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Pa3z0neHne HATYpaJLHOI0 YHMCJIa HA3bIBAETCSl UI€AIbHBIM, €CIU Kak10e
MeHblIee YUCJI0 MOKHO eJUHCTBEHHBbIM 00pa30M NpeJCTABUTh B BU/Ie JIMHEHHOMI
KOMOMHAIMH YacTell 3TOro pasouenus ¢ kodpdunuentamu —1, 0 nau 1. Yka-
3aHHOE pa3OHMeHHe CBSI3aHO € U3BECTHOMH 3aJa4ell 0 B3BCLIMBAHUM € IMOMOIIBIO
Ha0opa rupb, KOTOPble MOKHO CTABMTH Ha 00e YalIKku BecoB. B crarbe npemia-
raercsi Mpocroe J0Ka3aTelIbCTBO BBIYHMCIHMTEIbHBIX PEKYPPEHTHBIX ¢opmy.,
CBSI3AHHBIX C MOACYETOM KOJIHMYECTBA YNOPAJ0YEHHBIX (aKTOpPU3ALMil HATy-
panbHOro yucia. C moMompb0 anmapara NpoOM3BOASIIIMX (YHKIMI yaaercs
NMOJY4YUTh NMPOCTOE A0KA3aTeJbCTBO ABHOH dopmyssl MakMaroHna 1Js noacuéra ynopsio4eHHbIX (pakTopusanmii
HATYPAJbHBIX YMCeJI, 2 TAK:Ke HEKOTOPbIe HOBbIe COOTHOLICHHUS B cJIy4Yae, KOrAa KAHOHHYeCKHe Pa3yIosKeHUs YH cell
He coJep:aT KBaJApaToOB MPOCTBIX MHOMTesel. [V HATypaJbHBIX 4YHCeJ, B Pa3l0KeHUH KOTOPBIX KaKIbIi
NMPOCTOH MHOKHMTEIb BXOAMT TOJILKO OJMH Pa3, YCTAHOBJICHA CBA3b KOJHMYECTBA YHOPSAAO4YCHHBIX GakTopH3amui ¢
IKCHOHEHIHMAJIbHBIMY YHcaamMu Besia u Ctupannra BToporo poaa.

KiroueBble cioBa: coBepIICHHOE pa3OMEHHE 4HCIia, HAeadbHOE pa3OHeHNe YHcia, ynopsIodeHHas (hakTopu3alms, Jucia
benna n yncna CtupauHra BTOPOro poza.
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A perfect partition of a natural number is one which contains one, and only one, partition of every lower
number. A sub-perfect partition of a number is such that, taking its parts positively or negatively, it is possible to
compose in only one manner every lower number. Our results include explicit enumeration formulas and some com-
binatorial identities. The purpose of the research is to give a simple proof recurrence relations that count the number
of ordered factorizations of natural numbers. Using the method of generating functions, we obtain a simple proof of
an explicit formula for calculating McMahon ordered factorizations of natural numbers, and some new recurrence
relations when these numbers have only two prime factors. For such natural numbers we found the relationship be-
tween the number of ordered factorizations and exponential Bell numbers and Stirling numbers of the second kind.

Keywords: perfect partition of integers, sub-perfect partition of integers, ordered factorization, Bell numbers and Stirling
numbers of the second kind.

BBEJEHME. Besakoe npeacraBiaeHue HaTypaabHOTO YHCIIA CyMMOW HAaTypaJIbHBIX YHCE Ha3bl-
BaeTcs pa3OueHneM uyucna. Pa3onenus usydarorcs B 3ajauax, Mpekie BCero, KOMOMHATOPHOTO U TEO-
PETHKO-YUCIOBOro Xapakrepa. K kimaccuueckuM KOMOMHATOPHBIM OTHOCATCS 3aJladyM MOJICUeTa U Ie-
peuuciieHus: pa3doMeHuil JaHHOTO THUIMA, B TEOPUHM YHCET PELIaroT MpoOiaemMbl 00 aJaJIUTHBHBIX Hpe.-
CTaBJICHUSAX YMCEN C apu(METHUECKUMH OTrpaHUYEHHMSIMH Ha cilaraeMble. B 3Tol cTraThe Mbl H3ydaeMm
BOIIPOCHI, CBS3aHHBIE C IIOJICUETOM YHCIA TaK HA3bIBAEMBIX COBEPUIEHHLIX U UOEANbHbIX pa3OueHull
HaTypaJIbHOT'O YMCJa, YCTAHABIMBAEM HOBBIE PEKYPPEHTHBIE COOTHOIICHHUS IS ITOJCYETA YHCIIa TAKUX
pa3buenuil Ui yrcen cnenuaibHOro BUA.
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