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INEQUALITIES FOR DETERMINANTS AND
CHARACTERIZATION OF THE TRACE
A. M. Bikchentaev UDC 512.643:517.982

Abstract: Let tr be the canonical trace on the full matrix algebra .#,, with unit I. We prove that if
some analog of classical inequalities holds for the determinant and trace (or the permanent and trace)
of matrices for a positive functional ¢ on ., with ¢(I) = n, then ¢ = tr. Also, we generalize Fischer’s
inequality for determinants and establish a new inequality for the trace of the matrix exponential.
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Introduction

Let tr be the canonical trace on the full matrix algebra .#,, = M,,(C) and let det(A) stand for the
determinant of A € .#,. Let 45", A%, #5*, and .4} be the lattice of projections (P = P? = P*), the
set of idempotents (P = P?), the Hermitian part, and the cone of nonnegative definite matrices in .4,
respectively. Let I be the unit of .#,. We obtain the following generalization of Fischer’s inequality
for determinants. Suppose that {P,}7*, C MY with PP, = 0 for i # k, i,k = 1,2,...,m, and
Soit, P, = I. Then det(#(A)) > det(A) for all A € 4}, where P(A) = >_[* | PAP; (Theorem 1).
For { P}, C .4y, we demonstrate that tr(exp(#(A))) < tr(P(exp(A))) for all A € 4, (Theorem 2).

It is well known that validity of each of the Young, Holder, Cauchy—Bunyakovskii-Schwartz, Golden—
Thompson, Peierls—Bogoliubov, and Araki—Lieb—Thirring inequalities implies the equality ¢ = tr for
an arbitrary positive functional ¢ on ., with ¢(I) = n (see [1-4]). Suppose that ¢ = tr, while per(A)
is the permanent, and \(A) (t = 1,...,n) are the eigenvalues of A € .#,,. Then the following relations
hold:

e Schur’s inequality [5, Chapter III, §1.4]

STRA)P <D JailP(= p(AA*))  for all A € Mi;
t=1

ij=1

the equality is attained if and only if A is normal;
e the equality [5, Chapter I, §4.16, formula (1)]

det(exp(A)) = exp(p(A)) for all A € #,; (1)

e the inequality [6, Problem 3, p. 163] det(A)% < Ly(A) for all A € 4,

e the inequality [5, Chapter II, §4.4.12] per(A4) < 1 (A™) for all nonnegative matrices A € 5.

We will demonstrate that validity of each of these four relations implies that ¢ = tr (Theorems 3
and 4) for an arbitrary positive functional ¢ on .#, with ¢(I) = n.
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1. Definitions and Notation

A C*-algebra is a complex Banach x-algebra o7 such that ||A*A| = ||A||? for all A € &/. Denote
by @/P*, /"9, and o/t the subsets of projections, idempotents, and positive elements of a C*-algebra <.
Let 2 be a Hilbert space over C and let () be the x-algebra of all bounded linear operators on .77 .
Each C*-algebra can be realized as a C*-subalgebra in A(.%°) for some Hilbert space .7 (Gelfand-
Naimark, see [7, Theorem 3.4.1]).

Recall that A* = [aj;]}';_; for A = [a;;]};_; € #yn. A linear functional ¢ on ./, is called Hermitian
if p(A*) = p(A) for all A € 4, and positive if ¢ is Hermitian and p(.#,") C R*. A positive functional ¢
on A, is called faithful if o(A) =0 (A€ #})= A=0.

Let {P.}7, C 43 with PP, = 0 for i # k, i,k = 1,2,...,m, and > j-, P, = I. Define the

mapping & : My, — My by the formula
P(A) = P AP; for all A € My
k=1

If {Pp}, C A, then & is a block projection operator whose properties are studied in [8-10]. The
formula S = 2P — I (P € .#%) establishes a bijection between .Z.% and the set .#,"™ of all symmetries
(8% = I) from .,

2. New Inequalities for Determinants and the Trace

Lemma 1. Suppose that {Py};*, C MY with PiP, = 0 for i # k, i,k = 1,2,...,m, and
Siei Py = 1. Then tr(A) = tr (> 5, P, APy) for all A € #,. In particular, tr(2(A)) = tr(A),
A € My, for {P}, C M.

Proor. If A € #,, then

tr(A) = tr (i PkA> = itr(PkA) = itr(PkAPk) = tr (i P, APk>. 0

k=1 k=1 k=1

Lemma 2 [11, Theorem 1.3]. Let &/ be a C*-algebra and P € </'d. There is a unique decomposition
P = P+ Z, where P € &/* and the nilpotent Z belongs to </ with Z% = 0; moreover, ZP = 0 and
PZ=7Z.

Proposition 1. Let </ be a unital C*-algebra, A € o/ is invertible, P € o/, and P = ];5 + Z is
the decomposition described in Lemma 2. Then PAP* is invertible in the reduced algebra P.o/ P.

PRrROOF. There exists € > 0 such that A > ¢I. Consider the multiplicative representation P = PT

with an invertible 7 € /% [12, Lemma 3]. Let J > 0 be such that 7 > §I. Then T? > §2I and

PAP* > ¢PP* = ePT?P > §*P.
It remains to take into account the fact that PP = P, PPAP*P = PAP*, and P is the unit of the
reduced algebra Po/P. [

Theorem 1. det(2(A)) > det(A) for all {P,}7", C A1 with PP, =0 fori # k, i,k =1,2,...,m,
and Y ' P, =1 for all A € 4, .

PROOF. By the Determinant Product Theorem, det(S) € {—1,+1} for each S € .#;"™. Since
P(MT) C A, and det(X) > 0 for all X € ., , it suffices to verify the claim only for invertible
matrices. The results of [13,14] imply that the function

A — logdet(A) (2)
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is concave on the set of invertible matrices A € &/ (see also [15, Chapter 10, §2, Theorem 9']). By
Lemma 2 from [10],

om 1
1 *
P(A) = 5y Y S;AS; (3)
j=1
for 2m~1 collections {t;}7 , with ¢, € {—1,+1}, where S; = > jr t;x Py € A" forall j =1,2,3, ...,
2m~1 Therefore, det(S;) = det(S¥) € {1, +1} forall j = 1,2,3,...,2™". The invertibility of &(A) for
an invertible A € ./, follows from the representation of (3) where each summand S; AS} lies in ., and
is invertible by the Invertible Product Theorem. Concavity of (2), the Determinant Product Theorem,
and (3) imply that
2m—1

1
logdet(Z(A4)) > Z 1 log det(S;ASY)

=1

277171

1
= E 1 log det(A) = log det(A).
=1

Therefore,
det(Z(A)) > det(A) (4)

due to strict monotonicity of the logarithmic function on the half-axis (0, 4+00). O

REMARK 1. Relation (4) for a particular case when {Py}{*; C .4 is known as Fischer’s inequality
[16, Problem I1.5.6]. Hence, by Lemma 1 and (1), we obtain

det(Z(exp(A))) > det(exp(A)) = exp(tr(A4)) = exp(tr(Z(4)))
for all A € Z,.
Corollary 1. det(Z(A)) > exp(tr(log A)) for each positive definite matrix A € 4, .
ProoF. We have
det(Z(A)) = det(P(exp(log A))) > det(exp(log A)) = exp(tr(log A))
for a positive definite matrix A € .#,7. O

Proposition 2. Let n € N be odd, A € #,, and S,T € #,"" with det(S) = det(T). Then
det(A — SAT) = 0.

Proor. The claim follows from the relations
S(A—SAT)T = —(A— SAT), det(S)=det(T) € {-1,+1}

and the Determinant Product Theorem. 0O

Here the oddness of n € N is essential. Consider the matrices

2 1 1 =z
A:(l 1> andS:(O 1), where z € R,

in . Then S € ;"™ and det(A — SAS) = 22 +2x —4 # 0 for 2z # —1 + /5. The trace
tr(A — SAS*) = 22 + 2z can take arbitrary values from the interval [~1,+occ). We have tr(PAP*) —
tr(PAP) = & + 22/4 for the idempotent P = (I + S)/2, while the projection P is defined in Lemma 2.
Since tr(#(A)) — tr(A) = x + 2?/2 for the pair P; = P, P, = I — P, the requirement {P}7", C .4} is
essential in Lemma 1.
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Lemma 3. Suppose that A € .4, and B € .#, with the operator norm ||B| < 1,1 < p < cc.

Then
M((BAB*)P) < My(BAPB*) forallt=1,2,...,n. (5)

PROOF. Since the real function s + s? (s € R™) is operator convex for 1 < ¢ < 2, we have
(BXB*)1 < BXB*

for all X € 4, and B € ., with |B|| < 1 by [17, Theorem 2.1]. By monotonicity of eigenvalues
(fe, M(X) < M(Y) for all t = 1,2,...,n for 0 < X <Y) this matrix inequality leads to the claim of
the lemma for 1 < ¢ < 2. Let t € {1,2,...,n} and let 2 < p < oo be fixed. Choose j € N such that

. . —1
2l <cp< and put ¢ = {/p. TheanQand1<2]T<q§2. We have

A\i(BAPB*) = \(B(AP/7)1B*) > X\,((BAP/1B*)%) = X\,((BAP/1B*))1
= A\(B(AP/TYIB*)1 > ... > \(BAP/Y B*) = \(BAB*)* = \,((BAB*))

by monotonicity of the power functions s + s® (s € R*) and the equality M\(X®) = M\(X)° for all
X € A, and the reals b > 0. [

Theorem 2. Let {Py}i", C 4% with PP, =0 fori # k, i,k =1,2,...,m, and Y ;| P, = I.
Then tr(exp(Z2(A))) < tr(P(exp(A))) for all A € M, .
PrOOF. It is easy to see that

“ " (P, AP;)? " (P.AP)
exp(@(A)):IJrZPkAPkJrZ(’“wk)+...+Z(’fj"ﬂ)+...
k=1 k=1 ’ k=1 :

PLAP;)? PLAP))
:_(m_l)[+<I+P1AP1+(12‘1)_|_..._|_(1j'1)_|_...)

P AP,)’ P, AP,,)]
()_I_..._i_(‘)_‘_...>7

2! 4!

A? AJ
@(exp(A))—P1<I+A+2'+--.—|—j'+...)P1

A? AT
+---+Pm<I+A++---+J,,+--->Pm

21
P A%P. PA'P
:—(m—l)[+(I+P1AP1+ 12' et 1j' 1+~-')
P, A%P P, AP,
+...+(I+PmAPm+m2'm+...+mj'm_|_...>;

the matrix series converges in norm (i.e., elementwise). Since the matrix trace coincides with the spectral
trace and is a continuous linear functional, Theorem 2 follows from Lemma 3. [J

3. The Inequalities for Determinants Characterize the Trace

Theorem 3. The following are equivalent for a positive functional ¢ on the algebra .#, with

p(I) = n:
(i) ¢ = tr;
(ii) det(@(?x
(iii) det(A)w

p(A))) > exp(p(A)) for all & and A € M, ;
<Llp(A) forall Ac #);
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(iv) per(A) < 2p(A") for all nonnegative matrices A € M5;

(v) det(I +eA) =1+¢ep(A)+o(e) ase — 0+ for all A € M.

Moreover, if ¢ is faithful, then (i)—(v) are equivalent to the conditions:

(vi) det(exp(A)) < exp(¢(A)) for all A € M,};

1 1

(vil) p(AP)?» < p(A%)a for all A € M and 0 < q < p.

PRrROOF. The implication (i) = (ii) follows from Theorem 1 and (1); see the implication (i) = (v)
in [18, Chapter 6, §9, Exercise 1].

Without loss of generality, assume that ¢(X) = tr(S,X) for all X € .#,, where

S, = diag(s1,...,sn) € My
and s; + -+ + s, = n. We need to show that
81:"':877,:1' (6)

(ii) = (i): If (6) is not valid, then there exists k € {1,...,n} such that s > 1. By the Spectral
Theorem in finite dimensions, exp(A) = exp(1) - A + exp(0) - (I — A) for the projection

A = diag(0,...,0,1,0,...,0) € .2, (7)
———
k—1 times
while, by (ii), exp(1) > exp(sy) for the mapping & associated with all projections of the form (7) with
k=1,2,...,n. Consequently, s; < 1; a contradiction.

(iii) = (i): If (6) is not valid, then there exists k € {1,...,n} such that s > 1. Given a real ¢ > 0,
introduce the matrix A, = (14 ¢)I — €A, where A is from (7). Inserting A.(€ .#,) in (iii), we obtain

n—1

1
(14¢)n Sg((l‘f‘é“)sl+"'+(1+5)3k71+3k

+(1+e)spq1+ -+ (L +€)sp)
1 Sk

= —((1+e)n—esp) =1+¢e— Fe.
n(( g)n — esg) +e L€

Recall the Taylor formula with Peano’s remainder:

n—1 n —

(I+e)» =1+

e+o(e) ase—0+.
n

Now, (iii) takes the form

n—1

1+ 5+0(e)§1+6—s—k5 ase — 0+.
n

Consequently, s < 1; a contradiction.
(iv) = (i): If (6) is not valid, then there exists k € {1,...,n} such that s > 1. Given 1 > ¢ > 0,
introduce the matrix A, = I — A, where A is from (7). Inserting A, in (iv), we obtain

1—-e< %(31+---+sk_1+(1—5)"sk+sk+1+---+sn).
Write the Taylor formula with Peano’s remainder:
(I—e)"=1—ne+o(e) ase—0+.
Now, (iv) takes the form 1 —e < 1 — sge + o(¢) as € — 0+. Consequently, s; < 1; a contradiction.
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(v) = (i): If (6) is not valid, then there exists k € {1,...,n} such that s > 1. By (v), we obtain
l+e=1+ske+o(e) ase— 0+

for the projection A from (7). Consequently, s; = 1; a contradiction.

(vi) = (i): If (6) is not valid, then there exists k € {1,...,n} such that 0 < s < 1. By (vi),
exp(1l) < exp(sy) for the projection A from (7). Consequently, s; > 1; a contradiction.

(i) = (vii): Without loss of generality, assume that A = diag(ai,...,a,) with a; > 0 for all j =
1,...,n. Then A" = diag (a{, . ,a;) for all » > 0. By Jensen’s inequality (see [19, Theorem 19]),

1 1
< (a‘11_|_..._~_a7‘11)q = p(A%)q

hSA

(A7 = (af 4+ + ab)

for all 0 < g < p.

(vii) = (i): If (6) is not valid, then there exists k € {1,...,n} such that 0 < s < 1. By (vii), s{ < s}
for the projection A from (7). Consequently, s > 1; a contradiction. Recall that if 1 < p < co and ¢ is
a positive functional on ., with p(AP) < p(BP) for 0 < A < B, then ¢ = A tr with some A € R* |20,
Theorem|. O

Corollary 2. For a positive functional ¢ on ., with ¢(I) = n the following are equivalent:

(i) ¢ = tr;
(i) det(exp(A)) > exp(p(A)) for all A € A, .

REMARK 2. In connection with the inequality from Theorem 3(iii), recall that

det(A)% = min tr(AB)
Be#;}, det(B)=1 T

for all positive definite real matrices A € ., [21, Chapter II, § 21, Theorem 14].

Theorem 4. For a positive functional ¢ on .#, with ¢(I) =n the following are equivalent:
(i) ¢ = tr;
(i) > 1 ( ) < p(A2) for all A € M,;
(iii) |Ae(A A*A) ‘ < (2L (p(A*A) - |‘P( I ))1/2 forall Ae My andt=1,...,n
(iv) >0, au < <p(A2) for all A = [a;5] € ///,f,
(v (A2) <tr(A)? for all A € M,;
(vi) /tr(A) < o(VA) for all A € A ;
(vil) p(VA) <31 | Jay for all A = [a;;] € M.
PrROOF. The implication (i) = (ii) is the aforementioned Schur’s inequality. See the implication
(i) = (iii) in [16, Problem I1.6.16, p. 172] and the implications (i) = (iv)—(vii) in [6, Problem 16, p. 24].
Show the converse implications. Without loss of generality, assume that ¢(X) = tr(S, X) for all
X € My, where S, = diag(si,...,s,) € A, and s + - + s, = n. We need to verify relations (6).
If (6) is not valid, then there exist m,j € {1,...,n} such that s, < 1 and s; > 1.
(ii) = (i): By (i), 1 = Y0 M(A)? > ¢(A?) = s; for a projection A (with j = k) from (7);
a contradiction.
(v) = (i) and (vii) = (i): For the matrix A indicated above, inequality (v) (or (vii)) gives s; < 1;
a contradiction.
(iii) = (i): Inequality (iii) for ¢ = 1 implies s,,, > 1 for a projection A (with m = k) from (7);
a contradiction.
(iv) = (i) and (vi) = (i): Inequality (iv) (or (vi)) gives s, > 1 for the projection A (with m = k)
from (7); a contradiction. [J

About other characterizations of the trace, see [22-25] and references therein.
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