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Abstract—The article describes OntoMathPRO, the first Linked Open Data ontology of professional mathe-
matical knowledge. The ontology is designed to represent mathematical concepts. The concepts of the ontol-
ogy are organized into two hierarchies: a hierarchy of mathematical objects and a hierarchy of reified relation-
ships. OntoMath"RO respects meta-ontological distinctions provided by a foundational ontology and anno-
tates the concepts as kinds and roles. Relationships between mathematical objects are represented in a reified
form, i.e., as instances of relationship concepts linked to their arguments that are instances of role concepts.
The ontology defines multilingual lexicons that describe how the concepts are expressed in natural language
text. The lexicons are represented as Linguistic Linked Open Data datasets. The OntoMath”R© ontology is
under development and will be enriched by new areas of mathematics..
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1. INTRODUCTION

Modern scientific research assumes the use of
knowledge management technologies, including
advanced search for related scientific results, which
can be ensured, in particular, by applying techniques
for semantic search in available digital collections of
scientific documents. In this case, an important role is
played by ontologies. It is well known (see, e.g., [1])
that an ontology is a conceptual model of a subject
area represented in a formal language, which ensures
the application of information-processing machine
tools. Note that the concept “ontology” has a variety
of meanings depending on the community (in the his-
torically first community, it has a philosophical mean-
ing). The above definition, which reflects a computa-
tional meaning, is characteristic primarily of knowl-
edge engineering and has appeared relatively recently.

Since the appearance of the Semantic Web, ontologies
have played a prominent role in the modeling of intelli-
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gent data management systems, and they take a central
place in Tim Berners-Lee’s well-known layer cake archi-
tecture (https://www.w3.org/2000,/Talks/1206-
xml2k-tbl/slide10-0.html). The currently observed
tendency demonstrates the expansion of ontology
applications due to the development of ontologies for
new domains, reusing concepts of the ontologies from
related domains, and the use of various databases and
other information resources. At the same time, all-
encompassing ontology-based descriptions of
domains are not available, because any ontology
involves development and depends on the aims of its
creation and application. Accordingly, the design of
conceptual models of domain sections and, on this
basis, the formation of corresponding thesauruses and
ontologies make up a research issue of current interest.
Important results in this direction related to the
domain of mathematics have been obtained in a num-
ber of works.

Issues concerning the development of ontologies of
scientific information space were addressed in [2].
A thesaurus of the domain “Mixed equations of math-
ematical physics” was presented in [3]. A way of
describing terminology and related equations and for-
mulas in a thesaurus of the domain “Equations of
mathematical physics” was proposed in [4].
Approaches and methods for creating a semantic
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library in the domain “Mathematics” were presented
in [5]. Specifically, the LibMeta intelligence system
and the LibMeta Ontology intended for the generation
of semantic libraries were described. The importance
of projects applying semantic technologies in mathe-
matics according to the Linked Open Data (LOD)
principles (https://lod-cloud.net/), including the
OntoMathPR® project, was noted in the study con-
cerning the formation of the machine-readable Math-
ematics Subject Classification LOD collection [6].

The structure of mathematical knowledge and the
possibilities of its ontology-based representation on
the Web were studied in [7]. A survey of semantic
methods for solving fundamental problems in mathe-
matical knowledge management can be found in [8]
(where ontologies are described as formalisms for
mathematical knowledge representation). A review of
a broader class of languages for formalizing mathe-
matics was given in [9].

The development of mathematical ontologies is
associated with a number of important tasks. Funda-
mental are the tasks of classifying and systematizing
mathematical knowledge concepts, semantic search,
extraction of mathematical statements from texts, and
their representation in the LOD cloud. Another
important task is the construction of recommender
systems as elements of decision support systems,
including in mathematics. Application of ontologies in
learning systems, in particular, for mathematical
knowledge assessment is one more important goal of
ontology development.

2. OntoMath"R0 ONTOLOGY:
BASIC APPROACHES

OntoMathPRO belongs to the class of domain-spe-
cific ontologies. It was designed to classify and system-
atize concepts of professional mathematical knowl-
edge, and it covers several major fields of mathemat-
ics. An important feature of OntoMathPRO is the broad
coverage of concepts from various fields of mathemat-
ics, which makes it possible to reuse these concepts.
This possibility is a fundamental property of all
domain-specific ontologies, and it was used to a full
extent in the development of OntoMathRO,

A major goal of developing the OntoMathPR®
mathematical ontology was its use in scientific
research, including the global goals pursued in the
global projects “Global Digital Mathematical
Library” (GDML) and “World Digital Mathematical
Library” (WDML) [10, 11].

With the aim of classifying concepts of mathemat-
ical knowledge, OntoMathPRC can be used to con-
struct modern classifiers in various field of mathemat-
ics and to create specialized mathematical knowledge
bases. Incorporation of the ontology into text process-
ing systems for mathematical documents makes it pos-
sible not only to extract new mathematical concepts
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for enriching the ontology itself, but also to form par-
ticular mathematical statements and to store them in
knowledge bases. Databases and knowledge bases pro-
duced by applying methods for information extraction
from mathematical texts can be published in the LOD
cloud.

The development of OntoMathPRO relied on our
previous results concerning mathematical knowledge
management and methods designed for structural and
semantic analysis of mathematical documents [12].

The first version of the ontology was presented in
[13]. It was intended for modeling mathematical enti-
ties and was organized in the form of hierarchies of
mathematical objects and fields of mathematics. In
the next version of the ontology, the constructs for
modeling mathematical entities were supplemented
with constructs for modeling mathematical state-
ments. For this purpose, a hierarchy of reified relation-
ships was introduced into the ontology and linguistic and
foundation ontology layers were added to its structure
(see Section 2). Additionally, OntoMathPR© was used to
develop a number of applications for mathematical
knowledge management (see Section 3).

3. ARCHITECTURE
OF THE OntoMath”?© ONTOLOGY

The structure of the ontology consists of three lay-
ers (Fig. 1), which are organized according to different
models of concept representation:

* domain ontology layer contains concepts of pro-
fessional mathematical knowledge;

* foundation ontology layer provides the concepts
from domain ontology layer with meta-ontological
annotations;

* linguistic layer describes how the concepts from
domain ontology layer are expressed in in scientific
mathematical texts in the Russian and English lan-
guages.

In the domain ontology layer, a hierarchy of objects
and a representation of reified relationships are speci-
fied.

The hierarchy of objects contains concepts covering
a wide variety of fields of mathematics (mathematical
logic, set theory, mathematical analysis, algebra,
geometry, differential equations, etc.). Concepts of the
first hierarchical level are of three types: basic mathe-
matical objects (such as Set, Operator, Mapping), root
elements of a corresponding field of mathematics
(e.g., Element of probability theory), and general math-
ematical concepts (such as Problem, Method, State-
ment, Formula).

The description of a concept in the ontology con-
tains its name and definition in Russian and English,
meta-ontological annotations, relations to other con-
cepts, and references to external resources. As an
example, Fig. 2 presents the concept of the Degree of a
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OntoMathPRO architecture:

Linguistic layer
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LLOD resources:
===» WordNet,
BabaelNet,

Domain ontology layer

Math. Math. Graph erilgle_
logic | analysis theory methods

LOD resources:  Other resources:

General concepts

Foundation ontology layer

Fig. 1. General structure of the OntoMat

polynomial in the WebProtégé editor. Its description
contains two variants of the concept name in Russian
(property rdfs:label): “Cmenens mHoeousena”
and “Cmenensv noaunoma”, the name of the concept in
English (property rdfs:label), the definition of
the concept (property rdfs:comment), the meta-
ontological class Role (gufo:Role), and the parent
concept Number.

OntoMathPRO specifies the object properties con-
necting the concepts from the hierarchy of objects.
The introduced properties represent the following
relations: (1) the relation between an object of mathe-
matical knowledge and a section of mathematics,
(2) “defined in terms of” relation, (3) associative rela-
tion, and (4) the relation between a problem and its
solution method.

The representation of reified relationships is aimed at
modeling #n-ary relations between mathematical
objects expressed in terms of n-ary predicates. In the
OWL language, such relations are represented in rei-
fied form, i.e., in the form of classes. The arguments of
n-ary relations are represented by role classes, whose
instances are related to instances of reified relations by
object properties.

In natural language text, a reified relationship is
usually expressed by a verb form, for example, divide,
belong. As an example, Fig. 3 presents the divisibility
relation. Its arguments are two role concepts, Dividend
and Divisor, which are subclasses of the kind concept
Number. Instances of the reified relationship are the
relations between particular numbers, as indicated in
the figure. Instances of the relation arguments are
connected with the relation instance by the object
property omp : hasArgument.
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Foundation ontology layer. OntoMathPRO respects
meta-ontological distinctions, including distinctions
between kind concepts and role concepts.

A kind is a concept that is semantically rigid and
ontologically independent [14, 15]. For example, the
concept of Positive integer is a kind, because any posi-
tive integer is a positive integer regardless of of its rela-
tions to other numbers.

A role is a concept that is semantically anti-rigid
and ontologically dependent. An object can be an
instance of a role concept only by virtue of the relation
of this object to another object [14, 15]. For example,
the concept of Divisor is a role of a number, that a
number plays only in context of division operation.
Role concepts are linked to corresponding kind con-
cepts by relations of ontological dependence.

In the foundation ontology layer, concepts from
the hierarchy of objects are annotated by meta-onto-
logical classes (such as Kind, Role, Relator) defined in
the Unified Foundation Ontology (UFO) [14].

For meta-ontological annotation of concepts in
OntoMathPRO, there are two approaches. According to
one of them, annotation is made using the predicate
rdf:type. This approach requires the OWL Pun-
ning mechanism (https://www.w3.org/2007/OWL/
wiki/Punning), but allows one to use multilevel mod-
eling principles, including the MLT Ontology
(https://nemo.inf.ufes.br/projects/mit/). In the other
approach, the omp2:hasMetaclass property is
used for annotation.

The linguistic layer of OntoMathPRO consists of
multilingual lexicons describing how the concepts
from the domain ontology layer are expressed in Rus-
sian and English texts. A lexicon consists of
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Class: Degree of a polynomial x
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Annotations

-0 rdfs:label = Degree of a polynomial en
o-o rdfs:label = CreneHb nosivHoma ru
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Fig. 2. Example of the “Degree of a polynomial” concept in the WebProtégé editor.
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Fig. 3. Representation of reified relations.
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» lexical entries (single-word and multiword),
which denote mathematical concepts (e.g., the lexical
entry “matrix” is used to denote the same-name con-
cept Matrix from the domain ontology layer);

» forms of lexical entries (in different cases, singu-
lar and plural forms);

* syntactic trees for multiword lexical entries;

» syntactic frames for predicate lexical entries,
which describe syntactic arguments of the predicates,
grammatical features of the arguments, and their map-
pings to the concepts from domain ontology layer.

Multilingual lexicons are represented as Linguistic
Linked Open Data datasets (Linguistic Linked Open
Data, LLOD, http://linguistic-lod.org/) in terms of
the ontologies OntoLex/Lemon (https://www.w3.
org/community/ontolex/; https://www.w3.org/2016/

05/ontolex/), LexInfo (https://lexinfo.net/), and
PreMOn  (Predicate Model for Ontologies,
https://premon.fbk.cu/).

The OntoMathPRO ontology is under active devel-
opment. Its current version contains more than four
thousand concepts in the hierarchy of objects, top
layer relations in the hierarchy of reified relations,
meta-ontological descriptions of 600 concepts, and
linguistic descriptions of base concepts in the Russian
and English languages. In the future, we intend that
new sections of the ontology will be developed, the
existing ones will be supplemented with new concepts,
new reified relationships between concepts will be
developed, and concepts will be equipped with new
linguistic annotations.

4. APPLICATIONS OF OntoMathRO

An example of OntoMathPRO applications is pro-
vided by the OntoMath digital ecosystem we have
developed.

OntoMath is a digital ecosysystem of ontologies,
text analytics tools, and applications for mathematical
knowledge management [16]. A central component of
OntoMath is a semantic publishing platform. It takes,
as input, a collection of mathematical documents in
LaTgX format and automatically constructs their
semantic representation in the form of an RDF dataset
integrated into the LOD cloud. This dataset includes
metadata, components of logical structures of mathe-
matical publications, mathematical terminology,
and mathematical formulas and representations
specifying relations between terms and their symbolic
notation in formulas. The generated RDF dataset
underlies mathematical knowledge management ser-
vices, in particular, semantic formula search [17]
(https://lobachevskii-dml.ru/mathsearch), a recom-
mender system for searching and analyzing mathe-
matical papers [18], and a recommender system for
choosing Universal Decimal Classification (UDC)
codes for mathematical articles [19].
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The principles of modeling the OntoMathPRO
ontology were used to develop the educational mathe-
matical ontology OntoMathF (https://github.com/
CLLKazan/OntoMathEdu), which covers secondary
school mathematics knowledge and can be used to
design educational courses based on modern digital
platforms [20]. The OntoMathPRO ontology was also
used to test the level of competence of students major-
ing in mathematics. The testing task was to link
numerical analysis problems with appropriate solving
methods. The conducted experiment demonstrated
the effectiveness of the applied approach.

Other applications of OntoMathPR? are associated
with its use in related research areas.

In [21, 22] the OntoMath"RC ontology was trans-
lated into Italian and was then used to develop recom-
mender systems for mathematical learning objects.

In [23] OntoMathPRO was used to design Scientific
Knowledge Objects Ontology (SKOO) intended for
scientific knowledge visualization.

In [24] OntoMathPR® was applied as a component
of a platform for searching for documents in digital
library catalogs.

In [25] the OntoMathPR® ontology was used as a
component of a data quality control system in sensor
networks.

Thus, the OntoMathPR® project has found a wide
variety of applications.

5. CONCLUSIONS

The first Linked Open Data ontology of profes-
sional mathematical knowledge OntoMathPR® has
been presented. It (1) respects ontological distinctions
defined in the foundation ontology; (2) represents
mathematical relations as first-order entities; and (3)
contains a linguistic layer that provides a detailed
description of how mathematical concepts are
expressed in natural language texts.

The main research contribution of the work is that it
bridges the gap between three different areas of research:
mathematical knowledge management, ontological
modeling, and Linguistic Linked Open Data (LLOD).

The OntoMathPRO project is under development.
We intend to enrich the OntoMathPRO ontology with
new branches of mathematics.

The OntoMathPR© ontology is distributed under the
Apache 2.0 license and is available at GitHub repository
(https://github.com/CLLKazan/OntoMathPro/) with
the possibility of its development by interested mathe-
matics specialists.
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