe NPUHIUIT IUIEePOOIUIECKOl METPUKH B Ciydae,
KOTJIa,

a) obsacts I = {z = x 4+ iy : y > 0} — BepxHsis NOJIYILIOCKOCT;

b) obmacte G = {z=x+iy: —7/2 < x < 7/2} — nosoca.

Ykazanue. st KOHDOPMHBIX PayCcoB JOJKHBI OBITh 0JIYY€HbI

dbopmyssr: Ryp(x +iy) = 2y u Rg(v +iy) = 2 cosx.

3) Ilokaxkure, uro wosbdunuent wmerpukn Ilyankape s
aBycBsasnoit obmactu D' = {z = x +dy : 0 < |z] < 1} (1. e. ja

eJIMHIYHONO KPYTa ¢ BBIKOJIOTBIM [IEHTPOM) OIpejieisiercst (hopMyJioi




4)  Jlokaykure — CACAYIOMUI  HOPUHIUI ~ MOHOTOHHOCTH  JIJIsT
koaddunmenTa runepbosmueckoii Merpuku: ecau 2 C Q, mo
A (20) > Aa(z0) daa mobot mouru zy € .

YKazaHme. PaccmoTrpure HaKpbIBAIOIINE KOH(OPMHBIE
orobpaxkenust [ : D — U u F : D — §, yIoBIeTBOPSIOIIUE
yesiosuio f(0) = F(0) = zp. Torya

Aa(20)[F(0)] = A (20) f(0)] = Ap(0) = 1.

Ocraercst CpaBHUTH MOJLY/IM IIPOM3BOJHBIX B Havaje KOODAUHAT C
npusiedenuem Jemmbl Iapna x dynxmun o(¢) = F7(f(C)),
OJIHO3HATHAST BETBH KOTOPOii BbleseHa yeaoBueM ¢(0) = 0.

5) Iokaxkure, uro woHbopMmHBIT pamuyc R = Rz, y) =
Ro(x + 1y) kak byHKIUs JBYX BEIIECTBEHHBIX [E€PEMEHHBIX T U
Y YJIOBJIETBOpSIET CJeiyiomeMy ypashennio Jlnysuings RAR =
IV R? — 4, rie ucHojb30oBaHbl CTaHjapTHBIE OOO3HAYEHUs JIjisl
orteparopa Jlamtaca u rpajgueHTa QyHKINN:

2 2
_O°R  O°R VR:<8R 8R>,

"2 og oz’ By

v (5) + (5)’

6) [Tokazkure, 9TO € UCTOIB30BAHUEM (DOPMAJTBHBIX TIPON3BO/THBIX

AR

10 TIEPEMEHHBIM 2 = X + 1Y U Z = T — 1Y, OlIpe/Ie/IsieMbIX (popMyJIaMu

Buprunrepa, oneparop Jlamnaca Boipaxkaercs (popmyJioit

J’R
AR =14 ,
0z 0z
a ypasuenue JInyBuLIss MOXKHO HPEJACTABUTEL B CJICLYIOIIEM BHJIE
O’°R  |OR|?
R — = |—| —1.
0z 0z 0z

Ykazaune. Ilycts f — ognosmcTHOe KoH(pOpPMHOE OTOOparkKeHne
equHnaHoro kpyra |[(| < 1 ma obmacts 2. s Borancienunii Ry u

R .= y100HO 110J1b30BaTHCS JIOTaPUPMUIECKON ITPOU3BOIHON DYHKIIN

R2=(1-¢0)* FOFO).
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7) Ilycrs Ro(z) — xordopmubiii pajguyc objtactu 2 C C B Touke
z =z + iy € Q. Jdokaxure, uro ARg(z) sBiIsieTcst TapMOHIIECKOI
dbyukiueii (1. e. A2Rq(z) = 0) Torja n TobKo Torja, Korja 0b/1acThb
() — Kpyr WIn HOIYILIOCKOCTD.

Ykazauue. Ilycts f — oanosmcTHOe KoH(OpPMHOE OTOOparKeHue
euHIYHOTNO Kpyra |(| < 1 Ha obsiacts §2. MoxkHO jjoka3arh Ghopmy.ry

R)(2)

—0 S A Ro(2) = (L= [CP) {A.GHF. 2= £(0).

1 BOCIIOJIb30BATbCs CBOMCTBaAMU mIBapouaHa.

8) SBnamenntas rumoresa Krmmxa (J. G, Krzyz):  ecau
Pynrkyus f(z) asaaemea anasumMuueckol 6 eOUHUYHOM KpYy2e U
ydosaemesopaem ycaosuro 0 < |f(z)] < 1 daa woboeo z € D, mo
dan koappuyuenmos ee pada Tetinopa f(z) =D " qa, 2", |z| <1,
cnpasedausa mounas ouenka |a,| < 2/e  (n >1). lokaxure ee npu
n = 1.

KommenTtapun. ['mmoresa Kimmka noxkasana npm n = 1 camum
Kmmxem, mpun =2, n =3, n =4 un = 5 JIpyruMun MaTeMaTUKaMU.
[Ipu n > 6 K HacrosmeMY BpEeMEHH HET HU JI0Ka3aTebCTBA,
HU OIIPOBEPXKEHUsI, T. €. NpobjiemMa ocTaeTcsi OTKpbITO. OTMeTnm,
qTo runore3a KIimmKa sBAseTcss OONIEM3BECTHOH, M CIIENNAJINCTHI
110 TeOMEeTPUYEecKOll TeopnHu (PYHKIHUI CUNTAIOT ee BeCbMa TPY/IHOMN
npobJiemoit. Hammpumep, o muenuio mpodeccopa Illredpana Pymeses,
rurore3a Kimzka HaMHOTO cjIoKHee 1 TUiyOxKe, YeM 3HAMEHUTAsI
(y:ke perennast) mpobiema Bubepbaxa o0 OIEHKax TeHIOPOBCKIX
kKodpdunmeHToB (GYHKINMA, OJHOJMCTHBIX B eIMHUIHOM KpYTe.
Ho, kaxk Bcerjia, He WCKJ/IIOYEHO, YTO KTO-TO HaliJleT IPOCTOE,
opurnHajbHOE perieHne I1pobjembl. Hekoropble 1ogapodHOCTH U
CCBLIKI Ha CTaThH, IOCBAIIEHHBIE ITpobseme Kinmka n pojacTBeHHBIM

BOIIPOCAM, MOKHO HAHTH B ITOcjeIHell riase Kuuru [23].

9) Hokaxkure teopemy Ilyankape: ecau 6 edunuurom wpyze D
dugpdpeperyuanrvruili anemenm dauns, dyeu onpedeasmov no popmyae
do = |dz|/(1 —|z|%), mo cpedu ecex aunuti y(z1,22), Aesrcawux
6 kpyee D u coedunsouur 3adanmnvie mouku zi, Zo u3 wpyea D,
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UHPUMYM 6 paseHcmee

, |dz|
1(21,22) = inf /1——‘Z|27

v(21,22)
Y

peanusyemca  na  kpusol y(z1,29), Komopas AGAAEMCA  AUOO
ompeskom duamempa, AuUb0 Y20l OKPYHCHOCTAU, OPMO2OHANLHOT K
oxpyorcnocmu |z| = 1.
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3 lzonepumerpuieckoe HEPABEHCTBO U T€OPEMbI

IO aein

3.1 Kiaaccuyeckoe n3ornepummMerpnieCkKoe HepaBeHCTBO

Cpemn Bcex duryp ¢ 3aJaHHbIM IePUMETPOM HanOOJIbIIYIO ILIOIIAIb
uMeer Kpyr. 91oT ¢dakT OblI U3BECTeH elle B jpepHeil ['perun, xors
CTPOrue JI0KA3aTeIbCTBa, MTOSIBUJINCH JINIIL B KOHIIE JeBSITHAIIATOrO

1 B HadaJje JABaJIaTOrO CTOJIETHIA.

4xA=L 4n A<l

Puc. 9: CpaBuenune mioma/in ¢ JJIMHON I'PAHUIIBI

3amnuiieM 9TO YTBEp:KJIEHHE Ha s3bIKe COBPEMEHHBIX (hOpMYJT U

IIPpUBEJIEM OJHO U3 00Jiee 4eM JIeCSITH M3BECTHBIX JOKA3aTe/ILCTB.

Teopema 3.1. (Kiaccuveckoe msornepumMeTpuieckoe HEPaBEHCTBO. )
IIyemv ) — odnoceasnas 06Aacmb HA NAOCKOCTU CO CNPAMAAEMOT
epanuyets daunoe L = L(ON), u nyemv A = A(Q) — naowadov
obaacmu ). Tozda

Pasencmeo docmuzaemesa mozda u moavko moeda, xo2da £ — kpye.

Hokazarenscrso (A. [ypsum). Ilyerb s — myrosast aberucca
rpaHnydHOil KpuBoil, 1o ycjiosuio Teopembl 0 < s < L. 3anumiem
apaMeTpudecKne ypaBHEHUs 9TOi KPUBOii B BUjie 2 = T+1y = ¢(s)+
i(s) m BBeZeM BerOMoraTesbHyio nepemenmuyio t = 2ms/L, 0 <
t < 2w Umeem z = @(s) + ip(s) = =(t) + iy(t), t € [0,27].
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V3 kypca MaTeMaTHiecKOro aHaJn3a M3BECTHO, YTO CIPAMJISIEMOCTh
KPUBOIi BjiedeT abCOJIIOTHYIO HEIIPEPLIBHOCTHL (DYHKIMI (0 U 1, T. €.
CYIIECTBOBAHUE TIOYTH BCIOJY MPOU3BOJIHBIX o, ¢ 1 cripaBejimBoCTh

pPaBEHCTB

o) =i+ [ (7, o / W

[Tostomy dynknnn z = @(tL/(2r) nw y = (tL/(27) mMoxHO
Pa3IoKUTh B abCOIOTHO cXojstimecst psijibl Dyphe

o0 (0]
a c
x(t) = _20 + E a, cos nt+b, sinnt, y(t) = 50-1— E ¢y, cos nt+d,, sin nt.

3aKOHHOCTH ~ NPUMEHAEMBIX  HUXKEe  Oleparuil  MOYJIEHHOTO
nnddepeHImpoBaHus u MHTErPUPOBAH NS PAJIOB JIETKO
0o0OCHOBaTHL JJId  MPHUOJMKAIONUX PAJIOB ¢ KO3 puimenramu
Ty 7"y, 7", Td, (0 < 7 < 1) ¢ TmoCsIeAyIOMUM PeJIeIbHBIM
[epexo/IoM Ipu r — 1 1mocJie BbIBoAa OPMYJI J/IsT JJINHBI 1 ILIOIIA/IN.

BeraucauMm cHadasia IO b 00JIaCTH 110 M3BECTHON bopmyJie

Jooxdy = J3 " () y (D)dt, ve a(t) y'(t) =

oo oo
= (% + Z a, cos nt + b, sin nt) (Z —c,nsinnt + d,n cos nt) .

n=1 n=1

o0
ITosromy |, o0 Tdy = 7 Y n(a,d, — byc,). Taxum obpasom, miomas

n
obsactu ) onpejensiercs popMyJIoit

A=AQ) =7 n(and, — bucy).
n=1

OpurnHajbHOE MECTO B JloOKa3aTejbCcTBe ['ypBHUIlA — BbIparkKeHue

depe3 koabdurmentsr Dypbe UIMHBI MPAHUIBI ¢ UCIOJB30BAHIEM
coornomennii |dz/ds| =1, |dt/ds| = 2w/ L:

L L L
L:/ds:/ ds—/‘
0 0

0
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Otciona ¢ yuerom pasenctsa |dz/dt|? = x(t) + y(t) nonyuaem
2m

L2 2 2
5= [l + e
0
[ToncTaBsgs psjibl 1 MHTErpUPYysl, TPUXOIUM K POpMYyIIe
L2 - 2/ 2 2 2 2
o = WZ;H (a;, +b;, +c, +d).
OueBnIHO, JOKA3bIBAEMOE N30IIEPpUMETPUUIECcKoe HepaBeHCTBO A <

L?/(47) paBHOCUIILHO CJICJYIOIEeMY HePABEHCTBY JLJIs PAJIOB

0.0} 0
2/ 2 2 2 2
2 g n(apd, — bpc,) < E n*(a; + b, + ¢, +d7),
KOTOPOE SABJISIETCS] CJIe/ICTBUEM IIPOCTBIX HEPABEeHCTB 2a,d, < a2+ d?,
—2b,c, < U2+ €2 JJ1d Beex HAaTyPasibHbIX 7.

PacemorpnM ciiyuaii pasenctsa. Ilpm n > 2 nveem n?

> n,
[I09TOMY PaBEHCTBO BO3MOXKHO JIMIIb IIPU YCJIOBUH G, = b, = ¢, =
d,, = 0 nyst mro6oro n > 2. [Ipu n = 1 paBeHCTBO B COOTBETCTBYIOIIEM
HEPABEHCTBE BO3MOXKHO JIUIIbL B TOM CJydae, Korja a; = di, by =
—cq. Takum obpasom, paBeHCTBO peasin3yeTcs JIMIIb s ob1acTi 2,

rpaHulia KOTOPOil nMeeT IapaMeTpudeckoe IpejcTaBIeHue
a &
x(t):?()-i-amost—i—blsint, y(t):é)—blcost—i—alsint.

CiretoBaTe/ibHO, TpaHUIa 00JIACTH MPEJICTABIISCT COOOI OKPYKHOCTH
pagnyca R = \/a} + b} u ¢ nenrpom B Touke (ag/2,cp/2), Tak Kak

2(t) = x(t) +iy(t) = w + (a3 — iby)(cost + isint),
I09TOMY
0 - oy

YTO 3aBEPIIACT JOKA3ATETHCTBO TEOPEMBI.

B zamavax m ynpakKHeHUSIX MbI OOCYJIUM TepedOpMYTUPOBKY
N30IePUMETPIIECKOI0 HEPABEHCTBA C UCIOJIb30BAHNEM KOH(MOPMHBIX
0TOOpAaKeHMil.

PaccmoTpuM Teneps Kiraccrmieckne TeopeMbl ILIoa/ieil 3 Teopun

onHOMNCTHBIX yHKImit (cM. [9], riasa 2).
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3.2 Teopewmsbl noiaieii /1jisi KOHPOPMHBIX O0TOOparKeHUiA

Teopema 3.2. (Buyrpennsii Teopema momaseii.) Ilyemv f(z) —
byrxuua, 20r0mopdras 6 edurnuvurom xpyee D, u nycmo

o0
f(z):z+a2z2—|—a323+...:z—i—Zanz", 1z| < 1.
n=2

[Ipednonosicum, wmo f(z) — odnorucmuas pyrnkyus. Tozda naowads
A = A(f(D)) obpasza xpyea npu omobpascenuu f ydosaemesopsem
nepasencmey A = A(f(D)) > 7. Pasencmeo peaiusyemcs moavko
das cayyan, xoeda f(D) = D.

HokazarenberBo. Obosnauum w = u + ww = f(2),]z] <

1. HpOCTbIe BbIYUCJIEHUA IIOKa3bIBalOT, 9TO AKOOMaH KOHCbOpMHOFO
‘2
)

npeobpasoBanus w = f(z) pasen |f'(2)|%, 1. e. quddepennuanbHbIi

SJIeMEHT ILIoMau obpasa samuckiBaercst Tak: dudv = |f'(2)|2dxdy.
A:A(f(D)):// dudv =
f(D)

- / /D (=) Pddy = Zd& 0/1 |/ (re) 2rdr.

Iockomexy | f'(re?)|? = f'(re) f/(rei?), to

00 o)
|f/(?”€w)|2 _ Z nanrn—lei(n—l)ﬁ Z nanrn—le—i(n—l)H’
n=1 n=1

[TosTomy

Ocraercsa [HEPEMHOZKUTL PsAAbI W IIPOUMHTEIPHUPOBATL ITOYJIEHHO C

VUIETOM OPTOrOHAJIBLHOCTI TPUrOHOMeTpHYecKoil ciucreMsl e, Vmeem

00 1
A(f(D) =27 Y nPlan [ e =
(/(D)) ZnH/ ,

- 1
=2 g n2|an]2% = (1 + 2%ag|* + 3%as|® + ...).
n=1

Orcroga Hemesenno cieayer, aro A(f(D)) > w. Kpome Ttoro,

0Y€eBU/IHO, PABEHCTBO BO3MOXKHO TOIJIa U TOJILKO TOria, Korjaa a, = 0
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npu n > 2, 1. e. st yuknuu f(z) = z. Cunenosaresbho, f(D) = D
— @JIMHUYHBIN KPYT. DTUM U 3aBEPIIAETCs JT0KA3aTEIHCTBO.
Samevarue. Teopema u  ee  JI0KA3aTEJIBCTBO  OCTAIOTCS
CIIpaBE/IINBBIMI u oe3 IIPEIOJIOZKEHI I OJHOJIMCTHOCTH
paccMmarpuBaeMoit  (BYHKIUM, HO JIsl HEOIHOJUCTHOH yHKINN
1oJi  IJIOMaJIbI0  obpa3a Kpyra HY»KHO IOHUMAaTh  ILJIOMIA/b
COOTBETCTBYIOINICHl PUMaHOBOII IIOBEPXHOCTHU, /[IJId KOTOPOUl BepHa

Ta »xe (popmyia

A= A(D) = [ 17G)Pdway

KOTOpasl ~ yUUThIBAaeT ILIomajum  Bcex  '"ymcroB" — pumaHOBOI
IIOBEPXHOCTH B CUJIy JIOKAJBHOIO XapakTepa papeHCTBa dudv =
|f'(2)|*dzdy.

Paccmorpum  Teneph  KOHGOpPMHBIE OTOOpayKeHHsl BHEITHOCTH
equamanoro kpyra D~ = {¢ : [(| > 1} € C,oo € D~. B
dopMyINPOBKE CJIeAyIoneil TeopeMbl ILIOIA/Ib SIBHO He (DUTypPUPYET,
HO HEOTPUIATE/JHHOCTH ILIOMIAIN SBJISIETC OCHOBHBIM JIOBOJIOM B

JOKa3aTeJILCTBE.

Teopema 3.3. (Buemmnsisi Teopema momageit.) [Ilyems F
— odHoauCMHOE  KOH(OpMHOE — omobpascenue — obaacmu DT,
OCMABAAIOWEE HA MECNe DECKOHEUHO YOUNEHHYIO MOYKY U UMEIOUEE
caediyrowee pasnoscenue 6 pad Jlopara

Fm:<+%+2£% ¢l > 1.
n=1

Tozda umeem mecmo nepasencmeo o nlay* < 1, 6 wacmnocmu,

lan| < 1. Pasencmeo |ay| = 1 sepro mozda u moavko mozda, xoeda
el
F(C)=C+a0—|—?, v €eR.
HoxkazaresnerBo. Bosbmem dukcnposannoe wmncio p € (1, 0o)
u dyuknuu u(t) = ReF(pe), v(t) = ImF(pe"). Paccmorpum

HeIycTol KoMnakT K p, OIIPEJIETIAEMbIIT COOTHOIIEHUAMUI
K,=C\F(D,), D, ={¢:|¢|>p}cC.
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[Lnomans K, neorpunaresbia. Berauciisia sy miomaib 1o popmyJie

A(K,) = %/@K udv — vdu = %/0 7T[u(t)v'(t) — ' (t)v(t)]dt =

1 27T o o, i~ -1
= §Re/ F(pe™)F'(pe't) peitdt
0

1 BbIparkasi ee depe3 KodPMUIMEHTDI (v, T0JIydaeM

A(K,) = (p2 - annﬁ/p%) > 0.

n=1
[lepexopss K mpeneny npu p — 1, OpuxoguM K TpedyeMoMy
nepasenctsy. Ecim |ag] = 1, 10 || = 0 it smoboro n > 2, 4t0
JIaeT BTOPOE YTBEPIKJICHIE TEOPEMBI.
Buerass Teopema riomajieit nMmeeT psji npumenenuit. C Humn
MbI TTO3HAKOMUMCS IIPU DPeIleHny 3aJiad K JTOH TJlaBe, a TaKxKe
B CJeJyionieil TyiaBe ITpH  JlOKa3aTeIbCTBEe OJHOI  Teopembl JI.

Bubepbaxa.

3.3 3Bagauym m ynmpa kKHeHUd

1) [ycrb wy € §2, vae € — wiockast 0JJHOCBSA3HAST 00JIACTH ¢ KOHETHOI
mwiommaapio A(Q2), Ro(wy) — koHdOpMHBIT pajuyc 9Toil 0biacTu B
Touke wy. Jokaxure, urto Bepno nepasenctBo A(Q) > 7 R3(wy),
IIPUYEM PABEHCTBO JIOCTUIAETCA TOTJIA M TOJBKO Torja, Korja §2 —
KPYT € EHTPOM B TOUYKE Wy.
Ykazanue. [Ipumenure reopemy 3.2 K OyHKINN
) = 2L =
Ra(wo)
e ¢ — OJIHOJUCTHOE KOH(POPMHOE 0TOOparKeHne € MHIIHOrO Kpyra

Ha 00s1acTh ) ¢ pumanoBbiMu HOpMuposkamu ¢(0) = wy, ¢'(0) > 0.

2) Ilycts € — ojtHOCBsI3HAST 00JIACTH HA TIOCKOCTH CO CIIPSIMJISEMOi
rpanuteit, g : D — ) — ojgHOoJIMCTHOE KOH(MOPMHOE OTOOparKeHue
eJIMHUYHOro Kpyra Ha objacTb (). ITokaxkute, 910 JJisd PYHKIUN 2 =

9(¢) (( =& +1in € D) cripaBeyinBo Cjiejiyoliee HePABEHCTBO
2

//p 9/ ()P d dn < ﬁ </027T g ()] d@) ,
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PaBHOCUJIbHOE KJIACCUYECKOMY HU30IIEPUMETPUYECKOMY HEPABEHCTRY,

TaK KaK

-/ g pagan Liow) - / 19| db.

YKazanne.  YTBepKJleHUe  IpeJicTaBisgeT  coboit  mpocToe
yIpaKHeHne, ecjii 001aCTh OrpaHnvIeHa JOCTATOYHO IVIaIKOH KPUBOit
1 [09TOMY IIPOU3BOJHAsT KOH(MOPMHOIO OTOOParKeHMsl OKA3bIBAETCSI
HEIIPEPBIBHO MPOIOJIXKIMON Ha 3aMbIKaHIE eIMHIIHOIO KPyTa.

B obmiem ciiydae npujaeTcst BOCIoJib3oBarhest Teopemoii @. Pucca:
npoussodnas Konphopmrozo omobpascenus g : D — Q edunuyurozo
Kpyea 1a 00HOCBA3HYIO 00AACTL CO CNPAMAAEMOT 2PAHUUET UMEEM,
noumu 6c1dy Ha EOUHUYHOT OKPYIHCHOCTIU 2PAHUYHBIE 3HAMEHUA
q(e"?), onpedessemmie wax npedesvhvie snauenus no  A06vLM
HEKACAMENDHIM K 2DAHULE NYMAM, NPU IMOM

2T

2m
L(09) = lim g (1 e)| db :/ 19" (e db.
0

r—1- 0

3) Ilycts Q — ofHOCBsI3HAsT OOJACTH € KOHEUHBIM JIHAMETPOM

diam(€?). Jlokaxkure m3ornepuMerprieckoe HepaBeHCTBO bubepbaxa
A(Q) < g diam?(Q),

IJIe PABEHCTBO JIOCTUIAETCs TOIJIa 1 TOJbKO Torja, Kormaa {2 — KpyrT.

YKazanue. Ecim me cnpaBmianch ¢ 9Toil 3ajadeil, To HaliguTe
caMoe MPOCTOe JOKA3ATeIbCTBO STOrO YTBEPKJICHUs (13 HECKOJIBKIX
M3BECTHBIX) B 3aMedaresibHoil kKaure Jk. JIurmiBya noj HasBannem
"Maremaruueckasi cmech'. Ilpusegem cxemy JInTTiaBya.

Bes  orpanmmyeHuss ~ OOIIHOCTH  MOYXKHO  CYUTATb,  YTO
paccMaTpuBaeMasi 00JIaCTh ABJISIETCS BBIITYKJION, PpACIOJIOKeHa, B
1IPaBoil OJIYIJIOCKOCTH, €€ IPOEKIUsl Ha OCh abCIUCC eCTh MHTepPBaJI

(0,d), rne d = diam(£2). B mosisipabIx KOOpuHaTAX

/ dt/ rdr+/ d@/ rdr =
—7/2

[0 oy
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rie r =1r(0) (—m < 0 < 7/2) — ypaBHeHue IpaHuilbl 00JIACTH.

OcTaeTcst BOCIIOJIB30BATHCS TE€M, YTO BbIPAYKEHUE
2 2
r2(0 — 7/2) + r2(6)

paBHO 110 Teopeme [ludaropa (1) kBagpary JIMHB HEKOTOPOI XOP/IbI
AB, ne npesocxoagmemy diam?(€2) 1o onpesenenmo guamerpa.

Puc. 10: K nokazaresnsctBy JInTTiasyna

4) Tlycrsb €2 — onHOCBsI3HAS O0OJIACTH ¢ KOHEYHBIM JIHAMETPOM, U

nycrh wy € §2. JTokaxkuTe, 9T0 BEPHO HEPABEHCTBO
1
R (wg) < §diam(Q),

IIpu4YeM paBE€HCTBO AOCTUIa€TCA TOI'Ja M TOJILKO TOr'Za, KOrJda Q -

KpyT € I€EHTPOM B TOYKE Wj.

5) [Tycts €2 — ogHOCBsI3HAST 00J1ACTH CO CHPAMJISEMON TDAHUIE.
CymecrByeT Jin abCOIIOTHASI MTOJIOKHUTE/IbHAs HocTosiHHasgs C' Takas,

qTO JIUIsT JIF0OOM Takoit obsacTu €2
A(Q) < C L(09).

Ykazanne. OTBeT TakoB: HeT, He cymecTByeT. 'Hakazanue"
00YCJIOBJIEHO TeM, YTO He COOJIIOJIEHBI Pa3MEPHOCTH CPaBHUBAEMbBIX
BeJINYUH (KBA/IPATHBIE METPBI HE CDABHUMBI ¢ MeTpaMiu! ).

st obocHOBaHWsI — OTPUIIATEIBLHOIO  OTBETA  IOCTPONTE

[IOCJIEJIOBATE/ILHOCTE OJTHOCBSI3HBIX obJiacTeil (1, CO CHPSIMJISIEMBIMU
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I'paHUIlaMX N TaKHUX, 9TO

lim M:oo.

n—oo L(0€),)

6) Ilycts ) — onHOCBsI3HAST 00JIACTD CO CHPSIMJISIEMOIT I'DAHUTIEIH.
CymecTByeT Jin abCOJIIOTHAST MOJIOXKUTEIbHAsT mocTostHHast C' Takast,

qTO

A(Q) > C L*(09)

IS 110001 Takoil obsactu €27
Ykazanue. OTBeT: HET, HE CYIIECTBYET.
Y1obbl ybeauTbcss B ITOM  IIOCTPOITE  IOCEI0BATEIBHOCTH

OJIHOCBSIBHBIX oOJtacTeil 2, cO CIpsMJIsieMBbIMU IDAHUIIAMU U TaKUX,

ITO A(Q
lim M =0.
n—oo L2(0S),)
Herpymnno BU/JICTD, ITO TaKIM CBOIICTBOM obJiaJiaeT

OCJIEJIOBATE/ILHOCTh — IPAMOYTOJbHIKOB €O  CTOPOHAMHU  JIJTHHBI
n u 1/n. DTOT mpEMep MOKa3bIBAET, YTO MPOCTOE COOJIOIEHIE
pPa3sMepHOCTHU He rapaHTHPYyeT CyIIeCTBOBAHUS M30IEPUMETPUICCKOTIO
HepaBeHCTBa. PaccykjeHusi Ha 3Ty TeMy C  IOJIe3HbIMU
KOHTPIIPUMepPAMU MOYKHO Hafitu B Kuure [11].

Ormernm TaKKe, ITO TeMaTHKA, CBABAHHAS c
N30IIEPUMETPIIECKIMI HepaBeHCTBAMMU reOMeTPUN n
MaTeMaTHIeCcKoil (PU3MKHN, MHTEHCHBHO Pa3BUBAETCS, CM., HAIIPIMED,

kuury [25], crareu [20] u [21].

7) Hokazkure HOBYI0 hopmyiry jita mromaan (em. B [2], (4.44)):

1 :
A(Q) = 3 // IV Ro(x + iy)|* da dy.
)
Ykazanune. Bocnosb3yittech  ypaHenumeM  JImyBwinga i
KoH(OopMHOTO pajinyca u gpopmystoit ['puna

// (uAv + (Vu, Vv)) dxdy:/ u@ds
Q o0 on

C TIOJIXOSANIM BeIGOpOM byHKIWI © = u(x,y) n v = v(x,y).
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4 Teopembl Kébe n Bubepbaxa n nx npuMeHeHNUsI

4.1 OcHOBHBIE KJIACChl OJHOJUCTHBIX (PYyHKITA

B nagajie XX Beka JIj1d CTaHIapTH3aINN TPOOJIeM, BOSHIKAIONINX TIPU
HCCJIeIOBAHNI OJHOJMCTHBIX KOH(QOPMHBIX oTOOpazkenuii f : 0 —
C, 6BUII BBEJEHBI JBa OCHOBHBIX KJIACCA OIHOIMCTHBIX (DYHKITHIL.
[IpuBeeM uX ompeeaeHusl.

1) Kitace S — wiace rojioMopdHbIX OfHOMCTHBIX dyHKInit f(z),
onpejiesientbix B D = {z : |z| < 1} u umeronmx tam pasjioxenne B

ps Teitnmopa Buga
f(2)=z2+a2® +az2® +.. =z + Zanz”, 2] < 1.
n=2

Takum obpasom, Tpebyercst BoinotHeHne HopMupoBoK f(0) = 0 =
f(0) — 1, m e. ominuue BBHIMENPUBEIEHHOIO psifia JIJisd (DYHKIUHI
Kjiacca S or obmiero passoxkenus B paj Teilopa 3aK/I04aercsa B TOM,
910 ag = 0 n a7 = 1. OTMeTuM Tak»kKe IIPOCTOI TeoMeTpUIecKuit
CMBICJI HOPMHPOBOK JIBYX IIEPBbIX KO3(DPUINUEHTOB: 0dAA 410001
dynruuu f € S obnacmv Q = f(D) codeporcum mouky w = 0
u KoHpopmuwuti paduyc 2 6 amoll mouke pasenw 1, mem camvim
durcuposara 00Ha U3 2UNEPOONUMECKUT TAPAKMEPUCTIUK 00AACTIU.

Hopmuposka f/(0) = 1 jays dbyHKIWiE Kiiacca S MO3BOJISIET TaKKe
dbukcnpoBaTh BeTBb aprymenta mpousBogHoit Argf'(z) ycioBuem
Argf'(0) = 0.

2) Kiace ¥ — kytacc MepoMOpPQHBIX OJHOJUCTHBIX B 00JIACTH B
D= ={¢: [(| > 1} dyukuuii F(¢) ¢ pasnoxkenuem B psijt Jlopana

03] 8%
__|__

¢ ¢

BI/I,HHO, qTO IIpedllnCaHbl CJEAYIoIUe JOIIOJHHUTE/IIbHbIE YCJIOBUA

F(O) =C+ap+ +...:g+a0+z%, ] > 1.
n=1

Hopmuposki: F(oo) = o0, F'(c0) = 1. B wacrooctu, nHa

beckoneunoct dyukimst F(¢) mmMeer mpocToil moJoc, B JPYyrux

toukax objgactu D~ dyukuust F(() sBisiercss To10MOPGhHOI.
Ormerum, 4YTo 0003HAUEHWS STUX  KJIACCOB  OQHOJIMCTHBLIX

dyuknit ceasannl ¢ HemenkuM caoBoM Schlicht". CroBocoueranne

40



5={f

f(0)=0, f'(0)=1

Puc. 11: T'otomopdubie dyHKINNT

Puc. 12: Mepomopdubie dhyHKIIN

"omHonmuctHast  yHKIWS"  OPUMEHHTEJBHO K OJHOJUCTHBIM
KOH(MOPMHBIM  OTOOparKeHUsIM Ha AHIJIMHACKOM SI3BIKE I1epeJIaeTCst
kak "schlicht function" mu6o "univalent function".

Bremnsist  Teopema  riomiajieii (M. HpPeABIIYINYIO  TJIABY)
yTBEPXKJIAET, 9To Jyid pyHKIMN F' € 3 uMeerT MecTo cjejyroniee
HepaBeHcTBO y oo nfa,|? < 1, B wactHOCTH,

o] < 1, 1| =1 F,(Q) =(+¢e/¢,a € R.
y,ZLI/IBI/ITeJIbeIﬁ CbaKT: TOIIOJIOTNNYECKOE YCJIOBI/IG O,ZLHOJII/ICTHOCTI/I
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0TOOpasKeHMs IIOPOZK IAaeT MEeTPUIECKIe CJIEICTBUS — OLEHKI MO/LyJIei
K03 burmeHToB. AHAIOTTIHO 0OCTOUT JIEJI0 U ¢ (DYHKIUSIMU KJIacca

S. st HUX 0Ka3bIBAIOTCsI CIIPABEIJINBBIMEI PA3HOOOPA3HbIE OIECHKH.

4.2 Teopema m runore3a Bubepbaxa

Teopema 4.1. (Teopema Bubepbaxa, 1916 ros1.) Jlas a060t ¢dynryuu
f €S ¢ pasnroocenuem 6 pad Tetiropa

o0
f(2)=z+a? +azz® +... =2+ Zanz”, |z| < 1,
n=2

umeem mecmo mounas ouenka |as| < 2. Pasencmeo |as| = 2
PEAAUSYEMCA M020a4 U MOALKO Mozda, Ko20a

f(z) = K(z) = ——

(1 —ez)?’

ede K(z) — max naswieaeman dynryus Kéoe.

v e R.

HokazarenbcTBo. st duxkcupoBanHoit ¢yuknumun [ € S
PACCMOTPUM OPOXKIAEMYIO €10 (PYHKIINIO

9(2) = Vf(22) = V2 + aszt + agzb + ... =

= Z\/l +agz?2 +azzt +asb 4+ .+ a4

e BeTBDb KopHs ukcupyercs yeaosned: v/ 1 = +1. Vveem
feSeges.

YeaoBust  HOPMUPOBKH  Jyist  ¢(2) BEPHBI 10 MOCTPOEHWIO, &
OJIHOJIMCTHOCTDL OTOOPAsKEHUsI ¢ JIEIKO IIPOBEPAETC MeOMEeTPUICCKIL.
1

[ombzysce Tem, aro (1+w)* = 1+aw+o(w), w — 0, mpu o = 3

JIETKO ITIOJIYVIMTD IIEPBBLIC CJlara€eMbl€ B Pa3JIO2KCHUU g(Z)
9(z) = 2(1+ agz? + .)Y? =
= 2(1+ a2’ + 0o(22)V? =z + %23 + ...

C wucnosp3oBanmeM JpobHO-TMHERHHbIX 3ameH ( = 1/z, w =

1/g, KOTOpbIe COXPAHSIOT OJHOJIMCTHOCTH, BBEJIEM B PACCMOTPEHUE
pyHKIIIO

1 1 1 1
”O:muo:ﬂ@:2<uw%m%+m)
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meem  cienytomiee  pasjiokeHHe B OKPECTHOCTH — OECKOHEYHO
yJIaJeHHol Toukn ( = oo:

FQ) =7 (1- 2o 4 0(z%)) =

1 a . a4y 1 .
_;—§z+0(2)—(' 2C+O<C>, ¢ — oo.

st opnomuctHoit dyukmun F'(¢) BbimosiHensr yejoBusi F(00) =
00, F'(00) = 1, cienoBaresibho, F € 3. [lo Bropomy yTBEpZKJICHHIO

BHEIITHEeH TeopeMbl Iiomaeil mveem: |ap| < 1, HO g Harieii

dbyHKIWMN (1 = —ag /2, 0ITOMY
|&1|:|a2—2‘§1(:)|a2|§2

B ciygae paBercTBa |as| = 2 GyeM uMeTh CJIeAYIONYIO MEMOIKY

i

‘a2‘22<:>’041|:1<:>Fa(C):C+T<:>

1

2
gOz(Z) Fa(l/Z) ga(\/g) fOé(Z)
HeHOCpe,ZLCTBeHHble BBIYUCJICHUA ITIOKa3bIBaIOT, 9TO
1 z

9a(2) = 1/z + eioz T ]t eiag?

CJIeJI0BaTesIbHO,

fal2) = (LY = T

1+ efoz + eloz)2
Takum 0b6pazom, skcTpeMmasibHas GyHKIWS f,(2) coBmagaer B
tounoctu ¢ dynknueit Kébe. IlpuBenennblii B pOpMyIUpPOBKE

2 310it PYHKINN MOYKHO MOJTyYUTh 3aMEHOI

TeopeMbl Bug 2/ (1 —e2)
KOHCTAHT (v = Y + 7, TaK Kak Tormga e'¢ = e’ = —e”. Teopema
JIOKa3aHa.

OTmeTuM, 9TO IKCTpeMajbHasg B TeopeMe (DYHKIUS — (DyHKIUS
Kébe — oHomMCTHO OTOOpaAXKAET eIMHUIHBIN KPYT Ha BCIO ILJIOCKOCTD,
13 KOTOPOH y/iaJIeH HPAMOJIMHENHDBIN JIYY (CM. 3aJady 4 us II. 1.5)

]
LW:{z:—Te_W:ZST<oo}.
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B »srom serko yoOeaurhes, mpejcTaBiss pyHkiuio Kébe kak
cyneprnosunuio  pyakimun  ZKykoBckoro u - JIpOOHO-JIMHEHHOIO

0TOOPAYKEHUST:

z 1
(=) (1 —e2)? ez + 1 —2eh

Huddepeniupyst mouieHHo psiji (GECKOHEUHYIO MeOMETPHYECKYTO

IPOIPECCUI0) B €IMHIIHOM KpyTe

=1+4+2+22+..,

11—z
JIETKO TIoJIydaeM pasJjioxkeHue B psjl pyukiun Kéoe nmpu v = 0:
< 2 3 n
—z
Wrak, mjst aToit byHKIUN a, = n upu jgwodooMm n > 2. C yueroMm 3Toro
dakra B 1916 romy JI. Bubepbax BBIABUHYI CJIETYIONLYIO TUITOTE3Y:
) (0
o 2 IO
n!
Jutst ioboit pyuknuu f € S. O4eBuIHO, ec/iu 9Ta MUIIoTe3a BepHa, TO
9KCTpeMaJIbHON (pyHKIIMel, /i KOTOPOil peain3yloTcsi PaBeHCTBa B

9THX OllEHKaX, dBJdeTcd pyHxmus Kéode.

4.3 Teopema Kébe 06 omHOIT YeTBEepTOIt
B sroit Teopeme sKcTpeMasIbHOI sBJsieTcs Ta ke (pyHkiug Kébe.

Teopema 4.2. (Teopema I1. Kébe 06 ognoit qerBeproit.) Hycmy f €
S, mozda paccmoanue d(f) = dist(0, 0f(D)) om nauara xoopdunam
w =0 do eparuywv obaracmu f(D) ne menvwe, wem 1/4. Paserncmeo
d(f) = 1/4 pearusyemesa mozda u mosvko mozda, Ko2da

f(z) = K(2) =

2
(1—e2)%

Hokazarenscro. Ilyers f € S, m nycrb sta dyHKIusS He

IPUHUMAET B €JIMHUIHOM Kpyre 3HadeHus ¢, T. e. ¢ & Q = f(D).
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Torma 1 — f(z)/c # 0 egqunuaHOM Kpyre, u 1mo3ToMy (QYHKIHUA ¢,

olpeznecieHdHasl paBEHCTBOM

f(z)
9(z) = W;

SABJIIETCS aHAJIMTUYECKON M OJIHOJIUCTHONH B €JUHUYHOM Kpyre u
HpUHAJIEXKUT Kaaccy S. Ee pasioxkeHnne BOJIM3KM Havdasa KOOPIUHAT

JIETKO BBIMUCHIBAETCS:
g(2) = 2+ (ay + 1/c)2* + O(2%).

[To Teopeme Bubtepbaxa Bropble ko3dddunmentsr Gyukuuii f € S
M g € S JOIMyCcKAalOT TOUHBIC ONEHKH |ag] < 2, |ag + 1/¢| < 2,

CJIe10BaTEJILHO,

1
>
~ |ag + 1/c| + |as|

qTo Uu Tpe6OBaﬂOCb JOKa3aTb.

| >

1
Za
OueBniHO, IKCTpeMasbHON siBjisteTcst (byHKIms Kébe, 1 TOIBKO

oHA. DTUM I 3aBepHiaeTcd JOKa3aTC/ILCTBO TEOPEMBI.

4.4 Kiacchl 3Be3/1000pa3HbIX W BBITYKJIBIX OTOOparKeHu’iA

K. Jlésuep (1923 r.) mokasas, uro rumnoresa Bubepbaxa BepHa Ipu
n = 3, a umenHo, |ag| < 3. Iocye Hero B TeveHme MECTH JECATUTETHIT
TUTOTE30i 3aHUMaIuCch MHOTHE MaTeMaTHKHU, IOATBEpXKIasd ee B
JAaCTHBIX ciaydagx. Touky moctaBun Jlynm ne bBpamxk B 1985 romny,
JI0Ka3aB, 4To runore3a bubepbaxa BepHa npu Jodom n > 2.

Anajiorn runoressl bubepbaxa [MOKasblBaJl U B IOJIKJIACCAX
S, orpejie/isieMbIX HEKOTOPBIMI I€OMETPUUYECKIMEU CBOWCTBaMu. Mbl
pUBEJIEM 3/IeCh JIBa HarOo/Iee N3BECTHBIX MOKIacca S.

1) Knacc 3Be3noobpasubix dyskimii S* C S:

ycaoBue f € S* o3nHavaer 1o onpejeneHuto, 4ro f € S u
obsacte f(D) = ) aBisieTcs 3Be3/1000pa3HOll OTHOCUTEILHO HAYAJIA
KOODJIMHAT, T. €. Jijis Jiio6oit Toukn w € f(D) orpesok mnpsamoii [0, w]
nexkut B obsactu f(D).

HeoOxoanMbIM 1 TOCTATOYHBIM YCJIOBHEM MPUHAJIEKHOCTH [ €

S* gapisiercss roJaoMopdHOCTb (QYHKIMU B eIMHUIHOM KPYTe,
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mopmuposki f(0) = f/(0) — 1 = 0 u BbIIOJHEHNE HEPABEHCTBA

2f'(2)
f(2)

3/ecb, KaK U BCIOAY B IIOJOOHBIX CHUTYAIUSIX, Mbl CYUTAEM, UTO

Re

>0 (VzeD).

paccMaTpuBaeMble (PYHKINKA IPOJOJKEHBI 10 HEIPEePBIBHOCTH Ha,
YCTPAHUMYIO 0COOYIO TOUKY. B jlaHHOM ciiydae 1mojipasyMeBaeTcs, 9To

2f'(2)/f(z) =1 B Touke z = 0, TaKk Kax

)
i ey — O

2) Knace soiykibix dynxmuit SU C S:

= 1.

yeaosne f € S° o3nauaer mo onpesenennio, 9To f € S u 061aCT
f(D) = Q aBisiercsa BBITYKJION, T. €. JJist JIOOBIX JIBYX TOUEK Wi €
f(D) nwy € f(D) orpe3ok mpsamoit [wy, we] gexut B obmactu f(D).
HeoOxoiuMbIM U JTOCTATOUHBIM YCJIOBUEM IpUHAJICKHOCTH [ €
SY apnsierca  rosomopdHocTh  ((DYHKIME B eIUHUYHOM — KpYyTe,

wopmuposku f(0) = f/(0) — 1 = 0 u BbIIOJIHEHNE HEPABEHCTBA

Zf//(Z)
f'(2)

Re(l—l— >>0(VzeD).

OueBnIHO, UTO BBINIYKJIas 00J1aCTh 3Be3/1000pa3Ha OTHOCHTEIHLHO
moboit coeit Toukn. Ilosromy S® C S*. O6cymuM reoMeTpryecKmit
CMBIC/T KPDUTEPUEB 3BE3/I000Pa3HOCTH U BBITYKJIOCTH.

YesoBue 38e3/1000pa3HOCTH OCHOBAHO HA TOXKJIECTBE

d Arg f(re) o 2f'(z)
d0 ey

1 TeOMETPUIECKH O3HAUaeT, 9To ¢ pocroM § € [0, 27| mybcupyronuii

>0 (Vz =re € D)

orpesok [0, f(re?)] MonoToHHO BpamaeTca MPOTHB YACOBOIT CTPEIKH.

YeioBue BBIIIYKJIOCTH OCHOBAHO Ha TO2KIECTBE

d (7/24 0 + Argf'(re")) z2f"(z)
10 )

U TeOMEeTPUYECKU O3HA4YaeT, UTO HpH JIF0OOM (PUKCUPOBAHHOM 1 =

=Re<1+ >>O(Vz:rei9€D)

|z| € (0,1) ¢ pocrom 6 kacarenbhast k kpusoit L, = {f(re??) : 6 €
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Puc. 14: OTobpaxkeHue Ha BBITYKJIYIO 00J1aCTh

[0,27]} MOHOTOHHO BpaIliaeTCst MPOTUB YACOBOI CTPEJIKH, T. €. YrOJl

KacaTe/bHOI K L., onpejie/isieMblii (hopMyJI0ii
T .
v(0) = 3 + 0 + Argf'(re'),

SIBJIIETC MOHOTOHHO BO3pacTaloieil pyHKImei yria 6.

B nanbreiinieM, a UMEHHO, B IJ1aBe 6 MbI TTO3HAKOMIMCH ¢ Teopueit
MOJYNHEHHBIX (DYHKITUI, TO3BOJIAONICH JIErKO JI0Ka3aTh HEPABECHCTBA!
la,| < n B Kjacce OJHONUCTHBIX 3BE37000pa3HbIX (QYHKINUI, u
la,| < 1 B KIACCE OJJHONMCTHBIX BBIMYKJIbIX (DyHKIHUT. B 9T0it riase

OI'paHN4YInMCA J0Ka3aTEJIbCTBOM BazKHOI'O 9aCTHOI'O CJIydaZd.

Teopema 4.3. ITycmv dynryua f(2) = 2 + agz? + ... 20n0mopdna
npu |z| < 1, u f € S°, mozda |ag| < 1.
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HokazarenbcTBo. PaccmoTpuM BeroMorareibuyio pyHKITUIO
/(=)
f'(z)’
B okpecrrocTn Touku z = () umeem:

2a9 + 6azz + ...

P(z)=1+=z2

12| < 1.

(2) T + 2a9z + 3aszz® + ... T 2022 + 0(z)
Oyukig ¢ = (P — 1)/(P + 1) ompeaensier orobpazkeHne
nostyiockoctt Re P > 0 wa kpyr || < 1. [losromy dyukmms

P(z)—1
p(2) = 537
P(z)+1

00J1a/10€T CBOMCTBAMT:
1+ 2az—1+0(2)

Plz) = 1+ 2asz+ 14 0(2)
n |o(z)| < 1mpn |z] < 1.

K ¢yukiun ¢(z) npumeHnsieM BTOPOE YTBEPXKJIEHHE JIEMMbI

=asz+o0(z), z—0,

[IBapra. 91o npuBouT K Hy2KHOI orenke |¢’'(0)] = |ag| < 1.
Ciyuail paBeHCTBa BO3MOXKEH Jiuilb Toria, Koria @' (0)] = 1 <
©(2) = €z, Takum 06pa3soOM, PABEHCTBO |as| = 1 BO3MOXKHO TOIJIA 1

TOJILKO TOrJIa, KOTJla
z

fz) = 1+ eieg’
OueBuaHO, MOJyUYeHHAsT SKCTpeMaJsibHast (DYHKINMS — OIPEIesIsieT
JIPOOHO-JINHEIHOE 0TOOparKeHne eIUHUIHONO0 Kpyra Ha HEKOTOPYIO
TOJIYILIOCKOCTD, IPaHuIla KOTOPOH HAaXoIuTcsa Ha paccTosHun 1/2 or

Ha4aJla KOOpJIMUHAaT.

4.5 3agadm U ynpa kKHEHUd

1) Iokaxkure, uro dyskius w = f(2) OPUHAIIEKUT KJIACCY
BBIIIYKJIBIX OJHOJIMCTHBIX (DYHKIMI S° Torua u TOJBLKO TOra, KOrja
byuknug w = zf'(z) npuHaIeKUT Kiaaccy S* 3Be37000pasHBIX

OJIHOJINCTHBIX (PYHKITHUI.

2) PaccmarpuBas KOH(MOPMHBII pajnyc Kak (DYHKIIUIO, 33 IaHHYTO

B OJIHOCBSA3HOIT 00J1acTH {2, OLIEHUTE CBepXy MOJYJ/Ib €ro I'DaJIMeHTa.
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Pemenune. Yepes w = f(z) obosnaumm  QyHKIHIO,
OCYIIECTBJISIONIYI0  OJIHOJIUCTHOE  KOH(OPMHOE  OTOOparKeHue
equnmanoro kpyra D = {z : |z| < 1} na obmacrs Q. Torna,
KaK MBI 3HACM 13 TJIABBI 2, Jist 000t Toukn w = f(z) € {2 umeer
mecro pasenctso Ro(w) = (1 — |2]?)|f'(2)|. T'paguent sipisercs

JIBYMEPHBIM BEKTOPOM

7 Row) = <8R§7§w)7 8R§1§w))’ w=utiv

IIO9TOMY MO2KEM CHUTAThb €ro KOMIIJICKCHBIM YHCJIOM U HaiTHU 110

dopmyiie

8RQ( )+28Rg(w) 8]%39( )
Ju v ow

B cuny ycnosuit Komm-Pumana onpenesienust mpou3BoHoil OyieM

VRQ( )

NMETDH a_w B 0 a_w B fl(z)
oz 0z ’

[I03TOMY

3RQ . 8RQ ow I 8RQ ow 8RQ f’( )
oz  Ow 0z Ow 0z 0w

OTcro/1a BBIBOJIIM

2 0Rq
fi(z) 0%

Ro(w) =

[Tonb3ysch npecTaBieHIeM

-
X

Ro(w) = (1= |2P)If'(2)] = (1 = 22)/f(2)

HEIIOCPEJICTBEHHO HAXOIUM

6Rg(w) o f”
ORole) _ o)+ 0= ERVFG) F
1, OKOHIATEILHO,
v Ra(w)| = |21~ o) - 22\.

/
f'(2)
[IpaByio d9acThb MOXKHO OIEHUTHL cBepxXy. /Jljag »sroro mpnm

IPOM3BOJILHOM, HO (UKCHPOBaHHOM 2 € D paccMoTpuMm
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npeodpazoBanne Kéode
F5%) — f(2)
(1= [z[?)f'(2)

[TockoibKy g(¢) € S, To 1o Teopeme Bubepbaxa nmeer MecTo TOTHAST

9(¢) = = (+an(g)* +as3(g)C+ ..., |¢] <1

OIleHKa,
las(g)| = 19"(0)]/2 < 2.

Ho, ¢ apyroit cTopoHsbl, IPOCTbIe BLIYUC/IEHHSI IIOKA3bIBAIOT, UTO
f"(z)
2a2(g) = ¢"(0) =

f(z)

cJIeJIoBaTeIbHO,

T - |oP) - 22,

I"(2)
f'(z)

OrMeTnM, YTO OIMCAHME Psijia MHTEPECHBIX CBOWCTB I'paJiueHTa

[VRo(w)] = | = (1= [2°) — 22| = 2[ aa(g)| = 1¢"(0)] < 4.

KOH(MOPMHOTO pajinyca MOXKHO HaiiTn B ctarbe [22] u B Kuure [23)].

3) Onumnre i TPeIBLIYINEH 3a7adil BCe HKCTPEMAJIbHbIE
OJIHOCBsI3HBIE oDJ1acTH {2, T. €. 00JIaCTH, KOTOPbIE COJIEPXKAT XOTs Obl

OJIHY TOUKY w € ) cO CBOHCTBOM

’VRQ(”LU)‘ = 4.

4) Tlycern f(2) = z4ag2%+... roomopdna npu |z| < 1. Tokaxure,
uro f € SY Torma u TosIbKO TOrNA, KOTIA

/2” Re (1 N M) ‘ d)=2r  (v¥r€0,1)).
0

Fre
5) Hokaxkure anajor teopembl Kébe 00 opHOil deTBepToil st

BLINYKJIbIX bynkuuit: ecau f € S°, mo pacemosnue d(f) =
dist(0, 0f(D)) om mauwasra woopdumam w = 0 do epanuyw
oonacmu Q0 = f(D) ne menvwe, wem 1/2. Pasencmeso d(f) =
1/2 pearusyemesa avwn daa omobpascenuti eOuHUuH020 KPY2a Ha
NOAYNAOCKOCTVD, M. €. Oad Pynkuul euda

2
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6) Ilycts €2 — ogHOCBSI3HAST 00JIACTH, KOH(DOPMHO SKBUBAJICHTHAST
Kpyry ¥ He cojep:Kalias OeCKOHeYHO yjaJjieHHoil Touku. Yepes
dist(w, 0F2) 0b6o3HAYNM PACCTOSTHIE OT TOYKH W JIO TPAHUIIBI 00 1aCTH

Q). Jlokakute HepaBEeHCTBA,
dist(w, 002) < Ro(w) < 4dist(w,0), w € .

Ykazanue. JleBoe HepaBeHCTBO SBJIAETCHA CJEJICTBUEM JIEMMBbI
[IIBapia, a mpaBoe HEPABEHCTBO SKBUBAJIEHTHO Teopeme Kébe 00
ojinoit yerBepToit. Ho ji1s1 jlokazaTeibecTBa HYKHBI TTpeJIBapUTEeTbHbIE
nocrpoenust. Hauaure ¢ cpaBHeHNs KOH(OPMHBIX PaJIycoB 00J1aCTH
() B TOUKe w U BIMCAHHOTO B 3Ty 00JIACTH KPyra C IEHTPOM B ITOIl

TOYKe W U ¢ pajuycoM, pasabiM dist(w, 0f2).

7) Ilycte €2 — BbIIyksIas Twiockasg 006JacTb, KOH(DOPMHO

SKBHBaJICHTHaAd KPYTY. Z[OK&)KI/ITG, 9TO B 9TOM CJIy4dae

dist(w, 092) < Rg(w) < 2dist(w, 09), w € Q.
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5 Juddbepennuanbaoe ypaBaeHune JIéBHepa

[Iycts & : [0,400) — C — KOMIUIEKCHO3HAYHAST KYCOUYHO-HEIPEPbIB-
wasi ysknug, |k(f)] = 1. Pacemorpum muddepenimanbHoe
ypaBHeHne, npejioxkennoe K. JIésaepom:

dw 1+ rw
= wr— (= k(). (1)

1 —rw’

ﬂﬂﬂ 9TOI'0 YypaBHEHUA pellaeTcd 3aJavda Komm ¢ yCJ0BUEM
w(0) = z, (2)

rje z — (PUKCHPOBAHHOE KOMILIEKCHOE 1ncio, |z| < 1.

Kax pemenne 3ajaun (1) n (2) Bosunkaer dbynknns w = f(z,t),
KOTOPYIO MOYKHO PacCMaTpUBATL KaK (DYHKIMIO JIBYX MEPEMEHHDIX
t n z, npudem t — BelllecTBeHHas IepeMenHas, 0 < t < oo, z —
KOMILJICKCHas Tiepemennast, z € D = {z : |z] < 1}.

N3 xypca muddepenipagbiblX ypaBHEHHl M3BECTHO, HTO
cyliecTBOBaHNe perienns 3ajadn Ko s ypaBHEHUs epPBOTO
MOpsiIKA € HAYAJIBHBIM  YCJIOBHEM MOXKIHO JIOKA3aTh METOJOM
TOCJIeIOBATEBHBIX pnbskennit [Iukapa. DToT MeTon nmpuMeHnm
M JUId  KoMIuleKcHosHadnblx  dynknuit. [losaraem, [ro mysesoe
NpUOJIMKeHnne wy = 2z — KOHCTAHTa (110 OTHOIIEHUIO K IePEMEHHOM

t € [0,00)), a mepBoe mpubIIKEHIe onpeiesisieTcs: (hopMyIoi

t

1+ k(7)2
wy = z exp —/ﬁaﬁ'
0

[To naayKIu, dpopmysia JJjisd n-oro NpUOJINZKEHNsT UMeeT BIT

t

1 ne
Wy, = Z exp —/ + Rl Ldr
1 — k(T)wy_1

0

Ecan mocenoBaTe/IbHOCTL CXOJIUTCs, TO TpejeabHasd (QPYyHKIUs
wo = lim w, yI0BIETBOPsAET WHTETPAJLHOMY YDPaBHEHUIO,
n—oo

9KBUBAJIEHTHOMY paccMmaTpuBaeMoit 3ajade Komm. [losromy nam

JIOCTATOYHO TI0Ka3aTh CXOJANMOCTL MeToja [Inkapa.
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5.1 O cBoiicTBax penieHusi ypaBHenus JIéBHepa

Teopema 5.1. (Teopema JIéuepa.) 3adaua Kowu (1), (2) umeem
eduncmeenroe pewenue, npuuem e f(z,t) = z+as(t)2? +az(t) 23+ ...
npu |z| < 1w f(-,t) : D — C — odnoaucmmoe xongopmmoe
omobpaoicenue, m. e. f(z,t) wax Pynkyua nepemennots z € D
npu aobom gukcuposannom t € [0,00) Asaaemea 2040mopdrot,
oonosucmmuot u e f(-,t) € S. Kpome moz0, cywecmeyem
npedesvras GyHKuUL
tlgglo e'f(z,t) = f(z) €S.
JlokazarenbeTBo. Jlerko mokasarb, UTO IOCIEI0BATEILHOCTD W,

orpanmndena. meem

t

W, = Zexp —/P(T,wn_l)dT ,
0

rjae PYHKIMA
1+ rw

1 — kw

P(r,w) =

OyJleT UMEeTh MOJIOYKUTE/ILHYIO BEIeCTBeHHYI0 JacTh, ecu |w| < 1.
[Tokaxkem 1o mHAyKImH, 9to |w,| < 1. Umeem |wy| = |z| < L
[peanonozknm, uto |wy] < 1 gma k = 0,n — 1 u joKaxkeM, 4TO
YTBepZKIeHNe BepHO [ist wy,. Pynknus p = (14-¢)/(1—() onpenenser
orobpazkenne kpyra |[(| < 1 wa mpasyto mosyiiockoct Rep > 0.
[Tonarast kw,_1 = ¢, ¢ yaerom coornomenuit |k| = 1, |w,_1]| < |z,
nosiydaeM Re P(7,w,_1) > 0. CienoBaresibHo,
t
|wy,| = |z] exp —/Re P(r,wp—1)dr | < |z| (Vn € N).
0
Yr100bI J0Ka3aTh CXOAMMOCTD, 3aMETHM, YTO

t

dwy,
b o) et
0
I OTIEHIM
|d(wp —wy—1)|  |dw,  dwp1|
dt ]t dt |
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— |wnp(t7wn—1) - wn—lp(ta wn—2)’ S
< |wy — wy || P(t, wp—1)] + [wp-1|[P(t, wp-1) — P(t, wp-2)|.
[Ipumensist cooTHOIIEHNS

1+ rw,—1 14 kw,—9
Pt wa-1) = P( wa—s) = 1— kwp1 1—kwy o

2k(wy—1 — Wy—2)

(1 — kwp_1)(1 — Kwy_2)’

1+ |z
1 —|z]

[rwi| < [2] = |[P(t wy)] <

2‘ujn—l - wn—2|
(1 —z])?

|P(t,wyp—1) — P(t,w,—2)| <

K [IPOU3BO/IHBIM, [1OJIYYUM

|d(wn - wn—l) S A(Z)‘wn _ wn—1| + B(Z)"U]n_l — Wp—2|-

dt

31ech
147 2|z|

T PPy

— KOHCTaHTDbI IIO OTHOIICHUIO K HepeMeHHOﬁ t7 TaK KaK B 3a/Ja4de

A(z)

Komm sHadenne z dukcuposano. [losToMy mojiydaem clieiyromiee

JnuddepenIaibHOe HePaBEHCTBO

d|w, — wy_1]

- A’wn - wn—l‘ < B‘wn—l - wn—2|-

dt
Cuuraewm, aro t € [0, t], ymHO)KAeM nnddepeHnnaibHOe HEPABEHCTBO
na e~ i unrerpupyem. Bymnem nMers

d
(d_g; — Ay> e = (e7 ) = Be M|w,_; — w,_s|.

[IpocThie BHIKIAIKHA JAIOT

t

lwy, — wy_1| < e B / |wy—1(T) — wy_o(T)|dT.
0
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Taxum obpazoMm, nMeem

t
lw; — wo| = |z] |exp —/P(T, z)dr | —1| < Ct.
0
U TepaTuBHO IpUMeHss 3TH ONEHKH, HojaydaeM |wy; — wi| < const £2,

()

(eAtOBt)nfl
(n—1)!

pagaomepro 10 t € [0,%p]. YkasaHHast B BbIHOCHOI QopMmyJie

lw, — w,—1| < C(2) — 0, n — oo

CXO/IUMOCTL K HYJIIO CJIe[yeT U3 CBOWCTB SKCIIOHCHIMAJILHONI

dbyuximn. leficTBuTesbHO, TaK Kak
X n
Sy
= nl
to z"/n! crpemurcd K HyJII0O IpH N — OO B CHUJIYy XOPOIIO
M3BECTHOTO HEOOXOIMMOTO YCIOBHST CXOIUMOCTH JIF0O0T0 psijia. Takmm
00pa3oM, CXOINMOCTH METOJa IMOCJEeI0BATEIbHBIX MPUOIIKEHNT 1,
cJIeJIOBATEIbHO, cylecTBoBanue permenns 3amaqn Komm (1) n (2)
nokazanbl. CTaHIAPTHO JIOKA3BIBACTCS M €JNHCTBEHHOCTD PEICHNSI.
OpnosmctaocTh  byHKIME w = f(2,t) J0Ka3bIBAETCS  OT
nporusroro. llpeamosokum, 910 21 # 29, |21| < 1,]22] < 1, HO

CyHIeCTBYET IIOJIOZKUTEJIbHOE YUCJIO tl TaKoe, 9TO

f(z1,t1) = f(22,t1).

Ho rorpa 1o teopeme epuncrennoctu f(z1,t) = f(z,t), 0<t <
oo. Ilpu t = 0 mmeenm: f(z1,0) = 21 = 20 = f(29,0). Urak, z; = 29,
T. €. TIOJIYUYIJIN TIPOTUBOPEYNE.

[IpoBepum Tenepb HopMHUpOBKY. [lag sToro ypasuenue JIéBnepa
g w = f(z,t) mepenuiem Tak:

d(ln f +1) _2f

dt 1—kwf’

OTCIO/Ia MeeM




[Ipounrerpupyem ¢ ydaerom yciosus f(z,0) = z, Torma
t

f(zz’ ) _ e ' exp _/ 12_/££de = e (L +ca(t)z +e3(t)2” +...).

0

Orcrojla  HENOCpeJICTBEHHO — CJieJyeT TpedyeMoe pa3JjioyKeHHne B
OKPECTHOCTHU HavaJia KOOP/IIMHAT:

flz,t) = e (24 ca(t)2? +c3()2° + ...).

I waxoner, T10JIOMOPHOCTH HPEJACTbHON (QYHKIUH U ee
OJIHOJINCTHOCTH JIerKo cienytoT nu3 obmux Teopem TOKIL. Taxum
00pa3oM, CyIIecTBYeT Ipejie/ibHast PYHKITUSI

lim €' f(z,t) = f(2) = 2 + 2* +c32° +... €S.

t—00

Beibupast  BceBO3MOKHBIE — JomycTuMble  dyHKIun  k(t) B
nuddepennuaibHoM ypaBaeHun JI€BHepa, Mbl MOJIydaeM MHOYKECTBO

S C S, cocrosimee u3 TaKUX NpPeJEJbHBIX OJHOIMCTHLIX (DYHKIMIA.

5.2 Bpluucienusa m oneHkn Ko3dpuimeHTon

Teopema 5.2. (K. JIésuep.) Mnoowcecmso S’ ecrody naommo 6 S 6
MONOAORUL PABHOMEPHOT, CXOOUMOCTIU BHYMPU EOUHUYHO20 KpY2a,
m.e.Nf €S 3f, € S maxue, wmo f(z) = lim,,_.o frn(2) pasromepro
sHYMPU edunu 020 Kpyea D.

Kax ciieicTBue Oy IaeTest, 4To OneHKn Ko UIMEHTOB B Kacce
S, Hampumep, ONeHKH |a,| < m U HEKOTOpBIe Ipyrue, JOCTATOTHO
nokazarh st f € S [Tosromy BepHeMmest K pemntennio 3aaaqu Korm
(1), (2), . e. k dyukunn w = f(z,t), u K npepesbHoOil GyHKINYT
f eSS CS, oupenensemoii cooTHONICHEEM

f(z)=lime f(z,t) = 2+ c2° +c32° + ..., 2| < L.

t—00

fcno, uro reitoposckue koabdurmentsl w = f(z,t) MOXKHO
BBIDA3UTD depe3 k(t) U mocie MpeIe/IbHOTO Mepexo/ia HailTn (hopMyJIbl
JUIsT  KO3(DPUIMEHTOB  Co, C3, ..., Cp, ... TPeAETbHON QyHKIUN. Jls

sroro OyjeM B JajbHeiiliem paccmarpuath w = f(z,t) Kak
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PYHKIMIO KOMILJIEKCHOI IepeMeHHON 2z Tpu (PUKCUpOBAHHOM t €

[0, to], to < 00, 1 obpazyeM QyHKIUIO

gio(z, 1) = [ (f (2, 1), t0)) =77 (2 + calt, o) 2" + ...)

KOTOpasl YIOBJIETBOpseT TOXKIeCTBY ¢yt (f(2,t),t) = f(z, to) u,
CJIe/IOBATEJIbHO, BTOpoMY i depeHImaipHoMy ypaBHennio JIéBaepa

agto _Zagto 1+/€(t)2
ot T 0z 1—k(t)z2

z€ D, telo, .

[Tofcrapiss B 9T0 ypasienune pasjoxkenne B psiji GyHKIimu ge, (2, t)
1 cpaBHUBas MpHU 1. > 2 KO3(PDUIMEHTHI B MIPaBOil W JIEBOI YaCTIX

[IOJIy9aeMOI'0 PaBEHCTBA, MPUXOIUM K (hopMyJie

dcp(t, to) En:l
n\lty L0 1 n=j
—t = (n — 1) Cn(t, to) +2 o J Cj(ta tO) K j(t)'

Nnrerpupyem 910 jmHeiinoe ypasHenne nMmest B BUALy, 9To ¢y (2, ty) =

Z, U O3TOMY Cy(to, to) = 0 pu n > 2. Tomyuaem

to -1 .
en(t, tg) = =21 / Z g, to) K" () dr.

Ha ocHoBanuu »31oit  HopMy/bl  TeJIOpoBCKHe KoM DUIUEHTHI
pyuKITIN gi,(z, t) OTIPeIeIAIOTCS I0CJIEI0BATEILHBIMI
BBIYUC/ICHUSAMU, & JJId KOI(PMOUIMEHTOB TpeJe/bHOoi  (DYyHKINN
nMeeM

¢, = lim ¢,(0, ty).

t(]—>OO
HeCﬂO}KHble BBIKJIQJIKN IIPUBOJAT K CJICAYIOOINM (bOpMyﬂaM JJIA

BTOPOro 1 Tperbero Koadduimentos. CrpaBeiinBa

Teopema 5.3. (K. JIéBuep.) Umerom mecmo dopmyavi

cy = —2/ e "k(T)dT
0

P /OOO e k2(7)dr + 4 (/OOO a%(ﬂm)

o7
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Ilepast u3 3Tux QOpPMyJ1 [03BOJIIET JIETKO IOJYIUTh Y7Ke
3HAKOMYIO HaM OIleHKYy bubepbaxa it BTOpPOro kKo3puiimeHTa.

JleficTBUTEILHO, UMEEM

o0 o0
lco] < 2/0 e T|k(T)|dT = 2/0 e Tdr =2(—e "|y) = 2.
B nanbreitem HaM MOHAIOOUTCA €lle oJuH pe3yabraTr JIéBHepa.
Teopema 5.4. (K. JIésuep.) B kaacce S umeem mounyo oueHxy
lc3 — 5| < 1.

JoxazarenbcTBo. HerocpeicTBeHHbIE BBIYUCICHIS JTAI0T

00
lcs — 3| = —2/6_2T/€2(7')d7' <
0
00 00
< 2/627d7' = /erT = 1.

0 0
C npyroit croponsbl, s ¢yuknnn Kébe mmeem: as = 2,a3 = 3.
[Tosromy as — ag =3 —4 = —1, cieoBarebHO, OJyUeHHAas OIEHKA

TouHa 1 GyHKIMI Kéde siBIsieTcst SKCTpeMaJibHOI.

5.3 Ypasaenmne JIéBHepa-Kydapena

PasButnem u npumenenmsimu teopun JIésnepa zanumasinch I1. I1.
Kydapes, I M. T'ony3un, . E. Bazunesuya, X. [Tommepenke, B. B.
[opstitHOB 1 PsiJT IPYTUX MATEMaTHKOB.

B ympormennoit (opMyInpoBKe NpUBEIEM OIHO YTBEDXKJIEHHE,
Bocxogidmiee K 1. 1. Kydapesy n X. [Tommepenke, Tecno cssazantoe
Cco BTOpbIM ypaBHennmeM JIEBHepa U IO3BOJISIONIEE IOJIYYATh
JOCTATOYHBIE YCJIOBUS OJHOJUCTHOCTH AHAJTUTHIECKNX QYHKIUN (CM.
nojpobrocTn B [3], [40]).

[Ipennonoxkum, 9ro B emmamanom kpyre D = {z : |z| <
1} samambl anasmrudeckue dbyuknnn fo(z), fi(2), f(z, t), npuaem
f(z, t) menpepsiBHO uddepeniupyema o mapamerpy t npu 0 <
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t < oom f(O,t) =0, f/(0,t) # 0, a fo(z) u fi(z) BrOKEHBI B
oJiHOIIApaMeTprIIeckoe cemeiictBo f(z, t) cieayronimm obpasoM:

f(zv O)ZfO(Z)v f('z? t) :al(t) fl(z)—l_O(l)a t—>OO,

rae ai(t) — mnonaoxuTenbHas uddepernupyeMast (QYHKIUS €O
CBOIICTBOM
lim a1 (t) = oo.

t—00
Yepes h(z, t) obosHaunmM GyHKIUIO, ONPEIEICHHY0 PABEHCTBOM
0 t 0 t

L L eD 0<t < .
0z

ot
Teopema 5.5. Ecau

Re h(z,t) > 0, zeD, 0<t<o0,

mo ece gynrkuuu f(z,t) odnoaucmuo, 6 D = {z : |z| < 1}, 6
YACMHOCTU, 0OHOAUCTIHBIMU Asasomes U dynkyuu fo(z), fi(z).

5.4 3ajgauu u yrupakKHeHUs

1) Tloareepaure pesynbrar Kpayca-Hexapu: mycts dyHKIus w =
f(2) aBasieTCs aHATUTUYIECKOH M OMHOJUCTHON B €JINHUTHOM KpyTe
D, torna jis Beex z € D mBapryan 9Toil pyHKINN yI0BI€TBOPSET

HEPABEHCTBY 6
{f, 2} < m,
IpuyeM MOCTOsTHHAs 6 sABJISETCS TOYHOM.

OrmeTnMm, 9TO 9Ta TeopeMma 1oJiydeHa Biepsbie B. Kpaycom B 1932
roJly, HO cTaJja IMIMPOKO U3BecTHOIT rocse ctatbu 3. Hexapu 1949 roja,
IJle OH TIEPEOTKPBLI TOT PE3YJILTAT U JIOKA3aJ JIOCTATOYHBIE YC/IOBUA
OJIHOJTUCTHOCTU B TePMUHAX IIBapiinana (cM. HIKe 3a1ady 6).

Ykazanue. [Ipm mnpousBosibHOM, HO duKcupoBaHHoM 2 € D

paccMoTpuM IpeobpasoBanne Kéode

f(E2) - f(2)
- - f )

9(¢) = = (+az(9)* +as(9)* + ..., |¢| < 1.
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[Tockoibky ¢(¢) € S, T0 110 Teopeme JIEBHEpaA MMeeT MECTO TOUHASI

OIlEHKA,
las(g) — a3(g)] < 1.

HGHOCpe,ZLCTBeHHbIMI/I BBIYUCJICHUAMUN IIOKa3blBaeM, 9TO

6 (a3(9) —a3(9)) = {f, 2} (1 = [2[})*.
2) Ilycrs F' € X, Torpa

{F, ¢ < > 1.

6
(¢ =1)*

Ykazanue. Haiinercs nocrosianas ¢ taxkast, aro F(()—c # 0. Torma

JUTst (DYHKITIT
1

1) = Fam =
CIIPaBE/UIIBO HepaBeHCTBO Hexapu, paBHOCHIBHOE [OKA3BIBACMOMY.
Bbrancsiennst  ocTaToOMHO  HPOBOMUTH  JUIA  (DYHKINH,
ompegensemoii  paserctBoM ¢(1/() = F((), Tak Kak B cuiy
MHBAPUAHTHOCTH  IIBAPIMAHA  OTHOCHTEIBLHO  JIPOOHO-JTMHEHHBIX

npeobpaszoBanuii umeer Mecto pasercrso {g, z} = {f, z}.

3) Ilycre fy € S*. Tlokaxkure, 49TO OJHOIAPAMETPUIECKOE
cemeiicTBo dpynxumit f(z,t) = €' fo(z) yaoBaeTBopsieT BeeM yCIoBUAM
TeopeMbl H.5.

4) Jlokazknte Teopemy 1. Bekxepa: ecim dymknms f(z) =
2 4+ a2’ + ... ABIAeTCA AHAJUTUYECKOH B CIUMHUYHOM Kpyre D 1
VJIOBJIETBOPSIET HEPABEHCTBY
1
2
Rt
f'(z)

t0 f(2z) omrosmucrra B D.

1

YkKazaHue. PaCCMOTpI/ITe OJHOIIapaMETPUIECKOE CeMeliCcTBO BHUJIA

[let) = fle ') + (¢ — e )2 fle ).

5) Tlomyunre ciejyrorniee yTBEpKIeHNE KAK CJI€JCTBAE TEOPEMBI

1. Bexkepa: ecom dyuknng f(z) sBisercs aHAIUTHYCCKOR B
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nosymockocr I = {z = = + 4y : y > 0} u yjosiersopsier
HEepaBEeHCTBY

f"(2)
f'(2)

to f(z) opnosmctaa B 11

S_

1
2y’

y >0,

6) dokaxure Teopemy 3. Hexapu: ecin dynknus f(z) sBiaserca

AHAJINTUYECKOIl B €IMHNYIHOM KpyTIe Dn YAOBJIETBOPAECT HEPABECHCTBY

2
< — <1
{21 < o o<,
t0 f(2z) omrosmucrra B D.
Ykazanune. Yoeaurech, uro dyuknmio f(z) ¢ uU3BECTHBIM

mBaplIxaHOM MO2KHO IIp€ACTaBUTL B BUJEC

91(2)
f(z) = :
92(2)
rie g1(z) m go(z) — JMHEHHO HE3ABUCHMbBIC DEIEeHNs JITHEHHOTO

T depeHTna bLHOTO YpaBHEHUS BTOPOTO TOPSIJIKA

{fs 2}
2

PaccmorpuTe ojiHonapaMeTpuyieckoe ceMeiicTBo pyHKIUI Bujia

g”+ g=0.

e+ (@ — e zgi(ets)
ga(e7tz) + (et —e ) zgh(etz)

f(z1)

7) Tosyunre HepaBeHCTBO, JIOKA3AHHOE OJHOBDEMEHHO U
HE3aBUCUMO JIPYT OT Jpyra HeMelkuM MaTemarukoMm P. Kionay

11 aBTOPOM HACTOIIero yuebHoro mnocobus: nycmo f € S, mozda

2

LS 2H < ma

npuvem nocmoAHHaAA 2 ABAAEMCA MOYHOT.
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6 Teopmnsa JIuTTaByaa o mogIYMHEHHBIX DYHKITMSIX

6.1 Omnpeaenerne NOAYNHEHHOCTU U Teopema JIuTTaByaa

[lycts D = {z : |z| < 1} — equnuuneiit kpyr, u mycts P(z), U(z) —
rosioMopgHbIe PYHKINHN, 3a/laHHbIE B 9TOM KPYTe.

Onpepesienne. [oopsr, uro ®(z) nogunnena dyukimm V(z) u

HLITYT
D <,

ecn  cymectByer  dyHKImsa  w(z), rojgomopdHas B D m

ynossierBopstonias yeiaosusm: w(0) = 0, |w(z)] < 1 mrs Beex

z€Dmn

¢(2) =V(w(z)) VzeD.

K sroMy ompeje/ieHni0 MOXKHO JaTh CJIEJYIOIINe [MOSICHEHUS.
[Tosiesno momuuThL, 49to 1o Jjemme Illsapra g dysKIwn wW(2)
cripaBeJiTBa TouHast orenka: |w(z)| < |z| mis smoboit Toukn z € D,
HaJjiee, rosiomMmopdHasi (QpyHKIHMS IOJINHEHa caMoil cebe, TaK Kak
MOXKHO B3sTh w(z) = 2z B onpegesnenun. Kpome Ttoro, ecim ¥ —
OJIHOJINCTHAS (PYHKIUS, TO B OIpEJeJeHNN MOYKHO OOOHTHCH 0Oe3
dbysaknn w(z) u rooputh, uto P(2) nomuunena dynkim V(z) mpn
Beinosinennn ycsaosuit: ®(0) = W(0) u ¢(D) C W(D).

Teopema 6.1. (Teopema [Ixk. Jlurriasyma.) [yems ¢gynryuu O, W
eonomoppro, 6 D u ® < U. Tozda daa nobozo p € (0,1)

21

2
/ 1B(pei®)|2db < / U (pe™) 26,
0

0

Hokazarenberso. @ukcupyem mojiozkuresibioe ducio p € (0,1).
Bosbmenm nexkortopoe wmesio r € (p,1). Pacemorpum B epmHUTHOM
Kpyre KBaJparbl rosoMopdubix dysximit $(2) n ¥(z).

[Tockosibky  ®2%(2), U?(2) rtaxske rosomopdubl B D, To ux
BEIIECTBEHHbIE U MHUMbIE YACTH SIBJISIOTCA  apMOHUYIECKUMU
bynxuusmu. [Mosromy k bynxuuam ReW?(2) = u(z, y), ImP?(z) =

v(z,y) npumernmbl hbopmysibl [lyaccona. 3amucsiBas Ux JJIsT CyMMBbI
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u(z,y) + iv(zr,y), noaydaem cieyroiryto dopmyiy [lyaccona s

roJIOMOPHON (PYHKITIH:

2

1 .
B2(2) = W (w(2)) = — / w2(¢) Re S5 gg (¢ = et
[IpocTeie oneHkn ¢ yuerom HepaBeHCTB |z| = p < 7, |w(z)] < |z|
MPUBOJIAT K popMyIe

re? 4+ w(pe'?)
ret? — w(peiv)

2T
. 1 .
B(pe)? < 5 [ U0e”)P Re @,
27
0
rje peaJibHasd 9aCTb ,B;pO6I/I 110, nHTerpaJioM B3dTa 663 SHaKa MOIYJIA,

TaK KakK OHa [OJIOXKUTEJILHA B CUJIY TOIO, 4TO
(+z
(—=z

3J1ech yUTeHbl COOTHOIIEHU: |2| = p < 1 = |(].

Re > 0.

[IpounTerpupyeMm IIOJIydeHHOE HEPABEHCTBO JJisd  (PYHKIUI

®2(2), U?(2) npu dukcuposannom p € (0,1). Nmeem

2 2T 2T

. 1 . i i
/\@(pewwdgp < %/m(mw)\?de/f{e re’ fwlpe®)
0 0 0

re? — w(peiv)

K BHyTpeHHeMy wuHTerpajy IMIPUMEHUM TEOPEeMY O CpeJHeM JIJis

rapMOHNYECKNX (PYHKIWIL, T. €. (hopMy/Ty

27
1 : re? + w(pe'#)
— [ V(pe¥)dyp = V(0 V=R : :
or [ Ve=vo (Ve IR
0
[TockombKy
re? 4+ w(0) ret?
V(0) = Re e — (0) Remw :
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TO 6yﬂeM UMETH PaBEHCTBO
2w

2w 2w
1 ‘ 0 ip .
%/|\Il(rew)|2d0/Re re” +wipe”) dgpz/\\lf(rew)PdQ
0 0

reif — w(peiv)
0

JUTSL JIIOOBIX P, 7', YAOBJETBOPSIONINX cooTHOIIeHusIM 0 < p < 1 < 1.

B pesynbraTe mosydaemM HePaBEHCTBO

2m 2m
[12te9)Pdo < [ fuiret)p as
0 0

JUTe JTI0OBIX p, 1 Takux, uTo 0 < p < r < 1. [lepexons x nipeeny npu

T — p, IPUXOJUM K YTBEPZK/ICHUIO TEOPEMBI.

6.2 Teopembl cpaBHeHus KO03(hPUIIMEHTOB MOUNHEHHBIX
dbyukImit

Caenyromiee  yTBepXKJEHUE  sIBJISIETCS  CJEJCTBHEM  TEOPEMbl

JIMTT/IBY1a, TPUBE/IEHHON B TIPEIBIIYIIEM TyHKTE.

Teopema 6.2. [lycmo ® < ¥, npuuem

O(z) = E A2, U(z) = E B2,
k=0 k=0
Toz0a

DA <Y B
k=0 k=0

Hokazarenberso. [lo dopmyse [Mapeesans s |z| = r < 1

21 2

/|<I>(z)\2d9 - /@(z)wde -

0 0

2m 0 0
:/ E AprFe*® Arke= M dp = o g | Ap|>r?*.
k=0 k=0

AAH&IIOFI/ILIHO7 nMeeM paBEHCTBO

21 50
/ W (2)]d0 = 27 Y | Be|*r*".
0 k=0
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[Tpumensist Teopemy JIurtisyia, noaydaem mpu Jjirodom r € (0, 1)

(0.9] o0
Z ‘Ak|27’2k < Z |Bk’27’2k.
k=0 k=0

Ocraercst yCTpeMUTD 7 K €JIMHHUTIE.
Ha camom jete w3 Teopembl JIUTTIIBY/1a MOXKHO IOJYYUTH

CJICJIYIONIYIO0 CYUETHYIO CEPHUI0 HEPaBEHCTB A KO3 UITMECHTOB
Ak,Bki
[ Ao| < |Bql,

[Ao)* + [A1]? < |Bof* + |Bi),
|Ao|* + |A1]” + |As|* < |Bo|* + |Bi|* + | Bo)?,
|Ao|* + [A1]? + |Ao|* + |As]* < |Bof* + |Bi|* + |Ba|” + | B3|,

N aHaJIOTU4YHBbIC HEpaBEHCTBa JIJIA JIIOOOrO 4ncja cjaraeMbix. A

UMEHHO, CIIPaBeJJIMBA CJIeTY IO

Teopema 6.3. (Teopema B. Porosunckoro.) Iycmo

P(2) = Z AP, U(z) = Z B2
k=0 k=0

— 2000MOphHBLE hyHKUUL 8 eduHuuHoM Kpyee D, u nycmo
O <.

Tozda das 1106020 Hamypasvrozo vucsa n u npun = 0 umeem mecmo

HEPABEHCTNEO
n n
DAl <D IBif*
k=0 k=0
HokazaresscrBo. Pasencrso ®(z) = VY(w(z)), tae w(z) —

rojiomopdHas QYHKIWs, yI0BIeTBOpsitolas yeaosnio |w(z) < |z,
PABHOCUJILHO PABEHCTBY PSII0B

i Azt = i Brw"(2).
k=0 k=0
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['ennabHbIit X0/, HpI/IILYMaHHbIﬁ POFOSI/IHCKI/IM7 3aKJ/Iro9aceTCcd B
mocjeayromunx 3JIEMCHTaPHBIX HpeO6paSOBaHI/IHX 9TOI'0 TOXKIECTBa.

BO—HepBbIX, TOKIAECTBO MOXKHO 3alliCaTb B BIJIC

zn:Aka+ EOO: At — i Brw(z) zzn:Bkwk(z).
k=0 k=0

k=n-+1 k=n-+1
Bo-BTOpbIX, TOCKOJbKY BOJW3NM Hyds QyHKIUS w(z) wUMeer

CJICYIONIEE PABJIOKEHIE
w(z) = a1z + asz? + ... = z(ay + agz + ...),

TO BbIparK€HHUE B OOJIBIITNX KPYTJIbIX CKOOKax IIpeacraBuMo

00
k=n+1
CJIG,HOBaTeJIbHO, nMeeM KJII04eBO€ HOBOE TOXK/IECTBO

ZAkZ + Z CkZ ZBkwk(Z),
k=0

k=n+1

CTECIICHHbIM PAIOM BHUIQ

YTO COIJIACHO OIPE/Ie/IEHUIO MMOTIMHEHHBIX (DYHKIINI O3HAYAET

ZAkz + Z 2" <ZB;€Z

k=n+1

Hautee, Bce nipocto. K dyHKIMsIM

ZAkz + Z 2"

k=n-+1

n
= E Bkzk
k=0

IIPUMEHUMO CJIEACTBUE TCOPEMDBI HI/ITTJIBy,ILa. By,ILeM NMETD

Z|Ak\2+ Z Gy < Z|Bk!2

k=n+1

n n
ST1A? < Y IB
k=0 k=0

4TO U TpedOBAJIOCh J0KA3aTh.

OTCIOJIa CJIeJTyeT
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6.3 KsasunogumHeHHOCTb, runoTe3a Porosmuckoro

Onpenenenne. [lycto D = {z : |z| < 1} — eauHnumbIi KpyT,
®(2),¥(z) — romomopduble (DYHKIMU, 3ajaHHble B 9TOM KpyTe.
[oBopsit, ato dyukims P(z) gBisieTcss KBA3UIO[INHEHHO (DYHKITHI

U(z), ecam j1s1 Beex z € D cnpaBeiyinBo PABEHCTBO

D(2) = ¢p(2)¥(w(2)),

re YHKINI w 1 @ rojgoMopdubl B D, mpudeM |w(z)| < |z u |p(2)] <
1 g Bcex Touek z € D.

Bergemmy BaxKHBIN YaCTHBIN CTydail KBa3UMOIUMHEHHOCTH: €CJIN
dbyuxipn $(2), U(z) rosoMopdHbl B €JIMHUTHOM Kpyre U Jijisi BCEX
z € D somosnsercs nepasenctBo |P(2)| < |W(2)|, To, oueBumo,
dbyuknusg O(z) siasiercss KBasunogauHenHoit Gy V(z).

[IpoepbTe, wuto Teopembl JIurTiasyma wu  Porosmmckoro o
HOAYNHEHHBIX (DYHKIMAX CHPABEIJINBBI U JIJIsT KBA3UIIOMINHEHHbBIX
byHKIU, OpuYeM  CXeMbl JIOKA3aTeIbCTB  ITUX TEOpPeM  JJist
KBA3UIIOAUYMHEHHBIX OCTAIOTCS TEMU K€, 9TO ¥ JIJIs IIOJYNHEHHbIX
dyukmuit. BriepBbie 511 dpaKkThl ObLIN yCTAHOBJIEHBI B paborax J[xK.
Kotymm s byuxmuii ¢ yerosnem [(z)| < |W(2)| n M. C. Pobeprcona
B 0bOmIeM ciydae. TepMuH "KBa3sUIOIIMHEHHOCTL" TaKKe IIPEeIJIOZKEeH
M. C. Pobeprconom (em. monorpaduio X. [Mommepenke [40]).

Teopembr  Jlurriasyga u  Porosmbckoro 0 HOAYMHEHHDBIX
DYHKIUSX ¥ UX AHAJOIU /IS KBA3UIOAUUHEHHBIX (PYHKIUNA MUMEIOT
MHOTOYMC/IeHHbIE TIPUMEHEH!sI B TeOMETPUIECKOil Teopuu QyHKINIA.
B kadecTBe nmpuMepa J0KayKeM CIeIyIoliee yTBep:KIeHne 00 OleHKax

KO3 DUITUEHTOB BBITYKJIBIX (DYHKITHI.

Teopema 6.4. [Tycmo f(2) = 2+ a2’ +... € SU. Toeda |a,| < 1 das
scex n > 2.

Joxasarenncrso. U3 yenosug f € SY caenyer, uro

”(Z)
f'(z)

Re [1+z >0,z€D.

O6o3nauNM
e
f'(2)

P(z) =14z
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U 3aMETHM, UTO JIPOOb
0 P—-1
P+1
orpejessieT KOHMOPMHOE OTOOpaykKeHue IPaBOi  IMOJIYIIJIOCKOCTH

Re P > 0 na exuandHbiil kKpyr |Q] < 1, ciegoBare/ibHo,

P(z)—1

Q(2)| = ‘m

‘<1, z€eD.

[Tockosbky Q(0) = 0, no semme [IBapra umeem |Q(2)| < |z[, garo
paBHOCHIbHO HepaeHncTBy |P(2) — 1| < [2P(2) + 2|, u B KoHEUHOM

CHeTEC — HEPaBEHCTBY

F () < 12f'(2) + 2" (2)].

Taxum o6paszom, byukmus f”(z) keasunogunuena dyukunu 2 f'(z) +
z2f"(2). Beraucsmm reitsiopoBekne KodphUImenTsl 3tux (QyHKIUHA 1

IPUMEHNM K HUM 0000IIeHHyI0 TeopeMmy Porosunckoro. Mmeem
f'(2) = 14 2as2 + 3azz* + ..., f"(z) = 2as + 2 - 3azz + ...,
1 TI09TOMY
2f'(2) + 2f"(2) =

=2+ Z 2na,z" ' + Z nin—1)2""ta, =2+ Z n(n+1)z"ta,.
n=2 n=2 n=2

3anuceiBasi HepaBeHCTBO Poro3mHcKoro Jiisg KoM DUIUEHTOB,

110JTy 4aeM
4lagl® + 2% - 32|asg]* + ... + nP(n + 1)*|ane]? <

<4427 3 ap* + ...+ n*(n 4 1) a, | (1)

ckomyto  oneHKy — KOI(PUIIMEHTOB  JOKa3bIBAeM  Tellephb
METOJOM MaTeMaTU4YeCKOH MHIYKIuU. ba3oil MHAYKIUU MOXKHO
B3sITh WM3BECTHOE HepaBeHCTBO |ao| < 1. Ilpemmosioxkum, dTo
las] < 1,..]a,| < 1. Torma uz (1) creyer, 4rto |a,+1| < 1.
JeiicTBUTEIEHO, TIepeHecsi TepBble n cjiaraeMbix B (1) B mpaByio

9aCTh U MpUMEeHsst HepaBeHCTBa |as| < 1, ... | |a,| < 1, momygaem
P2+ 12l <
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<44 (2232 —4)|ag)* + (3% - 4% — 22 - 3% |ag)* + ...
o (P(n+ 1) = (n—1)*n)]a,]* <
<44 (273728 + (3747 —22.3%) + ...
PP+ 12— (n—1)"%) =n*(n+ 1)~

Taxum obpasom, npumum K onerke n2(n + 1)%a,1]? < n?(n + 1)2,
KOTOpasi HEMEJJIEHHO BJedeT TpebyeMoe HepaBeHCTBO |ani1| < 1.
OTUM U 3aBEPIIACTCS JI0KA3aTEILCTBO TEOPEMBI.

B. Porosuncknii goxkazaJj cjejyioiiee o0oOIIeHne TeopeMbl 6.4:
mycTh 3ajana rojomopdnas dynxuus f(z) = z + a2 + ..., 2] < 1.
Ecin f nogunnena nexoropoit dyukiuu g € S° 1o |a,| < 1,n =
2,3, .... B1943 rojty oH BBIIBUHYJI CJIEIYIONTLYIO OOOOIIEHHYIO THIIOTE3Y
Bubepbaxa: mycrsb 3aana rojomopdnas Gyukius f(z) = z + agz? +
. |z] < 1. Eciu f nogunuena Hekoropoit dgyHkunum g € S, 10
la,| <n,n=23, ..

Oo6ob1ennast runoresa bubepbaxa Tak:ke oKazaJiach BEPHOIl, Tak
KaK OHa cJjeayeT u3 Oosiee oOIIeil rumoresbl, BbICKazaHHOII B 1967
rogy . M. Mununbim n noxkazannoit 8 1985 rony Jlym e Bpamxem
C MCIIOJIb30BAHNEM U3JI02KEHHOI BhIlle Teopun JIEBHEpa.

s moaHOTHI mMHMOPMAIME  CPOPMYTUPYEM 3JIeCh THIIOTE3Y
Mwumuna: nyers f € S, m nycrb 7y, — TaK Ha3bIBaeMble

Jlorapudmuyeckiue KoapOUIMEHTHI, Ollpe/ieJIeHHbIe COOTHOIIEHNEeM

In /(z) = Z'ynz”, 12| < 1.
n=1

zZ

Toma JJIA JIIOOOTO HaTypaJIbHOI'O 9YKCJIa T ClIpaBedJIMBbl HEPpABCHCTBA

n m 1

>3 (k- 7) <o

m=1 k=1 k
OrMmeTnM TakzKe, 9TO Pa3IUdIHble THIOTE3bI U METOIbI OIEHKN
ko3 dpunmenToB Hambosiee MOJTHO U3JIOXKeHbl B MoHOorpadgum II.
JI. Jlopena [28|, wu3jaHHON 3a HECKOJBKO JIET JIO TOSIBJICHUS
cratbl jJe bpanxka. Bojee noapobnyo mHMOpPMAIUO 0 Pas/JImIHbIX
HOJTBEPZKIEHHBIX 1 ONPOBEPIHYTHIX THIIOTE3aX, HX B3ANMOCBI3N

MOYKHO HaliTH B HECKOJIBKUX IyOJIMKaIlUsiX, HalpuMep, B crarbe .
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A. Anekcangposa u U. M. Mwuna [6] 1 B rraBe 2 KHUrH aBTropa u
K.-11. Bupca [23].

B 3akJitouenue nmpuBejgeM OJIHO IoJjie3Hoe obo3nadeHue. st 1Byx
byuKIMit, r0JI0MOPQHBIX B HEKOTOPOI OKPECTHOCTU HYJIS U IMEIOIIIIX

TaM pa3JI0zKEHHE

f(z) = Zakzk, g(z) = Zbkzk,
k=0 k=0

MUATITY T
f(z) << g(2)
TOI'JIa ¥ TOJIBKO TOT /1A, KOT/Ia JIJI BCeX TeHI0POBCKUX KOI(MDPUITNEHTOB

BepHBI HepaBeHCeTBa |ay| < |bg|. Tak, nanpumep, runoresy Bubepbaxa
MOXKHO 3allicaTh B BH/JIE CJIEYIONIEro yTBepKAeHus: ecau f € S, mo

f(z) << z/(1 - 2)%

6.4 3Bagaum M yrnpa kKHeHUd

1) IlycTh BBIMOJIHEHBI YCIOBHsT TeopeMbl Porosmnckoro. MoxHO Jiu
yrBepKaarh i k > 1, uro |Ag| < |Bg|?

Ykazanue. Vmure KOHTPIIPUMEPHI.

2) Tlosb3ysick cxemoit jroKa3aTeIbLCTBa TeopeMbl 6.4, TOKaKuTe
cienyioniee yreepxienne: ecau f(z) = z + asz® + ... € S*, mo
CNPABEIAUBHL MOUHBIE OUeHKY |ay| < n das 6cex n > 2,

3) llycrs v € (—7/2, w/2) — dukcnposamnoe amcsio. ['oBopsT, 110
f dABJIsIeTCs OJIHOJIUCTHOI, Y-crinpaJjeodpa3Hoil pyHKIMEH U MUY T
J €S, ecim f €S u st Beex z € D BBIIOJIHSIETCA HEPABEHCTBO

/
- 2f'(z
Re elVJ > 0.
f(z)
BoisicHuTe, KaKiuM XapaKTEePUCTUIECKUM CBOMCTBOM obJiajlaeT obpas
equanaHoro kpyra f(D) miusa dyskium f € S. Hafigure Tounble
OIIeHKU JIJIs1 KoadpuimenToB pyHKIMI Kiacca, Sf;, IIOJIB3YSICh CXeMOit

JloKazaTeIbCTBa TeopeMbl 6.4.
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4) Ilycrs opmomapamerpuueckoe cemeiictso dyukimit  f(z, 1)
VJAOBJIETBOPSIET BCEM YCJIOBUSM TEOPEMBI 0.5, U 1ycTh 0 < &1 <ty <

oo. [okaxkure, aro f(z,t1) nomaunena ynknnn f(z,ts).

5) llyets D = {z : |z| < 1} — emunwmansiit kpyr, @(z), U(z)
— rojioMopdHbIe (YHKINHU, 3aJaHHble B 3TOM Kpyre, u & < W,
Jokaxkure cieyioniee yTBep:ienne: s jioboro p € (0, 1)

2T 2T
/ Re ®(pe)| db < / Re (pe'®)| do.
0 0

6) ITycrb dbynxuus P(z) = 1+ a1z + a2z’ + ... rosomopdua
B exmananoM Kpyre D = {z : |z| < 1} u yznosiersopsier Tam
uepaserctBy Re P(z) > 0. Hokaxure, uto P(z) << (14 2)/(1 — 2).

7) llycts v m ¢ — mocrosinmbie, a > 1, || < 1, ¢ # —1. Jlokaxkure
crejtyroree yreepkaenue 3 |23, c. 24:

() )= () )
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7 Metoabl cuMMeTpu3aIunu

7.1 CummMmerpmsals 00JIaCTM OTHOCUTEJIBHO ITPSIMOii

Kiaccmueckoe — m3onepuMeTpudeckKoe  HepaBeHCTBO — JOCTATOUHO
YCTAHOBUTDH JIJI BBITYKJBIX 00JIacTell Ha IJIOCKOCTU. ODTOT (aKT
OCHOBaH Ha CJIEIYIOIINX, BechbMa, IIPOCTHIX cooOpakeHusxX. IIycTb
JlaHa HEBBINYKJIasl 00J1aCTh, OUpaHUYEHHAsl CIPSIMJIZEMON KPUBOIL.
PaccmorpuMm  BBIIYK/IYyI0  000/109Ky 9Toi  obsactu.  OueBHIHO,
ILJIOIIA/b BBIIYKJIOH 000104k OOJIbIIe, YeM ILIOMIAJb CaMoil
HEBBIITYKJION 00J1aCTH, & JJINHA T'PAHUIILI — MeHbIe. /leiicTBUTEIbHO,
IIPU TIepexojie K BBIIMYKJIO0 000JI0UYKe HEKOTOpble I'PAHUYHBbIE JIYT'U
3aMEHSIIOTCSI  Ha OTPEe3KH IPSMbBIX, COEIUHAIONINX KOHIIbI STHX
ayr. A B reoMerpun EBK/MIA OTPE3KHM IPSAMBIX IIPEICTABIISIIOT
coboif Teojie3nvyecKne JIMHUU, COeIUHSIIONINE IBe 3aJaHHBIX TOUYKN
KpaT4daiinuM IIyTeM.

YToHueHHOe U 00oOIIAalONIee pa3BUTHE TON Haen OBLIO HaliJIeHO
MaTemaTukaMu enje B XIX Beke. Peub wumer o crernuajibHBIX
1Ipeo0pa30BaHmusAX IJIOCKUX U IIPOCTPAHCTBEHHBIX O0JacTeil 101
Ha3BaHUeM cuMMeTpusamusi. K HacTosImeMmMy BpeMeHH IIPHIyMaHO
MHOI'O TIOJIE3HBIX OIlepallnii Takoro Buja. HadHem ux usydenue c
HpocTeiIero ciaydas — ¢ CUMMeTpHU3aluu 00JIaCTH OTHOCHTE/IHHO
IPAMOIA.

Nrax, mycTh wnMeercs orpanmdennas obgacte 2 C  R2Z
Paccmorpum cummerpusarmio 001acTu {2 OTHOCUTEIBHO 0CK abCIICe
Ha ILJIOCKOCTH C 3aJlaHHOIl JeKapTOBOH CHCTEMOIl KOOPIUMHAT. DTO
O3HAYAeT, YTO HCXOud u3 obgacTu () cTpouTCss HOBasl 00JIACTD
", cuMmMeTpudHasi OTHOCHTEIbHO ocu abcuuce Ox, 1O CJeayOIIM
HIpaBUJIaM.

Abcicesl TOYeK, JieXKallux B 00JIaCTH, 3allOJIHSIIOT HEKOTOPbIi
unrepsai (a, b) ocu Oz. Ilepeceuenne obsactu ) ¢ npsmoit x =
x1 € (a, b) cocTonT U3 KOHEYHOrO WK GECKOHEYHOTo (HO CYETHOTO)
MHOKECTBa MHTEPBAJIOB KOHEYHON CYMMAaPHON JJINHBI Zlk = Y.
O6beuHene 10 BceM X1 € (a, b) IpsMOTMHENHBIX HHTEPBAIOB BI/IA

(21, Z1), vt 21 = 1 +1y1 /2 1 21 = x1—1Y1/2, U COCTABJISIET UCKOMYTO
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L(Q)>L(Q)

Puc. 15: Cummerpusaliiust OTHOCHTEIBHO MIPSIMOiA

obJ1acThb {2*, cUMMETPUYHYIO0 OTHOCUTEIbHO ocu abciuce Ox.
Paccmorpum jBa mpuMepa.
Ipumep 1. Iyers Q@ = {(z,y) € R? : 22 +¢* < 1,y >

0} — momykpyr. Ilepecedenme obsmactu §2 ¢ mpamoit © = x; €
(—1, 1) cocrouT u3 oOjHOrO MHTepBaja UIMHBL Yy = +/1— z?.

COOTBETCTBYIONH CHMMETPU30BAHHDIN MHTEPBAJ MMEET KOHIIBI B
toukax (z*, y*), (z*, —y*), npudem

* * 0N
.SU —Z'l, y = E'
(y*)Q/(O,5)2 = 1. Takum

obpasoM, obsacTh 2% mpegcTaBisieT coO0il BHYTPEHHOCTD JLINIICA C

[Tockonbky x2 + y?2 = 1, 10 (z%)? +

ypaBHEHIEM
o+ 4y = 1.

Ipumep 2. Myets Q = {(z,y) e R : 0 < 2 < a,0 < y <
b, z/a + y/b < 1} — UpsAMOYTroJIbHBIl TPEYTOJbHUK C TUIIOTEHY30It
¢ = Va2+b2. B pesyabrare CHUMMETPH3AINNN OTHOCHTEIBHO OCH
OpJINHAT TIOJIyIaeM pPaBHOOEIPEHHBI TPEYTrOJbHUK CO CTOPOHAMMI
a* = a, b* =" = \/m. OueBuIHO, 3TN JBa TPEYTOJHHUKA
NMEIOT OJMHAKOBYIO ILJIOMA b, KpoMe TOro, nMeeT MecTo CJIeyIoInee

COOTHOIIIEHUE JIJIsl IEPUMETPOB TPEYTOJIbHUKOB
a+b+c>a"+b" +

PABHOCUJILHOE JIEIKO IIPOBEPSAEMOMY HepaBeHcTBY b + va? + b2 >

VA4b? + a?.
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YKa3zaHHbIe BO BTOPOM IIpUMEDPE CBOIICTBA HHOLLLaILefI " II€EpuMeETpPOB
Ipu CUMMETPpU3allun ABJIAIOTCA 3HAKOBBIMMU. A NMEHHO, OKa3bIBaCTC:A

CIIpaBeJIINBOI CJIeAyIoNast TeopeMa.

Teopema 7.1. Ilpu  cummempudauuu  naockoll  obaacmu
OMHOCUMENLHO NPAMOT NAOUWGD UHBAPUAHMHA, G OAUHA 2PAHULDL

MOIHCETMN, Pa36e AUUWD YMEHDWUMBCA, . €.
AQ) = AQY),  L(Q) > L(QY).

HBapuaHTHOCTD ILJIOMIA/IN SBJISICTCS CJACACTBUEM I'€OMETPUIECKUX
IOCTPOEHUI IIPU CUMMETPHU3allun U olipejiesieHns nnrerpaJa Jlebdera.
[TosToMy HeEOOXOJMMO TOHATH Jiuiib HepaBeHcTBo L* < L. Jlnsa
IIPOCTOTHI PACCMOTPHUM CJIy4aii, KOrja rpaHuiia 00JacTH COCTOUT U3
rpabuKOB JIBYX HEIIpEepPbIBHO M depeHIupyeMbIX (DyHKIINI, TpruiemM
obstacte ) orpannmdena csepxy rpadukom dyHKImH y = yi(x), a
cuuzy — rpacdukom byakiun y = yo(x). Torma jymHa rpaHuib

obJ1acTu orpejiesigercd PopMyJIoit

L= L1+L2/\/1+ d+/\/

['panuna  cuMMeTpu3oBaHHON obsacTi  oupejessiercss rpadukaMm
dbyuknnit y = y(x), y = —y(x), rae

_yi(x) — ()
y(r) = 5 :

Torma jumHa rpaHUILI CUMMETPU30BAaHHONI 00/1aCTH PaBHA,

b
L*—L*+L*—2L*—2/ 1+ @ 2dx—
- 2 1 — d$ -

/\/4+ — ya(@))*dz.

OnenuM  noguHTErpaibHylo (DYHKINIO, [IPUMEHSIS HEPaBEHCTBO

TpeyroJbHIKa |wy + wa| < |wi| 4 |ws| K cyMMe KOMILIEKCHBIX dnCeT

wy; = 14 dy; uwy =1 —iy). Byaem umers: Vo € [a, b]
\/4 + (Wi (@) = 5(2))* = 2+ i(y1 () — ga(@))] = Jwr + ws| <
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< Jwn| 4 [waf = /T +y1(2)? + /1 + y5(2)%

CaeoBaTesbHO,

L= [ i+ ) - sh(o)ds <

a

b
< [ (Vs 1+ shar) s -1,

a

qTo Uu Tp€6OBa.HOCb JOKa3aTh.

7.2 Cummerpmsanus lllTeitHepa B mpocTpaHCTBE

Cummerpusanus  [llrefinepa orpaHnyeHHOl  ITPOCTPaHCTBEHHOI
obsmactn ) C R? orHOCHTE/BHO HEKOTOPOIl 3aJIaHHOI IIJIOCKOCTHU
I crponTcst aHAJOIMYHO ILJIOCKOMY Caydai. A WMEHHO, IyCTh,
narpumep, I — mnockocts xOy, w — npoekins () Ha Ty MJIOCKOCTb.
[Teprienukynsip Kk II, npoxopstiuiuit wepes Touky (1,y1) € w,
nepecekaer ) MO MHOXKECTBY KOHEUHOH JymHbl z1 = »  l. Ilo

OIIpeJIeJIEHIIO, CUMMEeTPU30BaHHas 00/1aCTh
O = {(z1,51,2) €R®: (z1,11) Ew, —21/2 <z < 21/2}.

Yepes V oboznaunm obbem obsacti £ C R3. Tlpeamonozknm, 9To
9Ta 00JIaCTh Or'PAaHMYEHa KyCOIHO-TJIAIKON ITOBEPXHOCTHIO ILIOIIAIN
S. Ilycts V* u §* — obbeMm u 1j1018/b, COOTBETCTBEHHO, 00JIACTU
Q* C R3, nosryuennoil cumMerpusareii o 1llTefinepy oTHOCHTEILHO

HekoTopoit maockoctu. [lo anasornm ¢ Teopemoit 7.1 jJoKasbiBaeTCs

Teopema 7.2. Ilpu CUMMEMPU3 AU no I[IImetinepy
NPOCMPAHCMBEHHOT  00AGCTNU  OMHOCUMEALHO NAOCKOCTIU  005eM
000aCMU UMBAPUAHMEH, G NAOULADL 2PAHULDL MOAHCEM, PA3EE AUULL

YMEHDWUMDBCA, . €.
Vr=V, S* < S.

Pasznnunbie METOJbl CHMMETpU3allunl YCIICIIHO IIPUMEHAIOTCA

IIpu HuccjaeJoBaH 3aJaqd MaTeMaTu4ecKoii CbI/ISI/IKI/I IJIs OIICHKU
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dbusmueckux  BejuunH  (HYHKIMOHATIOB  00JIACTH), TAKUX KaK
OCHOBHAasI 9aCTOTa KOJIEOJIIOIIeicst MeMOPaHbI, »KECTKOCTb KPYyUeHUsI
VIpPYyToit Oa K, pacxojl »KUJKOCTU IIPHU IOJ3EMHBIX TECUCHUSIX. DTH
BEJIMYMHBI, KaK [IPABIJIO, CBA3AaHBI ¢ PEIIeHUIMI KPAeBbIX 31849 NN
BapUAIMOHHBIX IIPoO/eM MaTeMaTHdecKoil (PU3UKU U IIPE/ICTaBIISIOT
c000iT HOPMBI HEKOTOPBLIX OIIEPATOPOB BJIOXKEHHSI B IIPOCTPAHCTBAX
CobosieBa. IlosTomy  ecTrecTBeHHO  BO3HHKAET  HEOOXOIMMOCTH

OJIHOBPEMEHHOI CcHUMMeTpu3alny o0jacTeil U 3aJIaHHBIX B HUX

pyHKIHIL.

7.3 Cummerpmsanus llIBapmoa

st myutocTpalun paccMOTPUM KpaTKo cumMeTpusariiio 1o [Isapiry.
[IycTs 3a1ana orpanndenHas obaacts ) C R2. [lng  BecbMa IpocTo
oIpejlesisIeTcsl CUMMeTpHU30BaHHas obsacTb: 0F C R? kak Kpyr c
LEHTPOM B HadaJje KOOPJMHAT U UMEIOIIN Ty »Ke ILIONIA] b, UYTO U
HCXoIHas 00sacTh ().

[Iycts nMeercs HenpepbiBHas Gyuknug U :  — R. Pacemorpum

MHOKECTBa,
Q) ={z € Q:U(z) > u}, w € R.
[TockombKy
M =] U(x) [|< oo,

10, ovueBUIHO, (1) = & mya 3uadennit p > M. CoorBeTcTByIOMIAs
U : Q — R cummerpusosannas gyukimsa U* 1 QF — R onpegessiercs
CJIETYTONINM 00Pa30M:

U*(x) = sup{p : x € Q(u)"},

rie Q(pu)* — Kpyr ¢ HEeHTPOM B Hadajie KOODJMHAT, MMEIOIInii Ty
e TIommaib, 910 u obsacts (u). V3 ompenesenus ciemyer, 9To
CUMMeTpU30BanHas (PYyHKIUS SBIACTCS TaK Ha3bIBAMOIl pauabHOl

dbyukupeit, T.e. 3aBucuT Jumb O |x| = /2?7 4+ x3. B noaspbix
KOOPIMHATAX

U*(T, (91) = U*(T, (92) \V/(91,92 e R.
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B cuny onpenesiennst nuarerpaJia Jlebera jijist jiro00ii HelpepbIBHOM

dbyuknuum ¢ : [—M, M] — R 6ygem uMeTh paBeHCTBO
[vwentr= [ @
Q O

CummeTpusanms [[TBapma €CTeCTBEHHBIM obpa3om
pacrpocTpaHsieTcss M Ha cjydail [poCTPaHCTBEHHBIX —obJacTeit
Q C R", n > 3. Ilpu srom cummMerpusoBaHHasi obactsb 2 C R" —
ap ¢ IeHTPOM B Hadajie KOOP/IMHAT, UMEIOIINI TOT Ke 00beM, UTO U’
ncexosHas obiactb ). st Henpepeisroit dyukiun U : Q — R, kak

1 B CIydae n = 2, OpeJeIsioTcs MHOKECTBA,
Qp) ={z€Q:U(x) > u}, p € R.

U CUMMETpU30BaHHasd (PYHKIINA

U'(z) = sup{p : z € Q(p)"},

onpejnenentas B mape 2 C R". Jlna cummerpusarnum [IIBapra B

IIJIOCKOM U IIPOCTPaHCTBEHHLIX CJIy4dadX CIIpaBeAjinBa

Teopema 7.3. Ilycmv obaacmv 2 C R"™ oepanuvena wycouro-
enadkoli noseprrocmuvio (kpusott npu n = 2). Hycmo, dasee,
pynxyua U : Q — R asasemes Heompuyamessrot U Henpepuiero
duppepenyupyemoti u obpausaemcea 6 HyAb Ha eparuye obaacmu .

Tozda npu cummempusayuu no Ilsapuyy ors 106010 nenpepvirot
dynruuu Y [—M, M] — R 6ydem umems

oz = [ @)t

/|VU|2d:c Z/WU*Fdx.

Q Q*

u, Kpome mozo,

Teopema 7.3 wucrnonb3yercsd g JIOKa3aTelIbCTBA  PAA
N30MePUMETPUYECKIX ~ HEPABEHCTB  MaTeMaTH4decKoil  (DU3MKU.

HpI/IBe,ﬂ;eM JABa KJIACCUYECKUX YTBEP2KICHUA TaKOI'O BUIA.
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Teopema 7.4. (Teopema Pajiess — Kpana — ®abepa.) Cpedu scex
MeMOPar (NAockuxr 00Hoc8aA3HbT 0baacmeti) ¢ 3a0annoll NAOULAObIO
U 3AKPENAEHHBMU KPAAMU HAUOOALWYIO OCHOBHYI YACTOMY UMEEM,

Kpye.
B pamMkax oOIenpuHATOl MaTeMaTUIeCcKOi MOJIEN TEOPHH 3BYKa

peYb nIAET O HEPaBECHCTBE

Lo 1
M(Q2) T (D)

e A(Q2) m A\(D,) — mnepsble COOCTBEHHbIE 3HAYEHHs 3a1a4ll
Hupuxiae st ypaBHeHus Jlamjaca Jiisi  OJHOCBSI3HON ILJIOCKOI
obstactu §) KonewHoil muomaan u Kpyra D, Toil ke ILIOIIA/H,
coorBeTcTBeHHO. M3 Kypca MaremaTndeckoii (U3MKH H3BECTHO

cJeJlyioliee  BapUAIMOHHOE OIIpe/iejieHne II€PBOr0  COOCTBEHHOIO

. ff lu|>dx dy
= sup

Q
)\1(@) ueCs (Q) ff|Vu|2dx dy’
Q

SHa4YCHNA:

rae Co°(€)) — MHOXKECTBO TJIAJIKUX, BEIECTBEHHO3HAYHBIX (DYHKIHIT

u = u(x,y) ¢ KOMIAKTHBIMI HOCHTEIAMH, JEKAIIMI B 001acTh ).

Teopema 7.5. (Teopema Cen-Benana — [Tosna.) Cpedu ecex naockux
00HOCBA3NVLL  0baacmel (nonepewnuir cevenuls ynpyeur 06ai0k) ¢
3a0aMHOT NAOWAIDIO HAUOOALWYIO HCECTNKOCTNG KPYUEHUA UMEEM,

Kpye.

Bapuanunontoe omnpesnesenue ykecrkoctn P(§2) KpydeHns: TakoBo:

2
4 [ Juldz dy
P(2) = sup s

vecs@) I 1Vul?de dy
Q

JlokazaresibecTBa JIBYX MOC/IEJHUX TEOPEM, CBsSI3aHHBIE C HUMU
HCTOPUYECKUE CBEJICHUA U PA3BUTHE TEOPUH HOJOOHBIX HPOO/IeM
MOKHO Haiitu B Kuurax [11], [25], [1].

Criejtyer OTMETHTH, 9TO W3JIOKEHHBIE B STOH TJIaBe MOHSTHSI

n  dakThl CTaAJIM yXKe KJIACCUKOH. Huraresaio, »KeJaroleMy
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HO3HAKOMUTBLCS € Pa3BUTHEM  METOJIOB  CUMMETPU3AIUU, ¢
COBPEMEHHBLIMI  IIOJIXOJIaMM B TEOPUM CHMMETPU3AIMU U UX
IPUMEHEHUSAMU B I€OMETPUUYECKON Teopun (DYHKIMIL, s PEKOMEHIYIO
nocmorperh crateio B. H. Jly6mnuna [10]. Kpome Ttoro, ciemyer
TaKzKe CKa3aTb, YTO B HACTOAINEE BpPEMsl UHTEHCUBHO DPa3BUBAETCS
"Teomerpuueckuit anaaus" | jexKanuii Ha CThIKE TEOPUH yPaBHEHUIT B
JACTHBIX IIPOM3BOIHLIX 1 Jnddepennnaabnoii reomerpun. OIHIM 13
pa3e/I0B TeOMETPUYECKOIO aHAJIN3a, SIBJISIETCS CIIEKTPAJIbHAA TEOPUs]
ypasuenuii Jlamaca-Benbrpamu (cMm., Hampumep, usganuyio B 2017
rojty Kuury [43]).

7.4 3amauu m ynpakKHEeHUS

1) Meromamu sj1eMeHTAPHON MaTEMATUKH JIOKAZKITE JIBa CJIEYFOIINX

YTBEPKIACHUA:

1.1) cpean Bcex NPSIMOYTOJBHUKOB C 3ajaHHBIM [EPUMETPOM

HaKOOJIBIIYIO ILIOIIA/Ib UMeeT KBaIparT;

1.2) mpaBHJIbHBINH TPEYTOJBHUK WMMEET HAUOOJIBIIYIO ILIONATH

cpeJil BceX TPEYTOJIbHUKOB 33JIaHHOTO ITepUMeTpa.

2) Tlocrpoiite TpexmMepHyo 00JaCTh, ILJIOMAJb [TOBEPXHOCTH
KOTOPOil OOJIbIIE TLIONAIN TIOBEPXHOCTH €€ BBIITYKJIOH 000JI0UK.
Ykazanue. PaccMoTpuTe TpexmepHoe TeJIo THIIAa BOJTYKA C

JO0CTaTOYHO AJIMHHBIM HEHTDPaJIbHBIM CTEP2KHEM.

3) [osb3ysick cxemoii JoKazaresbcTBa TeopeMbl 7.1, jToKazKuTe
yTBep:KieHne S > S* TeopeMbl 7.2.
Ykazanue. Ecin jjokazare/ibcTBO He TOJIydaeTcs, TO 00paTuTech K

kuure |11] wrm [25].

4) Tlokaxkure, uyro npu cummerpusanuu o IllTeitnepy wumeror
MECTO CJIEJIYIONTIE TPOCThIE PABIIIA;

ecau (2 C €, To Q] C €23;

eCT A — TIOJIOXKUTEIbHAsT OCTOsTHHAsT, TO (A§2)* = AQ*;

ecsm B — map ¢ eHTPOM Ha, IIJIOCKOCTH CUMMETPU3Ani (M KPyT

C TIEHTPOM Ha TPsSMOil cuMMeTpusanuu), 1o B* = B.
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5) Iokaxkure, uro npu cummerpusaiyn 1o [lreiinepy mmeror
MECTO CJEJIYIONIe HepaBeHCTBa JJId  PaJIMyCOB BIIMCAHHOIO U

OIIMCaHHOI'O IIapOB:

() > r(Q)

R() < R(Q).

B m1ockoM ciydae pedb ujeT o pajuycax r u R Kpyros, BIICAHHOI'O

B 00J1aCTb U OIMCAHHOI'O BOKPYT 00JIACTH, COOTBETCTBEHHO.
6) [Tycts Q1 u s — aBE ObIACTH,
Oy + Q9

— CyMMa MuHKOBCKOrO ABYX MHO2KECTB, COCTOAIIad N3 BCEX TOYEK C,
KOTOPBIE MOYKHO TIPEJICTABUTH KaK (BEKTOPHBIE) CYMMBbI a + b TOUeK
a€cQyube .

Hoxazkure, yro npu cuMmMerpusaimn 1o [Teiinepy nMeer Mecro

BKJIIOYCHUC:

7) [osb3ysick Teopemoii 7.3, goKayKuTe TeopeMbr 7.4 u 7.5.

Ykazanue. Ecin BosHUK/IN 3aTpyHEHHsI, TO 00paTUTEeCh K KHUT'E

[11] womm [25].
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8 IlpunoxkeHnss KOH(POPMHBIX OTOOpaKeHMit

Kondopmabie oToOpazkeHusi WMEIT HPHUMEHEHHsI BO  MHOIHX
IPUKIAIHBIX 3aa49ax. OCHOBHBIE IIPIJIOXKEHNS CBSI3aHbI ¢ KPAEBbIMI
3a/1a9aMI, BO3HUKAIOMINMI IIPU U3y YEHIH CILIOMIHBIX CPeJ] PA3/ITIHOI
usnyeckoil MpPUPOJIbI, HAIPUMED, IPH ONUCAHUN XapaKTEePUCTUK
TEUEHUsT KUJIKOCTU, DJICKTPUUECKUX WM MarHUTHBIX — IIOJIeid,
pacipejiesieHns HAIPsKEHNIT B YIPYroil cpeie W JIPYyrux 3ajadax
conpoTuByieHns MarepuaaoB u T. 1. [lostomy dhpasy "pacemorpum
METOJI KOH(OPMHBIX OTOOpazkKeHuil" MOKHO BCTPETUTb B KHUTAX
JIJIsT MTH2KEHEPOB 110 PA3IUIHBIM 00JIaCTSIM HayKH.

[Ipexxjie dem nepeifiT K pPaccCMOTPEHHUIO IIPUMEPOB HPUMEHEHUSsI
KOH(MOPMHBIX  0TOOpasKeHMil, BCIOMHUM HEOOXOJMMBbIE 0a30BbIe
Pe3yIbTATHI, KOTOPbIE CIENUAINCTBl CYUTAIOT OOIIEN3BECTHBIMU 1

OIEpUPYIOT ¢ HUMU, KaK MPaBUJIO, O€3 CChLIOK Ha MEPBOUCTOYHUK.

8.1 OO0 ycioBuUsSX HENPEPBIBHOCTA I'PAHUYHBIX 3HAYEHUIA

BazoBasi Teopema O TI'paHUIHOM COOTBETCTBUM TIPU KOH(OPMHBIX
0TOOpaXKeHNAX, I1ybokue o0OOIIEHNsT KOTOPOil ObLIN YCTaAHOBJICHBI B
Kjaaccndyeckux paborax K. Kapareogopu, ObLia cpopMyanpoBaHa yrKe
B riepBoii ryiase ( cM. Teopemy 1.5). C ydaeToM GOJIBIIOrO MPUKJIAIHOTO
3HAUYCHUST TpuBeJeM (OPMYJIUPOBKY STOH TeopeMbl 3JeCh  elle
pas3, akIeHTHpysl BHUMaHHE Ha HEIPEPBIBHYIO POIOJKIMOCTH
KOH(OPMHOTO 0TOOPaKeHUsT Ha IPaHUILy 00JIaCTH.

ITycmob 0 — 00noceasHas 06Aacmb HA NAOCKOCTU, 02PDAHUNEHHAA
aamrHymot kpusot Hopdana O (m. e. epanuya obaacmu ABAAEMCA
HENPEPLIEHOT 3aMKHYMOT Kpueotl bes camonepeceuenuti). Ilycmo,
dasee, f : D — Q - xougopmroe omobpascernue eQuHu4H020 KpYy2Q
D na amy obaacmov. Toeda dynxuus f nenpepuero npodoastcuma
Ha 3amvikanue eOuRUNMO020 Kpyea, U epanudnvie snavenus f(e)
(0 < 0 < 27m), noayweHrnvle HENPEPLIBHHIM NPOOAAHCEHUEM,
YCMAHABAUBAIOM.  B3AUMHO  00HOZHAYHOE COOMBEMCMBUE  MENHCIY
eparuyamu obaacmet, m. e. meacdy 0D u OS).

ITo Tpamumum, coxpaHsiior Ty ke OykBy [ J1s1 00O3HAYEHMUsI

81



pojloJizKeHHoro oroopaxkenus f : D — €. CymecrBoBanne
IIPOJIOJIZKEHUsT O3HAYAET, B YaCTHOCTH, CYIIECTBOBAHIE IIpeJIesa
lim ~— f(2)
z—e? |z]<1
JLJIST JIIOOOIO BeIeCTBEHHOro duca 6.
[IpuBejieM Tak»ke OJIHYy M3 IOJIE3HBIX TEOPEM O CYIINEeCTBOBAHUN
HEIIPEPBIBHOINO  IPOJIOJIZKEHUsT ~ Ha ~ TIPaHUIly  IIPOU3BOJHOI
KOH(OPMHOTO oToDOpaxkenus — TeopeMy Kesora, ydenuka /I.

['unbbepra.

Teopema 8.1. (O. D. Kellogg, 1912.) IIycmv Q — odHocesasnas
0600CMb HA NAOCKOCTNAU, 02DAHUNEHHAA 3AMKHYMOT, 2400%K01 KPUBOT
Kopdana 0X), s — dyeosan abcuyucca 0L). Ecau yeon kacamensvHot

0(s) % eparuue obaacmu ydosaemeopsem ycaosuto [eéavdepa, m. e.
Vsq, 59 € RT

‘9(31) - 9(52)| < k ‘31 - 52|a7 k> 0,0é S (07 1]a

mo npoussodnas f'(z) xondopmmozo omobpascenus f 1 D — Q
u In f'(2) nenpepwisro npodossicumv na samvikarue D edunumriozo
kpyea, In f'(2) ydosaemsopaem ycaosuro Teavdepa, m. e. Vz1, 2o € D

|1Il f/<Zl) —In f/<22)| < ]fl ‘Zl — Zg|a, ]fl > O,
u, 6 wacmmocmu, f'(z) #0 6 D.

B zaxrouenne oTMeTHM, 9TO TeOpeMa O COOTBETCTBUU TPAHUIL 1
TeopeMa Kejjiora, Kak TeOpeMbl CYIIECTBOBAHUS HEMPEPHIBHBIX
MPOJIOJIZKEHNI, WMEIOT JIOKAJbHYIO TPUPOJY U MOTYT OBbITh
UCIIO/IB30BAHBI  JIJIT  HEIPEPBIBHOTO  MTPOJOJIKEHNA KOH(POPMHOIO
0TOOpaXKeHMs WJIU €ro IMPOU3BO/HO Ha Te JIyTH OKPYXKHOCTH, 00Pa3bl

KOTOPBIX 00J1a1a0T HEOOXOINMbBIMI CBOIICTBAMIU.
8.2 KoudopmHuo MHBAapPUAHTHOE MHTerpaJibHOe
HepPaBEHCTBO

[IpousBognast Kongopmuoro orodpaxkeuus f : D — () ecrecTBEHHO

BO3HUKAET IIPU KOH(POPMHBIX 3aMeHax IIepeMeHHbIX B NHTerpaJax.
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B komiuiekcHOM aHaJiM3e SJEeMEHT JJIMHBI Jyrd  ds d9acTo

obosHavaior 4epes |dz|, taxk xaxk |dz| = +/(dx)?+ (dy)? = ds.
Anasornuno, |dw| = +/(du)?+ (dv)? = do. [osromy

da dw

T = =1re)

U Opu  KOHGPOPMHOI 3aMeHe IIePpEMEHHBIX B KPHUBOJHMHEITHBIX
HHTerpaJjiax mepBoro poja anddepeHiuaibible 3JIeMEeHTh JIJINH JIyT
OKa3bIBAIOTCS CBA3aHHBIMU CJIeyIONieil mpocToit dpopmylioit: do =
|f'(2)|ds.

Obosnauum  f(z) = wu(z,y) + w(z,y), e u(zr,y),v(r,y) -
BelllecTBEeHHAs U MHUMas JacT pyHKimn f : D — ), 1 paccMoTpuMm
3aMeHy [epeMeHHON w = u + v Ha 2z = x + 4y upu cBs3u w = f(2)
B JIBOIiHOM mHTerpaJie. Mimeem

// dudv—// 2))J dz dy.

fAxobuan nmpeodpazoBaHusl JEIKO CUNTACTCS:

@@_@@ @ 2+ @ 2_‘]6/( )|
Oxdy Oz Oy ox ar) VD

TaK Kak B cuyy ycjaosuit Komm-Pumana

yo Of(x4iy)  10f(x+idy)
Flz) = ox ) oy -
Ju . Ov v 6u ou Ou Ov . Ov

= — +1=— = —tl— = +17—.
or Oz &y 3y or Oy Oy Ox
[TosToMy crampaprHas, 4acTO HCHOJIb3yeMas KOH(MOPMHAas 3aMeHa,

IIEpEMEHHBIX B ,HBOI'ZHOM nHTerpaJie 3alliCbIBacTCdA TaK:

// dudv—// "(2)|? dx dy.

B kadgecrse YIIpaKHEHHA JOKazKeM OAHO II0JIE3HOEC HEPaBEHCTBO.

Teopema 8.2. (em. [1], c. 182-183.) Ilyem» g : Q —
D — odnoaucmmoe xorgopmmnoe omobpascenue obaacmu 2 Ha
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edurunnotl kpye D, 2de 0 — odnoceasnan obaacmsd Ha pacuiuperHoti
Komnaexchot naockocmu nepemennot z = x + 1y. Toz2da das 110001
dynruuu u : Q — R, u e C5°(Q)

// Vu(x,y)|? de dy > // [ulz 1_ |g2_)‘|g)( 2l 1g'(2) | dx dy.

Ecin obnacts ) He comep:kKuT GECKOHEUHO YJIAJeHHONH TOYKU, TO

KaK CJIeJICTBUE 10JIydaeM KOH(MOPMHO HHBapUaHTHOE HEPABEHCTBO

// \Vuxy|2dxdy>/ \u dxdy Yu € C°(Q),
TaK Kak

2= lg(=)P) g2 1
(1= ]9(=)P)? - l9=P?  R3()

3aeck Ro(z) — kordopmublil pajnyc obaactu {2 B TOUKe Z.

9 (2)° >

HokazarenbcrBo Teopempr 8.2, Obozmaunm V. = V(z) =
1 —|g(2)|?. Coueras nepsyto dopmyrty ['puma

// [w> AlnV + (Vu?, VIn V)] dedy = 0
0

C IIPOCTBIMH COOTHOIIEHUAMU

// (IVul> = (Vu?, VIn V) +u* |V In V|?) da dy =
Q

:/ (Vu—uVInV)? dedy >0,
Q)

1OJIy 4YaeM

// \Vu|* do dy > — // ' (AlnV + |[VInV|?) dzdy.
0 0

OTO U €eCTh YTBEPXkKJEHHE TEeOpeMbl, TaK KaK HeIOCpPeICTBEHHbIe

BbI4YucCJICH A ITOKa3bIBaIOT, 9YTO

AV 4 0°V 2 —g(2)]?

- 9 ()]

Al In V2 -
nV + |[VInV|® = VOV 9207 (1 —1g(2)[*)?
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8.3 KoudopmHuas "nepecagka'" KpaeBbIX 3aa4

[TepeiimeM K WM3JI0KEHNI0 HEKOTOPBIX IPUMEHEHU KOH(POPMHBIX
oToOpaykeHnil B KpaeBbIX 3ajadax. B 9TOM IIYHKTE OIMUIIeM OJHY
O0OIIYI0 U0, a B CJEAYIONEM IyHKTE CXEMaTHIHO PACCMOTPUM
KOHKPETHYIO 3a/a9y, a UMEHHO, OOPATHYIO KPaeBylo 3ajady TeOpuu
KpbLa.

OauM 13 3PEeKTUBHBIX METOJ/IOB IIPU PEIIEHNN KPAEBBIX 3a/1at
B CJIO?KHO YCTPOEHHOIl OJIHOCBSI3HOI obJiacTu sijisiercst "mepecajka'
38129l C ITOMOIIBI0 KOH(OPMHON 3aMeHbI ITepEeMEeHHBIX Ha KaKyio-
HUOYb  TPOCTYIO  00J1acTh  (€IMHUIHBIH KPYT, TMOJYIJIOCKOCTh,
HOJIYKPYT, BHEIIHOCTb paspesa, I[0Jioca, MPIMOYTOJbHUK — MJIN
Kakas-TO WHasl, [pocTas 00/acTh ¢ u3BecTHON QyHKImei ['puna
cooTBeTCTBYMOIIEHl  Kpaepoit 3ajgaun). Jag  sroro  HEOOXOIMMO
IIPOM3BECTH 3aMeHy IepeMeHHbIX B AuddepeHnuaibHOM ypaBHEHNN,
3aJJaHHOM BHYTPH OOJIACTH, & TaKyKe MIpeodpa3’oBaTh TPAHUIHBIE

YCJIOBUS.

B kadecTBe mpumMepa paccCMOTPUM IIpeoOpas3oBaHue OIepaTopa
Jlamiaca pu KoHOpPMHOIT 3aMeHe He3aBUCUMbIX IlepeMeHHbIX. [IycThb
z=x+1y, ( =&+ in, byukuus p(z,y) oupenenena B obnactu 2,
u nycrs f i ¢ — ), — oxHosmcTHOE KOHQOPMHOE 0TOOparKeHue
obsactu )¢ IUIOCKOCTH IIepeMeHHON (¢ Ha 00sacTb (), IUIOCKOCTH
IIepeMeHHo 2.

[Ipennonoxkum, uro dyuKiws o(x,y) sBIETCs  BAXK/IbI
nenpepbisio  juddepeniupyemoit.  Paccmorpum B obsactun - )¢
nepementoit ¢ = £+in Gyuknuo P(€, ), onpeeeHHY 0 PABEHCTBOM

(E,n) = (z, y),

rie

v =x(&n)=Ref(E+in), y=y(& n) =Im f(+in).
Haiijiem cBa3b MeXK Ty JiariacuanamMn

o Do g P00

B9 =22 1 oy =2 T ap
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JIBYX (DYHKITNI, MTOJTyYaeMbIX OJHAa U3 JIpYToil KOH(MOPMHON 3aMeHOi
HE3aBUCUMBIX ITepEMEHHBIX.

HeHOCpeL[CTBeHHbIMI/I BBIYUCJICHUAMUA I10JIyHa€eM
0P  Jpox Lo Oy Oy
85 T Ox 35 oy 8§
u
R0 9 (01N 0pdp 2o (Oy\® _ 9% 0zdy Opdy
w(_x)+¢s&+ (y)+2¢fcy+s@

oe2 oz \o¢) " ox oe? o€ 00y OE OE | Oy O€2

Amnajioruano, OyjieM UMeTh
o _ 0% (o) gt
on?  0x2 \ 0n

cJjie10BaTeJILHO,

o 00 0wy P (09 0p0%
dr o “0xdydndn  0y: \on) ' Ay on?’

. 82g0 / ) 8290 ! 2
A® = 51/ +a—y2|f(C)| +

+8g0 82 +a? +a¢ 82y +a?
o¢? o¢2 '

OTO BBIpayKEHUE YIPOIIACTCS € YUYeTOM TOrO, UTO BeIllleCTBEHHAs U
MHIMas 9aCTH TOJJOMOP(HON (PYHKINHU SABJIAIOTCI TapMOHIYECKUMU

(bYHKLLI/IHMI/I, Kak cJIeACTBUE CIIpaBEAJINBbI TOXKIAECTBaA

dp (O%x O dp (Py | Py _
(w* )_0’ (agﬁ ):O‘

[ToaTomy okonuaTesbHas (popMy/ia OKa3bIBaeTCs BEChbMa IMPOCTOM, a

NMEHHO, CIIPABEJJINBO YTBEPZKJICHNUE.

Teopema 8.3. Illpu xondopmnoti samene z = f(() mesasucumwir
NEPEMEHHDLL CNPABEJAUBA POPMYAG

© = |f'(2)|* Ay,
2de ® =pof.

B uactaoctn, ecim Ap = 0, to AP = 0. Takum obpasom, mpun
KOH(MOPMHOII 3aMeHe HEe3aBUCHMBIX IEPEMEHHBIX TapMOHIYECKAs

yHKIMST — ocTaeTcss rapMoHmdeckoii. OTMeTumM  TakxKe, UTO
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KOH(OPMHAs 3aMEeHa, [ePEMEHHBIX YCIICIIHO UCIOJIL3YeTCsI, HAIIpUMeD,
B Teopum YyIpyrocru JAjad IIoJiydeHud ABHOI'O IIPEACTaBJICHUA B
psJlaX pelleHuil KpaeBbIX 3ajad. B KadecTse HpuMepa HpUBEIeM
dbopmyny JlaBenmopra g MHTErpajga OT pEHICHUA ypaBHCHUs
[Tyaccoma Ay = —2 npm HyJeBLIX I'DaHMYHBLIX 3HaUeHUsX. B aToil
dbopMysie 3Be3I0YKA HaJl CyMMaMH O3HA4aeT, 4TO CyMMUPOBAHIUE
pacCIpOCTpPaHseTCss Ha HHJEKCHI, YJIOBJIETBOPSIOIINE PABEHCTBY
a+B=v+0.

Teopema 8.4. (H. Davenport) Ilyemv ¢ynxuyua z = f(() =
Yoo ianC" ¢l < 1, ocywecmeanem odnosucmmoe kongopmioe
omobpascenue eUHUYHO20 KpYaa HA 00HOCEA3HY0  obaacmy 2,
COO0EPIHCAWYI0 HAMANO KOOPOUHAM, U UMEIOULYI KOHEYHYIO NAOULGOD.
Tozda das orcecmrocmu kpyvenusn ) umeem mecmo Gopmyia

0O 0 00 o0 ¥

P(Q) = g Z Z Z Z min{a, 3,7, 6 }a,aza-as,

2de pad abcoommo crodumcs.

BeiBog  aroit  dopmysibl - cogepxkuTest B Kuure [11],  mie
O IIEPKUBAETCS, ITO JIJIsT ADCOIOTHON CXOAMMOCTH Psijia HEOOXOIIMO
KaKoe-TO JIOIIOJIHUTEeJIbHOe TpeboBaHMe Ha  00JilacTb, HIpUYEM
KOHEYHOCTH TLIOMIAJIA SIBJIAETCS OJHUM W3 IOJXOJSAIINX YCJIOBUIL.
[TosTomy »5TO TpeboBaHHME U BKJIIOYEHO HaMu B (HOPMYJIHUPOBKY

TEOPEMBI.

8.4 OOparHas KpaeBas 3aJiada TeOPUU KPbLia

Ha pacmmupennoit KOMIIJIEKCHOI TIJIOCKOCTH TlepeMenHoit 2 = x + 1y
paccMoTpuM 00J1acThb {2, (BHENTHOCTH HEKOTOPOTI'O CBA3HOIO KOMIIAKTA
K), conepraniyio GECKOHEUHO YA eHHYI0 TOYKY U OIPaHUICHHYTO
KyCOTHO-TJIa KON KpUBOit L, .

[IpeamnosoKuM, 9TO B 3TOH 00JACTH UMEETCS IMOTEHIUAJIHHOEe
BeKTOpHOE —1071e  (Vy,vy) = U ¢ HoTeHnmajioM ¢(z,y),
VJIOBJIETBOPSIONIM ypaBHeHuto Jlamraca
Pp Dy

9ty Y

Ap =
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u rpanndHomy ycjosuio Heitmana na 0§ :

9y _
on

[Iycrs ¢ (x, y) — conpsizkeHHast K (1, i) rapMoHmIecKast (pyHKIIS,

0.

torga Gyuknug w(z) = @(x,y)+iv(x,y), rae z = x+iy, HA3BIBACTCA
KOMILJIEKCHBIM HOTEHI[AJIOM.

Buast obsactb )., MBI MOKeM HafiThm moTeHIman ¢(r,y) Kak

2
peleHne KpaeBoil 3ajadu sl ypaBHeHus .Jlamaca ¢ yKasaHHBIM
yeiopuem Hefimana (Jj1s1 eIMHCTBEHHOCTH, KaK W3BECTHO, HYKHBI
HEKOTODBIE JIOMOJIHUTEIbHBIE yCaoBHs). Torga B () omnpeaeanrcs
BEKTOPHOE 110J1e 110 (hopMyJiaM
dp Iy
or " oy

IIpuBenennas 3ajlada mpejcTaBisgeT coOOl POCTYIO MOJEhb

— Uy-

U3 Teopuu KpblLia: K — IomepedHoe cedeHnme TaK Ha3bIBAEMOI'O
KpbLIa ~ OECKOHEUYHOI'O  pa3Maxa, O00TeKaeMOro  CTalllOHAPHBIM,
ILJIOCKOIIAPAJLIEILHBIM IIOTOKOM MJI€AJILHOI HEeCKIMAEMOil »KIIKOCTH,
BEKTOpHOE 11071 (Uy,vy) = U — IOJIe CKOPOCTeil TedeHUs BOKPYT
KpbLIa, OJHOPOJHOE TI'paHUYHOe ycjaoBue Heiimana — ycjoBue
HEIPOHUIAEMOCTH KOHTypa Kpbuia L,. Ilorennman m ero yactHble
POU3BOHDBIC OKA3LIBAIOTCS HEIIPEPLIBHO IPOIOIKIMBIME Ha KOHTY]D
Kpblia L., 3a MCKIIOUEHHEeM OTJIEIbHBIX OCOOLIX TOYEK, IPUYEM

MOJYJIbL CKOPOCTH Ha KOHType L, paBeH

v=u(s) = dgcz;_is)’ 0<s<I,

rje s — Jyrosasi abcrucca KpuBoit L, [ — ee jjinHa, ¢(S) — rpaHudHbIe
3HAYeHUsI MOTeHInaa ckopocreit o(x,y).

[ I Tymamesoim B 1945 romy ObLia IocTaBjieHa W pelleHa,
TaK HasblBaeMad oOpaTHas Kpaesad 3aJada O IIOCTPOCHUU KPbLIa
¢ 3apaHee 3aJaHHBLIMU CBOWCTBaMK. A MMEHHO, IPEII0JaraeTcs,
9T0 KPBLJIO HEM3BECTHO, HO M3BECTHA CXeMa ero OOTeKaHMsl, 3a1aHbl
rpaHUdHble 3HAdYeHWsT MOjy/asd ckopoctn v = v(s), 0 < s <
[, 1 Tpebyercs IIOCTPOUTL TAKOE KPbLLIO, PACIPEIeIeHIe CKOPOCTH

TeUEHNs HA KOTOPOM COBIAJACT ¢ 3ajannoil dbyHknneit v(s).
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Puc. 16: O6rekanne kpbiia K

[Ipeaonozkum, 49TO 3ajada pelleHa, T. €. H3BECTeH MCKOMBDIIi
npodusib Kpelia K. Torna u3sectna Kpusasd L, ¢ ypaBHeHUeM z =
2(s), 0 < s < [, obmactp {2, — BHEIIHOCTb CBSI3HOI'O KOMIIAKTA
K, conepxaiast OECKOHEYHO YIAJEHHYIO TOUYKY ¥ OIpaHiMYeHHAs
KyCOIHO-TIJIKOI KpuBoii L,. [lycts zg = z(sg) — TouKa pa3BeTBieHUs
noroka, a z; = 2(0) — Touka cxoja moroka ¢ npobuss, (r,y) —
HOTEHIUAJ 10JIsI CKOPOCTEll II0TOKa BHE KPbLIA.

Paccmorpum kordopmHOe oTobpazkenne f : D~ — ()7 BHeIHOCTH
eIMHIIHOTO Kpyra D™ Ha obsacts () ¢ Hopmupokamu: f(00) = oo,
f(1) = zp. lyers ¢ = & + in, ¢ nomomBIO KOHMOPMHO 3aMeHbI
z = f(¢) mepemennbix omnpejesnnm dyuxiwo $(£,n) paBeHcrBoM

(E,m) = p(z, y),

rie x = z(§,n) = Ref(E+in), y = y(n) = Imf(§ + in).
Oyuknusa ¢(€,n) = e(x(&,n),y(&,n)) B 0bnact D~ yiosierBopsier
ypaaennio Jlammaca A® = 0 u OJHOPOJHOMY TI'PAHUIHOMY
yesaosuto Heiimana. CienoBareibio, pyHKIus @ mpejacrapisieT codoit
MOTEHINAJI TT0JI CKOPOCTEel MOTOKa, OOTEKAIOIIEero eJIMHNIHbII KPyT
110 TOI YKe CXeMe, 9TO U UCKOMBIH MpOUIb.

CoorBercTBue rpanull, L, ¥ eIMHUYHON OKPYKHOCTH IIpU
KOHpOPMHOM oToOpaxkeHnn f : D~ — (27 MoxKeT OBITH OIMCAHO
KaK COOTBeTCTBHE S = $(7y) MexkIy JjiyroBoit abermcecoit s, 0 < s < [,
1 nosspabiM yritoMm 7y, 0 < v < 27, Obosnaanm p(s(y)) = P(y) —
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I'PpaHNYIHbIE 3HaYCHUA IIOTEHIINAJIOB TE€ICHMA.

OyuKIo § = $(77) MOXKHO OIPEJIEJNTD U3 PABEHCTBA,

O(v) = p(s), 0<~y<2m,0<s<lI.

ITockosbKy Ha rpanunax ds = |dz|, dy = |de?| = |d(|, rpannynble
SHAYEHUsT MOJIyJisl pou3BogHOil Gyukmun z = f(() omnpemessitest
dopmyiioii

dz ,
—|=1f(e"=5(), 0<y<2m
dg¢
[TosTomy 1o dpopmyste IIBapiia
1 [ eV + ¢
k(C) =Inf'(() = —— Ins'(y)——= d~ +ia.
©i=lnf(©) =5 [ wsGTEdy

CiieioBaTe/IbHO, CIIPABEIINBO CJEAYIOIIee YTBEPXKICHNUE.

Teopema 8.5. Ecau obpamnas kpaesas 3adayua no noOCMpoeHuIo
KpoLAG Mo 3a0AHHOMY PACIPEJEAEHUIO CKOPOCTU  PA3PEWUMA, 1O
KOHPOPMHOE  0MOOPANHCEHUE  BHEWHOCTU  COUHUMHO20 KPY2a  Ha
00AaCMD MEUEHUA BOKPY2 UCKOMO20 KPBLAG Onpedeaiemcs Popmyaot

) C 1 2 i’y t
f(() =21+ ew‘/ exp {—2—/ 1ns'(’y)e + d*y} dt, |¢|> 1.
1 0

T e —t

DTH paccyKICHUs MOJCKA3BIBAIOT U ITyTh PEIICHUsT 3a/IaxH.

Bo-1iepBbIx, 3ajaHne CXeMbl TEUEeHHsI O3HAYAET, YTO W3BECTHBI
JyroBble abcnucesl § = sg u s = ( TOYeK pa3BeTBJEHHS U CXO/a
IOTOKA, & 9TO TIO3BOJISET ONPEICINTh TDAHUTIHbIC 3HadeHus ©(s)
MOTEHIIATA 110 U3BeCTHOMY MO0 |¢'(s)| = v(s) ero mponsBoIHOI.

Bo-BTOpbIX, IpsiMas 3ajata OMHUCAHUs TEUCHUs BHE €IIMHIIHOTO
Kpyra perraercs sBHbIMI (DOPMYyJaMi U € TOTHOCTHIO 0 BhIGOpA
HEKOTOPLIX YHC/JAOBBIX IAPAMETPOB 3apaHee H3BeCTHA (QYHKIHS
®(¢,n) B obmactm DT, ciemoBaTesbHO, W3BECTHBI T'DAHUIHBIE
snadenus $(y), 0 < v < 2w Ilostomy mu3 pasencrsa ®(y) =
o(s), 0 < v < 2m,0 < s < [, onpenensares byaknm § = s(y) u
Ins'(7) = Re k(e?).

Ho Torma mo dopmynam, NpUBEJIEHHBIM BbBIIE, MOKHO HaiiTh
In f'(¢), f(C), nu uckomas obsacts €2, ompemesutcest kKak obpas D~
npu KoHMOPMHOM oTobpaxkenun f: D~ — 7.
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Mbl ocTaBun B CTOpOHE HOAPOOHOE OOCYKIEHHUE Psijla BarKHDLIX
1 TOHKKMX BOIPOCOB II0 3TOH 3ajade, B YACTHOCTU, BOIPOCA O
esecoobpasHoM  Beibope 3ajaBaemoii  dbyakmun | (s)| = v(s),
0 BBIOOpE YHCJIOBBIX TapameTpoB mpu ompenenennn P(€,7n), o6
YCJIOBUSIX, TapaHTUPYIOMINX 3aKOHHOCTb IPUMEHEHHs] (DOPMYJIbI
Isapua npu onpexpeserun In f'(¢), 06 ojHO3HAYHOCTU U
OJIHOJIUCTHOCTH ITOCTPOEHHOTO KOH(MOPMHOIO OTOOPaKEHUS.

Teopusi  obparHOil  3aja4M  TEOPUM KpbLIa  HW3JI0XKEHa B
monorpaduax [ I Tymamesa uw M. T. Hyxwna [14|, ©. ]I.
laxosa [8].

8.5 3Bagaum m ympa kKHEHUd

1) Ilo 3ajaHHOMY KOMILIEKCHOMY MOTEHI[ATY TeUeHHs MOCTPOHTE
CXeMAaTUYHO SKBUIIOTEHIINAJIbHBIC JUHUU U JIMHUU TOKA, ONPEJC/INTe

CKOPOCTh ¥ ee KpHUTHYeCKHe TOYKd, ecan a) w = (a +

i8)z; b) w:%lnz; ) w=1i.

2) Ilycrb womIiekcHBIl moTeHmmans w = w(z) MHOTOKA,

00TEKAIONIEro e IMHUYIHbBIN KPYT, UMEeT BH]T

1 r
w=alz+-|+-—Inz 0<TI <4rma.
z 271

OHpeILeJH/ITe CKOPOCTbD IIOTOKa N €€ KPUTUYICCKHNE TOYKHU.

3) Tlosb3ysich perieHneM TpeabIyIei 3aa9l U OJHOTICTHBIMI
KOH(MOPMHBIMI OTOOparKEHUSIMI U3 KJIacca 22, HaliinTe KOMILJIEKCHBIE
MOTEHIUAJBI W = w(Z) MOTOKOB, OOTEKAIOMINX KOMIIAKTHI, OTJIHIHBIE
OT eIWHWIHOrO Kpyra. B dvacrHocTH, HaiiiuTe B SIBHOM BH/IE
KOMILJIEKCHBII TTOTEHIAN [OTOKA BHE HAKJIOHHOTO OTpe3Ka [i, al,
a > 0.

4) Haiinure obiree perierue ciejytoleii KpaeBoil 3ajadn (3aga4u
Ap o @.J1. TaxoBy): mycth €2 — ojiHOCBsI3HAST 00JIACTH HA, [JIOCKOCTH,
orpanmyeHnas 3aMKHYTOH Kop/aHoBoit KpuBoil L, n 3ajiana TOYKa
zp € . Tpebyercst onpenesmuts GyHknuo Q(2), aHATUTHIECKYIO B

obJiacTu 2, 3a UCKJIIOUYEHNEeM TOUKH Z(, IJe Il Hee JOIYCTHM II0JII0C
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HOpPSIIKA HE BBIIIE M U JIefiCTBUTE/IbHAST 9acTh KOTOPOI HelpepbiBHA
B 3aMbIKaHUN 00JIACTH U Ha KOHType L obpalaercd B HYJIb.
Ykazanne. Paccmorpure dyskimo ( = w(z), ONpeIesiontyto
OJIHOJINCTHOE KOH(OpMHOe oToOparkeHue obsiacTi {2 Ha eIMHUYHBIIN
KpyT ¢ HOPMUPOBKOi w(2p) = 0 1 umure dynkimio ¢(¢) = Q(w™(())
. n k
B BuJle cieiyiomeit cymmet ¢(¢) =D, ¢ C".

5) Ilycts cuoBa €2 — omHOCBsi3HAsT OOJACTH Ha  ILIOCKOCTH,
orpaHmveHHas 3aMKHYTOI Kop/aHoBoit KpuBoit L, n 3ajiaHa TOYKa
zo € . Paccmorpum dynknuio ['puna 3zamaan dupuxie s
ypasHenus Jlamnaca, T.e. pYHKIMIO BHIA

G(z,29) = ln# +u(z,y), z=ux+1y,
B
rapmonnueckyto B € \ {zo}, HempepbiBHO mpomo/Kumyto Ha L u
obpamatontyiocs B HyJab Ha L. Halimure cBA3b Mexty yHKIIMEd
['puna G(z,2p) W OJHOJUCTHBIM KOH(MOPMHBIM OTOOpakeHuem F
2 — D ¢ nopmuposkoii F'(zy) = 0. [losb3ysich 9101t cBsI3bI0, HaliTuTe
saBHO (byHKIMIO ['puHa I HECKOJLKUX KOHKDETHBIX obJacreii, B
YACTHOCTH, JJist Kpyra D ¢ IpOU3BOILHO (DUKCUPOBAHHBLIM [IOJIIOCOM

20 € D.

6) IMycrs dyskiua z = f(¢) = > 7 a, (", [¢] < 1,
OCYIIECTBJISICT OJHOIUCTHOE KOH(POPMHOE OTOOPAsKEHUE €MHUIHOTO
kpyra D Ha opHOCBs3HYIO 00s1acTh §2, U mycth P({2) — KeCcTKOCTh
Kpyuenus 91oit obactu. lokaxure dopmyiy u3 [16]:

2
n—ao

P :g Z Zagan,5 y

n=2 a=1 |[fB=«a

rje [x] o3Hauaer, Kak 0OBITHO, IEIYI0 YacTh YUCIa .

Ykazanne. Paccmorpure orpannmdenusie objactu 2. = f(rD),
0 < r < 1. K Hum npumenuma dopmyia lasennopra. 3a cder
epecTaHOBKU cjiaraeMbix B ¢dopmyse JlaBennopra (nepectaHoBKu

Oy/IeT 3aKOHHBIME B CHJIy abCOJNIOTHOM CXOJANMOCTU PsiJIOB) MOZKHO
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II0Ka3aTb, 9TO

2

Q) =5 D" D D sy
n=2 =1 b=«

Ocraercst akKypaTHO OCYIIEeCTBUTH IPeJIeIbHbBII Tepexo 1 upu r — 17,

7) Ilycrs P(£2) — KeCTKOCTh Kpy9YeHHsl OJIHOCBSZHOMN IJIOCKOT
obsactu §2, Ro(z) — koHMDOPMHBIT paiyc.
7.1) Jlokaxkure HepaBeHcTBO aBropa (cM. [1], riasa 4):

Q) <4 // R3(x + iy) dx dy.
Q
Ykazanue. [Ipumenss mepasencrso Komu-bynskosckoro-IIIsapia,
IUI i
|u|dxdy RQ dedy | <
Q o
2 ‘UP
< R¢ dx dy —5 dz dy.
Q o R

I[aﬂee HY2KHO BOCIIOJIb30BaTbCdA BapHallMOHHBIM  OIIpEAC/IEHNEM

[OJTy 4aeM

JKECTKOCTH KPYUYeHUsI U KOH(POPMHO MHBAPUAHTHBIM HEPABEHCTBOM,
MOJIYIeHHBIM Kak cJiesicTBue TeopeMbl 8.2 it dyukimn u € C§O(S2).
7.2) Hokaxkure tounyio omenky P. [. Canaxymnaosa [42]:

CIIpaBe/IINBO HEPABEHCTBO

> §// R3(x 4 iy) dw dy.
2 JJa

Ykazanue.  Bocnosbsyiitecb  dopmysoit I /laBenmnopra.
[IpeaBapuTe/bHO JIOKAXKUTE CJICAYIONIYIO (GOPMYIIY: ecy (PYyHKIIISI
z = f(Q) = >0l anC™ || < 1, ocyiiecTBisieT OJHOIUCTHOE
KOH(pOPMHOE 0TODpaskeHne eJMHNIHOTrO Kpyra [ Ha objacTh §2, To

2

00 (3] n—_
1
REdxdy =27 E _— (n—26+1) E Aop—ol

rie Ro = Ro(x +dy) , [¢] — nmenasg gacts uncra .
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Hosoe jpokazarenbcrso omenku P. I'. CajlaxyiunoBa MOXKHO HalTH
B cratbe [16|, e JOMoIHUTEIBHO J0Ka3aHo, 4ro ciydail P({)) =
(3/2) [[o R3(x + iy) dz dy < oo peanusyercst TOra U TOJIBKO TOIA,

KOI'JIa paccMaTpuBaeMasi 00J1aCTh SIBJISIETCST KPYTOM.
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9 KBasukoH@OpPMHBIE OTOOpaKEeHUH

9.1 KBgBa3sukoHdOpMHBIE OTOOpakeHusI W IIPecOpPa30BaAHUS
Mébnmyca

Pacemorpum o61acTh (OTKpBITOE CBsI3HOE MHOXKeCTBO) ) C R™ n >
2 u HemnpepbiBHOe oroOpaxkenue f : ) — R". Takum obpasom,
B obsactu §) 3ajaHa HenpepbiBHasg BekTOp-byHKIug y = f(x)
BEKTOpPHOTO aprymenTa. Ilyctb B eBkJmmoBoMm IpoctpancTse R”
ompejiesieHa JeKapToBa cucreMa KoopuHat. Toraa 3ajganue y = f(x)
B KOOP/IMHATHOII 3aII1CH O3HAYAET 3aJaHIe CHCTEeMbI (DYHKIINI MHOTHX
MePEMEHHBIX: T J1H000ro © = (T1,%2,...,&,) € €) omnpejeeHb

YUCJIOBBIE (PYHKITUN
Y1 = fl(xla "'7xn)7
Y2 = fow1, .0y 20),

Yn = [n(T1, .0y ).
[Ipeamonoxkum, gro orobpaxkenue f : Q — R" gpigercs
MHbEKTUBHBIM. [j1s1 j11000it Touku a = (ay, ..., a,) € €2 paceMoTpum

BEPXHUII IIpeIes1

K(a) = lim sup 2X=al=r () - f(a)\.
r—0+ Mg = [f(z) — f(a)]
Ouesnno, 1 < K(a) < 4o0.

Omnpenenenne. [Iycrs f: {2 — R" — HenpepbIBHOE, UHBHEKTUBHOE,
COXpaHsIoIlee oOpueHTaInio orodbpazkeHne odsactu ) C R", n > 2.
['oBopsiT, uTO OTOOparkeHue f

A) xBasukoHdOpPMHO B TOuke a € € ecaum s ITOH TOUKH
cymectByer Besmanta K (a) < 400;

B) kBazukoudopmuo B obactu {2, ecjim 0OHO KBa3MKOH(MOPMHO B
KazKJI0il TOYKe 9TOi 00J1acTu;

C) K-kBasukoudopmuo B obsactu €2 (K = const > 1), eciin oHO
KBasnkondopmuo B 31oit obsactn u sup{K(a) : a € 2} < K.

PaccmorpuMm  4acTHBI  ciaydail, korma n = 2 wu f -

KoHdopMHOe oTobOpazkenune objactu 2. i obo3HavyeHus: TOUEK
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OyJleM M0JIb30BATHCA KOMILIEKCHBIMU YUCIAMU 2 = X1 + 1X9, 4 =
a1 + tay € 2. I[ockobKy B JOCTATOYHO MaJjOil OKPECTHOCTH JIHOOOI

TOYKHN a € ) uMeeM IpejicTaB/IeHne

f(z) = f(a) = fi(a)(z = a) + o(z — a), ['(a) #0,

TO JIET'KO II0JIy4daeM

o max = | f(2) = fa)] B
K(a) = lim i 12— f@)] lim(1+0(r) =1 Va e,

MorkHO joKa3aTh 1 0OpaTHOE YTBEP:KJICHHE: eC/In

K(a)=1 Vae€Q,

To [ — KoHdopMHOe orobOpaxkenue obsiactu 2. Takum obpasoMm,
Jo0boe  1-kBazukoHMOpMHOE OTOOpazkeHue o0JIaCTU ABJISIETCSI, B
JIeCTBUTETLHOCTH, KOH(MOPMHBIM O0TOOparkeHneM 3Toil 001acTH.

CitejtlyeT cpa3y OTMETUTh, 9TO J/Isi KOH(DPOPMHBIX OTOOPaKeHHiT
IIPOCTPAHCTBEHHBIN cjydailt n > 3 CYHIeCTBEHHO OTJIMYAeTCsl OT
IJIOCKOTO cjydas n = 2.

B npocrpancTBeHHOM — ciiydae  KOH(OPMHBIE — OTOOpParKeHUsI
obnacTeil Takyke cymecTByioT. Hanmpumep, KonopMHBIMU ABJISIOTCA
0TOOparKeHMsI, KOTOpPbIe MOXKHO IIPEJICTABUTh KaK CyIepIIO3UIII0
orobpaxkenuii Buga f(r) = cxr + d (¢ = const # 0,d —
(bukcupoBaHHas TOYKA) W YETHOTO YHC/Aa WHBEPCHH OTHOCHTEIHHO
chep u (mmm) mwrockocreit. Taknme o0TOOpayKeHUsT HA3BIBAIOTCS
MEOMycoBbIMH. B IJI0CKOM ciiydae MEOMYCOBBI OTOOparkeHusl, Kak
u3BecTHo n3 odmero kKypca TOKII, coBnamaloT ¢ 1poObHO-IMHETHBIME
0TOOPAYKEHUISIMU.

UsBecTHa cienytomasa Teopema JImyBuiis.

Teopema 9.1. Ilpu n > 3 awboe ronpopmHoe omobpastcerue
obaacmu, m. e. omobpasicenue, ydosaemsoparousee yeaosuro K(a) =
1 6 0601 mouke obaacmu, ABAAEMCA MEOUYCOBHIM.

[IpekpacHbIM BBejleHNEM B TEOPUIO KOH(POPMHBIX OTOOparKeHuit
upu n > 3 gapisercs Kypce Jjeknuii JI. Anbdopcea: "IIpeobpazosanne
Mébuyca B muoromepuom mpoctpancrse". Ilo mpocTpaHCcTBEeHHBIM
KBa3UKOH(MOPMHBIM 0TOOPaYKEHUSIM 1 X 0000IIEHUIM g PEKOMEH,1YIO0

monorpadmio 0. I'. Pemmernaka [12].
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9.2 YpaBHeHue beabTpammn

PaccmoTpuM 1ojipodbHee KBa3MKOHMOPMHBIE OTOOParKeHUs IJIOCKUX
obJlacTeit, T. €. JBYMEPHYIO TeOPHUIO, O0DODIIAIONIYIO TEOPHUIO
KOH(OPMHBIX OTOOpayKeHuit objiacTeil Ha IJIOCKOCTH. Bo3bMmeM J1j1s
IPOCTOTHI IaJikoe, K-kBasukondopmuoe orobpaxkenne f : ) — C,
rae 2 C C — objsiactb. Beluncinm cHavasia SKOOMaH OTOOParKeHMUs.
Huddepennman orodpaxkenus f MOXKHO 3alucarb B CJETYIONEM
BHUJIE:

df = fdz + fzdz,

rie f., f; — dYacTHBIe TpPOM3BOIHBIE B cMbicjie Buptunrepa (cw.
ompejie/ieHus B epBoil jiekiun). Boiiesisis BelrecTBeHHbIE 1 MHUMbIE
qacTu GYHKIMN 1 He3aBUCHMOil iepemennoii f(z2) = u(x, y)+iv(x,y),

T+ 1y = 2z, MOXKEM BBIYUCUTHL TKOOMAH 0 N3BECTHOH hopmyie:

C npyroit cTOpOHbI, UMeeM

) o ue v —i(uy +ivy) P ug + vy + i(uy 4 vy))*

_ (um + Uy)Q + (Ux - uy)2 - (Ulﬁ + uy)2 - (um _ Uy)Q = Uz Uy — Vgly.

4

Taxum obpazom, sikobuan oroOparkeHust [ BbIpazKaeTcs (pPOpMYJIoi

J = |f.)* — |f:/> B uacrnom ciyuae, korma f koudopmHOe
oTobpazkeHue, OTCIo/ia MoJydaeM y»Ke U3BeCTHYI0 HaM dhopmyny J =
|f/(2)]?, Tak xax st Kondopmuoro orobpazxenus f> = 0, f, = f/(2).

OKa3bIBaeTCst, IeOMETPUYECKOe OINCAHNEe KBA3UKOHMOPMHOCTH
oTobpazkeHnii obsracreii Ha IIOCKOCTH MOYKHO 3aMEHUTH CJIELYIOIIIM:
K6A3UKONPOPMHDIM ACAACTNCA NA1060€ unseKmuehoe omobpasicenue,
onpedesemoe Kax pewenue ypasHenus bBeavmpamu

fZ = :u(z>fz

c Koaghpuyuernmom w(z), y008.AEMBOPAIOULUM YCA0BUIO
HENPEPLIEHOCTNU, (UAU USMEPUMOCTIU, KAK MUHUMYM) U HEPABEHCMEY

() <1 VzeQ
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B crangaprHoii Teopuu paccmarpuBaercs ciydait, korna |pu(z)| < k=
const, k < 1. Torna f — K-kBasukondopMHOEe 0TOOparKeHue, mpuiemM

1+k
1—Fk

[IpeamonoxxmM, 9TO perieHne ypapHeHus beabTpaMn ya0B/IeTBOPSET

K:

yeaosuio f, # 0. Torma

T =P =L = 1LP = unfl = L2 = [uf) >0,

cJIeIoBaTeIbHO, OTOOpazkeHne coXpaHseT OPUEeHTAIINIO.
OnpejiesiuM  Terepb  OCHOBHOI —~ roMeoMOpdU3M  ypaBHEHUS
Benbrpamu. Ilycts 2 — orpanmdennast o0JacTh Ha ILJIOCKOCTH, U

ycTh f —pelienue cJieyoiero ypasienus bejabrpaMu
fr=p2)f., |u(z)] <k=const <1, ze€.

OJIHOBPEMEHHO € 9TUM PACCMOTPHUM peIleHHe ¢ CJEeIYIOIIEro

ypaBHenusi Besbrpamu Ha Beeit miockoctu C:

qz = ﬂ(z)q,w z € (Ca

rae fi(z) ={p(z), z€Q; 0, z€ C\Q}.
Crpase/ymmBo  cilefyiomee  yTBep:kjenue, jokaszamnoe JI.
Asnsdopcom u . H. Bekya (em. [7]).

Teopema 9.2. [Tycmv woopduyuenm [i(z) Asaaemcs usmepumots
bynxyuet, ydosaemeoparuelts 6  oepanuvernoti  obaacmu 2
HEPABEHCMEY

lw(z)| <k =const <1, z¢€Q.

Tozda cywecmsyem 20Mmeomopphudm
¢q:C—C

PACWUPEHHOT NAOCKOCTIU HG cebs, 00Aada0wee c80TUCMEaMU:

1) omobpasicerue q asasemca kongopmuvim 6 obaacmu C\ Q u
Q(OO) = 00,

2) q umeem AOKAABHO UHMELDUPYEMDBLE C KEAPAMOM 0000UEHHbIE
npoussodnvie 6 cmuicae Cobosesa 6 £ u ydosiemsopaem ypasHeHUIO
Beavmpamu gz = ji(z) q..
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Orobpaxkenne ¢q¢ : C —  C HaspBaercss OCHOBHBIM
romeomopdmsmoM ypapaenns: benbrpamu. CrpaBeanBo Ceayrolee

yTBEPZK/ICHUE.

Teopema 9.3. IIycmv 2 — obaacmov, oepanuvennas Cnpamaiemot
kpueotli 2Kopdana, u nycmv [ — nenpepuieHas  PyHKUUA,
0bradaruas  AOKGADHO — UHMEPUPYEMBIMY € KEGIPAMOM
0000UWEHHVLMU — NPOU3BOOHBIMU 6  CMDICAE Coboresa  u
ydosaemesoparouLas ypasreruto beasvmpamu

f:=u2)f.,, =€,

¢ Yycrosuem
ljn(z)| < k=const <1, ze&

Toeda f  mooicem  O6wvimb  npedcmasaeha  Kax — CYNepno3uUUA
AHAAUMUYECKOT  PYHKUUY U  OCHOBHO20 20MEOMOPPU3MaA, M. .
CNPABEIAUBO NPEICTNABNEHUE

f(z) =2((z)), z€,
ede ® — Ppynruyua, anarumuyeckas 6 ooaacmu 0y = q().

Cxema jokazaresibcTBa TeopeMbl. IIycTh f — yiroboe HempepbiBHOE
pellleHne  ypaBHEeHHsI — besibTpamm, — obJajaiomiee  JIOKaJIbHO
UHTEIPUPYEMBIMI € KBaJIpPaTOM OOOOIIECHHBIMU ITPOU3BOIHBIMEI B
cmbicsie  CoboJieBa U yIOBJIETBOpsIIONIee ypaBHEHHIO bBesbrpamn
fz: = w(2)f.,, =z € Q. Oupenennm dyuximio ¢ paBencreoMm f(z2) =
®(q(2)), 1. e. coornomenusmu ®(w) = f(¢gH(w)), w = q(z).
Jlerko momydaem, aro ® — ananuTudeckas QPYHKIHUA, TaK Kak JJIsd
Hee BblIOIHAITCA yeaosus Komu-Pumana ®; = 0 B cuiy ciepyromux
IIPOCTBIX BBIUNCICHHIA.

A nmenHoO, ¢ ncnosib3oBaHueM ypapHeruit Besbrpamu qst f u ¢, a

TakKe coorHomenuit Gz = (q.), ¢. = Gz, g f(z) = ®(q(z)) oyaem

NMETDH
fi = :ufz < (I)qq,i + (I)QQZ = H(I)qq,z + ,uq)zjq,z <~
<:><I>q[cjg—,uq_z] ZO:QD@:O,
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TaK KaK ¢z — (g = (¢:)(1—pit) = (¢.)(1~|ul?), n nosromy |gz—pg.| >
VI3 (L= |uf?) > 0.

Jlerko monmyunTh W obOpaTHOe yTBepXKjenwe: ecau P -
anasumuyeckas Gyruxkuyug, onpedesennan 6 2y, mo dynrkyus suda
f = ® o q ydosaemsopaem ypasrenuro Besvmpamu.

eficTBUTE/IBHO, IIOCKOJIBKY ¢z = [jg,,2 € Q@ u ®; = 0
B cmiy yeaoBuit Kommu-Pumana, Oyjgem nmerb pabencrBa f, =
Puq. + P = Pyq. u fr: = Puqz + Pyqz: = Pyugq.. Orcrona
HETIOCPEJICTBEHHO cieflyeT, uTo f = ® o ¢ y/I0BIeTBOpSEeT ypaBHEHUIO
Benbrpavu. Tpebyemble cBoWicTBa MPOU3BOJIHLIX [ WHIYIHUPYIOTCS
COOTBETCTBYIOIUMHU CBOWCTBAMU IPOU3BOJIHBIX ¢ W IVIAJKOCTBIO

aHaJINTHIECKON (DYyHKITIH.

9.3 T'apmoHUYeckme OoTOOpakKeHUH

Haunem ¢ npumepa. Kak o0Obrano, obosnaunm z = x + 1y = re".
[TorpebyroTest m0IYILIOCKOCTD

H ={z=2+iyeC:2>0,—00 <y < o0}
¥ TI0JIYII0JIOCA,
M"={w=u+iveC:u>0-7/2<v<m/2}
Pacemorpum orobpazkenne fo: HT — IIT, onpenensemoe dpopmyJioii
w=fo(z) =x+1i0, x>0,-71/2<60<7/2.

HerpynHo IpoBepuTh HEIOCPEJICTBEHHO, 9TO OTOOpasKeHue [ :
H* — II" gasagercs cropbeKiuei.

BGHIE‘CTBGHH&H 1 MHUMad 9aCTH 9TOI'O OTO6pa}KeHI/IH

)

up(x,y) = Refo(z) =z, wvo(z,y) =Imfo(z) = aTCth
SBJIAIOTCA TAPMOHMYECKUME (DYHKIUAME, Tak Kak 6 = arctg(y/x)
— MHUMAsT 9aCTh aHAJIUTHIECKON (GyHKIWN In 2z (0HO3HATHYIO BETBb

norapudma dhukcnpyem yciaosrem In 1 = 0). [Tonaras

_z—l—lnz z—1Inz

hU(Z) - T) gU(Z) = 9 ]
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OyJieM UMETh

w = fo(2) = ho(2) + go(2)-

Axobuan oTodparkeHumst

T .

_ _ 2 ! 2 . . 160 +
Tr(2) = o = ()" —lg(a) = 5 (z=a+iy=re" € HY)
HOJIOKUTEJIeH B obmactu  H™T,  ciaenoBaTebHO, OTOODArKeHNe
coxpanger opuentannio. OueBujHo, (yHKIHUs fy U ee dYacTHBIE
IIPOM3BOJIHBIE HEIIPEPBIBHO IIPOJIOJIZKUMbBI HA FPAHUILY [TOJIYILJIOCKOCTH,

3a nckJjodeHneM Touek 0 m oo. Ho orobpazkenue fy BBIPOXKICHO

Ha Tpanuie: obpazamu Jyueii {r = 0,0 < y < oo} m
{r = 0, —00 < y < 0} oKa3pIBAIOTCA BCErO JIMIIL JBE TOUKH
wy; = im/2 m wy = —im/2, coorBeTCcTBEHHO. Bes ocTaMbHAS TACTD

IpaHUIbI I0JIYII0M0CHl 11T mopozKmaeTcs IpesebHbBIMI 3HAYCHUSIMU
fo(z) mpu z — 0 u z — o00. AHajlOrUYHOE I'PAHUYHOE OBEJIEHIE
uMeer n obpatHoe orobpaxenne fyl(w) = u + jutgv, npuuem
MHIMas 9acThb f, 1(w) He SBJISIETCs TapMOHIUYECKON (DyHKIIHENt.

B 1927 rony don Musec, nsydast morpaHcjoi TedeHust KuIKOCTH

BOJTU3H TBEPJOIO TeJia, N300pes 0TOOpayKeHus BUIa

f(z) =z +i(x,y)

obsactu 2 C C, rye ¢ : Q — R — rapmonmnyeckast pyHkins (MHEIMAS
9aCTh KOMILJIEKCHOTO TtoTerInaia). OueBujno, npumep fo(z) = x+1i6
HpeJICTaB/IsieT coOoil YacTHBII cydail oroOparkenus: ¢pon Museca.
Kak mokasbiBator wucciegoBanust B. H. MonaxoBa (cMm. ero
kuury [37]), "mepecajgka' KpaeBbIX 3a1ad € HCIHOJB30BAHUEM
koopauuar (or Museca (x,1)) siBisieTcsi MI0JOTBOPHBIM TIPHEMOM B
AdPOrUAPOAMHAMUKE TIPU PEHIeHNN Psijia IPobJIeM, MaTeMaTHIeCKue
MOJIEJI KOTOPBIX CBABAHBI C YPABHEHUAMU SJLIMITHIECKOIO THUIIA.

[Ipumep fy u creyrorias Teopema B3saThl U3 Hareil crarbu [19)].

Teopema 9.4. [lycmv ) C C — obaacmsv, éunykias 6 HANPABAEHUL
ocu opduram. oas 100010 napvl movek 21 = r+iy; € (1, 2o = x+1yy €
Q ompesox [21, z2] maxoice aesrcum 6 smoti obaacmu. Pynkyua don
Museca suda f(z) = x +ip(x,y), 2de ¥ : Q@ — R — 2apmonuvecrasn
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bynruus, asasemcs ooHosucmHot 6 obaacmu £ mozda u MOALKO
mozada, k0204 OHA ABAAEMCA AOKANLHO 00HOAUCNHOU 6 ).

Hokazarenbcrso. Herpyano Buperb, 9To I0CTATOYHO JIOKA3ATH
crenytoree yreepxaenne: ecau f(z) = x + p(x,y) ocywecmenaem
COTPAHAIOWEE OPUEHMAUUIO AOKAABHO OOHOAUCTIHOE 0MOOPadCEeHUE
oonacmu 2, mo f(z) — odnoaucmmuan dynruua 6 €. okazxkem 910
YTBEPKJICHIE OT HPOTUBHOIO: IIPEIIOIOKNAM, UYTO CYIIECTBYeT Iapa
TOUeK 21 = X1 + 1y € §, 29 = Xy + iyo € ), TAKUX, UTO 21 F# 29 U
f(z1) = f(22), T. e. &1 +i(x1, Y1) = xo + i00(x9, y2). U3 mocsienero
paBEeHCTBa CJIEJYeT, 9To x1 = o U Y (x1, Y1) = Y(x1,y2).

[TockosbKy obsiacTh €2 BBIIYKJ/a B HAIPABJICHUN OCU OPIMHAT, TO
MeeM BKJIIOUeHue [r1 + iy, 1 + iys] C ). [lo Teopeme Jlarpamxa o
KOHEYHDIX IIPUPAILEHUSIX CYIIECTBYET TaKas [POMEXKYTOUHAsd TOUYKA
r1 +iyo € [T1 + iy, 1 + iya), uro ¥y (r1,90) = 0. Iosyuemnnoe
PaBEHCTBO MPOTUBOPEYNT JIOKAJIBbHOI onHomcTHOCTH f(2), Tak Kak

sikobman orobpazkenus por Museca f(z) = z+i(x, y) onpesensiercs

dopmy.ioii
Ji(x +1y) = M, x + 1y € €.
dy
DTUM U 3aBepIIaeTCs JI0Ka3aTe bCTBO. MbI TYT BOCIIOJIB30BAJIICD
u3BecTHoil Teopemoii Jlesu (H. Lewy): ecau eapmonuveckan dynryus
f(z) = o(z,y) + i(x,y) ocywecmeraem A0KGALHO 00HOAUCTHOE
omobpasicenue obaacmu, mo ee axoouar Jr(x + iy) # 0.

B 1984 rony anrnmiickune marematukn Jxx. Kioynun n T. [leiis-
CwmoJL1 O1yOJIMKOBAJIH OOJIBINYIO, ITPOrPAMMHYIO CTATbIO, HHUITHIPYSI
U3ydeHue KJIacCOB OJIHOJUCTHBIX TApMOHUYECKUX OTOOParKeHuit
f(z) = p(z,y) + i(z,y) eqummanoro Kpyra. jst rapMOHUTIECKIX
oTOOpazKeHWil OHU pPaccMaTPUBAIM IIPsIMble aHAJOIU Kjacca S
KOH(OPMHBIX OTOOpaXKeHUil 1 ero MmoJIK/JIaccoB. ba3oBble pe3ybTaTbl
BOBHUKIIIEH Ha 9TOil 0cHOBe Teopun MOKHO HaiiTu B kaure I1. dropena

[29]. Dro HampaBiieHHEe WHTEHCHBHO DA3BHBACTCS M B HACTOSIIEE

BpeMs (CM., HApuUMep, craThio [34] u 6ubanorpaduio B Heil).
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9.4 3Bagaum M yrnpa kKHEHUd
1) Haiitu kBasukouopMHOE 0TOOpazkeHne KBajpara
{z=2+iy:0<2<1,0<y<1}

Ha mpaMoyrosbHuk {w = u + v : 0 < u < 4,0 < v < 2},

HepeBoJdanice BEPIINHBI KBa/paTa B BEPHINHBI ITPAMOYTOJIbHUKA.

Pemenune.  Ickomoe — orobparkeHuMe  MOYKHO  OHIPEJCTUTH
paBencTBamMu u = 4xr, v = 2y, WK, B KOMILJIEKCHOIl 3alIlncH,
KakK

: : 2+zZ . Z2—Z _
w=u+1w=4r+ 12y =4 5 + 12 57 =32+ Z.
i

Dynknug w(z) ynosiaersopsier ypasaennto beabrpamu wz = (1/3)w.,
1 IIOCTPOCHHOE HAMHU OTOOParKeHHe SIBJISETCS KBA3UKOH(MOPMHBLIM C

kodddunmnentom K = 2.

2) Kak xoportrio u3BecTHO, KOHGOPMHOE 0TOOpazkeHne Kpyra |z| <
1 ma xpyr |w| < 1 naerca dyuximeit w = (z —a)/(1 — az), rne a —
nocrostiHast, |a| < 1. Badukcupyem z Kak TOUKY €IUHUTHOIO Kpyra
u pacemorpuM w = (2 — a)/(1 — az) Kax QYHKIWIO TepeMeHHON a,
la| < 1, 1. e. paccmoTpuM (DYHKITHIO

Z—Q
w=fl@) =T, ol <1,

npu pukrcupoBaHHoM z, |z| < 1. [lokaxknTe, 9T0 MOIydaeMOe TAKIM
obpas3oM 0TOOpayKeHue sABIACTCS KBA3SUKOHMOPMHBIM.
Vkazanue. [lokaxknre mpsiMbiMu BblaucjenusMu, 491o f(ay) #

flas) st a; # as (ay, as € D). Kpome TOr0, IpOCTHIE BHIYUC/ICHUST

JIAI0T .
z—a —
= i=ay® i
CurestoBaTesibHO,
fa zZ—a
5T 1 )

Orobpaxernue f : {a : |a| < 1} — {w : |w| < 1} asnserca
kBasukondopmubiM, iprieM |u(a)| < |z| =k < 1.
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3) Hokaxkure, uTo He cymecTByeT K -KBa3HKOH(MOPMHOIO

OTO6pa)K€HI/IH C€ANHNYIHOI'O KPpyIra Ha BCIO IIJIOCKOCTD.

4) Jlokaxkure anajor TeopeMbl Kapareomopu 0 TpaHHIHOM
COOTBETCTBUN JIJIsi [ -KBa3UKOH(MOPMHBIX OTOOPayKEHUN TIJIOCKIX

obJiacTeri.

5) Ilyers f @ Q@ — D — K-kBa3sukoHpOpMHOE OTOOparKeHne
JKOPJAHOBON  0bJlacTi  Ha eQMHUYHBI KPYyT, YIOBIETBOPSIOIIEe
ypasHennio Bembrpavu f; = wu(z)f. ¢ yenosuem |u(z)] < k=
const <1, 2z €.

Jokazkure, 9T0 Takoe 0TOOpasKeHre MOXKHO ONPEJE/INTh, TPHYEM
eJIMHCTBEHHBIM 00pa30M, €CJIN 3aJ1aTh OJHy u3 HopMupoBoK B i C,

pPacCMOTPEHHBIX HAMW B IEPBOIi IJIaBe.

6) [dokaxkure, 9TO CrpaBe/IUBBI CJIE/IYIONINE YTBEPKJICHUS:

6.1) ecsm orobpazkenusi f sBjstercsi K-KBa3UKOH(MOPMHDBIM, TO 1
obpaTHOe oToOpazkernne f~! Takxke K-KBa3snmKoHMOPMHO;

6.2) cyneprosuiius K1-KBasUKOH(MOPMHOTO 1 Ko-KBa3UKOH(MOPM-
Horo orobpaxkennit oyaer K Ko-KBa3UKOH(MOPMHBIM OTOOPAXKEHTEM.

Ecm Ky = 1 wm Ky = 1, TO, cOOTBETCTBEHHO, Oyaem
nMerh paBeHcTBa KK = K wm KKy, = K, 103TOMy MbI
MOYKEM yTBep:KJIaTh: kaacc K-keaszurxonpopmmvic omobpasrcerud
UHBAPUAHMEH OMHOCUMEALHO KOHPOPMHBLT 0Mobpascenul.

7) TlonpobyiiTe caMOCTOATEIHHO pPa30dpaThCsl B JIOKA3ATETHLCTBE

caemyiorieit Teopembl Mopu, npuBesiennoit B kaure [7], c. 48-51.

Teopema 9.5. Ilyemv ¢ : D — D - K-xsaszuxongpopmmnoe
omobpasicenue edunuwno2o kpy2a na cebs ¢ nopmuposkot p(0) = 0.
Tozda pynryus o asasemcs 2éav0eposoti, mounee, 0aa MoOLLT 08YT
movexr 21, Zo U3 €OUHUYHO20 KPY2a UMEEM MECMO HEPLBEHCMEO

[p(21) — p(2)| < 16|21 — 2oV 5, 21 # 2,
npu%eM KOHCTNAHTNQ ]_6 HE MOMHCETN 6bbmb yM@H'bweHa.

8) Hokaxkute, 910 rapMoHUYIECKasi (OyHKITHST
w = f(z) = h(z) + 9(2),
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rie

h(z) =2+ i [1 s (;1)71—1] 2",

o) = i [1 14 (;1)7@1] -

OCYIIIECTBIISACT COXPAHSIONIEE OPHEHTAIAIO OJTHOJICTHOE OTOOPAKEHITE
e MHUIHOrO Kpyra |z| < 1 Ha noaynonocy IIT = {w = u+iv € C :
u>0,—7/2 < v < w/2}. Uccnenyiite rpaHndHOe TTOBEJICHIE STOI

pyHKIUN.
9) Hokaxkute ciejyroree 0b6o0IeHre pesysbrata bekkepa.

Teopema 9.6. ( [4]) Ilycmv ¢ynxuuu h u g asasomes
2040MOPPHOIMU 6 eduHUYHOM Kpy2e D u ydosiemeopaom ycao6uim:
h(z) # 0 u |w(z)] < 1 6 wmoboi mouke z € D, 2de w(z) =
g (2)/W (2). Ecau svinoanaemes nepasencmeso

h//(Z)

w(@)] + (1 = |2]*) W)

<1 VzeD,

mo omobpasicernue | = h + g asaaemca odnosucmmvim 6 D.
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10 IIpunoxkeHusi K HepaBeHCTBaM Xap/u

st periernst KpaeBbIX 3a/a9 MaTeMaTndecKoil pusnkn paspadboTan
psam obmmx MeTonoB. lLleHTpasbHOE MeCTO cpeanm HHUX 3aHHMaeT
BapualnOHHLIH 1moaxo. OH 0OCHOBaH Ha MHTEIPAIbHBIX HEPaBEHCTBAX,
CIpaBeUIMBLIX It BceX  (DYHKIWMI, KOTOpbIe IpPUHAJIEKAT
nojaxojsieMy 1pocrpancTsy CobosieBa B 3ajaHnoit  obsacti )
3 eBKJMIoBa mpocrpancTBa R (n > 2). U3BecreH psiji KJIaccoB
BapUAIMOHHBIX HEPABEHCTB, CBsi3aHHBIX ¢ uMeHamu (CTekJoBa,
[Tyankape, @puapuxca, CobosieBa, Xap/u 1 JIPyrux.

[1aBHast TPYHOCTD [IPU UCCJICIOBAHIE BapUAIIMOHHBIX HEPABEHCTB
COCTOUT B OIEHKAX KOHCTAHT, TOUHEE, CIeNNaIbHbIX (PYHKIINOHAJIOB
obiactu 2, 3aBHUCSININX TaKKe OT YNCAOBBIX ITapaMeTPOB 3a/Iatdu.
CymiecTBoBaHIe KOHEUYHBIX KOHCTAHT O3HAYAET OrPAHNIEHHOCTH
HOPM COOTBETCTBYIOIIIX OIIEPATOPOB BJIOYKEHUSI, U 9TO TpeboBaHue
npuBojuT K 'copruposke" obsacreit {2, TouHee, K OIHMCAHUIO
"xopommx"  objacreii, s KOTOPBIX COOTBETCTBYIOIIAS 3ajada
MaTeMaTHIeCcKoi (hU3NKN NMeeT pelleHie.

[Iycte 2 — obmacts na mirockoctn C, C§° (€2) — mpocTpamcTBO
Ooeckoneuno  juddepeHiupyemMblx  GyHKIui  f,  uMerommx
KoOMIakTHble B {) HocuTeau, T.e. OOpallaoIUXcsd B  HYJIb
BOJIM3M TpaHunbl objgactu. Ham Takxke mnorpedyercsa BeJMdInHa,
0 = dist (z,082) — paccrosinne oT TOUKN z = = + iy € () 70 TPAHUIIBI
00J1acTH.

XopoIIo M3BECTHO, 4TO JjIsi Ji00oi orpaHudeHHoin objactu )

CyIIeCTBYeT KoHedHast moctosinnast ¢(§)) B nepaBerctse [lyankape

[[ 152z dy < @) /Q/ V[ dy VS € G ().

Q

Ho u3BecTHO, 9TO MMEIOTCsI 1 HEOI'PAaHUYEHHbIE 00J1aCTH, JIjIsT KOTOPBIX
cymectByer ¢(§2) < 00, W JI0 CHX TOp HE pelieHa mpodieMa
onucanus ecezo muooicecmsa "ropowuxr"” obaacmeti ) nocpedecmeom
npocmur 2eomempuyeckuxr raparmepucmuk (). Bojee Toro, HescHa
BO3MOYKHOCTH TaKOI'0 OIMCAHMUsI, TaK KaK HeT IOAXOIAINIEH THIoTe3bl

B CJIydae IJIOCKUX OECKOHEYHOCBSABHBIX 00J1acTeil.
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Cunraercss, 9TO BECOBbIe HEPABEHCTBA TpYyJHEEe HEPABEHCTBA
IIyankape. Ho TemM He MeHee oKas3ajoch, YTO 3ajada ONUCAHUSI
Bcex "xoporux" o00/1acTeil MPpOCTBIMU T€OMETPUIECKIMHI YCIOBUSIMI

peraeTcs A CIeAyIONero AByMEpHOTo aHajIora HepaBeHCTBa Xap I

M ) N
/Q/dist2 (z,&Q)dx dy < C(Q) /Q/Vfl drdy Vf e Cy(Q).

A wumenno, B 1989 romy @epuangec (J. L. Ferndndez, [30])

JIOKA3aJl, 9YTO CBOMCTBO pPaBHOMEDHON COBEPINEHHOCTH TIPAHUIIBI
00JIaCTH  SIBJISIETCST HEOOXOAMMBIM ¥ JOCTATOYHBIM YCJIOBHUEM  J1JIsI
cytecTBoBaHus Konednoii mocrosmnoit C'(£2).

BaxkHbIM 1T HAC  OOCTOSITEIHLCTBOM  SIBJSETCA  TO,  UTO
paBHOMEpHasl COBEPIIEHHOCTb I'PAHUIBI  00JIACTH TECHO CBsI3aHa
CO CHeUaJbHBIM CBOMCTBOM THIIEPOOIIMIECKON METPUKH, U 3TO
CBOWCTBO ylaeTcsl OIHMCATh B IIPOCTBIX ¥ IMOHSTHBIX TEPMUHAX
eBKIN0BOII reomerpun. [loab3ysich 3TUM, B HACTOAINEH TyiaBe Mbl
OpUBEJEM pelleHne 3aJadil IOJTHOIO OINUCAHUS BCEr0 MHOXKECTBa
"xopomux" 1maockux obsacTeil g yKa3aHHOIO BbIIIe HEPABEHCTBA
Xap/u.

[lepBblil IIyHKT TOCBATHM BEIIECTBEHHOMY AHAJN3Y: IIPUBEIEM
OJJHOMEPHOE HEPABEHCTBO Xapau U JaJiM C JI0KA3aTeJILCTBOM €0

JIBYMEPHBIil aHaJIor.

10.1 HepaBeHcTBa /Jisi JIBOMHBIX MHTETPAJIOB

OpurnHajbHy0 TeopeMy XapJn ¢ CHHTY/IAPHBIM sijpoM 1/t% (s > 1)
MOZKHO C(POPMYJIMPOBATH CJIELYIONIIM 00Pa30M.

Teopema 10.1. I[lyemv 1 < p < o0 u 1 < s < o0. Jlaa moboti
abcomomio Henpepuienot neyowsarowet gynkyuu f 1 [0,00) — R

maxoti, wmo f(0) = 0 u f//t5/P=1 € LP(0,00), umeem mecmo
HEPABEHCMEO
00 t)P p oo/ t)P
[0 () [FIr, o
0 s s—1 0 ts—p

Ecru p > 1 u f # 0, mo mepageHcmseo ABAACNCA CMPO2UM
(m. e. e cywecmeyem IKCmPemasvHot GYHKUUL), HO NOCTNOAHHAA
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(p/(s—1))? asasemes mownot, m. e. HE MOHCEM ObIMB YMEHBULEHA;
ecau oice p = 1, mo amo Hepasencmeo NPespaULGemcs 6 PaseHcmao,
mounee, 6 caedyrowee GYHKUUOHAALLHOE MOHCIECTNEO

SSOPNE SN Er0)
0 t* s—1/), 1

dt,

cnpasedausoe s 6cex donycmumMvly GYHKUUL.

Pazmunblie j0Ka3aTe/ibCTBa 9TOI TeOpeMbl MOYKHO HAWTU B KHUTE
[15], Tam ke 110PO6HO OOCYKTATOTCS U HAHOOJIee BayKHbBIE TaCTHBIE
ciydan: a) p = s = 2, b) p = s > 1 u He oxBavueHHbIl HaIleil
opmyupoBKoii cydaii ¢) p > 1, s < 1, a TakyKe TOHKHE BOIMPOCHI
O TOYHOCTH KOHCTAHT IPU OTCYTCTBUU IKCTPEMAJbHBIX (DYHKITHIA.

IIpu jo0Kazare/nbcTBE TEOPEMbl Xapjl MOMKHO OIPAHUIUTHCS
dyuxmusavu f € C§(0,00), 3aTeM 3aMKHYThH KJIACC JIOMYCTUMBIX
byuxmmit  npu  yenopun  f'/t¥P1 € LP(0,00). C  yuerom
9TOI0 0OCTOSITE/ILCTBA IPSIMBbIM aHajoroM TeopeMbl 10.1 siBisiercs

cJiejlytollee yTBepzKeHue.

Teopema 10.2. ( [18]). lyemv 1 < p < o0 u2 < s < 00, u nycmo )
— omxpovimoe cobcmeennoe noodmmoscecmeo C. Tozda umeem mecmo

HEPABGEHCTM GO

p p V D
//Q%d“yﬁ(%) I ey vrecr@.

ede § = 6(z) = dist(z,09). Cywecmsyrom obaacmu, das Komopvix

nocmosannas (p/(s — 2))P ne mootcem 6vimv YMEHHULERE.

JlokazaresibecTBo. Be3 orpanndenust OOIIHOCTH MOXKHO CUHUTATh,
910 () — 00J1aCTh, T. €. OTKPBbITOE CBA3HOE MoMHOXKecTBO C.

IIIar 1. Yuopocrum HEMHOro 3ajady, a HMEHHO, IIOKaXKeM,
YTO  JOCTATOYHO  OTPAHMYUTLCA  paccMOTpeHueM  obJacteit
CIIEIIAIBLHOIO BIJIA, COCTABJIEHHBIX 13 "KBaIpaTuKoB" €O CTOpOHAMI,
napaJiieJIbHBIMI OCSIM KOOPJAMHAT U ¢ OJIMHAKOBBIMU JJIMHAMU CTOPOH.

C sroit tiesbto fyist b € (0, 1) paccMOTpuM CTaHIAPTHOE TTOKPHITHE
R? ksajparamu Q. = [0,h] x [0,h] + hw, w € Z* C R

OHpeﬂeﬂI/IM KOHE€YHOC MHOXKCECTBO NHICKCOB
Z2(Uh) ={w €Z® : Qno CQN{weC : |Jw| < 1/h}}
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1 cieytontyio annpoxkcumanmio 2: Qy = int Uyezzpn) @nw- fcno,
aro it pukcnposannoii yuxipn f € C§°(€2) mocTaTouHo 10Ka3aTh
HepaBeHcTBO (3) jutst ) = €y, pu Beex jocratodno Masbix h € (0, 1)
TaKUX, 9TO HOCUTEJIb (PYHKINUU [ comepKuTcs B {2.

Bamena ( = z/h, z € (, nokasbiBaer, uro (3) mig = Qp, u
Q = )y sksuBajenTHbl. TakuM 00pa30oM, HAM JOCTATOYHO JIOKA3AThH

HEPaBEHCTBO (3) jist 06/1aCTH BH/IA
O =int U, ([0,1] % [0,1] +w;),  w; € Z7

cocTaBeHHON 3 "KBagpaTukon'.
IMTar 2. [TocTtpoum crernuasibHoe pazbuenue obyactu 2 = 2, B
KOTOPOIi OyJjieM Telephb JI0Ka3bIBATh UCKOMOE HEPABEHCTBO Xap/IH.
[Iycre S — HekoTopas cropona MM BepinHa Kpajpara (1., T.
e. g-MepHasl I'paHb KBajpara, Takad, daro S C 0. Onpemennm

cJIeJIyoIee moJAMHOKecTBO obJtacTu §2q:
Q(S)={z€C :327 entS, B(z,|z —72|) C W},
riae B(z, |z —2'|) —xpyr {( € C : | — 2| < |/ — z|}. Ormernm, 1aTo

10l BHYTPEHHOCTLIO int S MBI 110IpasyMeBaeM CTOPOHY KBajpara 6e3
KOHIIEBLIX TOYEK U, 110 olpejesennio, int S = S, ecaum S — O-mepHast
IpaHb, T.e. TOUYKA, FBJISIONAsCS BEPIIMHON KBaApaTa.

[Ipeanonozkum, aro Q(S) # (. Dro Beerga umeer Mecro, ecjn
S — cropona kBajiparta Takas, 9ro S C 0. Muoxkecrso Q(S) # ()
SIBJISIETCsI 3Be3/IHOI oTHOCUTENIbHO S, Te. 2/ + (2 — 2') € Q(5) ms
moboro 2" € int S m Beex t € (0,1), econ |z — 2/| = dist(z,00) u
z € Q(9).

Ecim S’ — mekoropast j-MepHasi TpaHb HEKOTOPOrO KBaJpaTa,

(7=0,1u 8" C (02)\ S, T0 IKBUIUCTAHTHOE MHOXKECTBO
(S,5") :={z € Q: dist(z, S) = dist(z, 5") < dist(z,0;)}

SIBJISIETCS JINOO OTPE3KOM HEKOTOPOil MpsiMOil, OO0 J1yroil napadoJIb.
OueBnno, mwiockas Mmepa mesg(S,5") = 0 u (0Q(5)) \ S C
Ug(.5,57), momygaem, aro mesydQ(S) = 0. CremoBaresbHo, st
moboit dynxmn g € C()

//Q 2)dedy = // 2) da dy. (4)

SCoO
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[Ipegmonokum, aro f € CP(21), p > 1, s > 2, u Gyaem
noJib30BaThes bopmyaoit (4) mist dyukimm g(2) = |f(2)[P/6°(2).

Puc. 17: Pazbuenme mpocreiinieii HEBBITYKIO0M 00/IaCTH, COCTABJIECHHON U3
KBa/JIpaTHUKOB

IMIar 3. [Jokaxkem Telepb HEKOTOPbIE HEPABEHCTBA THUIA Xap.u
it Kakjoro muoxkecrsa Q(S) # (0 B orgenbHoCTH, M 3aTeM
npocymmMupyem. Ilpu Beraucsiennu unrerpaios no Q(S) # () 6yuem
UMeTh B BHJY, 4TO (QpyHKIUs [ oOpalnaeTcs B HyJb Ha MHOYXKECTBE
S. Kpowme roro, kaxjaoe muoxkectso Q(S) # () ¢ TouHOCTBIO JI0
JIBUZKEHNsI HA €BKJIMJIOBOI IJIOCKOCTH, T. €. ¢ TOYHOCTBIO J0 CJBUIA

¥ BPAIEHNsS MOYKHO [PEJCTABUTH B CJIEYIONEM BH/IE:
QS)={z=z+ireC:0<z<1, 0<r<gp(x)}
B ciydae, Korja S — CTOpOHa KBaJpara,
Q) ={z=re"cC:0<0<7/2, 0<r=]z] <y(6)}

B ciaydae, korma S = {0} — BepmmHa kBajgparta. OTMETHM, 9TO B

obonx ciaydasgx 6(z) = 7, T. €. PACCTOSIHUE JO T'PAHUIIbI SIBJISETCS
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OJIHOIl M3 KOOPJMHAT, 8 NMMEHHO, JEKapTOBON KOOPIMHATOlN B IEPBOM
cilydyae ¥ IOJIAPHBIM PaJMyCOM — BO BTOPOM. YKayKeM TakzKe, 9TO
DYHKIMN 01 U Qg ABJISIIOTCS KYyCOUHO-IJIAJKAME (DYHKIUSIMU, UX
rpauKi COCTOSAT M3 KOHEUHOIO UHCJIa OTPE3KOB MPSAMBIX WM JYT
napabo..

[lepexoist K MOBTOPHBIM MHTErPaJjaM, JJisl JBOHHOIO HHTErPaJIa 110
muozkectBy Q(S) # () Mol ostydaem hOpMyJIbI JABYX THIIOB:

ecm S — CTOpPOHA KBajpara, TO

1 o1(x) )| P
/ i / @+l , (5)
0 0 T

ecn ke S = {0} — BepimHa KBapaTa, TO

/2 ©o(0) 10\ |p
/ dQ/ Mrdr. (6)
0 0 T

[IpeoGpasyem n omeHUM BHYTpEHHIE HHTErpasibl B dhopmymrax (5H),
(6) ¢ yaerom Toro, uro f obparmaercs B nysib npu 7 = 0. Insg k =1
wi k = 2 nosydaem

P2k p P2k t ol 17
/ ﬁ7“]"’_1d7‘ :/ tk_s_ldt/ —m dr <
0 s 0 0 (97“

Yok t
<p / g / PV fldr =
0 0
P2k Y2k
—p / APV fldr / st =
0 r

Y2k
) / PPV A ai)dr
0

1 1 1
A(T7 SOQ—k?) — s — k <T5k o 908k> :
2—k

[Tockonbky npu k =1 wim k = 2
11 il
s—korsk = (s—2)rs1

U MHTCrpHUpoOBaHHUEC IIO0 BHEIIHUM IIEPEMEHHLIM T HWJIN 0 COXpaHAeT

rie

A(T7 9027.’@) S

HEPABEHCTBO, J1Ist 1106010 Q(S) # () numeem

p p—1
// @dazdy < . // —m Sjlvf‘dxdy
Q(s) 0 s=2JJq) 0
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[Tosb3ysich amum u dopmysioit (4), OKOHIATETHHO 0Ty IaeM

//Q U gy gy < < //Q |f|p;_\1w| Ledy

B ciaydae p = 1 moJsiyuyeHHOE COOTHOIIECHHE MPEACTABIAET COOOI
JIOKa3bIBaeMOe HepaBeHCTBO. Kcam p > 1, TO, JIONOJHUTETHHO
IpUMeHsisl HepaBeHcTBO [ éibjiepa ¢ nokazareaamu p u p' = p/(p—1)

K MHTerpaJiy B IIpaBoOil yacTu, nmMeeM

//Q frisdy
< r (//Q Iflpd:vdy)l U (/Q |Vf6\jd:dy> "

Orcioyia 1 ciejiyet JIokasbiBaeMoe HepaBeHcTBo (3) mpu p > 1.

IMTar 4. IToxkaxkeMm Terepb TOYHOCTH BepxHeil rpanunsl (p/(s —
2))P Ha HeKOTOpBIX mpuMepax. Ilycts )y — OTKPbITOE MHOXKECTBO B
C Takoe, ato 0 € 09y, {2z € C: 0 < |z| < 3} C Q. Beegem
cJIeJIyIo1e 0003HaUeHM

p p
X:// [ e ay, Y:// NV . § = dist(z, 9).
0, 0° , 0°77

[lyctb p > 1, s > 2, & > 0. Paccmorpum dyskimo u = u.(z),

OIIpEJIEJIEHHY0 PaBEHCTBAMU

ue(z) = |22, 0<]zl <1,
u(z) =2 —|z|, 1< |z] <2,
u:(z) =0, 2 < |z] < o0.

HpHMbIMI/I BbIUYNCJICHUAMU HOﬂyqaeM
s o (s —24+¢e\’

Anmpokenmupyst . pajuagbHbiMu GyHKIusiMUI (T, €. yHKIUsIMH,
3aBUCAIINMEI JinITh OT |z|), npunagiexanmmu CH°(B(0,3) \ {0}),

ImoJgry4dacM, 4TO IIOCTOAdHHasA B HEPABEHCTBE (3) He MOKeT ObITh MEHbIIIEe

y P p_ P p
m|———| = )
e—0t \ s —2+¢ s — 2
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B wacrHOCTH, KOHCTAaHTa U3 TeopeMbl TouHa Jisi objactu B(0,3) \
{0}, criemoBarenbHO, OHA TOYHA [T JTFOOOTO KPyra C MPOKOJIOTHIM

IEHTPOM. DTUM U 3aBepIacTcs JJ0Ka3aTe/IbCTBO TeopeMbl 10.2.

10.2 O6JjiacTu ¢ paBHOMEPHO COBEPHIEHHBIMU I'PAaHUIIAMU

[Tycth 2 — 06s1acTh (OTKPBITOE CBSIZHOE MHOXKECTBO) HA KOMILJIEKCHOI
mockoctn C, mpudem OyjeM mpejosaratb, 9To () mMeeT He MeHee
Tpex rpaHnuHbIX TodeK B C, 4TO paBHOCIIIBHO HAJIMYMIO GoJlee OHOf
rpanngnoii Toukn B C. Takum obpasom, BCioiy B Ja/JbHEHIIEM MbI
paccMmarpuBaeM obstactu ) rurepoosmyeckoro Tuia Ha miockoctu C.

Hamomuum, 49rto HerpuBmaibHOe (T. €. cojepxaiiee 0oJiee
OJIHOIT TOUYKM) MHOXKECTBO HA3bIBAETCSI COBEPIIEHHBIM, €CJH OHO
cojiepxkuT Bce cBom npejesnbubie Touku. Cienys X. ITommepenke
[41], MBI Gyzem rosopurh, uro rpammna 0f2 C C obmactn
Q C C gamugerca pasHomepHo cosepuwenHoti, €CIi  sBJIAeTCs
KOHETHO BETINHON MAKCUMAALHBLT Modyan Mo(S)), onpeengeMbrit
CJICIYIOIIIM 00pa30M.

Py) My(2) = 0, ecqiu He CyIeCTBYeT HUKAKO IPAHUTHON TOUKIM
2o € 0f), KoTropasi CIyKujaa Obl IEHTPOM HEKOTOPOHl OKPY>KHOCTH,
Jiexkareit B €2;

P,) ecn B o61acTh §2 MOYKHO BIHCATH XOTsI ObI OJIHY OKPY’KHOCTD
¢ IEHTPOM B HEKOTOpOil rpanmunoii Touke ¢ € 0f), To obiaacthb )
COJIEPXKUT ¥ KPYT'OBbIE KOHIIEHTPUYECKHE KOJIbIla, IEeHTPbl KOTOPHIX

jexkar Ha 0§), 1 0ITOMY KOPPEKTHO OIIpejiesieHa BeJIMIInHa,

rjie  CynpemMyM Oepercss 1O BCEM KPYTOBBIM KOHICHTPUYECKIM

KOJIBIIAM BUJIA
A={z€eC:r(A) <|z— 2| < R(A)}

u tTakum, uro A C ), zg € 0.
[TosicarM  HEKOTOpbIe MHPOCTHIE, HO BayKHBbIE HIOAHCHI B 3TOM
onpejiesieHnn obJacTeil ¢ PaBHOMEPHO COBEPIIEHHBIMU TDAHUIIAMUI.

[TockosibKy MbI paccmarpuBaem objactu @ C C, 1. e. oo ¢
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Puc. 18: Oupenenenne MakKCUMAJIHLHOTO MOTYJIS

(), OeCKOHEYHO yJaJieHHasl TOYKa SIBJIETCs JIMOO BHeEIIHei, Jubo
rpanmaHoil Touxoil aaa obnactu ). Ilostomy B obmactn {z € C :
|z — 29| > R(A)} wmmerorcs toukm uz 0S), u koavua A C €,
yuacmeyrowue 6 nynkme Py) onpedeserus Makcumasvrozo modyas
My(£2), pasdeasrom epanuunvie komnonenmor obaacmu €2, Tak Kak
kpyr {z € C: |z — 29| < r(A)}, BHyTpeHHsIS KOMIIOHEHTa MHOKECTBA,
C \ A comepXuT rpaHHYHYIO TOUKY zy M BO BHEITHEH KOMIIOHEHTE
{z € C: |z — »| > R(A)} mmoxectsa C \ A Takxe nmerorcs
rpannunble Toukn objactu ). Ormernm, uro rpanuia 02 J1000i
ojnHocBszHoit obsiactu 2 C C runepbo/MYeckoro THUIIA SIBJISETCH
PABHOMEPHO COBEPIIEHHOI aBTOMATUIECKI.

CoBepIlleHHOCTL  paHuibl  0S)  Jist 1000l  KOHEYHOCBSI3HOI
objiacTu o3Ha4aeT, 4To 0f) He mMeeT KOMIIOHEHT, COCTOSININX 13 OHOM
TOUKH, T. €. I'paHuiia Jiroboil KOHEUYHOCBA3HONI 00JIACTH COBEPIIEHHA,
TOra ¥ TOJBKO TOIJA, KOIJa OTCYTCTBYIOT HM30JMPOBAHHBIE
rpaHudHble  TOYKU. JIerko  yCcTaHOBUTH, YTO  pPaBHOMepPHAas
COBEPIIEHHOCTH B 9TOM CJIy4ae CBOIUTCS K TOMY 2Ke YCJIOBUIO. Takum
obpa3oM, rpaHuia Jro00il KOHEYHOCBSI3HON 00/1aCTH PaBHOMEPHO
COBEpIIIeHHa TOI/Ia 1 TOJBKO TOIJIa, KOTJa OHa COBEpIIeHHA.

J11s1 6eCKOHETHOCBSI3HBIX 00J1acTeil paBHOMEpPHas COBEPIIEHHOCTh
O3HavaeT HeUTO OOJIbIee, YeM IMPOCTOE OTCYTCTBHE M30JIMPOBAHHBIX

rpaHnvIHbIX Touek. [IpuBenem Tpu mpumepa. Paccmorpum obsractu

mua B(0,3)\E;, rne B(0,3) = {# € C : |z] < 3}, o e
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KpyT pajinyca 3, u3 KOTOPOro yjaJjieH HEKOTOPbIT KOMIIaKT. [ paHuiibl
paccMaTpuBaeMbIX 00J1acTeil cOCTOAT U3 O0bEJMHEHUS YIAIAEMbIX
KOMIIAKTOB C OKPYKHOCTBIO pajiyca 3.

IIpumvep 1. Mpeanonoxum, aro By = - K, |J{0}, te
Kpn={z=z+iyeC:y=0 m " <zx<2m "}
Obuacts € = B(0,3)\ Ey coepkuT B cebe KOJIbIIA

Ap={zcC:2m+ 1) <|z| <m™}

1 m
<1—|——> — 00 IIpU M — 0.
m

R(A,) m+1

r(An) 2
Caemosaresbao, My(€21) = 0o, T. e. rpanuia objactu () He sIBJIsIeTCST
PABHOMEPHO COBEPINEHHOIT, XOTsI OHa, OYEBUIHO, IIPEJICTaB/IsIeT coboil
COBEPIIEHHOEe MHOZKECTEBO.

[Ipumvep 2. [Tycrs teneps Fy = | Lam—1J{0}, re
L2m—1 = {Z =x + iy e C: Yy = 0, 3_2m+1 <zx< 3—2m+2}.

st iroboro kosbiia A B 29 = B(0,3)\ B> ¢ nieaTpoM Ha 0l nMeem
R(A)/r(A) < 3. Ilpocro nokasars, uro My(s) = 5 In 3. Takum
obpasoM, rpanuiia objaactu (s SIBIAETCS PABHOMEPHO COBEPIIEHHOI,
HECMOTpPs Ha TO, YTO BTOpasd 00JIacTh OTJIMYAeTCd OT 0bJjlacTu u3
npuMepa 1 Jiib BHIOOPOM JIUTHH YIaJsieMbIX OTPE3KOB.

Crenyonuii IpuMep CyLIIECTBEHHO OTJINYAETCsSI OT IIEPBBIX JIBYX
TeM, YTO paccMaTpuBaeMasi 00JIacTh He SIBJISIeTCsl CUeTHOCBS3HOI.

[Ipumep 3. Ilycre F3 = K C [0, 1] — kiaccuueckoe KaHTOPOBO
muokecTBo. Pacemorpum 23 = B(0,3)\Fs3. Jlerko mokasarb, 9To
My(23) = My(2y) = %1113. Ormernm Takke, ato My(2) = 0
JIUTst JII0OOI OJIHOCBSI3HOI 00J1acTH, HO OOpaTHOE YTBEPIKIeHIEe, BOOOIIE
rOBOPs, HEBEPHO.

Cemeticmso {0 : My(Q2) = 0} asasemca 6ozamoti koarexyuet
obaacmeti, mpuvem  0HO  codepacum  00AACTIU  MPOUSBOALHOT
CEAZHOCTIU.

Tak, Hanrpumep, pasenctso My(Qo\ K) = 0 cripaBeyimBo [/1s Beex
obacteit ) = Qg \ K, yI0BICTBOPSIONIX CIEIYIONINIM YCIOBHSAM:
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(1) 9 — rakast obsactsb B mwiockoctu C, aro sup{dist(z, 0€) : z €
O} = 1, B wactHOCTH, () — HEKOTOPAS 10JIOCA IUPHUHBL 2;

(2) K = -, C, tie Cy, SIBISIOTCA KOHTHHYYMAMU (CBSA3HBIMU
KoMmakTamn ), npudem diam C, > 2;

(3) K C Qp, u Qy \ K — OTKpBITOE CBA3ZHOE MHOMKECTBO.

B smmreparype 110 paBHOMEPHO COBEPIIEHHBIM MHOYKECTBAM MOYKHO
HAfiTH W JBa JAPYIUX BapuaHTa OIpeeseHus] MaKCHMAJILHOIO
Moyt obsiactu. Bo Becex ompejesneHusIXx MaKCHUMAJbLHBI MOJLYJIb
OJIHOCBSAZHOM TUIIEPOOIMIECKOi 00J1acTi GepeTcst paBHBIM HYJIO (HLIH
BOBCe He paccMarpuBaercs). Cuuman onpedesenue MakcCuMaLbHO20
modyan My(€) nepsoti eepcueti, npusedem dee dpyeu.

Bepcust Bropast orpe/iesieHnst MakcuMabHOro Morysist My (€2):

P) Mp(Q2) = 0, eciim He CyHmIeCTBYeT HHUKAKOI OKDYKHOCTH,
Jiezkarneit B oosiactu §) u pasjiesistionieil rpaHnIHbIe KOMIIOHEHTHI 3TOIt
obJ1acTu;

P,) eciin B 06s1acTh {2 MOXKHO BIHCATH XOTsI OBl OJTHY OKPYZKHOCTD,
pa3fesAoNylo  ee  IpaHHdYHble  KOMIIOHEHTBI, TO  KOPPEKTHO

olpezaeJieHa BEeJIMI1HaA

rze cynpeMyM OepeTcsi 10 BCeM TaKUM KPYTOBBIM KOHIIEHTPIIECKIM
kosbiiaM A = {2z € C : r(A) < |z — 20| < R(A)} C §, xoropbie
pas3IesiioT KOMIIOHEHTHI Of).

Bepcust Tperbsi, OHa sIBJISIETCST OCHOBHOI B TEOPETHIECKUX
HCC/IeIOBAHNUSIX, KOIJa HeT HeOoOXOINMOCTH B sIBHBIX OIEHKAX
[IOCTOSTHHBIX.

Makcumasbuprit Mojyib M (€2) onpejessiercs: Tak:

P) M(@Q) = 0 g moboit  omHOCBS3HON — obJsacTu
runepooJIMIecKoro THia, a Jiisi Jito0oil ABycBs3HOil obacTu €2 = )y
MaKCHMaJIbHBIT MOJIYJIb OTpeie/isercss paBHbiM Moy o M (§y) sroit
obJiacTH;

P,) B obmiem cirydae, ecyim 06/1acTh ) He SIBJISIETCST OJTHOCBSI3HOI,
to nosaraior M (€)) := sup M (€y), rye cynpemym GepeTcst o Beem
TaKUM JIBYCBSI3HBIM oOJiacTsM (29, uTo 29 C €2 m ()9 pazjesser

KOMIOOHEHTHI Of).
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CupaBeJ/IBbl  CJIe/lyIONINe HepaBeHCTBa: s Jro0oi  obJiacTu
Q0 runepbosmueckoro tuma: Mp(Q) < M(Q) < M(Q) <
My(2) + % [TepBble JBa HepaBeHCTBA SBJSAIOTCS OYEBUIHBIMU
CJICJCTBUSIME  OLPEJIEICHUN.  YIUBUTENLHLIM — (PaKTOM  ABJIACTCH
Tperhe HepaBeHcTBo, Bocxoisniee Kk O. Teitxmionepy. B ykazamnoii
dbopme oHO J0KazaHO B [23] ¢ mpuMeHeHHEM OJIHOIO pe3yJIbTara
O. Teiixmiomiepa 00 3KCTPEMAILHBIX MOJIY/ISX JIA  JIBYCBA3HDBIX
obnacreit m dopmyn JI. Anbhopca st MOmyJIsST SKCTpeMaJIbHOI
00J1aCTH.

KagecTBennblii pesy/ibTar, 0 KOTOPOM IILJIa Pedb BO BBEJICHUU
K 9TOil TJlaBe, MOXKET OBbITb CGOPMYJUPOBAH TaK: PAGHOMEPHAA
COBEPULEHHOCTNL — 2PAHULDLL  00AACTU  ABAACTNCA  HEOOTOOUMDBIM U
dOCMaAMOUHBIM YCAOBUEM CYULLCTNEOBAHUSA KOHCmarmb Xapou.

B cnexyromeit Teopeme gokazkeMm "HeoOX0anMOCTh" .

Teopema 10.3. ( [18]). ITyemv Q — obaacmv Ha Komnaekcnot
naockocmu C, umerowasn boree 00not epanuynot mouku ¢ C. Ecau
cywecmeyem xoneunas seauvuna C (), das komopotll umeem mecmo
nepasencmeo Xapou

s 2 )
/Q/ dist? (z,&Q)dmdy S /Q/Wf drdy Vf e Gy (Q),

mo cnpasedausa ouenka 2My(Q2) < C(2), caedosamenvro,

epanuya  obaacmu ) ABAAECMCA  PABHOMEPHO — COBEPULEHHBIM,

MHOHCECTNEOM.

Hokazarenbero. Eciim MakCUMa/IbHbBI MOJLY/Ib PABEH HYJIO, TO
JoKasbiBaTh Hedero. OYeBHJHO, JIOCTATOYHO PACCMOTPETH JIHIIb
cay4ait, korga 0 < Mp(Q) <ocou 0 < C(Q) < o0.

[Ipennosokum obpaTHoe, T. €. JOIMYCTUM CYIIeCTBOBAHNE TAKOMN
runepbosmaeckoit obmactu ), A koropoii /C(2) < 2My(Q2). U3
9TOrO MPEJNoJIoKeHust u u3 onpesenenus My(€)) ciemyer, aro s
moboro dnciia m, yiosjaerBopsioniero nepasenctam /C(€1)/2 <
m < My(£2), cyiecTByeT Takoe KpyroBoe KOJIbIIO

A={2e€C:r(A) <|z—2]| < R(A)} CQ,
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qT10 29 € 0N) U
1. R(A)

Tax kak nocrostnnast Xapjgu C(£2) sBisieTcss MHBAPUAHTHOI TIpH

< OQ.

JINHEMHBIX IpeobpasoBanusx ), 6e3 orpannmdeHust oOINHOCTH MOYKHO
cantath, uto zg = 0, R(A) = 1, r(4A) = ¢ € (0,1). Torma
Kpyrosoe Kosbio nmeer Bug A = {z € C: e < |z| < 1} C Q, a
Haiite orpanndenne /C(€)) < 2m 5KBUBAJIEHTHO HEPABEHCTBY

1 1 C(Q)

N
M=oz 2

anuiieM Ternepb paccMaTpuBacMOe HEpPaBeHCTBO Xap/u st OoJiee
Y3KOro ceMeiicTBO (PYHKITUI, a MMEHHO, JIJId TPOU3BOJILHON (DYHKIINN
feCr(A) C C°(Q). Bynem nvers mepaBencTso

1P 2 )
// dist?(z, 09) Tz oo = C(Q)/AWfl drdy Vf € C&(A).

[lepefiteM K MOJNSPHBIM KOODJMHATAM WU €IIe pa3 Cy3uM KJIace
JOMYCTUMBIX  (DYHKIMWH, a MMEHHO, BO3bMEM JIUIIb DPaHaTbHbIE
dyuxun, 1. e. bynknun suga f(r,f0) = ov(r), v € C(e1).
[Tospsysice mpocroit onenkoit dist (z,00) < |z| u paguaabHbIMU

QYHKIUSIMHU, TIOJIyYaeM U3 I0CJIeIHEr0 HepaBeHCTBa

/ Polr)lTrdr C(Q)/ W) Prdr Ve Co(e, 1),

2
r
3aMeHaMn He3aBHCHMOI IepeMeHHON r = eexp(2mt) u dyHKIMI
v(r) = g(t) npuxoaUM K SKBUBAJIEHTHOMY OJIHOMEPHOMY HEPABEHCTBY
[Iyankape
[sora<SE [Mgora vgeczom,
0 am= Jy

[TockoIbKY TOYHAsT KOHCTAHTa B yKA3aHHOM OJIHOMEPHOM HEPABEHCTBE
[lyankape paBna emunune, oygem wumerb C(Q) > 4m? ugro
npoTuBopednT HepaseHcTBy |/ C/(§2) < 2m.

Teopema jokazana.

OrMmeTuM, 9TO HUMEIOTCSI  HEKOTOpble  ODOOIIEHHUSI — TeOPHH
pPaBHOMEDPHO COBEPIIEHHBIX MHOYKECTB Ha IPOCTPAHCTBEHHBII cJrydaii

(em., mampumep, [32], [2], [18]).

118



10.3 BepxHue oleHK KOHCTAHT

B sTOM IyHKTE MBI IIPUBEJIEM SIBHbIE OIEHKHU CBEPXY JJIsI KOHCTAHT
Xap/iu 1mpu yeJIOBUM KOHEYHOCTH MaKCUMAJbHOI'O MOJYJS OOJIacTH.
DTH OIEHKH [T0OKA3bIBAIOT, YTO PABHOMEPHAs COBEPIIEHHOCTH I'PAHUIIDI
00J1aCTH ABJISETCS TaKyKe U JIOCTATOYHBIM yCJIOBUEM CYIECTBOBAHUS
koHcTauThl Xapau C(§2) < co. PacemoTpum mocsieoBaTeibHO Ctydan

OJHOCBA3HBIX, IBYCBA3HbLIX 1 MHOI'OCBA3HbIX obJracTeit.

Teopema 10.4. (A. Ankona [17]). IIyemo  — odnoceasnasn obaacmo
Ha womnaexcroli naockocmu C, umerouwan 6oaee 00Ot 2paHuvHOU
mouku 6 C. Tozda umeem mecmo caedyrouiee nepasencmeo Xapou

/I , N
/Q/dist2 (z,ag)dxdy = 16/Q/|Vf| dvdy V[ € i (Q).

Hokazarenberso. [Iycrs Rg(z) — kordopmublit paamyc obaactu §)

B TOouKe 2. JIJIs1 0JIHOCBsI3HOIT 00J1aCTH, KaK II0Ka3aHO B Teopeme 8.2,

ClIpaBe€JINBO HEPABECHCTBO

2 ju(z, y)|? 0
//Q|Vu(x,y)\ dx dy > /QW dedy Yu e C(Q).  (7)

YTBepKJieHHe  TeopeMbl — HENOCPEJCTBEHHO — CJleJlyeT W3  3TOr'0
wepaBencta npu f = wu(x,y) ¢ yderom HepapeHcTBa Kébe 06
1/4 nyist opHOCBsI3HO# obstacTu (cM. 3ajady 6 K riiase 4)

Ro(z) < 4dist(z,00), =z €. (8)

Taxum obpasom, Teopema JokasaHa. [IpuBejemM jBa MOsiCHEHHS K
GOpMYITUPOBKE 1 JIOKA3ATEIbCTBY 9TOI BaXKHOI TEOPEMBI.

1) A. Ankona [17| monygaer (7) cHadasa Jjist OJIYILIIOCKOCTH
N={z=z+iyecC:z>0}

KaK IIPOCTOE CJIeJICTBIE HepaBeHCTBa Xap/n (4) ciey oM 00pasoM.
[omarast s =p =2u f(t) = |u(t,y)| (v € C°(II)) B HEpaBeHCTBE
Xapn (4), nmeem

00 2 00
/ ut P, / ‘au@,y)

2 00
- it < 4/ Vult,y)? dt.
0
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CJ1e10BaTEJILHO,

/ /OO|“ da:</ dy/ Vu(z,y)|? d.

[Tockonbky 4r? = RZ(z), nepasencrso (7) JloKazaHO Jyisd Cjlydast
noJy1IockocTi. Ocraercs 3aMeTuTh, 9To HepaBeHCTBO (7) sBsiercs
KOH(MOPMHO MHBAPUAHTHBIM, ITO9TOMY OHO OYJIEeT BEPHO st JIH00OI
OJTHOCBSI3HOM 006/1aCTH, KOH(MOPMHO SKBUBAJICHTHON IIOJIYILIOCKOCTH.

2) Tlocrosiunast 16 B Teopeme A. AHKOHBI He SIBJISIETCS, IIO-
BUJMOMY, OINTHMAJIbHOI, T. €. HauMeHbIIeld M3 BO3MOXKHBLIX. B
HACTOSIIIEEe BPEMSI MOYKHO JINIIL YTBEPZKIATE CJIEAYIOIIEe: HAMITY dIlast

nocrostirast C'(€2), onpejienisiemasi paBEeHCTBOM

[ 1£12dist ™2 (2, 0Q)dz dy
Q

C(2) = sup
feCE(®) I[NV fPda dy
Q

Y

JOJDKHA  YIOBIETBOpATL HepasenctBam 4 < (C(Q2) < 16 s
Joboit oHocBs3Hoi ob1actu 2. Takum 0dpa3oM, ocTaeTcst OTKPBITOM
pobJieMoii HaxozKjienne TouHoit koncrautel C' = sup C(Q)) € [4,16],
rje cynpemyMm Oepercst 1Mo BceM OJHOCBsI3HBIM obsiactsm 2 C C
rurepOoInIecKoro TUla.

[Ipexxge dem mepeiiTu K O0OCYKJIE€HHIO HEPABEHCTB Xapju B
MHOTOCBSI3HBIX 00JIACTAX, HAIOMHUM OJIHO olpejenenue. Ilycrh
Xa(z) — mwiorHocts Mmerpukn Ilyankape ¢ KpuBusHoit —4 B
obiactu ) runepbosimdeckoro Tuma. B riaBe 2 ObLIO OTMEYEHO,
aro Bemmuanny R(z,Q) = 1/Aq(z) HazbpBalOT TUIEPOOJITICCKIM
paanycom. HamoMHuM TakKke, 9TO B CJIydae OJHOCBSI3HBIX 00J1acTeil,
He CcojieprKalinX OeCKOHEUHO VIAJeHHOH TOYKH, TUIepOOInIecKnii
pajauyc R(z, ) copnamaer ¢ koadopMHBIM pajmycom Ro(z).

st oneHKH  CBepXy KOHCTAHTBI Xapju JiIsl  JIBYCBSI3HBIX
obJiacteit HaM ToTpedyeTcss KOHPOPMHO NHBAPpUaHTHOE HEPABEHCTRO.
CrenmasincraM 10 UHEPOOJINIECKON  TeOMETPHUHM W3BECTHO, UTO
aHaJor HepaBeHCTBa (7) BepeH U Jyist JIBYCBSI3HBIX OOJIACTEl.
Ho jokazarenbcTBO 3TOro pakra, HACKOJBKO W3BECTHO aBTOPY,

MO2KHO H3BJIEYDL JIMIIL W3 HayYHbLIX CT&Teﬁ, IIOCBAIIICHHBIX OICHKaM
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COOCTBEHHBIX YHCEs JalljlacuaHa Ha IOBEPXHOCTAX C IMOCTOAHHOMN
OTpHUIIATEILHON KPUBU3HOIA.

s ymobcTBa  YuTaTe s MBI IPUBEJIEM ITPOCTOE  MPSIMOe
JOKA3aTeIbCTBO aHaAIo0Ta HepaBeHCTBa (7) ¢ 3aMeHON KOH(GOPMHOTO

pajuyca Ha TuepOoInIecKuii.

Jlemmvma 10.1. Ecau )y — dsyceasran obaacmv 2unepbosu4eckozo
MUNA, Mo CNPABEINUBO HEPABEHCMEO

// \Vu|2dxdy>// P23, (2) dedy Yu € C(Q). (9)
QQ QQ

HokasaresbeTBo JeMMbl (eM. [2]). Pacemorpum nosiocy
II(q) = {z : log ¢ < Rez < 0} (0<g<1).

Ormerum, uTo ciaydaio ¢ = 0 cOOTBETCTBYeT IOJIYILIOCKOCTh. B cuity

(7) mMeeT MeCTO HEPABEHCTBO

[ e < //IVf\dfvdy 9 e Cr (). (10)

ol ¢ ){

B kauecrBe f BbI6epeM dyaKIM0, 00JaJaI0NyI0  CBOHCTBOM
27T-NepUOJINYHOCTH 110 TilepeMeHHoit y Ha orpeske [0, 2w N, T.e. Gyjiem
cantath, aro fy (z,y) = fyn(r,y+27k) tpu 0 < y < 27 u
k=1,...,N — 1. Bcrapjss, ecji Hy?>KHO, JIUITHUE 3BeHbsI JIJINHBI 27

I10 TIEPEMEHHOMN Y, MBI MOXKEM CIUTaTh, 9T0 (10) nmeer Bu

2
N// [/ Fdz dy dxdy <N/ IV f2dz dy + A, (11)
QO Q0

rre N — uoboe HaTypajbHOe dmcio, (g — [IPsIMOYTOJIBHUK
llog ¢,0] x [0,27], A — Besmumna, ne 3aBucsias ot N, GyHkiusa f
VIOBIETBOPSIET rpannaubiM yeaosuam: f (x,0) = f (z,27), f (v,y) =
0 wa OIl(q). Henst obe wactu (11) Ha N u nepexojis K mpejiey mpu
N — +o00, nojaydaem

//QO \f‘zdxdy /QOIVf\dedy. (12)

QOyukmugd w = e° jaeT yHuBepcaJgbHoe HaKpbITHe KoJablla K =

{w : q < |w|] < 1} nomocoit II(q). IIpu sToM 06pazoM OTKPBITOrO
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npsimoyrosibauka g \ 0§y saBsiercs kosbio K 6e3 orpeska [q, 1]. B

cuJ1y KOH(OPMHOI MHBapUaHTHOCTH MeTpukn Ilyankape

|dw| B |dz|
R (wa K) RH(q) (Z)’

HepaBeHCTBO (12) mpuHUMAeT BUJL

F’dud
/y(# / IVF|*dudv, VF € Cf(K),
K

rie w =u+ v, F(w) = F(e*) = f(2) ms qoboro w € K.

CHoBa 10JIb3YsICh KOH(MOPMHOI MHBAPUAHTHOCTBIO U YUUTHIBAsI
IPOM3BOJILHOCTD ¢, TOJIYyIaeM, 4TO BAPUAIMOHHOE HEPABEHCTBO JIIsI
K BepHo u nipu 3amere K Ha IPOU3BOJILHYIO JBYCBSI3HYIO 00J1aCTh o
rUepOOIMIeCKOT0 TUIA. DTUM U 3aBEPIIAETCS JTOKA3ATEIbCTBO.

Ham rmakxke norpebyroTcss qucsioBasi xapakrepuctuka () =

SUp,cq ’V)\él(z)‘ I M3BECTHAST TIOCTOSTHHAST

1 T
2\ fo,13 (1) Am?

ag = — 4, 3768796....

ucrniosibzoBanHas JIx. A. Xewmmenem [31] m k. A. Jkenkuncom
[33] mist ycranoenusi Tounoit opmbl Teopembl Jlaumay o6 oreHke
|F'(0)| mis dyuknun F'| rojioMopdHOil B €MHIYHOM Kpyre U He

npuHuMatoleil 3nadennit 0 u 1.

Teopema 10.5. ( [18]). Ilyemv Q — deyceasnas obaacmyv Ha
Komnaexcrot naockocmu C, umerowan 6osee 0010l 2panuHol
mouku 6 C. Tozda cnpasedausv, cacdyrowgue ymeeprcoeHus:

1) ecau Q=A={ze€C:r(A) <|z— 2| < R(A)} - xpyeosoe
K0AvY0, Mo das n10600 pynkyuu f € CF° (A)

fI? ( QRCL) /
drdy < (4+ —1In V f| dz dy;
// dist? (z, 09) v T (a) Ve dy

2) ecau ) — dsyceaznas 00AACMb NG KOMNAEKCHOT NAOCKOCTIU

C, womopas ne codepotcum HUKAKOT OKPYAHCHOCU, UMEWET 6
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Kavecmee UeHmpa epaHuUYHY0 mowky amot obiacmu, mo oas 110001

yrnuuu | € C3° ()

2 8
J/ T —
J dist” (z, 002)

3) ecau ) — npousdeoavnas 06YCeA3IHAA 0OAACTND HA KOMNAEKCHOT

naockocmu  C ¢ pasnomepno  cosepwiennoli  epanuuet.  u - c
MaKCUMaroroim modyaem My(£2), mo

2
dlst (z,00)

114(1/ 4)
472

§4(7TM0(Q)+ ) / IVf|Pdzdy Yf e CF(Q).
Q
Jlokazameavemeo nyuakra 1). Jljast poM3BOJIBHO B3SITON TOYKH
z € A uepes ( € 0A obozHaumm OJIMKafIIyI0 K Heil TOUKY, B3STYIO
Ha rpanuie Kojbla. Warerpupyst Bmoib orpeska [(,z] ¢ yduerom
coorrorenniit R((, A) =0 u | — z| = dist(z, 0A), noyuaem

¢ j
R(z, A) = /0 ARCH 5 A) oo (A) (2] = (A) dist(=, DA).

ds
[Tostomy mepaserctso (9) semmbr 10.1 mpn v = f(x,y) Bieder
HEPABEHCTBO
// ik da:dy<72(A)/ IVfPdedy VfeCF(A).
dist? (z, 09) -
A

Coryacao dopmyiie

72(14) =4+16 Mz(A) — 4+ %hﬂ ;((fjl))’

nokasanHoit B [23], ¢. 43 (cM. Takske yHpaykKHeHue 2 KOHIE 3TOil

[JIABBI), MbI MOXKEM BBIPA3UTh XapakTepucTuky y(A) depe3 Moyib

KOJIbIIA, U IIOJIYUYUTD JOKA3bIBAEMOE HEPABEHCTBO IIYHKTa 1 TEOPEMBI.

Jloxasameavcmeo nyukra 3). A. E. Bupgon n X. [Tommepenke [26]
JIOKA3aJI, 9TO JIJId J1I000# 00J/IacTi ruiepooJImIecKoro THUIa
1

2Xq(z)dist(z, 00Q)

< 7TM()(Q) +ay, z€ Q,
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rje ap — HOCTOsiHHasl u3 TeopeMbl Jlangay. TouHoe 3HaUeHHE 3TOI
IIOCTOAHHON CTaJI0 U3BECTHO II037Ke, U Mbl IIPUBEJIM €€ Iepe/l

dopMyInpoBKoii TeopeMbl. TaxkuM 0Opas3oM, clipaBe/lJInBa OIeHKA
2
- (2 My() + M) N(2), eQ (13)
dist?(z, 09) 272

DT oneHKK B coueTannu ¢ jgemmoii 10.1, npumenennoii K pyHKIuu
u = f(x,y), HENOCPEJICTBEHHO BEJIyT K YTBEPXKJCHUSIM IMYHKTA 3)
Haleil TeOpeMbI.

OueBWJIHO, TMYHKT 2) SIBJISIETCS HPSIMbIM  CJI€JCTBHEM ITYHKTA
3), coorBercTBytonM caydaio My(22) = 0. Teopema goxaszama
LOJTHOCTBIO.

Ecin umeno rpaHuMYHBIX KOMIOHEHT objgacty m > 3, TO
HepaBeHCTBO (9) sABJIsIeTCs1, BOOOIe roBopsi, HeBepHbIM. Hampuwmep,
nis Q3 = C\ {0,1} = C\ {0, 1,00} dopmyna ne nmeer mecta, jaxe
ecim Mbl YMHOXKHM TpaByto 9acTb (9) Ha CKOJIb yrojgHO OGOJIBIIOE,
HO He 3aBUCAINee OT NMpOOHON (DYHKINUU, YUCTO, T. €. UMEEeT MeCTO
COOTHOIICHIE

- Ha, lu(z, )] )PAG, (2) dx dy _
wecgog) o, [Vulz,y)? dady

g obnacreit casnocTn 3 m 60Jiee aHAJIOT TPEIBIIYINE TeOPEMbI

6y,IL€T CIIpaB€IJINB, HO C UTHBIMU OLCHKaMHM JIJIZI KOHCTaHT Xapm/l aepes

MaKCUMaJIbHBII MOJLyJIb paccMaTpuBaeMoil 001acTH.

Teopema 10.6. ( [18]). IIycmv Q - npoussoavias obaacmv Ha
Komnaekcrhot naockocmu C, umerwan bosee 00notl  eparuvHol
mouxu 6 C. Toeda cnpasedausvl caedyroujue ymeeprcoenu:

1) ecau obaacmv €2 wme codepotcum HUKAKOT  OKPYHCHOCTU,
uMewWel 6 Kauecmsee UEHMPa 2PaHUMHY0 MoYKy 3mot 0baacma,
mo umeem mecmo caedyrowee Hepasercmeo Xapou

f1° T6(1/4) /
doe dy < —L——~ dz d
//dlst2z89)$y_ 1678 Vifdedy Vf e G (Q):

2) 6 obuwem cayuae cnpasedauso CAeoYowee HEPABEHCMBO

2
dist® (z, 09)
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I'(1/4)
472

4
< 16 (WM()(Q) + ) / IVflPdedy YfeCr(Q).
QO

HokazarenberBo. OTMerum cpasy ke, 9T0 1) sIBJISIeTCs [MPSIMbIM
CJIJICTBHEM IYHKTa 2), cooTBeTcTBYytoNmM ciaydaro My(€2) = 0.

[Ipu mokazaresnnerse mynkra 2) cauraeM, 9to My(§2) < oo. Ilycts
Aq — wioTHOCTh MeTpuku Ilyankape B €2 ¢ kpuBusHoii —4.

ycrs f € C3°(Q), rorna [ € CH(Q) u [VIfP| = 2/f[IVf]

[Tonb3ysicy ypasaenuem JInyBusiis

Alog )\Q(Z)_l
Ao(2)”

u popmyoit T'puna [[,[udv + (Vu, Vv)ldz dy = 0 gns v = log A
uu=|f? f € C5Q), norysaem

L [[15 Naededy =2 [[ 171 2ale) (V171 O31) e

KoMmOuHupyss ~ 9TO  COOTHOIIeHHe ¢  HepaBeHcTBoM  Kormn-

—4, z=x 4+ 1y € (),

bynsgakosckoro-IlIBapna

(/ 17 2a(2) (V1)L VAG' () dxdy) <

< / /Q ()N (2)dady / /Q M2 (VF(2), VAZ(2)) [Pdady,

HEIIOCPEACTBEHHO I10JIyYaeM

J150F %) dway < 5 [[107GLIG P dody (1a)

st moboit dyukimm f € CFO(€)
[Tospsysicw (14) u caemyromum nepaserncrsom Ocryma [39)

3 2
)‘Q(Z)W)‘Ql(z)‘ < m,

IIpUXoJnuM K COOTHOIICHHNIO

/|f VPN (2 d:cdy<// T ‘Vf ‘d;cdy.
1st
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CrenoBaresibro, it Joboit dynkiun  f € CF°(Q2) nmeer mecto

HEPABEHCTBO

// dlst aQ) di’jdygﬁ//glvﬂzﬂ2 dz dy,

nJix, 9TO TO 2Ke CaMO€, HEPaBEHCTBO

// dlst 8(2) dudy < ﬁ//Q V()] dedy, (15)

rie a(Q) = inf{Aq(2)dist(z,092) : z € Q}. Ilpumenssa maee
yrounennyto Bepcuto (13) onenku A. E. Bupgona u X. TTommeperxke,
IOJTydaeM YTBEPXK/IeHNs] TeOPEMBI.

B 3zaxyouenme mpuBejieM TOJHYIO Bepcuio TeopeMbl  10.2,
JOKA3aHHYI0 Takyke B crarbe |18  nyemv Q - omxpwmoe
cobcmeennoe noommooicecmeo R", § = dist(x,00), u nycmo 1 <
p < 00. Beaun < s < 00, Mo uMeem MeCcmo nepasencmeo

P p D

Cywecmeyrom obaacmu, daza komopvix nocmosannaa (p/(s —n))P ne

MOdHCEM, OBIMD YMEHLULEHE.

Teopema Xapgaum 10.1 Jexxur B ocHOBe OJHONO U3 OYpHO
Pa3BUBAIONINXCA HAIpaBJIeHUl B coBpeMeHHOil Mmaremartuke. s
JlaJbHENIero 3HaKOMCTBa C HEpABEHCTBAMU THUIA Xap/JW B IJIOCKIX
1 [IPOCTPAHCTBEHHBIX OOJIACTSAX 1 PEKOMEHIYIO ITPOCMOTPETH CTAThI
A. Amxonwr [17], E. B. Issuca [27], B. M. Muxkmokosa u M. P.
Byopunena [36], orpaxatomue pasjindHble MOIXOJAbI K 3ajadaMm u
BCKPBIBAIOIINE TUIYOOKHME CBS3U 9TOH TEMATUKH C T'€OMETPUYECKOi
Teopueil pynxnuit. Mbl orpanndminch, omucaHneM pemienns JIUITh
OJIHOIT 3a1a41, cOPMYJINPOBAHHOI BO BBEJIEHNN K 3TOIl riiase.

OrmeruM, 49TO  0a30Bble  pe3yJabTaTbl IO  MHOTOMEPHBIM
HepaBeHCTBAM XapJji W3JI0KeHbl B KHHUre BajmHckoro, JBaHca
u Jlouca [24], uzmannoit B 2015 rojy B IIIPUHIEPOBCKOi cepun
"Vuusepcurerckuii yaebuuk". B kHure [24| onmcanbl Takxke CBSI3U
HEPABEHCTB THUIA Xap/Au ¢ HEKOTOPLIMU (DU3MIECKUMU SBJICHUSM,

B YaCTHOCTHU, C IIPUHIUIIOM HeolpeaejleHHocT leiizenbepra. B
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HACTOMIICE BpeMd Pa3BUBAIOTCA HECKOJbKO HOBBIX HallpaBJICHUI
[0 BapUAIOHHBIM HHTErPAJbHBIM HEpaBEHCTBaM (CM., HAIpUMep,

crarpio P. I Hacubysmmna |38] u 6ubsinorpaduio B Heit).

10.4 3amaum m ynpakHeHUS

1) Ilyctb A — KpyroBoe KOHIEHTPUYECKOE KOJIbIO C MOJLYJIeM
M(A). Meromamu 1eMeHTAPHON MaTEMATHKN JOKAYKHUTE CJIEIYIOMINe
YTBEPK JICHIUSL:

ecm M(A) < (2m) ' n 3, o My(A) = 0;

ecin ke M(A) > (2m) ' 1n 3, To My(A) = M(A) — 5= In 3.

Ykazanne. bes pucynka ne oOOUTHUCE.

i

Puc. 19: lleaTp BIOXKEHHOTO KOJIbIAa — IPAHUYHAA TOYKA OOJIBIITOTO KOJIBITA

2) Ilycte A — KpyroBoe KOHIEHTPUYECKOE KOJIBIO C MOJLyJIeM
M(A). Hokaxkure dbopmyiry

2
4 1
16 4
HCIIOJIb30BAHHYIO [IPU JIOKa3aTebcTBe yHKTa 1) Teopembl 10.5.
Ykazanne. PaccmarpuBaeMble BeJUYNHBI  HWHBAPUAHTHBI  IIPU
JIMHEHHBIX MTpeoOpazoBannsax. [loaToMy H0CTATOYHO B3ATH KOJIBIO C

IeHTPOM B HadaJie KoopanHat u ¢ paguycamu € € (0,1) u 1. Torga

= 4M |z| sin —ln(l/\z|)

)\A(z) 2M 7
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rie
M = M(A) = 2i In(1/e).

77
[TosTomy
d)\,(2)
A2) = == =gt
v = [P = b
e
In(1
t= In(1/]2]) € (0,7), g¢g(t) =4M sint — 2 cost.

2M

[IpocTble  BBIYMC/IEHUS — [OKA3bIBAIOT, 9TO  Makcumym  |g(t)|

JOCTUTAETCA B HEKOTOPOWl Touke ty € (m/2,7), oupemensemMoii

paBeHcTBoM tgty = —2M, u nosromy v(A) = |g(to)| = 2v 1 + 4M?2.

3) s sagannoro ncia ¢ > () ocTpoiiTe MpuMepbl TPEXCBIA3HBIX

obtacreit (23, ynosnersopsifoniux yeaosuio My(€23) = c.

4) Hokaxkure cuenytoriee yreepxkaerue. [fyems 1 < p < 00, u
nycmsv £ — 00H0C8A3HAA UM D8YCBAZHAA 0DAACTIL 2UNEPOOSUYECKO20
muna Ha pacuupennots xomnaekchotl naockocmu. Toeda das 110001
dynruuu u € CF° () cnpasedauso nepasercmeo

w2 Na(2) dedy < (8)" [ 1900 N 7(2) dudy.
Q Q

Vkazanue. B cmiy KoHMDOPMHON MHBAPHAHTHOCTH HEPABEHCTBO
JI0CTATOYHO JIOKA3ATh JJIsl [IOJIYTIIIOCKOCTH 1 J[Jist KOJIEIL,

Jist mostyiockocT TpefyeMoe HEePaBEHCTBO MOYKHO IOJIYYHTh
KaK CJIeJICTBHE pe3yibraTa Xapinm. A HWMeHHO, mojaras s = 2 0
f(t) = |u(t,y)| (v e C°(I1)) B nepasencrse Xapam (4), nveem

> u(t, y)P > Ou(t, y)
[ ey [

p
2 P2t <
gpp/ IVu(t, y)|P P2 dt,

0

0

CJIEJIOBATEBHO,
o [T July)l” p\P [ [ )
dy/ —dxr < (—) dy IVu(z,y)|f (22)P~° dx.
/oo 0 <2$)2 2 —00 0
Ocraercss 3aMeTuTh, 9T0 2T = A (T + iy) I TOIYIIOCKOCTH

IT. Takum obOpasoMm, yTBep:KjeHue Oyler J0Ka3aHO JJisd JIE00OOIt
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OJIHOCBABHON  objtacTu  runepbosimdeckoro  Ttura. llepexon K
JIBYCBSI3HBIM 00JIACTSIM MOYKHO IIPOBECTH II0 CXEMe JI0Ka3aTeIbCTBA

HepaBeHcTBa JieMMbl 10.1.
5) ITyers Q3 = C\{0,1} = C\ {0, 1, 0o}. Jlokazure cooTHOMmEHNE

- fo u(z,y)| 2)\9( ) dz dy
wec@s)  fo, [Vu(z,y)|?dz dy

IpuBeeHHOe Oe3 JI0Ka3aTe/ILCTRA epe]] 3aKTI0UNTETHHON TeEOPEMOI.

:OQ7

6) Ilocrpoiite  mpumepbl — GECKOHEYHOCBSIZHBIX  OOJIACTEl,
OOODITAIONTMX ~ ONHMCAHHBIE BBIIIe NpUMepbl  1-3, JJId  KOTOPBIX
makcnmasibibie  Mojyian  Mo(Q) wmm Mi(2) MOXKHO BBIYHCIUTS

TOYHO.

7) JokaxkuTe, YTO CBOWCTBO DPABHOMEPHOIN COBEPIIEHHOCTH
I'PAHUIIBI 00/TACTH SABJISIETCS KOH(MOPMHO MHBAPUAHTHBIM.

Ykazanne. KondopMuo nHBApUAHTHON SIBISETCA XapaKTePUCTUKA
M()), TOCKOJIbKY MOIy/M JIByX KOH(MOPMHO SKBUBAJEHTHBIX

JIBYCBSI3HBIX 00J1aCTell PABHBI 110 OIPeJIe/IEHNUIO.

8) Ilycte Q m Q' — koHMOPMHO SKBHBaJEHTHBIE O00JIACTH C

pPaBHOMEPHO COBEPIIEHHLIMU T'panuiiamMu. Jlokaxknre, 9To

My(2) — Mo(Y) < .

9) Hokaxkure ciemytoriee yreepxKiaenue: ecau My(2) = oo, mo

daa maxot obaacmu ) nocmoannas (p/(s —2))P 6 meopeme 10.2 ne
MOXHCEM, OBIMb YMEHBUEHA, M. €. ABAAEMCA MOYHOU.
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ZLOHOJIHHTGJIBH&H Hay49Had JINTEPATypPa

HpI/IBe,ZLeHHbIﬁ HIKE CIHCOK SIBJIIETCS MUHUMAJIbHBIM. Y Ka3aHbl

JIMIIb T€ NCTOYHNKHU, Ha KOTOPbIC UMEIOTCA CCBIJIKU B TEKCTE y‘{e6HOI‘O

mocooms.
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