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Abstra
t�Let τ be a faithful normal semi�nite tra
e on a von Neumann algebra. We establish

the Leibniz 
riterion for sign-alternating series of τ -measurable operators and present an

analogue of the 
riterion of series �sandwi
h� series for τ -measurable operators. We prove a

re�nement of this 
riterion for the τ -
ompa
t 
ase. In terms of measure 
onvergen
e topology,

the 
riterion of τ -
ompa
tness of an arbitrary τ -measurable operator is established. We also give

a su�
ient 
ondition of 1) τ -
ompa
tness of the 
ommutator of a τ -measurable operator and a

proje
tion; 2) 
onvergen
e of τ -measurable operator and proje
tion 
ommutator sequen
es to

the zero operator in the measure τ .
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Introdu
tion. Let τ be a faithful normal semi�nite tra
e on a von Neumann algebra M.

Measure topology tτ on the ∗-algebra S(M, τ) of all τ -measurable operators plays an important part

in the I. Segal's non
ommutative integration theory [1℄, [2℄, [3℄. We give 
hara
terizations of various


lasses of von Neumann algebras in terms of the topologies tτ and tτl [4℄; and des
ribe operator

�intervals� IB = {A : −B ≤ A ≤ B}, where A ∈ S(M, τ)sa and B ∈ S(M, τ)+ ([5℄). In [6℄, [7℄ in


onne
tion with the topology tτ , 
onvex sets KB = {A ∈ S(M, τ) : A∗A ≤ B} were investigated.

An operator A ∈ S(M, τ) is said to be τ -essentially left invertible if there exists an operator

B ∈ S(M, τ) su
h that the operator I −AB is τ -
ompa
t.

A su�
ient 
ondition for an operator A ∈ S(M, τ) not to be τ -essentially left invertible is

existen
e of a tτ -bounded sequen
e {Xn}∞n=1 ⊂ S(M, τ) su
h that

X∗
n

τl−→ 0, Xn 6 τ−→ 0, AXn
τ−→ 0 (n → ∞),

([8℄, Theorem 3.4). On τ -
ompa
tness of τ -measurable operators see [9℄, [10℄.

1. Notation and de�nitions. Let M be a von Neumann algebra of operators in a Hilbert

spa
e H, let Mpr

be the latti
e of proje
tions in M. Let I be the unit of the algebra M, let

P⊥ = I − P for P ∈ Mpr

, and let M+
be the 
one of positive elements from M. A mapping ϕ :

M+ → [0,+∞] is 
alled a tra
e if ϕ(X + Y ) = ϕ(X) + ϕ(Y ), ϕ(λX) = λϕ(X) for all X,Y ∈ M+
,

λ ≥ 0 (here 0 · (+∞) ≡ 0) and ϕ(Z∗Z) = ϕ(ZZ∗) for all Z ∈ M. A tra
e ϕ is said to be faithful

if ϕ(X) > 0 for all X ∈ M+
, X 6= 0; normal if Xi ր X (Xi,X ∈ M+) ⇒ ϕ(X) = supϕ(Xi);

semi�nite if ϕ(X) = sup{ϕ(Y ) : Y ∈ M+, Y ≤ X, ϕ(Y ) < +∞} for ea
h X ∈ M+
.

An operator on H (not ne
essarily bounded or densely de�ned) is said to be a�liated to the

von Neumann algebra M if it 
ommutes with any unitary operator from the 
ommutant M′
of

the algebra M. Let τ be a faithful normal semi�nite tra
e on M. A 
losed operator X, a�liated

to M and possessing a domain D(X) everywhere dense in H is said to be τ -measurable, if, for any

ε > 0, there exists an operator P ∈ Mpr

su
h that PH ⊂ D(X) and τ(P⊥) < ε. The set S(M, τ)
of all τ -measurable operators is a ∗-algebra under passage to the adjoint operator, multipli
ation
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by a s
alar, and operations of strong addition and multipli
ation resulting from the 
losure of the

ordinary operations [1℄, [3℄. For a family L ⊂ S(M, τ), let L+
and Lsa

denote its positive and

Hermitian parts, respe
tively. The partial order in S(M, τ)sa generated by the 
one S(M, τ)+ will

be denoted by ≤. If X ∈ S(M, τ) then |X| =
√
X∗X ∈ S(M, τ)+.

Let µ(X) stand for the rearrangement of the operator X ∈ S(M, τ), i.e., nonin
reasing right-


ontinuous fun
tion µ(X) : (0,∞) → [0,∞), given by the formula

µt(X) = inf{‖XP‖ : P ∈ Mpr, τ(P⊥) ≤ t}, t > 0.

The set of τ -
ompa
t operators S0(M, τ) = {X ∈ S(M, τ) : lim
t→∞

µt(X) = 0} is an ideal in S(M, τ).

The sets U(ε, δ) = {X ∈ S(M, τ) : (‖XP‖ ≤ ε and τ(P⊥) ≤ δ for some P ∈ Mpr)}, where

ε > 0, δ > 0, form a base at 0 for metrizable ve
tor topology tτ on S(M, τ), 
alled the measure

topology [3℄.

It is well known that 〈S(M, τ), tτ 〉 is a 
omplete topologi
al ∗-algebra in whi
h M is dense. For

Xn,X ∈ S(M, τ) we write Xn
τ−→ X if a sequen
e {Xn}∞n=1 is tτ -
onverges to X. By de�nition,

a sequen
e {Xn}∞n=1 
onverges τ -lo
ally to X ∈ S(M, τ) (notation: Xn
τl−→ X) if XnP

τ−→ XP for

all P ∈ Mpr

with τ(P ) < +∞ ([7℄, p. 114). For properties of su
h 
onvergen
e, see [4℄, [11℄�[13℄.

Let m be the linear Lebesgue measure on R. The non
ommutative Lebesgue L1-spa
e assoñiated

with (M, τ) 
an be de�ned as L1(M, τ) = {X ∈ S(M, τ) : µ(X) ∈ L1(R
+,m)} with norm ‖X‖1 =

‖µ(X)‖1, X ∈ L1(M, τ).

Lemma 1 ([14℄). Let X,Y ∈ S(M, τ). Then

1) µt(X) = µt(|X|) = µt(X
∗) for all t > 0;

2) if |X| ≤ |Y | then µt(X) ≤ µt(Y ) for all t > 0;

3) µs+t(X + Y ) ≤ µs(X) + µt(Y ) for all s, t > 0;

4) µs+t(XY ) ≤ µs(X)µt(Y ) for all s, t > 0;

5) µt(AXB) ≤ ‖A‖‖B‖µt(X) for all A,B ∈ M and t > 0;

6) µt(f(|X|)) = f(µt(X)) for all 
ontinuous in
reasing fun
tions f : R+ → R
+

and t > 0.

Lemma 2. Let Aj , A ∈ S(M, τ), j ∈ J . Then

1) Aj
τ−→ A ⇔ µt(Aj −A)

j−→ 0 for every t > 0;

2) a net {Aj}j∈J is tτ -bounded ⇔ supj∈J µt(Aj) < +∞ for every t > 0.

If M = B(H) is the ∗-algebra of all bounded linear operators on H and τ = tr is the 
anoni
al

tra
e, then S(M, τ) 
oin
ides with B(H), and S0(M, τ) 
oin
ides with the ideal S(H) of 
ompa
t

operators on H, τ -lo
al 
onvergen
e 
oin
ides with strong-operator (so-topology) 
onvergen
e. We

have

µt(X) =
+∞∑

n=1

sn(X)χ[n−1,n)(t), t > 0,

where {sn(X)}∞n=1 is the sequen
e of s-numbers of the operator X ([15℄, p. 46), χA is the indi
ator

of the set A ⊂ R. Then the spa
e L1(M, τ) is a tra
e-
lass ideal S1(H).

2. Main results. We present operator analogs of the 
lassi
al statements for fun
tional series.

Theorem 1 (the Leibniz 
riterion for S(M, τ)). Let An ∈ S(M, τ)+ and A1 ≥ A2 ≥ . . . ≥
≥ An ≥ . . ., An

τl−→ 0 as n → ∞. Then the sign-alternating series

∑
∞

n=1(−1)n+1An tτl-
onverges

(tτ -
onverges for A1 ∈ S0(M, τ)) and its sum does not ex
eed A1.

Theorem 2. Let An ∈ S(M, τ)+ be su
h that the series

∑
∞

n=1 An tτl-
onverges. Let Bn ∈
S(M, τ)sa be su
h that −An ≤ Bn ≤ An for all n ∈ N. Then the series

∑
∞

n=1Bn also tτl-
onverges.

Theorem 3. Let An ∈ S0(M, τ)+ be su
h that the series

∑
∞

n=1An tτ -
onverges. Let Bn ∈
S(M, τ)sa be su
h that −An ≤ Bn ≤ An for all n ∈ N. Then the series

∑
∞

n=1 Bn also tτ -
onverges

in S0(M, τ)+.
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Lemma 3. Consider Aj , Bj ∈ S(M, τ), j ∈ J , and let a net {Aj}j∈J be tτ -bounded, Bj
τ l−→ 0.

Then AjBj
τ l−→ 0.

It is shown in Lemma 3.3 of [12℄ that if {Aj}j∈J ⊂ S(M, τ)+ and Aj
τ l−→ 0 then A

q
j

τl−→ 0 for

every 0 < q < 1.

Proposition 1. For a tτ -bounded net {Aj}j∈J ⊂ S(M, τ)+ the following 
onditions are equivalent:

(i) Aj
τ l−→ 0,

(ii) A
q
j

τl−→ 0 for every q > 0.

Theorem 4. Let An ∈ M+
and A =

∑
∞

n=1An ∈ M+
, the series so-
onverges. Then for every

q > 0 we have A
q
n

τl−→ 0 as n → ∞.

Sket
h of proof. By positive homogeneity and normality of the tra
e τ for P ∈ Mpr

with τ(P ) < +∞
we have

+∞ > ‖A‖τ(P ) ≥ τ(PAP ) =

∞∑

n=1

τ(PAnP ).

Sin
e a number series 
onverges, its 
ommon term tends to zero:

τ(PAnP ) = ‖PAnP‖1 → 0 as n → ∞.

Sin
e the spa
e 〈L1(M, τ), ‖ · ‖1〉 is 
ontinuously embedded to the topologi
al algebra 〈S(M, τ), tτ 〉,
we have PAnP

τ−→ 0 as n → ∞. For every t > 0 by item 1) of Lemma 2 and items 1), 6) of Lemma 1

we obtain

µt(A
1/2
n P )2 = µt(PA1/2

n ·A1/2
n P ) = µt(PAnP ) → 0 as n → ∞.

Therefore, A
1/2
n P

τ−→ 0 as n → ∞ via item1) of Lemma 2. Thus, A
1/2
n

τl−→ 0 as n → ∞ and we

apply Lemma 3.

Corollary 1. Let {Pn}∞n=1 ⊂ Mpr

and PnPm = 0 for n 6= m, n,m ∈ N. Then Pn
τl−→ 0 as n → ∞.

Theorem 5. For an operator A ∈ S(M, τ) the following 
onditions are equivalent:

(i) A ∈ S0(M, τ),

(ii) XnA
τ−→ 0 (n → ∞) for all tτ -bounded sequen
es {Xn}∞n=1 ⊂ S(M, τ) su
h that Xn

τl−→ 0
(n → ∞).

Sket
h of proof. (ii)⇒(i) If an operator A is not τ -
ompa
t then a := limt→∞ µt(A) > 0. Sin
e the
tra
e τ is semi�nite, there exists a sequen
e {Pn}∞n=1 of pairwise orthogonal proje
tions in M and a

number b > 0 su
h that 0 < b ≤ τ(Pn) < +∞ and aPn ≤ A for all n ∈ N (see [5℄, Proposition 4.1).

We multiply both sides of the relation aPn ≤ A by the proje
tion Pn from the left and the right

and obtain aPn ≤ PnAPn for all n ∈ N. Then

µt(PnA) ≥ µt(PnAPn) ≥ µt(aPn) = aµt(Pn) ≥ aχ(0,b)(t) for all t > 0

by items 2), 5) of Lemma 1. Thus Pn
τl−→ 0 (n → ∞) by Corollary 1, but the sequen
e {PnA}∞n=1

is not tτ -
onvergent by item 1) of Lemma 2.

Let T, P ∈ S(M, τ) and P = P 2
. If the 
ommutator [T, P ] belongs to S0(M, τ) then TP −

PTP = [T, P ]P ∈ S0(M, τ).

Theorem 6. Let T ∈ S(M, τ) and P ∈ Mpr

be su
h that PTT ∗P ≤ TPT ∗
.

(i) If TP − PTP ∈ S0(M, τ) then [T, P ] ∈ S0(M, τ).

(ii) If TP = PTP then [T, P ] = 0.

Sket
h of proof. (i) Sin
e X = TP − PTP ∈ S0(M, τ), we have X∗ = PT ∗ − PT ∗P ∈ S0(M, τ)
and

|[T, P ]∗|2 = (TP − PT )(PT ∗ − T ∗P ) = TPT ∗ − T · PT ∗P − PTP · T ∗ + PTT ∗P ≤
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≤ TPT ∗ − T (PT ∗ −X∗)− (TP −X)T ∗ + TPT ∗ = TX∗ +XT ∗ ∈ S0(M, τ)+.

Then by items 1), 2), 6) of Lemma 1 we obtain

0 ≤ µt([T, P ]) = µt(|[T, P ]∗|2)1/2 ≤ µt(TX
∗ +XT ∗)1/2 → 0 as t → ∞.

Thus, [T, P ] ∈ S0(M, τ).

Note that if a hyponormal operator T ∈ S(M, τ) and P ∈ Mpr

are su
h that the operator TP
is 
ohyponormal then PTT ∗P ≤ TPT ∗

.

Proposition 2. Let P, Tn ∈ S(M, τ) and P 2 = P .

(i) If [Tn, P ]
τ−→ 0 as n → ∞ then TnP − PTnP

τ−→ 0 as n → ∞.

(ii) If [Tn, P ]
τl−→ 0 as n → ∞ then TnP − PTnP

τl−→ 0 as n → ∞.

Theorem 7. Let a tτ -bounded sequen
e {Tn}∞n=1 ⊂ S(M, τ) and P ∈ Mpr

be su
h that PTnT
∗
nP ≤

TnPT ∗
n for all n ∈ N. If TnP − PTnP

τ−→ 0 as n → ∞ then [Tn, P ]
τ−→ 0 as n → ∞.

Theorem 8. If an operator A ∈ L1(M, τ) anti
ommutes with some invertible operator T ∈ M then

τ(A) = 0.

Corollary 2. If τ(I) = 1 then in 
onditions of Theorem 8 we have ‖I + zA‖1 ≥ 1 for all z ∈ C.
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