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1. INTRODUCTION

Below, a family of methods from the class of hybridizable discontinuous Galerkin (HDG) finite ele-
ment methods (FEM) intended for the approximate solution of second-order elliptic equations is pro-
posed and analyzed in terms of an abstract theory. HDG schemes are hybridizable versions of discontin-
uous Galerkin schemes (DG or DGFEM schemes) and occupy an intermediate position between the
finite-volume method and FEM (for more detail on DG schemes, see, e.g., [1, 2]). HDG schemes were
introduced in [3]. They have much in common with mixed hybridizable FEM schemes [4] and are also
formulated in terms of approximations to u, g, and A, where u is the solution of the problem, g is the flux
vector, and A is the trace of u on the interelement boundaries. The characteristic features of HDG schemes
are as follows: (a) they are based on discontinuous finite element spaces (of arbitrary accuracy), (b) locally
(elementwise) conservative, and (c) admit efficient implementation. For example, when such methods
are applied to linear problems, the unknowns corresponding to # and g can be elementwise eliminated
from the scheme to obtain a system of algebraic equations for determining only the unknown correspond-
ing to A. For problems with a symmetric positive definite operator, the matrix of the system is symmetric
and positive definite as well. After A is found, the other unknowns are also recovered elementwise. Note
also that HDG schemes do no face difficulties related to the approximation of the main and natural
boundary conditions.

The theory of HDG methods being developing at present is associated with linear problems. In con-
trast, we consider the nonlinear problem
=V k(x,u,Vu)+ ky(x,u, Vu) = f, x€Q, u=0, xeoQ, (1)

where Q is a bounded polyhedron in R? with boundary 6Q, f € L,(Q), and d > 2. The homogeneous
Dirichlet problem is used only for methodological reasons. The proposed approximate method and its
analysis can be straightforwardly extended to inhomogeneous boundary conditions, including mixed
ones.

Assume that the coefficients k(x, &) = (k,(x, §), ky(x, §), ..., k,(x, §)) and ky(x, &) are continuous func-

tions of x € Q for any § € R*'and k,(-,0)=0,i=0, ..., d. Moreover, for any x € Q, we assume that

d

3 (ki(x, &) = k() v <Ble—mllv Vg, ve R, B>o, ®)

i=0
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d d
> (ki(x, &) = ki(x )(E-M) 2 aY (&-n)" VEme R, a>o. (3)

To construct a discrete scheme, Eq. (1) is written as a system of first-order equations involving, in addi-
tion to u# and ¢, a new unknown c:

c = Vll, q = k('xa u, G), —V'q+k0(x, u, G) :.f' (4)

According to the theory of monotone operators, the above conditions ensure that problem (1) has a
unique weak solution in the Sobolev space H'(Q) (see, e.g., [5]); moreover, in (4), 6 € [Ly(Q)]%, u e

Hy (Q), q € H(div; Q) = {g [L(Q)]: V - g € L)},

The new vector unknown ¢ introduced into the schemes under consideration is a feature in which they
differ from known HDG schemes and mixed hybridizable FEM schemes. As a result, the complexity of
the method increases insignificantly, since the unknown can elementwise eliminated from the scheme.

This paper is organized as follows. In Section 2, we define a triangulation J, of Q) and abstract spaces
of discontinuous finite elements. In Section 3, a technique for the design of DG schemes is used to define
the initial family of HDG schemes. In Section 4, an equivalent formulation of the discrete problem is
derived by eliminating the variables corresponding to ¢ and ¢ from the scheme. This formulation is called
basic. It uses the concept of a discrete gradient, whose properties are examined in Section 5. Simulta-
neously, we introduce two basic constraints on the finite element spaces ((H,) and (H,)), which ensure the
derivation of a stability estimate (Section 5) and an error estimate for the method (Sections 6, 7). The
accuracy of the scheme is estimated in terms of the errors of the orthogonal L,-projections of u, g, and A
onto the corresponding finite element spaces. Optimal error estimates are obtained in Theorem 7 under
two conditions (H;) and (H,) added to (H,) and (H,). In Section 8, we discuss consequences of the abstract
conditions and give examples of finite element spaces satisfying them. Finally, in Section 9, we propose
and examine a solution method for systems of algebraic equations in the case of a linear original problem
and an iterative method for nonlinear problems. The condition number of the arising matrices is esti-
mated.

2. SPACES OF DISCONTINUOUS FINITE ELEMENTS

Let /2 be a small positive parameter, and let K|, K, ..., Ky, be polyhedral domains in R? generating a
partition of Q (triangulation of QQ) into subdomains of maximum diameter 4 (which are referred to as finite

elements); i.e., (7}) h = maxdiam(K), (T,) K, K;= 0 fori=j, and (T3) Q= Uj\':(hl)k,». Furthermore, let

I, denote the set of all finite elements and K be an arbitrary element of 7 ,. By the faces of K, we mean its
(d — 1)-dimensional faces. The triangulation J , is assumed to be conformal; i.e., (7}) any face of K is
either a subset of the boundary 0Q or a face of a neighboring element L € J,. Additionally, 7, is assumed

to be affinely equivalent [6]; i.e., (75) every K € T, is the image of some k e I under a invertible affine

transformation: K = Fi(K), Fi(x) = Byx + by, where I is a finite set of domains of various shapes with
a unit diameter, which are referred to as basis elements. Assume also that (7;) the triangulation is regular

[6]; i.e., ||Bkl| ~ A and HB,_(IH ~ h~' for any K € I ,. For arbitrary functions fand g of 4 and, possibly, of K,

e, J,, and ¢ » , the expression f ~ g (f{v) ~ g(v)) means that there are constants such that g < /< Cg(cg(v) <
f{v) < Cg(v) for all admissible v). Here and below, ¢ and C possibly with indices denote various positive

constants independent of 4, K, e, 7, or ¢ ne

By an inner face of elements from J,, we mean a face e shared by two elements, say, Kand L : e =
- = . .. a .
K N L. Otherwise, e is said to be aboundary face. Let €, and ‘€, denote the sets of all inner and boundary

faces, respectively, and ¢ h=¢,U%¢ ,f be the set of all faces. Let e be an arbitrary face from € » and ng be

the field of unit normals on 0K directed outward with respect to K. By 0K, we mean both the set of faces K and
the boundary of K, and |K] and |e| stand for the d- and (d — 1)-dimensional measures of K and e, respec-
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476 DAUTOV, FEDOTOV
tively. The restriction (trace) of  onto D is designated as u|;,. Similarly, for an arbitrary set of functions H(D),
let H(D)|s= {u|g, u € H(D)} for Sc D.

The conventional notation H*(D) is used for the Sobolev spaces of order s equipped with the standard
norm |||, , and seminorms |, ,. By [, and (-, ) p, we mean the norm and the inner product in both

the inner space L,(D) and the vector space [L,(D)]%, while ||, , and ||, , denote the standard norm and
seminorm in [H*(D)]¢. We use the following notation:

(Wa n)Jh = z (W: n)K’ (W: n)ayh = Z (W> n)OKa (W‘l’l, T'I)aah = Z (W'nl(’ n)aK‘
KeJ, KeT, KeT,
The space H*(J ) is the set of functions defined on Q whose restrictions to an arbitrary element K € J,
2

belong to H*(K). This space is equipped with the norm || 5 = ZKG 5 ||~||iK. Let H(div; T,) = {w e
[Lo(Q)]: wlx € H(div; K), K € T}
Every element K € 7, and every face e € %h are assigned finite-dimensional spaces
1 1 d
(Hy) WK)cH(K), WK)c[H(K)], A(e)cLy(e)
such that
(Hy) (K), W(K), and A(e) contain constant functions.

Throughout this paper, conditions (H,) and ( H,,) are assumed to hold. Define the finite-dimensional
spaces of functions

V= {veL(Q):vige UK, Ke T}, W, = {welL(@)]": w e WK),KeT,},

Ay = {heLy(@):r, eAle)ecr],=0,ec@).

Here, V), is used for approximating the solution u; W), for approximating o and ¢; and A,,, for approx-
imating the trace of # on the interelement boundaries. Note that functions from V), and W), do not need to
be continuous on  and no boundary conditions are imposed on them. Thus, V,c H'(J,) and W,
H(div; J ). Moreover, ul,, w- n|, € L,(e) foru € V,andw € W,.

Additionally, 7y, Ty, and , denote local L,-orthoprojectorsin V,, W), and A, respectively;i.e., (m,u —
u, V)K= 0Vve I/(K)a (T[Wq_ q, W)K= 0Vwe I/I/(]<)9 and (TCAK - 7\" H)e =0 V},l, € A(e)

3. FAMILY OF HDG SCHEMES

First, we formulate auxiliary relations for the unknowns in Egs. (4) and for the new unknown A = u |% .
h

Multiplying the restriction of the first equation in (4) to an element K by w € W(K) and integrating the
result by parts, we obtain (o, w)x+ (1, V - w) g — (u, w - ng) g = 0. Replacing u by A in the third term yields

(o, w)x+ (U, V-w)g— (A, w-ng)x = 0 Vwe W(K).
The following relations are straightforward:
(q_k('v u, G), W)K =0 Vw € W(K)s (5)
=(V-q, )+ (ko(,u,0), v)g = (f, V) Vve HK).
Since ¢ € H(div; Q), we conclude that, under the assumption q|%h ‘ne Lz(% n), it is true that

(q-n, M)aﬂh =0 VpeA,
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These relations for the sought variables (o, u, g, A) are used to set up an approximate problem. Substi-
tuting the unknown functions by their approximation produces the following discrete problem for deter-
mining (S, gy, Uy, Ay) € Wy X Wy x Vi x Ay

(O W+ (U V-w)g=(Apw-ng)oy =0 VYwe W(K), KeT,, (6)
(= k(C,up0,), W) =0 VYwe W(K), KeJ,, (7)
(V@i V)g+ (koo up 04), Vg = (V) Vve N(K), KeT,, (®)
(g, n, “)6% =0 VYueA,. )

Note that scheme (6)—(9) is locally (elementwise) conservative. Indeed, let D be the union of an arbi-
trary set of finite elements and v|, = 1. After summation (8) over all K € D, we obtain the relation

[U= koo u 0))dx+ [y~ npds = 0,
D

oD
since, by virtue of (9), I (| au|,) - nxds =0fore=KNL.

The method used to construct a discrete scheme is characteristic of finite-volume methods or DG
schemes. It can also be noted that, in the special case when Eq. (1) coincides with the Poisson equation
(g=k(x, u, c) =0, ky(x, u, ) =0), scheme (6)—(9) coincides with the hybridizable mixed FEM scheme
with suitably defined finite element spaces (see [4; 7, pp. 178—181]).

Equations (6)—(9) define the desired family of schemes. A particular scheme is obtained by specifying
the spaces {V(K), W(K), A(e)}. The main objective of the subsequent study is to identify the conditions on
the families of spaces in assumption (H,) that are responsible for the stability and accuracy of the scheme.

4. BASIC FORMULATION OF THE SCHEME

We introduce additional definitions and notation. Note that G, is uniquely determined by Eq. (6) if
uy| g and Ayl are given. By definition, uy|x = (uy|x, Milsk) is an approximation of u|g = (u|g, u|sx), and the
function o, is an approximation of ¢ = Vu. In this context, the operator (u,, A,) — o, defined element-
wise by (6) can be treated as a discrete analogue of the gradient. Denote it by V,, so 6, = V,u,,. This can
be formalized as follows.

Let A(OK) = {p € L,(0K) : Y|, € A(e), e € 0K}. We introduce the space V(K) = V(K) x A(OK) with a
common element v = (v, i) and define the operator Vg : V(K) — W/(K) according to the rule

(Vevwhg = = (v VoWl + (mw - noe Yw € W(K). (10)

The operator Vg will be referred to as a local discrete gradient. Setting V, =V, x L, ={v = (v, W) : V|g=
(Vlx Mlox) € V(K)}, we define the discrete gradient operator V,, : V, — W, by the relations (V,v)|x =

Vvl ie.,
(VW) e = —(v, Vow)g+ (W, w-ng)s YweW,, KeJ, (11)

Let us obtain the basic formulation of scheme (6)—(9). Let v, = (v}, 1) € V,,. Forw =g, in (11), it is
true that —(vy,, V- @)k = (ViVi, @)k — (W @i * Pg) x- Combining this equality with (8) yields

(Qh’ thh)K+ (kO('a uha Gh)v Vh)K_ (qh : nKa lvlh)aK = (.f9 Vh)K‘ (12)
Adding (12) to (7) with w = —V,v,,, we derive the identity
(ks ©4)s Vivi) g+ (Ko (s U, ©1)s Vi) k= (G- B W) ox = (s Vi) (13)

Note that 6, = V,u, according to (6). Summing up (13) over all Kand using (9), we obtain an equivalent
problem for determining u, = (u,, A,,) € V,, namely,

a,(u,v,) = f,(v,) Vv, = (v, 1) eV, (14)
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where a,(wy, v,) = (K(, up, Vi), Vivy) g + (ko(, up, Vi), vy)g, and fi(vy) = (f, v,)g, . Theno, =V,u,
and g, = mtylk(:, u,, 6,)) are elementwise determined using the found solution.

Clearly, the properties of the form a, depend on the properties of the discrete gradient. Specifically,
condition (3) implies the estimate

2
a,(up, u;—uy) —a,(uy, uy—uy) > a”Vh(ul - “2)”0,9 Vu,u, €V, (15)

If the functional v— |V,¥|, , determines the norm in V,, then (15) means that a,, is strongly monotone.

In this case, the unique solvability of the problem is easy to prove by relying on the theory of monotone
operators. Clearly, this property of the discrete gradient is critical to the unique solvability and stability of
the scheme. In what follows, we are interested only in the case where problem (14) is uniquely solvable.
Obviously, the solution (i, A, G, g,) is a unique solution of scheme (6)—(9).

5. STABILITY OF THE SCHEME

Let M(0K) = (Vipx, v € V(K)} and Vy(K) = {(v, ) € V(K) : (v, ) = (¢, ¢), ¢ € R} be a one-dimensional
subspace of V(K) (of constant functions).

The basic constraints on the choice of the spaces V(K), W(K), and A(e) are as follows.

(H)) The following relation holds only for (v, p) € V,(K):

(v, 1) € (K) x AOK) - (v, V- W)= (I, W ng) o = 0 Vw e W(K).
(H) {(V(K)}keq,, {W(K)}keq,,and {A(e)}, ., are affinely equivalent families. (If K is the basis

element corresponding to K, then, for example, V(K) is the image of some V(i( ) under an affine transfor-
mation (see [6]). An important example is given by spaces of polynomials. For particular spaces, condition

(H,) suffices to verify only on K by virtue of (H,).)

As compared with (H,), (H, ), and (H,), condition (H,) is more restrictive: it relates all three spaces

(V, W, A) and, according to it, the local discrete gradient must vanish only on constant functions. In view
of condition (H,), in what follows, we will use the standard FEM technique for estimating the approxima-

tion error and reverse inequalities of the type [w|, x < ch~'|w|, g, which are based on norm equivalence in
finite-dimensional spaces.

On V(K) we define the seminorm
2 2 -1 2
|V|1,K = ”VV”o,K"'h ”V_H“o,a/(a v =(v,p).

It is easy to see that this is the norm on the quotient space V(K)/V(K).

Theorem 1. Assume that conditions (H, ,) hold; i.e., (H) and (H,) are both satisfied. (The notation
(H, ;. 3, .) is understood in a similar manner.) Then, forv € V(K),

(a) Vyv =0 is equivalent to v € Vy(K);
(®) [[Vg¥llo, x ~ supy, ¢ wiaono)| (V¥ W/ IWllo, & ~ V11, &
Proof. Assertion (a) follows directly from (10) and (H,). Let us prove (b). According to (10), we have
(Vv w)g = =(v, Vow)g+ (L w-ng) o = Ji(w)  Vw e W(K).
Let Jg=sup,, . W ol kW) l/|Wllo, x- In this definition, we pass from the element K to the corresponding
basis element K € T . Letx = Fi(x) = Byx + bybe the transformation of K at Kand |Bx| = det(Bg). The
notation YA/'()AC) = v(x) is used for the image of a scalar function v under the transformation x = Fi(x),

while w(x) = | B B,}lw(x) denotes the image of a vector function w (under the Piola transform).
We have (see, e.g., [7, p. 98])

J(w) = IVV wdx + J.uw nds = J(v w),

K oK
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2 -1, T A A A
Iwllo, x = .ﬂBK| (BgBy)w - wds,
k
where V - W = ow,/0x; + ... + Ow,/0x, and n is the unit outward normal vector to 0K . Denote by k,z(

and A,2< the minimal and maximal eigenvalues of the matrix \BK|7](BIT(B x) - Then

ALTOV) ST <AL T(V), where J(V) = (16)

w e W(K)
The functional .A/(\A') defines a seminorm on V(i( ). According to (H,), the equality :I(Qf) = 0 implies

that v e V,(K); i.e., the norm J on the finite-dimensional space V(K)/V,(K) is equivalent to

A2 A2
ok - Thus, relation (16) implies the estimates

cAg V), ST < CAg IV, (17)

We change variables back to the original element in (17) and use the following well-known estimates
(see, e.g., [6]):

BB < AKX, Ak <|BY 140,z = 1B ™1l x»

-1/2

_ - A
(84718119 o < IV ol i< B4 IBIY o,
~12| 1] 1/2 n ~12 12
1847 B] el ox <180 o< 1B~ Bl el o
Since 7, is regular, in these estimates, we have || B|| ~ 4 and HB H ~ h~!. Therefore, as is easy to see, (17)

implies (b). The theorem is proved.

Let us equip the above-introduced spaces H'(J,), V), A,, V,, and W, with norms. Recently, various
norms of H*(J,) have been extensively studied in the context of the theory of nonconformal finite ele-
ments and discontinuous Galerkin methods (see, e.g., [8—10] for s = 1 and [11] for s = 2). For example,
H' (T ,) can be equipped with the norm

v = IVVlog, + A KV g, (W = le ™ (v, .. I

H'(T,) 0,& ”'”L2<%h)’
where [v] is the jump in v on 3 » and [v] = von %Z (in what follows, we use only the modulus [v]). An
interesting feature of this norm is that it satisfies the following analogue of a Poincare-type inequality [9]:

[0 <ellvl g

Therefore,

IVl g <clv]l, YveH (T,. (18)

H'(F,)

On V), we introduce the norm

|| v||,,.(J )

2 -1 2
= [Vvlog, +A 11Vl g, -

Clearly, [[v]l,, , <Ivi, , 2

Ioas<elvl,,, Vve, (19)
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We introduce the norm ||, o on W), and ||, ¢, on A;. The space V, is equipped with the norm

2 2 2 -1 2
”V”l,h = z |V|1,1( = z (HVV”o,K"'h ”V_H“o,ak)-

KeT, KeJ,

The fact that this functional defines a norm follows from the condition p =0 on é f , L e A,
Theorem 2. Let conditions (H, ;) hold. Then, for anyv= (v, n) € V,,

(a) ”th”O,Q ~Ivl s (B) IVl =l v

Proof. The first assertion follows from Theorem 1(b). To prove (b), we define the functional

T s

F(p) = Z ||H—V||§,5K = Z I((H—V|K)2+(H—V|L)2)ds+ J.Vzds, ec KnL

KeJ, ecé,, 2

€
and estimate it on A, from below. Since (L — vig)? + (1 — v|;)* = 2(u — (Vig + v|1)/2)? + 0.5(vig — v|,)>,
the definition of [ v] implies that F(pu) > 0.5 ||[v]||; ¢, - Therefore, by virtue of estimate (19), we obtain

2

2
O,%h Z 0.5” V” 1

H(T))

VI = IV ¥lag, + 4 Fu) 2 IV vl 5, + 055 [ V]l > el g0

The theorem is proved.
Lemma 1. Let conditions (H, ,) hold and (v)x = |K|"\(v, 1)x. Then

[Vivloo~I0vIE, = 3 AV lox+ A7 = (wido or)-

KeT,

Proof. In a similar manner to the proof of Theorem 1, we show that ”VKVH(?’K ~ |V v||§,,( +

B = (v K”j ox » Which yields the assertion of the lemma.
Lemma 2. Under conditions (2), (3), and (H, ,), the form a, is strongly monotone, Lipschitz-continuous,
and coercive; i.e., foru,, u,, v € V,, we have the estimates

a,(u, u;—uy) —a,(uy, u; —uy) > CO”“] - “2”12,;,,

|ah(“1, v) —a,(u,, V)| < CO”“] - “2“ 1,h||V|| L (v, V)2 collvll 12,h-

Proof. The first assertion follows directly from estimate (15) and Theorem 2. Theorem 2 also implies
that [V,v], o + [vlo.q < clvl, , foranyv= (v, n) € V,. Now, the second estimate in the lemma is easily
derived from condition (2). To verify coercivity, it is sufficient to set u; = v and u, = 0 in the first estimate.

Theorem 3. Let conditions (2), (3), and (H, ,) hold. Then discrete problem (6)—(9) has a unique solution
and this solution satisfies the stability estimate

=yl i 5+ o1 s = o nlo.0 + 1914 = 2 illo.0 S el fi =Lollo, 0
where G; 4, q; 1, W = (U; 1, Ny ) are the solution of scheme (6)—(9) with right-hand sides f;, i =1, 2.

Proof. Consider problem (14). The linear functional f}, is bounded in V, uniformly in 4, since |f,(v)| <
| /1o, oll Vilo, @ < cl¥ll;, » according to Theorem 2. Then Lemma 2 and the theory of monotone operators
imply both the existence of a unique solution and the stability estimate |[u; , — uy /[, , < || fi — fillo, o-
Since o; , = V0, 4, q; j, = Tylk(:, u; 4, 6; 4)), Theorem 2 implies that

lorn=02ullo.a = [Va(wi s —us o 0 <l =yl 4

while the Lipschitz continuity of k£ and assertion (b) in Theorem 2 imply that

lq1,»— 42,/1“0,9 < C(”“l,h - ”zh”o,n + ||51,h - Gz,h”o,g) < c||u,7h - “2,h||1,h-

The assertion of the theorem follows from these estimates.
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6. BASIC PROJECTORS

In what follows, we need projectors onto W), and V,,, respectively. Their definition is based on the prop-
erties of the operators Vg and V,, and the corresponding orthogonal decompositions of discrete spaces.

Projector II,,. The spaces W(K), V(K), and V(K) are equipped with inner products by setting

G I = G Do G g = G5 g and (@, Vv = (U, Vg + Ak, Wag. Let Vi 2 W(K) — V(K) be the
adjoint of the operator V:

(V;Wa V)V(K) = - (V "W, V)K+ (W RO u)é’K Vv = (Va H) € V(K)
Let ®(K) =ker(VE) ={w e W(K): (w, Vi¥) = 0 Vv € V(K)}, D(K): = Im(V), Vo(K) = ker(Vy), and
Vo(K)t = Im(V}). Note that dim®(K)* = dimV,(K)* and
W(K) = ©(K)@© ®(K)", V(K) = Vo(K) @ Vy(K)". (20)

Note also that Vx induces an isomorphism between the spaces V,(K)* and ®(K)*.

Theorem 4. Under condition (H,), there exists a projector 11, : [H(T )Y — W, and, for any q €
[H'(T )14, it is defined by the relations

(VHWq’ V)I(= (Vq, V)I( Vve V(K)v (21)
(Iyg - ng Wox = (@1 Wk VI € A(OK), (22)
(ITyg, w)x = (g, w)x  Vw e O(K). (23)

Moreover, under condition (H,), it satisfies the estimate

d
ITl, < c(lglo x+hlal ) Ya e [H(T)]" (24)
Proof. Since W(K) = ®(K) @ ®(K)* and the operator V g is an isomorphism between Vy(K)* and ®(K)*,
we conclude that the linear functional
o(w) = {— (Vg i+ (g ng W w = Vv € O(K),
(¢ W)k, we P(K)

is defined on W(K). To estimate its norm, we use the embedding inequality

~12 1
||U||0,31(30h ! (h|u|1’,<+ |U|o,1<) Vu e H (K)

and Theorem 1. (The dependence of the constants on 4 can be shown in a standard manner: on a basis
element, ul, .5 <c(lul, +lul, ;) by virtue of the embedding H'(K) < Ly(0K). From this, the required
estimate is derived by passing to K via an affine transformation and taking into account the regularity of 7 ,.)
We have g|®(KjL(w) =(q,Vv)g+(q-ngp—v),, and

’g| L(W)| < C(|(1|0,1<||V V||0,1< + ||q||o,51<||u - V”o, oK)

lallo, o) AV Vo, x + Al = Vo, 0x)
SC(|Q|0,K"‘ h|q|1,K)||VKv”0,K = C(|¢]|0,K+ h|‘1|1,K)||W||0,1<-

O(K)

12 ~1/2

< C(|¢I|o,1<+ h

Since [gq /(W) < lglo, kllWllo, « » it follows that

lgw)l < clglo, x + hlal, Dlwlo. x YW e W(K). (25)
Now I1q|x € W(K) is defined as the solution of the equation
(Mg W), = g(w)  Yw e W(K). (26)
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Clearly, the solution of Eq. (26) exists and estimate (24) follows from (25). If g|x € W(K), then, by defini-
tion of Vg, we have g(w) = (g, Vi¥)x = (g, w)x for w € ®(K)* . Since g(w) = (g, w) for w € ®(K), it holds
that (Il,,q — g, w)x =0 forany w € W(K); i.e., HW|[ ., is a projector onto W(K).

H'(K)]

Let us obtain a characterization of I1,,. Choosing w € ®(K) in (26), we have (I1,,q — g, w)x =0, i.e., (23).
According to (20), V(K) = Vy(K) @ Vy(K)*. Let v € Vy(K)*. Then w =V v € ®(K)* and

(Han VKV)[( = - (v -4, V)K+ (q *Ng, H)GK' (27)

Clearly, this relation also holds for v € Vy(K), i.e., for all v e V(K). By the definition of V, the left-hand
side of (27) isequal to —(V - I1q, v)x + (I1yq - kg, W),k Therefore,

(V- yq, v)g+IDyg-ng n)p = —(V-q, V)g+ (g -ng 1)ox V(v, 1) € V(K) x A(OK).

This relation yields (21) for p = 0 and (22) for v = 0. The theorem is proved.

In what follows, P,,(D) denotes the restriction of the set of polynomials of degrees at most m > 0 in all
variables to the domain D.

Lemma 3. Let conditions (H, ,) hold. Then, for any g € [H'(J )14,
Hq_ HW‘IHO,KS c(‘q— Tch‘O,K+ h]q— nW‘]’l,K)s HHWqHI,KS C”‘IHI,K-

Proof. By virtue of ( H; ), we have W(K) o [ Py(K)]?. Therefore, |g — myqly. x < chlq|; x. The first estimate
in the lemma follows from the stability of 1, i.e., from estimate (24):

|q_HWQ|o,1( = |(q_ wwq) — Ty(q - ﬂ:WQ)|0,1<S |q_ TCWQ|0,[(+ |HW(‘1_TEW‘1)|0,K
<|g—mudlo x+c(|g—mudlo x+hlg—Twal, ) < c|g—mwalo x+hlg—Tual, )

This also implies the estimate |g — I1yq|y x < ch|q|, g, since [myql|; x<|q|; . We use the reverse inequality
in the following standard estimates:

|HW‘I|1,1<S |HW‘]_ TCWq| Lkt ‘an‘ LS Chil’HWq_ Tqu|o,1(+ c|‘I|1,K
<ch™ (g —dlo « + |a—mwalo ) + clal, x < clal, ¢
Combining this with (24), we derive the final estimate of the lemma. The lemma is proved.
Projector ITy. Let L3(€,) ={A € L,(€,): A|,; =0} We treat V, as a subspace of H= Ly(7 ;) x LY(E5).
We introduce the following constraints on the chosen finite-element spaces:
(H;) dimW(K) = dimV - W(K), V -W(K) ={V-w:we W(K)};
(H) Wye,K)= Wye,L) for e=KnLe€, dimA(e)= dimW,(e, K),
where W (e, K) = {w - ng,, w € W(K)} fore € 0K.

To define the projector Ily : H — V,, we introduce the operators V?( : K) — W(K) and Vi :
A(OK) — W(K) by setting

(Vv W = (v VW (Vortt Wy = (1 W+ 10k
According to (11), we have Vv = V,O( v + Vrit. Condition (H,) implies that both Vz and Vg have zero
kernels. Let @y(K)* = Im(Vy). Then W(K) = ®y(K) ® Oy(K)* and V(K) = Im((Vy)").
Lemma 4. Let conditions (H, ,) hold. Then HV?(VHO, x ~ Y|, x and

~1 % _
”VE)K““O,KNh 12”“”0,61(; H(V;) WHO,KNh IHW”O,Kv we q)o(K)l-

The proof is similar to that of Theorem 1.

Lemma 5. Let conditions (H, , ;) hold. Then there exists a projector P . L,(Q) —= V), such that, for any
we W,andu € L,(Q)

(@VU—U,V‘W)% = ||9>V”||0,QSC||U||0,Q; ||97)V”—””(),QSCHTCV”_”HO,Q- (28)
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Under conditions (H, , ,) there exists a projector P, : Lz(% n) — N, such that
(A=D1, W'”)a.orh = 0; ||9)A7\'|| 7, <clAl “QPA}\'_M <C||7TA7“—7¥||0,%7,1 (29)

0,6y — 0,6, —

0,%y
foranyw e W, and \ € Lg(%h) .
Proof. For an element K € J , we define an operator 97)1; : Ly(K) — V(K) such that P yu foru e L, (K)

is the solution of the equation (% 5u —u, V- w)=0Yw e W(K). We write it in the form (V y P u, w) =
—(u, V- w)g Vw € W(K). Then, by Lemma 4, we have

h | Podo k< |VePrulo c~  sup (VP yu w)d /W0«
we W(K)\{0}

-1
= sup [(u, V-w)l/Iwllo k< chlullg g
we W(K\{0}

This implies the unique solvability of the equation under condition (H5) and also the estimate H@’I;uHO’ x <
c|lullo, x- Thus, defining P as (P u)|, = P IV((L! |x) » we obtain the first two relations in (28). The third esti-
mate in (28) follows from the second one, since both 9)],,( and P, are projectors.

Let us prove the second part of the lemma. Each face is associated with the operator 9’; 1 Ly(e) — Ale).
LetA € L,(e). Onthe face e € %,f we set P A = 0. On the internal face e = K N L the function P A is

defined as the solution of the equation (@;k —-Nw,),=0Vw, e W,(e, K). Condition (H,) implies that,
for p € A(e), the relation (1, w,), = 0 Vw, € W, (e, K) yields pn = 0. Therefore, by the second condition
in (H,) the equation is uniquely solvable and, by using the transition to a basis element and back, it is easy
to obtain
Illo,e ~ sup (ke w) | /IWllo, e
we W(e)

where W(e) = W, (e, K)\{0}. Consequently,
[253 e~ sup [ @52 wd /Il = sup | wo) /il o < elitl.. (30)

we W) we W)

Clearly, P is a projector on A(e). The projector P, is defined so that (P 1), = P4 (A|,). Then summing

estimates (30), we obtain the second estimate in (29), which implies the third estimate. Let us prove the
first relation in (29).

Let w € W,. On each face e = K N L the function w, = (wx — w;) - nyl, belongs to W, (e, K) by virtue
of (H,). Therefore, (P A — A, (wx—w;) - ng), = 0. Summing up these equalities over all e € €, we obtain
the first relation in (29). The lemma is proved.

Corollary 1. Let the projector I'ly = (I}, I1,) : H — V,, be defined so that, foru = (u, 1) € H: (a) [Tju =
% u if condition (H;) holds; otherwise, IT,u = myu; (b) ITyu = P\ if condition (H,) holds; otherwise,
Myu=myA.

Then ex(u) = |lu — ILally o + A'?|lu — ,u| satisfies the estimate

0,%

eu(u) <clu- TCV“”(), g, T Chm”” - TEA””O,%,J

Lemma 6. Let u € Hé (Q),u= (u|gh , ”'% ), the projector Iy be defined in Corollary 1, and ey(u) =
IVu — V,(TIyu)|

0,7, Then ey =|[Vu— ny(Vu)lly g, under conditions (H, , 3 4)
-1 12
h Hu—n,,u||0,gh+h ||u—nAu||0’c(gh for (H,,),
0.9, Jor (H1,2,4)’

0., Jor  (H, ;).

ey(u) <||Vu—my (Vi) 5, + CLh™ |u—mul

h_l/2||u — U
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Proof. In view of the definition of V,,, it is easy to see that, forw € W),
(Vu-V,(ITyu), w)% = —(u-Il, V- w)gh +(u—-TTu,w- ”)aaf‘,, =1 +1.
By the definition of I1y, the term /; vanishes under condition (H;). If condition (H,) holds, then 7, = 0.
Therefore, (Vu — V,(Ilyu), w)g =0Vw e W, under conditions (H,_,). By the definition of 7y, it follows
that V,(Ilyu) = wyAVu). This proves the first assertion in the lemma.
According to the reverse inequalities, ||V - wllo o < ¢!l o and [l ; < ch™'?w] o for any w € W
Therefore, under conditions (H, ,), we have j

(Vu=V,(Thy), w)g < c(h u—myuly 5+ |u—muly o )Wlo o

This implies the estimate for ey(#) under conditions (), ,). The other two estimates are derived in a similar
manner. The lemma is proved.

The subspace W, of the space W,:
W, = {weW,:(w-n, 1)y, =0Vuel,}. 31
Choosing p = 0 outside an arbitrary internal face e = K M L, we obtain
(W, 1), =0 Ve Ae), (32)
where w, = (Wx — w;) - ngl,. If condition (H,) holds, then w, € W, (e, K) and the dimensions of the spaces

A(e) and W, (e, K) coincide. Since the adjoint equation (i, w,), =0 Vw, € W, (e, K), according to condi-
tion (H;), has only the trivial solution, we conclude that, under conditions (#, 4) solution (32) is unique

and w, = 0; i.e., the normal components of ware continuous on €. This means that W,  H(div; Q) under
conditions (H 4).

7. ERROR ESTIMATE FOR THE SCHEME
In this section, u is the solution of the original problem (1); the functions g, k,, and ¢ are defined
according to (4); u= (u, A), where A = u|%h ; and w;, = (u,, A;) is an approximate solution.

First, we estimate the error of the scheme in discrete norms. Let ITyu = (IT,u, IT,u) be the projection
of the solution u in V,, as defined in Corollary 1. Then the function

e = w,—Ilyu = (e, ¢) = (u,—ILu, &, — 1T, u)
characterizes the error of the scheme in V,. Define the following measures of the error:

12
|

Gh = 8H+8V+8W’ SH = ||Ll—Hyll||0’Q+/’l |H—HAH||0’agh,

ey = [Vu-V, Iy, 5. &w = [lg-nndloo+]o—-mwo|s o+ gyl o
Theorem 5. Let conditions (2), (3), and (H, ,) hold and q € [H'(T ,)]°. Then
IV (u, =Ty o < ce,,.

Proof. It follows from (5) that —(V - q, e,) x + (ko, e,) x = (f, e,) x- Combining this equality with identity (27)
yields

(qu, vhe)l(_ (eka q- n[()[)[(+ (k(b eu)]( = (f; eu)K'

Summing up this identity over all K and taking into account that the second term vanishes when summed,
since the normal components of ¢ € H(div; Q) are continuous on ‘¢, and e, vanishes on %Z , We obtain

(q’ Vhe)ﬁh + (kO’ eu)ETh + (HWq -4, vhe)Jh = (.fv eu)?jh' (33)

Combining estimate (15) and the Lipschitz continuity of k and k; with (33) produces
2
COHVhe”o,Q <a,(u e)-a,(Ilyu, e) = f,(e) —a,(Ilyu, e)
= (f, )y, — (T, ©) = (k(, u, &) - k(, L, V,(TTyw)), V).
+ (ko(, u, 0) = ko (-, I, V, (Iyw)), e,) g + (Iyq—gq, V,e)g

<c(fu-TTl, o+ |o = Vi(Tyw)|lo o + [TTwg = glo o) ([Vielo a + ledo o)
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It remains to be noted that |e,||, o < ¢|V e[, o according to Theorem 2. The theorem is proved.
Theorem 6. Let the assumptions of Theorem 5 hold and o, = V u,,. Then

~1/2

low=mwollo, o+ lledlo o+ Ve g, +h ||[eu]||07%h < gy,

~12 1/2
Ao, 0T, = ull0, 7 h*
lello. o, < ch " lleulo, 5, + e

Proof. According to Theorems 2 and 5, we have
y)

cen2 [|[Vieloo~lleln~[Vedoq, +h " llen—euoos, 2 cled 5, 2 Cledo.os
where [le,] ..~ [Veuo,5, + 4 "|le]], 7, This yields the first estimate. Since [le,], o5 < ch™Je.]o -
Jpn d , © i )

it follows that [e;]l, o7, < [leulo, 09, + llex—eulo, g, < ch_l/ZHeM”Q g, + ch'e,, which implies the second
estimate. The theorem is proved.
Theorem 7. Let the assumptions of Theorems 5 and 6 hold and q;, = wyAk(:, u,, 6,)). Then

-1/2
lo—oiloa+lu—wloa+la-aloa<cen k=Rl aq,<ch e,
Under the additional condition
(Hy) W(K) =V-W(K),
itis also true that |V - (g —qy)llo, 5, < IV - 4=V - @)y 5, + c€ -

Proof. Theorem 6 implies |6 — 6|/, ¢, + |4 — /|, o < ce,and the second estimate of the lemma. Using
the Lipschitz continuity of k, we obtain

”CI - Qh”o,g < ”q_ TCWqHO,Q + ||TCW(k(‘, u,c)—k(-, uy, Gh))”o,g
<llg=mudllo o+ c(u—wllo o+ lo—0uoa) < ce

To prove the last inequality, we use the properties of the projector I1,, and apply Egs. (5) and (8). For
v € V), we obtain (V- (Ilyq — g;), v)g, = (ko(', u, 6) — k(" Uy, 6,), V). From this, by virtue of condition
(H3) and the Lipschitz continuity of , it follows that |V - (ITyq — g,)llo, 5, < ce;. Therefore, ||V - (g —
allo.g, <IIV - (@@= y)llog, + IV - (@ — y)llo.5, <IIV - g — 1AV - @)l g, + c€. The theorem is
proved.

Theorems 6 and 7 imply that the error of the scheme is determined by €,. Consider its components.
According to Lemma 3, g, satisfies the estimate

ewSc(lo—nyoly g, +la—mwdl g, +hla-nwal, 7))

Here, the terms are matched in the order of 4. Thus, the estimate fir g, follows from the error estimates
for the local L,-orthoprojector in W), which are well known in the theory of FEM. The errors of local L,-ortho-
projectors can also be used to estimate ey. By Corollary 1, ey < cu —myul, 5 + ch P - ]|y, o, - Note
that the above estimates for £,and ey hold under conditions (#, ,). The estimate for &y is given in Lemma 6.
If conditions (H) , 3 4) are satisfied, we have ey = |6 — my0], 5, . Otherwise, the error estimate is, gener-

ally speaking, worsened.

8. EXAMPLES OF FINITE ELEMENT SPACES

Note some consequences of conditions (H, , ; 4). Consider the space W, . Under condition (H,), it is

nontrivial; i.e., W, # {0}, since, according to Eq. (9), it includes, for example, the component q, of the
solution to scheme (6)—(9). Moreover, it is easy to see that this space also includes the range of [y, It was

shown above that, under conditions (H;_,), we have W, c H(div; Q). Hence, —q, € H(div; Q). This means
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that the family of spaces { W(K)} can be used to construct a conformal approximation of H(div; Q). More
precisely, we can define a set of linear functionals X(K) on W(K) (degrees of freedom) and, accordingly,
families of finite elements {(K, W(K), 2(K)), K € J ,} consistent with the continuity condition for the nor-
mal components of the approximations on the interelement boundaries. The degrees of freedom X (K) of
the element K can be chosen according to the definition of I1j,in Lemma 4. Furthermore, condition (H,)

guarantees the existence of I1,,, while condition (H,) ensures its stability in H'(J,). As a result, we can
prove the Ladyzhenskaya—Babuska—Brezzi condition (LBB or inf-sup condition; see, for example,
[7, Section I1.2.3, p. 57]). More specifically, the following result is true.

Lemma 8. Let conditions (H, ,) hold. Then
sup |(V9 V- W)g,,|/||W||1,gh 2c|vilgq YveVl,.
we W,

The proofrelies on the well-known continuous analogue of this inequality and makes use of Fortin’s tech-
nique and the projector I, (see, e.g., [7, p. 58, Proposition 2.8]).

Therefore, conditions (#, , 4) not only guarantee the inclusion W, < H(div; Q) but also ensure that
the LBB condition is satisfied for the pair of spaces (V},, W},). As is known, such a pair of spaces can be used
to construct mixed FEM schemes. Finally, according to what was shown above, conditions (#, ; 5 4)
guarantee the “optimal” error estimates for the scheme under consideration.

Below are examples of spaces V(K), W(K), and A(e) satisfying conditions (H, , 3 4). All of them are
well known in the theory of mixed FEM; they are polynomial and, as a result, satisfy condition (H,).

Example 1. If K'is a d-simplex, we can use the family of Raviart—Thomas spaces RT defined as

W(K) = [P(K)'®@xP(K), V(K) = Py(K), A(e) = Py(e), k=20. (34)

The properties of this family are well known (see [12] and, for example, [7, pp. 116—130]). Let R(0K) =
{v e Ly(0K): v|, € Pe), e € 0K}. Then A(OK) = R, (OK) and

Ve-we N(K), w-ngl, € AOK), we W(K).

It follows that conditions (H;_ 4) and (H}) are satisfied. It remains to check condition (H,). For this pur-
pose, we use the following characterization of spaces (34): the relations

d

we W(K) :(w,0)x = 0 Yoel[P (K], wnugy=0 VgeR(K) (35)

imply that w = 0. Relations (35) are equivalent to a homogeneous system of linear algebraic equations

of dimension N x M for the expansion coefficients w over some basis; here, M = dim W(K) and N =

ddim P, _ ;(K) + dim R, (OK). According to (35), the matrix A4 of this system has a full column rank. It is
well known (and is easy to verify) that A4 is a square matrix. Therefore, the relations

d
o e[P_(K)]', g€ R(OK):(o,w)k+(&wW-ngox =0 Vwe W(K) (36)

imply that 6 =0 and g = 0. In (36), we set 6 = Vvand g= A — v, where v € V(K) and A € A(OK). After
integration by parts, the relations

(v Vewlg+ (A weng)ye =0 Vwe W(K)

imply v = A = const. Therefore, condition (H,) also holds.

If scheme (6)—(9) is constructed using spaces (34), then error estimates for the scheme depending on
the smoothness of the solution follow from Theorems 6 and 7. A remark has to be made only about the

estimate of g, = A"/ |u — T alllg o7, in €y We have

2 2 2k+1y 2 2%k +2 2 2k+2y 52
gy = h Z ”U—TFAUHO,(;KSCh Z Wt ||u||k+l/2,6K£Ch ' Z ||u||k+l,1< =ch"" ||u||k+l,i7h'

KeT, KeJ, KeJ,

For sufficiently smooth solutions, €, < ch** 1.
Example 2. If K'is a d-simplex, we can use the spaces BDM, defined as

W(K) = [P(K)], V(K) = P_(K), A(e) = Pile), k=1, (37)

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 54 No. 3 2014



ABSTRACT THEORY OF HYBRIDIZABLE DISCONTINUOUS GALERKIN METHODS 487

The properties of this family of spaces are well known (see [13] and, for example, [7, pp. 116—130]).
Obviously, conditions (H3) and (H;_,) hold for this family. To verify condition (), we use the following

characterization of spaces (37): if v € P,_(K) and g € R (0K) = A(OK), then the relations (Vv, w)x +
(g, w-ng =0 Vwe W(K), imply that v = const and g =0 (see, e.g., [7, p. 114, Lemma 3.1]; generally
speaking, the proofin [7] is given for d = 2, 3, but it can easily be extended to d > 3). Setting g = A — v with
A € A(OK), after integration by parts, as before, we see that condition (H,) holds. If scheme (6)—(9) is con-
structed using spaces (37), then error estimates for the scheme depending on the smoothness of the solu-
tion follow from Theorems 6 and 7. For sufficiently smooth solutions, €, < ch*.

Example 3. If Kis affinely equivalent to k =[-1, 1], d=2, 3, we can use the spaces BDM,, defined as

W(K) = [P(K)® B(k,d)]", V(K) = P,_i(K), Ale) = Pi(e), k>1. (33)

For the definition of B(k, d) and the properties of this family of spaces, see, for example, [7, pp. 116—130].
The structure of W(K) is such that, forw € W(K), we have V-w e P,_ (K)and w - ng|, € P,(e), which mean

that conditions (H; ) and (H;_4) hold. The satisfaction of condition (#,) is checked in the same manner
as for the family RT, with the use of the following characterization of spaces (38): the relations

d
we W(K):(w,0)x =0 Voel[P (K], (W-nggo =0 VgeA(dK) = R(IK)

imply that w = 0 (see, e.g., [7, p. 121, Proposition 3.5]). By analogy with the case of BDM,, the estimate

€, < ch* holds for sufficiently smooth solutions.

Note the families of spaces RT}, and BDFM|, . ,;, which also satisfy conditions (#, , ; 4) (for more
detail on these spaces, see, e.g., [7, pp. 119—125]).

9. ITERATIVE METHOD
Fix some bases in the spaces V(k ), W(k ), and A(e). No conditions are imposed on the choice of the
bases: they can be of the node type (Lagrangian basis) and of the spectral type. Relying on condition (H,),
we can use affine transformations K — K and e —» e to define suitable bases in (K), W(K), K < T

and A(e), e € €, and, hence, in V,,, W), and A,. Assume in what follows that a basis in each of these spaces
is chosen as described above. The vectors of expansion coefficient of v, € V,, w, € W), and n, € A, in terms
of the corresponding bases are denoted by v, w, and 1, while the spaces of vectors of corresponding dimen-
sions are designated as V, W, and A. The notation vg, wy, and Lk is used for the vectors of expansion coef-
ficients of v;|g, wy|x and W,|5x, While the spaces of vectors of corresponding dimension are denoted by Vg,

Wy, and Ag. To be definite, assume that v = (VKI s VK> oo VKNW), w= (le s WKy s wons WKW)), and 7, =

{Ki, K, ..., Kyt Using the notation a - b for the inner product in an arbitrary R”, we define a nonlinear
vector function A, by the relation

Ay(u) v = a,(uy, v,) = k(s up Viu,), Vivy)g + (ko g, Vi), vi)g s (39)

where v= (v, n) € Vis the vector of expansion coefficients of v, = (vj, ) € V.. Let F,-v="1,(v,) = (f, v})g,

foranyv, € V,. Then scheme (14) is equivalent to the solution of a system of algebraic, generally speaking,
nonlinear equations of the form

A,u) = F,, ueV. (40)

A preliminarily remark has to be made concerning linear problems. If the original equation (1) is linear
and its operator is symmetric, i.e.,

k(x,u,0) = A(x)o+b(x)u, kyx,u,c) = c(x)-oc+dx)u,
k(x,u,0) -n+kyx,u,0)v = k(x, v,n) 0 +kyx, v,n)u,

then it follows directly from (39) that A, is a symmetric positive definite matrix.
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Consider system (40) with F, = (f, 0) and k&, = 0. We use the operators with zero kernels introduced
before Lemma 4: Vy : (K) — W(K) and V,: A(@K) — W(K), so that Vv, = Vv, + Vaxt, . We have

0 0
Au-v = Z (A(V gy +Voghy) + buy, Vv, + Vo, )g = Fy - v,
KeJ,

Setting v = (v, 0) with v= (0, ..., V4, ...., 0) and v = (0, p) yields

(A(V gty + Vorhy) + buy, Vv = fi vie Ke T, (41)
Z (A(V(I)(uh + Voxhy) +buy, Vo) = 0. (42)
KeT,

For fixed A, it is easy to see that |, can be elementwise determined from Egs. (41) and can then be
used in (42). As a result, we obtain a system of algebraic equations for determining only the unknown A.
Below, this procedure is described in more detail as applied to the matrix B, defined by the relation

Byu-v = (Vu, Vv, .
Let ||v||]2;h = B,v - v. Then the estimates from Lemma 2 become
2
(Ap(uy) = Ay(wy)) - (U, —uy) = ¢ofu, _“2”Bh Vu,u, €V,
|[(Ay(u;) = Ay(y)) - V| < Coflu, - u2||Bh”V||Bh Vu, u,,veV.
Consider the following iterative method for solving system (40):
B, vy +A,W) = F, k=01,.., (43)
where u’ e Vis a given vector and t is an iteration parameter.

Theorem 8. Let conditions (H, ;) hold. Then, for any w e Vandr € (0, 2C,/ cé ), iterative process (43)

converges to the solution u of system (40); moreover, uto uHB,, <p(@) Huk - uHB,, , where p (1) is indepen-
dent of h and p(7) € (0, 1).

The proof'is well known (see, e.g., [14, p. 106] and also [15, Chapter XIII, Section 1]).

Let us describe an algorithm for solving the system of linear algebraic equations B,u = f, where u = (u, A)
and f = (f, g). By analogy with (41) and (42), we derive the equations

0 0 0
(Vgu, +Vorhy, Vv = fx Z (Vg +Voghy, Voglp)g = &+ 1

KeJ,
or, in matrix notation,
T T
[Vi] [Vilug+ [Vl [Vaxlhe = fro Ke T, (44)
0
> (Vo] [Vilug+ [Vorl [Varlig) = &, (45)
KeJ,

where [A] is the matrix of the operator A and [A4]T is its transpose. The variable u is elementwise eliminated
from system (44), (45) to obtain a system for determining A € A with a symmetric positive definite matrix L,

Lk =dy Lk =Y ([Varl Ll VaxDhs,
(46)

04, -1r0,T 0,T 0
Ly = EWK_[VK]AK[VK] s Ax = [Vg] [Vkl,

where Ey, is the identity matrix of dimension dim Wyand d,=g— > [Vorl [VRIAL fc.
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In the matrix assembly algorithm used in FEM, the matrix L, is calculated prior to the iteration with
the use of the above formulas. Thus, the following algorithm is obtained for solving the system B,u =f at
every iteration step: (a) compute the vector d,, (b) solve system (46), and (c) determine « elementwise by

applying the formulas uy = f — A;‘ [v?(]T[vaK]x’(.

Note that the matrix L, has a characteristic sparse structure: the equations for determining A,|,, e € %h ,
involve the degrees of freedom A, associated with the faces of at most two elements adjacent to e, irrespec-
tive of the triangulation method.

The above-described procedure for the elementwise elimination of unknowns is similar to hybridizable
mixed FEM schemes for linear problems, in which the unknowns ¢, and u, are locally eliminated
(see, e.g., [4; 7, pp. 178—181]).

Theorem 9. Let conditions (H, ,) hold. Then the condition number of the matrix L, satisfies the estimate

condy(L,) = Apa(Ly)/ Ain(Ly) < ch ™.

Proof. According to the definition of B, and Lemma 1, we have

Bu-u = ”thh”(iQN‘[uh”lz,h = Z (||V”h’|§,1<+hil||7‘h_<“h>1<||3,01<)-

KeT,

The matrix L, is the corresponding Schur complement of the block matrix B,,. Direct computations show

that L\ - A = inf  B,u-u.Itfollowsthat L,A - A ~ inf, .y [[u,]] ih = I(\). Here, I()) is easily cal-
ueV,u=(u,L)

culated if we take into account that (a) the restrictions of u, € V), to different elements are not interrelated

and (b) both the first and second term in the definition of the norm |[u,]|, ,, (A)ox = |0K|”' (1, 1),4¢ Teach

their minimum at u,|x = const = (A,) 5x. Thus,

L h~100) = b3 = Mol o

KeJ,

Since

HM - <?"h>6KH§, oK = ”7‘11”;,51(_ ||<}\‘h>5KH§, K>

we have

1003 [l ox <20 Pl

KeJ,

To estimate /(1) from below, we define a partial extension of A, to Q. Let (A,) be a piecewise constant func-

tion on €, and (A, = le| ' (n,, 1),. It is easy to see that

—1 2 - 2
100 = 1" = dlloax+ 87 100 = dalo ox = L) + L(A).
KeJ, KeJ,
Consider Ti((A;) ) = [[(A) — (Ap) oy
e € 0K, the functional Ix((A,) ) can be regarded as a function of these d +1 variables. Let Yy be a set of

ep e (k,,)|ed+l). Clearly,
Iy defines a seminorm on Yy, and its kernel consists of the functions {¢(1, ..., 1), ¢ € R}. Using an incom-

g) ox - Since (A,),, is a linear combination of @ + 1 numbers (1)

e’

constant functions on the faces of K with the common element (A,) = ({A,)
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patible first-order finite element, we define a linear function 71;1 on K whose mean value on a face e € 0K
isequal to (A,)|, . Standard rescaling yields

~ 2 ) ~ 02 = 2
Ti((hp)) ~ ”57»;:”0,1(, <Aook ~ ||7bh||o, ok <ch ”MHO,K- (47)

- _ ~ 2 ~ 2
Since ([Ax]) =0on €,, it follows from inequality (18) that ”MHO, o< c||V7»h||o, 7, - According to (47), this

implies the estimate 1,(A) > ch|[(A,)|| g o7, - Therefore,
- 2 2 2 2 2
1092 B [y = Ol ag, + Al Olo oz, = chh = o s, + [los,) = il e,

since [, — (Alloe, = [Milloe, = [<A)lo e, - Thus, chld]loe, < Lyk- & <ch” ko . Thisimplies the
assertion of the theorem, since

e, = S0~ S lelr - 2~ A% 30

P P
ec €, ec€,
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